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Abstract

We address the decay rates of the energy for the damped wave equation when the damping
coefficient b does not satisfy the Geometric Control Condition (GCC). First, we give a link with
the controllability of the associated Schrodinger equation. We prove in an abstract setting that
the observability of the Schrodinger group implies that the semigroup associated to the damped
wave equation decays at rate 1/v/t (which is a stronger rate than the general logarithmic one
predicted by the Lebeau Theorem).

Second, we focus on the 2-dimensional torus. We prove that the best decay one can expect
is 1/t, as soon as the damping region does not satisfy GCC. Conversely, for smooth damping
coefficients b, we show that the semigroup decays at rate 1/t'~¢, for all € > 0. The proof relies
on a second microlocalization around trapped directions, and resolvent estimates.

In the case where the damping coefficient is a characteristic function of a strip (hence dis-
continuous), Stéphane Nonnenmacher computes in an appendix part of the spectrum of the
associated damped wave operator, proving that the semigroup cannot decay faster than 1/ 12/3,
In particular, our study shows that the decay rate highly depends on the way b vanishes.
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Damped wave equation, polynomial decay, observability, Schrodinger group, torus, two-microlocal
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Part 1
The damped wave equation

1 Decay of energy: a survey of existing results

Let (M, g) be a smooth compact connected Riemannian d-dimensional manifold with or without
boundary M. We denote by A the (non-positive) Laplace-Beltrami operator on M for the metric
g. Given a bounded nonnegative function, b € L*°(M), b(x) > 0 on M, we want to understand the
asymptotic behaviour as t — 400 of the solution u of the problem

O?u — Au+b(z)0pu =0 in RT x M,
u=0 on RT x OM (if OM # 0), (1.1)
(u, Ou) =0 = (o, u1) in M.

The energy of a solution is defined by

1
E(u,t) = 5(IIVU(t)H%2(M> +10eu)l|72ar))- (1.2)



Multiplying (1.1) by d;u and integrating on M yields the following dissipation identity

d
—FE(u,t) = — b|Oyu|?de,
TEt) = = [ vl
which, as b is nonnegative, implies a decay of the energy. As soon as b > C' > 0 on a nonempty open
subset of M the decay is strict and E(u,t) — 0 as t — +o00. The question is then to know at which
rate the energy goes to zero.

The first interesting issue concerns uniform stabilization: under which condition does there exist
a function F(t), F(t) — 0, such that

E(u,t) < F(t)E(u,0) ? (1.3)

The answer was given by Rauch and Taylor [RT74] in the case 9M = () and by Bardos, Lebeau and
Rauch [BLR92] in the general case (see also [BG97] for the necessity of this condition): assuming
that b € €°(M), uniform stabilisation occurs if and only if the set {b > 0} satisfies the Geometric
Control Condition (GCC). Recall that a set w C M is said to satisfy GCC if there exists Ly > 0
such that every geodesic v (resp. generalised geodesic in the case dM # ) of M with length larger
than Lo satisfies Yy Nw # (). Under this condition, one can take F(t) = Ce "' (for some constants
C,k >0) in (1.3), and the energy decays exponentially. Finally, Lebeau gives in [Leb96] the explicit
(and optimal) value of the best decay rate x in terms of the spectral abscissa of the generator of the
semigroup and the mean value of the function b along the rays of geometrical optics.

In the case where {b > 0} does not satisfy GCC, i.e. in the presence of “trapped rays” that do
not meet {b > 0}, what can be said about the decay rate of the energy? As soon as b > C > 0 on
a nonempty open subset of M, Lebeau shows in [Leb96] that the energy (of smoother initial data)
goes at least logarithmically to zero (see also [Bur98]):

2
E(u,t) < C(f(t)) (HUOH%TZ(IV[)OH(%(IVI) + |‘U1H§{§(IVI)) ,  forall£>0, (1.4)

with f(t) = m (where H?(M)NH (M) and H} (M) have to be replaced by H?(M) and H (M)

respectively if 9M = 0). Note that here, ( f (t))2 characterizes the decay of the energy, whereas f(t)
is that of the associated semigroup. Moreover, the author constructed a series of explicit examples
of geometries for which this rate is optimal, including for instance the case where M = S? is the
two-dimensional sphere and {b > 0} N N. = (), where N is a neighbourhood of an equator of S2.
This result is generalised in [LR97] for a wave equation damped on a (small) part of the boundary.
In this paper, the authors also make the following comment about the result they obtain:

“Notons toutefois qu'une étude plus approfondie de la localisation spectrale et des taux de
décroissance de I'énergie pour des données régulieres doit faire intervenir la dynamique globale du
flot géodésique généralisé sur M. Les théoremes [LR97, Théoreme 1] et [LR97, Théoreme 2] ne four-
nissent donc que les bornes a priori qu’on peut obtenir sans aucune hypothese sur la dynamique, en
n’utilisant que les inégalités de Carleman qui traduisent “I’effet tunnel”.”

In all examples where the optimal decay rate is logarithmic, the trapped ray is a stable trajectory
from the point of view of the dynamics of the geodesic flow. This means basically that an important
amount of the energy can stay concentrated, for a long time, in a neighbourhood of the trapped ray,
i.e. away from the damping region.

If the trapped trajectories are less stable, or unstable, one can expect to obtain an intermediate
decay rate, between exponential and logarithmic. We shall say that the energy decays at rate f(t)
if (1.4) is satisfied (more generally, see Definition 2.2 below in the abstract setting). This problem
has already been adressed and, in some particular geometries, several different behaviours have been
exhibited. Two main directions have been investigated.

On the one hand, Liu and Rao considered in [LR05] the case where M is a square and the set
{b > 0} contains a vertical strip. In this situation, the trapped trajectories consist in a family



of parallel vertical geodesics; these are unstable, in the sense that nearby geodesics diverge at a
1

linear rate. They proved that the energy decays at rate (@) : (i.e., that (1.4) is satisfied with

1
f@) = (@) *). This was extended by Burq and Hitrik [BHO7] (see also [Nis09]) to the case of

partially rectangular two-dimensional domains, if the set {b > 0} contains a neighbourhood of the
non-rectangular part. In [Phu07], Phung proved a decay at rate t~° for some (unprecised) § > 0 in
a three-dimensional domain having two parallel faces. In all these situations, the only obstruction
to GCC is due to a “cylinder of periodic orbits”. The geometry is flat and the unstabilities of the
geodesic flow around the trapped rays are relatively weak (geodesics diverge at a linear rate).

In [BHO7], the authors argue that the optimal decay in their geometry should be of the form tl%a,
for all € > 0. They provide conditions on the damping coefficient b(z) under which one can obtain
such decay rates, and wonder whether this is true in general. Our main theorem (see Theorem 2.6
below) extends these results to more general damping functions b on the two-dimensional torus.

On the other hand, Christianson [Chr10] proved that the energy decays at rate e~V for some
C > 0, in the case where the trapped set is a hyperbolic closed geodesic. Schenck [Sch11] proved an
energy decay at rate e~¢* on manifolds with negative sectional curvature, if the trapped set is “small
enough” in terms of topological pressure (for instance, a small neighbourhood of a closed geodesic),
and if the damping is “large enough” (that is, starting from a damping function b, 8b will work for
any 8 > 0 sufficiently large). In these two papers, the geodesic flow near the trapped set enjoys
strong instability properties: the flow on the trapped set is uniformly hyperbolic, in particular all
trajectories are exponentially unstable.

These cases confirm the idea that the decay rates of the energy strongly depends on the stability
of trapped trajectories.

One may now want to compare these geometric situations to situations where the Schrodinger
group is observable (or, equivalently, controllable), i.e. for which there exist C > 0 and T > 0 such
that, for all ug € L*(M), we have

T
ool < [ IV e Sl ant 15)

The conditions under which this property holds are also known to be related to stability of the
geodesic flow. In particular, the works [BLR92|, [LRO5], [BHO7, Nis09] and [Chr10, Sch11] can be
seen as counterparts for damped wave equations of the articles [Leb92], [Har89a, Jaf90], [BZ04] and
[AR10], respectively, in the context of observation of the Schrédinger group.

Our main results are twofold. First, we clarify (in an abstract setting) the link between the ob-
servability (or the controllability) of the Schrodinger equation and polynomial decay for the damped
wave equation. This follows the spirit of [Har89b|, [Mil05], exploring the links between the different
equations and their control properties (e.g. observability, controllability, stabilization...). More pre-
cisely, we prove that the controllability of the Schrédinger equation implies a polynomial decay at
rate \/LE for the damped wave equation (Theorem 2.3).

Second, we study precisely the damped wave equation on the flat torus T? in case GCC fails.
We give the following a priori lower bound on the decay rate, revisiting the argument of [BHOT7]:
(1.1) is not stable at a better rate than 1, provided that GCC is not satisfied. In this situation, the
Schrédinger group is known to be controllable (see [Jaf90], [Kom92] and the more recent works [AM11]
and [BZ11]). Thus, one cannot hope to have a decay better than polynomial in our previous result,
i.e. under the mere assumption that the Schrodinger flow is observable.

The remainder of the paper is devoted to studying the gap between the a priori lower and upper
bounds given respectively by % and % on flat tori. For smooth nonvanishing damping coefficient

b(x), we prove that the energy decays at rate tl%g for all € > 0. This result holds without making
any dynamical assumption on the damping coefficient, but only on the order of vanishing of b. It
generalises a result of [BHO7], which holds in the case where b is invariant in one direction. Our



analysis is, again, inspired by the recent microlocal approach proposed in [AM11] and [BZ11] for
the observability of the Schrédinger group. More precisely, we follow here several ideas and tools
introduced in [Macl0] and [AM11].

In the situation where b is a characteristic function of a vertical strip of the torus (hence discon-
tinuous), Stéphane Nonnenmacher proves in Appendix B that the decay rate cannot be faster than
ﬁ%. This is done by explicitly computing the high frequency eigenvalues of the damped wave oper-
ator which are closest to the imaginary axis (see for instance the figures in [AL03, AL12]). The fact
that the decay rate 1/t is not achieved in this situation was observed in the numerical computations
presented in [AL12].

In contrast to the control problem for the Schédinger equation, this result shows that the stabi-
lization of the wave equation is not only sensitive to the global properties of the geodesic flow, but
also to the rate at which the damping function vanishes.

2 Main results of the paper

Our first result can be stated in a general abstract setting that we now introduce. We come back to
the case of the torus afterwards.

2.1 The damped wave equation in an abstract setting

Let H and Y be two Hilbert spaces (resp. the state space and the observation/control space) with
norms || - ||z and || - ||y, and associated inner products (,-) g and (-, -)y.

We denote by A : D(A) C H — H a nonnegative selfadjoint operator with compact resolvent, and
B e L(Y; H) a control operator. We recall that B* € L(H;Y) is defined by (B*h,y)y = (h, By)n
forallhe Handy €Y.

Definition 2.1. We say that the system
oy +iAu =0, y= B*u, (2.1)

is observable in time T if there exists a constant K7 > 0 such that, for all solution of (2.1), we have

T
()13 < Kr / ()2 dt.

We recall that the observability of (2.1) in time 7' is equivalent to the exact controllability in
time T of the adjoint problem
Owu+iAu = Bf, u(0) = uo, (2.2)

(see for instance [Leb92] or [RTTTO05]). More precisely, given T > 0, the exact controllability in time
T is the ability of finding for any ug,u; € H a control function f € L?(0,7;Y) so that the solution
of (2.2) satisfies u(T) = uy.

We equip H = D(A?) x H with the graph norm

1
[l (uo, un) I3, = (A +1d) 2 uo || + [luall,
and define the seminorm )
[(uo, un)l3, = | AZ uoll 3 + [Jua |3

Of course, if A is coercive on H, |- |¢ is a norm on H equivalent to || - ||%.
We also introduce in this abstract setting the damped wave equation on the space H,

{8t2u+Au+BB*8tu 0, (2.3)

(u, ) |i=0 = (ug,u1) € H,



which can be recast on H as a first order system

{ (ZFSZOZZAZ;LOaUl); U= < 51:u > A< _OA _;dB* > D(A) = D(A) x D(A%). (2.4)

The compact injections D(A) < D(A2) < H imply that D(A) < H compactly, and that the
operator A has a compact resolvent.
We define the energy of solutions of (2.3) by

1 1
Bu,t) = 5 (A2 ull + |0sulF) = §I(u,5tU)|3¢z-

N | =

Definition 2.2. Let f be a function such that f(t) — 0 when ¢t — 4+00. We say that System (2.3)
is stable at rate f(¢) if there exists a constant C' > 0 such that for all (ug,u;) € D(A), we have

E(u,t)? < Cf(t)|A(uo, u1)|p, forallt > 0.

If it is the case, for all k > 0, there exists a constant Cj > 0 such that for all (ug,u;) € D(A*), we
have (see for instance [BD0S8, page 767])

BE(u,t)? < Cr(f(1))" | A* (ug, ur) ||, for all £ > 0.

Theorem 2.3. Suppose that there exists T > 0 such that System (2.1) is observable in time T'. Then
System (2.3) is stable at rate %

Note that the gain of the log(t)2 with respect to [LR05, BHO7] is not essential in our work. It is
due to the optimal characterization of polynomially decaying semigroups obtained by Borichev and
Tomilov [BT10].

This Theorem may be compared with the works (both presented in a similar abstract setting)
[Har89b] by Haraux, proving that the controllability of wave-type equations in some time is equivalent
to uniform stabilization of (2.3), and [Mil05] by Miller, showing that the controllability of wave-type
equations in some time implies the controllability of Schrodinger-type equations in any time.

Note that the link between this abstract setting and that of Problem (1.1) is H =Y = L?(M),
A= —A with D(A) = H?*(M) if oM = () and H*(M )N Hg(M) otherwise, B is the multiplication in
L*(M) by the bounded function v/b.

As a first application of Theorem 2.3 we obtain a different proof of the polynomial decay results
for wave equations of [LR05] and [BHO07] as consequences of the associated control results for the
Schrodinger equation of [Har89a] and [BZ04] respectively.

Moreover, Theorem 2.3 provides also several new stability results for System (1.1) in particu-
lar geometric situations; namely, in all following situations, the Schrédinger group is proved to be
observable, and Theorem 2.3 gives the polynomial stability at rate % for (1.1):

e For any nonvanishing b(x) > 0 in the 2-dimensional square (resp. torus), as a consequence of
[Jafo0] (resp. [Macl0, BZ11]); for any nonvanishing b(x) > 0 in the d-dimensional rectangle
(resp. d-dimensional torus) as a consequence of [Kom92] (resp. [AM11]);

e If M is the Bunimovich stadium and b(z) > 0 on the neighbourhood of one half disc and on
one point of the opposite side, as a consequence of [BZ04];

e If M is a d-dimensional manifold of constant negative curvature and the set of trapped tra-
jectories (as a subset of S* M, see [AR10, Theorem 2.5] for a precise definition) has Hausdorff
dimension lower than d, as a consequence of [AR10];



Moreover, Lebeau gives in [Leb96, Théoreme 1 (ii)] several 2-dimensional examples for which the
decay rate m is optimal. For all these geometrical situations, Theorem 2.3 implies that the
Schrédinger group is not observable.

The proof of Theorem 2.3 relies on the following characterization of polynomial decay for Sys-
tem (2.3). For z € C, we define on H the operator P(z) = A + 221d+zBB*, with domain
D(P(z)) = D(A). We prove in Lemma 4.2 below that P(is) is invertible for all s € R, s # 0.

Proposition 2.4. Suppose that
for any eigenvector ¢ of A, we have B*p # 0. (2.5)

Then, for all a > 0, the five following assertions are equivalent:

1
The system (2.3) is stable at rate o (2.6)

There exist C > 0 and sy > 0 such that for all s € R, |s| > so, ||(isId—A)" ||z < Cls|=, (2.7)

There exist C > 0 and so > 0 such that for all z € C, satisfying |z| > so,
and | Re(z)| < ﬁ, we have ||(z1d —A)leg(H) < C’|Im(z)|é, (2.8)
There exist C > 0 and so > 0 such that for all s € R,|s| > so, ||P(is)_1|\£(H) < C’|s|§_1, (2.9)

There exists C > 0 and so > 0 such that for all s € R, |s| > so and u € D(A),

PRl il 2.10
lulZ < C(s| 22| Plsyul + [s) [ Bul2). (2.10)

This proposition is proved as a consequence of the characterization of polynomial decay for general
semigroups in terms of resolvent estimates given in [BT10], providing the equivalence between (2.6)
and (2.7). See also [BD08] for general decay rates in Banach spaces. Note in particular that the proof
of a decay rate is reduced to the proof of a resolvent estimate on the imaginary axes. By the way,
this estimate implies the existence of a “spectral gap” between the spectrum of A and the imaginary
axis, given by (2.8).

Note finally that the estimates (2.7), (2.9) and (2.10) can be equivalently restricted to s > 0,
since P(—is)u = P(is)u.

2.2 Decay rates for the damped wave equation on the torus

The main results of this article deal with the decay rate for Problem (1.1) on the torus T? :=
(R/277Z)?. In this setting, as well as in the abstract setting, we shall write P(z) = —A + 22 + zb(z).

First, we give an a priori lower bound for the decay rate of the damped wave equation, on
T2, when GCC is “strongly violated”, i.e. assuming that supp(b) does not satisfy GCC (instead of
{b > 0}). This theorem is proved by constructing explicit quasimodes for the operator P(is).

Theorem 2.5. Suppose that there exists (xo,&) € T*T?, & # 0, such that
{b> 0} N {xo+ 7é0, 7 €R} = 0.
Then there exist two constants C > 0 and ko > 0 such that for all n € N,
| P(inko) ™ || c(p2(r2)) = C. (2.11)

As a consequence of Proposition 2.4, polynomial stabilization at rate tl% for € > 0 is not
possible if there is a strongly trapped ray (i.e. that does not intersect supp(b)). More precisely,
in such geometry, Theorem 2.5 combined with Lemma 4.6 and [BD08, Proposition 1.3] shows that
ma(t) > %, for some C' > 0 (with the notation of [BD08] where m1 (t) denotes the best decay rate).

Then, the main goal of this paper is to explore the gap between the a priori upper bound \/LZ for

the decay rate, given by Theorem 2.3, and the a priori lower bound % of Theorem 2.5. Our results
are twofold (somehow in two opposite directions) and concern either the case of smooth damping
functions b, or the case b = 1y, with U C T?.



2.2.1 The case of smooth damping coefficients

Our main result deals with the case of smooth damping coefficients. Without any geometric assump-
tion, but with an additional hypothesis on the order of vanishing of the damping function b, we prove
a weak converse of Theorem 2.5.

Theorem 2.6. Let M = T? with the standard flat metric. There exists g > 0 satisfying the following
property. Suppose that b is a nonnegative nonvanishing function on T2 satisfying Vb € 6> (T?) and
that there exist € € (0,e0) and C. > 0 such that

|Vb(z)| < C.b*~5(z), for x € T2 (2.12)

Then, there exist C > 0 and sop > 0 such that for all s € R, |s| > so,

|1P(is) | (r2qrey) < Cls]®,  with § = 8¢ (2.13)

As a consequence of Proposition 2.4, in this situation, the damped wave equation (1.1) is stable at
rate i
t1+95

Following carefully the steps of the proof, one sees that ¢y = 7—16 works, but the proof is not

optimized with respect to this parameter, and it is likely that it could be much improved.

One of the main difficulties in understanding the decay rates is that there exists no general
monotonicity property of the type “by(z) < ba(x) for all x = the decay rate associated to the
damping bs is larger (or smaller) than the decay rate associated to the damping b;”. This makes a
significant difference with observability or controllability problems of the type (1.5).

Assumption (2.12) is only a local assumption in a neighbourhood of 9{b > 0} (even if it is stated
here globally on T?). Far from this set, i.e. on each compact set {b > by} for by > 0, the constant
C. can be choosen uniformly, depending only on by, and not on €. Hence, ¢ somehow quantifies the
vanishing rate of the damping function b.

An interesting situation is when the smooth function b vanishes like e~ in smooth local coordi-
nates, for some a > 0. In this case, Assumption (2.12) is satisfied for any £ > 0, and the associated
damped wave equation (1.1) is stable at rate t%a for any & > 0. This shows that the lower bound
given by Theorem 2.5, as well as the decay rate %, are sharp in general. This phenomenon had
already been remarked by Burq and Hitrik in [BHO7] in the case where b is invariant in one direction.

Typical smooth functions not satisfying Assumption (2.12) are for instance functions vanishing
like sin(%)%_%. We do not have any idea of the decay rate achieved in this case (except for the a

priori bounds % and 1).

Theorem 2.6 generalises the result of [BHO07], which only holds if b is assumed to be invariant
in one direction. Our proof is based on ideas and tools developped in [Macl0, AM11] and especially
on two-microlocal semiclassical measures. One of the key technical points appears in Section 13:
we have to construct, for each trapped direction, a cutoff function invariant in that direction and
adapted to the damping coefficient b. We do not know how to adapt this technical construction
to tori of higher dimension, d > 2; hence we do not know whether Theorem 2.6 holds in higher
dimension (although we have no reason to suspect it should not hold). Only in the particular case
where b is invariant in d — 1 directions can our methods (or those of [BHO7]) be applied to prove the
analogue of Theorem 2.6.

Note that if GCC is satisfied, one has (on a general compact manifold M) for some C' > 1 and
all |s| > so the estimate

1 P(is) " N ecrzeany) < Cls| ™ (2.14)

instead of (2.13). Estimate (2.14) is in turn equivalent to uniform stabilization (see [Hua85] together
with Lemma 4.6 below).



Remark 2.7. As a consequence of Theorem 2.6 on the torus, we can deduce that the decay rate
¢~ 745 also holds for Equation (1.1) if M = (0,7)? is the square, one takes with Dirichlet or Neumann
boundary conditions, and the damping function b is smooth, vanishes near OM and satisfies As-
sumption (2.12). First, we extend the function b as an even (with respect to both variables) smooth
function on the larger square (—m, )2, and using the injection 1 : (=, 7)? — T2, as a smooth func-
tion on T?, still satisfying (2.12). Moreover, D(Ap) (resp. D(Ay)) on (0,7)? can be identified as
the closed subspace of odd (resp. even) functions of D(Ap) (resp. D(Ay)) on (—m,m)%. Using again
the injection 2, it can also be identified with a closed subspace of H?(T?). The estimate

[ull 22y < Cs|?|| P(is)ull p2gry  for all u € H(T?),

is thus also true on the square (0,7)? for Dirichlet or Neumann boundary conditions. In particular,
this strongly improves the results of [LRO5].

The lower bound of Theorem 2.5 can be similarly extended to the case of a square with Dirichlet
or Neumann boundary conditions, implying that the rate % is optimal if GCC is strongly violated.

2.2.2 The case of discontinuous damping functions

Appendix B (by Stéphane Nonnenmacher) deals with the case where b is the characteristic function
of a vertical strip, i.e. b = Bly, for some B > 0 and U = (a,b) x T C T%. Due to the invariance of b
in one direction, the spectrum of the damped wave operator A splits into countably many “branches”
of eigenvalues. This structure of the spectrum is illustrated in the numerics of [AL03, AL12].

The branch closest to the imaginary axis is explicitly computed, it contains a sequence of eigen-
values (z;)ien such that Imz; — oo and |Rez;| < (Imfﬁ This result is in agreement with the
numerical tests given in [AL12].

As a consequence, for any £ > 0 and C > 0, the strip {|Rez| < C|Im(z)|~%/?*<} contains in-
finitely many poles of the resolvent (zId —A) ™!, so item (2.8) in Proposition 2.4 implies the following
obstruction to the stability of this damped system :

Corollary 2.8. For any e > 0, the damped wave equation (1.1) on T? with the damping function
(B.1) cannot be stable at the rate tz/ﬁ
The same result holds on the square with Dirichlet or Neumann boundary conditions.

More precisely, in this situation, Lemma 4.6 and [BDO08, Proposition 1.3] yield that mq(t) >
W, for some C' > 0 (with the notation of [BD08| where m;(t) denotes the best decay rate).
This corollary shows in particular that the regularity conditions in Theorem 2.6 cannot be com-

pletely disposed of if one wants a stability at the rate 1/t'~¢ for small .

2.3 Some related open questions

The various results obtained in this article lead to several open questions.

1. In the case where b is the characteristic function of a vertical strip, our analysis shows that the

best decay rate lies somewhere between - and -, but the “true” decay rate is not yet clear.
t2 t3

2. It would also be interesting to investigate the spectrum and the decay rates for damping
functions b invariant in one direction, but having a less singular behaviour than a characteristic
function. In particular, is it possible to give a precise link between the vanishing rate of b and
the decay rate?

3. In the general setting of Section 2.1 (as well as in the case of the damped wave equation on the
torus), is the a priori upper bound - for the decay rate optimal?
t2

4. For smooth damping functions vanishing like e’z%, Theorem 2.6 yields stability at rate t%é
for all § > 0. Is the decay rate % reached in this situation? Can one find a damping function b
such that the decay rate is exactly %?



5. The lower bound of of Theorem 2.5 is still valid in higher dimensional tori. Is there an analogue
of Theorem 2.6 (i.e. for general “smooth” damping functions) for T¢, with d > 3?

Part 11
Resolvent estimates and stabilization in
the abstract setting

3 Proof of Theorem 2.3 assuming Proposition 2.4

To prove Theorem 2.3, we express the observability condition as a resolvent estimate (also known as
the Hautus test), as introduced by Burq and Zworski [BZ04], and further developed by Miller [Mil05]
and Ramdani, Takahashi, Tenenbaum and Tucsnak [RTTTO05]. For a survey of this notion, we refer
to the book [TW09, Section 6.6].

In particular [Mil05, Theorem 5.1] (or [TW09, Theorem 6.6.1]) yields that System (2.1) is ob-
servable in some time 7" > 0 if and only if there exists a constant C' > 0 such that we have

lullZ < C(I(A = Md)u|F + |B*ul|3), for all A € R and u € D(A).

As a first consequence, Assumption (2.5) is satisfied and Proposition 2.4 applies in this context.
Moreover, we have, for all s € R and u € D(A),

[ull3 < C(|(A— s*1d +isBB* — isBB*)ul} + | B*ull?)
< C(I1PGis)ulls; + s> BB ull; + 1B ull5) (3.1)

Since B € L(Y; H), we obtain for s > 1 and for some C' > 0,
lull? < C(I1PGs)ullyy + s*1 B ully) < C(s*||P(is)ull?; + s*[|B*ul|3).
Proposition 2.4 then yields the polynomial stability at rate % for (2.3). This concludes the proof of

Theorem 2.3. O

4 Proof of Proposition 2.4

Our proof strongly relies on the characterization of polynomially stable semigroups, given in [BT10,
Theorem 2.4], which can be reformulated as follows.

Theorem 4.1 ([BT10], Theorem 2.4). Let (etA)tZO be a bounded €°-semigroup on a Hilbert space
H, generated by A. Suppose that iR N Sp(A) = 0. Then, the following conditions are equivalent:

| A gy = O), ast = +oo, (4.1)
I(is1d _‘A)_IHL(H) =O(|s|*), ass— . (4.2)

Let us first describe some spectral properties of the operator A defined in (2.4).

Lemma 4.2. The spectrum of A contains only isolated eigenvalues and we have
1 * (12 . * (12 .
Sp(A) C { (— §||B 123y, 0) +iR | U ([*HB I z(#5v), 0l JrOZ) )

with ker(A) = ker(A) x {0}.
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Moreover, the operator P(z) is an isomorphism from D(A) onto H if and only if z ¢ Sp(A). If
this is satisfied, we have

P(2)"YBB* + z1d) P(z)~! > .

(z1d-A)"" = < P(2)"Y(zBB* +221d) —1d  2P(z)"! (43)

The localization properties for the spectrum of A, stated in the first part of this lemma are
illustrated for instance in [AL03] or [AL12].
This Lemma leads us to introduce the spectral projector of A on ker(A), given by

1
HO = — (Z Id *A>_1dZ S E(H),
2im /.,
where v denotes a positively oriented circle centered on 0 with a radius so small that 0 is the single
eigenvalue of A in the interior of v. We set H = (Id —IIp)H and equip this space with the norm

(o, w3, = I(uo, un)lf, = | AZuoll3y + [lur 3,

and associated inner product. This is indeed a norm on H since ||(ug,u1)||l; = 0 is equivalent to
(ug,uy1) € ker(A) x {0} =TyH.

Besides, we set A = Al;, with domain D(A) = D(A) NH. A first remark is that Sp(A) =
Sp(A) \ {0}, so that Sp(A) NiR = 0.

The remainder of the proof consists in applying Theorem 4.1 to the operator Ain H. We first
check the assumptions of Theorem 4.1 and describe the solutions of the evolution problem (2.4) (or

equivalently (2.3)).

Lemma 4.3. The operator A generates a contraction €°-semigroup on H, denoted (etA)tZO. More-
over, for all initial data Uy € H, Problem (2.4) (or equivalently (2.3)) has a unique solution
U € ¢°(RT;H), issued from Uy, that can be decomposed as

U(t) = e"A(1d —TIo) Uy + MUy,  for all t > 0. (4.4)

As a consequence, we can apply Theorem 4.1 to the semigroup generated by A. The proof of
Proposition 2.4 will be achieved when the following lemmata are proved.

Lemma 4.4. Conditions (2.6) and (4.1) are equivalent.
Lemma 4.5. Conditions (2.9) and (2.10) are equivalent. Conditions (2.7) and (2.8) are equivalent.

Lemma 4.6. There exist C > 1 and so > 0 such that for s € R, |s| > so,

. . C . _ . L C
(s Td =A) "l £ o) — sl < l(is1d —A) " g < N(is1d—A) Y o) + Ik (4.5)
and
CslIP(is) ey < 1(EsId—A) "z < C (1 + Is[||[P(is) ™ oemy) - (4.6)

In particular this implies that (4.2), (2.7) and (2.9) are equivalent.
The proof of Lemma 4.6 is more or less classical and we follow [Leb96, BHO7].

Proof of Lemma 4.2. As A has compact resolvent, its spectrum contains only isolated eigenvalues.
Suppose that z € Sp(A), then we have, for some (ug,u1) € D(A) \ {0},

up = Zuo,
—Aug — BB*uy = zuq,

and in particular
Aug + z%ug + 2BB*ug = 0, (4.7)
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with ug € D(A) \ {0}.

Suppose that z € iR, then, this yields Aug — Im(z)?ug + i Im(2) BB*ug = 0. Following [Leb96],
taking the inner product of this equation with ug yields i Im(z)|| B*uo||3- = 0. Hence, either Im(z) = 0,
or B*ug = 0. In the first case, Aug = 0, i.e. up € ker(A), and u; = 0. This yields ker(A) C
ker(A) x {0} (and the other inclusion is clear). In the second case, ug is an eigenvector of A associated
to the eigenvalue Im(z)? and satisfies B*ug = 0, which is absurd, according to Assumption (2.5).
Thus, Sp(A) NiR C {0}.

Now, for a general eigenvalue z € C, taking the inner product of (4.7) with ug yields

{ (Auo, uo)m + (Re(2)? — Im(2)?)[[uol|7; + Re(2)|| B*uol|3 =0, (4.8)

2Re(2) Im(2)|luo||% + Im(2)||B*uo/|? = 0.

If Im(z) # 0, then, the second equation of (4.8) together with Sp(A) NiR C {0} gives

_1[[Bruoll¥ 1

0 > Re(z) = > —=
2 uoll

LA

If Im(z) = 0, then, the first equation of (4.8) together with (Aug,uo)r > 0 gives — Re(z)| B*uol|? >
Re(2)?||uol|%, which yields
0 > Re(z) > _||B*||2L(H;Y)-
Following [Leb96], we now give the link between P(z)~! and (21d —A)~! for z ¢ Sp(A). Taking
F = (fo, f1) € H, and U = (ug, u1), we have

u1 = zug — fo,
F=(zId-A)U < { Pl(z)uo 0: f i (BB* + z1d) fo. (4.9)

As a consequence, we obtain that P(z) : D(A) — H is invertible if and only if (21d —A) : D(A) — H
is invertible, i.e. if and only if z ¢ Sp(A). Moreover, for such values of z, System (4.9) is equivalent
to

up = zP(2) 71 f1 + 2P(2) "1 (BB* + z1d) fo — fo,

which can be rewritten as (4.3). This concludes the proof of Lemma 4.2. O

{ Uy = P(Z)_lfl + P(Z)_l(BB* + Zld)fo,

Proof of Lemma 4.3. Let us check that A is a maximal dissipative operator on [Paz83]. First, it

is dissipative since, for U = (ug,u1) € D(A),
(AU, Uy, = (A2u1, A2ug)y — (Aug,ua) g — (BB ur,ur) g = —||B'us [} < 0.

Next, the fact that A — Id is onto is a consequence of Lemma 4.2. Hence, for all F € H C H,
there exists U € D(A) such that (A — Id)U = F. Applying (Id —IIy) to this identity yields (A —
Id)(Id —TIp)U = F, so that A—Id : D(A) — H is onto. According to the Lumer-Phillips Theorem (see
for instance [Paz83, Chapter 1, Theorem 4.3]) A generates a contraction ¢°-semigroup on . Then,
Formula (4.4) directly comes from the linearity of Equation (2.4) (or equivalently (2.3)) together
with the decomposition of the initial condition Uy = (I — Iy)Up + HpUp. O

Proof of Lemma 4.4. Condition (4.1) is equivalent to the existence of C' > 0 such that for all £ > 0,
and Uy € H, we have
C c .
le"* A~ o5, < 7o U0l
This can be rephrased as

- c . ..
le"*Tolly, < 7o MU0l 5 (4.10)

for all t > 0, and Uy € D(A) Now, take any Uy = (ug,u1) € D(A), and associated projection

Uy = (Id —Ip)Up € D(A). According to (4.4), we have

But) = S(1A3u(OI + 10a0)1y) = 31400 + Tolil}, = 2140,

12



a,nd . . . .
|AUo| = | AUy + AllgUo |3 = || AUs |4

This shows that (4.10) is equivalent to (2.6), and concludes the proof of Lemma 4.4. O

Proof of Lemma 4.5. First, (2.9) clearly implies (2.10). To prove the converse, for u € D(A), we
have
(P(is)u,u)g = ((A— s Id)u,u) , + is| B*ul3.

Taking the imaginary part of this identity gives s||B*ul|3, = Im(P(is)u, u) g, so that, using the Young
inequality, we obtain for all € > 0,

2

|s|= 2 . 2 2
———||P(is)ull7 + ellullz-

s 1B ully = |s|= " | Im(Pis)u, w)n| < = -

Plugging this into (2.10) and taking e sufficiently small, we obtain that for some C' > 0 and sg > 0,
for any s € R, |s| > sq,
2 .
lull? < Cls|==2(1P(is)ul,

which yields (2.9). Hence (2.9) and (2.10) are equivalent.

Second, Condition (2.8) clearly implies (2.7) and it only remains to prove the converse. For z € C,
we write r = Re(z) and s = Im(z). We have the identity

1

((r+is)Id—A)~" = (isld—A) "' (Id +r(isId—A) ") . (4.11)

Hence, assuming

[[r(isId —A) " | i3y < (4.12)

N =

this gives

<2

|(1d-+r(isTa fA)*l)”HL(H) _
£

S (-1)F(r(isTd—A) )"
k=0

As a consequence of (4.11) and (2.7), we then obtain

[ ((r +is)1d —A < 2[[(isTd —A) Y a0y < 2C ]3],

—1

) HL(H)

for all s > sg, under Condition (4.12). Finally, (2.7) also yields
[7(is1d =)l ey < [rICYs]

so that Condition (4.12) is realised as soon as |r| < —L—+. This proves (2.8) and concludes the

2C|s|«
proof of Lemma 4.5. (|
Proof of Lemma 4.6. To prove (4.5), we first remark that the norms || - [|;; and || - |3 are equiv-
alent on H, so that the norms || - Iz and || - llz) are equivalent on L(H). Next, we have

(isTd —A)~'(Id —IIy) = (isId —A)~'(Id —IIy) and

[(is1d—A) " | 220y = [|(isTd —A) "1 (Id —TIo)|| £ (30) = || (is Td —A) ™ (Id —TIo) | £ 34)
< |[(isTd —A) "M 220y + [(Es1d —A) " o]l 230,

together with

[(is1d—A) " | £(20) = || (isTd —A) " (Id —TIo) + (is Id —A) o | (3¢
< (isTd—A) M 20y + [ (5 Id —A) " ol £ (3¢ -
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Moreover, for |s| > 1, we have

. _ - 1 C
(s 1d —A) ™ ol 30y = [l (is) " ol ey = HHHOHL(H) =0
which concludes the proof of (4.5).
Let us now prove (4.6). For concision, we set H; = D(A%) endowed with the graph norm

lullz, = [|[(A+1d)zul gz and denote by H_; = D(Az) its dual space. The operator A can be
uniquely extended as an operator £(Hy; H_1), still denoted A fo simplicity. With this notation, the
space H_; can be equipped with the natural norm ||ullg_, = ||(A +1d)~2ul| 4.

As a consequence of Formula (4.3), and using the fact that Sp(A)NiR C {0}, there exist constants
C > 1 and s¢ > 0 such that for all s € R, |s| > so,

CIM(s) < [|(isTd —A) | g0y < OM(s) (4.13)
with
M(s) Z(HP(@'S)_l(BB* +is1d) || ooy + 1P Gs) ™ |l e
+ || P(is)" (isBB* — s*1d) = Id || g (a1, 01y + ||sP(z's)*1||L(H)) (4.14)
On the one hand, this direcly yields for s € R, |s| > sq,
[s[1P(is) "l cery < Cll(isTd —A) ™ 2 )-
This proves that (4.2) implies (2.9).
On the other hand, we have to estimate each term of (4.14). First, using Au = P(is)u + s?u —

isBB*u, we have
lullf, = A2 ully, + [lullf; = (Pis)u+ s*u — isBB*u,u) ; + |[ul3
= Re (P(is)u,u) ; + (s* + Dullfy < C (I1P@s)ull; + (s* +1)l|ull)
< C (14 (2 + DIPGs) " W2am) ) 1PGs)ull,
so that
1P(is) " N ey < C (1+ (s + DIIP(is) "l e)) - (4.15)

Second, the same computation for (P(is)~!)* = (A — s%Id —isBB*)~! (the adjoint of P(is)~! in
the space H) in place of P(is)~! leads to (P(is)~1)* € L(H; H;), together with the estimate

1(PGs) ™) ey < C (L+ (sl + DIPGs) "l een) -
By transposition, we have *(P(is)™1)* € L(H_1; H), together with the estimate
(P (is) ™) Neu—vim < NPT ey < C (14 (sl + DIPEs) leem) - (4.16)

Moreover, t(P(is)~1)* is defined, for every u € H,v € H_1, by

((Plis) ™) vy = (0 (P(is) ) )y, = (A1) 2o, (A+ 13 (P9 ) w)

In particular, taking v € H gives

(t(P(is)_l)*v,u)H = (P(is)" v, w),,
which implies that the restriction of the operator !(P(is)~1)* to H coincides with P(is)~!. For
simplicity, we will denote P(is)~! for (P (is)~1)*.

14



Equation (4.16) can thus be rewritten
1P(is) "Ml eer_ysmny < C (1 (sl + DIPGs) e am)) - (4.17)
Then, we have P(is)~!(isBB* — s21d) — Id = P(is)" 1A, so that

|P(is) " (sBB* — 8 1d) — | cqatymy = IPCis) ™ Al cqaryary < IPCs) M e 1Al oo
< (14 (s + DIPGs) "l cm) (4.18)

Third, for |s| > 1 we write

P(is)""(BB* +isld) = — (P(is) 'A—1d), (4.19)

» | .

and it remains to estimate the term || P(is) ' Al|z(g,) in (4.14). For f € Hy, we set u = P(is) ' Af.
We have u € H;, together with
(A~ s*1d +isBB*)u = Af.

Taking the real part of the inner product of this identity with u, we find
1
IAZ ]| — s*|lullf = Re(Af, w)m < [|Aflla_ llullm < Ol fllm lullm,,

as A € L(Hy,H_1). Hence
lullF, <CO+s*)llullz + ClIflIF,

Using (4.17), this gives

lullFr, < QU+ )P (is) ™ AllZ g, 111, + ClF I,
< COU+$)PCis) Nz o 1 + ClI N,
L N— 2
<C+) (L4 (sl + DIPGEs) ™ eem)” 115,

and finally || P(is) " Al z(my) < C(1 4+ |s]) (14 (|s| + 1)[|P(is) " | z(zr)). Coming back to (4.19), we
have, for |s| > 1,

1P(is)~ (BB" +is1d) || ey < C (L + [s][[P(is) ™ o)) - (4.20)
Finally, combining (4.15), (4.18) and (4.20), together with (4.13)-(4.14), we obtain for |s| > 1,
1(isT1d—A) "2y < C (14 [s]I[1P(is) " o) -

This concludes the proof of Lemma 4.6.

Part 111
Proof of Theorem 2.6: smooth damping
coefficients on the torus

To prove Theorem 2.6, we shall instead prove Estimate (2.9) with o = 1_-}-6 (which, according to
Proposition 2.4, is equivalent to the statement of Theorem 2.6). Let us first recast (2.9) with a = 1_-}-6

in the semiclassical setting : taking h = s~!, we are left to prove that there exist C' > 1 and hg > 0
such that for all h < hg, for all u € H?(T?), we have

||u||L2(’]I‘2) S Ch75||P(i/h)u||L2(T2) (421)
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We prove this inequality by contradiction, using the notion of semiclassical measures. The idea
of developing such a strategy for proving energy estimates, together with the associate technology,
originates from Lebeau [Leb96].

We assume that (4.21) is not satisfied, and will obtain a contradiction at the end of Section 11.
Hence, for all n € N, there exists 0 < h,, < = and u,, € H?(T?) such that

no,.
lunllL2(re) > h—5||P(Z/hn)un||L2(1r2)~

Setting vy, = un/||un| £2(r2), and
P = —h2A — 1+ ih,b(z) = h2P(i/hy),
we then have, as n — oo,

hn, — 0T,
||vnHL2(']I‘2) = 1,
h;2_6||th””UnHL2(T2) — 0.

Our goal is now to associate to the sequence (uy, hy,) a semiclassical measure on the cotangent bundle
pon T*T? = T? x (R?)* (where (R?)* is the dual space of R?). To obtain a contradiction, we shall
prove both that u(7T*T?) = 1, and that u = 0 on T*T2.

From now on, we drop the subscript n of the sequences above, and write h in place of h,, and vy,
in place of v,. We study sequences (h, vy,) such that h — 07 and

H’UhHLZ(']I‘Q) = 1
4.22
{ HthvhHLz(’]IQ) = O(h2+6>, as h — 0+. ( )

In particular, this last equation also yields the key information
(b’Uh, 'Uh)L2(’]I‘2) = h_l Im(th’Uh, 'Uh)L2(’]1‘2) = 0(h1+6), as h — 0+.

In the following, it will be convenient to identify (R?)* and R? through the usual inner product.
In particular, the cotangent bundle 7*T? = T? x (R?)* will be identified with T? x R2.

5 Semiclassical measures

We denote by T*T?2 the compactification of T*T? obtained by adding a point at infinity to each fiber
(i.e., the set T? x (R? U {oo})). A neighbourhood of (z,00) € T*T? is a set U x ({oc} UR?\ K),
where U is a neighbourhood of  in T? and K a compact set in R?. Endowed with this topology, the
set T*T?2 is compact.

We denote by S°(T*T?), S° for short, the space of functions a(z, &) that satisfy the following
properties:

1. a € €°(T*T?).

2. There exists a compact set K C R? and a constant ky € C such that a(z,&) = ko for all
EeR?\ K.

Note that we have in particular €>°(T*T?) C S%(T*T?).

To a symbol a € S°(T*T?), we associate its semiclassical Weyl quantization Opy,(a) by For-
mula (A.1), which, according to the Calderdén-Vaillancourt Theorem (see Appendix A) defines a
uniformly bounded operator on L?(T?).

From the sequence (vp,h) (see for instance [GL93]), we can define (using again the Calderdn-
Vaillancourt Theorem) the associated Wigner distribution V" € (S°)’ by

<Vh,a>(so),1sO = (Op,(a)vn, vn) po(pey, foralla € SO(T*T?). (5.1)
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Decomposing vy, and a in Fourier series,

1

on(k) = o

/ e_lk'zvh(x)dx, a(h,k,&) = — / e—zk»za(h, x,€&)dx,
T2 E

2m
the expression (5.1) can be more explicitly rewritten as
1

. . h A - —
(50)7,50 = % a<hajk7§(k+j)> vh(k)vh(])'
k,jE€Z?

(V" a)
Proposition 5.1. The family (V") is bounded in (S°)'. Hence, there exists a subsequence of the
sequence (h,vp,) and an element p € (S°)', such that V* — i weakly in (S°)', i.e.

(Opp(@)vn, v) pa(pzy = (Ks ) g0y g0 for all a € SY(T*T?). (5.2)

In addition, {p, a>(s°)' go 18 nonnegative if a is; in other words, p may be identified with a nonnegative

Radon measure on T*T?2.

Notation: in what follows we shall denote by M™(T*T?) the set of nonnegative Radon measures
on T*T2.

Proof. The proof is an adaptation from the original proof of Gérard [Gér91] (see also [GL93] in the
semiclassical setting).
The fact that the Wigner distributions V" are uniformly bounded in (S°)’ follows from the
Calderén-Vaillancourt theorem (see Appendix A), and from the boundedness of (v;,) in L?(T?).
The sharp Garding inequality gives the existence of C' > 0 such that, for all @ > 0 and h > 0,

(Opp(@)vn, vh) p2(pey = —Chllon||72(p2),

so that the distribution p is nonnegative (and is hence a measure).

6 Zero-th and first order informations on p

To simplify the notation, we set
Pl = P} +ihb(x), with P}= —h*A —1=0p,(|¢* - 1).

The geodesic flow on the torus ¢, : T*T? — T*T? for 7 € R is the flow generated by the
Hamiltonian vector field associated to the symbol $(|¢[> — 1), i.e. by the vector field & - 9, on T*T2.
Explicitely, we have

6r(@,€) = (@ +76,8), TER, (2,8 € T"T?

Note that ¢, preserves the £&-component, and, in particular every energy layer {|¢]? = C' > 0} € T*T?.
Now, we describe the first properties of the measure p implied by (4.22).
We recall that for v € 2'(T*T?), (¢;)«v € 2'(T*T?) is defined by ((¢;)«v,a) = (v,a0 ¢,) for
all @ € €>°(T*T?). In particular, (¢;).v is a measure if v is. We shall say that v is an invariant
measure if it is invariant by the geodesic flow, i.e. (¢, ). = v for all 7 € R.

Proposition 6.1. Let p be as in Proposition 5.1. We have
1. supp(p) C {|¢|*> = 1} (hence is compact in T*T?),
2. w(T*T?) =1,
3. p is invariant by the geodesic flow, i.e. (¢r).pp = p,

4. (u,b>MC(T*T2)7%0(T*T2) = 0, where M (T*T?) denotes the space of compactly supported mea-
sures on T*T2.
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In other words, u is an invariant probability measure on T*T? vanishing on {b > 0}.

These are standard arguments, that we reproduce here for the reader’s comfort. In particular,
we recover all informations required to prove the Bardos-Lebeau-Rauch-Taylor uniform stabilization
theorem under GCC. But we do not use here the second order informations of (4.22); this will be
the key point to prove Theorem 2.6.

Proof. First, we take y € €°°(T*T?) depending only on the ¢ variable, such that x > 0, x(£) =0
for |¢] < 2, and x(€) = 1 for |¢] > 3. Hence, 2L € ¥°°(T*T?2) and we have the exact composition

GEES
X(f) h
&P - 1> i

x(&)

since both operators are Fourier multipliers. Moreover, Op;, (|£|2_1) is a bounded operator on

formula

Opy,(x) = Op,, (

L?(T?). As a consequence, we have

h N
<V ’X>(SU)’,SO — <,U/, X>M(T*T2),<€O(T*T2) ;

together with
h x(§) h
<V aX>(50)/750 = (Oph (|§|2 — 1) Fy ’Uh,’Uh)
L2(T?)

B NGRE | X(©)
- <Oph <|s|2 - 1) B )U - (Oph <|s|2 - 1> b”h’”h>L2<w> '

Since || Plwp| z2(r2) = o(1) and ||| z2¢r2) = 1, both terms in this expression vanish in the limit
h — 0%. This implies that (u, X>M( 0. Since this holds for all x as above, we have

T-T2),¢°(T*T2)
supp(u) C {|£]* = 1}, which proves Item 1.

In particular, this implies that u (T*'H‘2 \ T*']TQ) = 0. Now, Item 2 is a direct consequence of 1 =

th||2L2(T2) — (i, 1>M(—T*T2),3€0(—T*’]1‘2) and Item 1. Ttem 4 is a direct consequence of (bvn,vn)p2(g2) =

o(1).

Finally, for a € €>°(T*T?), we recall that

[P}, 0p, ()] = = O, ({lél? ~ 1,a}) = 2 Opy (€~ 2ra),

is a consequence of the Weyl quantization (any other quantization would have left an error term of
order O(h?)). Hence, (5.1) yields

<Vha§ : aza>@’(T*T2),S§C°°(T*T2) — <Ma€ : a$a>M(T*T2),<€CU(T*’]I‘2) 5 (61)

together with
1
<Vh7§ ' 8Ia>@’(T*T2),S§C°°(T*T2) = ﬁ ([Poha Oph(a)} Uhs Uh)LQ(']l‘Z)
) 1
2h
K3

2h

2
= 5% (Oph (a)vh, P(?Uh)L%Tz) - (Oph (a)P(;Lvha Uh)L2(’]I‘2)

i
=5 (Opp, (a)vn, thvh)m(qr?) — — (Opy, (@) Plop, vh)LQ(TZ)

1 1
) (Opy,(a)vn, bvh)Lz(TZ) ) (Opy,(a)bon, vh)LZ(’]I‘Q) - (62)

In this expression, we have + (Opy,(a)vy, Pl'vy) — 0 and (Oph(a)thvh,vh)LQ(Tz) — 0 since

L2(T?)
| Pl vn || 12¢r2) = o(h). Moreover, the last two terms can be estimated by

| (0P (@)bon, vn) pa(r2y | < VbR L2(22) | VD ODy (@)vnl| L2 (r2) = o(1), (6.3)
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since (bup, vn) 22y = o(1). This yields (vh¢- axa>@’(T*’]1‘2),<€g°(T*'Jl‘2) — 0, so that, using (6.1),
(15 & - Ona) pq(om2y g0 (ep2y = 0 for all a € €>°(T*T?). Replacing a by a o ¢, and integrating with
respect to the parameter 7 gives (¢, )« = p, which concludes the proof of Ttem 3.

[l

7 Geometry on the torus and decomposition of invariant mea-
sures

7.1 Resonant and non-resonant vectors on the torus

In this section, we collect several facts concerning the geometry of 7*T? and its resonant subspaces.
Most of the setting and the notation comes from [AM11, Section 2.

We shall say that a submodule A C Z? is primitive if (A) NZ? = A, where (A) denotes the linear
subspace of R? spanned by A. The family of all primitive submodules will be denoted by 7P.

Let us denote by ©; C R?, for j =0, 1,2, the set of resonant vectors of order exactly j, i.e.,

Q; := {¢ € R? such that rk(A¢) =2 —j}, with A¢:= {k € Z” such that { -k =0} = ¢ NZ2%
Note that the sets ; form a partition of R?, and that we have
e Oy ={0}
e £ € Qy if and only if the geodesic issued from any = € T? in the direction ¢ is periodic;
e £ €y if and only if the geodesic issued from any 2 € T? in the direction ¢ is dense in T?.

For each A € P such that rk(A) = 1, we define

At :={¢eR? such that £ -k =0forall k € A},
Ty :=(A) /27A,
Tpr := AL/ (2772 N AL).

Note that Tp and T,. are two submanifolds of T? diffeomorphic to one-dimensional tori. Their
cotangent bundles admit the global trivialisations 7*Tx = Ta x (A) and T*Ty: = Ty x AL.

For a function f on T? with Fourier coefficients (f(k:))kezz, and A € P, we shall say that f has
only Fourier modes in A if f(k) =0 for k ¢ A. This means that f is constant in the direction A+,
or, equivalently, that o - 9,f = 0 for all 0 € A+. We denote by L (T?) the subspace of L?(T?)
consisting of functions having only Fourier modes in A. For a function f € L?(T?) (resp. a symbol
a € S%(T*T?)), we denote by (f), its orthogonal projection on L3 (T?), i.e. the average of f along

1.

eik~x R eik~x
(Pa @)= 3 fh) <p W)y (2.6 =3 O a(k,o).
keA keA
If rk(A) = 1 and v is a vector in A+ \ {0}, we also have
T
(@) = Jim 7 [ fla+w)ar (7.1)

In particular, note that (f), (resp. (a),) is nonnegative if f (resp. a) is, and that (f), € €>°(T?)
(resp. (a), € SU(T*T?)) if f € €>(T?) (resp. a € SO(T*T?)).

Finally, given f € L(T?), we denote by my the bounded operator on L% (T?), consisting in the
multiplication by f.
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7.2 Decomposition of invariant measures

We denote by M™T(T*T?) the set of finite, nonnegative measures on T*T?. With the definitions
above, we have the following decomposition Lemmata, proved in [Macl0] or [AMI11, Section 2].
These properties are given for general measures u € M™*(T*T?). Of course, they apply in particular
to the measure p defined by Proposition 5.1.

Lemma 7.1. Let p € M*(T*T?). Then u decomposes as a sum of nonnegative measures

p= plr2x g0y + plT2x 0, + Z T2 % (A L\ {0}) (7.2)
AEP.rk(A)=1

Given pu € M (T*T?), we define its Fourier coefficients by the complex measures on R?:

e—ik»z
Ak, ) = / w(dx,-), keZ.
’]I‘Z

2

One has, in the sense of distributions, the following Fourier inversion formula:

ik-x

pla€) = > F—lh.©).
kez?

Lemma 7.2. Let u € M*(T*T?) and A € P. Then, the distribution

ik-x

(W) (@,6) == Y S —ilk. ),

keA

is in M (T*T?) and satisfies, for all a € €>°(T*T?),
() a>M(T*T2),<€§(T*T2) = (1, <a>A>M(T*T2),<gg(T*’J1‘2) :

Lemma 7.3. Let p € M*(T*T?) be an invariant measure. Then, for all A € P, plrz2y(ax\jo}) i
also a nonnegative invariant measure and

72 x(AL\{0}) = (1) 5 72 (AL\{0})-

Let us now come back to the measure u given by Proposition 5.1, which satisfies all properties
listed in Proposition 6.1. In particular, this measure vanishes on the non-empty open subset of T2
given by {b > 0} (see Item 4 in Proposition 6.1). As a consequence of Proposition 6.1, and of the
three lemmata above, this yields the following lemma.

Lemma 7.4. We have = ZAep,rk(A):l T2 % (A L\ {0})-

As a consequence of Proposition 6.1, we have indeed that the measure p is supported in {|¢| = 1},
which implies |2y {0y = 0. In addition, Lemma 7.3 applied with A = {0} implies that p|r2xq, is
constant in & — and thus vanishes everywhere since it vanishes on {b > 0}.

Remark 7.5. Since the measure 4 is supported in {|¢| = 1} (Proposition 6.1, Item 1), we have

plr2sat = M|T2x(AL\{0})
(which simplifies the notation).

As a consequence of these lemmata and the last remark, the study of the measure p is now
reduced to that of all nonnegative invariant measures fi|p2 4+ with rk(A) = 1.

The aim of the next sections is to prove that the measure p|p2y 1 vanishes identically, for each
periodic direction AL,
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7.3 Geometry of the subtori Ty and T,

To study the measure [,L|’]I‘2><(AL\{O}), we need to describe briefly the geometry of the subtori T, and
Tar of T?, and introduce adapted coordinates.
We define yp the linear isomorphism

Xa AT X (A) =R (s,y) = s+,

and denote by ya : T*AL x T* (A) — T*R? its extension to the cotangent bundle. This application
can be defined as follows: for (s,0) € T*A+ = A+ x (AY)* and (y,n) € T* (A) = (A) x (A)", we can
extend o to a covector of R? vanishing on (A) and 7 to a covector of R? vanishing on A*. Remember
that we identify (R?)* with R? through the usual inner product; thus we can also see o as an element
of A+ and 7 as an element of (A). Then, we have

Xa(s,0,y,m) = (s +y,0 +n) € T*R* =R? x (R?)*.

Conversely, any ¢ € (R?)* can be decomposed into & = o + 7 where 0 € At and n € (A). We
denote by P the orthogonal projection of R? onto (A), i.e. PA& = 1.
Next, the map ya goes to the quotient, giving a smooth Riemannian covering of T? by

ap:Tar x Ty = T?: (s,y) — s+ .
We shall denote by 7, its extension to cotangent bundles:
Fa :T*TpL x T*Tp — T*T2.

As the map 7, is not an injection (because the torus Tp1 x T, contains several copies of T?), we

. . S (T, . xT
introduce its degree pa, which is also equal to %

Then, the application

1
Thau := ——=u o x4,
\VPA

(At x (A)). Note that because of the factor —-

Va2
T maps L?(T?) isometrically into a subspace of L?(Ty. x Tp). Moreover, T) maps L3 (T?) into
L3(Ty) C L3(Ty1 x Ty), since the nonvanishing Fourier modes of u € L3 (T?) correspond only to
frequencies k € A. This reads

defines a linear isomorphism L? (R?) — L%

Tau(s,y) = \/%u(y) for (s,y) € Tor x Ty. (7.3)

Since Ya is linear, we have, for any a € €°°(T*R?)
T Opy(a) = Opy,(a © Xa)Th, (7.4)

where on the left Op, is the Weyl quantization on R? (A.1), and on the right Op,, is the Weyl

quantization on At x (A). Next, we denote by OpﬁL and Opﬁ the Weyl quantization operators
defined on smooth test functions on T*A+ x T (A) and acting only on the variables in T7*A+ and
T* (A) respectively, leaving the other frozen. For any a € €2°(T*A+ x T* (A)), we have :

Opy,(a) = Opj, ©Opj(a) = Opj oOp, (a). (7.5)

Now, if the symbol a € €>°(T*T?) has only Fourier modes in A, we remark, in view of (7.3), that
ao7y does not depend on s € Tp1. Therefore, we sometimes write ao7a (o, y,n) for ao@a(s,o,y,7)
and (7.4)-(7.5) give

Ty Opy,(a) = Oppt 0 Opf (a0 74)Ta = Opi (a 0 7a(hDs, -, )T (7.6)

Note that for every o € AL, the operator Opi (ao7a(a,-,-)) maps L?(Tx) into itself. More precisely,
it maps the subspace Ty (L% (T?)) into itself.
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8 Change of quasimode and construction of an invariant cut-
off function

In this section, we first construct from the quasimode v, another quasimode wy,, that will be easier
to handle when studying the measure p|yp2, 4. Indeed wy is basically a microlocalization of v, in
the direction A at a precise concentration rate.

Moreover, we introduce a cutoff function Xj,}(ac) = Xj,}(y, s), well-adapted to the damping coeffi-
cient b and to the invariance of the measure pi|p2, 41 in the direction A (this cutoff function plays
the role of the function x(b/h) used in [BHO7] in the case where b is itself invariant in the direction
A1) Tts construction is a key point in the proof of Theorem 2.6.

Let x € €2°(R) be a nonnegative function such that x = 1 in a neighbourhood of the origin. We

first define
P,
wyp, = Opy, <x (' h’f')) Vn,

which implicitely depends on a € (0,1). The following lemma implies that, for § and « sufficiently
small, wy, is as well a o(h?*?)-quasimode for P

Lemma 8.1. For any a > 0 such that

6+E+a§

5 30426 < 1, (8.1)

N =

we have

HthwhHLZ(TZ) = o(n**?).

As a consequence of this lemma, the semiclassical measures associated to wy, satisfy in particular
the conclusions of Proposition 6.1. Moreover, the following proposition implies that the sequence wy
contains all the information in the direction A*.

Proposition 8.2. For any a € €>°(T*T?) and any o € (0,3/4) satisfying the assumptions of
Lemma 8.1, we have

OHT2xALaa>AMIWT2%%§ﬂ”T2)::Agﬁ)«)ph(aﬁuh’um)L%T%‘

Next, we state the desired properties of the cutoff function x?. The proof of its existence is a
crucial point in the proof of Theorem 2.6.

Proposition 8.3. Ford =8¢, and e < %6, there exists « satisfying (8.1), such that for any constant
co > 0, there exists a cutoff function i € €°°(T?) valued in [0,1], such that

1. x& = x}(y) does not depend on the variable s (i.e. X is A*+-invariant),
@ = xp)wnllzzrey = o(1),
. b < coh on supp(xh),

1Oy xhwnl 2 (r2) = o(1),

N RS

. H@fx;}whﬂy(qrz) = 0(1)

Note that the function x{: implicitely depends on the constant cg, that will be taken arbitrarily
small in Section 10.

In the particular case where the damping function b is invariant in one direction, this proposition
is not needed. In this case, one can take as in [BHO7] yi = X(Coih). In the d-dimensional torus, this
cutoff functions works as well if b is invariant in d — 1 directions, and an analogue of Theorem 2.6
can be stated in this setting. Unfortunately, our construction of the function x% (see the proof of
Proposition 8.3 in Section 13) strongly relies on the fact that all trapped directions are periodic, and
fails in higher dimensions.

We give here a proof of Lemma 8.1. Because of their technicality, we postpone the proofs of
Propositions 8.2 and 8.3 to Sections 12 and 13 respectively.
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Proof of Lemma 8.1. First, we develop
P, P, P,
thwh = szl Opy, (X (' }:}f')) vp, = Opy, (X (' héf')) thUh +th |:baoph, (X (' }:}f'))} Uhs

since P(;I and Op, (X (‘Z’;ﬂ )) are both Fourier mutipliers. We know that

Py
Jor (x (525)) s
It only remains to study the operator

00m (x () )| = inom (a0 (1) )+ Ocm0-) s3)

according to the symbolic calculus. Moreover, using Assumption (2.12), we have

S ||th’l)hHL2(T2) = 0(h2+6).
L2(T?2)

The sharp Garding inequality applied to the nonnegative symbol

|PA&]
ayb X/ ( o
(Oph <02b2(1—8) o ’ayb X/ (|ZJL€|)
2
fom (0 ()

When using the inequality [ f*~¢dv < ([ fcly)l_‘E for nonnegative functions (with dv = |vp,(x)|?dx),
we obtain

2

C2p2(1—¢) _

then yields

and hence

o < CQ(bQ(lis)’L}h,vh)L%ﬂQ) + O(hlia). (84)
L2(T?)

(BP0, vn) p2(r2y < (0%0n, v) gty < Cllbvnl75s) = o(h'~9).

Combining this estimate together with (8.3) and (8.4) gives

afoom (1559

Coming back to the expression of thwh given in (8.2), this concludes the proof of Lemma 8.1. [

2(T2 - O(h%*a*%) + O(hEFZM )
L2(T2)

9 Second microlocalization on a resonant affine subspace

We want to analyse precisely the structure of the restriction p|p2 % (A+\{0}), using the full information
contained in o(h?**%)-quasimodes like vj, and wy,.

From now on, we want to take advantage of the family wy, of o(h?*°®)-quasimodes constructed in
Section 8, which are microlocalised in the direction A+. Hence, we define the Wigner distribution
Wh € 9'(T*T?) associated to the functions wy, and the scale h, by

<Wh,a>(s(,),7s0 = (Opp(a)wn, wn) 22y foralla € SO(T*T?).
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According to Proposition 8.2, we recover in the limit A — 0,
h
(w ’“>(soy,s0 = (B2 Aty @) pqeremey o) 5

for any a € €>°(T*T?) (and « satisfying (8.1)).
To provide a precise study of p|p2, 1, we shall introduce as in [Macl0, AM11] two-microlocal
semiclassical measures, describing at a finer level the concentration of the sequence vy, on the resonant

subspace
A+ = {¢€ € R? such that Py¢ = 0}.

These objects have been introduced in the local Euclidean case by Nier [Nie96] and Fermanian-
Kammerer [FK00b, FK00a]. A specific concentration scale may also be chosen in the in the two-
microlocal variable, giving rise to the two-scales semiclassical measures studied by Miller [Mil96,
Mil97] and Fermanian-Kammerer and Gérard [FKG02].

We first have to describe the adapted symbol class (inspired by [FK00a] and used in [AM11]).
According to Lemma 7.3 (see also Remark 7.5), it suffices to test the measure p|p2, 4+ with functions
constant in the direction A+ (or equivalently, having only z-Fourier modes in A, in the sense of the
following definition).

Definition 9.1. Given A € P, we shall say that a € S} if a = a(z,&,n) € €°(T*T? x (A)) and

1. there exists a compact set K, C T*T? such that, for all n € (A), the function (z,&) — a(xz,&,n)
is compactly supported in Kg;

2. a is homogeneous of order zero at infinity in the variable n € (A); i.e., if we denote by Sp :=
S'N(A) the unit sphere in (A), there exists Ry > 0 (depending on a) and apom € €°(T*T? xSy)
such that

n

ﬂ) , for |n] > Ry and (z,¢) € T*T?
n

a(l‘,f, 77) = Ghom (-T,é-,

for n # 0, we will also use the notation a(z, £, 00n) := ahom (x, £, %) .

3. a has only z-Fourier modes in A, i.e.

ik-x

a(z,&n) = e% a(k,&m).

keA

Note that this last assumption is equivalent to saying that o - 9,a = 0 for any o € A+. We denote
by S}\/ the topological dual space of S} .

Let x € €2°(R) be a nonnegative function such that y = 1 in a neighbourhood of the origin. Let
R > 0. The previous remark allows us to define, for a € S} the two following elements of S}X/:

P P
(), = (0 (11 () ) a (26 55) ) SENNCRY
SA'SA Rh h 2'(T*T2),€2° (T*T?)

| Pa¢] PAg
WI}%A,LL el = <Wh,x( — a2, — . (9.2)
Wit @)y Rh h )7 g s (rom2)
In particular, for any R > 0 and a € S}, we have
Py¢ h,A h
Wh,a<:c,§, —)> :<W ' ,a> + (WEA @) arr o - (9.3)
< h ) [ ooy 60 (1o12) 8 SK'.5A Wi @sysy

The following two propositions are the analogues of [FK00a] in our context. They state the
existence of the two-microlocal semiclassical measures, as the limit objects of W}’%’A and ng, A-
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Proposition 9.2. There exists a subsequence (h,wy,) and a nonnegative measure v> € M+ (T*T? x
Sa) such that, for all a € S, we have

lim lim <W}}%’A,a> . = <VA,ahom (,CC,&, 1)> '
R—00 h—0 SA5S) |77| M(T*T?xSp), € (T*T?2XSn)

To define the limit of the distributions ng, As we need first to introduce operator spaces and
operator-valued measures, following [Gér91]. Given a Hilbert space H (in the following, we shall
use H = L*(T,)), we denote respectively by K(H), L'(H) the spaces of compact and trace class
operators on H. We recall that they are both two-sided ideals of the ring L(H) of bounded operators
on H. We refer for instance to [RS80, Chapter VI.6] for a description of the space £!(H) and its
basic properties. Given a Polish space T (in the following, we shall use T'=T*T 1), we denote by
MT(T; LY(H)) the space of nonnegative measures on 7', taking values in £!(H). More precisely, we
have p € MT(T; LY(H)) if p is a bounded linear form on €°(T) such that, for every nonnegative
function a € €°(T), (p, a>M(T),<é‘g(T) € L1(H) is a nonnegative hermitian operator. As a consequence

of [RS80, Theorem VI.26], these measures can be identified in a natural way to nonnegative linear
functionals on €2(T; K(H)).

Proposition 9.3. There exists a subsequence (h,wy) and a nonnegative measure
pa € MH(T*Tpu; L1 (L (T4))),

such that, for all K € €>°(T*Ty.; K(L*(Ty))),

lim (K (s, hDg)Tawp, TAwh)LQ(TAL;LQ(TA)) =tr {/ K(s,0)pa(ds, da)} . (9.4)
T*T, |

h—0

Moreover (for the same subsequence), for all a € S}, we have

R—00 h—0

lim lim <W§1A,a>s}\, 51 = tr {/ : Op? (a(frA(J,y,O),n))pA(ds,da)} . (9.5)
: T,
In the left hand-side of (9.4), the inner product actually means

(K(S, hDs)TA’wh, TAwh)LQ(TALLQ(TA))

e (s=s") o (K(S ; S

/

= / ,U)TAwh(s’,y),TAwh(s,y)) ds ds' do.
s€ET, 1 ,s'€AL,oceAt L2(Ta)
In the expression (9.5), remark that for each o € A+, the operator Op’ (a(7a(o,y,0),n) is in
L(L*(Ty)). Hence, its product with the operator pa(ds,do) defines a trace-class operator.

Before proving Propositions 9.2 and 9.3, we explain how to reconstruct the measure pi|p2ypt
from the two-microlocal measures v and p,. This reduces the study of the measure x to that of all
two-microlocal measures v* and py, for A € P.

We denote by MT(T) the set of compactly supported measures on T', and by (-, '>MC(T),S§0(T)
the associated duality bracket.

Proposition 9.4. For all a € €>(T*T?) having only x-Fourier modes in A (i.e. for all a € S}
independent of the third variable n € (A)), we have

{1 @) paeme) o) = (V™ 0) pg(rema sy o (o2 xsy) T {/T’]l‘ Hhaema (U)pA(ds’dU)} 00

AL
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and

A
<'u|'ﬂ‘2><AL’a>M(T*’]I‘2),<€CU(T*’]1‘2) = (v |T2><AL><SA’a>M(T*'J1‘2><SA),S€CU(T*’]1‘2><SA)

—|—tr{/T*T maoﬁ—A(U)pA(dS,dO')}, (9.7)

where for ¢ € AL, maoz, (o) denotes the multiplication in L*(Ty) by the function y + a o 7a(0,y).
Moreover, we have v» € M} (T*T? x Sp) and py € MF(T*Tp1; L%(Ty)) (i.e. both measures are
compactly supported).

Formula (9.7) follows immediately from (9.6) by restriction. By the definition of the measure py,
we see that it is already supported on T? x A+ (see expression (9.2)).

The end of this section is devoted to the proofs of the three propositions, inspired by [FKO00a,
AM11].

Proof of Proposition 9.2. The Calderén-Vaillancourt theorem implies that the operators

on (14 (159)) (- ) =om (1) o)

are uniformly bounded as h — 0 and R — +o0. It follows that the family W™ is bounded in S}’
and thus there exists a subsequence (h,wy,) and a distribution g* such that

R—00 h—0

. . hA _ /A
lim lim <WR ’a>s}\’,s}x = <u ,a(m,f,n)>5k/ys}\.

Because of the support properties of the function x, we notice that <[LA, a> g1 = 0 as soon as the
"IA

sy’
support of a is compact in the variable n. Hence, there exists a distribution v* € 2'(T*T? x Sy)

such that
n

</1Aaa’($a€a77)>sll Sl = <VAaah0m (55,5,_)> .
APA Ul D' (T*T2xS)), € (T*T2xSy)

Next, suppose that ¢ > 0 (and that /1 — x is smooth). Then, using [AM11, Corollary 35], and

setting
= (115 )

there exists C' > 0 such that for all h < hg and R > 1, we have

Pr§ Pr§ c
HOph ((1)((%))@(5075,7 — Op,,(b™)* < ik
L(L>(T?))
As a consequence, we have,
Wi > | Opy () re) — 2
R @ S}X’,S}\ = P Wh, L2(T?) R Wh, L2(T2)>
so that the limit <1/A, Ahom (x, &, 1)> is nonnegative. The distribution v
111) / 91(T*T2 xSy ), €2 (T*T2 xS)
is nonnegative, and is hence a measure. This concludes the proof of Proposition 9.2. (|

Proof of Proposition 9.3. First, the proof of the existence of a subsequence (h,wy) and the measure
pa satisfying (9.4) is the analogue of Proposition 5.1 in the context of operator valued measures,
viewing the sequence wj, as a bounded sequence of L?(T,1;L?(Ty)). It follows the lines of this
result, after the adaptation of the symbolic calculus to operator valued symbols (or more precisely,
of [Gér91] in the semiclassical setting).
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Second, using the definition (9.2) together with (7.6), we have

h _ | PAg] Ppg
<WR,Aaa>S}X’,S}\ - (Oph (X( RA ) a (SC,E, 7, ) ) W Wh .

= <Op’£L o Opjr <x (%) a (frA(U,y, n), %)) Tawp, TAwh)

L2(T, 1 XTa)
Hence, setting

aly Alo,y,m) = x (M) a(ma(o,y, hn),n),

we obtain

h A+ A h
<WR’A,a>S}x/vS}x = (Oph o Op; (GR,A(vaan)) Tl\wh’T/\wh)L2(r]1~AL xTa)

We also notice that Op} (a}ILTC,A) € K(L?(Ty)), for any o € A+ since a%ﬁA has compact support with
respect to 7. Moreover, for any R > 0 fixed and a € S}, the Calderén-Vaillancourt theorem yields

Op? (a%,A) = Op} (a%a) +hB

for some B € L(L*(T,)), uniformly bounded with respect to h. Using (9.4), this implies that for
any R > 0 fixed and a € S}, we have

lim (W2 . a =tr
h—>0< R,A >5i'75}\ T

AL

Op? (a% o) pa(ds, do)} :

Moreover, we have

R 0p (ax) = O (0,) = Obf (a(Fa(0:,0).m),

in the strong topology of €>°(T*Tx.; L(L?*(Ts))). This proves (9.5) and concludes the proof of
Proposition 9.3. (|

Proof of Proposition 9.4. Taking a € S}, independent of the third variable n € (A) gives
h
<W ,a (x,§)>@,(T*T2)7%§(T*T2) — (plpe xAiaa>M(T*T2),<€g(T*'J1‘2) )

together with
(Wi*a)

(according to Proposition 9.2) and

h
(Wiara)gy 5y =t {/T T

(according to Proposition 9.3). Now, using the last three equations together with Equation (9.3)
directly gives (9.7).

A
g1 g1 7 (v ’a>M(T*'J1‘2><SA),<€C°(T*'J1‘2><SA)’
AP A

Opf (a’(ﬁ-/\(a” Y, O)))p/\(dsa dO’)} =tr {/T*'Jl‘

AL AL

Maorn (0)pa(ds, da)} ,

As both terms in the right hand-side of (9.7) are nonnegative measures and the left-hand side
is a compactly supported nonnegative measure, this implies that »* and p, are both compactly
supported. [l
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A and

10 Propagation laws for the two-microlocal measures v
PA

In this section, we study the propagation properties of v and pp. The key point here is the use of
the cutoff function introduced in Proposition 8.3.

We will use repeatedly the following fact, which follows from Item 2 in Proposition 8.3: if A is a
bounded operator on L?(T?), we have

(Awp, wp)2(12) = (AX£wh7X£wh)L2(T2) + Al £(z2) o(1). (10.1)

To simplify the notation, we shall write A, ; for x‘h\Axlh\.

10.1 Propagation of v*
We define for (z,£,m) € T*T? x (A) and 7 € R the flows
P2 (x,&,m) = (x +7€,&,m),

generated by the vector field £ - 0, and, for n # 0,

O (w, &) = <x+7i,§,n) ,
In]

generated by the vector field |’77| - 0z. With these definitions, we have the following propagation laws

for the two-microlocal measure v,
Proposition 10.1. The measure v is Y- and ¢L-invariant, i.e.
((bg)*l/A =% and ((;5,}_)*1/1\ =v™, for every T € R.

The key result here is the additional “transverse propagation law” given by the flow ¢L. The

measure v not only propagates along the geodesic flow ¢2, but also along directions transverse to
AL,

Proof. Fixa € S}. The computation done in (6.2) is still valid replacing a by (1 - X (%)) a (w, &, %),

since it only uses the fact that Op,, ((1 — X (%)) a (w, &, %)) is bounded and that ||thwhHL2(T2) =
o(h) and (bwp, wn)p2(g2) = o(1). This yields

lim <W1’§A,§ : aza>
h—0 Si'.sk

P P
N —
h—0 Rh h D'(T*T2), € (T*T?)

and hence, in the limit R — +o00, we obtain

<VA7§ : aIalhom (1'557 l>>
l M(T*T2xSp), €0 (T*T2xSy)

=0.

Replacing anom by anom © ¢2 and integrating with respect to the parameter 7 gives (¢2),0* = v/,

which concludes the first part of the proof.

Second, to prove the ¢l-invariance of v we compute

<VA7 l : a:calhom ('rvga i

|77| |n|)>M(T*T2XSA),<€§(T*’H‘2><SA) R—o00 h—0

= lim lim <W1’;*A,|—Z|-aza>31/51. (10.2)
A P A
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Setting

" AR .= Op, < (z ¢, PA&)) (10.3)

we have the relation

i
<WI]%’A, /A 8za> = 7—([AA, AR]’LUh,’LUh>L2(T2)
|77| 311\/751 2

where Ay = 85 is the laplacian in the direction A.
Lemma 10.2. For any given co > 0 and R > 0, we have
([Ax, A% wn, wh) L2(r2) = ([Ax, AL LJwn, wh) L2 (r2) + o(1).

We postpone the proof of Lemma 10.2 and first indicate how it allows to prove Proposition 10.1.
We now know that

AT ) R
v, 'azahom ($ €a )> = lim lim ——([AA,AC 7h]’wh,’LU}L)L2(11-2).
< Il Il M(T*T2x83),€0(T*T2x8,) ~E=o0h=0 2 ’

Recall that a € S} implies that a has only a-Fourier modes in A, i.e. PA&-0,a = £-d,a. We have
also assumed in this section that b has only x-Fourier modes in A. As a consequence, we have

7
([AA,ACO RJWh, Wh) L2(T2) = *—([A,Aﬁ,h]wh,wh)m(wa

= 55 ([F AR 1] wnywn) o) (10.4)

Developing the last expression of (10.4), we obtain
) )

([P() ;ACO h] whvwh)Lg(Tz) = 2—h2 (Ag)ﬁhwh; thwh)Lz(Tz) - 2_h2 (Ag),hpbhwh; wh)Lz(r]p)

1 R 1 R
— % (Athwh, bwh)LQ(’]l‘Z) — % (Aco,hbwha wh)LQ(TZ) . (105)

Since AZ ;, is bounded in £(L?*(T?)), its adjoint A7 , is also bounded so that the first two terms in

the last expression vanish in the limit A — 0, using ||P wh]|2(12) = 0(h?). To estimate the last two
terms, we use again the boundedness of A and (A®)* and write

2h2

| (A& nwn, bwn) o gy | < AT IxRbwn | 22y < 2o [|AT],
according to Item 3 in Proposition 8.3. It follows that

1 R
R R < .
hmh sblp 5T (Acu’hwh,bwh)Lz(W) + 5T (Acu’hbwh,wh)w(w) 2¢o sup || AT

Coming back to the expression (10.2), we obtain

<VA;i'amahom (ZE €a )>
Il 11) ] pmerer2x80),60 (T+T2x54)

and since ¢y was arbitrary,

<VAal'azahom (ZE €a )> =0
Il ] M(T*T2x84),€9(T*T2 xSp)
A A

Replacing anom by @nom © ¢L and integrating with respect to the parameter 7 gives (¢l).v* = 2,
which concludes the proof of Proposition 10.1.

< 2¢q sup ||AR||
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Proof of Lemma 10.2. We are going to show that
(A AR Wlwn, wi) r2erey = ([An, A%]eg nwn, wh) L2(T2) + 0o(1). (10.6)

Then, using the fact that [A,, A®] is a bounded operator (its symbol is (1 — X (%)) ‘—:77—‘ Oga(z,&,m)),
together with (10.1), this is also ([Ax, A%|wp, ws) r2(12) + o(1).

To prove (10.6), we develop the difference [Ay, Aif;,h] — [Ap, AR, as
[An, AL ] =[x, Ao n = [05, xi] A + xi AT [0, xz] - (10.7)

Then, writing
we have

([855 Xjf}] Aijf}whv wh)Lz(r]p) = (ARXJ}} W, a;X{z\ wh)Lz(Tz) =+ (ay © AR X{z\ W, 28yX{7,\ wh)Lz(']IQ) .

Recalling that the operator 9, o A% is bounded, and using Items 4 and 5 in Proposition 8.3, we obtain

‘([65, th\} ARXQ’LU;“ wh)L2(’]1‘2) < CHajxlh\ wh”LQ(TZ) + +C||6yX£ whHLZ(TQ) = 0(1)'

The last term in (10.7) is handled similarly. This finally implies (10.6) and concludes the proof of
Lemma 10.2. g

10.2 Propagation of pj

We denote by (wf\, ef\) jen the eigenvalues and associated eigenfunctions of the operator —Aj = 785
forming a Hilbert basis of L?(T,). We shall use the projector onto low frequencies of —Aj, i.e., for
any w € R, the operator

HX = Z ('765\>L2(’H‘A)65\7
wf\gw
which has finite rank.
We have the following propagation laws for the two-microlocal measure py.

Proposition 10.3. 1. For any K € €>°(T*Ty1;K(L*(Ta))), independent of s (i.e. K(s,0) =
K(o)), and any w > 0, we have

tr{/ [Ap, TN K (0)TI] pA(ds,da)} =0.
T*T,.

2. Moreover, defining
My = / pA(dS,dO') € El(LQ(TA)),
TAL x AL
we have
[Ap, My] = 0.
Remark that for any o € A+, the operator
(A, TRK (0)IIR] = TIX[AN, K (0)]TIF,

has finite rank, so the right hand-side of Item 1 is well-defined. Note that the definition of M, has
a signification since pp has a compact support, according to Proposition 9.4.

The commutation relations of Items 1 and 2 in this proposition correspond to propagation laws
at the operator level. They are formulated here in a “derivated form”, which, for Item 2 for instance,
is equivalent to

eTANMNeTTAY = My, forall T € R,

in the “integrated form”.
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Proof. For K € €>°(A+;K(L?(Ty))) (in other words K € €>°(T*T1;K(L?(T,))) independent of
s € Ty1), we denote
K“(0) =YK (o)lI¥
2

and we note that K“ is also in €>°(A+; K(L?(Ty))). Hence, we have

tr {/T*TAL [Ax, TS K (0)IR] pal(ds, dd)} =-— %% ([—An, KW(hDS)]TAwh,TAwh)LZ(TAhL%TA))

To show that this limit vanishes, we proceed as in lines (10.4), (10.5) and in the subsequent calcula-
tion, replacing the operator A% by K (hDy).
With the notation Ay = 9; and Ay. = 92, we first note that

([7AA7Kw(hDS)]TAwhvTAwh)LQ(’]I‘AL;L%’]I‘A)) = ([7A7Kw(hDS)]TAwhvTAwh)L2(’]I‘AL;L2(’]I‘A)) )

since A = Ay + Ay and since [Ay., K¥(hD,)] = 0. As a matter of fact, K“(hD,) = Oph(K“(0))
and Ay = —h~20pi(|o]?) are both Fourier multipliers.
The following lemma is proved the same way as Lemma 10.2

Lemma 10.4. For any given ¢y > 0, we have
([AA, KW(U)]TA’U)}“ TAwh)Lz(T2) = ([AA, szoyh(hDs)]TAwha TA’wh)Lz(qp) + 0(1).

Here K¢, (hDs) means XEK“(hDg) X
Writing
—h2A = T\PPTY —ihbo ma,

we have

([7A, K:hh(hDs)]TAwhy TA’LUh)
1

2 ( g;,h(hDs)TAwh,TAthwh)

L2(T, 1 ;L2(Ta))
1

oy~ 72 Koo (BDs)TaPy wn, Tyw,)

L2(T,1;L%(Tx))

1
+—

? w
3, (K n(hD)Thwn, TAwR)) oy, amay T,

h
It follows, as in (10.5), that

(K% 5, (hDy)Tx (bwy,), TAwh)LQ(TAL L2(Th)) "

limsup | ([-A, K¢

co,h(h‘Ds)]TAwha TAwh)
h—0

LZ(TAL;LZ(’]I‘A)) | S 2COHK||
and since ¢y was arbitrary, we can conclude that

lim ([AA, Kw(O')]TA’wh, TA’wh)Lz('HQ) == 0,
h—0

which concludes the proof of Item 1.

Item 1 gives, for all K € K(L?*(T,)) constant (which is possible since pa(ds,do) has compact
support),

0=tr / [Ap, K¥]pa(ds,do) p = tr [AA,KW]/ pa(ds,do) p = tr {[An, K¥]My}.
T*T, | T*T, |
Using that tr (AB) = tr(BA) for all A € £! and B € L together with the linearity of the trace
(see [RS80, Theorem VI.25]), we now obtain, for all K € K(L?(T,)), and all w > 0,
0= tI‘{[AA,HXKHLX]MA} =tr {KHLX[AA, MA]HX} .

Consequently, we have for all w > 0, TI¥[Ax, MA]IIY = 0 (see [RS80, Theorem VI.26]). Letting w go
to +oo, this yields [Aa, Mx] = 0 and concludes the proof of Item 2. O
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11 The measures v* and p, vanish identically. End of the

proof of Theorem 2.6
In this section, we prove that both measures v* and p, vanish when paired with the function (b)

A
Then, we deduce that these two measures vanish identically. In turn, this implies that p|p2y 40 = 0,
and finally that © = 0, which will conclude the proof of Theorem 2.6.

Proposition 11.1. We have
A
<V |']1'2><Ai><SA’ <b>A>Mc(T*T2XSA),%O(T*TQXSA) =0, and tr{m(b)AMA} = 0.
As a consequence, we prove that py and v |2 4L «s . vanish.

Proposition 11.2. We have pp =0 and v |2y 71 x5, = 0. Hence pi|r2ypr = 0.

This allows to conclude the proof of Theorem 2.6. Indeed, as a consequence of the decomposition
formula of Proposition 9.4, we obtain, for all A € P, such that rk(A) = 1, p|p2x a1 = 0. Using the
decomposition of the measure p given in Lemma 7.1 together with Lemma 7.4, this yields u = 0
on T2, This is in contradiction with u(7*T?) = 1 (Proposition 6.1), and this contradiction proves
Theorem 2.6.

We now prove Propositions 11.1 and 11.2
Proof of Proposition 11.1. First, (4.22) implies that (bvp,vs)r2(r2) — 0, and hence

{1, b>MC(T*’H‘2),<€U(T*’]1‘2) =0.
Then the decomposition given in Lemma 7.1 into a sum of nonnegative measures yields that, for all
AeP,
(Blr2x At 0) g, (em2) o (e2y = 0 (11.1)
since b is also nonnegative. Lemmata 7.2, 7.3 and 7.4 (see also Remark 7.5), then give

<:U’|11‘2><AL; <b>A>MC(T*'J1‘2)7<gO(T*T2) = <N|11‘2><(AL\{0}), <b>A>MC(T*T2),<€“(T*’H‘2)
= <M|T2><A*7b>MC(T*’]1‘2),<€0(T*'J1‘2) = 0, (112)

where the function (b), is also nonnegative. The decomposition formula of Proposition 9.4 into the
two-microlocal semiclassical measures then yields

A
<M|’]1‘2><ALa <b>A>MC(T*'J1‘2),3€0(T*’]1‘2) = <V |’]1‘2><AL><SAa <b>A>MC(T*’]1‘2XSA),%U(T*'JTQXSA)

+tr{/ m<b>ApA(ds,dU)} .
T*T, .

Besides, the measure v |12, 5 1 g, is nonnegative, hence <Z/A|']1‘2><AL XSp 1 <b>A>MC(T*T2xSA),%O(T*'Jl‘QxSA)
0. Similarly, px € MF(T*Ty.; £L1(Ta)) and the operator m ) € L(L?*(Ty)) is selfadjoint and non-
negative, which gives tr {fT*T My, pa(ds, do)} > 0. Using (11.1) and (11.2), this yields

A

>

A
<V |’]1‘2><AL><SAa <b>A>MC(T*T2XSA),<€O(T*T2XSA) 0,

tr {/ m<b>ApA(ds,dJ)} =0.
T*T, |

In this expression, the operator m ;) does not depend on (s,0), so that

and

0=tr {m<b>A /T*T pA(ds,dJ)} = tr{mgy, Ma},
AL

which concludes the proof of Proposition 11.1. O
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Proof of Proposition 11.2. Let us first prove that py = 0. We recall that the operator M, is a
selfadjoint nonnegative trace-class operator. Moreover, Proposition 10.3 implies that the operators
My and A, commute. As a consequence, there exists a Hilbert basis (€% )jen of L?(Ta) in which
My and A, are simultaneously diagonal, i.e. such that

—ApE) =wié), and Ma&\ = L&),
where (y A) jen are the associated eigenvalues of M. In particular, we have ~ A > 0forall j € N (and
7A € ('). Note that the basis (eA)]eN is not necessarily the same as the basis (eA)]EN introduced in
Section 10.2.

Using Proposition 11.1, together with the definition of the trace (see for instance [RS80, Theorem
VI.18]) we have

0=t M ( Maey, ) - ( ~j’~j) '
r{m(b A} Z (b) o Ae/\ eA L2(Ty) ZFYA A €A CA L2(Tx)

jEN

Since all terms in this sum are nonnegative (because both v4 and (b), are), we deduce that for all
JeN,
%), =0

L2(Ta)

Suppose that 'yf\ # 0 for some j € N. Then, ((b) él-\, f\ = 0 where (b), is nonnegative and

‘ )LZ('JTA)
not identically zero on Ty. This yields &} = 0 on the nonempty open set {(b), > 0}. Using a unique
continuation property for eigenfunctions of the Laplace operator on Ty, we finally obtain that the
eigenfunction &) vanishes identically on Ta. This is absurd, and thus we must have v} = 0 for all

j €N, so that My = 0. Since py € MT(T*Tp; LY(T,)), this directly gives pp = 0.

Next, we prove that v = 0. This is a consequence of the additional propagation law of v* with
respect to the flow ¢l (see Section 10.1). Indeed the torus T, has dimension one, (¢l).0* = A
(according to Proposition 10.1) and, using Proposition 11.1, v vanishes on the (nonempty) set
{(b), >0} x R? x Sy (with {(b), > 0} clearly satisfying GCC on Ty,). Hence, v = 0.

To conclude the proof of Proposition 11.2, it only remains to use the decomposition formula (9.7)
which directly yields u|p2pr = 0. O

12 Proof of Proposition 8.2

In this section, we prove Proposition 8.2. For this, we consider two-microlocal semiclassical measures
at the scale h®. The setting is close to that of [FK05].

We shall see that the concentration rate of the sequence vy, towards the direction AL is of the
form h* for all a < 32,

First, Lemma 7.3 yields ptrzar = (1) [T2xa+ (see also Remark 7.5), i.e

(w2 xass @) paereme) sgorem2y = (BlT2xass (@) 4) prom2) g0 (-2

and it suffices to characterize the action of u|p2, 41 on At-invariant symbols. Recall that, for all
a € €>°(T*T?),
* T2 2 =1 O s 22y -
<:u’a>M(T T2),69(T*T?) 12%( pr(a)vn, vn)y, (T2)

In this section, the assumption vb € € (T?) is used in an essential way for the propagation
result of Lemma 12.2 below. Like in (9.1) and (9.2), let us define :

P P
(B ()
53,54 Rh D/(T*T2), € (T*T2)

Py¢| PAE
VhA)a 1/ @1 — <Vh,X(| ) ( E, 5 (122)
< R, >SA 7SA Rh @’(T*TZ),%C“’(T*TQ)
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for a € S}.

We take R = R(h) = h~1=%) for some a € (0,1), so that Rh = h®. The proof of Proposition 9.2
applies verbatim and shows the existence of a subsequence (h,v;,) and a nonnegative measure v €
MT(T*T? x Sp) such that, for all a € S}, we have

lim <Vlg(’£),a> e = <y§,ahom <:c &, >> .
h—0 SATSA Ul M(T*T2XSp), €0 (T*T2xSp)

Proposition 12.1. Let R(h) = h=1=) with o < 3. Then

Vil xar\fopxs, =0
The proof of Proposition 12.1 relies on the following propagation result.

Lemma 12.2. For a < 3+‘5 the measure v> is ¢2- and ¢L-invariant, i.e.

(2) v =vd and  (¢1)D =vD,  for every T € R.

T (0% (R
The proof is very similar to that of Proposition 10.1 but does not use Assumption (2.12).

Proof. The proof of ¢2-invariance is strictly identical to what has been done for Proposition 10.1 and
thus we focus on the ¢!-invariance. Equation (10.5) still holds with R(h) = h~(1=%) now reading

VhA n 8a>
< R(h) |77| 517,51 2h2

 2h (AR(h)Uh’b h) L2(T2) 2 (AR(h)bUh’vh)

(AR Uh, P[jlvh) AR(h Pb Uh, ’Uh)

L2(T2) 2h2 ( L2(T?)

L2(T2)

where A® was defined in (10.3). Using ||[P/'va||r2(r2) = o(h'™®) together with the boundedness of
ARM) it follows that

hA T —tim (Lm0 A amm
,1}2% <VR(h) Inl -0 a>51/ o ,I}E})( 2h(A ”h’bvh)m(qrz) 2h(A bvhﬂvh)p(qrz))'
AP A

Recall from (4.22) that H\/Z_WhHLz(TZ) = o(h%s). In addition, it follows from standard microlocal
calculus that

[ARM) VB = Op 12y (R(h) ).

We can thus write

hA T L Rh 1 R(h
<VR(h)’ m : axa>Sl/ o1 = 0(1) - E(A ( )\/Z_n)h; \/_’Uh)LQ(’]I‘Z) h (\/_[A ) \/_]vh; vh)LQ(’]I‘Z)
A PN
1 R(h
+ ﬁ([\/l;aA ( )]\/Evhavh)Lz(T2)
=o(1) + o(R(h)"2h ™" ) = o(1) + o(h3 5727,
which vanishes if we take o < 3T+5' O

Proof of Proposition 12.1. To prove Proposition 12.1, we first note that

A
<Va |']1'2><(Ai\{0})><SA5 <b>A>MC(T*']I‘2 XSA),€0(T*T2 xSy) = Oa

. A . O . . A _ 1_. . A
since v is (¢Y)-invariant and <V0t’b>MC(T*T2xSA),%U(T*WxSA) = 0. Then, the ¢;-invariance of v

implies that V£|T2X(AL\{O})XSA vanishes. O
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Proof of Proposition 8.2. Proposition 12.1 implies that

. |PAé]
<M|T2XAL’a’>M(T*T2),<€CO(T*’]1'2) = ilzli&) <Oph (X < e a(x,f) Uh, Uh .

for all a < 3%‘5 and a € €>°(T*T?). The same holds if we replace x by x? :

) P&
2 . oy =1 2 (| :
Wlrzsass @hmcrre) g o) = [ (Oph (X ( he )“(””’5)) “h’“h)pm

Since
o (1 (1) ate.©)) = 0m (x () ) omat@omn (x (M) ) + ot 123)
we obtain
(bl scnss @) (e seocrems) = Jiy (Oph(“) O <X (l%l)) o OP <X <|ZA°§|)> ”h>L2<nr2> |
for all a < 32 and a € €2(T*T?). O

13 Proof of Proposition 8.3: existence of the cutoff function

Given a constant ¢y > 0, we define the following subsets of T?:

& = ({b> coh}), , yh< U B (coh)25)> = | B@. (ch)™), % =Fn\én,

ze{b>coh} A TESL

where for U C T2, we denote (U), := U, cg{U + 70} for some o € A+ \ {0}. Remark that &, C %
and that T? = &, U%, U(T?\ .%,). Note also that the sets &, %), are non-empty for h small enough,
and that %, is non empty (for h small enough) as soon as b vanishes somewhere on T? (this condition
is assumed here since otherwise, GCC is satisfied).

In this section, we construct the cutoff function Xﬁ needed to prove the propagation results of

Section 10. In particular, this function will be A*+-invariant and will satisfy Xﬁ =0 on &}, and x‘h\ =1
on T? \ F,.

The proof of Proposition 8.3 relies on three key lemmata. The first key lemma is a precised
version of Proposition 6.1 concerning the localization in T*T? of the semiclassical measure p. It is
an intermediate step towards the propagation result stated in Lemma 13.2.

Lemma 13.1. For any x € €>°(R), such that x = 1 in a neighbourhood of the origin, for all
a € €>(T*T?), and v < 32, we have

21 345 _
(Op(a)uns wn)yaemy = (Om@) Op (x (L) Junwn) o5 Opy@lcan
L2(T?)

(13.1)

For all a € €°(T*T?) and all T € R,

146
(Opp(a o ¢r)wn, wn)p2(pey = (Opy(@)wh, Wh) 2 g2y + 0(Th 727 ) || Opy (@ © ¢t e 0,m2(22(12)))

In this statement, we used the notation

| Opp(a o éi)llLee(0,7:c(L2(T2))) = SEIP : | Opp(a o ée)llccrz(r2))-
te (0,7

In turn, this lemma implies the following transport property.
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Lemma 13.2. Suppose that the coefficients a, e satisfy
0<10e<a, and o-+2e<1. (13.2)

Then, for any time T € R wuniformly bounded with respect to h, and any h-family of functions
b =y, € €°(T?) satisfying

0% oo (r2) < Cuh™>¥L - for all k € N2, (13.3)
we have,

(1/1(& y)wha wh)LZ(TQ) = (1/’(5 + T, y)’LUh, wh)LZ(TQ) + (Q/J(S -7, y)wh’ wh)L2(']1‘2)
+ O(h*~105) 4 O(R1=2728) 4 o(h'2), (13.4)
where the coordinates (s,y) are the ones introduced in Section 7.3.

In view of Proposition 8.3, this lemma will allow us to propagate the smallness of the sequence
wy, above the set {b > coh} to all &,.

The third key lemma states a property of the damping function b, as a consequence of Assump-
tion 2.12.

Lemma 13.3. There exists by = bo(g) > 0 such that for all x € T? satisfying 0 < b(x) < by and for
all z € B(x,b(x)%), we have b(z) > @.

With these three lemmata, we are now able to prove Proposition 8.3.

Proof of Proposition 8.3. In the coordinates (s,y) of Section 7.3, we can write
Ep =TrL x By, Zp =TrL X Fy, with Ej, C F, C Ty.

Here, F}, is a union of intervals and has uniformly bounded total length. We can hence cover F}, with
C1h™2¢ subsets of length of order (coh)? /2, overlapping on intervals of length of order (coh)?s/10.
Associated to this covering, we denote by (¥);eq1,....13, J = J(h), a smooth partition of unity on
E}, satisfying moreover

* ¥ € .°(Fh);

o 31 w(y) =1fory € Ey;

o 107l poe(ryy < Crh™2™, for all m € N;
o J=J(h) < Ch~?.

Similarly, we cover Ty with Cyh~2¢ subsets of length of order (coh)?¢/2, overlapping on intervals
of length of order (coh)?/10, and define (Yr)keq1,..,x} an associated partition of unity on T,
satisfying

® wk € (chO(TAL);
S Wk(s) =1 for s € Tyu;

07 xllLoer, ) < Crh ™2™, for all m € N;

K = K(h) < Ch~2,

for any k, ko € {1,..., K}?, there exists 74 satisfying |7x| < Length(T,.) < C and ¢y (s+7%) =
Yro (S)
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We set
J K
Ui(s,y) == er()wi (), and xR (s,y) =1— D> tri(s,y) € €(T?),
j=1k=1
which satisfies 95 x4 (s,y) = 0, i.e. xi is At-invariant, together with

e A =0on &, and hence b < coh on supp(x7);

o YA =1onT?\ Fp;

e xp €[0,1] on &, with |9, x5| < Ch™2¢ and |92xp| < Ch™*.

To conclude the proof of Proposition 8.3, it remains to check Item 2 (||(1 — x2)wn| 2(r2) = o(1)),
Ttem 4 (||0yx7wnllp2(r2) = o(1)) and Item 5 (|07 xhwn| L2(r2) = o(1)).

Now, let us fix jo € {1,..., J}. Because of the definition of the set &},, there exists kg € {1,..., K}
and zo € {b > coh} such that supp(¢x,j,) C B(wo, (coh)**). According to Lemma 13.3, we have
B(zo, (coh)*) C {b > %!} 50 that supp(r,j,) C {b> <2}, This yields

coh
g (VrojoWhs W) £2(12) < (WkgjoWh, wh) p2(12) = o(h'H0),
and hence (Yy,jowh, wp)r2(r2) = o(h?’). Moreover, for any k € {1,..., K}, there exists 7, satisfying

|| < Cy with
wkjo (S + Tk, y) = "/)kojo (S, y)

Hence, using (13.4), we obtain

0(R?) = (Yoo (8, Y)W, wh) £2(12) = (Vhjo (S + T, ¥)Wh, Wh) £2(12)
= (Yrjo (8 + 2Tk, y)wh, wh) L2 (12) + (Vhjo (S5 Y)Wh, Wh) L2(T2)

1446

+ O L O(h' =72 +o(h 2 ). (13.5)

Since both terms on the right hand-side are nonnegative, this implies (¢, (s, y)wn, ws) £2(r2) = o(h°)

as soon as
a —10e > 6,

1—a—2e>4,

1+06

— >,

2
(which implies (13.2)). From now on we will take 0 = 8¢ (this choice is explained in the following
lines). The existence of « satisfying this condition together with (8.1) and « < 3/4, is equivalent to
having € < 7—16
To conclude the proof of Proposition 8.3, we first compute

J K

(1 = xp)wn, Wh) L2(T2) = Z Z("/)kjwhawh)LZ(’]I‘Q) = Ch™0(h%) = o(1),

j=1k=1

since § > 4e. This proves Item 2. Next, we have by construction Supp(asxjh\) C supp(ayxﬁ) -
G, with [0y xp ||l L (r2) = O(h™2), ||5§X£HL@0(T2) = O(h™*). Hence, covering supp(dy,x7)) by
balls of radius (Coh)Q‘E and using a propagation argument similar to (13.5) shows that we have
lwall L2 (supp(a, x2)) = o(h?). We thus obtain

—25)

) S _
10y xhwnl L2(r2) = o(h? =o(1), 102X nwh | 2(r2) = o(h2 ™) = o(1),

(since ¢ > 8¢) which concludes the proof of Items 4 and 5, and that of Proposition 8.3. O
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To conclude this section, it remains to prove Lemmata 13.2, 13.1 and 13.3. In the following
proofs, we shall systematically write n in place of Py& and o in place of (1 — Py){ to lighten the
notation. Hence, & € R? is decomposed as ¢ = 1 + o with € (A) and ¢ € A+, in accordance to
Section 7.3.

Proof of Lemma 15.2 from Lemma 15.1. First, given a function ¢ € €>°(T?) satisfying (13.3), we
have,

1446
(Ywh, wh)Lmrz) = (Oph("/) o ¢r)wp, wh)L2(’]1‘2) + O(Th%)” Oph(zb o ¢t)||L°°(0,T;L(L2))

= (Ophw 0 ¢7)Opy | X (|§|;— 1)) Opy, (x (%)) whawh)

346 _
( (Th B )JFO( h= ’Y))HOph(/l/}O¢t)||L°°(O,T;L(L2))5

L2(T2)

when using Lemma 13.1 together with Op,, (X (2—;17;)) wp, = wy. Next, the pseudodifferential calculus
yields

21
() ey = (Omn (vo o0 x (B ) x (i) ) w0077 s o)

1445 3446
+ (o(Th™ =) 4+ o(Th™ % =7)) | Opp, (¢ 0 ¢0) || L (0,7:2(12)) - (13.6)

A particular feature of the Weyl quantization in the Euclidean setting is t}iat the EgoroX theorem
provides an exact formula (see for instance [DS99]): Op, (v o ¢¢) = e~ "3 Op,,(¥)e™" 2, so that
| Opp, (¥ © @¢)|| o= (0,7;2(L2)) < Co uniformly with respect to h. Now, remark that the cutoff function

X (77=) x (‘E‘:;l) can be decomposed (for h small enough) as

() (5 = (g1) Wi 24

for some nonnegative function X/ such that (o,7) — X! (o) € 62°(R?), such that x!(0) = x (|g|;—1)

for n € suppx(w) and o > 0, and 77( o) =0 for ) ¢ supp x (%_a) or o <0.
Choosing v = «, we have in particular

lo —1][ < Ch® on supp( (QZQ)Xn( ))

Next, we recall that ¢ o¢.(s,y,0,m) = ¥(s+70,y+7n), and we focus on the first term (corresponding
to o > 0) in the right-hand side of the identity

X (mza 1) (QhQ)w Or = (%) (Xn(0) + Xy (=0)) ¥ 0 ¢r. (13.7)

We set,

¢W(s,y.0,m) = (Qha)xn( YW(s+ 7o,y +7n), and (P (s,y,0 n)—x( )>z’,;<o>w(s+r,y>,

2he

and we want to compare Oph(él)) and Oph(g“?)). For this, let us estimate, for multiindices ¢, m € N2,

06,00y (62 = ¢V (5,3, 0m)|
< Cn Y |00y (X (55 ) X(0)) 0y Bloy (Us + 70y +70) = (s + 7 9))| . (13.8)

v<m

On the one hand, we have
m—v n ch —a|lm—v|
’%m) (x (2ha) xn(o))’ < Cmoh : (13.9)
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On the other hand, for |v| > 0 we can also write
8{511/)86/0-777) (1/)(5 + TO,Y + 7_77) — ’I/J(S + T, y))’ = ’a(es,y)azja,n)w(s + TO,Y 4 7_77)
< Cy|r|MIp—2elH D < ¢, p=2e0e+ID)

since |7] < C.
Finally, for |v| = 0, we apply the mean value theorem to the function

(07 77) = a(es,y)’ll)(s + TO,Y + 7'77>
and write
a(és,y) (w(s + 70, Y + 7-77) - 1/’(5 + 7, y))}
< (1l +lo = 1) 50 Vo0, ) (005 + 70,5 + 7))
With (13.3), this yields
8y (bl + o,y + ) — (s + 7,))| < (Il +1o — )Ceh |2
< (9| + |o — 1|)Ceh=2ee+1) (13.10)

for |7] < C.

Using now that [n| < Ch® and [o—1| < Ch* onsupp (x (37%=) X4 (0)), and combining (13.8), (13.9)
and (13.10), we obtain, for all m € N2,/ € N? and 0 < h < hg sufficiently small,

B0, 00y (€2 =€) (5,9,0,m)| < Coho =20+ pIml el

Jngym Z hlm\h—2&(|é|+\u|)h_a|m_y|

Oo<v<m
< Crm (h(lfa)\m|ha72€(|€|+1) + |m|h|m\(17a)h725\l\ha725)

<0y mha—28(|é|+1).

Using a precised version of the Calderén-Vaillancourt theorem, as presented in Theorem A.1 below
(in which only |¢| = 4 derivations are needed with respect to = in dimension two), we obtain

Opy (¢) = Opy (1Y) + Opre (7).
Similarly, we have
_ o 5 a—10e
Oy, (X (7 ) Xa(—o)els + 7o,y +7m)) = Opy (x (G ) Xh(—0)(s = 7.9) ) + Ora (h*71%),
Coming back to (13.6) and using (13.7), we finally obtain, for all |7| < C,
(Ywn, W) p2(p2y = (Oph ( (2h0¢) Xn(o)(s +, y)) whvwh)LZ(Tz)
+ (Oph ( (2ha) X’r]( )1/’(5 - T y)) whawh) L2(T2)
+ O(R19%) 4 O(R172) 4 o(h =) + o(h"3" 7).

With the pseudodifferential calculus, this yields (13.4), which concludes the proof of Lemma 13.2. O

Proof of Lemma 13.1. Here, we only have to make more precise some arguments in the proof of
Lemma 6.1. Recall that according to Lemma 8.1, wy, satisfies thwh = 0(h2+5).
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. . . .. 1—
First, we take xy € €>°(R), such that y = 1 in a neighbourhood of the origin. Hence, # €

%> (R) and we have the exact composition formula

£ -1 P -1 R\ P
o0 (13 (577)) =om (- (557 ) 3

2
since both operators are Fourier multipliers. Moreover, Op;, ((1 - X ('ﬂhfl)) ‘5(511

) is uniformly

bounded as an operator of £(L?(T?)). As a consequence, we have

(Oph(a) Opy, (1 - X (W;l)) wh,wh)
hv L2(T?)
P=1\) _m B
= <Oph(a) Oph <<1 X < hY >) |£|2 — 1> h_(’)ywh7w}l)L2(’]I‘2)

ph ihb
= <A—bwh,wh> — <Al_wh7wh> ,
! L2(12) h L2(12)

2— . .
where A = Opj,(a) Op,, ((1 —X (l&lh_wl)) |§|}é—11) is bounded on L?(T?). Using Plw;, = o(h*T?)

and (bwp, wp)r2(r2) = o(h'*?), this gives

€2 —1 ST
Opy,(a) Opy, | 1= x (=55 W, w, =o(h™> "")[|Opy(a)ll£(z2),
L2(T2)

which in turn implies (13.1).
Next, Identity (6.2) yields, for all a € €>°(T?),
(Opy (€ - Opa)wy, wy,) *L(O (a)wp, Plwy,) _ L
Pn T hy Wh L2(T2) — oh Phn hy, 1L p Wh L2(T2) 2h
!
2
146
= o(h')[| Oy (a)l £(z2) + o(h =) Opy (@)l £(r2),

(Oph (a)Pljlwha wh)Lz('ﬂa)

1
(Opy(a)wn, bwh)L2(’]I‘2) ) (Oph(a)bwhvwh)L2(’ﬂ‘2)

as a consequence of Pwy, = o(h*T°) and (bwp, wp)r2(r2) = o(h'*°). Applying this identity to a o ¢
in place of a, and integrating on ¢ € [0, 7] finally gives

146
(Opp(ao ¢r)wn, wh)LZ('JP) = (Opy (a)wn, wh)Lz(m) +o(th™=")[| Opp(a o ¢l Le(0,72(12))
which concludes the proof of Lemma 13.1. O

Proof of Lemma 15.3. Here, B := B(z,b(x)%) denotes the euclidian ball in T? centered at x of
radius b(x)?. Setting

M := b = inf b
supb(z),  m = infb(2),

we have
|Vb(2)] < C.b'75(2) < C.M'¢, forall z € B,
as a consequence of Assumption 2.12. Moreover, the mean value theorem yields
b(x) — CoM*~¢b(x)? < b(z) < b(x) + C.M'~¢b(x)*, for z € B,
and, in particular,

m > b(x) — C-M'b(x)?**, and M < b(x)+ C.M*~°b(z)*. (13.11)
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Now, defining f(M) := b(z) + C-M'~°b(x)?**, we see that f is a strictly concave function with
f(0) = b(z) > 0. There exists a unique My € Ry satisfying f(My) = My. Moreover, we have
M < f(M) if and only if M < M,. Taking by sufficiently small so that by + C'Ebé‘h82 < bé_g,
we obtain f(b(x)17%) < b(x)!7°. In particular, this gives My < b(x)!~¢ and hence M < b(z)'~*
according to the second estimate of (13.11). Coming back to the first estimate of (13.11), this yields

m > b(z) — Cob(2) 19 b(2)% = b(x) — Cob(z) .

Taking by sufficiently small so that by — CgbéJr€2 > %", we obtain m > @, which concludes the proof
of Lemma 13.3. O

Part IV
An a priori: lower bound for decay rates
on the torus: proof of Theorem 2.5

Under the assumption
{b>0}n{xog+7&, 7 ER} =10, (13.12)

for some (x9,&) € T*T?, & # 0, we construct in this section a constant ro > 0 and a sequence
(¢n)nen of O(1)-quasimodes in the limit n — 400 for the family of operators P(inkg).

We use the notation introduced in Sections 7.1 and 9. First, note that, as a consequence of (13.12),
&o is necessarily a rational direction, and the set {zg + 7€y, 7 € R} is a one-dimensional subtorus of
T2, given by

{zo+ 7,7 € R} = {xo+ 7,7 € R} =20 + TAfo’ with Ag, € P.

Let x € ¢°°(T?) such that y has only z-Fourier modes in Ag,, x = 0 on a neighbourhood of
{b>0} andleonxoqL’JI’Aé.
0

From Assumption (13.12), we have rk(Ag,) = 1, so that one can find k € Aé} NZ*\ {0}. Besides,

for all n € N we have nk € Ag, NZ*\ {0}.
We then define the sequence of quasimodes (¢ )nen by

on(z) = x(2)e™* neN, zecT
We have ¢,, € €°°(T?), together with the decoupling
©n O ﬂAEo(s,y) = x(y)ei"k‘s, neN, (sy)€ TA& x Tag,-
This yields

—(Tagy AT, ) © Tag, (5,y) = —(Aa, + AAELU)S% O Mg, (5:9)
_ *emk.SAA%X(y) + n2|]€|2x(y)€mk's.

Moerover, by, = 0, according to their respective supports. Hence, recalling that P(in|k|) = —A —
n?|k|? + in|k|b(x), we have

(TAEUP(Zn|k|)TA*£0)(‘0n © ﬂ-Aﬁo = _eink‘SAAEU)((y)7

and

| P(in|k])enl L2 (r2) = [[(Tag, Pinlk)Tx, )on o mac ll2cr, . x1a, ) = CollAag, XllL2(ra, )-
&0 Ag &0 30]
0
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Since we also have ||¢n||z2(12) = HTA%('O"”LQ(TA&L XTag,) = COHXHLZ(TA&))? we obtain, for all n € N,
0
1. H@n”LQ(’H‘Z) HXHLZ('H‘A5 )
IP= (inlk) ] c(r2r2y) 2 157 = o =C>0,
D = PGnlkDeallzs) — TB8nq X2z,
which concludes the proof of Theorem 2.5. O

Acknowledgments. The authors would like to thank Nicolas Burq for having found a significant
error in a previous version of this article, and for advice on how to fix it. The second author wishes
to thank Luc Robbiano for several interesting discussions on the subject of this article.

A Pseudodifferential calculus

In the main part of the article, we use the semiclassical Weyl quantization, that associates to a
function a on T*R? an operator Op,,(a) defined by

(Opp(a)u) (@) == (2#)2 /R /R e, (z ;y, ) w(y)dy de. (A1)

For smooth functions a with uniformly bounded derivatives, Op,,(a) defines a continuous operator
on . (R?), and also by duality on .#”(R?). On a manifold, the quantization Op,;, may be defined by
working in local coordinates with a partition of unity. On the torus, formula (A.1) still makes sense :
taking a € €°°(T*T?) is equivalent to taking a € €°°(R? x R?), (27Z)*-periodic with respect to the
x-variable. Then the operator defined by (A.1) preserves the space of (27Z)?-periodic distributions
on R?, and hence 2'(T?).

We sometimes write, with D := %8,

a(x,hD) = Opy(a).
We also note that Op,(a) is the classical Weyl quantization, and that we have the relation
a(x, hD) = Opy,(a(z, §)) = Op, (a(z, hE)).

Theorem A.l. There exists a constant C > 0 such that for any a € € (T*T?) with uniformly
bounded derivatives, we have

10p1(a)ll(z2(r2)) < C Z Hagafanmmw).
a,8€{0,1,2}2

Equivalently, this can be rewritten as

10Dy (@)l czarey <C > W0200al| Lo (o).
a,8€{0,1,2}2

This precised version of the Calderén-Vaillancourt theorem is needed in Section 13, and proved
in [Cor75, Theorem B,] or [CM78, Théoreme 3]. Here in dimension two, this means that only
|a| = 4 derivations are needed with respect to the space variable .

B Spectrum of P(z) for a piecewise constant damping
(by Stéphane Nonnenmacher)

In this Appendix we provide an explicit description of some part of the spectrum of the damped wave
equation (1.1) on T?, for a damping function proportional to the characteristic function of a vertical
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strip. We identify the torus T? with the square {—1/2 < x < 1/2, 0 < y < 1}. We choose some
half-width o € (0,1/2), and consider a vertical strip of width 20. Due to translation symmetry of

T?, we may center this strip on the axis { = 0}. Choosing a damping strength B> 0, we then get
the damping function

b@w=wm={% Tjﬁguz (B.1)

The reason for centering the strip at = 0 is the parity of the problem w.r.t. that axis, which greatly
simplifies the computations.

We are interested in the spectrum of the operator A generating the equation (1.1), which amounts
to solving the eigenvalue problem

P(z)u=0, for P(z)=—-A+zb(x)+2%, 2€C,uecl*T?), u#0. (B.2)

This spectrum consists in a discrete set {z;}, which is symmetric w.r.t. the horizontal axis: indeed,
any solution (z,u) admits a “sister” solution (z,@). Furthermore, any solution with Im z # 0 satisfies

1 (u,b -
Rez:——w, and thus — B/2<Rez <0. (B.3)

2 HuHiz(W)

We may thus restrict ourselves to the half-strip {—E/Q <Rez <0, Imz > 0}.
Our aim is to find high frequency eigenvalues (Im z > 1) which are as close as possible to the
imaginary axis. We will prove the following

Proposition B.1. There exists Cy > 0 such that the spectrum (B.3) for the damping function (B.1)
contains an infinite subsequence {z;} such that Im z; — oo and |Re z;| < W

The proof of the proposition will actually give an explicit value for Cy, as a function of B, o.

Proof. To study the high frequency limit Im z — oo we will change of variables and take

2= i(1/h+0),

where h € (0,1] will be a small parameter, while ¢ € C is assumed to be uniformly bounded when
h — 0. The eigenvalue equation then takes the form

(—h2A 4 ih(1 4 hO)b)u = (1 + 2hC(1 + hC/2))u. (B.4)

Having chosen b independent of y, we may naturally Fourier transform along this direction, that is
look for solutions of the form u(z,y) = e*™Yv(x), n € Z. For each n, we now have to solve the
1-dimensional problem

(—h?0% /02 + ih(1 + hO)b(x))v = (1 — (2mhn)? + 2hC(1 + hC/2)) v . (B.5)

Let us call
def 75 jnd def =

B= B(1+hC), (= ((1+h(/2).
In terms of these parameters, the above equation reads:
(=h*0% /07 +ihB N, |pj<12y(x))v = Ev,  with E=1— (2rhn)*+ 2h(. (B.6)
Since we will assume throughout that ¢ = O(1), we will have in the semiclassical limit

B=B+0(0h), (=C1-h¢/2+00n). (B.7)

At leading order we may forget that the variables B, ( are not independent from one another, and
consider (B.6) as a bona fide linear eigenvalue problem.
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Since the function b(zx) is even, we may separately search for even, resp. odd solutions v(z). Let
us start with the even solutions. Since b(zx) is piecewise constant, any even and periodic solution
v(z) takes the following form on [—1/2,1/2] (up to a global normalization factor):

_ COS(IC:C), |SC| S g,
v(r) = {ﬂcos (k;’ (1/2 — |x|))7 o< |z <1/2, ) (B.8)
_EYV2 (E—ihB)'/?
b= ME T (B.9)

We notice that k, k" are defined modulo a change of sign, so we may always assume that Rek > 0,
Rek’ > 0. The factor 3 is obtained by imposing the continuity of v and of its derivative v’ at the
discontinuity point = o (we use the notation o’ def 1/2 —o):
cos(ko) = Beos(k'a’),
—k sin(ko) = Bk sin(k'o’) .

The ratio of these two equations provides the quantization condition for the even solutions:

/

tan(ko) = —% tan(k'c’) . (B.10)

Similarly, any odd eigenfunction takes the form (modulo a global normalization factor):

o) = {sin(k x), |z] <o,
Bsgn(z) sin(k'(1/2 — |z])), o < |z| <1/2,’

so the associated eigenvalues should satisfy the condition
k ! !
tan(ko) = Y tan(k'o’) . (B.11)

We will now study the solutions of the quantization conditions (B.10) and (B.11), taking into account
the relations (B.9) between the wavevectors k, k' and the energy E. To describe the full spectrum
(which we plan to present in a separate publication), we would need to consider several régimes,
depending on the relative scales of I/ and h. However, since we are only interested here in proving
Proposition B.1, we will focus on the régime leading to the smallest possible values of | Im (| = |Re z|.
What characterizes the corresponding eigenmodes v(x) ? From (B.3) we see that the mass of v(z) in

the damped region, 2 fgl/ 2 |v(z)|? dz, should be small compared to its full mass. Intuitively, if such a
mode were carrying a large horizontal “momentum” Re(hk) in the undamped region, it would then
strongly penetrate the damped region, because the boundary at x = ¢ is not reflecting. As a result,
the mass in the damped region would be of the same order of magnitude as the one in the undamped
one. This hand-waving argument explains why we choose to investigate the eigenmodes for which hk
is the smallest possible, namely of order O(h). This implies that F = (hk)? = O(h?), which means
that almost all of the energy is carried by the vertical momentum:

hn = (2m)~' +O(h).

The study of the full spectrum actually confirms that the smallest values of Im E are obtained in this
régime.
Eq.(B.9) implies that the wavevector k' in the damped region is then much larger than k:

(—ihB + (hk)*)'/?
h

k= :efiﬂ'/él(B/h)l/Q_’_O(hl/Q).

Imk'o’ ~ —o'(B/2h)"? is negative and large, so that tan(k'c’) = —i + O(e2™* 7)) uniformly
w.r.t. Re(k'd’).
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Even eigenmodes

In this situation the even quantization condition (B.10) reads
/

tan(ko) = z% (1+0(e7 B/M%) (B.12)

Since the r.h.s. is large, ko must be close to a pole of the tangent function. Hence, for each integer
m in a bounded interval® 0 < m < M we look for a solution of the form

+ (Sk/’erl/Q, with |(Sk/’m+1/2| < 1.

w(m+1/2)
Fmi1/2 = -

The quantization condition (B.12) then reads

. km+1 2 i 1/2
00kmi1/2 + O((0kpt1/2)?) =i efm/4(B/h)1/2/+ O(h1/2) (1407 B/M7T)
7T(TI’L+ 1/2) 37 /4
— ks = ——— (1+ s o).

Using (B.6), the corresponding spectral parameter ¢ is then given by

¢ _ (hkme1/2)? + (2mhn)® — 1
n,m+1/2 9

@rhn)2—1 h (ﬂ(m + 1/2))2 43/ (w(m - 1/2))2 ei3/4

2h 2 o oB1/2

+O(h?).

From the assumptions on the quantum numbers n, m, we check that (, y,41/2 = O(1). We may now

go back to the original variables E , E, using the relations (B.7). The spectral parameter ¢ has an
imaginary part

_ o mm+1/2))?

EYTORE +0(h?). (B.13)

Im En,m+1/2 =Im Cn,m+1/2(1 — hRe Cn,m+1/2> + O(h’2>
Returning back to the spectral variable z, the above expression gives a string of eigenvalues {2y, ;;,+1/2}
with Im 2, 4170 = h=1 4+ O(1), Re Zpm1/2 = —Im zn1m+1/2. These even-parity eigenvalues prove

. (r/2)?
Proposition B.1, and one can take for Cy any value greater than S3@B) O

We remark that the leading order of k,, /o corresponds to the even spectrum of the operator
—h20%/92 on the undamped interval [—o, o], with Dirichlet boundary conditions. The eigenmode

Up,m+1,2 associated with C, ,,,41/2 is indeed essentially supported on that interval, where it resembles
the Dirichlet eigenmode cos (zm(1/2 + m)/c). At the boundary of that interval, it takes the value

m+1 i3/ p1/2 m(m+1/2) +Oh),

Un,m+1/2(0) = (_1) U§1/2

and decays exponentially fast inside the damping region, with a “penetration length” (Imk’)~! ~
(2h/B)"/?. From (B.3) we see that the intensity |v, ,11/2(c)> ~ Ch penetrating on a distance
~ h'/? exactly accounts for the size ~ h3/2 = h h'/? of the Re Znme41/2-

We notice that the smallest damping occurs for the state v, /2 resembling the ground state of
the Dirichlet Laplacian.

IRecall that we only need to study values Rek > 0.
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0Odd eigenmodes

For completeness we also investigate the odd-parity eigenmodes with k = O(1). The computations
are very similar as in the even-parity case. The odd quantization condition reads in this régime

tan(ko) = zg (1+ O(e_(2B/h)l/2)) . (B.14)

The r.h.s. is then very small, showing that ok is close to a zero of the tangent, so we may take
km = mm/o + 0ky, with [0ky,| < 1 and 0 < m < M. We easily see that the case m = 0 does not
lead to a solution. For the case m > 0 we get

Sk = 3/ 12 T o,

o2B1/2
and thus 3im/4
_mm 179 €T
b = (1482 s+ O(R), 1<m <M.
These values k,, approximately sit on the same “line” {s(1 + h'/? i;—:ii), s € R} as the values

k412 corresponding to the even eigenmodes, both types of eigenvalues appearing successively. The
corresponding energy parameter ¢y, satisfies

(rm)?

Im Z,m =p32 L
o3(2B)1/2

+0O(h?). (B.15)

As in the even parity case, the eigenmodes v,, ,,, are close to the odd eigenmodes sin (xwm/ o) of the
semiclassical Dirichlet Laplacian on [—o, 0], and penetrate on a length ~ h'/? inside the damped
region.

The case of the square

If the torus is replaced by the square [—1/2,1/2] x [0, 1] with Dirichlet boundary conditions, with
the same damping function (B.1), the eigenmodes P(z) can as well be factorized into u(z,y) =
sin(2mny)v(x), with n € 1N\ 0, and v(z) must be an eigenmode of the operator (B.6) vanishing at
x = +1/2. We notice that the odd-parity eigenstates (B) satisfy this boundary conditions, so the
eigenvalues 2, ,, (with real parts given by (B.15)) belong to the spectrum of the damped Dirichlet
problem.

Similarly, in the case of Neumann boundary conditions the eigenmodes factorize as u(z,y) =
cos(2mny)v(z), with n € %N . The even-parity states (B.8) satisfy the Neumann boundary conditions
at = £1/2, so that the eigenvalues Zn,m+1,2 described in (B.13) belong to the Neumann spectrum.

As a result, the Dirichlet and Neumann spectra also satisfy Proposition B.1.
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