N

N

Gradient schemes for two-phase flow in heterogeneous
porous media and Richards equation
Robert Eymard, Cindy Guichard, Raphaele Herbin, Roland Masson

» To cite this version:

Robert Eymard, Cindy Guichard, Raphaele Herbin, Roland Masson. Gradient schemes for two-phase
flow in heterogeneous porous media and Richards equation. 2012. hal-00740367v2

HAL Id: hal-00740367
https://hal.science/hal-00740367v2

Preprint submitted on 10 Oct 2012 (v2), last revised 26 Jun 2013 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00740367v2
https://hal.archives-ouvertes.fr

Gradient schemes for two-phase flow in heterogeneous porous
media and Richards equation

Robert Eymard; Cindy Guichard ! Raphagle Herbin *and Roland Masson®
October 10, 2012

Abstract

The family of the gradient schemes, which includes the conforming and mixed finite elements as well as
the mimetic mixed hybrid family, is used for the approximation of Richards equation and the two-phase flow
problem in heterogeneous porous media. We prove the convergence of the approximate saturation and of the
approximate pressures and gradient of pressures to the continuous ones, thanks to monotony and compactness
arguments. Strong convergence results are issued from the convergence of the norms of the gradients of pressures,
which demands to handle the nonlinear time term. Numerical results show the efficiency on these problems of a
particular gradient scheme, called the Vertex Approximate Gradient scheme.

1 Introduction

We are interested here in the approximation of (u,v), solution to the incompressible two-phase flow problem in
the space domain €2 during the time period (0, T'):

@(m)atS(a;,p(ac,t)) - div(kl(w? S(w7p(w’ t)))A(w)(Vu(wat) + gl)) = fl(m’t)v (1a)
O(2)0,(1 = S(z, p(, 1)) — div(ka(z, S(z, p(z, 1)) A(@)(Vo(@, 1) + g2)) = fa(, 1), (1b)
p(x,t) = u(x,t) —v(x,t), for (x,t) € Q x (0,T), (Ic)

where u (resp. v) denotes the pressure of the phase 1, called the wetting phase (resp. of the phase 2, which is the

nonwetting phase), p is the difference between the two pressures, called the capillary pressure, the saturation of the
phase 1 is denoted by S(x, p) (it is called the “water content” in the framework of Richards equation), and where
D, A, k;, g; and f; (i = 1, 2) respectively denote the porosity, the absolute permeability, the relative permeabilities,
the gravity and the source terms. Problem (1) is considered with the following initial condition:

S(x,p(x,0)) = S(x, pmi(x)), forae. z € Q, 2)
together with the non-homogeneous Dirichlet boundary conditions:

u(x,t) = u(x) and v(x,t) = v(x) on 9N x (0,T), 3)
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under the following assumptions:

e Q is an open bounded connected polyhedral subset of R, d € N* and T > 0, (4a)
e & is a measurable function from 2 to R with ®(x) € [®pmin, Prmax), Pmax = Pmin > 0, (4b)

e A is a measurable function from €2 to M4(R), where M4(R) denotes the set of d x d matrices,

such that for a.e. « € Q, A(x) is symmetric, and the set of its eigenvalues is included in [\, A],

with 0 < X < A, (4c)
® pini € L*(92), (4d)
e S(x,q) €[0,1] forall (z,q) € Q@ x Rwith S(x,q) = 5;(g) forae. x € Q; and all ¢ € R,
where S; is a non decreasing Lipschitz continuous function with constant Lg, (£2;);e is a family

of disjoint connected polyhedral open sets such that U Q; = Q where J is a finite set , (4e)
jeJ

o fic L*(Qx (0,T)),i=1,2, (4f)

o ki(x,8) € [kmin, kmax) for (2, s) € Q x [0,1] with kpax > kmin > 0 and

ki (-, s) measurable, k;(x,-) continuous, ¢ = 1,2, (4g)

eg,cRY i=1,2, (4h)

e, € H'(Q). (4i)

Assumptions (4) are quite general, except knin > 0 in Hypothesis (4g). This assumption is needed in the mathe-
matical part of this paper (the influence of this parameter is studied numerically, see Section 4). Assumption (4e) is
compatible with the so-called Van Genuchten model S;(p) = 1/((max(—p, 0)/p;)" +1)™3, with real parameters
pj,nj, m; > 0. The hypothesis that the function S(«, p) is defined by given functions in a partition of the domain
is classically done. Problem (1)-(2)-(3) is considered in this paper under the following weak sense.

u—1u U—’BELQ(O,T;H&(Q)), p=u-—0,

/ / S (@ pl, 1) Brp(, 1) + ko (x, S(, pla, 1))A (@) (Vu(x, £) + g1) - Vipl, 1)) dadlt
/ x)S(x, pini(x))p(x,0)dx :/0 /Qfl(:c,t)ap(:n,t)d:r:dt7 Vo e CX(2x[0,T)), )
/ / S (., pla, £))drp(, 1) + ko, S(@, p(, 1)) A() (Vo(, 1) + ga) - Vol 1)) dadt

/ B()S (2, puni(2))p(, 0)daz = / / fol, Dp(, t)dadt, Yo € C2(Q x [0,T)),
Q 0 Q

where we denote by C'S°(€2 x [0, 7)) the set of the restrictions of functions of C'°( x (—o0,T)) to  x [0,T).
Alternately, we also consider the case of Richards equation, which can be obtained in some generalized sense, by
two manners. One can replace (1a) in (1) by

u(z,t) = u(x) for (x,t) € Q x (0,T), (6)
or one can replace (1b) in (1) by
v(z,t) = v(x) for (x,t) € Q x (0,T). ™

Then the corresponding weak formulation of the problem is obtained by replacing in (5) the first equation by (6)
or the second one by (7). Note that this sense is an extension of the condition standardly used in hydrogeological
studies, which prescribes a constant condition with respect to time and space for the air pressure. As we show in
the numerical examples, this extension allows to use Richards equation as a good approximation of the full two
phase flow problem in other engineering frameworks. Problem (1) is studied from the theoretical point of view



in [16] for example. A few mathematical results of convergence have been obtained for approximations of this
problem. Some of them are using the notion of global pressure, introduced by [8], and among these works, the
convergence of a finite volume has been proved in [17]. The standard finite volume scheme (based on a phase-by-
phase upstream weighting), used in the petroleum engineering framework, was proven to converge in [15]; in this
latter work, the estimates on the approximate solutions are obtained thanks to the two-point flux approximation.
Since our objective is the study of more general discretization methods, we consider the formulation of the problem
with two pressures, following [1]. The advantage of this formulation is that it includes Richards problems (1b)-(6)
or (1a)-(7) in the nonhomogeneous case.

Indeed, the purpose of this paper is to study the convergence of the so-called gradient schemes for the approx-
imation of (5). These methods have been studied in [13] for linear elliptic problems, and in [11] in the case of
nonlinear Leray-Lions-type elliptic and parabolic problems. The interest of the notion of gradient schemes is that it
includes conforming finite elements with mass lumping (shown as efficient for linear [9], nonlinear [19] parabolic
equations, and Richards type degenerate parabolic equations [7,20]), mixed finite elements (applied to Richards
equation in [3]), hybrid mixed mimetic methods [10, 11], some discrete duality finite volume schemes, some par-
ticular Multi-point Flux Approximation and many other schemes. It is wellknown that the monotony properties
which hold when using a two-point flux approximation are no longer true for more general schemes; this is the
reason why Hypothesis (4g) is required in the mathematical study.

This paper is organized as follows. We first apply the framework of the gradient schemes to Problem (1) in Section
2, and we prove the weak convergence of the scheme. The corresponding scheme for Richards problems (1b)-(6)
or (la)-(7) is also provided. In Section 3, we improve this convergence by showing the strong convergence of
the discrete pressures and gradients of pressures. This analysis relies on an equation satisfied by a continuous
solution, whose proof demands to exhibit some continuity properties with respect to time. Numerical examples
show the behaviour of the Vertex Approximate Gradient scheme, first introduced in [13], which presents some
interesting characteristics for coupled flows in porous media (see Section 4). Finally, in the appendix, we recall the
mathematical framework of the gradient schemes. Let us emphasize that all the convergence results shown in this
paper also hold in the case of Richards problems.

2 Approximation of the two-phase flow problem by space-time gradient
discretisations

Let D = (Xp,lp,Vp, (t("))n:(),”_’ ~) be a space-time discretisation in the sense of Definition 5.10 such that
IIp is a piecewise constant function reconstruction in the sense of Definition 5.12. We define the following (im-
plicit) scheme for the discretization of Problem (5). We consider, for given p(o),ﬂp,ﬁp € Xp, a sequence
(u("),v(”))nzl,_”N C Xp such that:

s9(x) = S(x, Tpp® (x)), pr+D) = ulr+) — p(m+D) (8a)
u("'H) —up € XD,O, ’U(n+1) —Up € XD’(), (8b)
(n+1) (n41) (n+3) s5 (@) — s ()
sp (@) = S(x,Ilpp"""(x)), ép *'sp(x) = £ D ; (8¢c)
()52 I (n+1) () A (n+1) .
(x)op ' sp(@)llpw(x) + ki(@, sp (@) A(x)(Vpu'" " (z) + g1) - Vow(x) ) dw
Q
1 £(n+1)
= 71/ fi(z, t)Ipw(x)dedt, Vw € Xpo, Yn=0,...,N — 1, (8d)
&3 Jiw  Ja
n 1 n n
/ (~e(@)ap H sp (@) Tpw(@) + ka(@, 55V (@) A@) (Voo (@) + g2) - Vo () ) da
Q
1 H(nt1)
= 71/ / fo(x, t)Ipw(x)dedt, Vw € Xpo, Yn=0,...,N — L. (8e)
&) S Jo



We again use the notations sp, IIp and Vp for the definition of space-time dependent functions, defining

sp(x,t) = ng'l)(ac)7 Mpu(x,t) = Mpu™t (x), Hpv(x,t) = Hpo™+D(x)
and Vpu(x,t) = Vpu(x), Vpu(z,t) = Vo (z), )
forae. (x,t) € Q x (t™, D) vn=0,...,N — 1.

We also denote

— 55t

dpsp(x,t) sp(x), forae. (x,t) € Qx (™, ")) vn=0,...,N —1. (10)

Remark 2.1 (Scheme for Richards equation) The scheme is obtained by Scheme (8), replacing (8d) by wntl) =
ap or (8e) by vt = pp,.

In the proof of the lemma below and other lemmas later on, we shall make use of the function S defined by

~ P
S(x,p) = / qS'(x,q)dq, forae. x e Q, VpeR, (11)
0

denoting by S’(z, q) = S}(q) fora.e. x € Q;,and all g € R and j € J. We also have
~ _ - P
S(xz,p) = Sj(p), forae. x € Q;, VpeR, with S;(p) = / qSj(q)dgq, forj=1,...,Jandp € R. (12
0

Lemma 2.2 (Discrete L2(0,T; H}(Q)) estimate and existence of a discrete solution)

Under Hypotheses (4), let D = (Xp,1lp, Vp, (t("))nzo,“,71v) be a space-time gradient discretisation in the
sense of Definition 5.10 such that 1lp is a piecewise constant function reconstruction in the sense of Definition
5.12. Then there exists at least one solution to Scheme (8), and there exists C1 > 0, only depending on the data
introduced in Hypotheses (4) and on any C., € (0, +00) greater than Cp (defined by (25)), |[TIpp® — pin; |2 (),
Iptp — @l 20 Vil L2ya, VDU — V|| 12(q)e such that, for any solution
u, v to this scheme,

||VDU||L2(Q><(O,T))‘1 S Ol and ||VD’U||L2(QX(O,T))L1 S Cl. (13)

Proof Before showing the existence of at least one discrete solution, let us first show (13). Let us take w =
1 1

&2 () — gp) in (8d), w = &2 (D) — Fp) in (8e), add the two equations such obtained, and sum

onn=0,..., N.WegetT) + T+ T35 =T, + T5 + Tg with

=Y [ o@sE @) - o8 @top ™ (o),

T
= /0 /Q k1 (CE, Sp(w,t))A(x)VD(u — ﬂp)(g;’t) . VD(U _ ﬂD)(iE,t)d:Bdt,

T
T5 = / / ko(x, sp(x,t))A(x)Vp(v — 0p)(x,t) - Vp(v — 0p)(z, t)dzdt,

T, = / /f1 2, )T (u — 1ip) (, £)dawdt

/ [ ba(@.p(@.0) @) (Vpiin(e) + 1) - Vo(u— p) (e, dadr

Ts = / / fo(z, t)lIp(v — Up)(x, t)dedt

/ / ko (@, sp(2, ) A(@)(Vpip (@) + ga) - V(v — Tp)(, £)dadlt,



and
N-1

=2 / (@)(sp "V (@) - s (@) (p — vp) (w)dz.

With the definition (12), we have
2

0<8,(p) < LsZ-, vpeR,

and, using the properties of the piecewise constant function IIpp(™*+1), we can write

(55 (@) — s5 (@) pp™ (@) = Y 3 xa, (@)xx, (@) (55 (") = 85 (o™ )pi™ Y,

JjeJ i€l

for a.e. @ € . Since [} ¢S'(q)dg = S;(b) — S;(a) = b(S;(b) — S;(a)) — ff(sj(q) — S;(a))dq, we get that
(s5 (@) — 59 () pp™ D (x) > 33 X, (@)x, (2)(S; (") = S(0™)),
jed iel

which leads to

maxLS 0 (pmaxLS
T > [ X3 o, @) @)l e = 2255 Mo

jedJ iel
Thanks to Hypothesis (4c), we have
Ty > Memin | Vo (u = @p) |22 (0% (0,7))

and
Ts > Memin [ Vo (v — 50) 1720 (0.1)) -

Applying the Cauchy-Schwarz inequality and (25), we get

< (CollfillL2@x(0,1)) + EmaxA \F(HVDUD”L%Q)‘! + VI g1 ))IVp(u — ap)| L2 x 0,1)),

and

< (Cpl fallz2(@x(0.7)) + FmaxAVT (| Vo0l 2 (0ya + v/ IQUlg21)) VD (v — 90) | L2 (0% (0,1)) -

Thanks to the Young inequality, we get

1 1
T, < IV (CollfillL2@x(0.1)) + kmax W T (|Vpupl| 12y + V/1Q|g1]))? + 712,
and L 1
T5 < IV (Cp|| foll L2 x (0.1)) + kmax AT (| Vpupl| £20ya + v/[2]g2]))? + §T3~
We have

Ts = / ®(x)(sp (x) — s (@) Ip(ip — Up) ()dz < 2Pmaxv/[2(|[Tpiip]|L2(0) + [HpOpl|L2(0)).
Q

Gathering the above results shows (13). The existence of at least one solution is then easily proved by considering
the function S, = aS + (1 — «), for @ € [0, 1], which ensures Hypotheses (4) as well. Since (13) holds for all
a € [0, 1], and since the problem is linear for oo = 0, a classical topological degree argument provides the existence
of at least one solution to Scheme (8). [J

The following semi-norm will be useful in the control of the time translates in order to prove the strong convergence
of SD.



Definition 2.3 (Dual semi-norm) Under Hypotheses (4), let D = (Xp,Ilp, Vp) be a gradient discretisation of
) in the sense of Definition 5.1. We define the following dual semi-norm on L?(Q):

Yw € L*(Q), |w|s.p = sup {/Q O (x)w(x)Ipv(x)dx : v € Xpo, ||v|lp = 1} . (14)

Lemma 2.4 (Estimate on the dual semi-norm of the discrete time derivative of sp)
Under Hypotheses (4), let D be a space-time gradient discretisation in the sense of Definition 5.10. Let u,v, sp
be such that Scheme (8) holds. Then there exists Cs, only depending on the data introduced in Hypotheses (4) and

on any Cey € (0,+00) P — pinill2(0). Hptp — 4 22(a), |Hpop —
17||L2(Q), IVpup — VﬂHLz(Q)d, IVpop — V’l_]”LZ(Q)d, such that
T
/ 6psp(-1)[2 pdt < C. (15)
0

Proof Letustake w € Xp g as test function in (8d). We have

/ B(2)dn " sp (@) Tpu(@)de = - / Fa (@, 55 (@) A@) (Vou™ ) (@) + 1) - Vpw(x)de

¢(n+1)
&(n+ ) /

which leads, thanks to (25), to

/ fi(z, ) Ipw(x)dedt,
Q

/@(w)5g+%)89(w)ﬂpw(w)dw
Q
(n+1)
< (uaA(IVou™ V| agaye + /Ulgi) + =255l Sy 18 2(0) ) VD] 220

1
Taking the supremum on w € Xp o such that ||Vpw|[2(g)e = 1 gives an estimate on |5gl+2)81)‘*’p. The proof

is concluded by raising this estimate to the square, multiplying by &("4'%), summing onn = 0,...,N — 1 and
estimating || Vpul| £2(ax (0,7)) thanks to Lemma 2.2. [J

Lemma 2.5 (Relative compactness result)

Let Hypotheses (4) be fulfilled. Let (Dp,)men be a consistent sequence of space-time gradient discretisations
in the sense of Definition 5.11, such that the associated sequence of approximate gradient approximations is
coercive (Definition 5.3), compact (Definition 5.7), and such that, for all m € N, Ilp,  is a piecewise constant

function reconstruction in the sense of Definition 5.12. We assume that are given pﬁ,?), up, ,Up, € Xp,, such

that there exists Cy, > 0 greater than ||Hpmp$2) — Pinillz2(), Mo, Up,, — Ullr2(0), I, D, — 0|L2(0)
IV, ip,, — V|2 [IVD,, 0p,, — V0| L2(0), for all m € N. Let tup, v, $p,, be such that Scheme (8)
holds for m € N.

Then the family (sp,, )men is relatively compact in L?(Q x (0,T)).

m

Proof Let us prolong the fonctions sp,, by 0 outside of © x (0, 7). Let 7 € (0,T). We have, for ¢t € (0,7 — 7),
/ ®(x)(sp, (x,t +7) — sp, (x,1))*dx
Q
< LS/ O (x)(sp,, (x,t +7) — sp,, (x,t))Up,, pm(x,t + 7) — p,, D (2, t))dex,
Q

which provides, thanks to Definition 2.3 and taking the square root,

V (I)min”SDm('at + 7') - SDm('vt)”L?(Q)

1/2 2
< VLslsp, (t+7) = s, (5 [mt+7) = pu(®) 5.



T), we get

Thanks to the Young inequality and integrating on (0,7
)l r2edt

T—1
\/@mm/ llsp, (st +7)—sp,, (-

T—71

m/ 5, (L4 7) — 5, (D)t
T—1

PVt (on(t+7) = (1)) |, .

m

‘We have, on one hand,
T—1 T
[ Wt +7) = put@llo,dt <2 [ (190, un(Oll20) + V0, 0m Oll20)d
0 0
which provides
T—1
/ (Pt + ) = P () 2, At < 2VT (VD | £202x 0,7)) + IVD, 0| 22 (2 (0,7)))-
0
On the other hand, using the BV properties satisfied by piecewise constant functions, we have
T
0p,,5D,, (-, ) |+,D,, dt,

T—1
/ |SD ( t+T)*SDm(~,t)|*7'D7’dt<T/
0 0

which gives
T—T T 1/2
/ |SD ( t-i—T)—Sp ( t)|*pmdt§7'\/f (/ |§DmSDm('7t)|*,D dt)
0 0

Applying Lemmas 2.2 and 2.4, and using 0 < sp_, < 1, we conclude to the existence of C's, such that
/HSD t+ )75@ ( )||L2(Q)dt§03\/|7'|, VTER,

which provides, still using 0 < sp_ <1
[ lsp, (47 = 50, (Bl st < CaV/IFIVIRL vr € R
= {x € Qj,z+ & € Q;}. Thanks to the

Turning to the space translates, for all £ € R?, let us define Q¢
regularity hypothesis of (2;),c s, then there exists Cy > 0, only dependlng on (2;) e such that

Y Heer+6¢Q U{neR!\ Q) z+€eQ} <Culé], € eR?

jed
Then, for a.e. t € (0,7T), againusing 0 < sp,, <1,
32, (- +€8) = 5D, (Ol E2qmey < Calel + 3 s, (- + £,8) = 52, (1) 2o V6 € R
jeJ
We then remark that
O ey = (5;(Up,,pm(x + &,t)) — S;(Ilp,, pm (2, 1)))"d
L2(9;) (@

lsp,, (- +&.t) —sp



providing
lsp,, (- + &) = 50, (- D)7 g0, < L /d(HDmpm(w +&t) —Ilp,, pm(x, 1)) *da.
J R

Using (28), we get
59+ &:1) = 52, (D2, 0, < LT, ©)llpnl?,

Gathering the above results, we get

T
/0 ||3Dm('+€’t)—SDm(',t)||2L2(Rd)dt < TCl€|+LETp,, (§)2(1 Vo, uml 2 0,1) IV D vmll72(@x (0,1))-

Thanks to the compactness hypothesis (in the sense of Definition 5.7), we conclude that the L?(R? x R) norm of
(sp,, —sp,,(+ + &, + T))men uniformly tends to zero as £, 7 — 0, which proves the relative compactness of the
family in L2(Q2 x (0,7)). O

Lemma 2.6 (Minty trick) Let w be an open bounded subset of RN, N > 1, andlet S : w xR — Rbea
Caratheodory function, such that S(-, q) is measurable for all ¢ € R and S(x, ) is a nondecreasing function such
that there exist C > 0 with |S(z, q)| < C forall ¢ € R and a.e. x € w. Let (py)nen C L*(w) such that

(i) there exists p € L*(w) such that (py,)nen weakly converges to p in L*(w);

(ii) there exists a function x € L*(w) such that (s,)nen converges to x in L?(w), where s, (x) = S(x, pn(x)) for
ae T cw.

Then x(z) = S(z, p(x)), for a.e. x € w.

Proof We consider, for a given ¢ € L?(w),

An = /(S(w,pn(w)) =Sz, q(x)))(pn(x) — g())dz.

Since S is a nondecreasing, we have A,, > 0. By weak/strong convergence, we get that

Jim Ay = [ (@)~ S(ea(@)o(e) - a(@)da > 0.
The above inequality holds in particular for ¢ = p — tp, with t > 0 and ¢ € C°(w). Then we get, dividing by
t >0,

[ (@) = 8(@apte) - tete))p(@)de > 0

Letting ¢ — 0 in the above equation, we get, by dominated convergence, that

[ (x(@) - S(@.pla))pladz =0

Since the same inequality holds for —¢ instead of ¢, we get

[ @) - (@ p@)ete)de =
Since the above inequality holds for all ¢ € C2°(w), the conclusion of the lemma follows. [

Theorem 2.7 (Convergence of the numerical scheme) Ler Hypotheses (4) be fulfilled. Let (D,,)men be a con-
sistent sequence of space-time gradient discretisations in the sense of Definition 5.11, such that the associated
sequence of approximate gradient approximations is coercive (Definition 5.3), limit—conforming (Definition 5.6)
and compact (Definition 5.7), and such that, for all m € N, Ilp, is a piecewise constant function recon-

struction in the sense of Definition 5.12. We assume that are given pg,g),ﬂpm,@pm € Xp,, such that the

sequences |Ip, ) — pinillr20) Mo, @p,, — @120y [ITp,.0p, — 7]lr2()

IVp,,vp,, — V||L2(q) tend to 0 as m — oc. Let Uy, Vpm, $p,, be such that Scheme (8) holds for m € N.
Then there exists u,v € L*(Q x (0,T)) and p = u — v such that, up to a subsequence,

|Vop, up,, — VI_LHLQ(Q)d,



1. (Ilp, U, Ip,, v,y,) weakly converges in L*(2 x (0,T))? to (u,v) as m — o,
2. (Vp, tUm, VD, V) weakly converges in (L*(2 x (0,T))%)? to (Vu, Vv) as m — o,

3. sp,, converges in L*(Q x (0,T)) to s such that s(x,t) = S(x,p(x,t)), for ae. (x,t) € Q x (0,T) as
m — oo,

and (u,v) is a weak solution of Problem (5).

Proof Thanks to Lemmas 2.2 and 2.4, we first extract a subsequence such that the convergence results stated in
Lemma 2.5 and 2.6 hold, as well as the three items of the above theorem. Let us now check that (u,v) is solution
to (5). We first remark that u — u € L?(0,T; H}()), since, prolonging this function by 0 outside of 2 x (0,7,
we get that Vu — Va € L2(R? x (0,T)) using the limit-conformity of the sequence of discretisations. The same
holds for v — v.

Let m € N, and let us denote D = D,,, (belonging to the above subsequence) and drop some indices m for the
simplicity of the notation.
Let ¢ € C°([0,T)) and w € C°(2), and let wp € Xp o be such that

wp = argmin (||sz —wl[2(0) + [[Vpz — V'U)”L2(Q)d) .

z€Xp,0
We take &(”Jr%)go(t("))wp as test function in (8d), and we sum the resulting equationonn = 0,..., N — 1. We
get
™+ T = 1™, (16)
with
N-1 ) .
T = Y &) / (x)d > sp(x)Ipwp (z)dz,
n=0 Q
N-1 )
T = 37 &R () / k(@ s5 70 (@) A@)(Vpu™ D (@) + g1) - Vowp(@)de,
n=0 Q
and
N-1 ¢(n+1)
T{™ = Z <p(t("))/( ) /fl(wat)HDwD(w)dmdt'
e t(n Q
Writing

™ = - / & (1) / B (@)sp(@, )pwp (@)dedt - ¢(0) / @ () (@, ppl?) (z) Mpwp (z)de,

we get that

m—00

i (m)——T’ xz)s(zx, t)w(x)dedt — x, pini () )w(xz)dx
fim 77 = = [0 [ #@)st@.tuie)dzdt = o(0) [ S(@pmi()u@)da.

We also immediately get that

lim 7™ :/0 <p(t)/Qkl(m,s(az,t))A(w)(Vu(a:,t)+g1)~Vw(:c)dwdt,

m—00

and

lim Tém) :/T <p(t)/ fi(z, t)w(x)dxdt.
0 Q

m—0Q0

Since the set 7 = {}_7_, p;(t)wi(x) : ¢ € N,p; € C°[0,T),w; € C°(Q)} is dense in C°(Q x [0,7)), and
since this reasoning is available as well for the second equation, we conclude the proof of Theorem 2.7. [J



3 Strong convergence of (u,v)

Let us first state a continuous property.

Lemma 3.1 Under Hypotheses (4), we prolong f;, i = 1,2 by 0 on (T,2T) (therefore Hypotheses (4) hold
replacing T by 2T'). Let (u,v) be a solution of (5) on (0,2T) and let us define p = u — v. Let S be defined by
(11). Then the following property holds:

2T _
|0 [ #@istepe.n)@- 0@ - o)
2T
[t [ ((SEDAT+g) - V(= 0) + Ba(SE)ATo +g2) - V(o = 0)dedt (1D
2T
= [0 [ (5 =0+ f2 (v - 0))dact, v € C22((0,20))
0 Q

Proof We first notice that the first or the second equation of (5) imply that ®9,5(-,p) € L?(0,T; H=1(Q)), and
that we can write

2T
/0 g@atsc,p(t)), w(®) + | k(@ S(.p)A@)(Vu+ g,)- de:c) dt

_ /2 / frwdzdt, Yw € L20,T; HL(Q)),
sft 79

/ §—<¢3t5(~7p(t)),w(t)> +/ kao(z, S(x,p))A(x) (Vv + g2) - de:c) dt
o Q

= / fowdaxdt, Yw € L*(0,T; H} (Q)),
0 Q

(18)

denoting by (-, -) the duality product (H~1(Q), H}(Q)).
Let h € (0,T). We consider oy, € L2(0,T; H~1(2)) defined by

(an(t),w) = %/t;h(¢8t5(~,p(~,s)),w>ds, fort € [, T, Voo € HL(9),

and oy, (t) = 0 for t € [0, h]. Forany w € L?(0,T; H}(Q)), using Fubini’s theorem (for t — h < s < t, we have
s <t < s+ h), we have

o oT
/ (an(t),w(t))dt = / /(fh(w, s)w(zx,s) + gn(x,s) - Vw(zx, s))dzds, Yw € L*(0,T; Hy(Q)),
0 o Ja

with
1 s+h
fh(.’B,S) = E/ fl(.’ll,t)dt,

and

1

s+h
gn(x,s) = _E/ ki (z, S(x, p(x,t)))A(x)(Vu(z, t) + g1)dt.

It results from f;, — f1 and gp, — —k1(x, S(z, p(x,t)))A(x)(Vu(z, t) + g1) in L2(Q x (0, 7)) that o, tends to
®0,5(-,p) in L?(0,T; H~'(Q)). We have, considering regular test functions, the equality

2T 2T 1
| tntromiae= [ [ (@ plent) - Slwpla,t - k)l Odedt, Vo € 0.7 H(@))
0 h Q
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This shows that

’lllir%)/ / E S(z,p(z,t)) — S(z,p(z,t — h)))w(x, t)dedt

2T
/ /k1 S(z, z)(Vu+g1)- dea:dt:/ /flwdwdt, vw € L*(0,T; Hj (),
9r 1 0o Jo
—}lbln}J/ / E S(x,p(x,t)) — S(x,p(x,t — h)))w(x, t)dedt
) Jh
2T
/ / ko(x, S(z,p))A(x)(Vv + g2) - Vwdadt :/ / fowdzdt, Yw € L*(0,T; Hy ().
0o Jo

Let us first take ¢ € C2°((0,27), R") and h small enough such that the support of ¢ be included in (h, 27 — h),
w = (u—1u) in the first above equation, and w = (v —7)¢ in the second. We then add the two resulting equations.
We get

g%/ JRC ) = S(@,pl(a, t — b)) (p(, t) — (@— ) () dap()dt
/ / bt (- S(P)A(Yu + g1) - V(1 — ) + k(- SP)A (Vo + ga) - V(v — 7)) dadlt

/ /flu—u )+ fo(v — 0))dadt.

Again observing that f qS%(q)dg = S;(b) — S;(a) = b(S;(b) — S;(a)) — f;(Sj(q) — S;(a))dg which implies
Sj(b) - S (a) < b(S;(b) — S;(a)) we get that

/:T/ S, pla, 1) — S(a, p(@,t — h)))p(@, t)dep(t)d
/ /Q (@, p(a, 1)) — S(@, pla, t — B)))dwp(t)dt.
Since o
| | e@;S@.pw.0) - Sepw.t — )z
= [ [ @G, pie. ) (o0) — ot + m)a,
and

fo fr@pste e ) = Ste.ptet = ) a - o)dzoti
/ / S(x,p(x,t))(u — @)(w)dw%(go(t) — (t+ h))dt,

we may pass to the limit 4 — 0. We then obtain
o7 2T
/ / S(x, p(x, t))dzy' (¢ dt+/ / S(x,p(x,t)) (i — v)(x)dzy (t)dt
/ / ka4 S(O)A(Vu+ g1) - V(u — @) + ko, SO)AT0 + g2) - V(v — 7)) dadt (19)
_/ /flu—u + fa(v — v))dadt.
0 Q

We then follow the same reasoning, defining 8, € L?(0,7; H=1(2)) by

1 t+h
(B (t), w) = E/t (0, S(,p(s)), w)ds, fort € [0,T — k], Voo € HL(%),

11



and B, (t) = 0fort € [T —h,T]. Remarking thatf qS’ (¢)dg = §j(b)—§j(a) = G(Sj(b)_Sj(a))+f:(Sj(b)_
S;(q))dg which implies S (b) — S (a) > a(S;(b) — S;(a)), we get that
T—h
| e 1<s<w et 1) = S(a.pla,0) ol Ddep(t)ds
TR
/ / S(@,p(@,t + 1)) — S(@, p(a, 1)) dwp(1)dt.

Then similar computations lead to

/QT/ S(x, p(e, t))day (t dt+/2T/ S(x,p(x,t))(u — v)(x)dzy’ (t)dt

/ / (k1 (S(p)A(Vu+g1) - V(u— ) + ka(S(p))A(Vv + g2) - V(v — v)) dzdt
/ / filu—a) + fo(v — 0))dadt.
Q

which, in addition to (19), concludes the proof of (17) for ¢ € C2°((0,27T),R™). Writing ¢ = max(p,0) —
max(—¢, 0) and taking regularizations, we conclude (17) for ¢ € C2°((0,2T)).

(I

We may now state a result in which the test functions satisfy ¢ € C2°(]0,2T)) instead of p € C2°((0, 2T)).

Lemma 3.2 Under the same hypotheses as that of Lemma 3.1, the following properties hold:
1. S(-,p) € C°([0,T); L%(Q)) and S(x,p(x,0)) = S(x, pini(x)) for a.e. T € Q,
2. [, ®(x)S(z,p(z,-))dz € C°([0,T]) and

L= lin [ o(@)5(@.pla.0)da > [ @@)S(@ pi@)de. (20)
Q Q

3. we have the following relation

/ 0 / B () (S (. plax. 1)) — D) (@) — 8(@, pla, £)))dadt

0

+¢(0 (/ S(, pini (¢ ))(u—v)(m))dx—i>
Q 1)
+ / o(t) / (o (S)A T+ g1) - V(1 — @) + ka(S()A(Vo + ga) - V(v — 7)) dadt
0 Q

- / o(t) / (fr(u— 1) + folvo — B))dadt, Vi € C([0,2T)).

0

Proof Letj € J be given, and, for all ¢ > 0, let 1/)(»5) € Cg°(9,,10,1]) be such that the measure of the set
{z € Q, ¢§E)( ) < 1} is lower that €. Let us consider the function s( 9 (x,t) — 1/)(5)( )S;(p(z,t)). Thanks
to Hypotheses (4e) and to u,v € L?(0,T; H}(£2)), we get that s(s) € L2(0,T; H}(£;)). Introducing W/}(

test function in (5) shows that ¢8ts§-€) € L?(0,T; H=(©;)), and that we can write

oT
/ Q@atsgd’w(t»j +/ ki(z, S(z, p)A(@)(Vu + g1) - (wj(-E)Vw + sz/)](-E))das) dt
0 Q
2
— [ ] AP, v e (0.7 ()
o Ja

12



denoting by (-, -); the duality product( ( i), H3(Q;). Considering the continuous embedding 7' : L?(2;) —
H~1(Q;), such that T'(u = [, ®(x)u(z)w(x)de for all u € L*(Q;) and w € H{(S2;), this proves that

s\ e CO([0, T), L* (% )) and that

sg )( 0) = ¢(E (x)S; (pini(x)), forae. x € Q.
The inequality
195 (p(- 1)) = S5 (p(> ) [F 20y < & + 157 S5 (0 8) =57 S5(p(-, 9)) 1720
proves that S;(p(-,-)) € C°([0,T7], L*(£2;)), that
Si(p(+,0)) = Sj(pimi(x)), forae. x € Q;,

and that
Lim [[S5(p(+ 1)) = 55 (Pins) | 2 (2) = O-

We now remark that, from (17), we deduce that [, ®(x)S(x, p(x,-))dz € WLL((0,T)) and therefore that
Jo, ®(2)S(x, p(z,-))dz € CO([0, T]), showing the existence of L = lim,_q [, ®(z)S(z, p(, t))dz. Since the

function S} is nondecreasing its inverse function S j<_1) is defined almost everywhere on D := (J 4 . g [5;(A), S;(B)].
We then denote

2i(s) = / SV (bt Vs € D;.
55(0)
Note that the function ; is nonnegative and continuous, and that

Sj(a) = ;(S;(q)), Vg € R.

SInce S(-,p) € C°([0,T); L?(R?)) and S(z,p(x,0)) = S(x, pini(x)) for ae. € Q, we deduce by dominated
convergence that for all n € N,

tl% & () min(S(x, p(z, 1)), n)dz = / & () min(S(x, pini (z)), n)de,
Q Q

which shows that
L> / & () min(S (e, pini(z)), n)de, ¥n € N.
Q

By monotonous convergence, we get that

L> sup/ﬂ@(m) min(g(:c,pini(w)),n)d:c:/Q<I>(a:)§(a:,pini(a:))da:7

neN

which provides (20). Now taking ¢ € C2°(]0,27),R™) and h small enough such that the support of ¢ be included
in [0,2T — h), and using

Aﬂ/ S, p(,8)) — S, pla. t — b)) dap(t)dt
wpwmmiwu ot + W) - - " Sl t)) (e 1 I
h h

an

/ /’ (2) 1 (S(@,plw, ) ~ (@, p(a,t — ) (@ — 0)(e)dwp(t)dt
/ / )5, ple, 1)@ — 0) (@)dw (1) — (¢ + )t
—f/ / S(zx,p(x,t))(a — 0)(x)dep(t + h)de,

13



the same reasoning as that of the proof of Lemma 3.1 allows to conclude the proof of (21).
O
Let us now state a discrete property.

Lemma 3.3 Under Hypotheses (4), let D be a space-time gradient discretisation in the sense of Definition 5.10.
Let u,v be such that Scheme (8), p = u—uv and let pp be the function equal to o(t™)) on the interval (t™) (1)),
foralln =0,...,N —1; then

o7 B
/ 2(1) / a(a) (S(a. Upp(e, 0)lIp(ip — op) () ~ S(a. Upp(a. 1)) dads
0 Q
+ ¢(0) /Q P(x) (S(a:, Tpp ) (2))p (ip — Op)(x) — S(z, Mpp® (90))) de

2T
+ /0 wD(t)/ékl(S(HDp))A(VDU +91) Vop(u —tp) + k2 (S(Ipp)) A(Vpv + g2)- V(v — vp)) daedt

2T
< / on(l) / (ATlp(u — i) + follp(v — 5p))dadt, Vi € C=([0,27),RY).  (22)
0 Q

Proof As in the proof of Lemma 2.2, we introduce w = &%) (u("*+1) — ip)p(t™) and &2 (p(n+D) —
ﬂp)go(t(”)) as test functions in Scheme (8), and we use the same inequality concerning S. [
We may now state the strong convergence of the scheme.

Theorem 3.4 (Strong convergence of the numerical scheme) Under the same hypotheses as those of Theorem
2.7, there exists u,v € (L2(2 x (0,T)))? and p = u — v such that, up to a subsequence,

1. (Ilp,, U, Ip, vy) converges in L?(Q x (0,T))? to (u,v) as m — oo,

2. (Vp,,Um, Vp, vm) converges in (L2(Q x (0,T))4)? to (Vu, Vv) as m — oo,

3. sp,, converges in L*(Q x (0,T)) to s such that s(x,t) = S(z,p(x,t)), for a.e. (z,t) € Q x (0,T) as
m — 0o,

and (u,v) is a weak solution of Problem (5).

Proof We first apply Theorem 2.7, which shows the weak convergence properties for (Ilp, w,, p, v,y ), and
the strong one for sp_ . Since we have

m*

S,(0) ~ 5,01 = |1 a8y @)a| < (17 S5 7 28 (a)da)
1/2

< (LslS;(0) = Sj(a)llb* — a®|/3) ™7,

we have, thanks to the Young inequality, for p,q € L2(f2),

[ 156060~ SCoat@niaa < ( [ 15600600 - S6o, e Pan)

) </Q (L35|p(m)3_q(w)3|>2/3dw>3/4 (23)

2T
lim / |S(x, p,, pm(x,t)) — S(x, p(x,t))|dedt = 0,
0 Q

Therefore, we may write

m— 00
and

lim |§(m7HDmp£S)(:B)) — §($,pini($))|dw =0.
Q

m—00
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Therefore, we may pass to the limit sup as m — oo in (22) and subtract (21). We thus obtain

—wwp/¢<><wnmm»

+ lim sup / ¢p,, (t S(Ilp,,p))AVp,, tm - Vo, tm + k2(Slp,,p))AVD,, vy - Vp,, vp) dadt
m— o0 Q
< —p(0)L / / NAVY - Vu + k2 (S(p)) AV - Vo) dadt.
Q

Using (20), we obtain

2T
Jim sup / op. (1) / (k1 (S(Tp. P)AV D, thm - Vo, ttm + ka(S(Tp, p))AV D, 0 - Vo, v davdlt
0 Q

m—0Q

< / o(0) / (e (S(P) AV - Vau + ko (S(p)) AV - Vo) dadt.
0 Q

On the other hand, standard properties for weak convergence show that

m—0o0

2T
lim mf/ D, (t) / (kl(S(HDmp))AVDmum . meum + k’Q(S(HDmp))AV'Dm’Um . vaUm) dadt
0 Q

27
> / o(t) / (k1(S(p))AVu - Vu + ko (S(p))AVo - Vo) dedt,
0 Q

which proves that

2T
lim D, (t) / (kl(S(HDmp))Avaum . va U, + kQ(S(HDmp))AVDm Um * mevm) dadt
Q

m—0o0 0

= / o(t) / (k1(S(p))AVu - Vu + ko (S(p))AVo - Vo) ddt.
0 Q

We then get that

2T
lim wm®/(Mﬂ%wNmefWOWm%—W)
Q

m— 00 0
o (Sp, p))A(Vp, v — V) - (Vp, U — Vv))da:dt —0,

which concludes, taking ¢(¢) = 1 on [0, T, the proof of the strong convergence of the approximate gradients. The
coercivity hypothesis implies the strong convergence of the approximate functions. [

4 Numerical examples

In the numerical tests proposed in this section, we use the Vertex Approximate Gradient scheme, denoted VAG,
introduced in [13] and developed for compositional multiphase flows in porous media in [14]. Following the gra-
dient scheme framework, we first recall the construction of the VAG scheme, then we present several numerical
experiments which are focused on the simulation of oil migration in a basin with discontinuous capillary pressures.
Such problems are widely used in petroleum engineering for basin modeling in order to simulate the oil trapping.
The aim of this section is first to validate the scheme presented previously, by comparison with a classical upwind
approximation of the mobility terms widely used in the oil industry. More precisely, we compare the centred
approximation of the relative permeabilities corresponding to our scheme (8), with an upwind first order approx-
imation of the relative permeability of each phase with respect to the sign of the phase Darcy flux (see [2, 18],
and [14] in the framework of the VAG scheme). A second objective is to assess the hypothesis (4g) by comparison
of the results obtained with ky,;;, > 0 with those obtained in the limit case ki, = 0 which matches the physical
model.
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4.1 The Vertex Approximate Gradient scheme

In the VAG scheme, a primary mesh polyhedral M is given. We assume that each element K € M is strictly
star-shaped with respect to some point . We denote by £k the set of all interfaces K N L, for all neighbors of
K denoted by L € M and, for a boundary control volume, £k also contains the element KNoQ. Bacho € Ex
is assumed to be the reunion of d — 1 simplices (segments if d = 2, triangles if d = 3) denoted 7 € S,. We denote
by V, the set of all the vertices of o, located at the boundary of o, and by 0 the set of all the internal vertices of
o. We assume that, for all v € V9, there exists coefficients (a®)zey, , such that

v = Z asx, with Z oy =1.

€V, xEV,

Therefore, if d = 2 we can simply take VO = () and the d vertices of any 7 € S, are elements of VO U V,. We

denote by
v= U V-

KeMoelk

Forany K € M, 0 € €k, T € S;, we denote by Sk , the d-simplex (triangle if d = 2, tetrahedron if d = 3) with
vertex x i and basis 7.

e We then define Xp as the set of all families v = ((ux)Kem, (Uv)vey) and Xp o the set of all families
u € Xp such that u,, = 0 forallv € YV N oL

e The mapping IIp is defined, for any u € Xp, by l[Ipu(x) = uk, forae. x € K.

e The mapping Vp is defined, for any u € Xp, by Vpu(x) = Gk -, forall o € Ex and 7 € S, and for a.e.
x € Sk, where G » € R4 is the gradient of the affine function whose values are ux at g, u, at any
vertex v of 7 which belongs to Vo, and ) ), agug at any vertex v of 7 which belongs to VY.

In the case of multiphase flows simulations, we define, between a cell and one of its vertices, a Darcy fluxes of a
phase as described in details in [14]. The advantage of this scheme is that it allows to eliminate all values (v ) ke pm
with respect to the values (4 )cy, leading to linear systems which are well suited to domain decomposition and
parallel computing.

4.2 A one dimensional test

The objective of this first test case is to study numerically the theoretical models introduced in this paper, in a
framework where the set J includes two elements. Such tests have been the object of theoretical and numerical
works [4,5, 12]. We consider an immiscible incompressible two phase flow in the domain 2 = (0, 100) (oriented
upwards in the vertical direction), and we consider J = {«, 5} with Q, = (0,50) and 23 = (50,100). The
porosity ®(x) = 0.1, and the permeability A(z) = 10~12Id are homogeneous and the same for both subdomains.
The mobility functions of the two phases, say respectively oil and water, are given by

k min 1- k min

ko (x,s) = SA Rrmin g ko(x, s) = 1= 54 Frmin

M1 H2
where p;, 1 = 1,2, is the viscosity of the phase ¢ such that ;11 = 0.005 and o = 0.001, and kry,;y, is a strictly
positive real in order to check the hypothesis (4g) and the influence of its value is discussed below. The vectors g;
are given by g; = p;g where g is the gravity vector (with ||g|| = 10) and p; is the phase density with p; = 800
and po = 1000. The functions S;, which are the reciprocal functions of the capillary pressure of each subdomain,
are defined by

q—by
(7]70)31)7 (24)
aj

with a, = ag = 107, b, = 0 and bg = 0.5 10™°. The Dirichlet boundary conditions v(0,¢) = wvo and
u(0,t) = vg + 0.3a, + b, are imposed at z = 0, and the Dirichlet boundary conditions v(100,t) = vg — 100g2

S;(¢) = min(max
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and 1(100,¢) = v(100,t) 4 bg are imposed at = 100, for a given value vy (the problem being independent of
this value). The initial difference of the two pressures is defined by

0.3a4 + by
bs

if x € Q,
pini (%) = { if z € Q.
We also compute an approximate solution to Richards equation (1b)-(6), which is expected to provide results
comparable to the full two-phase flow problem, since the water phase is the most mobile. Indeed we see in the
numerical results below that in the full two-phase flow problem, the water saturation remains sufficiently high,
which is leading to nearly constant pressures with respect to the time variable.
Two grids are used for the computations, a coarse grid with 20 cells, and a finer grid with 80 cells and two differents
approximations of the mobility terms are considered, the centered scheme and the upwind one. Figures 1 and 2
compare at a given time the solutions obtained for the oil saturation sp along the vertical axis.

0.5

0.7

0.6
0.4

0.5

03 04

02 0.3

0.2

0.1
0.1

I I I I I
50 60 10 20 30 40 50
z z

I
60

0

30 40 70 100

(a) 15 days - coarse grid (b) 60 days - coarse grid

Fin 141 —— o7 Fin 101 ——
e 142 e 142
w. %:3::" i%:i | 0.6 - up. AE‘;:::H ig:z —
up. Krmin 143 —— | up. krmn 143 — |
05
] 04 ]
. .
02t 4 03 ]
02t E
o1 8
01 E
L. L | | | | | | | )

0 I I I I | I I
10 20 30 40 50 60 70

z

(c) 15 days - fine grid

10

20 30 40 50

z

(d) 60 days - fine grid

60 70

100

Figure 1: Oil saturation along the z axis after 15 and 60 days of simulation obtained for the centered scheme and
the upwind scheme denoted by “up.”.

Due to the imposed pressure at the boundaries, it is known that the oil should move to the top subdomain Qg
provided that the capillary pressures can achieve continuity at the interface, meaning here that the jump of the oil
saturation sp at the interface must reach the value 0.5 before oil can move into the upper part. This is not achieved
after 15 days of simulation, but is obtained at 60 days. We can observe that the results obtained with the upwind
scheme and the centered scheme are very close, weakly dependent of the value of kr,i,, and that they are already
accurate on the coarse grid. As expected, the results obtained using the approximation of Richards equation are
also close to that provided by the approximation of the full two-phase flow problem, as long as kry;, remains
sufficiently high.
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Figure 2: Oil saturation along the z axis after 15 and 60 days of simulation obtained for the centered scheme and
Richards denoted by “R.”.

4.3 Oil migration in a 2D basin with two barriers

We consider the simulation of the oil migration process, within a 2D cross section Q@ = (0,L) x (0, H), H =
L = 100 m (see Figure 3). We denote by (z,y) the Cartesian coordinates of x. We let again J = {a, 8}, with
A(z) = 1.107121d®(x) = 0.1 and

2 k min 1- 2 k min
by (, 5) = ST Rmin g ko (, 5) = (= 5)" + krmin
241 H2
where p;, © = 1,2, is the viscosity of the phase ¢ such that ;1 = 0.005 and pe = 0.001, and krp,;, is a positive
real value discussed below. The vectors g; are given by g; = p;g where g is the gravity vector (with ||g|| = 10)

and p; is the phase density with p; = 800 and p; = 1000. and the functions S, (p) are given as in the 1D test case
by (24) with a, = ag = 107, b, = 0 and bg = 0.5 10™°.

Neumann homogeneous boundary conditions are imposed at the right and left sides of € and Dirichlet boundary
conditions are imposed on the top and bottom sides with v(x, H,t) = 8.10° Pa, u(x, H,t) — v(z, H,t) = b,
Pa, v(x,0,t) = v(x, H,t) + p2gH Pa, u(z,0,t) — v(x,0,t) = aq + bs Pa (input oil). The initial condition is
defined by pini(x) = b;,j € Q;, 5 € J.

The solution is first computed with the upwind scheme using k7, = 0 on a uniform Cartesian coarse grid of
size 16 x 16 exhibited in Figure 4. In that case the capillary pressure is not uniquely defined and can be viewed
as a multivalued function (see [6], and [4]). In order to obtain a unique discrete solution and to solve the nonlinear
system at each time step, the discrete capillary pressure at cell centres (x = i, K € M) and at the vertices
(z € V) will be projected on the interval [ming;c ;| zeq,} bj> MaXyje 7| zen,} b5 + -

The oil saturation sp is plotted at different times in Figure 4 on the submesh obtained by joining the midpoints of
the successive edges of each cell. This submesh enables to plot all the values of sp at a fixed time. Figure 4 clearly
shows that the discrete oil saturation sp satisfies the jump condition at the interface between the two rocktypes
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u—v =b,

v = 8.10°
(0,H)
Qa
I
pini(x) = bj, X € QJ'
Qg |
(0,0) (L.0)
FPrrtrrd

u—v=—a,+ b,
v =8.10% + pogH

Figure 3: Test case with two barriers with rocktype (3 in the barrier and rocktype « outside.
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Figure 4: Cartesian mesh and discrete oil saturation sp at successive times computed with the upwind scheme and
krmin = 0 on the 16 x 16 uniform Cartesian grid.

both at the entry and at the exit of the barriers. The comparison of sp on the coarse grid at final time Figure 4 with
the solutions sp obtained on the refined meshes Figure 5 shows that the solution is already accurate on the coarse
grid and that the results obtained on the Cartesian, quadrangular, and triangular fine meshes are very close.

Next, we compare Figure 6 the discrete oil saturation sp obtained at final time on the 64 x 64 Cartesian grid for
different values of kryi,. It shows that the the solution sp obtained for kry, = 1072 is already very closed to
the one obtained for kr;n = 0.



4.4 QOil migration in a 2D basin with random capillary pressure

The objective of this test case is to show the ability of the scheme to deal with many different rocktypes. The data
for k;, g;, A and ® are the same as in the previous example. The capillary pressure curves are given by

q —7(x)10°

S(z,q) = min(max( 105

) 0)7 1)7

where 7 is a cellwise constant function with values chosen randomly in each cell in the interval [—1,1]. Note
that negatives values of ~ imply a change of wettability between the oil and water phases. As above we im-
pose Neumann homogeneous boundary conditions on the right and left sides of €2 and Dirichlet boundary con-
ditions on the top and bottom sides with v(x, H,t) = 8.10° Pa, u(x, H,t) — v(z, H,t) = ~(x, H)10° Pa,
v(z,0,t) = v(x, H,t) + pagH Pa, u(z,0,t) —v(x,0,t) = (1+~(x,0))10% Pa (input oil). The initial condition
is defined by pini(x) = v(x)10%. We can check in Figure 7 that the discrete oil saturation sp follows mainly
the paths of minimum ~y(x). We see on this test case the efficiency of the Vertex Approximate Gradient scheme
and of the pressure formulation provided in this paper for handling the case of capillary-driven two-phase flow
in random porous media, which represents for example the case where the values in each cell are generated by a
homogenization process.

4.5 Oil migration in a 3D basin with barriers

This case is a 3D extension of the 2D case with again two roctypes J = {a,3}. The mesh of the domain
Q2 C (0,100m)? exhibited Figure 8 is hexahedral with degeneracies of some hexahedra due to erosion leading to
the collapse of up to three vertical edges of the cell. It includes three barriers of rocktype (3 exhibited in red in
Figure 8. The remaining of the domain is of rocktype . Note that the barrier located in the middle of the domain
extends on the full domain horizontally while the two others extend only on the right horizontal side of the domain.
The boundary conditions are the same as for test case 4.3 except on the bottom side for which oil is injected only
on the right side below the first barrier.

The functions S;, j € J are still defined by (24) with modified parameters a, = ag = 10*5, b, = 0 and
bs = 1.5 107°, and the densities are changed to p; = 850, p2 = 1000. Other parameters are unchanged compared
with test case 4.3. With this choice of the functions S}, j € J, the oil saturation can pass through the barrier only
if it reaches 1 below the barrier and if the difference of pressure u — v roughly given by (p2 — p1)gh + aq + by is
larger than bg where h is the vertical distance between the barrier and the bottom side. It results that oil will not
go through the first barrier due to insufficient gravity load but can go through the second and the third ones.

This is what is observed in Figure 9 which exhibits the discrete oil saturation at final simulation time obtained for
krmin = 0 with the upwind scheme.

Figure 10 shows the diffusive effect of the parameter kr.,;, which has a larger impact on the solution in that test
case than in the previous ones due to the low saturation values at the exit of the barriers and to the large simulation
time.

5 Conclusions

We have proved the convergence of a large class of numerical methods for the two-phase flow problem. Our study
includes the study of an extended Richards problem which is shown, in numerical examples taken from the oil
engineering framework, to give a precise approximation of the full two-phase flow problem. Other applications
of the gradient schemes, such as the case of the Stefan problem, are actually developped in ongoing works. It is
important to underline that the proof of general gradient schemes are not available in cases where the estimates
require the multiplication of the equations by nonlinear functions of the terms whose discrete gradient is taken (like
for example in the case of discontinuous capillary forces, or like in the study of the two-phase flow problem without
a hypothesis on a minimum value for the relative permeabilities, or, equivalently, on the range of the saturation
function).
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Appendix: gradient schemes for diffusion problems

A gradient scheme can be viewed as a general nonconforming approximation of elliptic or parabolic problems. We
begin with the discrete elements used for space partial differential equations.

Definition 5.1 (Gradient discretisation) A gradient discretisation D for a space-dependent second order elliptic
problem, with homogeneous Dririchlet boundary conditions, is defined by D = (Xp,Ilp, Vp), where:

1. the set of discrete unknowns Xop is a finite dimensional vector space on R, and Xp o C Xp stands for the
subspace of Xp devoted to the approximation of the homogeneous Dirichlet elliptic problem,

2. the linear mapping llp : Xp — L?(S2) is the reconstruction of the approximate function,

3. the linear mapping Vp : Xp — L%*(Q)? is the discrete gradient operator. It must be chosen such that
I -llp:=1IVD - |lL2(q)ye is @ norm on Xp g.

Remark 5.2 Let us notice that ||Ilp - || 12(q) is not requested to be a norm on Xp . Indeed, in many examples
that can be considered, some degrees of freedom are involved in the reconstruction of the gradient of the function,
but not in that of the function itself.

Definition 5.3 (Coercivity) Let D be a gradient discretisation in the sense of Definition 5.1, and let Cp be the
norm of the linear mapping llp, defined by

||HD’U||L2(Q)

Cp =
veXpo\{0} vl

(25)

A sequence (D) men of gradient discretisations is said to be coercive if there exists Cp € Ry such that Cp,, <
Cp forallm € N.

Remark 5.4 (Discrete Poincaré inequality.) Equation (25) yields ||Ilpv||z2(q) < Cp||Vpol|12(q)e-
The consistency is ensured by a proper choice of the interpolation operator and discrete gradient.

Definition 5.5 (Consistency) Let D be a gradient discretisation in the sense of Definition 5.1, and let Sp :
HY(Q) — [0, +00) be defined by

Vo € Hy(Q), Splp)= min (|[lpv—¢llr2@) + [Vov — Vel L2()e) - (26)

vEXD o0

A sequence (Dy,)men of gradient discretisations is said to be consistent if, for all p € H (), Sp,, (¢) tends to
0as m — oo.

Since we are dealing with nonconforming methods, we require a “limit-conformity” of the method, i.e. that the
dual of the discrete gradient be “close to” a discrete divergence in the following sense.

Definition 5.6 (Limit-conformity) Let D be a gradient discretisation in the sense of Definition 5.1. We let
Haiv () = {p € L2(2)4,dive € L2(Q)} and Wp: Hgi, () — [0, +00) be defined by

1

v H iv Q ’ W - [[ullp
$ € Haiv(©2), Wp(ep) ue)gffi{()} lullo

/Q (Vpu(z) - p(x) + HMpu(x)dive(x)) dz| . (27)

Note that for a conforming method such as the linear finite element method, one as Wp(p) = 0
(Din)men of gradient discretisations is said to be limit-conforming if, for all p € Hai,(2), Wp, (
as m — oo.

. A sequence
) tends to 0

Dealing with generic non-linearity often requires compactness properties on the scheme.
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Definition 5.7 (Compactness) Let D be a gradient discretisation in the sense of Definition 5.1, and let Tp : R? —
R be defined by
HHD’U(' + f) - HD'UHL?(Rd)

VEeRY, T =  max
¢ p(6) = max lolio

(28)

where Ilpv has been extended by 0 outside ).
A sequence (D) men of gradient discretisations is said to be compact if the following uniform limit holds:

lim sup Tp, (&) =0.
[€]—0 meN

Thanks to [13, Lemma 2.4], we may check the consistency and limit-conformity properties of given gradient

schemes, using only dense subsets of the test function spaces. The following lemma is an immediate consequence

of [13, Lemma 2.4].

Lemma 5.8 (Sufficient conditions) Let F be a family of gradient discretisations in the sense of Definition 5.1.
Assume that there exist C,v € (0,00) and, for all D € F, a real value hp € (0, +00) such that:

Cp <C, (29a)
Sp(p) < Cho|lellwze(q), forall p € CZ°(2), (29b)
Wp(p) < Chp|l@ll(w.emayya, forall € C2(RY)?, (29¢)
Tp(&) < CIE|", forall & € RY, (29d)

where Cp, Sp, Wp and Tp are defined by (25)-(28).
Then, any sequence (D, )men C F such that hp, — 0 as m — oo is coercive, consistent, limit-conforming and
compact.

Remark 5.9 In several cases, hp stands for the mesh size: this is the case for the numerical schemes used in
Section 4.

Definition 5.10 (Space-time gradient discretisation) Let Q) be an open subset of R?, with d € N* and let T > 0
be given. We say that D = (Xp,Ilp, Vp, (t™),—o__N) is a space-time gradient discretisation of Q x (0,T) if
o (Xp,Ilp,Vp) is a gradient discretisation of ), in the sense of Definition 5.1,
e 1O =0<tM . <N =T
We then set &("T2) = ¢(n+1) _ t™) forn=0,...,N —1, and &tp = maxXp—0,...,N—1 &),
Definition 5.11 (Space-time consistency) A sequence (D,,)men of space-time gradient discretisations of {0 x

(0,T), in the sense of Definition 5.10, is said to be consistent if it is consistent in the sense of Definition 5.5 and if
dp,, tends to 0 as m — oo.

Definition 5.12 (Piecewise constant function reconstruction)

Let D = (Xp,1lp, Vp, (t("))nzow’N) be a space-time discretisation in the sense of Definition 5.10, and 1
be the finite set of the degrees of freedom, such that Xp = R!. We say that Ilp is a piecewise constant function
reconstruction if there exists a family of open subsets of ), denoted by (K;);c1, such that| J;c; K; = Q, KiNK; =
0 forall i # j, and llpu = Y icr WiXK, forallu = (u;)ier € Xp, where X, is the characteristic function of K.

Remark 5.13 We do not require that there exists j = 1, ..., J such that K; C €;.

Remark 5.14 An important example of space-time discretisation D = (Xp,Ilp, Vp, (t(”))nzg ,,,,, N ) in the sense
of Definition 5.10, such that llp is a piecewise constant function reconstruction in the sense of Definition 5.12,
is the case of the mass-lumping of conforming finite elements. Indeed, assuming that (§;);cr is the basis of some
space Vi, C H}(Q), we consider a family (K;);c1, chosen such that

1Y wixr, = Y wibill 2y < bl wiVE| 2 ()e, Yu € Xp.

i€l icl icl
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We then define Ilp as in Definition 5.12, and Vpu = ), u;VE;. In the case of the linear P conforming
finite element, the reconstruction is obtained by splitting each simplex in subsets defined by the highest barycentric
coordinate, defining K; as the union of the subsets of the simplices connected to the vertex indexed by 1.

Remark 5.15 Let D = (Xp,Ilp, Vp, (t("))nzowa) be a space-time discretisation in the sense of Definition
5.10 such that Tlp is a piecewise constant function reconstruction in the sense of Definition 5.12. Note that we
have the two important following properties:

g(Mpu(x)) = pg(u)(x), forae x €, Yu € Xp, Vg € C(R), (30)

where for all continuous function g € C(R) and u = (u;);er € Xp, we classically denote by g(u) = (g(u;))ier €
Xp and
Mpu(x)Ipv(x) = lp(wv)(x), fora.e. x € Q, Yu,v € Xp, 31)

where, for u = (u;);cr and v = (v;)ic1 € Xp, we denote by uv = (u;v;)ier € Xp.
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Figure 5: Comparison of the discrete oil saturation sp at final time computed with the upwind scheme and kry,;, =
0 on the uniform Cartesian 64 x 64, grid, a random quadrangular 64 x 64 mesh, and a triangular mesh with 7297

nodes.
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Figure 6: Comparison of the discrete oil saturation sp at final time on the uniform Cartesian 64 x 64, mesh
computed with the upwind scheme and different values of ki, = 1071, 1072, 10~2 from left to right.
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Figure 7: Cellwise constant parameter -y for the rocktype on the triangular mesh with 7297 nodes (left) and discrete
oil saturation sp computed with the upwind scheme for kr,;;, = 0 with this random capillary pressure.
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Figure 8: Hexahedral mesh (with degeneracies of some hexahedra due to erosion) of the domain with the three
barriers in red (rocktype (3 in the red barriers and « outside the barriers).
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Figure 9: Discrete oil saturation sp at final time computed with the upwind scheme and krp,;, = 0. On the right
side plot of the oil saturation at final time for sp > 0.05
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Figure 10: Plot of the oil saturation at final time for sp > 0.05 computed with the upwind scheme and krp,;, =
1073 (left) and k7 = 10~% (right).
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