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The family of the gradient schemes, which includes the conforming and mixed finite elements as well as the mimetic
mixed hybrid family, is used for the approximation of Richards equation and the two-phase flow problem in heterogeneous
porous media. We prove the convergence of the approximate saturation and of the approximate pressures and gradient
of pressures to the continuous ones, thanks to monotony and compactness arguments. Strong convergence results are
issued from the convergence of the norms of the gradients of pressures, which demands to handle the nonlinear time term.
Numerical results show the efficiency on these problems of a particular gradient scheme, called the Vertex Approximate
Gradient scheme.

Copyright line will be provided by the publisher

1 Introduction

We are interested here in the approximation of (u, v), solution to the incompressible two-phase flow problem in the space
domain € during the time period (0, T):

O(x)0,S(x, p(x, t)) — div(ki(z, S(x, p(x, t))A(x)(Vu(z, t) + g1)) = f1(x, 1), (1a)
()0 (1 — Sz, p(z, 1)) — div(kz(z, S(x, p(z, 1)) Alx)(Vo(z,t) + g2)) = fa(2, 1), (1b)
p(z,t) = u(x,t) — v(x, t), for (x,t) € Q x (0,T), (Ic)

where u (resp. v) denotes the pressure of the phase 1, called the wetting phase (resp. of the phase 2, which is the nonwetting

phase), p is the difference between the two pressures, called the capillary pressure, the saturation of the phase 1 is denoted
by S(x, p) (it is called the “water content” in the framework of Richards equation), and where ®, A, k;, g; and f; (i = 1,2)
respectively denote the porosity, the absolute permeability, the relative permeabilities, the gravity and the source terms.
Problem (1) is considered with the following initial condition:

S(x,p(x,0)) = S(x, pmi(x)), forae. z € Q, 2)
together with the non-homogeneous Dirichlet boundary conditions:

u(x,t) = u(x) and v(x,t) = v(x) on I x (0,7, 3)
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2 R. Eymard, C. Guichard, R. Herbin, and R. Masson: Gradient schemes for two-phase flow

under the following assumptions:

e Q) is an open bounded connected polyhedral subset of R?, d € N* and T' > 0, (4a)
e ® is a measurable function from € to R with ®(x) € [®pmin, Prax), Pmax = Pmin > 0, (4b)
e A is a measurable function from € to M4(R), where M4(R) denotes the set of d x d matrices,

such that for a.e. € Q, A(x) is symmetric, and the set of its eigenvalues is included in [\, \],

with0 < A < A, (40)
® pini € L*(1), (4d)
o S(xz,q) € [0,1] for all (z,q) € Q x Rwith S(x,q) = S;(¢) forae. x € Q; and all ¢ € R,

where S is a non decreasing Lipschitz continuous function with constant Lg, (£2;);e is a family

of disjoint connected polyhedral open sets such that U (TJ = ) where J is a finite set , (4e)
jeJ

o fic L*(Qx(0,T)),i=1,2, (4f)

o ki(x,8) € [kmin, kmax] for (z,s) € Q x [0,1] with kypax > kmin > 0 and

ki (-, s) measurable, k;(x,-) continuous, ¢ = 1,2, (4g)

eg;cR% i=1,2, (4h)

e, v € H'(Q). (4)

Assumptions (4) are quite general, except ki, > 0 in Hypothesis (4g). This assumption is needed in the mathematical
part of this paper (the influence of this parameter is studied numerically, see Section 4). Assumption (4e) is compatible with
the so-called Van Genuchten model S;(p) = 1/((max(—p,0)/p;)™ + 1)™3, with real parameters p;,n;, m; > 0. The
hypothesis that the function S(z, p) is defined by given functions in a partition of the domain is classically done. Problem
(1)-(2)-(3) is considered in this paper under the following weak sense.

u—1 vfﬂGLQ((),T;H&(Q)), p=u-—uv,

/ / (@, p(@, 1)) dup(@, 1) + ki (. S(@, pl@, 1) A@)(Vu(w, 1) + g1) - Vip(a, 1)) dadt
/ 28t p@)el@ 0z = [ [ i@ 0stanied, vo € 2@ < 0.7) s
/ / S(z,p(x,t))0cp(x, t) + ko (x, S(z, p(z, 1)) A(x) (Vo(z,t) + g2) - Vo(z, 1)) dedt

/ O(x)S(x, pini(x))p(x,0)dx :/ / fa(z, t)p(x, t)dadt, Vo € C°(Q x [0,T)),
Q o Ja

where we denote by C'° (€2 x [0, T)) the set of the restrictions of functions of C° (2 x (—o0,T')) to 2 x [0, T'). Alternately,
we also consider the case of Richards equation, which can be obtained in some generalized sense, by two manners. One
can replace (1a) in (1) by

u(x,t) = u(x) for (x,t) € Q x (0,T), (6)
or one can replace (1b) in (1) by
v(z,t) = v(x) for (x,t) € Q x (0,T). @)

Then the corresponding weak formulation of the problem is obtained by replacing in (5) the first equation by (6) or the
second one by (7). Note that this sense is an extension of the condition standardly used in hydrogeological studies, which
prescribes a constant condition with respect to time and space for the air pressure. As we show in the numerical examples,
this extension allows to use Richards equation as a good approximation of the full two phase flow problem in other engi-
neering frameworks. Problem (1) is studied from the theoretical point of view in [16] for example. A few mathematical
results of convergence have been obtained for approximations of this problem. Some of them are using the notion of global
pressure, introduced by [8], and among these works, the convergence of a finite volume has been proved in [17]. The stan-
dard finite volume scheme (based on a phase-by-phase upstream weighting), used in the petroleum engineering framework,
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was proven to converge in [15]; in this latter work, the estimates on the approximate solutions are obtained thanks to the
two-point flux approximation. Since our objective is the study of more general discretization methods, we consider the
formulation of the problem with two pressures, following [1]. The advantage of this formulation is that it includes Richards
problems (1b)-(6) or (1a)-(7) in the nonhomogeneous case.

Indeed, the purpose of this paper is to study the convergence of the so-called gradient schemes for the approximation
of (5). These methods have been studied in [13] for linear elliptic problems, and in [11] in the case of nonlinear Leray-
Lions-type elliptic and parabolic problems. The interest of the notion of gradient schemes is that it includes conforming
finite elements with mass lumping (shown as efficient for linear [9], nonlinear [19] parabolic equations, and Richards type
degenerate parabolic equations [7,20]), mixed finite elements (applied to Richards equation in [3]), hybrid mixed mimetic
methods [10, 11], some discrete duality finite volume schemes, some particular Multi-point Flux Approximation and many
other schemes. It is wellknown that the monotony properties which hold when using a two-point flux approximation are no
longer true for more general schemes; this is the reason why Hypothesis (4g) is required in the mathematical study.

This paper is organized as follows. We first apply the framework of the gradient schemes to Problem (1) in Section 2,
and we prove the weak convergence of the scheme. The corresponding scheme for Richards problems (1b)-(6) or (1a)-(7)
is also provided. In Section 3, we improve this convergence by showing the strong convergence of the discrete pressures
and gradients of pressures. This analysis relies on an equation satisfied by a continuous solution, whose proof demands to
exhibit some continuity properties with respect to time. Numerical examples show the behaviour of the Vertex Approximate
Gradient scheme, first introduced in [13], which presents some interesting characteristics for coupled flows in porous media
(see Section 4). Finally, in the appendix, we recall the mathematical framework of the gradient schemes. Let us emphasize
that all the convergence results shown in this paper also hold in the case of Richards problems.

2 Approximation of the two-phase flow problem by space-time gradient discretisa-
tions

Let D = (Xp,Ip, Vp, (t("))n:o,_..,zv) be a space-time discretisation in the sense of Definition 5.10 such that IIp is a
piecewise constant function reconstruction in the sense of Definition 5.12. We define the following (implicit) scheme for
the discretization of Problem (5). We consider, for given p(o), up,vp € Xp, a sequence (u(”), v("))n:17,,,71\/ C Xp such
that:

s (@) = S(z, Mpp® (a)), p ) = u(r+D) — (D) (82)
u"t —aip € Xp o, v —0p € Xp, (8b)
(n+1) (n)
n n n % S r)—S T
sgjﬂ)(ac) = S(z, TIpp™ V) (x)), (S(D+ )Sp(x) =D fgt(zwé)p ( ), (8c)
/ (2@)s5 " sp(@)Tpw(@) + ki@, 55 (@) A@)(Vou™ (@) + ¢1) - Vow(w)) da
Q
1 t(n+1)
= 71/ / fi(z, ) pw(x)dzdt, Yw € Xpo, Vn=0,...,N — 1, (8d)
&) i Jo
/ (-@(m)5$+f>sD(w)HDw(x) + Ea(, s8 (@) A2) (Vo™ () + go) - pr(w)) da
Q
1 n+1)
= 71/ / fo(zx, ) pw(x)dedt, Vw € Xp g, Yn=0,..., N — 1. (8e)
&) Sy Ja ’

We again use the notations sp, IIp and Vp for the definition of space-time dependent functions, defining

sp(x,t) = sg”rl)(ac), Hpu(x,t) = Mpu™t (x), Hpv(x,t) = Hpv™+H (x)
and Vpu(z,t) = Vpu™™(x), Vpu(a,t) = Voo (x), )
forae. (x,t) € Q x (t0),t+D) Yn=0,...,N — 1.

We also denote
opsp(x,t) = 5gl+%)sD(x), forae. (x,t) € Q x (t™ D) vn=0,...,N —1. (10)

Remark 2.1 (Scheme for Richards equation) The scheme is obtained by Scheme (8), replacing (8d) by wmt) = 4p
or (8e) by v("t1) = 4p.
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4 R. Eymard, C. Guichard, R. Herbin, and R. Masson: Gradient schemes for two-phase flow

In the proof of the lemma below and other lemmas later on, we shall make use of the function S defined by
g(m,p) = /OP qS'(x,q)dq, forae = € Q, VpeR, (11)
denoting by S"(z, ) = Sj(q) fora.e. z € ;,and all ¢ € R and j € J. We also have
S(x,p) = gj(p), forae. x € Q;, Vp € R, with §j(p) = /Op qSj(q)dg, forj=1,...,Jandp € R. (12)

Lemma 2.2 (Discrete L2(0,T; H}()) estimate and existence of a discrete solution)

Under Hypotheses (4), let D = (Xp,Ilp, Vp, (t(”))n:() ,,,,, ~N) be a space-time gradient discretisation in the sense of
Definition 5.10 such that llp is a piecewise constant function reconstruction in the sense of Definition 5.12. Then there
exists at least one solution to Scheme (8), and there exists C1 > 0, only depending on the data introduced in Hypotheses (4)
and on any C¢, € (0,400) ) — pini 22
|Vptp — Vil L2y, (VDD — V| 12(q)a such that, for any solution u,v to this scheme,

HD’DD—T]HLZ(Q),

[VpullL2(x (0,72 < C1 and [[Vpv||L2x0,1))e < Ch. (13)

Proof. Before showing the existence of at least one discrete solution, let us first show (13). Let us take w =
1 1
&(”Jrf)(u(”“) — Up) in (8d), w = (St("+5)(v(”+1) — p) in (8e¢), add the two equations such obtained, and sum on
n=20,...,N.WegetT) +T5+ T35 =T, + T5 + Tg with

T = Z / 5 (@) - sy (@) pp " (@) da,

T
— /o /le(ac, sp(x,t))A(x)Vp(u — up)(x,t) - Vp(u — ip)(x, t)dedt,
T
T5 = /0 /ka(w, sp(x,1))A(z)Vp (v — vp)(x,t) - Vp (v — 0p) (e, t)dadt,
T
Ta = /0 !Qfl(xvt)HD(u—UD)(ac,t)dacdt
_/ k’l(w, S’D(iv,t))A(w)(VD’ELD(w) + gl) . V,D(u _ @D)(Sﬂ,t)dscdt,
0 Ja

15 = /T/ fo(z, t)Ip(v — vp)(x, t)dadt

/ / ka(, sp(,t))A(x)(VpUp(x) + g2) - V(v — Up) (2, 1)dadt,

and
N-1
Ts = Z / ®(z) (s (x) — s ())p(up — vp)(x)dz.
n=0 Q

With the definition (12), we have

- 2
0<8(p) < Ls', VpeR,

and, using the properties of the piecewise constant function IIpp(™ 1), we can write

(s5 ) (@) — sB (@) Tpp™ D (@) = 33 xa, (@)xx, (@) (S5 (") = 5, (™ )pi™ Y,

jedJ iel
fora.e. € Q. Since fj qS5(q)dg = S;(b) — S;(a) = b(S;(b) — 8;(a)) — fj(Sj(q) — Sj(a))dg, we get that

n+1 n n o n+1 o n
(s5 (@) = s (@) op™ V(@) = 33 xe, (@)x, (@) (S (0") = §;(6™)),
jedJ iel
Copyright line will be provided by the publisher
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which leads to

(I)maxLS 0 (I)maxLS
T /Q > e, (@) (@) () de = == Tpp |2 o).
jeJ iel

Thanks to Hypothesis (4c), we have
Ty > Mein|| Vo (u — ﬂD)H%Q(QX(O,T))?
and
Ts > Memin||[ Vo (v — 50) 1720 (0.7)) -
Applying the Cauchy-Schwarz inequality and (25), we get
Ty < (Copllfillz2@x(0,1)) + kmax WT (| Votpll 12y + VIQUlg1)) Vo (u — D) L2 (@ (0.7
and
Ts < (Cpll f2ll 2% 0.7 + Emax WT (| VDD 2()e + VIQlg21) [V (v — 0p) | 22 (00¢ (0,7 -

Thanks to the Young inequality, we get

T, < 55— (Onllilla@xom) + hn W Voip s + v Blga)? + 575,
and

Ty < 5 (Cplfllaxory) + hnas WT(I Vool cagoys + Vllgal))? + 3T
We have

7 = [ 2(@)(s5" (@) 58 @)ip(ap ~ 00)(@)de < 21U (Mpip 120y + [Tptl12(0))
Q

Gathering the above results shows (13). The existence of at least one solution is then easily proved by considering the
function S, = aS + (1 — ), for « € [0, 1], which ensures Hypotheses (4) as well. Since (13) holds for all « € [0, 1], and
since the problem is linear for o = 0, a classical topological degree argument provides the existence of at least one solution
to Scheme (8). O

The following semi-norm will be useful in the control of the time translates in order to prove the strong convergence of
SD.

Definition 2.3 (Dual semi-norm) Under Hypotheses (4), let D = (Xp, IIp, Vp) be a gradient discretisation of 2 in the
sense of Definition 5.1. We define the following dual semi-norm on L?((2):

Vw € L*(Q), |w|sp = sup {/Q O (x)w(x)Ipv(z)de : v € Xpyg, ||v|lp = 1} . (14)

Lemma 2.4 (Estimate on the dual semi-norm of the discrete time derivative of sp)
Under Hypotheses (4), let D be a space-time gradient discretisation in the sense of Definition 5.10. Let u, v, sp be
such that Scheme (8) holds. Then there exists Cs, only depending on the data introduced in Hypotheses (4) and on any

Cey € (0, +00) greater than Cp (defined by (25)), pr(o)—piniHLz(Q), HDa’D_aHLQ(Q), HDT/D—T)HLz(Q), Vopup—
V’U,HLQ(Q)d, Vpip — V17||L2(Q)d, such that
T
/ 0psp (-, t)|2 pdt < Cs. (15)
0

Copyright line will be provided by the publisher



6 R. Eymard, C. Guichard, R. Herbin, and R. Masson: Gradient schemes for two-phase flow

Proof. Letus take w € Xp g as test function in (8d). We have

/ O (2)60 ) sp (@) Tpw(x)dz = — / ky (2, s87 (2) M) (Vpu " (2) + g1) - Vpw(z)de
Q Q

1 t(n+1)
LI DI dedt,
o /M /Q fi(e, )lpw(x)dz

which leads, thanks to (25), to

(n+3)
/@(m)éD sp(z)Ipw(x)dx
Q
< (B X100 2 gys + v/ Blgn) + =251 i f1(5 )t 2y ) VD0l @

1
Taking the supremum on w € Xp g such that [Vpw|2(q¢ = 1 gives an estimate on |5gl+2)59|*,p. The proof is

concluded by raising this estimate to the square, multiplying by (St("‘”'%), summing on 7 = 0,..., N — 1 and estimating
IVpul| L2 (0 x(0,1)) thanks to Lemma 2.2. O

Lemma 2.5 (Relative compactness result)

Let Hypotheses (4) be fulfilled. Let (D,,)men be a consistent sequence of space-time gradient discretisations in the
sense of Definition 5.11, such that the associated sequence of approximate gradient approximations is coercive (Definition
5.3), compact (Definition 5.7), and such that, for all m € N, Ilp , is a piecewise constant function reconstruction in the

sense of Definition 5.12. We assume that are given pﬁ,‘f), Uup,,,Vp,, € Xp,, such that there exists C, > 0 greater than

I, pin’ —piaill 2 ol e =0l
forallm € N. Let wp,, v, sp,, be such that Scheme (8) holds for m € N.
Then the family (sp,, )men is relatively compact in L?(Q x (0,T)).

= Vi 2(q)a, — V|| L2 (),

Proof. Let us prolong the fonctions sp,, by 0 outside of 2 x (0,T). Let 7 € (0,7"). We have, for ¢t € (0,7 — 7),

-/Q &(x)(sp,, (x,t +7) — sp,, (x, t))2dw

< Ls /Q ®(z)(sp,, (®,t +7) = 5D, (@,1))(Ip,,pm (2, t + 7) = Ip, P (, 1)) dT,

which provides, thanks to Definition 2.3 and taking the square root,

mnsm —sp,,, ()| 22(0)
1/2 1 2
< VLslsp,, (-t +7) = 5, (115 10wt +7) = pm() I H.

Thanks to the Young inequality and integrating on (0,7 — 7), we get

T—T1

\/(I)mm/ HSD ( t+T)—SD ( )HLz(Q)dt

L T—71
v S/ Isp (ot 4 7) — 5p. (D), dt
JE T=r

[Pt +7) = pm (D)) || D,,, 2.

We have, on one hand,

T—71 T
/0 1ot + ) — poa(0) .t < 2 / (19t (&) [ 22062 + [V Dy 0 (B)] 220 )

which provides

T—1
/ (P (t + 7) = P () |, At < 2VT (| Vi, tim |2 (2 0.7)) + VD, Umllz2 (2 (0,7)))-
0
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On the other hand, using the BV properties satisfied by piecewise constant functions, we have

T—1 T
j/ me<ut4-r>—som(ntnhomdts«r/” 60,50, (+8)]e. Dy dt,
0 0

which gives

T—1 T 1/2
/ %Aﬁ+ﬂ—@JﬁW%ﬁ§Tﬁ</|%Mm&ﬂim&>
0 0

Applying Lemmas 2.2 and 2.4, and using 0 < sp_, < 1, we conclude to the existence of C's, such that

/ I, (- +7) — 51, (- Dl 2yt < Cs /7], Vr € R,
R

which provides, still using 0 < sp_ <1,

/R lsp,,, (.t +7) = 5D, (- 1)l 72(ey At < C3V/I7]/1], ¥7 €R.

Turning to the space translates, for all £ € R¢, let us define Qg.g) ={x € Qj,x + & € Q;}. Thanks to the regularity
hypothesis of (£2;) e, then there exists Cy > 0, only depending on (£2;) ;e s such that

Z|{w €Qx+€¢QU{z eR\ Q)+ €€ Q| <Oulg], VE € R
=
Then, fora.e. t € (0,7, again using 0 < sp, <1,
Isp,, (- + &) = 50, (. 1) | Zgey < Calél + Y lIsp,, (- +&1) — st(wt)lliz(Q;g)), vé € R™.
JjeJ
We then remark that
Jsp,, (- + £48) = 52, (O g0, = [

Q®
J

(S;(IIp,,pm(x + &) = S;(IIp,, pm (2, 1)) *da,
providing

Isp,, (- +&,t) = sp,, (-, t)||2Lz(Q_§s>) < L% /Rd (Ip,,pm(@ + &,t) = Ip,, pn (2, 1)) da.
Using (28), we get

52, -+ €)= 52, (O pe) < LT, (€) Pl -

Gathering the above results, we get

T
/0 HSDm("f'ﬁ»t)—SDm('at)Hiz(Rd)dt < TC4|E|+LETp,, (§)2(IV D, uml| 72 0% (0,7 HIV Do 0|72 (0,7)))-

Thanks to the compactness hypothesis (in the sense of Definition 5.7), we conclude that the L?(R? x R) norm of (sp,, —
sp,, (- + &+ 4+ T))men uniformly tends to zero as &, 7 — 0, which proves the relative compactness of the family in
L?(Q x (0,T)). O

Lemma 2.6 (Minty trick) Let w be an open bounded subset of RN, N > 1, and let S : w x R — R be a Caratheodory
Sunction, such that S(-, q) is measurable for all ¢ € R and S(x,-) is a nondecreasing function such that there exist C > 0
with |S(z,q)| < C forall g € Rand a.e. T € w. Let (pp)nen C L?(w) such that

(i) there exists p € L?(w) such that (py,)nen weakly converges to p in L*(w);

(ii) there exists a function x € L?(w) such that (s, )nen converges to x in L?(w), where s, (x) = S(x,p,(x)) for a.e.
T € w.

Then x(z) = S(z,p(x)), for a.e. x € w.

Copyright line will be provided by the publisher



8 R. Eymard, C. Guichard, R. Herbin, and R. Masson: Gradient schemes for two-phase flow

Proof. We consider, for a given ¢ € L?(w),

An = /(S(mmn(w)) —S5(z,q(x)))(pn(x) — q())d.

Since S is a nondecreasing, we have A,, > 0. By weak/strong convergence, we get that

iim 4, = [ (x(@) = S(a.q(@)) (pla) - a(e))do > 0.

n—oo

The above inequality holds in particular for ¢ = p — tp, with ¢t > 0 and ¢ € C2°(w). Then we get, dividing by ¢ > 0,

[ @) = SG@pt@) -t (a)de > 0.

Letting ¢ — 0 in the above equation, we get, by dominated convergence, that

[ (x(@) = St pla)plaiz > 0

Since the same inequality holds for —¢ instead of ¢, we get

/(X(SU) — S(z,p(x)))p(x)dx = 0.

Since the above inequality holds for all ¢ € C'°(w), the conclusion of the lemma follows. O

Theorem 2.7 (Convergence of the numerical scheme) Let Hypotheses (4) be fulfilled. Let (Dy,)men be a consistent
sequence of space-time gradient discretisations in the sense of Definition 5.11, such that the associated sequence of ap-
proximate gradient approximations is coercive (Definition 5.3), limit—conforming (Definition 5.6) and compact (Definition
5.7), and such that, for all m € N, llp_ is a piecewise constant function reconstruction in the sense of Definition 5.12.
We assume that are given p'y, up,,,Up,, € Xp,, such that the sequences ||Hpmp7(73) — Piillz2(Q), Hp,, Up,, — Ul 12(0),
Ilp,,vp,, — V|2, | VD, Up,, Vp,,0p,, — V| 2(qy tend to 0 as m — oo. Let Uy, U, Sp,,, be such
that Scheme (8) holds for m € N.

Then there exists u,v € L*(Q x (0,T)) and p = u — v such that, up to a subsequence,

m

—V’BHLz(Q)d,

m

1. (TIlp,, U, p,, vy, ) weakly converges in L (2 x (0,T))? to (u,v) as m — oo,
2. (Vp,, Um, Vp,, vy ) weakly converges in (L*(Q x (0,T))%)? to (Vu, Vv) as m — oo,

3. sp,, convergesin L*(Q2 x (0,T)) to s such that s(x,t) = S(zx,p(x,t)), for a.e. (x,t) € Q x (0,T) as m — o0,

m

and (u,v) is a weak solution of Problem (5).

Proof. Thanks to Lemmas 2.2 and 2.4, we first extract a subsequence such that the convergence results stated in
Lemma 2.5 and 2.6 hold, as well as the three items of the above theorem. Let us now check that (u, v) is solution to (5).
We first remark that u — @ € L*(0,7T; H(£2)), since, prolonging this function by 0 outside of  x (0,7"), we get that
Vu — Va € L2(R? x (0,T)) using the limit-conformity of the sequence of discretisations. The same holds for v — .

Letm € N, and let us denote D = D,,, (belonging to the above subsequence) and drop some indices m for the simplicity
of the notation.
Let o € C°([0,T)) and w € C°(Q2), and let wp € Xp o be such that

wp = argmin ([|Ipz — wl| 20y + |[Vpz — Vwl|r2(q)a) -

z€Xpo
We take &("+%)<p(t(”))wp as test function in (8d), and we sum the resulting equationonn =0,..., N — 1. We get
T7(m) + Tém) = Tg(m)7 (16)

with
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N-1
T = 3 & () /Q o (@) " sp(@)Tpwp (w)dz,
n=0

N-1

T = 37 &R (1) / ka(z, 55 (@) Al@) (Vpu™ D (2) + 1) - Vpwp (@)dz,
n=0 Q
and
N-1 t(nth
T — 3 go(t("))/( ) / fi(z, ) pwp(x)dxdt.
n=0 e @
Writing
T
T = _/ ‘P/(t)/ ®(x)sp(x, t)[Ipwp(x)dedt — ‘P(())/ ®(x)S(@, lppfy) (z) lpwp(x)dz,
0 Q @
we get that

m—00

T
i (m) _ _ ! x)s(x, t)w(x)dxedt — x, pin: () )w(x)dx.
lim V™ = /Owt)/gg()(,t)()d dat ¢<0>/Qs< pini (@) (@)

We also immediately get that

T
lim 7™ = /0 o(t) /Q ki (z, s(z, 1)) Alz)(Vu(z, t) + g1) - Vw(z)dadt,

m—00

and .

lim 7™ = / o(t) / £i(z, yw(z)dadt.
Since the set 7 = {>7_, pi(H)wi(z) : ¢ € N,pp; € C°[0,T),w; € C()} is dense in C°(2 x [0, 7)), and since this
reasoning is available as well for the second equation, we conclude the proof of Theorem 2.7. O

3 Strong convergence of (u,v)

Let us first state a continuous property.

Lemma 3.1 Under Hypotheses (4), we prolong f;, i = 1,2 by 0 on (T, 2T") (therefore Hypotheses (4) hold replacing T
by 2T). Let (u,v) be a solution of (5) on (0,2T) and let us define p = u — v. Let S be defined by (11). Then the following
property holds:

2T B
|0 [ s@ st 0@ -0 - S
2T
+/0 o(t) /Q (k1 (S(P)A(Vu+g1) - V(u— 1) + k2(S(p))A(Vv + g2) - V(v — 1)) dzdt (17
2T
= [ o0 [ (=0 + £ (0 - D)dzd, Vo € O ((0.20))
0 Q

Proof. We first notice that the first or the second equation of (5) imply that ®9;S(-, p) € L?(0,T; H~1(Q)), and that
we can write

/ §<¢3t5(~7p(t)),w(t)) +/ ki(z,S(x,p))A(x)(Vu+g1) - dem) dt
o Q
= / frwdadt, Yw € L*(0,T; H} (),
s 0 (18)
/

g—(@@tS(-,p(t)),w(t» + /Q ko(x, S(x,p))A(x) (Vv + g2) - desc) dt

2
:/ / fowdadt, Yw € L*(0,T; H} (),
0 Q
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denoting by (-, -) the duality product (H (), H}(Q)).
Let h € (0,T). We consider oy, € L*(0,T; H~*(€)) defined by

(ap(t),w) = %/t;h<<1>8t5(-,p(-,s)),w>ds, fort € [h,T], Yw € H}(Q),

and oy, (t) = 0 for t € [0,h]. For any w € L%(0,T; HZ(S2)), using Fubini’s theorem (for t — h < s < t, we have
s <t < s+ h), we have

2T 2T
/ (an (1), w(t))dt = / / Fu(@, $)0(, 5) + gn(®, 5) - Vw(a, s))dads, Y € L2(0, T; HL(Q),
0

with
s+h
fr(x,s) = %/ fi(z, t)de,
and
1 s+h
grlws) =~ [ k(S p@ 0)A@)(Vale, 1) + g

Itresults from f;, — f1 and g, — —k1(x, S(z, p(x,t)))A(x)(Vu(z,t)+g1) in L2(Q2x (0, T)) that o, tends to ®9;.S(+, p)
in L2(0,T; H~1(Q)). We have, considering regular test functions, the equality

2T 2T
/0 (ap ))dt = / / S(z,p(x,t)) — S(x,p(x,t — h)))w(x, t)dedt, Yw € L*(0,T; Hy(Q)).

This shows that

2T
%ii% /Q S(@, p(a,1)) — S(@, p(a. t — h)))w(w, t)dwdt

2T
/ / ki(z, S(z,p))A(x)(Vu + g1) - Vwdzdt :/ frwdadt, Yw € L*(0,T; H} (Q)),
o Jo
Yr

—}111_% / S(x,p(x,t)) — S(x,p(x,t — h)))w(x, t)dedt

T
/ / ka(z, S(x,p))A(x) (Vv + g2) - Vwdzxdt :/ / fowdxdt, Yw € L2(0,T; Hy (2)).
0 Q

Let us first take o € C2°((0,27),R™") and i small enough such that the support of ¢ be included in (h, 2T — h), w =
(u — @)y in the first above equation, and w = (v — ¥)y in the second. We then add the two resulting equations. We get

2T
o | / S(x, p(, 1)) — S, pla, t — 1)) (p(a, t) — (7 — 7)(x))dwp(t)dt
/ / (k1 (-, S(O) AV + g1) - V(w — @) + ko (-, S(P)A(Vo + o) - V(v — 7)) dadt

/ (fr(u—1a)+ fa(v —v))dedt.
Q

Again observing that f qSj(q)dg = S;(b) — S;(a) = b(S;(b) — S;(a)) — f;(Sj(q) — S;(a))dg which implies S;(b) —
S;(a) < b(S;(b) — S;(a)) we get that
o7
/ / S, pl, 1) — (@, pa,t — )ple, ) dzp(r)dt
/ / $(@, ple, 1) — (@, pla, t — )))dwp(t)dt.
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Since

2T
/‘ ()7 (3(a. . 1) — S, pla. t — )dep(t)dt

/ /“ )3, pla 1) (1) — (¢ + )t

s

and
2T 1
/ / (2) 1 (S, plw,) — (@, p(a,t — ))(@ — 0)(@)dwp(t)dt
/ /’ ), ple, 1)@~ 0) (@)dw (1) — p(t + ),
we may pass to the limit A~ — 0. We then obtain
2T 2T
_/0 / (@) (@, p(w, 1)) dwe! (£)dt +/ / S(@, plm, 1)) (@ — 0)(@)dze! (£)dt
+/ © (k1(-, S(PNA(Vu+g1) - V(u—a) + ko(-, S(p))A(Vv + g2) - V(v — 0)) dedt
/ (filu—a) + fo(v — v))dadt.

We then follow the same reasoning, defining 3, € L?(0,7; H=1(f2)) by

1 t+h
(Br(t),w) = E/t (@0, S(-,p(s)), w)ds, fort € [0,T — h], Yw € Hy (),

(19)

and (), (t) = 0fort € [T h,T]. Remarklngthatf qS’ )dg = S, (b)—gj(a) = a(Sj(b)—Sj(a))+ff(5j(b)—Sj(q))dq

which implies S (b) — S (@) > a(S;(b) — Sj(a)), we get that

T—h
/ / wﬂwrwm S(@, pl@,1)))p(e, Hdzp()dt
T— h
/0 / w ,p(x, t+h)) — S(:c,p(m,t)))d:c@(t)dt.

Then similar computations lead to

/QT/ a: ,p(x, t))dzy’ (t dt+/2T/ S(x,p(x,t))(u — v)(x)dzy’ (t)dt

/ / Ei(S)A(Vu+g1)-V(u—1a)+ k2 (S(p))A(Vv + g2) - V(v —0)) dedt

/ / fi(u—a) + fo(v —v))dadt.

which, in addition to (19), concludes the proof of (17) for ¢ € C°((0,2T),R™). Writing ¢ = max(p,0) —

and taking regularizations, we conclude (17) for ¢ € C2°((0,27)).

We may now state a result in which the test functions satisfy ¢ € C2°([0,2T)) instead of p € C2°((0, 2T)).

Lemma 3.2 Under the same hypotheses as that of Lemma 3.1, the following properties hold:
1. S(-,p) € C°([0,T); L3(2)) and S(x, p(x,0)) = S(x, pini(x)) for a.e. T € Q,
2. [, ®(x)S(z,p(x,-))dz € C°([0,T]) and

L:= lim Qq)(a:)g(:c,p(a:,t))d:cZ/be(a:)S(:c,pini(:c))dm,

HlaX(—(p, O)

O

(20)
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12 R. Eymard, C. Guichard, R. Herbin, and R. Masson: Gradient schemes for two-phase flow

3. we have the following relation

2T
/0 (1) / B () (S (. plax. 1)) — D) (@) — S(@, pla, £)))dadt
(0) ( | @)@ pus(a)) @ - o) @)z - E)
2T
+ / o(t) / ((SE)AVu+g1) - V(u— @) + ka(SB)A(To + g2) - V(v — 7)) dedt
0 Q

- / o(t) / (frlu— @) + folvo — B))dadt, Vi € C([0,2T)).
0 Q

21

Proof. Let j € J be given, and, for all € > 0, let ¢§E) € C(9;4,[0,1]) be such that the measure of the set {x €
Q;, 1/)545) (z) < 1} is lower that €. Let us consider the function sgg) D (2, t) — LZJ§E) (x)S;(p(x,t)). Thanks to Hypotheses
(4e) and to u,v € L?(0,T; Hi(9)), we get that 35-5) € L?(0,T; H}(£2;)). Introducing <pz[1§€) as test function in (5) shows
that <I>8ts§€) € L?(0,T; H~'(©;)), and that we can write

2T
/ Q@ats;f%w(t»ﬁ [ sl St pA@)Tut g1) - (0 Var wvufae) a
0 Q
2
- /O /Q froPwdadt, Yw € L0, T; H(Q;)),

denoting by (,-); the duality product (H (), Hi(Q;). Considering the continuous embedding T : L?(Q;) —
H~1(Q;), such that T'(u)(w) = [, ®(x)u(x)w(x)de for all u € L*(;) and w € Hy(S2;), this proves that 8§»E) €
C°([0,T], L*(€;)), and that

s\ (@,0) = ¥\ ()8 (pini (), forae. x € Q.
The inequality

155 £) = S0 ) 320, < &+ 10578500, 1) = 0800, ) 320
proves that S;(p(-,-)) € C°([0,T], L*(Q;)), that

Si(p(+,0)) = Sj(pini(x)), forae. x € Qy,
and that

}i_{% 155 (p(+,t)) = S (Pini) | L2(;) = O

We now remark that, from (17), we deduce that [, ®(x)S(x, p(x, -))de € W1((0,T)) and therefore that [, ®(x)S(z, p(z, -))dx €
C([0, 7)), showing the existence of L = lim;_g Jo ®(x)S(z, p(a, t))dzx. Since the function S; is nondecreasing its in-
verse function S](-fl) is defined almost everywhere on D; := |J 4 pcr[S;(A), Sj(B)]. We then denote

~i(s) = / STV ()dt, vs € ;.
S;(0)
Note that the function ; is nonnegative and continuous, and that

gj(‘l) =,(5;(q)), Vg € R.

SInce S(-,p) € C°([0,7T); L?(2)) and S(z,p(x,0)) = S(x,pmi(x)) for ae. = € Q, we deduce by dominated
convergence that for all n € N,

}il% ®(x) min(S(z, p(x, 1)), n)dzx = / & () min(S(x, pini (z)), n)dez,
Q Q
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which shows that
L> / ® () min(S(x, pini(z)), n)de, Vn € N.
Q
By monotonous convergence, we get that

L> sup/ﬂ@(w) min(g(w,pini(w)),n)dw:/S)@(w)g(w,pini(w))dw,

neN

which provides (20). Now taking ¢ € C°([0,27T), R") and h small enough such that the support of ¢ be included in
[0,2T — h), and using

RS

/ / %, ple, 1))z (p(t) — p(t + h))dt — f/ | 2@)S(ept 0))dzplt -+ .

S(a, p(x, 1)) — S(a, p(x,t — h)))dwp(t)dt

D\'—‘

and

2T
/ / )2 (S, p(a, 1)) — S(a,pla, t — )@~ ) (@)dap(r)dr
/ / (e, pla, 1)) (8 — 0)(@)doy (9(1) — p(t + )t
_74 / S(@, ple, ) (@ — o) (@)dap(t + h)dt,

the same reasoning as that of the proof of Lemma 3.1 allows to conclude the proof of (21).

Let us now state a discrete property.

Lemma 3.3 Under Hypotheses (4), let D be a space-time gradient discretisation in the sense of Definition 5.10. Let
u, v be such that Scheme (8), p = u — v and let pp be the function equal to p(t™)) on the interval (t) t("+1), for all
n=0,...,N —1; then

2T _
/ o (t) / O(x) (S(m,npp(m))np(ap — ip)(x) — S(mﬂpp(m,t))) dacdt
0 Q
+(0) / o (@) (S, Mop® (@)l (iip — vp)(@) - S(@, Tpp¥(@))) da
2T
+ / (1) /Sgkl(S(pr))A(VDu + 1) Vo(u— ip) + ka(STpp)) A (Vv + g2) Vo (v — 5p)) dadt
0
2T
< / cpp(t)/(flﬂp(u —tip) + follp(v — vp))dzdt, Vo € C([0,27),R1). (22)
0 Q
Proof. As in the proof of Lemma 2.2, we introduce w = &%) (y(m+1) — aND)go(t(")) and &3 (p(n+D)

op)p(t(™) as test functions in Scheme (8), and we use the same inequality concerning S. [

We may now state the strong convergence of the scheme.

Theorem 3.4 (Strong convergence of the numerical scheme) Under the same hypotheses as those of Theorem 2.7, there
exists u,v € (L2(Q x (0,7)))? and p = u — v such that, up to a subsequence,

1. (TIlp,, Um, Up,, vy) converges in L2(2 x (0,T))? to (u,v) as m — o,
2. (Vp,, Um, Vp,, vn) converges in (L2(2 x (0,T))%)? to (Vu, Vv) as m — o,
3. sp,, converges in L>(Q x (0,T)) to s such that s(x,t) = S(z,p(x,t)), for a.e. (x,t) € Q x (0,T) as m — o0,

and (u,v) is a weak solution of Problem (5).
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14 R. Eymard, C. Guichard, R. Herbin, and R. Masson: Gradient schemes for two-phase flow

Proof. We first apply Theorem 2.7, which shows the weak convergence properties for (Ilp,, tm, IIp, vp,), and the
strong one for sp_, . Since we have

I I _|rb / b ar b 2 1/2
155(@) = 5500 = | [,/ a8} (@)da| < (I Sj(a)da [ 4*S}(a)dq)
1/2
< (LslS; () = S (@p* — a?1/3)'"",
we have, thanks to the Young inequality, for p,q € L?(),

[ 18 pta) - Saatanlae < ( [ It »—ﬂamwwwﬂw

) </Q <3S|p(m)3q(m)3|)2/3dm>3/4 (23)

2T
lim L/W@Jbum@Jﬂ—ﬂ%M%ﬂWM&=Q
Q

m— 00 0

Therefore, we may write

and

lim |S(:B Ip, p9(x)) — S(z, pini (z))|dz = 0.

m—00

Therefore, we may pass to the limit sup as m — oo in (22) and subtract (21). We thus obtain

—ﬂm/¢()@pm@ﬂ

+lim sup/ @Dm / HDmp )AVDm U, * VD, Um + k2 (S(Hpmp))AVDm U - VD, ’Um) dxdt
m— oo Q
< (0L / / VAV - Vi + by (S(p) AV - Vo) dasdl.
Q

Using (20), we obtain

2T
lim sup/ YD, (t) / (kl (S(HD,HP))AVD,” Um * va U, + k‘Q(S(HDmp))AVDm’Um VDm ’Um) dadt
0 Q

m—0o0

T
< / o(t) / (k1 (S(0)) AV - Vi + ks (S(p)AVD - Vo) dazdt.
0 Q

On the other hand, standard properties for weak convergence show that

oT
lim inf op,, (t) / (k1(S(Ilp,, p))AVp, U, - Vo, tm + ko(S(Up,,p))AVp, Uy - Vp, vp,) dedt
Q

m—0o0 0

> / 99(15)/ (k1(S(p))AVu - Vu+ ko (S(p)) AV - Vo) dadt,
0 Q

which proves that

2T
mlf W%m/lmwmm@mvmwwvmwm+@wmm@mvmwwvawm¢Mt
0 Q

m—0o0

2T
= / ga(t)/ (k1(S(p))AVu - Vu + ko (S(p))AVv - Vo) dedt.
0 Q
We then get that
2T
i [ op, ) [ (K(SUI, p)AT, 0~ Vi) (V5,1 — V)
k2 (ST, 2)A(VD,, 0 = V0) - (Vp,, 0 — Vo) )dadt =0,

which concludes, taking ¢(t) = 1 on [0,7], the proof of the strong convergence of the approximate gradients. The
coercivity hypothesis implies the strong convergence of the approximate functions. O
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4 Numerical examples

In the numerical tests proposed in this section, we use the Vertex Approximate Gradient scheme, denoted VAG, introduced
in [13] and developed for compositional multiphase flows in porous media in [14]. Following the gradient scheme frame-
work, we first recall the construction of the VAG scheme, then we present several numerical experiments which are focused
on the simulation of oil migration in a basin with discontinuous capillary pressures. Such problems are widely used in
petroleum engineering for basin modeling in order to simulate the oil trapping. The aim of this section is first to validate
the scheme presented previously, by comparison with a classical upwind approximation of the mobility terms widely used
in the oil industry. More precisely, we compare the centred approximation of the relative permeabilities corresponding to
our scheme (8), with an upwind first order approximation of the relative permeability of each phase with respect to the sign
of the phase Darcy flux (see [2, 18], and [14] in the framework of the VAG scheme). A second objective is to assess the
hypothesis (4g) by comparison of the results obtained with k,;;, > 0 with those obtained in the limit case k,;, = 0 which
matches the physical model.

4.1 The Vertex Approximate Gradient scheme

In the VAG scheme, a primary mesh polyhedral M is given. We assume that each element K € M is strictly star-shaped
with respect to some point x . We denote by £ the set of all interfaces KNL, forall neighbors of K denoted by L € M
and, for a boundary control volume, £ also contains the element K N OQ. Each o € £ is assumed to be the reunion of
d — 1 simplices (segments if d = 2, triangles if d = 3) denoted 7 € S,. We denote by V,, the set of all the vertices of o,
located at the boundary of o, and by Vg the set of all the internal vertices of 0. We assume that, for all v € Vg, there exists
coefficients (o) zey, , such that

v= Z oFx, with Z of =1.

zeVs z€Vs

Therefore, if d = 2 we can simply take V2 = () and the d vertices of any 7 € S, are elements of V9 U V,. We denote by

v=) U V-

KeMoelk

Forany K € M, 0 € €k, 7 € S,, we denote by Sk, the d-simplex (triangle if d = 2, tetrahedron if d = 3) with vertex
x g and basis 7.

e We then define Xp as the set of all families u = ((ux) ke m, (Up)vey) and Xp o the set of all families u € Xp such
that u,, = O forallv € V N 9N.

e The mapping IIp is defined, for any v € Xp, by [Ipu(x) = ug, forae. x € K.

o The mapping Vp is defined, for any u € Xp, by Vpu(z) = Gk -, forallo € Ex and T € S, and fora.e. « € Sk -,
where Gk » € R is the gradient of the affine function whose values are ux at i, u, at any vertex v of 7 which
belongs to V,, and ) |y, aju, atany vertex v of 7 which belongs to VO,

In the case of multiphase flows simulations, we define, between a cell and one of its vertices, a Darcy fluxes of a phase as
described in details in [14]. The advantage of this scheme is that it allows to eliminate all values (ug ) ke A With respect to
the values (uy)vey, leading to linear systems which are well suited to domain decomposition and parallel computing.

4.2 A one dimensional test

The objective of this first test case is to study numerically the theoretical models introduced in this paper, in a framework
where the set J includes two elements. Such tests have been the object of theoretical and numerical works [4, 5, 12].
We consider an immiscible incompressible two phase flow in the domain 2 = (0, 100) (oriented upwards in the vertical
direction), and we consider J = {a, 8} with Q, = (0,50) and Q3 = (50,100). The porosity ®(x) = 0.1, and the
permeability A(z) = 107'2Id are homogeneous and the same for both subdomains. The mobility functions of the two
phases, say respectively oil and water, are given by

k min 1-—- k min
ko (x, s) = S+ Fmin g ko, s) = L= 8+ Fmin
M1 H2
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where p;, ¢ = 1,2, is the viscosity of the phase ¢ such that 1y = 0.005 and po = 0.001, and kry;y, is a strictly positive real
in order to check the hypothesis (4g) and the influence of its value is discussed below. The vectors g; are given by g; = p;g
where g is the gravity vector (with ||g|| = 10) and p; is the phase density with p; = 800 and p2 = 1000. The functions S;,
which are the reciprocal functions of the capillary pressure of each subdomain, are defined by

— b,
S;(q) = min(max(1—"20),1), (24)
aj
with aq, = ag = 10, b, = 0 and bg = 0.5 1075, The Dirichlet boundary conditions v(0,%) = v and u(0,t) =
vo + 0.3a, + by, are imposed at = 0, and the Dirichlet boundary conditions v(100,¢) = vy — 100gy and «(100,¢) =
v(100,t) + bg are imposed at = 100, for a given value vy (the problem being independent of this value). The initial
difference of the two pressures is defined by

() = 0.3aq + b, ifxeQ,,
Pini - bﬂ ifx e Qg.

We also compute an approximate solution to Richards equation (1b)-(6), which is expected to provide results comparable
to the full two-phase flow problem, since the water phase is the most mobile. Indeed we see in the numerical results below
that in the full two-phase flow problem, the water saturation remains sufficiently high, which is leading to nearly constant
pressures with respect to the time variable.

Two grids are used for the computations, a coarse grid with 20 cells, and a finer grid with 80 cells and two differents
approximations of the mobility terms are considered, the centered scheme and the upwind one. Figures 1 and 2 compare at
a given time the solutions obtained for the oil saturation sp along the vertical axis.

0.5 T T 0.7
%Tmm ]{é é
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03 7 04 i
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Fig. 1 Oil saturation along the z axis after 15 and 60 days of simulation obtained for the centered scheme and the upwind scheme
denoted by “up.”.

Due to the imposed pressure at the boundaries, it is known that the oil should move to the top subdomain {23 provided
that the capillary pressures can achieve continuity at the interface, meaning here that the jump of the oil saturation sp at the
interface must reach the value 0.5 before oil can move into the upper part. This is not achieved after 15 days of simulation,
but is obtained at 60 days. We can observe that the results obtained with the upwind scheme and the centered scheme are
very close, weakly dependent of the value of kr,;,, and that they are already accurate on the coarse grid. As expected, the
results obtained using the approximation of Richards equation are also close to that provided by the approximation of the
full two-phase flow problem, as long as kr,;, remains sufficiently high.
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Fig. 2 Oil saturation along the z axis after 15 and 60 days of simulation obtained for the centered scheme and Richards denoted by
“R

4.3 Oil migration in a 2D basin with two barriers

We consider the simulation of the oil migration process, within a 2D cross section Q& = (0,L) x (0,H), H = L =
100 m (see Figure 3). We denote by (z,y) the Cartesian coordinates of . We let again J = {«, 8}, with A(xz) =
1.107*2Id®(x) = 0.1 and

2 k min 1-—- 2 k min
b, s) = R (e, s) = B8 i
41 H2

where p;, ¢ = 1,2, is the viscosity of the phase 4 such that 3 = 0.005 and pe = 0.001, and krpi, is a positive real
value discussed below. The vectors g; are given by g; = p;g where g is the gravity vector (with ||g|| = 10) and p; is
the phase density with p; = 800 and p, = 1000. and the functions S;(p) are given as in the 1D test case by (24) with
aq = ag=10"5,b, = 0and bg = 0.5 10"5.

Neumann homogeneous boundary conditions are imposed at the right and left sides of €2 and Dirichlet boundary
conditions are imposed on the top and bottom sides with v(z, H,t) = 8.10° Pa, u(z, H,t) — v(x, H,t) = b, Pa,
v(x,0,t) = v(z, H,t) + p2gH Pa, u(z,0,t) — v(x,0,t) = an + bs Pa (input oil). The initial condition is defined by
pini(w) = bj,j S Qj,j c J.

The solution is first computed with the upwind scheme using k7, = 0 on a uniform Cartesian coarse grid of size
16 x 16 exhibited in Figure 4. In that case the capillary pressure is not uniquely defined and can be viewed as a multivalued
function (see [6], and [4]). In order to obtain a unique discrete solution and to solve the nonlinear system at each time step,
the discrete capillary pressure at cell centres (x = xx, K € M) and at the vertices (x € V) will be projected on the
interval [ming;c 7| zeq,y bj MaXgjc | zeq,y bj + a5l

The oil saturation sp is plotted at different times in Figure 4 on the submesh obtained by joining the midpoints of the
successive edges of each cell. This submesh enables to plot all the values of sp at a fixed time. Figure 4 clearly shows that
the discrete oil saturation sp satisfies the jump condition at the interface between the two rocktypes both at the entry and
at the exit of the barriers. The comparison of sp on the coarse grid at final time Figure 4 with the solutions sp obtained on
the refined meshes Figure 5 shows that the solution is already accurate on the coarse grid and that the results obtained on
the Cartesian, quadrangular, and triangular fine meshes are very close.
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Fig. 3 Test case with two barriers with rocktype (3 in the barrier and rocktype « outside.
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Fig. 4 Cartesian mesh and discrete oil saturation sp at successive times computed with the upwind scheme and krmin = O on the
16 x 16 uniform Cartesian grid.

Next, we compare Figure 6 the discrete oil saturation sp obtained at final time on the 64 x 64 Cartesian grid for different
values of krp;,. It shows that the the solution sp obtained for ki, = 1073 is already very closed to the one obtained for

krmin =0.
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4.4 Oil migration in a 2D basin with random capillary pressure

The objective of this test case is to show the ability of the scheme to deal with many different rocktypes. The data for k;,
gi, A and ® are the same as in the previous example. The capillary pressure curves are given by

q —~(x)10°

S(z, q) = min(max( 107

,0),1),

where ~ is a cellwise constant function with values chosen randomly in each cell in the interval [—1, 1]. Note that negatives
values of v imply a change of wettability between the oil and water phases. As above we impose Neumann homogeneous
boundary conditions on the right and left sides of €2 and Dirichlet boundary conditions on the top and bottom sides with
v(z,H,t) = 8.10° Pa, u(x, H,t) — v(z, H,t) = v(z, H)10° Pa, v(z,0,t) = v(z,H,t) + pagH Pa, u(x,0,t) —
v(z,0,t) = (1 + v(z,0))10° Pa (input oil). The initial condition is defined by pii(z) = ~(x)10°. We can check
in Figure 7 that the discrete oil saturation sp follows mainly the paths of minimum ~y(x). We see on this test case the
efficiency of the Vertex Approximate Gradient scheme and of the pressure formulation provided in this paper for handling
the case of capillary-driven two-phase flow in random porous media, which represents for example the case where the
values in each cell are generated by a homogenization process.

4.5 Oil migration in a 3D basin with barriers

This case is a 3D extension of the 2D case with again two roctypes J = {«, 3}. The mesh of the domain Q C (0,100m)>3
exhibited Figure 8 is hexahedral with degeneracies of some hexahedra due to erosion leading to the collapse of up to three
vertical edges of the cell. It includes three barriers of rocktype 3 exhibited in red in Figure 8. The remaining of the domain
is of rocktype . Note that the barrier located in the middle of the domain extends on the full domain horizontally while
the two others extend only on the right horizontal side of the domain. The boundary conditions are the same as for test case
4.3 except on the bottom side for which oil is injected only on the right side below the first barrier.

The functions S;, j € J are still defined by (24) with modified parameters a, = ag = 1075, b, = 0 and bg = 1.5 1075,
and the densities are changed to p; = 850, pa = 1000. Other parameters are unchanged compared with test case 4.3. With
this choice of the functions S;, j € J, the oil saturation can pass through the barrier only if it reaches 1 below the barrier
and if the difference of pressure u — v roughly given by (p2 — p1)gh + aq + be is larger than bg where & is the vertical
distance between the barrier and the bottom side. It results that oil will not go through the first barrier due to insufficient
gravity load but can go through the second and the third ones.

This is what is observed in Figure 9 which exhibits the discrete oil saturation at final simulation time obtained for
kTmin = 0 with the upwind scheme.

Figure 10 shows the diffusive effect of the parameter kr.,;, which has a larger impact on the solution in that test case
than in the previous ones due to the low saturation values at the exit of the barriers and to the large simulation time.

5 Conclusions

We have proved the convergence of a large class of numerical methods for the two-phase flow problem. Our study includes
the study of an extended Richards problem which is shown, in numerical examples taken from the oil engineering frame-
work, to give a precise approximation of the full two-phase flow problem. Other applications of the gradient schemes, such
as the case of the Stefan problem, are actually developped in ongoing works. It is important to underline that the proof of
general gradient schemes are not available in cases where the estimates require the multiplication of the equations by non-
linear functions of the terms whose discrete gradient is taken (like for example in the case of discontinuous capillary forces,
or like in the study of the two-phase flow problem without a hypothesis on a minimum value for the relative permeabilities,
or, equivalently, on the range of the saturation function).

Appendix: gradient schemes for diffusion problems
A gradient scheme can be viewed as a general nonconforming approximation of elliptic or parabolic problems. We begin
with the discrete elements used for space partial differential equations.

Definition 5.1 (Gradient discretisation) A gradient discretisation D for a space-dependent second order elliptic prob-
lem, with homogeneous Dririchlet boundary conditions, is defined by D = (Xp, IIp, Vp), where:

1. the set of discrete unknowns Xp is a finite dimensional vector space on R, and Xp g C Xp stands for the subspace
of Xp devoted to the approximation of the homogeneous Dirichlet elliptic problem,
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2. the linear mapping IIp : Xp — L2(2) is the reconstruction of the approximate function,

3. the linear mapping Vp : Xp — L2?(Q)9 is the discrete gradient operator. It must be chosen such that || - ||p :=
VD - || £2(q)e is anorm on Xp o.

Remark 5.2 Let us notice that ||IIp - || 12(q) is not requested to be a norm on Xp . Indeed, in many examples that can
be considered, some degrees of freedom are involved in the reconstruction of the gradient of the function, but not in that of
the function itself.

Definition 5.3 (Coercivity) Let D be a gradient discretisation in the sense of Definition 5.1, and let Cp be the norm of
the linear mapping IIp, defined by

[TIpv| L2 (q)

Cp =
vEXD.0\{0} lv]|p

(25)

A sequence (D, )men of gradient discretisations is said to be coercive if there exists Cp € R, such that Cp,, < Cp for
allm € N.

Remark 5.4 (Discrete Poincaré inequality.) Equation (25) yields |[TIpv]|z2(0) < Cp||Vpv|12(q)e-
The consistency is ensured by a proper choice of the interpolation operator and discrete gradient.

Definition 5.5 (Consistency) Let D be a gradient discretisation in the sense of Definition 5.1, and let Sp : H*(Q2) —
[0, +00) be defined by

Y € H&(Q) , Sp(p) = min (||Hpv — @2 + Vo — V(pHLz(Q)d) . (26)

veEXp,o
A sequence (D,,)men of gradient discretisations is said to be consistent if, for all ¢ € Hg(€2), Sp,, () tends to 0 as
m — OQ.

Since we are dealing with nonconforming methods, we require a “limit-conformity” of the method, i.e. that the dual of
the discrete gradient be “close to” a discrete divergence in the following sense.

Definition 5.6 (Limit-conformity) Let D be a gradient discretisation in the sense of Definition 5.1. We let Hg;, (Q2) =
{p € L2(Q)4,dive € L2(Q)} and Wp: Hg;, (2) — [0, +00) be defined by
1

\V/ H iv Q ’ W = lullp
¢ € Haw(), Wolp) = max oo

/Q(Vpu(x) - p(x) + Hpu(x)dive(x)) dz| . 27

Note that for a conforming method such as the linear finite element method, one as Wp () = 0. A sequence (D, )men of
gradient discretisations is said to be limit-conforming if, for all p € Hg;, (Q2), Wp_ () tends to 0 as m — oo.

Dealing with generic non-linearity often requires compactness properties on the scheme.

Definition 5.7 (Compactness) Let D be a gradient discretisation in the sense of Definition 5.1, and let Tp : R? — R+
be defined by

||HD’U( + 5) - H'DUHLZ(Rd)

VEeRY, T = X
¢ o) = max, [vlp

(28)

where IIpv has been extended by 0 outside €2.
A sequence (D, )men of gradient discretisations is said to be compact if the following uniform limit holds:

lim sup Ip, (§) =0.
|€]1—0 meN ( )

Thanks to [13, Lemma 2.4], we may check the consistency and limit-conformity properties of given gradient schemes,
using only dense subsets of the test function spaces. The following lemma is an immediate consequence of [13, Lemma
2.4].

Lemma 5.8 (Sufficient conditions) Let F be a family of gradient discretisations in the sense of Definition 5.1. Assume
that there exist C,v € (0,00) and, for all D € F, a real value hp € (0, 400) such that:

Cp < C, (292)
Sp(p) < Chp|pllwz.~(q), forall ¢ € C°(12), (29b)
Wn(p) < Choll@llwr.aye, forall ¢ € CZ(RY)?, (29¢)
Tp (&) < CI€|”, forall € € RY, (29d)
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where Cp, Sp, Wp and Tp are defined by (25)-(28).

Then, any sequence (Dp,)men C F such that hp,, — 0 as m — oo is coercive, consistent, limit-conforming and
compact.

Remark 5.9 In several cases, hp stands for the mesh size: this is the case for the numerical schemes used in Section 4.

Definition 5.10 (Space-time gradient discretisation) Let €2 be an open subset of R?, with d € N* and let T > 0 be
given. We say that D = (Xp,p, Vp, (t("))nzo,m,N) is a space-time gradient discretisation of © x (0, 7T) if

e (Xp,IIp,Vp) is a gradient discretisation of €2, in the sense of Definition 5.1,
e 1O =0<t® <tV =T

We then set &"12) = ¢(+1) ¢ forp =0,...,N — 1, and &p = MaXp—0, .. N—1 A2

Definition 5.11 (Space-time consistency) A sequence (D,,)men of space-time gradient discretisations of Q x (0,7,
in the sense of Definition 5.10, is said to be consistent if it is consistent in the sense of Definition 5.5 and if &p,, tends to
0as m — oo.

Definition 5.12 (Piecewise constant function reconstruction)

LetD = (Xp,lp, Vp, (t(”))nzoy_”N) be a space-time discretisation in the sense of Definition 5.10, and I be the finite
set of the degrees of freedom, such that Xp = R. We say that IIp is a piecewise constant function reconstruction if
there exists a family of open subsets of (2, denoted by (K;);cy, such that Uie IE =0, K NK = () forall ¢ # j, and
Hpu =), c;uiXk, forall u = (u;)ier € Xp, where x, is the characteristic function of ;.

Remark 5.13 We do not require that there exists j = 1,...,J such that K; C ;.

Remark 5.14 An important example of space-time discretisation D = (Xp, IIp, Vp, (t("))nzo,m’ ~) in the sense of
Definition 5.10, such that IIp is a piecewise constant function reconstruction in the sense of Definition 5.12, is the case of
the mass-lumping of conforming finite elements. Indeed, assuming that (&;);c; is the basis of some space V;, C H}(Q),
we consider a family (K;);c s, chosen such that

1Y ik, = Y wiill ey < bl wiVEl 2y, Yu € Xp.

el i€l i€l

We then define I1p as in Definition 5.12, and Vpu = Zie 1 u;V&;. In the case of the linear P! conforming finite element,
the reconstruction is obtained by splitting each simplex in subsets defined by the highest barycentric coordinate, defining
K; as the union of the subsets of the simplices connected to the vertex indexed by 4.

Remark 5.15 Let D = (Xp,p, Vp, (t("))nzo,_“, ~) be a space-time discretisation in the sense of Definition 5.10
such that IIp is a piecewise constant function reconstruction in the sense of Definition 5.12. Note that we have the two
important following properties:

g(Ilpu(x)) = Upg(u)(x), forae. x € Q, Yu € Xp, Vg € C(R), (30)

where for all continuous function g € C'(R) and v = (u;);e; € Xp, we classically denote by g(u) = (g(u;))ier € Xp
and

Hpu(x)lpv(x) = Up(uv)(x), forae. ¢ € Q, Yu,v € Xp, (€29

where, for u = (u;);er and v = (v;);e1 € Xp, we denote by uv = (u;v;);er € Xp.
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Fig. 5 Comparison of the discrete oil saturation sp at final time computed with the upwind scheme and k7rmin = O on the uniform
Cartesian 64 x 64, grid, a random quadrangular 64 x 64 mesh, and a triangular mesh with 7297 nodes.
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Fig. 6 Comparison of the discrete oil saturation sp at final time on the uniform Cartesian 64 x 64, mesh computed with the upwind
scheme and different values of kmin = 1071, 1072, 10~2 from left to right.
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Fig. 7 Cellwise constant parameter ~y for the rocktype on the triangular mesh with 7297 nodes (left) and discrete oil saturation sp
computed with the upwind scheme for krmin = 0 with this random capillary pressure.
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Fig. 8 Hexahedral mesh (with degeneracies of some hexahedra due to erosion) of the domain with the three barriers in red (rocktype
in the red barriers and « outside the barriers).

Fig. 9 Discrete oil saturation sp at final time computed with the upwind scheme and krmin = 0. On the right side plot of the oil
saturation at final time for sp > 0.05
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Fig. 10 Plot of the oil saturation at final time for sp > 0.05 computed with the upwind scheme and k7min = 1073 (left) and
Ermin = 1074 (right).
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