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Abstract

Simply connected 3-dimensional homogeneous manifolds E(x, 7), with 4-dimen-
sional isometry group, have a canonical Spin® structure carrying parallel or Killing
spinors. The restriction to any hypersurface of these parallel or Killing spinors
allows to characterize isometric immersions of surfaces into E(k, 7). As applica-
tion, we get an elementary proof of a Lawson type correspondence for constant
mean curvature surfaces in E(x, 7). Real hypersurfaces of the complex projective
space and the complex hyperbolic space are also characterized via Spin® spinors.

Keywords: Spin® structures, Killing and parallel spinors, isometric immersions, Law-
son type correspondence, Sasaki hypersurfaces.
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1 Introduction

It is well-known that a conformal immersion of a surface in R? could be characterized
by a spinor field ¢ satisfying
Dy = Hoy, (1)

where D is the Dirac operator and H the mean curvature of the surface (see [12] for
instance). In [4], Friedrich characterized surfaces in R? in a geometrically invariant
way. More precisely, consider an isometric immersion of a surface (M2, g) into R3.
The restriction to M of a parallel spinor of R? satisfies, for all X € T'(T'M), the
following relation

1
Vxp=-—31IX ey, )

where V is the spinorial Levi-Civita connection of M, “e” denotes the Clifford multi-
plication of M and I1 is the shape operator of the immersion. Hence, ¢ is a solution



of the Dirac equation (1) with constant norm. Conversely, assume that a Riemannian
surface (M?, g) carries a spinor field ¢, satisfying

1
Vxp = —§EX °y, (3)

where I is a given symmetric endomorphism on the tangent bundle. It is straightfor-
ward to see that ¥ = 2¢¥. Here (¥ is a field of symmetric endomorphisms associated
with the field of quadratic forms, denoted also by ¢¥, called the energy-momentum
tensor which is given, on the complement set of zeroes of ¢, by

(P(X) =R <X e Vo, i> ,
|ol?
for any X € ['(T'M). Then, the existence of a pair (¢, ) satisfying (3) implies that
the tensor £/ = 2/% satisfies the Gauss and Codazzi equations and by Bonnet’s the-
orem, there exists a local isometric immersion of (M?, g) into R® with E as shape
operator. Friedrich’s result was extended by Morel [16] for surfaces of the sphere S?
and the hyperbolic space H?.

Recently, the second author [25] gave a spinorial characterization of surfaces iso-
metrically immersed into 3-dimensional homogeneous manifolds with 4-dimensional
isometry group. These manifolds, denoted by E(x, 7) are Riemannian fibrations over
a simply connected 2-dimensional manifold M? (k) with constant curvature x and bun-
dle curvature 7. This fibration can be represented by a unit vector field £ tangent to the
fibers.

The manifolds E(k, 7) are Spin having a special spinor field ¢. This spinor is
constructed using real or imaginary Killing spinors on M? (k). If 7 # 0, the restriction
of 1) to a surface gives rise to a spinor field ¢ satisfying, for every vector field X,

1
Vxp=—311X 00+ i%X G i%g(X, T\T ¢ + i%fg(X, 7). @)

Here o = 27—, f is areal function and T'is a vector field on M such that § = T+ fv
is the decomposition of ¢ into tangential and normal parts (v is the normal vector field
of the immersion). The spinor © is given by ¥ := ¢ — ¢~, where ¢ = ¢ + ¢~ is
the decomposition into positive and negative spinors. Up to some additional geomet-
ric assumptions on 7" anf f, the spinor ¢ allows to characterize the immersion of the
surface into E(k, 7) [25].

In the present paper, we consider Spin® structures on E(x, 7) instead of Spin struc-
tures. The manifolds E(x, 7) have a canonical Spin® structure carrying a natural spinor
field, namely a real Killing spinor with Killing constant 7. The restriction of this
Killing spinor to M gives rise to a special spinor satisfying

1
Vxp=—1IXep+ z’%X ..



This spinor, with a curvature condition on the auxiliary bundle, allows the characteriza-
tion of the immersion of M into E(x, 7) without any additional geometric assumption
on f or T (see Theorem 1). From this characterization, we get an elementary spino-
rial proof of a Lawson type correspondence for constant mean curvature surfaces in
E(k, T) (see Theorem 2).

The second advantage of using Spin® structures in this context is when we con-
sider hypersurfaces of 4-dimensional manifolds. Indeed, any oriented 4-dimensional
Kihler manifold has a canonical Spin® structure with parallel spinors. In particular, the
complex space forms CP? and CH?. Then, using an analogue of Bonnet’s Theorem
for complex space forms, we prove a spinorial characterization of hypersurfaces of the
complex projective space CP? and of the complex hyperbolic space CH?2. This work
generalizes to the complex case the results of [16] and [13]. Finally, we apply this
characterization for Sasaki hypersurfaces.

Acknowledgement: Both authors are grateful to Oussama Hijazi for his encourage-
ments, valuable comments and relevant remarks.

2 Preliminaries

In this section we briefly introduce basic facts about Spin® geometry of hypersurfaces
(see [14, 15, 5, 20, 21]). Then we give a short description of the complex space form
M2 (c) of complex dimension 2, the 3-dimensional homogeneous manifolds with 4-
dimensional isometry group E(x, 7) and their hypersurfaces (see [2, 26]).

2.1 Hypersurfaces and induced Spin°® structures

Spin® structures on manifolds: Let (1", g) be a Riemannian manifold of dimension
n > 2 without boundary. We denote by Pso, M the SO,,-principal bundle over M of
positively oriented orthonormal frames. A Spin® structure of M is a Spin; -principal
bundle (Psyine M, 7, M) and an S'-principal bundle (Ps: M, 7, M) together with a dou-
ble covering given by 6 : Pepine M — Pso, M X pr Ps1 M such that 6(ua) = 0(u)(a),
for every u € Pspine M and a € Spinj,, where ¢ is the 2-fold covering of Spin;,
over SO,, x S'. Let XM := Pspine M %, ¥, be the associated spinor bundle where
Yy = C?? and Pn : Spin;, — End (3,,) denotes the complex spinor representation.
A section of X M will be called a spinor field. The spinor bundle XM is equipped with
a natural Hermitian scalar product denoted by (., .).

Additionally, any connection 1-form A : T'(PsiM) — iR on Psi M and the con-
nection 1-form w* on Pso, M, induce a connection on the SO,, x S!-principal bundle
Pso, M X Psi M, and hence a covariant derivative V on I'(X M) [5, 21]. The curva-
ture of A is an imaginary valued 2-form denoted by Fx = dA, i.e., F}4 = i€}, where ()



is a real valued 2-form on P M. We know that ) can be viewed as a real valued 2-
form on M [5, 11]. In this case i2 is the curvature form of the auxiliary line bundle L.
It is the complex line bundle associated with the S!-principal bundle via the standard
representation of the unit circle. For every spinor field 1, the Dirac operator is locally
defined by

Dy =73 e Ve,
j=1

where {ey,...,e,} is a local oriented orthonormal tangent frame and “-” denotes the
Clifford multiplication. The Dirac operator is an elliptic, self-adjoint operator with
respect to the L?-scalar product (.,.) = [}, (.,.) v, and verifies, for any spinor field ¢/,
the Schrodinger-Lichnerowicz formula

D*)p = V*V + iS@b + %Q -, ()

where S is the scalar curvature of M, V* is the adjoint of V with respect to (.,.)
and €2- is the extension of the Clifford multiplication to differential forms. For any
X € I'(T'M), the Ricci identity is given by

S ek Rlew, X = JRie(X) -4 — L(X9) -0, ©)
k=1

where Ric is the Ricci curvature of (M™, g) and R is the curvature tensor of the spino-
rial connection V. In odd dimension, the volume form w¢ := z'[n;l]el - ...+ €, acts on
Y M as the identity, i.e., we - ¥ = 1 for any spinor ¢ € I'(3XM). Besides, in even
dimension, we have w? = 1. We denote by X% M the eigenbundles corresponding to
the eigenvalues +1, hence XM = XTM @ ¥~ M and a spinor field ) can be written

1) = 1" 4 1~. The conjugate 1) of 1/ is defined by ¢ = ¢+ — ~.

Every spin manifold has a trivial Spin® structure [5]. In fact, we choose the trivial
line bundle with the trivial connection whose curvature i) is zero. Also every Kihler
manifold M of complex dimension m (n = 2m) has a canonical Spin® structure com-
ing from the complex structure J. Let x be the Kihler form defined by the complex
structure J, i.e. X (X,Y) = ¢g(JX,Y) for all vector fields X,Y € I'(TM). The
complexified tangent bundle 7M = TM ®g C decomposes into

T°M =T, oM @& Ty, M,

where T oM (resp. Tp 1 M) is the i-eigenbundle (resp. —i-eigenbundle) of the complex
linear extension of the complex structure. Indeed,

TyoM =Ty, M ={X —iJX | X e (TM)}.
Thus, the spinor bundle of the canonical Spin® structure is given by

SM =AM =@ N (T5 M),
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where T, M is the dual space of T ; M. The auxiliary bundle of this canonical Spin®
structure is given by L = (Ky)™' = A™ (T, M), where Ky, = A™(T7 M) is the
canonical bundle of M [5]. This line bundle L has a canonical holomorphic con-
nection induced from the Levi-Civita connection whose curvature form is given by
i) = —ip, where p is the Ricci form given by p(X,Y) = Ric(JX,Y). Hence, this
Spin® structure carries parallel spinors (the constant complex functions) lying in the
set of complex functions A®°M < A%*M [17]. Of course, we can define another
Spin® structure for which the spinor bundle is given by A*M = Sy A" (T (M) and
the auxiliary line bundle by K;. This Spin® structure will be called the anti-canonical
Spin® structure [5].

Spin© hypersurfaces and the Gauss formula: Let /V be an oriented (n+1)-dimensional
Riemannian Spin® manifold and M C N be an oriented hypersurface. The manifold
M inherits a Spin® structure induced from the one on NV, and we have [21]

XNy, if n is even,
UM ~
YN,  ifnisodd.

Moreover Clifford multiplication by a vector field X, tangent to M, is given by

X.¢:(X'V'w)|M7 (7

where ¢ € T(XN) (or ¢p € T(XTN) if n is odd), ¢ is the restriction of ¢ to M,
“.” is the Clifford multiplication on N, “e” that on M and v is the unit inner normal
vector. The connection 1-form defined on the restricted S*-principal bundle (Psi M :=
PgN,,,,m, M), is given by A = AN, : T(PsM) = T(Ps:N)|,, — iR. Then the
curvature 2-form i) on the S'-principal bundle P M is given by iQ = i©Q2"|, , which
can be viewed as an imaginary 2-form on M and hence as the curvature form of the
line bundle L, the restriction of the auxiliary bundle LY to M. For every 1) € T'(XN)
(¢ € T(XTN) if n is odd), the real 2-forms €2 and QY are related by [21]

QY ), = Qe — (12QN) e ¢ (8)

We denote by V> the spinorial Levi-Civita connection on ¥ N and by V that on ¥ M.
For all X € I'(T'M), we have the spinorial Gauss formula [21]:

(V) = Vxo + %HX 0, 9)

where 11 denotes the Weingarten map of the hypersurface. Moreover, Let D" and D
be the Dirac operators on N and M, after denoting by the same symbol any spinor and
its restriction to M, we have

Dé=SHo—v-DVo— ViV, (10)

where H = +tr (1) denotes the mean curvature and D = Difnisevenand D =
D & (—D) if nis odd.



2.2 Basic facts about E(x, 7) and their surfaces

We denote a 3-dimensional homogeneous manifolds with 4-dimensional isometry group
by E(k, 7). It is a Riemannian fibration over a simply connected 2-dimensional mani-
fold M?(x) with constant curvature x and such that the fibers are geodesic. We denote
by 7 the bundle curvature, which measures the default of the fibration to be a Rieman-
nian product. Precisely, we denote by & a unit vertical vector field, that is tangent to
the fibers. The vector field ¢ is a Killing field and satisfies for all vector field X,

foer/\g,

where V is the Levi-Civita connection and A is the exterior product. When 7 vanishes,
we get a product manifold M?(x) x R. If 7 # 0, these manifolds are of three types:
They have the isometry group of the Berger spheres if £ > 0, of the Heisenberg group

Nilz if K = 0 or of PSLy(R) if K < 0.

Note that if 7 = 0, then ¢ = % is the unit vector field giving the orientation of R
in the product M?(x) x R. The manifold E(x,7), with 7 # 0, admits a local direct
orthonormal frame {eq, 5, 3} with

€3 = 57
and such that the Christoffel symbols ffj = Wei €j, ek> are given by
(=3 =l =3 =2
Py =Ty =-Ty=-T=r,
T =T =7— £, (1)

= =i =i =) .
Iy=T,;=I;,;=1,=0, Vije {1,2,3},

\

We call {e1, e, e3 = £} the canonical frame of E(x, 7).

Let M be a simply connected orientable surface of E(x, ) with shape operator 1/
associated with the unit inner normal vector v. Moreover, we denote £ = T + fv
where the function f is the normal component of £ and 7' is its tangential part. We
introduce the following notion of compatibility equations.

Definition 2.1 (Compatibility equations). We say that (M, (., .), E, T, f) satisfies the
compatibility equations for B(k, 7) if and only if for any X, Y, Z € T'(TM),

K =det (E) + 72+ (k — 47%) f? (12)

VxEY —VyEX —W[X,Y] = (k —47) f((Y,T)X — (X, T)Y), (13)
VxT = f(EX —1JX), (14)

df(X) = —(EX —7JX,T), (15)

where K is the Gauss curvature of M.



Remark 1. The relations (12) and (13) are the Gauss and Codazzi equations for an
isometric immersion into E(k, T) obtained by a computation of the curvature tensor of
E(k, 7). Equations (14) and (15) are coming from the fact that V x§ = 7X N E.

In [1, 2], Daniel proves that these compatibility equations are necessary and suffi-
cient for the existence of an isometric immersion F' from M into E(k, 7) with shape
operator dF o E o dF'~! and so that ¢ = dF(T) + fv.

2.3 Basic facts about M2 (c) and their real hypersurfaces

Let (MZ(c), J,g) be the complex space form of constant holomorphic sectional cur-
vature 4c # 0 and complex dimension 2, that is for ¢ = 1, MZ(c) is the complex
projective space CP? and if ¢ = —1, MZ(c) is the complex hyperbolic space CH?. It
is a well-known fact that the curvature tensor R of M2 (c) is given by

G(RX,Y)Z,W) = c{a(K 2)g(X, W) = g(X, Z)g(Y, W) +G(JY, Z)g(J X, W)

—G(JX, Z2)3(IY, W) = 25(JX,Y)G(IZ, W) },
for all X, Y, Z and W tangent vector fields to M2 (c).

Let M? be an oriented real hypersurface of MZ(c) endowed with the metric g induced
by g. We denote by v a normal unit inner vector globally defined on M and by /1 the
shape operator of this immersion. Moreover, the complex structure .J induces on M
an almost contact metric structure (X, &, 7, g), where X is the (1, 1)-tensor defined by
g(XX,Y)=9g(JX,Y)forall X, Y € I'(T'M), £ = —Jv is a tangent vector field and
n the 1-form associated with &, that is so that n(X) = ¢(§, X) for all X € I'(T'M).
Then, we see easily that the following holds:

XX =X +n(X)E, g(6¢) =1, and X¢E=0. (16)

Here, we recall that given an almost contact metric structure (X, &, 7, g) one defines
a 2-form © by O(X,Y) = ¢g(X,XY) for all X,Y € I'(T'M). Now, (X,¢,7,9) is
said to satisfy the contact condition if —20 = dn and if it is the case, (X,¢,n,9)
is called a contact metric structure on M. A contact metric structure (X,&,7,g) is
called a Sasakian structure (and M a Sasaki manifold) if £ is a Killing vector field (or
equivalently, X = V¢) and

(VxX)Y = n(Y)X — g(X,Y)E, forall X,Y € D(TM).

From the relation between the Riemannian connections of M2(c) and M, VYV =
VxY 4+ ¢g(11X,Y)v, we deduce the two following identities:

(VxX)Y = n(Y)IIX — g(IIX,Y)E, (17)



Vxé=XI1X. (18)

From the expression of the curvature of M2 (c) given above, we deduce the Gauss and
Codazzi equations. First, the Gauss equation says that for all X,Y, Z, W € I'(T'M),

gR(X,Y)Z W) = C{Q(K 2)g(X, W) = g(X, Z)g(Y, W) + g(XY, Z)g(XX, W)
—g(XX, Z)g(XY, W) — 29(XX,Y)g(XZ, W)} (19)
Vg(ITY, Z)g(IIX, W) — g(IIX, Z)g(IIY,W).
The Codazzi equation is
dVII(X,Y) = c(n(X)XY — n(Y)XX — 2g(XX,Y)E). (20)

Now, we ask if the Gauss equation (19) and the Codazzi equation (20) are sufficient to
get an isometric immersion of (M, g) into MZ(c).

Definition 2.2 (Compatibility equations). Ler (M3, g) be a simply connected ori-
ented Riemannian manifold endowed with an almost contact metric structure (X,£,1)
and E be a field of symmetric endomorphisms on M. We say that (M, g, E,X,&,n)
satisfies the compatibility equations for M2(c) if and only if for any X,Y,Z,W €
[(TM), we have

GRXYVIZW) = e{glY, 205X, V) = g(X, Z)g(Y, W) + g(XY, Z)g(%X, V)

—g(XX, Z)g(XY, W) — 2g(XX, Y )g(XZ, W) } @1

+g(EY, 2)g(EX, W) — g(EX, Z)g(EY, W),
dVE(X,Y) = c(n(X)XY —n(Y)XX — 29(XX,Y)§). (22)
(VxX)Y =n(Y)EX — g(EX,Y)E, (23)
V& =XEX. (24)

In [23], P. Piccione and D. V. Tausk proves that the Gauss equation (21) and the
Codazzi equation (22) together with (23) and (24) are necessary and sufficient for
the existence of an isometric immersion from M into MZ(c) such that the complex
structure of MZ(c) over M is given by J = X + n(-)v.

3 Isometric immersions into E(x, 7) via spinors

The manifold E(x, 7) has a Spin® structure carrying a Killing spinor with Killing con-
stant 5. The restriction of this Spin® structure to any surface M defines a Spin® struc-
ture on M with a special spinor field. This spinor field characterizes the isometric
immersion of M into E(kx, 7).



3.1 Special spinors fields on E(x, 7) and their surfaces

On Spin® manifolds, A. Moroianu defined projectable spinors for arbitrary Riemannian
submersions of Spin® manifolds with 1-dimensional totally geodesic fibers [19, 18].
These spinors will be used to get a Killing spinor on E(x, 7).

Proposition 3.1. The canonical Spin® structure on M?(k) induces a Spin® structure
on E(k, T) carrying a Killing spinor with Killing constant 7.

Proof: By enlargement of the group structures, the two-fold covering 6 : PspinsM —
Pso,M xy PsiM, gives a two-fold covering

0 : PSpingM — PSOgM XM PglM,

which, by pull-back through 7, gives rise to a Spin® structure on M := E(k, 7) [18, 19]
and the following diagram commutes

PSpingM PSpingM

S

PSC)3M XM PS1MH PSO3M XM PSlM

The next step is to relate the covariant derivatives of spinors on M and M. We point
out an important detail: Since we are actually interested to get a Killing spinor on M,
the connection on Psi M (which defines the covariant derivative of spinors on M) that
we will consider will be the pull-back connection if 7 = 0 and will not be the pull-back
connection if 7 # 0. Hence, when 7 = 0, the connection A on Ps: M is given by

Ao((8). (X)) = A(s.X)  and  Ag((775).€) = 0.

Now, if 7 # 0, we consider a connection Ay on Ps1 M given by

Ao((778)o(X7)) = A(s.X) and  Ag((n*s).&) = i(2r — %),
where e3 = ¢ is the vertical vector field on E(x, 7) if 7 # 0 or ez = 0t if 7 = 0, X* is
the horizontal left of a vector field X on M, A is the connection defined on Ps: M and
s a local section of P51 M. Recall that we have an identification of the pull back 7*>M
with XM [18, 19], and with respect to this identification, if X is a vector field and v a
spinor field on M, then

X mp=r"(X-v¢) and & -7 =in"(1). (25)

The sections of ¥ M which can be written as pull-back of sections of XM are called
projectable spinors [18, 19]. Now, we relate the covariant derivative VE*7) of pro-
jectable spinors on E(k, 7) to the covariant derivative V of spinors on M. In fact, any

9



spinor field ® is locally written as ¢ = [b/>\</s, o], where b = (e, ey) is a base of
M?(k), s : U — PsiM is a local section of PsiM and b x s is the lift of the local sec-
tionbxs:U — PSOQM Xy PsiM by the 2-fold covering. Then 7 ¢ can be expressed
as ™ = [7 (b X s), m*o]. It is easy to see that the projection 7 (b X s) onto PSOSM
is the canonical frame (e, e}, e3 = €) and its projection onto Psi M is just m*c. We
have

—— 1

VIEET(”’T)W*w = [7"(bxs),el(n o)+ 5?](?46“{, es)er - ey - Y
1 2 1
5 Z ez T+ §A0((7T*s)*e’1‘)7r*¢
(11) T

D () (o) + §g<vele1, e (erer )
-I—ge; ce3 - T+ %A(S*X)TF*I/}
= (659, (@) + 50(Taereser e v

P26 S Al X))

2 2
= 7(Vaw) + 5o -y

The same holds for €3. Similary, if 7 # 0 we have

P

1 —
T = [w(bxs) es(mo)] + ST(Vesel, e)el - € my
2 1
D 9(Vese]ea)es - ex - w5 Ap((n"s)es) )

1

2

J:

K K
(E )el ey -+ = (27—;)7”#

(i - T>€3 e —(27’ — £>€3 ..

T 2T

Now, the canonical Spin® structure on M? (k) carries a parallel spinor 1) € T'(3oM) C
['(XtM), so E = 1. For this canonical Spin® structure, the determinant line bundle
corresponding to Psi M is K IQHI and the connection 1-form A on Psi M is the connection
for the Levi-Civita connection extended to K| Njﬁl. Hence, the spinor 7*v is a Killing
spinor field on E(x, 7), because

Emm) ey = ge;f -7 (¢), for j=1,2 and VéE(”’T)W*@/) = %f Y.

Now, if 7 = 0, a same computation of Vo\""" %y gives that 7*¢) is a parallel spinor
field on E(x, 7).

10



Remark 2. Every Sasakian manifold has a canonical Spin® structure: In fact, giving
a Sasakian structure on a manifold (M", g) is equivalent to give a Kdihler structure
on the cone over M. The cone over M is the manifold M x,» R™ equipped with the
metric r?g+dr®. Moreover, there is a 1-1-correspondence between Spin® structures on
M and that on its cone [17]. Hence, every Sasakian manifold has a canonical (resp.
anti-canonical) Spin® structure coming from the canonical one (resp. anti-canonical
one) on its cone.

In [17], A. Moroianu classified all complete simply connected Spin® manifolds carry-
ing real Killing spinors and he proved that the only complete simply connected Spin°©
manifolds carrying real Killing spinors (other than the Spin manifolds) are the non-
Einstein Sasakian manifolds endowed with their canonical (or anti-canonical) Spin®
structure.

The manifold E(k, T) is a complete simply connected non-Einstein manifold and hence
the only Spin® structure carrying a Killing spinor is the canonical one (or the anti-
canonical). Hence, the Spin® structure on E(k,T) described above, (i.e. the one
coming from M?(k)) is nothing than the canonical Spin® structure coming from the
Sasakian structure.

We point out that, in a similar way, the anti-canonical Spin® structure on M?(k) (car-
rying a parallel spinor field lying in ¥.~M) induces also on E(k, ) the anti-canonical
Spin® structure with a Killing spinor w1 of Killing constant 5 if T # 0 and a parallel
spinor 7 if T = 0. In both cases, we have & - T = in*i) = —in*y). For T # 0, the
connection Ay is chosen to be

Ao((m78)«(X™)) = A(s:X) and Ao((7"s):&) = —i(21 — %)

When T = 0, it is the pull-back connection.

From now, we will denote the Killing spinor field 7*¢ on E(k, 7) by . Since, it is
a Killing spinor, we have

=

* K, T 37-2 kT
(VE(n,r)) VJE( ) )¢ = sz and DE® )w = 9

By the Schrodinger-Lichnerowicz formula, we get

(5~ 1)

7 372
_QE(H,T) . — 20
2 v 2 v 2

v,

where iQF(*7) is the curvature 2-form of the auxiliary line bundle associated with the
Spin® structure. Finally,

QET) L yh = i(k — 41 (26)

11



3.2 Spinorial characterization of surfaces of E(x, 7)

Let k,7 € R with k — 472 # 0 and M be a simply connected oriented Riemannian
surface immersed into E(k, 7). The vertical vector field £ is written { = T + fv where
T be a vector field on M and f a real-valued function on M so that f2+||T||> = 1. We
endowed E(k, 7) with the Spin® structure described above, carrying a Killing spinor
of Killing constant 7.

Lemma 3.2. The restriction o of the Killing spinor 1) on E(k, T) is a solution of the
following equation

1
Vo + §HX.¢—¢%X.¢: 0, 27)

called the restricted Killing spinor equation. Moreover, f = <‘ff;> and the curvature
2-form of the connection on the auxiliary line bundle associated with the induced Spin°©

structure is given by Q(ty,ty) = —(k—472) f, in any local orthonormal frame {11, t5}.

Proof: We restrict the Spin® structure on [E(x, 7) to M. By the Gauss formula (9),
the restriction ¢ of the Killing spinor ¢ on E(k, 7) satisfies

1
Vxp+ 511X e - %X-z/)m = 0.

Let {t1,%2,v} be a local orthonormal frame of E(x,7) such that {¢;,%,} is a local
orthonormal frame of M and v a unit normal vector field of the surface. The action of
the volume forms on M and E(k, 7) gives

Xep = i(Xetietyep)
= i(X-V-tl-t2-¢)
= —i(X ),

which gives Equation (27). The vector field 7' splits into 7' = 1, + h& where 1 is a
vector field generated by e; and e, and h a real function. The scalar product of 7' by

¢ = T + fv and the scalar product of 7' = vy + h¢ by € gives ||T'||? = h which means
that h = 1 — f2. Hence, the normal vector field v can be written as v = f§ — %Vl. As

BY;

we mentionned before, the Spin® structure on E(x, 7) induces a Spin® structure on M
with induced auxiliary line bundle. Next, we want to prove that the curvature 2-form of
the connection on the auxiliary line bundle of M is equal to i§2(¢, o) = —i(k—472) f.
Since the spinor ¢ is Killing, the equality (6) gives, for all X € T'(E(x, 7))

RicE®™ (X)) - o) — i( X QBT L) = 272X 4, (28)
Where Ric is the Ricci tensor of E(k, 7). Therfore, we compute,
(V_JQE(K’T)) oy = (VJQE(H’T)) V- 77/J|M
= i(27%) + v - Ric®™) . yh)

|-
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But we have Ric®"7e; = 272%e3, Ric®"e; = (k — 272)e; and RicE® ey = (5 —
27%)e,. Hence,

1 1
RicF®Ty = fRicB" ey — —RicE® iy, = 272 feg — —(k — 27714

f f
= 27%fes + (k —27°) (v — fes)
= —(k—41%)fes+ (k — 2%

We conclude using Equation (25) that

(vaQ*T) 0 o = —i(k — 47%)p — (K — A7) f (v - )

[ar+
By Equation (8), we get that Q ® o = —(k — 472) f(v - ¢¥),,,. The scalar product of the
last equality with ¢, e 5 @  gives

Qta, ta)||* = (= 47%) (W, ty -ty v - ) = = f (b — 47%) ||,
We write in the frame {1, t5, v}
QT () byt b+ QEED (4, 1)t v p + QT (b, 1)ty vh = i(k—4T%). (29)
But we know that QF(*7) (¢, ¢,) = Q(t,t5) = —(k — 472) f. For the other terms, we
compute

1 1 1
D) = B0, pes—5T) = = 59(T )1, ) = (5=47)g (T, 1),
where the term QE(7) (t1, e3) vanishes since by Equation (28) we have e3 QEET) =,
Similarly, we find that Q(*7) (¢, 1) = —(k—472)g(T,t,). By substituting these values
into (29) and taking Clifford multiplication with ¢; - t5, we get

Tep=—fo+p.

Finally, take the real part of the scalar product of the last equation by ¢, we get f =
<p,p>
lol? ~

Remark 3. Using also the Equationl" ® p = — fp + P, we can deduce that

g(Tatl) :§R<Zt2.¢7#> and g<T7t2) = _§R<’lt1.g0,#>

Proposition 3.3. Let (M?, g) be an oriented Spin® surface carrying a non-trivial so-
lution  of the following equation

1
VX<p+§EXogo—ngo¢:0,

13



where I denotes a symmetric tensor field defined on M. Moreover, assume that the

curvature 2-form of the asssociated auxiliary bundle satisfies i§)(t1,t2) = —(k —
473 f = —(k — 47’2)% in any local orthonormal frame {t,t5} of M. Then, there

exists an isometric immersion of (M?,g) into E(k, T) with shape operator E, mean
curvature H and such that, over M, the vertical vectoris ¢ = dF(T) + fv, where v is
the unit normal vector to the surface and T is the tangential part of £ given by

g(T,t1) = §R<it2 °p, &> and g(T,ty) = —R <it1 °p, &> )

Proof: We compute the action of the spinorial curvature tensor R on ¢. We have

1 1 T
ththQO = _§vt1E(t2)‘SO+ZE(tZ).E(t1>.SD_ZE(t2>.t2.SO

2
T T T
—ivtl(tl) °p+ Ztl o [(t;) e — Ztl ety e .

As well as

1 1 T

Vi,Vip = —§Vt2E(751) °p+ ZE(ZH) o E(ty) @ o — ZE(h) otiop
2
T T T
—§Vt2t2 L A% + ZtQ [ ] E(tg) oy — th [ ] tl e Y.

So, taking into account that [t;,t5] = Vit — Vy,t1, a straightforward computation
gives

1 1 72
R(tl,tg)(p = —§(dvE)<t1,t2) & — §detE tl ® tg o — Etl ® tg e .

On the other hand, it is well known that

R(ty,t2)p = —%Rmu t1eta®p+ %Q(tl, ts) .
Therefore, we have
(Rig1o — detE — 73)t, @ty @ o = (dV E(ty,ts) — if (k — 47%)) . (30)
Now, let T" a vector field of M given by
g(T,t)|pl* =R (it e o, ) and  g(T,bs)|p> = R (it1 e 9, ) .

It is easy to check that 7' e ¢ = — f + @ and hence f2 + ||T||* = 1. In the following,
we will prove that the spinor field 6 := ip — ifp + JT e ¢ is zero. For this, it is
sufficient to prove that its norm vanishes. Indeed, we compute

101> = |of” + 2> + ||T|]]* — 2R (i, ifP) + 2R (ip, JT @ p)  (31)
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Therefore, Equation (31) becomes
017 = 20> = 2/%@f* + 2R (i, JT @ )
= 200 =2/l + 29(JT, t1)R (ip, 1 @ ©) + 2g(J T, 12)R (ip, L2 ® 0)
= 2> =21 p* + 29(JT, t1)g(T, ta)|@|* — 29(J T, t2) (T’ t1)] 0|
= 200 = 2f%|¢l* — 29(T’ t2)*|0* — 29(T, t1)?| 0|
= 2> = 20> = 2||T|]*|¢l* = 0.

Thus, we deduce ifo = —f?t; oty @ 0 — fJT e ©, where we use the fact that p =
1t @ 15 @ . In this case, Equation (30) can be written as

(Ri212 — detE — —— (k — 47’2)f2)t1 etrep = (dvE(tl, to) + (k — 47'2)JT) .

This is equivalent to say that both terms Ris19 — detE — 72 — (k — 472)f? and
dVE(t1,ts) + (k — 47%)JT are equal to zero. In fact, these are the Gauss-Codazzi
equations in Definition 2.1. In order to obtain the two other equations, we simply
compute the derivative of 7' ® ¢ = — f¢ +  in the direction of X in two ways. First,
using that 1. X e p = J X e (o, we have

1
VxTep+TeVyp = VXTocp—iToEXocp—i—ngoXoa
1
- vXT.gp_éT.EX.ng.JX.@ (32)

On the other hand, we have

Vx(Teyp) = —X(f)o— fVxp+Vxp

1 1 :
- —X(f)go+§fEX.¢+§EX.¢—¢%fX.¢_%TXw

= —X(f)(p—i—%fEXogp—%fTJXogo

1 .
+§EX0(To<p+fg0)—%TXogo

= —X(fle+ %fEXwﬂL %EX° (Tep+ fo)

7

2

Take Equation (33) and substract (32) to get

1
TX @ p— §fTJX090. (33)

—X(f)go—i—fEXogp—g(T,EX)gp—VXTogo—gToJXogo:O

Taking the real part of the scalar product of the last equation with ¢ and using that
<iX e o >=—g(T, JX)|p|?, we get

X(f)=—g(T,EX)+19(JX,T).

15



The imaginary part of the same scalar product gives Vx7T = f(EX — 7JX), which
gives that there exists an immersion F' from M into E(k,7) with shape operator
dFoEodF'and ¢ = dF(T) + fu.

Now, we state the main result of this section, which characterize any isometric im-
mersion of a surface ()M, g) into E(k, 7).

Theorem 1. Let k,7 € R with k — 472 # 0. Consider (M?, g) a simply connected
oriented Riemannian surface. We denote by E a field of symmetric endomorphisms of
T M, with trace equal to 2H. The following statements are equivalent:

1. There exists an isometric immersion F of (M?, g) into E(k, T) with shape op-
erator F, mean curvature H and such that, over M, the vertical vector is
¢ = dF(T) + fv, where v is the unit normal vector to the surface, f is a real
function on M and T the tangential part of &.

2. There exists a Spin® structure on M carrying a non-trivial spinor field ¢ satis-
fying
1 T
Vxp = —§EX L R0 —|—’L§X ° .
Moreover, the auxiliary bundle has a connection of curvature given, in any local
orthonormal frame {t1,t2}, by Q(t1,t2) = —(k — 47°) f = —(k — 47%) <55,

3. There exists a Spin® structure on M carrying a non-trivial spinor field ¢ of
constant norm satisfying
Dp=Hp—1i10.
Moreover, the auxiliary bundle has a connection of curvature given, in any local

orthonormal frame {t1,ts}, by Q(t1,ts) = —(k — 47%) f = —(k — 47?) <\¢7|;>'

Proof: Proposition 3.3 and Lemma 3.2 give the equivalence between the first two
statements. If the statement (2) holds, it is easy to check that in this case the Dirac
operator acts on ¢ to give Dy = Hyp — itp. Moreover, for any X € I'(T'M), we have

X(le) = 2R(Vxp,9)
= R{@TX ep,p) =0.

Hence ¢ is of constant norm . Now, consider a non-trivial spinor field ¢ of constant
length, which satisfies Dy = H — i7. Define the following 2-tensors on (M2, g)

THX,Y) = R(Vxp™, Y epT) .

First note that
trTY = —R(Dp*,pT) = —H|pT*. (34)

Moreover, we have the following relations [16]

TL(t,ta) = Tl [P+ TL(ta, ta), (35)

16



. T

VXQO = |¢_|2 .8077 (36)
_ T (X

VXSO = |§03’2> L 90+ 9 (37)

o TPTE = o7 |PT2, (38)

where the vector field 77 (X) is defined by g(7T7(X),Y) = TZ(X,Y) for Y €
['(TM). Now let F# := T + T. Thus, we have

T S

ol 192 et
Hence F¥/|¢|? is well defined on the whole surface M, and

F(X
Vxp=Vxp" +Vxp~ = ’(;P s ©, (39)

where the vector field F¥(X) is defined by g(F¥(X),Y) = F?(X,Y), forall Y €
['(T'M). Note that by Equation (35), the 2-tensor F'¥ is not symmetric. Define now the
symmetric 2-tensor

T?(X,Y) =

~gpp (PP + FPX))

It is straigthforward to show that
To(t ) = =F2(t,t) [|pl? , TP(ta, ta) = —F%(ta, ta) /||,

T T
Tso(tl,tg) = —Fw(tl,tQ)/’QDP + 5 and T@(t%tl) = —F@<t2,t1)/|(,0’2 — 5

Taking into account these last relations in Equation (39), we conclude

Vxp = —T%(X) ogo—i—i%X ° .

3.3 Application: a spinorial proof of Daniel correspondance

In [2], B. Daniel gave a Lawson type correspondance for constant mean curvature
surfaces in E(k, 7). Namely, he proved the following

Theorem 2. Let E(kq, 1) and E(ks, 72) be two 3-dimensional homogeneous manifolds
with four dimensional isometry group and assume that k1 — 412 = ko — 473. Consider
& and &, be the vertical vectors of E(k1, 1) and B(ko, 72) respectively and (M?, g)
a simply connected surface isometrically immersed into E(k1, 1) with constant mean
curvature Hy so that H? > 72 — 12. We denote by v, be the unit inner normal of the
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immersion, T the tangential projection of &, and f =< vy, & >.
Let Hy € R and 0 € R so that

H22+7_22:H12+7'12, and TQ+iH2:6i6(Tl+iHl).

Then, there exists an isometric immersion F from (M?, g) into E(ky, 7o) with mean
curvature Ho and so that over M

fg = dF(TQ) + fl/g7

where vy is the unit normal inner vector of the immersion and T5 the tangential part of
&9, Moreover, the respective shape operator F and Fs are related by the following

Ey — Hyld = ¥ (Ey — H|Id).

With the help of Theorem 1, we give an alternative proof of this results using
spinors.

Proof of Theorem 2: Since M? is isometrically immersed into E(k;,7;) there ex-
ists a spinor field ¢; of constant norm (say |p;| = 1) satisfying
Doy = Hypy — iT1,

associated with the Spin® structure whose line bundle has a connection of curvature
givenby Q = —(k — 472) f, where f = %. We deduce that

Dyt = Hipy +inpy

Doy = Hip{ —iTip; .
Now, we define o, = o] + €. First, we have

Dy, = Dyj +e®Der
= (Hy+in)e; —ie(m +iH)pf

Since 75 + iHy = €*(1y + iH,), we deduce that H, + i1, = €(H, + i7) and so
Dy = Hops — 1T905. Secondly,

< 1,01 > < P2,y >

o2 |2 /?
Now, since r; — 472 = Ky — 472, the considered Spin® structure on M is given by
iQ = —i(ky — 472) f and hence, by Theorem 1, there exists an isometric immersion F

from (M?, g) into E(kq, 72) with mean curvature H, and so that & = dF(Ty) + fue,
where 15 is the unit normal inner vector of the surface and 75 the tangential part of ;.

Remark 4. By the proof of Proposition 3.3, we have that

9(To, t1)]p2]” = R (its @ 0o, 00)  and  g(Ty, t2)|p2]” = —R (it1 @ 2, o) .

So, it is easy to see that Ty = %’ (T}).
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4 Isometric immersions into M (c) via spinors

In this section, we consider the canonical Spin® structure on M2 (c) carrying a parallel
spinor field ¢ lying in X7 (MZ2(c)). The restriction of this Spin® structure to any hy-
persurface M? defines a Spin® structure on M with a special spinor field. This spinor
field characterizes the isometric immersion of M into M2 (c).

4.1 Special spinors fields on M2 (c) and their surfaces

Assume that there exists an isometric immersion of (M3, g) into MZ(c) with shape
operator //. By section 2.3, we know that M has an almost contact metric structure
(X,&,n) such that XX = JX — n(X)v forevery X € I'(T'M).

Lemma 4.1. The restriction ¢ of the parallel spinor ) on MZ(c) is a solution of the
generalized Killing equation

1
Vxp+ 511X e p=0, (40)

Moreover, p satisfies & @ ¢ = —ip. The curvature 2-form of the auxiliary line bundle
associated with the induced Spin® structure is given by Q(X,Y) = —6¢ x (X,Y),
where ¥ is the Kiihler form of M2 (c) given by x (X, Y) =g(JX,Y).

Proof: First, since ¢ is parallel, we have DMZ(9)y) = (YME(Q)*yMe(©)y, — (.
Hence, by the Schrodinger-Lichnerowicz formula, we get

QME(©) 4y = 12¢ie). 1)
By the Gauss formula (9), the restriction ¢ of the parallel spinor 1) on M2 (c) satisfies
Vxp = —%I]X o .
Since the spinor ¢ is parallel, Equality (6) gives
Ric"8(X) - = i(X Q) - ¢
Where Ric is the Ricci tensor of MZ(c). Therfore, we compute,

(2 e = () vy
—v - (VMY ]y
= iv-Ric™@ . (1

= —6crep.
By Equation (8), we get that

Qe =06cip. (42)

19



Now, for any X,Y € I'(T'M), we have
QX,Y) = QMO (X, V) = —p(X,Y) = —Ric(JX,Y) = —6cg(JX,Y).

Let e; be a unit vector field tangent to M such that {e;, es = Jey, £} is an orthonormal
basis of 7'M . In this basis, we have
Qep=10(er,e2)e; 0200+ Q(e1,8) e 00+ Qfeg, &) ex @ @ .
But,
Qeq,e9) = —6¢ and  Q(e1, &) = Qer, &) = 0.

Finally, (2 @ o = —6ce; ® e5 ® . Using (42) and the fact thate; e e, 0 £ @ o = —(p, we
conclude that £ @ ¢ = —ip.

Lemma 4.2. Let E be a field of symmetric endomorphisms on a Spin® manifold M?
of dimension 3, then
E(e;) @ E(ej) — E(ej) @ E(e;) = 2(ajzain — ajaaiz)er
+2(CLZ'36L]'1 — (lﬂCLj3>€2
+2(anajo — apaj)es, (43)
where (a;;); j is the matrix of E written in any local orthonormal frame of T'M.

Proposition 4.3. Let (M?,g) be a Riemannian Spin® manifold endowed with an al-
most contact metric structure (X, &, n). Assume that there exists a non-trivial spinor ¢
satisfying

1
Vxp = —§EXo<p and £ e = —ip,

where E is a field of symmetric endomorphisms on M. We suppose that the curva-
ture 2-form of the connection on the auxiliary line bundle associated with the Spin®
structure is given by ey, e3) = —6¢ and Q(e;, e;) = 0 elsewhere in the basis
{e1,e2 = Xey,e3 = &}. Hence, the Gauss equation for MA(c) is satisfied if and
only if the Codazzi equation for M2 (c) is satisfied.

Proof: We compute the spinorial curvature R on ¢, we get
1 1
Rxyyp = —§dvE(X, Y)ep+ Z(EY eEX —EXeFEY)eop.

In the basis {e1, ea = Xey, e3 = £}, the Ricci identity (6) gives that

ero (EX eFe, — Eep,e EX) e

A
(]

%RiC(X) °p — %(XJQ) °op =

1
3

Z erod” Eey, X)ep.
k=1

N —
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By Lemma 4.2 and for X = ey, the last identity becomes

(Ri221 + Riss1 — arrass — arasn + a%3 + a%g —bc)e; o
+(Riss2 — a1zass + asaa13)es @ @
+(Ri223 — ag2a13 + azaa12)es @ ¢
— —cyed Eley,e1)op—c3ed Eles,e) e
+cei ® . 44)
Since |p| is constant (o] = 1), the set {p,e1 ® v, s ® ©, 3 @ p} is an orthonormal

frame of ¥ M with respect to the real scalar product e (.,.). Hence, from Equation
(44) we deduce

Rigo1 + Riss1 — (a11a33 + 11090 — G%g - a%z + 5¢) g(dvE(el, e3),es) — g(dvE(ela es),es) + ¢
Risse — ((112@33 - Cl32Cl13) = g(dvE(el, 63)a 61)
Rigas — (Cl22a13 - 032012) )

g(dvE(eh 62)7 62) = —g(dvE(el, 63)7 63)

The same computation holds for the unit vector fields e, and e3 and we get

Raoss1 — (a12a33 — a13a23) = —g(dvE(eg, es), €2)
Rosso + Rotio — (agpass + axar — aiy — a2y +5¢) = g(d¥ E(eq,e3),e1) + g(d¥ E(ey, es), e3) + ¢

Ro113 — (a23a11 - a12a13) = —g(dvE(el, 62)7 62)
g(dVE(e1,e5),e1) = g(dvE(es, es),es)

Rsoo1 — (a13a22 — agsaz) = —g(dvE(ez, es), e3)

Ra12 — (a32a11 - G31<l12) = (dvE(eh 63) 3)

Rsi13 + Razos — (azass — anass +ajs +as;) = g(dY E(es,e3),e1) — g(d¥ E(er, e3), €2)

9(d" E(es, e3), e2) —g(d" E(e1,e3), 1)

The last twelve equations imply that the Gauss equation for M2 (c) is satisfied if and
only if the Codazzi equation for M2 (c) is satisfied.

4.2 Spinorial characterization of hypersurfaces of M (c)
Now, we give the main result of this section:

Theorem 3. Let (M3, g) be a simply connected oriented Riemannian manifold en-
dowed with an almost contact metric structure (X,£,n). Let E be a field of symmetric
endomorphisms on M with trace equal to 3H. Assume that the Gauss or the Codazzi
equation for M2 (c) is satisfied. Then, the following statements are equivalent:

1. There exists an isometric immersion of (M?>, g) into M2 (c) with shape operator
E, mean curvature H and so that, over M, the complex structure of MZ(c) is
given by J = X + n(-)v, where v is the unit normal vector of the immersion.
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2. There exists a Spin® structure on M carrying a non-trivial spinor o satisfying
1
Vxp = —§EX ey and ey = —ip.

The curvature 2-form of the connection on the auxiliary bundle associated with
the Spin® structure is given by Q(eq, e2) = —6¢ and (e;, e;) = 0 elsewhere in
the basis {e;,e2 = Xey,e3 = £

3. There exists a Spin® structure on M carrying a non-trivial spinor ¢ of constant
norm and satisfying

3
Dy = §Hg0 and £ep = —ip.

The curvature 2-form of the connection on the auxiliary bundle associated with
the Spin® structure is given by Q(eq, ex) = —6¢ and Q(e;, e;) = 0 elsewhere in
the basis {e1,e3 = Xep,e3 = £

Proof: By Lemma 4.1, the first statement implies the second one. Using Proposi-
tion 4.3, to show that 2 = 1, it suffies to show that V x¢ = XE X. In fact, we simply
compute the derivative of £ @ ¢ = —i¢ in the direction of X € T'(T'M) to get

' 1
Vxiep = sEXep+-ceBXep
Using that —ie; @ (0 = e; ® o, the last equation reduces to

Vxéep—g(EX,e1)es0p+ g(EX ex)e; 00 =0.

Finally Vx¢ e o = XEX. Now, we compute the derivative of —ie; @ 9 = e¢; ® ¢ in the
direction of e; to get

1 .
Ve, (Xe1) @ ¢ — 562 e Feiep =iV, e 00— %el e Fej oo

But, using that £ @ » = —i¢, we have
1 1
562 o Feieo¢p— 61 o Feiep=—aj§e¢—and.

Denoting by I'}; the Christoffel symbols of {e1, Xeq, £}, we have Vi, e; = I'jjey +
I'2,es + '3, e3. Moreover, using that V., e3 = X Fey, we get

F?l = g(ve1€1,€3) = —9(61, Veleg) = Q12.
Hence, V., (Xe)) @ = —a; £ @ ¢+ T'les @ ¢+ 12 ¢y @ ¢. Finally
Ve, (%61) °*¢— %<V6161) o) =—aneq,
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which is Equation (23) for X = Y = e;. Similary, we compute the derivative of
—iey @ ¢ = e1 @ ¢ in the direction of ey and & to get Equation (23) for any X, Y €
[(TM). Tt is easy to see that the assertion 2 implies the assertion 3. For 3 = 2,
since ¢ is of constant norm (|| = 1), the set {p,e; ® p,e5 @ v, e3 @ ©} is a local
orthonormal frame of XM with respect to the real scalar product Re (., .). Hence, for
every X € I'(T'M), we have

Vxyp =n(X)p +{(X) e, (45)
where 7 is a 1-form and / is a (1, 1)-tensor field. Moreover it is easy to check that
n = dﬂil? and ((X) = —(¥(X). Since ¢ is of constant norm we have n = 0.
Moreover, ((X) = —¢#(X) is symmetric of trace 3 H. It suffices to consider E = 2(¥

to get the second assertion.

4.3 Characterization of Sasaki hypersurfaces

Theorem 3 characterizes isometric immersions of almost contact metric manifolds into
MZX (c) providing that the shape operator E satisfies the Gauss or the Codazzi equation
for MZ(c). In this subsection, we eliminate this restriction and we replace it by some
geometric conditions on the almost contact metric manifold.

In Section 3, we showed that the 3-dimensional homogeneous manifolds E(x, 7) (7 #
0,k — 472 # 0), which are Sasaki, have a Spin® structure (the anti-canonical Spin®

structure) carrying a Killing spinor field ¢ of Killing constant 5. Moreover {-¢ = —iyp
and

QD (ey, e0) = — (1 — 47%) and Q"7 (g, ¢5) = 0, (46)

in the basis {e1, Xe; = eq, e3 = £}. Hence, the statement (2) of Theorem 3 is satisfied
for F = —7 Id and ¢ = ”’T‘”Q # 0. But E(k,7) cannot be immersed into M2 (c)
(c = ”_wa # 0) with second fundamental form £/ = —7 Id because we know that
totally umbilic hypersurfaces in MZ(c) cannot exist. Moreover, the Codazzi equation
is not satisfied. In fact, it is easy to check that d¥ E(e;, e3) = 0, and

c{n(er)Xea —nez)Xer + 2g(eq, Xea)E} = —2¢€ # 0.

From this example, it is clear that the condition “FE satisfies the Gauss equation or the
Codazzi equation” is a necessary condition to immerse in M2 (c) an almost contact
metric manifold M satisfying the statement (2) of Theorem 3 and even if the manifold
M 1is Sasaki. However, we can state the following:

Theorem 4. Let (M3, g) be a simply connected oriented Riemannian manifold en-
dowed with a Sasakian structure (X,&,n). Then, the following statements are equiva-
lent:
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1. There exists an isometric immersion of (M3, g) into M%(c) with mean curvature
H and so that, over M, the complex structure of M%(c) is given by J = X +
n(-)v, where v is the unit normal vector of the immersion.

2. There exists a Spin® structure on M carrying a non-trivial spinor ¢ satisfying

1 1
Vxp=—;Xep—ccnX)p and Loy =—ip.
The curvature 2-form of the connection on the auxiliary bundle associated with
the Spin® structure is given by Q(ey, e2) = —6¢ and (e;, e;) = 0 elsewhere in
the basis {e,e2 = Xeq,e3 = £

—C

In this case, M is of constant mean curvature H = 3T and the shape operator E is
given by E =1d — en(-)&.

Proof: Assume that (M3, g) is a Sasaki manifold immersed into MZ (c) with shape
operator E. Since ¢ is a Killing vector field, Equation (18) implies that X(E¢) =
V¢€ = 0 and hence E§ = f&, where f is a real function on M. Also, from Equation
(18) and since Vx& = XX, we get X(EX — X ) =0, forall X € I'(T'M). Then,

EX — X = g(EX — X, €)¢.

But, g(EX — X, &) = (f — 1)g(X, &) which gives that EX = X + (f — 1)g(X, &)¢&.
It is straightforward to check that

(VxE)(Y) = (VyE)(X) = —(f = D{n(X)XY —n(Y)XX + 29(X, XY)¢}
HdF(X)n(Y) = df (Y)n(X)}E,

for all vectors X, Y € I'(T'M). Comparing the last equation with (20), we get f — 1 =
—c. This gives EX = X —cn(X)¢ and by Theorem 3, we get the statement (2). Now,
we assume that the statement (2) holds, i.e., we have on M a Spin® structure carrying
a non-trivial spinor ¢ satisfying

ngoz—%Xogp—%cn(X)gp and ey = —ip. (47)
The curvature 2-form of the connection on the auxiliary bundle associated with the
Spin® structure is given by (e, e2) = —6¢ and Q(e;, e;) = 0 elsewhere in the basis
{e1,e9 = Xeq, e3 = £}. We denote by E the endomorphism given for all X € T'(T'M),
by EX = X — cn(X)E&. From (47), we have Vxp = —1EX o ¢ and we can check
that £ = Id — en(-)¢ satisfies, for all vectors X, Y € T'(T'M),

(VxE)(Y) = (Vy E)(X) = efn(X)XY — n(Y)XX + 29(X, XY)E},

which is the Codazzi equation (22). By Theorem 3, M is immersed into M2 (c) with
shape operator E. Additionally, since EX = X — cn(X)¢, we have H = 22<.
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Remark 5. From the above example, E(k,T) with T # 0 endowed with their anti-
canonical Spin® structure cannot be immersed into M2 (c) for ¢ = ”‘T‘”Q # 0. In fact,
the Killing spinor of Killing constant 5 does not satisfy assertion (2) of Theorem 4
because for example, when T = —1, the endomorphism E = 1d is not of the form E =
Id — ¢ n(-)&. On the other side, it is known that there exists an isometric embedding
of E(k,7), T # 0, into M2(% — 72) of constant mean curvature H = "= [27].
In a recent work [22], the authors used the canonical and the anti-canonical Spin®
structures on E(k, T), to define another Spin® structure on E(k, T) satisfying assertion
(2) of Theorem 4 and hence allowing to immerse E(k, T) into M (c). Other geometric
applications are also given.
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