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ON CAUCHY-STIELTJES KERNEL FAMILIES
WLODEK BRYC, RAOUF FAKHFAKH, AND ABDELHAMID HASSAIRI

ABSTRACT. We explore properties of Cauchy-Stieltjes families that have no counterpart in
exponential families. We relate the variance function of the iterated Cauchy-Stieltjes family
to the pseudo-variance function of the initial Cauchy-Stieltjes family. We also investigate
when the domain of means can be extended beyond the "natural domain”.

1. INTRODUCTION

This paper is a continuation of the study of Cauchy-Stieltjes Kernel (CSK) families. Our
goal here is to advance the understanding of two phenomena that have no known analogues
for the classical exponential families. Firstly, a typical member of a given CSK family
generates a different CSK family, so one can construct new CSK families by the iteration
process. Secondly, in the natural parametrization of a CSK family by the mean, one can
sometimes extend the family beyond the natural domain of means, preserving the variance
function when the variance exists.

The notations used in what follows are the ones used in Bryc-Hassairi [BH11]. Throughout
the paper v is a non-degenerate probability measure with support bounded from above. Then

M) = / . jexu(da:) (1.1)

is well defined for all § € [0,60,) with 1/, = max{0, supsupp(r)} and
Ki(v) = {Fy(dx); 0 € (0,04)} = {Qm(dx),m € (mo, my)} (1.2)
is the CSK family generated by v. That is,

1

Folde) = s o

v(dz)

and @Q,,(dz) is the corresponding parametrization by the mean, which for m # 0 is given by

Qm(dz) = V() + m(m — 1) v(dx), (1.3)
with
Qo(dl’) — V/X))(Oz I]/(dl’)
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2 WLODEK BRYC, RAOUF FAKHFAKH, AND ABDELHAMID HASSAIRI

if my < 0 < my, and which involves the pseudo-variance function V(m). The interval
(mg, my ) is called the (one sided) domain of means, and is determined as the image of
(0,60,) under the strictly increasing function k(6) = [ zPy(dx) which is given by the formula

M) —1
OM(0)
The pseudo-variance function has straightforward probabilistic interpretation if my =

f xdv is finite. Then, see [BH11, Proposition 3.2] we know that

V(m) _ v(m) . (15)

m m — my

k(0) = (1.4)

where
v(m) = / (2 — m)*Qun(de) (1.6)

is the so called variance function of the family {Q,,}. In particular, V = v when mgy = 0.

In general,

V(m) 1
m (m)

where ¢ : (mg, m4) — (0,05) is the inverse of the function k(-). From (1.7) it is clear that
when 0 € (mg, my), we must have V(0) = 0. In this case, we assign the value 1/1(0) to the
undefined expression V(m)/m at m = 0.

The generating measure v is determined uniquely by the pseudo-variance function V
through the following identities (for technical details, see [BH11)): if

V(m)

z = z(m) :m+7 (1.8)

—m, (1.7)

then the Cauchy transform

G,,(z)z/ L (da). (1.9)

satisfies ) _nj
Gol2) = G (1.10)
Let
A= A(v) =supsupp(v), B = B(v)=max{0, A(v)}. (1.11)

We note that B(v) = 1/6, € [0, 00).
From [BH11, Remark 3.3] we read out the following.

Proposition 1.1 ([BH11]). For a non-degenerate probability measure v with support bounded
from above, the one-sided domain of means (mg, my) of is determined from the following
formulas

my = 91_1)I51+k(9) (1.12)
and with B = B(v),
) 1

Remark 1.2. We list some additional properties relevant to this paper.

(i) mop < my
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(ii) Since 1/¢(m) =m + V(m)/m, we know that
m+V(m)/m>ms +V(my)/my =1/0, = B(v) > 0.

In particular, G(m + V(m)/m) is well defined, and non-negative.
(iii) Since v(m) > 0, from (1.5) we see that V(m)/m > 0 for m € (mg, m,). This holds
also when the variance is infinite — just apply Remark 1.2 and (1.10).

2. ITERATED CSK FAMILIES

One difference between the exponential and CSK families is that one can build nontrivial
iterated CSK families. That is, each member of an exponential family generates the same
exponential family so it does not matter which of them we use for the generating measure.
But this is not so for CSK families: each member of a CSK family generates something
different than the original family, so the construction can be iterated.

Suppose @, is in the CSK family generated by a probability measure v with support
bounded, say, from above, as given by (1.3). Then necessarily @,, has the support bounded
from above, but it also has one more moment than v. Consider now a new CSK family
generated by @,,. Then, as long as m # mg, the variance function of this new family
necessarily exists. Our goal is to relate the variance function of this new family to the
pseudo-variance function of the initial family.

2.1. Example: iterated semicircle CSK families. Here we use integral identities related
to the semicircle law to construct iterated CSK families by elementary means. The iterations
get progressively more cumbersome, and illustrate the need for the general theory.
For complex aq, as, as, ay let
4

f(x; a1, a9, a3, a4) = V4 — 22 H(l +a? —az)”!

j=1
Our starting point is the following formula.
Lemma 2.1. If |ay],...,|as| <1, then
2
/ f(x;a17a27a37a4) dx:K(a17a27a37a4) 5 (21>
-2
where
K(ay,as,as3,a4) = 27(1 — ayazazay) H (1 —aa;)™". (2.2)
1<i<j<4

Applying this formula with a; = a3 = a3 =0 and ay = m € (0, 1) (recall that mg = 0 and
we are in one-sided setting as in (1.2)), we get

Vi—
————dx = 2m,
o L+m(m—x)

View@
2n(1+ m(m — ))

Qm:

1‘x‘<2d1'.
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Now we fix Q,, € Ky(v) with mean m;. Applying (2.1) with a; = a3 = 0 a3 = a and
ay = my, we get

LT ala— o)A Fmlm =)™ = T am,

/2 Vi — 22 2T

1.e.

> l—am B
/_2 m@m(d%’) =1

Rewriting this into the form suggested by (1.3), we see that

1—amy 1 1

1 _ T 1+e2  _ a - a(a+tmi)  a
+ a(a [L’) l1—amy 1—am1x L+ 1—amy l—amy

1 1
4 mt—(a+m —z) 1+(1_G(Lml)(a+m1—x)

ami)(a+my)

(2.3)

Taking m = a + my, from (1.3) we see that the pseudo-variance function of the CSK family

]C—l- (le ) is

vim) = L) (g )

i.e. the corresponding variance function

vi(m) = m ;mlvl(m) =1+mi—mm

is an affine function of m. It is clear that the formula works for all m € (m,m; +1) (again,
we use the one-sided setup as in (1.2)). This variance function corresponds to an affine
transformation of the Marchenko-Pastur law, see [Bry09, Example 4.1]. We will see that the
same result will follow from general theory, see (2.12).

Now we iterate this procedure. Fix

1-— ml(mg — ml)

Qmamy = Qm, (dx) € K1 (Qm,y)

1+ (mg —mq)(mg —my — x)
with mean my. Applying (2.1) again, with a; = 0, as = a a3 = my — my and ag = mq, we
get

/2 VA — 1?2
—2 (L4 ala —2))((1+ (mz — ma)(ma —my — 2)))((1 + mi(my — )))
2

= (1 — (m2 — ml)ml)(l — aml)(l _ a(m2 _ m1>>7 (24)

dx

1.e.

/2 (1 —amy)(1 —a(my —my))
9 1+a(a—x)

As previously, after the appropriate choice of a we want to represent

Qmy.m, (dz) = 1.

(1 —amq)(1 — a(mg —my))
1+a(a—x)
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as (1.3). From

(1 — aml)(l — a(mg — ml)) . (1 — aml)(l — a(mg — ml))

1+a(a—x) B 1+a?—ax
1
= - (2.5)
L+ (I—am1)(1—a(mz—m1)) (a(m% —mamy + 1) +my — )
we read out that with
m — Mo
a =
m2 —momy + 1
the pseudo-variance function of the CSK family Ky (Qmym,) 18
V,(m) = (1 —amq)(1 — a(mg — my))(am? — amamy + a + my)
a
_ m (1 — (m—mq)my) ((my —msa) (m+mg —msg) + 1) (2.6)

(m —mg) (m? —mamy + 1)
So by (1.5) the corresponding variance function

(1 —(m —mq)myq) ((my —my) (m+my —ms) + 1)

(m2 —mamy + 1)

va(m) =

is a quadratic polynomial in m. The above argument works when |a| < 1, i.e. since we are in
one-sided setting as in (1.2), for all my < m < my +m? —mymsy+ 1. (This variance function
corresponds to an affine transformation of the free Meixner law.)

The calculations for the next iteration that would start with Q. me.mi € Ki(Qmg.m, ) With
mean mg, seems to be too cumbersome.

2.2. General approach. In this section, we show how to relate to the domains of means

and the pseudo-variance functions of the original family K, (v) and the new family K. (Qp,, )-
Fix my € (mg, my), and consider @Q,,, = Py, € K. (v), with 6; € (0,6.).

Define

Mi(6) = [ 5 Pu(da),

for 0 € © = {6 >0; M;(0) < o0}.
The CSK family generated by Q,,, = P, is

1
M (9)(1 — 6a)

K. (P) = {Polda)} = {

Proposition 2.2. (i) © =(0,04)

Py, (dz), 0 € @} .

(ii) For 6 € ©, we have

OM(0) — 6, M(6:) . :
M(el)(e %) if 0 #£ 04;

M, (0) = o
M(6:) + 0,.M"(61) if 0= 0.

M(61)
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(iii) For 6 € ©, we set k(0) = /ng(dx) the mean of Py, and ki(0) = /Iﬁg(dl’), the
mean of Py. Then

0k (0) — 01k(6:) | |
0= 0 + 06, (k(0) — k(o) 1070
ki (6) = s,
k(01) 4 0,k (0,) o
1+ 02K/ (6y) if 0= 0.

Proof. (i) We have that

1 1
M P .
1(6) = / = 0 = | i eoa =

As 0, € (0,0,), the function z +— ;=;— is bounded on the support of v, so that M (6) exists

for 6 such that the integral

(i)

T g V(d:c) converges that is for 6 in (0, 6).
— Ox

1 1
M = [ —F
1(9) / 1-— 9 61 dl’ Ml 91 1-— 911’)(1 — 91’) (dl’),
If 6 # 6,, then,

1 B 0 0
(1—602)(1—6z) (0—6)(1—0z) (0—6)(1—06z)

It follows that

0 1 91 1
M) = M(6)(6 — 6,) / GOl M(6,)(6 — 6,) / a0\
OM(6) — 6, M(6,)

M (61)(6 — 61)

If 8 = 6y, then
- 1  M(6y) + 6, M(6y)
Mi(61) = / oA =g ) = M) '
(7i1) We have that o
0= 5rn@

If 0 # 0y, then
OM(0) — 61 M (6,) 1
MO)(06—6) M)~ M(@6)

f(0) = JOM(0) —0,M()  GM(B) — 6,0 ()
M(61)(6 — 61)
As M(0) = %, we obtain that

0k(0) — 6,k(6y)
(0 —61) + 00, (k(0) — k(61))

kl(e) =
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If & = 6,, then
(M(61) +6:M'(61)) 1
oy~ MO ~1 T M(@) M)
H 01 M, (6:) g, MO+ 0 M'(61)) — M(61) +6.M'(6)
! M(6,)
Given that
oo 1 ' _ K(6h) + 01K (61)
we)= (=g o (L= Ok

we obtain

k(6h) + 61K (61)

a(0n) = 1+ 02k (6;)

O

Next we denote by D, () and V the domain of the means and the pseudo-variance function
of the family K, (v), and by D;(Qy,) and V; the domain of the means and the pseudo-
variance function of K, (Qy,,). Recall that Dy (v) = k((0,6,)) and D4 (Qm,) = k1((0,64)).
We set

m = k(f) and ™ = k1(0).

We will also use the inverse 1 of the function § — k(@) from (0,6, ) into (mg, m, ), and the
inverse v of the function 6 — k() from (0, 6, ) into its image (g, M ).

Theorem 2.3. Let v be a probability measure with support bounded from above, and let
K. (v) be the CSK family generated by v. Fix my € (mg, m.) and let B = B(v) be given by
(1.11). With the notations introduced above, we have

(i)
m2V(my) — m2V(m) o 2
mV(my) — myV(m) fm
m = ki((m)) = (2.9)
2m,V(my) — m2V'(my)
V(ml) — m1V’(m1)

(i) the (one sided) domain of means is

if m=mg.

Do (O)) = (g, 77 ) = (ml’ m. Gy (B) — m?/V(ml)) '

GV(B) — ml/V(ml)
(interpreted as the limit b — BY.)

(iii)
Vi (m) V(m)

= = —— 4 m. (2.10)
m m

Note that the function m —— 77 is a bijection from D, (v) into D, (Q,,, ), so that to get
explicitly the pseudo-variance function of the CSK family K, (Q,,,), we need to express m
in terms of m from (2.9) and insert it in (2.10).
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Proof. (i) Suppose that m # m;.

m o= ki(y(m))
_ mip(m) — myp(ma)
(¥(m) = p(ma)) + ¢ (m)v(ma)(m — m)
_ m?(V(my) +mi) — mi(V(m) + m?)
m(V(my) +m?) — my(V(m) + m?) + mmy(m — my)
~ m*V(my) —miV(m)
mV(my) —myV(m)

For m = my, we have

K(O) + 0K (0) 0k (0) — 0,k(0)

m=hwim) = k() = = ey = G0, + 06, (k(0) - B0

m2?V(my) — m2V(m)

B mh_r)nml mV(my) — mV(m)
m? m?
V(m)V(m — L
= lim 7 " )
MV (my)V(m —
vy
(m/V(m))
~2myV(my) — miV'(my)
V(ml) - le’(ml) '
(1) Using the definition of the domain of means,
m? m?
- _ m2V(my) — m2V(m) _ V(im)  V(m)
o= Glino F(0) = mh_r)nmo mV(my) —m;V(m) mh—r>nmo momy e
V(m)  V(m)
m? m?
_ . m*V(my) — m3V(m) _ V(m) V(m)
my = 1 = 1 = 1
My = k1(0) R mV(my) — maV(m) e, M
V(m)  V(m)
m? m?
myG,(b) — ! m,G,(B 1
B i + ( ) V(ml) B + ( ) V(ml)
T G- GB) -
’ V(ma) 0 V(ma)

(This is m4 when lim;_, g+ G(b) = 00.)

(731) For 0 € (0,0,) we have 0 = 1(k(0)) = 11(k1(0)) so that ¥)(m) = ¢y (m) . By (1.7),

this implies (2.10).

O
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Note that as the probability measure @),,, has a finite first moment m, = m;, the variance
function vy (.) of the CSK family i (@, ) exists and from (1.5) we have
m
Vl (m) = — U1 (m)

m — 1mg

2.3. Applications. The following examples illustrate the usefulness of Theorem 2.3, and
provide examples of CSK families with rational variance functions.

2.3.1. CSK families with quadratic variance function. The CSK families with quadratic vari-
ance function have

v(m) =1+ am + bm* = V(m), (2.11)
(we consider centered case here, with mg = 0).
m—mq

Formula (2.9) gives that m =
Formula (2.10) gives that

1+ amq +bmym

m

Vi(m) = P(m),

(m —mq)(1 + amy + bmym)
where P(n) = (1 + m(a +bm)) (1 4+ my(a —m + (b+ 1)my)).
The corresponding variance function is

1

— Pl
o (m) 14 amy +bmim (m),

The following two special cases are of interest.

Example 2.4. The Wigner’s semicircle (free Gaussian) law
V4 — x?
2w

has a constant variance function i.e. (2.11) holds with a = b = 0: v(m) = 1 = V(m) and
the (one-sided) domain of means is D, (v) = (0,1). (The full two-sided domain of means is
of course (—1,1).) For my € D, (v), the probability measure

Nz

27(1 + my(my — x))

v(dr) = L(—29)(z)dz,

le (dl’) = 1(—272) ($)dl’,

m
(—mam + mi + 1),

generates CSK family with pseudo-variance function V(m) = —
m — mq
and domain of means D (Q,,,) = (m1, 1+ my). The corresponding variance function is

vi (M) = —mym +m3 + 1. (2.12)
Up to affine transformation, this is in fact the Marchenko-Pastur law, see next example.
Example 2.5. The (absolutely continuous) Marchenko-Pastur (free Poisson) law

WA= (v —a)?
v(dr) = 31+ ar) L(a—2,a+2)(z)dx
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corresponds to (2.11) with b= 0 and 0 < a® < 1. The variance function is v(m) = 1 +am =
V(m), and the domain of means is D (v) = (0, 1).
For my € D (v), the probability measure
(1+amy)\/4 — (x — a)?
m dx) = 1 a—2.a d
Q 1( SL’) 27r(1+m1(a+m1—x))(1—|—ax) (a—2, _,_2)(5(7) T

generates CSK family with pseudo-variance function

m

Vilm) = A e =)

(14 am) (1 +my (a+ my —m)).

The domain of means is
D, (Qm,) = (my, 14 (a4 1)my).
The variance function is
(1+am)(1+my (a+mg —m))
14+ amy ’

U1 (m) =

Example 2.6. For a? > 1, the Marchenko Pastur law is
4—(x—a)?
21(1 4+ ax)

If @ > 1, B(v) = a+ 2 and the upper endpoint of the domain of means is m, = 1. In this
case, D, (v) = (0,1), and for m; € D, (v), we have

v(dr) = Lia—2,at2)(@)dx 4+ (1 — 1/a*)0_1 o (dx)

(14 amy)\/4—(x —a)?
2r(1+my(a+my —x))(1 + ax

le (dI) = )1(a_2,a+2)(1’)d1'

1+am1
1+ mi(a+mi+1/a)

This distribution generates the CSK family with pseudo-variance function

(1 —1/a*)d_1/a(dz). (2.13)

Vi(m) = 5 am) (7 = ml)(l +am) (1 +my (a +my —m)),

and domain of means
D, (Qm,) = (m1, 14 (a+ 1)my).
The variance function is

oy () = (1+am)(1+m1(a+m1—m)).

14+ amy
If @ < —1, then B(v) = —1/a, and the domain of means is D, (v) = (0,—1/a). For
my € D4 (v), we have that

B (14 amy)\/4— (x —a)?
le(dl’) - 27T(1_'_m1(a_'_m1 —LL’))(l +ax>1(a—2,a+2)($)dl'

1+am1
_'_
1+ mi(a+my —x)

It generates the CSK family with pseudo-variance function

(1 —1/a*)d_1/a(dz). (2.14)

m

Vam) = oy =)

(1+am)(l+my(a+my —m)),
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with domain of means
Dy (Qmy) = (m1, —1/a).
The variance function is, in this case,
(14+am) (1 +my (a+my —m))
14+ amy ’

vy (M) =

2.3.2. CSK families with cubic pseudo-variance function : For a > 0, the cubic pseudo-
variance function

V(m) = m(am? + bm + c) (2.15)
m(b+ amy) + c

corresponds to CSK families without variance. Formula (2.9) gives that m = — —
a(m — my)

m

Formula (2.10) gives V,(m) = Q(m), so the corresponding variance function is

a(m — m1)2
_ 1 _

v1(m) = m@(m),
with Q(m) = (¢ +m(b+ am)) (¢ —m + my (b+ amy + 1)).

The following special cases are of interest
Example 2.7. The Free Abel (or Free Borel-Tanner) law

1

— 1w d
=)z oI
has domain of means D, (v) = (—o0,0) and pseudo-variance function V(m) = m?(m — 1).
For my; € D, (v), probability measure

v(dr) =

mq (m1 — 1)

m dzr) = o d ’
Q@ 1( x) w(m%—x)(l—x)\/——x ( ,0)(:6) Z
generates CSK family with pseudo-variance function
2
__ m N
Vl(m> = (m — m1)2 (1 - m)(m - m%) )

and the domain of means D (Q,,) = (m1,0). The corresponding variance function is

_ m e
() = =T (1 ) — ).
Example 2.8. The free Ressel (or free Kendall) law
—1
v(dr) = L(—oo,—1)(z)dx

Ty —1—x
has domain of means D, (v) = (—oo0, —2) and the pseudo-variance function V(m) = m?(m +
1). For my € D, (v), the probability measure

—mi(1+m
Qo () = —— L)
mx(mi+2m; —x)yV/—1—=z
generates CSK family with pseudo-variance function
—2
__ m __ __
Vi(m) = T —m) (=m® + (m] +2m; — )m +m + 2my) .

1(_007_1)(56)6156,
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D(Qy) = (m 2 )

1
’1—m1

and the domain of means

The corresponding variance function is

m
vi(m) = e (m + 1)(m7 + 2m, —m).

Example 2.9. The free strict arcsine law

V3 —4x
dr) = —/—— 11— d

= e i
has pseudo-variance function V(m) = m(1 + m?), and the domain of means D, (v) =
(—o0, —1/2). For my € D (v), probability measure

m? +1)y/3 — 4z
le (dx) = 2( 1 ) D) 1(_0073/4) (:L’)dl’
2r(mi +mi +1—x)(1+22)

generates CSK family with pseudo-variance function

V() = — (4 (m2 +my + 1) — 4 (m2 4+ m + 1))

(m — m1)2

D+(Qm1) = (ml, M) .

1—2m1

and with domain of means

The corresponding variance function is

14 m?
v (M) = — (m3 +my +1—m).

m — 1ma

Example 2.10. The inverse semicircle law

/2
v(dz) = py P — 4,
2mx?
corresponds to (2.15) with a = 1/p* ; b = ¢ = 0. The pseudo-variance function is V(m) =
m3 /p?, and the domain of means is D, (v) = (—oo, —p?).
For my € D, (v), probability measure
pmiy/—p? —4x

me (dx) = 1o d
Q 1( x) 27Tx2(m%+p2(m1 —I)) (=00, P2/4)(x) T

(_007_172/4) (x)dx,

generates CSK family with pseudo-variance function
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3. EXTENDING THE DOMAIN FOR PARAMETRIZATION BY THE MEAN

Given a compactly supported measure v, Proposition 1.1 tells us how to determine the
one-sided domain of means (mq, m..) and how to compute the pseudo-variance function V(m)
for m € (mgy,m4). (There is a similar result for the two-sided domain of means, see [BH11,
Remark 3.3].) But the pseudo-variance function is often well defined for other values of m,
too. So it is natural to ask whether the corresponding ”family of measures” can also be
enlarged. The following example illustrates the idea, drawing on well known properties of
the Marchenko-Pastur law.

Example 3.1. Consider the (two-sided) CSK family generated by the semicircle law v =
5=V 4 — 221, codz with the variance function v(m) = V(m) = 1, the domain of means
(—1,1) and
VA — 22
K(v) =

27(1 +m(m —x))
This is a family of atomless Marchenko-Pastur laws, which can be naturally enlarged to
include all Marchenko-Pastur laws:

B VI
K(v) = {Wm(dl') = 27(1 4+ m(m — x))
Noting that

1‘x‘<2d:€ tm e (—1, 1)} .

Ljgj<odz 4+ (1 = 1/m*) T 6pi1/m : m € (—o0, oo)}

/ﬂ'm(d:lf) =1, /:mrm(dat) =m, /(1’ —m)?m,(dz) = 1,
we see that v(m) = 1 is the variance function of this enlarged family.

Of course, it may also happen that the extension beyond the natural domain of means is
not possible. family is full.

Example 3.2. Let v = 20_; + 6; be the symmetric Bernoulli distribution. Then M (§) =
5> and m() = 6. The (two-sided) range of parameter is © = (—1,1). So the domain of
means here is (—1, 1), and with mg = 0 the pseudo-variance function is equal to the variance
function,

v(m) =V(m) =1-m?

In this case, the variance function is negative outside the domain of means, so we cannot
extend the family {Q,, : m € (—1,1)} beyond the original domain of means while pre-
serving the variance function v(m), and the relation between v(m) and the Cauchy-Stieltjes
transform.

Our next example shows that the extension sometimes may proceed in two separate steps.

Example 3.3. Consider the inverse semicircle law from Example 2.10 with p = 1. Since
m? +m > —1/4, it is clear that measure @Q,, is non-negative and well defined for all m.
Since the integral [ Q,,(dz) is an analytic function of m < —1/2, it must be 1, so Q,, is
a probability measure for all m < —1/2. This is the "first part” of the extension, from
(—o0, —1) to a larger interval (—oo, —1/2).

At m = —1/2 the integrand has singularity at x = —1/4 but the integral is still 1, see
the calculation below. For m > —1/2, the mass becomes less then one, as [ Q,,(dz) =
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m?/(1+m)?. So for m > —1/2 we can define a new probability measure

2 (1 + 2m)+

m5m+m2 (d:l:’) (3.1)

Q,,(dr) = Q,n(dx) + (1 — ) Omam2(dx) = Qu(dx) +

(1+m)?

with extra mass in the atomic part.
The definition (1.7) of pseudo-variance is not directly applicable beyond m > —1. How-

ever, if we use relation (1.10), then V(m) = m? also for m > —1. Thus we may claim that

the family {Q,,(dz)} extends the domain of means for V(m) = m3 to (—oo, 00).

We now prove the above two claims.

Proof of the claims in Fxample 3.3. By the change of variable t = v/—1 — 4z in

[ @utas) - // my_l-ds .

o 2mx}(m?+m —x)

we obtain

16m2 [+ 2
/Qm(dz) I /0 @+ 12(2m 1 12+ t2)dt'

The integrand can be decomposed as follows

t2 (2m + 1) 1

@+ 102(2m+ 12+ 82)  (Cm+1)2—12(+1) (@m+12—1)(2+1)?

(2m + 1)?
(2m+1)2 =122+ (2m+1)?)

For real numbers a, b, r # 0, we denote J,, = f; ( dr__  Then we have

:1,‘2-‘1-7”2)”

Jps1 = ﬁ ((2n — 1), + [WT) .

a

Using this, we get:
For m = —1/2,

/Q—l/z(dx) =
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For m # —1/2

16m2 [+ 2
/Qm(dx) - T/O (t2+1)2((2m+1)2+t2)dt

 16m? (2m + 1)2 1
o7 (/ (2m+1)2 = 1)2(¢2 + 1)dt B / (2m+1)2 - 1)(t2 + 1)2dt
B / (2m +1)? dt)
(Cm+1)2 =12+ (2m + 1)?)
C16m2, (2m4 1) . 1/2 7 oo
= (g gt e (5 + e, )
2m + 1 e
_ ((277(1 f1)2 z e [au"ctarl(szrl)}:)r )
Ifm< —1/2
_16m? 2m+1)? =« 1 T
/Qm(dx) T oo <((2m +1)2-1)22 ((2m+1)2-1)4
(2m+1) T
(2m+1) - 1)2(_5)) =1
Ifm>—-1/2
_ 16m? 2m+1)? =« 1 m
/Qm(dz) oo (((2m—|— 12-122 (2m+12-1)4
2m+1) =«  m?
 (2m+1) — 1)25) 1+ m)?
We now verify that the atomic part works as needed.
By the change of variable t = v/—1 — 4z from (3.1) we get
R VA
/me(da?) B /_Oo 2nz(m? +m — x) d
Am2 [+ 2
= o)y @ nenriEee”
_ 4m2 +00 +oo (2m+ 1)2
= _T(_/O 4m(1+m)(t2+1)dt+/0 I rmen o™
o Am? —1 w . (2m+1) t -
= (4m(1 ) [arctan(t)]§™ + m[arc‘can(2 - 1)]3{ )
o 4Am? -1 7 (@2m+1) . m
T (47’17J(1+m)§jL 4m(1—|—m)§) T 1+m
So ) L
_ m —2m
/me(d:c) =~1xm + (1+m)2m(1+m) =m
as expected.
0

We now give a general theory that shows how the two-step extension works.
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3.1. The first extension. Suppose that the pseudo-variance function V extends as a real
analytic function to (mg, +00). Recall notation (1.11) and define

m. (v) =inf{m > my:m+ W =A(v)}. (3.2)

From Remark 1.2 we know that my(v) > my is well defined. We will verify that one
can use (1.3) to extend the domain of means to (mg, m, (v)), preserving the pseudo-variance
function. (The definition (1.7) of pseudo-variance is not directly applicable beyond m > m,,
so we use an equivalent definition).

Theorem 3.4. Formula (1.3) defines the family of probability measures {Qm(dx) : m €
(mo,m )}, parametrized by the mean m = [ xQ,,(dx). The Cauchy-Stieltjes transform of
the generating measure v satisfies (1.10) with z given by (1.8) for all m € (mg,my). In
particular, if v has finite first moment mg then for m € (mg, m, ) the variance of Q,(dx) is
given by (1.5).

The rest of this section contains proof of Theorem 3.4.
We consider the set © for which the transform (1.1) exists.
In fact, if A(v) >0, then © = (0,6;) with 6, = =, and if A(v) <0, then

1
B

o (—oo, ﬁ) U (0, 00). (3.3)

-3 (242 )

» 1, if A(v)>0
sign(A(v)) = { —1, if 54()V) <0

One can then define the first extension of I (v) as

1 . sign(A(v)) 1 1
mu(dm) ; 0e( B : A(V)> U (0, §>}

One can always write

with

I

Ki(v) = {Pp(dx) =

_ gn(A 1
Note that () = K. (v) when A(r) > 0, because in this case (szgn( ) ) = 0.
Therefore, the first extension is non-trivial only when A(v) < 0.
Proposition 3.5. Suppose A(v) < 0. For € © = (—oo, ﬁ) U (0, 00) the mean

k(0) = / 2Py (dx) = % (3.4)

is strictly increasing on (0,00) and on <—OO, ﬁ)

Proof. 1t is known ([BH11]) that the function k(.) is strictly increasing on (0, c0), we will

use the same reasoning to show that it is also increasing on ( —oo, ﬁ) We first observe
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that for 6 € (— 0, A( ) the expressmn (1 — 0z) is negative for all z in the support of v. In
fact, © < A(v) implies that 6z > 0A(v) > 1, that is 1 — 0z <1 —0A(v) < 0. Hence

|| |9x—1—|—1\
/(1-9@2”“‘” - |9|/ 1 —azz V1)

|0x — 1| 1 1
] Gy ) | g
M©) 1) M)
0 0'1— 0A(v)

IA

< 00.

IN

Now fix —co < a < f < For x € supp(v) C (—o0,0), the function

A(v)

00 \1—0z) (1—0x)?

is decreasing on (—oo, ﬁ), so for all 6 € [a, 5],

T T T

=B =102 = (1=

We define for z € supp(v)

ol lal
1—ax)? (1-px)?%

g(r) = (

1
Then g > 0, and g is v-integrable, because « and 5 are in (—oo, ﬁ) , and % (m) =

7(1 :)59 E < g(z), for all @ € [o, []. Thus, one can differentiate M (6) under the integral
— Oz

sign and formula (1.4) gives

(o) — MO 0M(0) — M(6)”

The fact that

M) +631'6) - Mo = [ ﬁy(d;ﬁ) ([ gt 20

implies that the function § — k(#) is increasing on <—oo, ﬁ) : O
We have that
9ll>r—riok(9) B eL o0 ]\495\6/)[)(9_) 1
1 (1
5
= (- 1 =B - 1 =m4
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For the proof of Theorem 3.4 instead of using (3.2), we define
m,(v) = lim k(6). (3.5)

AW
(We will later verify that this coincides with (3.2) when A(v) < 0.) Then, the function

k(.) realizes a bijection from (—oo, m) onto its image (my, m.(v)). We then define the
v

function v on (mg, m.) as the inverse of the restriction of k(.) to (0, 00), and on (m, m(v))
1

as the inverse of the restriction of k(.) to (—oo, m . This leads to the parametrization
v

by the mean m € (mg, m,)U(m,, m,(v)) of the family K, (v). The definition of the pseudo-

variance function can also be extended using the function ¢. Following (1.7), we define V(.)

for m € (mg,my) U (my, my(v)) as

. 1 ) 1
e D) T st 9(m)”
so that we define V(.) at my by V(my) = —m3. Note that Q,,, (dr) = v (dz) is well
defined for A(v) < 0.
The explicit parametrization by the means of the enlarged family can then be given by

We have that

— A\
Ki(v) ={Qm(dx) = Vm) +Enm(3n — x)y(dx) s m € (mo,my (v))}.
The function m — ¥ (m) = m is increasing on (my, m,(v)), so the function

m +— V(m)/m + m is decreasing on (m4, m4(v)) and
lim )V(m)/m +m = A(v).

m—my (v

This implies that (3.2) holds when A(v) < 0.
\Y% 1
If A(v) >0, then (3.2) gives m, (v) = my because m + % =5 = B = A(v), and
+ +
then K, (v) = K, (v). This ends the proof of Theorem 3.4.

4. THE SECOND EXTENSION

As indicated by Examples 3.1 and 3.3, family K, (v) may have a further extension. Define
M. =inf{m > mg: V(m)/m < 0}. (4.1)

From Remark 1.2(iii) it is clear that M, > m,. In fact, M, > m,. This can be seen from
(3.2): since the mean must be smaller than A(r) we have m, < A(v), so V(m)/m > 0 for
allm < m,.

It is easy to see that M, = oo > m, in Example 3.1 and in Example 3.3 while M, =
m, = m, in Example 3.2.

We now introduce the second extension of the family IC, () as the family of measures

Ko(v) = {Quldr) : mg <m < M, (1)},
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with @, given by

o _ V(m)
Cld) = V(m) +m(m —x

where the weight of the atom is

1- %GV (m—i— V(m)) if m >m, and V(m)/m >0

Since formula (1.10) holds for all m € (mg, m,), it is clear that K, (v) C %JF(V). We now
verify that the extension satisfies desired conditions.

Theorem 4.1. Let my <m < M. Then (4.2) defines a probability measure Q,,(dz) with
mean m, and if v has finite first moment myg then the variance of Q,, is

/([L’ _ m)2@m(dl') _ (m — mO)V(m)

m

Here the use of V(m) is based on the assumption the pseudo-variance function V extends
as a real analytic function to (mg, +00). We will show later the definition of the pseudo-
variance function V may extended to m; < m < M.

Since Marchenko-Pastur law is free-infinitely divisible, from [Bry09, Example 4.1] one can
see that there is no ”one simple formula” for m. (v) under the free convolution power. On
the other hand, the domain of means for exponential families scales nicely under classical
convolution power, and it is satisfying to note that the extended domain of means lead to
the analogous formula:

(4.3)

M, (5*) = aM_(v). (4.4)

Indeed, since V aa(m) = aV,(m/a), see [BH11, (3.17)], the result follows from (4.1).

The rest of this section contains proof of Theorem 4.1. In the proof, we focus on the
behavior of the function

V(m)
h(m) = ——= 4+ m, for m > m, (v), (4.5)
m

where m, (v) is defined by (3.2). In order to make clear the idea, we first study some
examples,

Example 4.2. The Wigner’s semicircle (free Gaussian) law.

VA — 22
Tl(_2’2) (I)dl‘,

has a constant variance function v(m) = 1 = V(m) and the (one-sided) domain of means is
D+(V) = (Oa 1)7 and © = (0794-) = (07 1/2)

m, (v) = my; = 1. We observe that, for m < m_ (v), there exists a unique ™ > m, (), such
that

v(dr) =

@—l—m:mij

1
In fact, m = — =
m m
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Example 4.3. The (absolutely continuous) Marchenko-Pastur law

4—(z—a)?

v(dz) = 27(1 + ax)

1(a—2,a+2) (SL’) dx

with 0 < a@® < 1. The variance function is v(m) = 1+am = V(m), and the domain of means
is D, (v) =(0,1), and © = (0,6,) = (0,1/2).

1
m.(v) = my = 1. We also observe that for m < m,(v), there exists a unique m = =
2
m. (v) > m(v), such that
m
V(m V(m
Vim) | = Yl
m m

Example 4.4. The free strict arcsine law

V3 —4dx
) 1(_0073/4) ([l?)d{l?

vlde) = o )

has pseudo-variance function V(m) = m(14+m?), the domain of means D, (v) = (—oo, —1/2)
and © = (0,60,) = (0,4/3).

m,(v) = my = —1/2, and for m < m,(v), there exists a unique m = —m — 1 = —m +
2m, (v) > m, (v), such that

ermszrm

Example 4.5 (compare Example 3.3). The inverse semicircle law

/2 4
y(de) = VP 70

DY) (—o0,—p2/4) (l’)dl’,

has the pseudo-variance function V(m) = m?/p? and the domain of means is D, (v) =
(—o0, —p?). Consider the inverse semicircle law with p = 1. © = (—o0, —4) U (0, +00) =
(—o0,1/A(v)) U (0, +00).

m,(v) = —1/2 > my = —1. For m < m,(v), there exists a unique m = —m — 1 =
—m +2m, (v) > my(v), such that
V(m A\
@ +m = m +m
m m

Example 4.6. The free Ressel law

-1
v(dz) = ml(—w,_l)(@dfc

has domain of means D, (v) = (—o0, —2), the pseudo-variance function V(m) = m?(m + 1),
and © = (—oo, —1) U (0, +00) = (—o0, 1/A(v)) U (0, +00).

m,(v) = -1 > my = —2. For m < m,y(v), there exists a unique m = —m — 2 =
—m + 2m, (v) > m, (v), such that
V(m \Y%
@ +m = ﬂ +m
m m
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4.1. Proof of Theorem 4.1. Without loss of generality we suppose that m, (v) < +oo.

Definition 4.7. For m; € (mg, m(v)), we define the set

Vi = (2 mi () 3 T gy Ty

Since V is assumed analytic, V,, is a (possibly empty) countable set with no accumulation
points.

Proposition 4.8. If for mqy € (mg,my(v)), Vi, # 0, then for m such that mqy < m <
my (v), Vi # 0.

Proof. Consider the function h : m —— V(m)/m+m and suppose that for m; € (mg, m,(v)),
Vin, # 0, then there exists m) > m, (v) such that
V(my)/my +my = V(m})/m)| +m].

We have that

h(m,(v)) = A(v) and h(m}) =V(my)/m; +m;.
For y € (A(v),V(mq)/my+my), by continuity of h, there exists m’ € (m, (v), m}) such that
y=h(m)=V(m')/m +m'.
In other words, for all m € (m;, m,(v)), there exists m’ € (m,(v), m}) such that h(m) =
y = h(m'), then V,, # (. O

Remark 4.9. From this proposition, it follows that the set of m belonging to (mg, m(v))
such that V,, # () is an interval.

Define
m = inf{m € (my,m,(v)), such that V,, # 0}.
For m € (m, m(v)) let
m = inf{V,,}.
Note that it may happen that V,, = ) for all m € (mg, m(v)), see Example 3.2. However,
when m < m (v) we have the following.
Proposition 4.10. The function g : m — m is (strictly) decreasing on (m, m, (v)).
Proof. Let my, mo € (m, m; (v)) such that m; < ma, the fact that the function h from (4.5)
is decreasing on (mg, my(v)) implies that
\Y \Y

(m1) > (m2)

my mo
As h(mq) = h(m,) and h(msy) = h(m3), we have that

V(m V(m
V) | o, s Ym) | o (4.6)
mq mo

+ Mma.

and necessarily, we have m; > my.
Indeed, m; = My is not possible, and if m; < Ty, then the inequality (4.6) and the

V(my)

mo

continuity of the function A implies that there exists y < m; such that
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\%
h(y) = (m2) + my, which is in contradiction with the fact that
mg
\% \%
mgzinf{mzrmr(y) : Mij: Mijg}.
m mo
U
We have m (v) = m, (v), and set M = lim_7m.
m—rm
s . . Vm) : ~
Proposition 4.11. The function h : 0 — ———= + M is increasing on (my(v), M).
m

Proof. Let my, My € (m+(u),ﬁ) such that m; < . Then there exists my, mo €

(1, m () such that my > my and S0 g = YOm) g V) g
mi mi mo
\%
M + msy. This implies that
msy
Vi) |y < YT) |
mi mo

O

We are now in position to show that one can extend the definition of the pseudo-variance
function V(m) to m € (m;,M,). We first use the mean function k(.) given in (1.4),
to define a new mean function k(.). In fact, we know that the function g : m > m
realizes a bijection from (m, m,) into (m,, M, ) with M, = g(m). We then define k(.) on
O =k7'((m,m,)) C O, by k(0) = g(k(6)). If m = k(6), then m = g(k(0)) = k(6).

We define v as the inverse of k(.) from (m,, M,) into ©. The pseudo-variance function is
then defined V. m € (m4,M,), as in (1.7), that is

V) =m (= —m) ¥ m e (me M),

Conclusion of proof of Theorem 4.1. Note that for m > m (v) formula (1.3) defines @,,(dz)
which is not a probability measure, and it may be negative. Our restriction to m < M, (v)
given by (4.1) guarantees its positivity, so measure @, is also non-negative.

We now verify that @Q,, is a probability measure with required properties for m € (mg, M, (v)).
We write (4.2) explicitly

V(m) B
V(m) +m(m — x) vidr) + (1 m m

Qp(dz) =

+ m))éerm.
Note that when m € (mgy, m(v)) we have that

Yo (V(m) N m) _o

so that @, reduces to the distribution given in (1.3), and has desired properties. Therefore,
without loss of generality we restrict ourselves to m > m, (v) such that V(m)/m > 0.
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From (1.3) we have

[ Guta = | V(m) . gnmgm —" )
_ V(m) / — 1 ()

m Yim) _
m—i—mx

Therefore,
[@utan) = [ Qua) + pom)
_Yimg, <V(m) + m) 11 Ymg, <m + m)

=1, Vm e (mg, M4 ).

We now verify that / Q,,(dr) = m. We have

/ 0, (dz) = / 2O (d) + / ep ()i, (@)
_ / V(m)V(m)x U(dz) + (W —i—m) p(m).

+m(m — x)

The integral is
V(m

/ Wmﬁ%@ = | / CEmym T
_ V) [ (VOm)/mtm) —z— (V(m)/m+m)
- m / V(im)/m+m —z (dz)
— _Vnim) 1—(V(m)/m + m)GV(VE;n) + m)}
= S TG, (T G (T )
_ V) [, V) ¢,V | m)}
b V(m)G (V;T) +m)

On the other hand we have

(i - (20 ()
)
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Thus
/ 20, (dz) = / 2O (da) + / ()i, () = m.

Next we verify formula (4.3). We have
[ata=mi@utdn) = [ o= m)@uide)+ [ (o~ mp(ms,,, e
= [t = Qi) + (m+ L) 0,

m
The integral is

/ (5 — m)O(dr) = — [ / 2Qun(dz) — / :cy(d:c)}

m

Yoy (Y (,_ Vimlg, (Vo))
+ V(m)G, <W + m) - mo].

On the other hand,
e o e )

m m m m

_ V(m) [m—V(M)Gu (WJFm) +W <1_V7(7T G, (Vf;n +m))} .

m

Thus v
/:E(x —m)Q,, (dz) = Vim) (m —my) .

m
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