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ABSTRACT 
This work focuses on studying the rainfall intensities of high frequencies (less than a few hours). Multifractal 
fractionally integrated model (FIF) which is a universal multifractal model modified, based on a multiplicative 
cascade and having three parameters is used. The intensity of rain derived from recorded rainfall data at a 
resolution 5 minutes, collected between 2007 and 2010 at three stations belonging to the Grand Tunis are the 
subject of this study.  The spectral analysis and the study of the structure function, have allowed detecting the 
scaling regime corresponding to micro-scales which stops at time scales for around 2h30min. It has proved that 
the process of rain is not conservative. Multifractal fractionally integrated model (FIF) is then adjusted. 
However, a problem of bias due to the high rainfall intermittency appears when estimating its parameters. 
Analysis of the results reveals that the increase of intermittency leads to overestimate the model parameter the 
codimension C1, which measures the average heterogeneity of the process and to underestimate the model 
parameter � which measures the degree of multifractality. To solve this problem, we select continuous 
sequences, on which we have applied the FIF model, which results in parameters almost identical to those 
obtained in the literature for very different rainfall patterns. 

Keywords: multiplicative cascade,  multifractal fractionally integrated model (FIF) , biais, intermittence. Semi-
arid Mediterranean climate; rainfall time series; scale-invariance; on-off intermittency; multi-fractal.  

1 INTRODUCTION 
For two decades, several authors have focused on precipitation in terms of spectral analysis and study 
of scale invariance as well as the application of the cascade model (Tessier et al., 1993; Ladoy et al., 
1993; Fraedrich and Lardner 1993, Hubert et al., 1993, Olsson et al., 1995, Olsson 1996, Tessier et al., 
1996, Schmitt et al., 1998; De Lima and Grasman 1999; Pathirana et al, 2003; de Montera et al, 2009; 
De Lima and De Lima 2009; Gires et al., 2011; Verrier et al., 2010 and 2011). Multifractal models 
reflect the extreme variability of geophysical fields extending over large ranges of scales (Schertzer 
2004). To reduce the number of parameters to a finite number, Schertzer & Lovejoy., (1987) proposed 
a multifractal model with two parameters, this model is called multifractal universal (MU) model. It is 
based on a multiplicative cascade whose logarithm generator (known as weight) follows a Levy law. 
To extend the application of this model to non-conservative process a third parameter, which 
quantifies the deviation of the phenomenon of a conservative process, is necessary (Bernerdara P. et al 
2007). Multifractal Universel (MU) formulation of Schertzer and Lovejoy (1987) has shown its 
relevance for the rainfall data. However, as highlighted by de Montera et al. (2009) this model is not 
built to model the intermittency rain- no rain. Unfortunately this is the main problem to solve in our 
case study because it does not rain for 98% of the time in the Tunis arean with semi-arid climate. In 
this context, we followed the works of Schmitt et al. (1998), de Montera et al. (2009), Gires et al. 
(2009) and Verrier et al. (2010, 2011), which showed the effect of intermittent rain non-rain on the 
estimation of model parameters MU to estimate the unbiased parameters of the model. 
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2 CONCEPTS ET NOTIONS  

2.1 Multifractal Analysis 

The multiplicative cascade model suppose that a quantity ��0 (also called "flow" in reference 
to the turbulence) is transferred through successive iterations, defined on a scale external of 
width T (here we are interested in a temporal process of dimension 1) in a uniform manner. 
From one level to another, the initial quantity ��0 multiplied by multiplicative increments 
(which are random variables whose distribution does not depend on the scale) is redistributed 
in the interval [0, T] to �1 (usually two) sub-interval of the same lengths that succeed. The 
multiplicative increments of passage from one stage to another are subject to a canonical 

conservation (Mandelbrot, 1974) which ensures the conservation of the mean:
 

 

, where M is a constant and  <.> denotes the statistical average operator. If we densify the 
cascade, in other terms, we tend to infinity the number of multiplicative steps, to move from 
one level to another, without changing the largest and the finest scale, we can obtain a 
continuous cascade. The multiplicative increment between two different scales is then an 
infinite product of random variables iid (identically and independently distributed). Assuming 
that the cascade is conservative we accomplished the following relation (for further details see 
de Montera 2009): 

                Eq. 1 

Where <.> denotes the statistical average operator, q is the order of moment and where K (q) 
is called scaling function of moments and it is convex.  

The multiplicative cascade generally tends towards a universal class of processes called 
universal multifractal (UM) (Schertzer and Lovejoy, 1987, Tessier et al., 1993, Lovejoy and 
Schertzer, 1997; De Montera et al., 2009). If the process is conservative (H = 0), its moment 
function K (q) can be described by only two parameters � and C1: 

         
Eq. 2 

Where C1 (� 0) is the fractal codimension which measures the heterogeneity of the field (C1 = 
0 for a homogeneous field). The multifractality index � (0 � � � 2) measure the degree of 
multifractality. � = 0 for a process uni / mono-fractal (� model). The case in which � = 2, 
corresponds to the maximum multifractality for a log-normal model. The scaling function K 
(q) is a key tool to detect the character of a series multifractal. It is linear when the 
corresponding process is monofractal, it is determined only by the value of H, and otherwise 
if it is nonlinear, the process is multifractal. Given that most of the geophysical processes are 
not stationary, Schertzer and Lovejoy (1991) have proposed a modified version of MU for 
non-conservative fields called fractionally integrated flux (FIF). They added a third 
parameter, which is the order of fractional integration H, the following relationship for the 
rate process similar in form to the Kolmogorov law for turbulence (de Montera et al., 2009): 

             Eq. 3 

Where  is the average of the absolute value of the gradient, about a time interval of 

length t (T/�), the parameter H, quantifies the deviation phenomenon vis-à-vis a conservative 
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process. �� is a conservative cascade, which refers to FIF (see De Montera et al., 2009). The 
moment of order q of the structure function of rain rate is written as follows: 

            Eq. 4 

is known as the exponent of the structure function of order q which has the following 

form: 

                 Eq. 5 

2.2 Spectral Analysis  

Spectral analysis is a standard technique of treatment and study of the temporal signal of 
stochastic process with nonlinear variability (Fraedrich and Lardner1993). It constitutes a 
preliminary step of the multifractal analysis and allows an assessment of the scale invariance 
(Seuront et al., 1999, Macor 2007). Indeed, a field is characterized by scale invariance if its 
energy spectrum S(f), which is a representation of the characteristics of order 2 of the series in 
the frequency space, follows a power law over a wide range of wavenumbers f, where � is the 
spectral exponent which is the negative slope of S(f) in log-log graphr (Fraedrich & Lardner, 
1993; Bernardara., et al., 2007): 

                             Eq. 6 

Schertzer and Lovejoy (1993), showed that the power form of                          
Eq. 6, can be deduced from Erreur ! Source du renvoi introuvable. in the case of q = 2. The 
spectral analysis also allows the characterization of the multifractal process by estimating the 
parameter H presenting the deviation from the field conservation. According to the Wiener-
Khintchine theorem (Montera, 2009), the slope of the power spectrum is equal to � (Schertzer 
and Lovejoy, 1993; de Lima, 1998): 

                  Eq. 7  

If H> 0 we have �> 1 and the process is not stationary, it corresponds to integrated field. 
Otherwise, if H = 0 and since K (2) is always positive, we find a � <1, indicating of a 
stationary process. 

Because sometimes spectral analyzes give a � slopes very close to 1 (upper limit indicative of 
a conservative process) and that the limits of scaling regimes are linked to subjective visual 
assessment, it would be interesting study the structure function of the first order which is 
written as follows:: 

Eq. 8 

By plotting  based on �t, in logarithmic coordinate, we can deduce the H parameter, 

and the increment from which the phenomenon becomes conservative.  

3 DATA SETS 

The data used for this study come from the database of the General Directorate of Water 
Resources (DGRE) of the Ministry of Agriculture of Tunisia. The study sites are those of 
Tunis-Manoubia Mornag and Sidi Thabet. They belong to the network SYCOTRAC 
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(Collection System real-time hydrological measurement and flood warning for Tunisians 
wadis). This system was implemented following major damage to the hydrometric network of 
Medjerda during floods in 2002 and 2003. The data were collected between 1 January 2008 
and summer 2010, time series are length of two and a half years. The study sites are equipped 
with automatic tipping bucket rain gauges. The capacity of a bucket is 0.1 mm of rain. The 
amount of rainfall is measured by the number of tipping performed by the buckets for a period 
of 5 minutes, it follows necessarily that the observed data are quantified. As we shall see later, 
given the non-conservative process, multifractal analysis of the data to the finest scales [5mn-
1day] is based on analysis of rainfall series differentiated. Under these conditions the 
quantification of data is problematic, especially for periods when precipitation amounts 
measured varied little, the series of volumes of water being quantified, it is then constant 1.2 
mm / h in 5 min (a single tipping per period). The differentiation introduces in this case an 
additional number of zero values. This problem of quantification in the presence of very low 
rainfall may be compounded by the fact that some water remains 'glued' to the walls and is not 
measured. A previous study performed on the same data with the box counting method to support 
data one dimension for time increments lower than 2 days of 0.44. 

Table I - Characteristics of the studied stations and data 

Station Long. Lat. Alt. (m) Begin End Resolution 

Tunis-Manoubia 8Gr, 7060 40Gr, 8711 66 31/12/2007 05/08/2010 5 minutes 

Mornag 8Gr, 8500 40Gr, 6600 35 31/12/2007 31/07/2010 5 minutes 

Sidi Thabet 8Gr, 5580 41Gr, 0040 
20 

31/08/2007 14/05/2010 5 minutes 

 

4 DETERMINATION OF SCALING REGIMES, AND THE FACTOR OF 
NON-CONSERVATION 

4.1 Application of spectral analysis on available data  

Spectral analysis of complete sets of three stations  size of 2.5 years at 5-minutes time 
step, is preliminary stage intended to observe regimes of scale invariance and the conservative 
(or not conservative) nature of these regimes. The influence of zeros on the results of the 
analysis already mentioned in the introduction has led us to use several analysis strategies. In 
a first time complete sets were analyzed (Table II a), in a second time the analysis was 
performed on the relatively wet period (except during summer) (Table II b). We selected a 
series of about eight months (216 * 5 min,). As the rainy season begins practically in 
September, we chose September the 1st as start date of selected sequences if available data 
permit. We note that even for so-called rainy periods the percentage of zero is very important 
which probably explains the similarity of the results obtained with the two approaches. 
Average spectra (combination of stations) (Figure I) were also analyzed for the series of 2.5 
years, and for those lengths of 8 months. The exponent of the spectrum, � (Eq. 11) is 
estimated for micro-scale range for which the property of scale invariance is identified.  
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Figure I- Averaged power spectrum of four series of rainfall length of about 8 months, measured at 5 minutes 

time step 

 

Table II - Spectral slopes � obtained for series at 5 minutes resolution 
a) spectra obtained on all available data (2.5 years) b) spectra obtained on eight months of the rainy season 

(except during summer) 

�� ��������	 number of 
observations 

micro-scale 

 

Slope Start date End date % of zero 

Manoubia   218 14mn-2h48mn 0,67 31-Dec-2007-07 :00 28-Jun-2010-09 :50 99,17  

Mornag                 218 17mn-3h30mn 1,09 31-Dec-2007-07 :00 28-Jun-2010-09 :50 98,99 

Sidi Thabet            218 14mn-2h18mn 1,06 31-Aug-2007-07 :00 26-Feb-2010-10 :50 99,03 

Mean spectre 218 15mn-2h40mn 0,98    

 

b- Stations number of 
observations 

micro-scale Slope Start date End date % of zero 

Manoubia 2009 216 10mn-2h30mn 0,93 01-Sep-2008-07:00 16-Apr-2009-12:40 98,79 

Mornag 2009            216 10mn-2h30mn 0,98 01-Sep-2008-07:00 16-Apr-2009-12:40 98,96 

Mornag 2010             216 15mn-2h 1,27 01-Sep-2009-07:00 16-Apr-2010-12:40 98,24 

Sidi Thabet 2008 216 17mn-2h 1,33 01-Sep-2007-07:00 15-Apr-2008-12:40 98,61 

Spectre moyen  216 15mn-2h30mn 1,14    

 

According to Figure I, we identify a break of scales located around 2.5 hours and variying from 
one spectrum to another as shown in Table II. Thus, we distinguish a regime of scaling of 
micro-scale [5-min 2h30]. Flattening behavior at the end of the spectrum (high frequencies) is 
observed for the majority of studied sequences (sizes 2.5 years and 8 months) as shown in 
Figure I. It may be explained by quantization noise mentioned in the preceding paragraph. 
Most spectra have a spectral slope � of the first regime, greater than 1, indicator of non-
conservation process for high frequency. By comparing the spectra related to the  series of 2.5 
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years and those of length of eight months, we notice that the values of the spectral slope � 
significantly increased. Rupture recorded for a time scale around 2h30mn (from 1 hour to 3.5 
hours) reminiscent of Fraedrich & Lardner (1993) observed at 2.4 hours. This scale could be 
the boundary between the frontal system of convective system, characterized by �> 1 index of 
non-stationary. The position of the break as well as the value of the slope differs significantly 
according to the strategy of analysis used. For series of eight months which excludes the 
summer, the percentage of zero is only slightly lower, but we observe that the break off scale 
seems to appear earlier (between 1 and 2.5 hours) still with a slope greater than 1 on average, 
while on the complete set, break is observed between 2 hours 20 minutes and 3 hours 30 
minutes. The mean slope is 0.98. This confirms the possibility mentioned in the work of De 
Montera et al., (2009) that this break is not due to physical reasons but artificially due to the 
presence of null values. 

4.2 The structure function calculating (parameter H) 

Since on the micro-scale regime, the spectral analyzes give slopes � very close to 1, upper 
limit indicator of a non-conservative process, and the limits of scaling regimes are subjective 
and related to the visual assessment, a study of the structure function of the first order is 
necessary to infer more precisely the parameter H. This parameter quantifies the degree of 
non-conservation of process. The study results of the parameter H, quantifying the deviation 
phenomenon compared to a conservative process are illustrated in Figure III in logarithmic 
coordinates. The slope of the curve corresponds to the exponent H (Equation 13): 

 

 
Figure II. Parameter estimate H for �t = 5mn (� = 1) 

Table III - Summary values H, depending on the resolution for micro-scale 

 Station Manoubia Mornag Sidi Thabet 

Micro-scale=[5mn -2h30 mn] 0,15 0,15 0,13 

 

According to Figure III related to the station Tunis Manoubia the slope of the curve showing 

log  versus log(�t), corresponding to H, still growing up �t = 2 h 30 min and then 

stabilizes at zero. Thus, we have two different regimes of both sides of the value 
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corresponding to 2 h 30 min. We are interesting in the first one which correspond to high 
frequencies and which is not conservative and corresponds to a FIF (H> 0). This result is 
important because it means that rain rate is not a pure multiplicative cascade but should be 
(fractionally) integrated to reconstruct the cascade itself. According to Table III, which 
summarizes the parameter estimates H for the three stations, they behave in the same way. 
These results are generally consistent with those found in the spectral analysis of rainfall data 
series. For multifractal analysis that follows, the necessity of working only with a number of 
samples that is a power of 2 will lead us to consider the break at 2h40min, the length of the 
sequence is 25 * 5 minutes. As we have just seen, these results confirm that there is a regime 
of micro-scale rain process, which is not conservative as reflected by a spectral slope greater 
than 1 and a non-conservation parameter H nonzero that is in agreement with the work of 
Fraedrich and Lardner (1993). They found,  a spectral slope of 1  for increment of scale repectively 
lower then 2.4 hours and 1 hour.  

5 ESTIMATION OF PARAMETER OF UNIVERSAL MULTIFRACTAL 
MODEL 

Since the process is not conservative on finer scales, to obtain K(q), we have applied the 
fractionally integrated flux model (FIF), which is a modified version of MU for non-
conservative fields. In this case we use the methodology described by De Montera et al., 
(2009), which consists in modeling the differentiated series. As a first step, we check the 
relevance regimes of scaling obtained by spectral analysis by checking the linearity of the 

relationship between ( )log
q

R t∆ ∆  and ( )log λ  for different values of q. Then we estimate 

the parameters of the function K(q) obtained by estimating the different slopes of the linear 
relationship. The coefficients of determination for linear regressions are calculated and a test 
ensures that they are well above 0.85.  As in the preceding paragraph, and given the 
sensitivity of the estimate to the presence of null values, the study is performed firstly by 
using sets of two and a half years and secondly using the series 8 months excluding the dry 
period. To simplify the writing, the results are not significantly different, only those 
corresponding to the complete series are presented. Once the moment scaling function 
experimental K(q) is obtained, two estimation methods are implemented for the settings. The 
first method, called optimization method consists in, directly adjust, the theoretical shape of 
the pairs (q, K (q)) obtained by a method of least squares minimization. The second, called 
derivation method consists in using the first and second derivatives of K(q) for the parameters 
(Lovejoy et al., 1995): 

 Eq. 9 

To simplify the writing, the results obtained with both methods are presented only if they are 
significantly different. Table IV summarizes the results of the series of two and a half years 
for the three stations. 

Table IV - Parameter Estimation of universal multifractal model for series of lengths 2.5 years, with a resolution 
5 min for Tunis Manoubia stations, and Mornag Sidi Thabet (rain + no rain) (here we have only considered the 

method of optimization) 

Parameters C1 � 
 Manoubia Mornag Sidi- Thabet Manoubia Mornag Sidi-Thabet 

C
1
= K ' 1( ) , α = C

1

K '' 1( )
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5 min -2h40 min 0.53 0.46 0.46 0.06 0.00 0.00 

mean 0.48 0.02 

 

We therefore obtain C1 equal to 0.48 and � practically zero for micro-scales (5min – 
2h40min). The value of C1 is close to previous studies especially those for which the effect of 
intermittency has not been taken into account. However, comparing the found value of �  to those 
found by Schmitt et al. (1998), de Lima and Grasman (1999), Pathirana et al, 2003, Montera et 
al. (2009) and Verrier et al. (2011) allows us to say that our estimate seems not good. This may 
be explained the one hand by a percentage of null values extremely high due to climate of the 
region of Tunis and on the other hand given the problem of quantifying the data described in 
section 3, which artificially increases the number of zero values of discrete series. This results 
in obtaining an null value for � characteristic of a monofractal process. To overcome the 
errors introduced by the problems described above, a new analysis of micro-scale regime is 
performed by selecting shorter series but without zero. Given the necessary differentiation of 
the series for the study of this regime, the impact of the quantification of the data is very 
important for low intensity events because it creates artificial zeros, which are added to 
existing zeros (not rain), which intensify the problem of bias in the estimation of parameters. 
Since the micro-scale regime can be considered as that which governs the rainfall variability 
within events, five sequences of continuous rain, sufficiently long and relatively intense 
therefore were selected. Figure III illustrates the analysis performed from an event, lasting 
2h40min, at station Mornag station 23-May-2010. This plot suggests the multifractal process 
at scales between 5 minutes and 2h40min.   
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Figure III - The analysis of the scaling function of the sequence of recorded rainfall station Mornag recorded on 23-May-2010 at 13:15 and lasted 2 hours 40 minutes. 

(Top) The statistical moments of order q = {[0: 0.1: 2] + 0.05 +1.0001 +0.15 0999 (bottom-up)} and (bottom) the moment scaling function K (q) .  
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Table V - Universal multifractal model parameters estimated on sequences of continuous rain with a time step of 5 
minutes 

    optimization 
method 

derivation 
method 

Station  Start date Hmax(*) 
(mm) 

L C1 � C1 � 

Sidi Thabet 
24-Sep-2007 17:00 8.63 25 0.28 1.03 0.27 1.36 

13-Jan-2009 02:05 5.59 24 0.12 0.85 0.10 1.22 

Manoubia 12-Jan-2009 15:20 1.4 24 0.08 1.42 0.08 1.50 

Mornag 
23-May-2010 13:15 9.2 25 0.14 1.40 0.14 1.52 

13-Jan-2009 03:40 4.00 24 0.13 1.27 0.12 1.46 

mean 0.15 1.3 0.14 1.4 
*:  Hmax is the maximum height of rain per sequence 

The parameters � and C1 summarized in Table V show an increase of � equal to 1.3 and a decrease 
of C1 equal to 0.15 instead of 0.02 and 0.48 previously obtained by analyzing the sequences of 
rainfall containing more than 98% of null values. These results are consistent with those of 
Pathirana et al. (2003), de Montera et al. (2009) and Verrier et al., (2011) following the use of 
sequences of continuous rain. From our study, it appears that the quality of fit is correlated with the 
maximum heights of rain, which evolves in the same way. This could be explained because when 
we have rainfall amounts high enough to be free from the problem of quantification and sequence 
becomes more multifractal. However the variations of C1remain incomprehensible. This method is 
difficult to implement in practice, because there is little long events, so little scale range available 
for continuous events. In addition, there are not enough events strong enough to override the 
discretization problem, among these some long events. Finally we use very few events, despite the 
availability of 2.5 years of data, hence the need to propose an alternative. 

6 CONCLUSIONS 
According to the spectral study and the study of the structure function, scale break is retained for 
time increments of 2.5 hours. The results for the rainfall series with a resolution of 5 min are close 
to those of Fraedrich & Lardner (1993) in terms of spectral slope �. For micro-scale(<3 hours), � is 
generally greater than 1. The application of universal multifractal FIF model on  datasets of rainfall 
intensity in the region of Grand-Tunis characterized by a semi-arid climate resulted in a very 
intermittent rain (percentage of non rain exceeding 98% ) gives a biased estimate of the parameters: 
overestimation of C1, the codimension of the singularity that provides the largest contribution to the 
mean process and underestimation of the � parameter which describes the speed of variation of the 
codimension according to the singularity. The study of series of rainfall outside summer period 
showed the extreme sensitivity of the parameter � to the intermittency. To overcome this situation 
was to select sequences of continuous rain. This method is good but difficult to implement because 
the scarcity of events witch ara enough strong to override the problem. Finally, we have very few 
events useable despite 2.5 years of data, so it is necessary to propose an alternative method of 
investigation. As future work, we think to link the parameters biased of the FIF model to the 
percentage of zero contained in each sequence to estimate rainfall in late the unbiased parameters of 
the model. 
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