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ABSTRACT

This work focuses on studying the rainfall inteiesitof high frequencies (less than a few hours)ltifvactal
fractionally integrated model (FIF) which is a umisal multifractal model modified, based on a mplittative
cascade and having three parameters is used. Tdmsity of rain derived from recorded rainfall datba
resolution 5 minutes, collected between 2007 artD24t three stations belonging to the Grand Turgstlae
subject of this study. The spectral analysis dnedstudy of the structure function, have allowetbding the
scaling regime corresponding to micro-scales wistoips at time scales for around 2h30min. It hasqutdhat
the process of rain is not conservative. Multifehcfractionally integrated model (FIF) is then asipd.
However, a problem of bias due to the high rainfalermittency appears when estimating its pararsete
Analysis of the results reveals that the incredsatermittency leads to overestimate the modehpuaater the
codimensionC,, which measures the average heterogeneity of tbheeps and to underestimate the model
parametero. which measures the degree of multifractality. Talve this problem, we select continuous
sequences, on which we have applied the FIF madeih results in parameters almost identical tosého
obtained in the literature for very different raihfpatterns.

Keywords:multiplicative cascade, multifractal fractionallytegrated model (FIF) , biais, intermittence. Semi
arid Mediterranean climate; rainfall time seriesls-invariance; on-off intermittency; multi-fratta

1 INTRODUCTION

For two decades, several authors have focusedemipfiation in terms of spectral analysis and study
of scale invariance as well as the applicatiorhef¢ascade model (Tessier et al., 1993; Ladoy. et al
1993; Fraedrich and Lardner 1993, Hubert et ab31®Isson et al., 1995, Olsson 1996, Tessier. et al
1996, Schmitt et al., 1998; De Lima and Grasmar918athirana et al, 2003; de Montera et al, 2009;
De Lima and De Lima 2009; Gires et al., 2011; \&ret al., 2010 and 2011). Multifractal models
reflect the extreme variability of geophysical iglextending over large ranges of scales (Schertzer
2004). To reduce the number of parameters to gefinimber, Schertzer & Lovejoy., (1987) proposed
a multifractal model with two parameters, this nddecalled multifractal universal (MU) model. & i
based on a multiplicative cascade whose logaritenerator (known as weight) follows a Levy law.
To extend the application of this model to non-ewwmative process a third parameter, which
quantifies the deviation of the phenomenon of aseorative process, is necessary (Bernerdara IP. et a
2007). Multifractal Universel (MU) formulation ofc8ertzer and Lovejoy (1987) has shown its
relevance for the rainfall data. However, as higtied by de Montera et al. (2009) this model is not
built to model the intermittency rain- no rain. Qrifinately this is the main problem to solve in our
case study because it does not rain for 98% ofithe in the Tunis arean with semi-arid climate. In
this context, we followed the works of Schmitt &t (@998), de Montera et al. (2009), Gires et al.
(2009) and Verrier et al. (2010, 2011), which showlee effect of intermittent rain non-rain on the
estimation of model parameters MU to estimate titdased parameters of the model.
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2 CONCEPTSET NOTIONS

2.1 Multifractal Analysis

The multiplicative cascade model suppose that atgyab,, (also called "flow" in reference
to the turbulence) is transferred through successivations, defined on a scale external of
width T (here we are interested in a temporal processnoértsion 1) in a uniform manner.
From one level to another, the initial quantiy, multiplied by multiplicative increments
(which are random variables whose distribution dossdepend on the scale) is redistributed
in the interval [0, T] tol; (usually two) sub-interval of the same lengthg thacceed. The
multiplicative increments of passage from one stig@nother are subject to a canonical

conservation (Mandelbrot, 1974) which ensures tdreservation of the mearﬂ)l,(b A)= M

, WwhereM is a constant and <.> denotes the statisticalageeoperator. If we densify the
cascadein other termswe tend to infinity the number of multiplicativéeps, to move from
one level to another, without changing the largastl the finest scale, we can obtain a
continuous cascade. The multiplicative incremeritvben two different scales is then an
infinite product of random variablasl (identically and independently distributed). Assign
that the cascade is conservative we accomplishefditbeiing relation (for further details see

de Montera 2009):
Dq,(b j}z AK@ Eq. 1

Where <.> denotes the statistical average operisrthe order of moment and whe€gq)
is called scaling function of moments and it is canv

The multiplicative cascade generally tends towaadaniversal class of processes called
universal multifractal (UM) (Schertzer and Lovejd@87, Tessier et al., 1993, Lovejoy and
Schertzer, 1997; De Montera et al., 2009). If thecess is conservativél (= 0), its moment
functionK (q) can be described by only two parameteandC;:

K(q):%(q"—q) Eq. 2

WhereC; (> 0) is the fractal codimension which measures #terbgeneity of the fieldy; =

0 for a homogeneous field). The multifractality irde (0 < a < 2) measure the degree of
multifractality. « = O for a process uni / mono-fract@l hodel). The case in which = 2,
corresponds to the maximum multifractality for g-lsormal model. The scaling functidh
(q) is a key tool to detect the character of a semestifractal. It is linear when the
corresponding process is monofractal, it is deteechionly by the value dfi, and otherwise
if it is nonlinear, the process is multifractal.v&n that most of the geophysical processes are
not stationary, Schertzer and Lovejoy (1991) haap@sed a modified version of MU for
non-conservative fields called fractionally intagdh flux (FIF). They added a third
parameter, which is the order of fractional intéigraH, the following relationship for the
rate process similar in form to the Kolmogorov fwturbulence (de Montera et al., 2009):

AR(AL) = o, |At" Eq. 3

Where AR(At) is the average of the absolute value ofjthdient, about a time interval of
length t [T/2), the parameter H, quantifies the deviation phesrmon vis-a-vis a conservative
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process®, is a conservative cascade, which refers to FIE 3@ Montera et al., 2009). The
moment of order g of the structure function of rate is written as follows:

(loR@)) - 2@ eq.4

{(q)is known as the exponent of the structure functiborder g which has the following
form:

&(a)=aH -K(a) Eq.5

2.2 Spectral Analysis

Spectral analysis is a standard technique of tresttrand study of the temporal signal of
stochastic process with nonlinear variability (Fhaeh and Lardner1993). It constitutes a
preliminary step of the multifractal analysis anidwas an assessment of the scale invariance
(Seuront et al., 1999, Macor 2007). Indeed, a figldharacterized by scale invariance if its
energy spectrurs(f), which is a representation of the characterigifasrder 2 of the series in
the frequency space, follows a power law over sewahge of wavenumbefswherep is the
spectral exponent which is the negative slop&(dfinlog-log graphr (Fraedrich & Lardner,
1993; Bernardara., et al., 2007):

S(f)of” Eq. 6

Schertzer and Lovejoy (1993), showed that the powerm of S(f)D [

Eqg. 6, can be deduced froBrreur ! Source du renvoi introuvable. in the case of g = 2. The
spectral analysis also allows the characterizatiothe multifractal process by estimating the
parameteH presenting the deviation from the field consensatiAccording to the Wiener-
Khintchine theorem (Montera, 2009), the slope efplower spectrum is equal i Schertzer
and Lovejoy, 1993; de Lima, 1998):

B=1+2H -K(2) Eq. 7

If H> 0 we havep> 1 and the process is not stationary, it correspdodntegrated field.
Otherwise, if H = 0 and sincK (2) is always positive, we find f <1, indicating of a
stationary process.

Because sometimes spectral analyzes gi¥slapes very close to 1 (upper limit indicative of
a conservative process) and that the limits ofirsgalegimes are linked to subjective visual
assessment, it would be interesting study the tstreidunction of the first order which is

written as follows::
(R (t+at)4R, (1)) = f (&) At Eq. 8

By plotting <\AR(At)\> based ont, in logarithmic coordinate, we can deduce khparameter,
and the increment from which the phenomenon becaoeservative.

3 DATA SETS

The data used for this study come from the datab&tbhe General Directorate of Water
Resources (DGRE) of the Ministry of Agriculture Bfinisia. The study sites are those of
Tunis-Manoubia Mornag and Sidi Thabet. They beldogthe network SYCOTRAC

Study of rainfall intensities for micro-scales irs@mi-arid zone (Tunis) by FIF model 3



(Collection System real-time hydrological measunetmand flood warning for Tunisians
wadis). This system was implemented following malamage to the hydrometric network of
Medjerda during floods in 2002 and 2003. The dataewcollected between 1 January 2008
and summer 2010, time series are length of twoaahalf years. The study sites are equipped
with automatic tipping bucket rain gauges. The capaf a bucket is 0.1 mm of rain. The
amount of rainfall is measured by the number ofitiggperformed by the buckets for a period
of 5 minutes, it follows necessarily that the obsérdata are quantified. As we shall see later,
given the non-conservative process, multifractalsis of the data to the finest scales [Smn-
lday] is based on analysis of rainfall series diifdiated. Under these conditions the
quantification of data is problematic, especialty fperiods when precipitation amounts
measured varied little, the series of volumes dfewheing quantified, it is then constant 1.2
mm / h in 5 min (a single tipping per period). Td&erentiation introduces in this case an
additional number of zero values. This problem wédmtification in the presence of very low
rainfall may be compounded by the fact that somem@mains 'glued’ to the walls and is not
measuredA previous study performed on the same data wighktbx counting method to support
data one dimension for time increments lower thaays of 0.44.

Table| - Characteristics of the studied stations and data

Station Long. Lat. Alt. (m) Begin End Resolution
Tunis-Manoubia 8Gr, 7060 40Gr, 8711 66 31/12/2007  05/08/2010 5 minutes
Mornag 8Gr, 8500 40Gr, 6600 35 31/12/2007  31/07/2010 5 minutes
Sidi Thabet 8Gr, 5580 41Gr, 0040 20 31/08/2007  14/05/2010 5 minutes

4 DETERMINATION OF SCALING REGIMES, AND THE FACTOR OF
NON-CONSERVATION

4.1 Application of spectral analysison available data

Spectral analysis of complete sets of three statisize of 2.5 years at 5-minutes time
step, is preliminary stage intended to observemesgiof scale invariance and the conservative
(or not conservative) nature of these regimes. infleence of zeros on the results of the
analysis already mentioned in the introduction ledsus to use several analysis strategies. In
a first time complete sets were analyzed (Tabla)Jlin a second time the analysis was
performed on the relatively wet period (except dgrsummer) (Table Il b). We selected a
series of about eight months!{2* 5 min,). As the rainy season begins practicatly
September, we chose September thed start date of selected sequences if availadik d
permit. We note that even for so-called rainy pasithe percentage of zero is very important
which probably explains the similarity of the reasubbtained with the two approaches.
Average spectrgcombination ofstations) (Figure)lwere also analyzefibr the series 02.5
years, and for those lengths of 8 months. The exponf the spectrumy (Eq. 11) is
estimated for micro-scale range for which the priypef scale invariance is identified.
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Figurel- Averaged power spectrum of four series of rairléaigth of about 8 months, measured at 5 minutes

time step

Tablell - Spectral slopef obtained for series at 5 minutes resolution
a) spectra obtained on all available data (2.5s)dgrspectra obtained on eight months of the ragason
(except during summer)

a- Stations number of micro-scale | Slope Start date End date % of zero
observations

Manoubia Vi 14mn-2h48mn| 0,67] 31-Dec-2007-07 :p0  28-Jun-201(:09 99,17
Mornag A 17mn-3h30mn| 1,09] 31-Dec-2007-07 :p0  28-Jun-201(509 98,99
Sidi Thabet % 14mn-2h18mn| 1,06 31-Aug-2007-07 :p0 26-Feb-2010600 99,03
Mean spectre B 15mn-2h40mn| 0,98

b- Stations number of micro-scale Slope Start date End date % of zero

observations

Manoubia 2009 A 10mn-2h30mn| 0,93] 01-Sep-2008-07:00  16-Apr-200941.2; 98,79
Mornag 2009 2'° 10mn-2h30mn 0,98 01-Sep-2008-07:00 16-Apr-200941.2,. 98,96
Mornag 2010 2'° 15mn-2h 1,27| 01-Sep-2009-07:00  16-Apr-2010-12;40 8,249
Sidi Thabet 2008 % 17mn-2h 1,33| 01-Sep-2007-07:00  15-Apr-2008-12}40 8,6D
Spectre moyen % 15mn-2h30mn| 1,14

According to Figure |, we identifgbreakof scaledocatedaround2.5 hours and variying from
one spectrum to anothes shown in Table IIThus, we distinguish a regime of scaling of
micro-scale [5-min 2h30]. Flattening behavior a #nd of the spectrum (high frequencies) is
observed for the majority of studied sequencese$sz5 years and 8 months) as shown in
Figure I. It may be explained by quantization naisentioned in the preceding paragraph.
Most spectra have a spectral slgp®f the first regime, greater than 1, indicatornain-
conservation process for high frequency. By conmggtine spectra related to the series of 2.5
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years and those of length of eight months, we adtiat the values of the spectral sl@pe
significantly increased. Rupture recorded for aetisgale around 2h30mn (from 1 hour to 3.5
hours) reminiscent of Fraedrich & Lardner (1993%etved at 2.4 hours. This scale could be
the boundary between the frontal system of convedystem, characterized By 1 index of
non-stationary. The position of the break as welthee value of the slope differs significantly
according to the strategy of analysis used. Faesef eight months which excludes the
summer, the percentage of zero is only slightlydgvibut we observe that the break off scale
seems to appear earlier (between 1 and 2.5 hailrsyith a slope greater than 1 on average,
while on the complete set, break is observed betvwdours 20 minutes and 3 hours 30
minutes. The mean slope is 0.98. This confirmspibesibility mentioned in the work of De
Montera et al., (2009) that this break is not dughysical reasons but artificially due to the
presence of null values.

4.2 Thestructurefunction calculating (parameter H)

Since on the micro-scale regime, the spectral @ralygive slopeg very close to 1, upper
limit indicator of a non-conservative process, #mel limits of scaling regimes are subjective
and related to the visual assessment, a studyeostiiucture function of the first order is
necessary to infer more precisely the paramidterhis parameter quantifies the degree of
non-conservation of process. The study resulth®fparameter H, quantifying the deviation
phenomenon compared to a conservative processluseaited in Figure lllin logarithmic
coordinates. The slope of the curve correspondsetexponent H (Equation 13):

Tunis-Manoubia Station
Resolution : 5 mn Length serie: 2.5 years

- 0.0003 N
0.15 -
-3 i}

. a=2h30mn

-t I I | I I I I
10 12 14

8
log(at)

Figurell. Parameter estimate H fat = 5mn { = 1)

Tablelll - Summary values H, depending on the resolutiomficro-scale
Station Manoubia M or nag Sidi Thabet
Micro-scale=[5mn -2h30mn] |0,15 0,15 0,13

According toFigure Il related to the station Tunis Manoubia #lope of the curve showing
Iog<‘AR(At)|> versuslog(ot), corresponding tdéd, still growing updt = 2 h 30 min and then
stabilizes at zero. Thus, we have two differentimeg of both sides of the value

Study of rainfall intensities for micro-scales irs@mi-arid zone (Tunis) by FIF model 6



corresponding to 2 h 30 min. We are interestinghm first one which correspond to high
frequencies and which is not conservative and spoeds to a FIF (H> 0). This result is
important because it means that rain rate is nmira multiplicative cascade but should be
(fractionally) integrated to reconstruct the cascaidelf. According to Table Ill, which
summarizes the parameter estimdtefor the three stations, they behave in the same wa
These results are generally consistent with thosed in the spectral analysis of rainfall data
series. For multifractal analysis that follows, tieressity of working only with a number of
samples that is a power of 2 will lead us to coasitie break at 2h40min, the length of the
sequence is®2* 5 minutes. As we have just seen, these resohfire that there is a regime
of micro-scale rain process, which is not conséreads reflected by a spectral slope greater
than 1 and a non-conservation parametemonzero that is in agreement with the work of
Fraedrich and Lardner (1993)hey found, a spectral slope of 1 for increnwfrgcale repectively
lower then 2.4 hours and 1 hour.

5 ESTIMATION OF PARAMETER OF UNIVERSAL MULTIFRACTAL
MODEL

Since the process is not conservative on finerescdab obtain K(q), we have applied the
fractionally integrated flux model (FIF), which & modified version of MU for non-
conservative fields. In this case we use the metlogy described by De Montera et al.,
(2009), which consists in modeling the differerddhtseries. As a first step, we check the
relevance regimes of scaling obtained by spectralyais by checking the linearity of the

relationship betweelng<‘AR(At)‘q> andog(A) for different values of g. Then we estimate

the parameters of the function K(q) obtained bynesting the different slopes of the linear
relationship. The coefficients of determination limear regressions are calculated and a test
ensures that they are well above 0.85. As in thexquiing paragraph, and given the
sensitivity of the estimate to the presence of malues, the study is performed firstly by
using sets of two and a half years and secondhgusie series 8 months excluding the dry
period. To simplify the writing, the results are nsignificantly different, only those
corresponding to the complete series are prese@ede the moment scaling function
experimental K(q) is obtained, two estimation methace implemented for the settings. The
first method, called optimization method consistsdirectly adjust, the theoretical shape of
the pairs ¢, K (q) obtained by a method of least squares minimimafidhe second, called
derivation method consists in using the first aecosd derivatives of K(q) for the parameters

(Lovejoy et al., 1995):
c,=K'(3), a:%"(l) Eq. 9

To simplify the writing, the results obtained whbth methods are presented only if they are
significantly different. Table IV summarizes thesu#is of the series of two and a half years
for the three stations.

Table 1V - Parameter Estimation of universal multifractaldabfor series of lengths 2.5 years, with a resotut

5 min for Tunis Manoubia stations, and Mornag Sikabet (rain + no rain) (here we have only considehe
method of optimization)

Parameters C, a

Manoubia | Mornag Sidi- Thabet Manoubia |Mornag Sidi-Thabet
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Smin-2h40min | 053 | 0.46 | 0.46 0.06 0.00]| 0.00

mean 0.48 0.02

We therefore obtairC; equal to 0.48 and: practically zero for micro-scales (5min —
2h40min). The value df; is close to previous studies especially thosevtach the effect of
intermittency has not been taken into account. H@wneomparing the found value af to those
found bySchmitt et al. (1998), de Lima and Grasman (19B8)hirana et al, 2003, Montera et
al. (2009) and Verrier et al. (2014l)ows us to say that our estim&eems not good. This may
be explained the one hand by a percentage of alukg extremely high due to climate of the
region of Tunis and on the other hand given thélera of quantifying the data described in
section 3, which atrtificially increases the numbgeero values of discrete series. This results
in obtaining an null value foa characteristic of a monofractal process. To ovekdhe
errors introduced by the problems described abaveew analysis of micro-scale regime is
performed by selecting shorter series but with@nbzGiven the necessary differentiation of
the series for the study of this regime, the impzfcthe quantification of the data is very
important for low intensity events because it aeadrtificial zeros, which are added to
existing zeros (not rain), which intensify the pehl of bias in the estimation of parameters.
Since the micro-scale regime can be consideredaasahich governs the rainfall variability
within events, five sequences of continuous rairffigently long and relatively intense
thereforewere selectedFigure 11l illustratesthe analysis performeftom an eventlasting
2h40min, at station Mornag station 23-May-2010.sTjhiot suggests the multifractal process
at scales between 5 minutes and 2h40min.

Study of rainfall intensities for micro-scales irs@mi-arid zone (Tunis) by FIF model 8



Mornag Station: Ln[E(Ig)]:f(Ln(B/ES 0))
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Figurelll - The analysis of the scaling function of the s of recorded rainfall station Mornag recorde@®®May-2010 at 13:15 and lasted 2 hours 40 minute
(Top) The statistical moments of order g = {[0::®].+ 0.05 +1.0001 +0.15 0999 (bottom-up)} andt{bim) the moment scaling function K (q) .
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Table V - Universal multifractal model parameters estirdaia sequences of continuous rain with a time sfép
minutes

optimization derivation
method method
1 *
Station Start date H max(*) L c “ c a
(mm)
- 24-Sep-2007 17:00 8.63 °2 0.28 1.03 0.27 1.36
Sidi Thabet 2
13-Jan-2009 02:05 5.59 2 0.12 0.85 0.10 1.22
Manoubia | 12-Jan-2009 15:20 14 “2| 0.08 1.42 0.08 1.50
RN 23-May-2010 13:15 9.2 °2| 0.14 1.40 0.14 1.52
g 13-Jan-2009 03:40 4.00 ‘2 013 1.27 0.12 1.46
mean 0.15 1.3 0.14 1.4

*. Hnax iS the maximum height of rain per sequence

The parameterg andC; summarized in Table V show an increase efjual to 1.3 and a decrease
of C; equal to 0.15 instead of 0.02 and 0.48 previoa$itained by analyzing the sequences of
rainfall containing more than 98% of null valueshe§e results are consistent with those of
Pathirana et al. (2003), de Montera et al. (200%®) Werrier et al., (2011) following the use of
sequences of continuous rain. From study,it appears that the quality of fit is correlatedhnihe
maximum heights of rain, which evolves in the samag. This could be explained because when
we have rainfall amounts high enough to be freeaftbe problem of quantification and sequence
becomes more multifractal. However the variation€gémain incomprehensible. This method is
difficult to implement in practice, because thesdittle long events, so little scale range avddab
for continuous events. In addition, there are nowbugh events strong enough to override the
discretization problem, among these some long své&imally we use very few events, despite the
availability of 2.5 years of data, hence the neegrbopose an alternative.

6 CONCLUSIONS

According to the spectral study and the study efdtructure function, scale break is retained for
time increments of 2.5 hours. The results for #iafall series with a resolution of 5 min are close
to those of Fraedrich & Lardner (1993) in termspéctral slop§. For micro-scale(<3 hourd),is
generally greater than 1. The application of ursaémultifractal FIF model on datasets of rainfall
intensity in the region of Grand-Tunis charactetizgy a semi-arid climate resulted in a very
intermittent rain (percentage of non rain exceed®& ) gives a biased estimate of the parameters:
overestimation o€, the codimension of the singularity that provitles largest contribution to the
mean process and underestimation ofdhparameter which describes the speed of variatidheof
codimension according to the singularity. The stodlyseries of rainfall outside summer period
showed the extreme sensitivity of the parameter the intermittency. To overcome this situation
was to select sequences of continuous rain. Thieadeas good but difficult to implement because
the scarcity of events witch ara enough strong &rride the problem. Finally, we have very few
events useable despite 2.5 years of data, sonedsssary to propose an alternative method of
investigation. As future work, we think to link thmarameters biased of the FIF model to the
percentage of zero contained in each sequencaitioags rainfall in late the unbiased parameters of
the model.
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