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Asymptotic enumeration of Eulerian circuits
for graphs with strong mixing properties

M.I. Isaev

Abstract

We prove an asymptotic formula for the number of Eulerian circuits
for graphs with strong mixing properties and with vertices having even
degrees. The exact value is determined up to the multiplicative error
O(n~1/%%¢), where n is the number of vertices.

1 Introduction

Let G be a simple connected graph all of whose vertices have even degrees.
An Eulerian circuit in G is a closed walk (see, for example, [2]) which uses
every edge of G exactly once. Two Eulerian circuits are called equivalent if
one is a cyclic permutation of the other. It is clear that the size of such an
equivalence class equals the number of edges of graph G. Let EC(G) denote
the number of equivalence classes of Eulerian circuits in G.

The problem of counting the number of Eulerian circuits in an undirected
simple graph (i.e. graph without loops and multiple edges) is complete for
the class #P, see [3]. Thus this problem is difficult in terms of the complexity
theory. Moreover, it should be noted that in contrast to many other hard
problems of counting on graphs (see, for example, [1], [9]), even approximate
and probabilistic polynomial algorithms for counting the number of Eulerian
circuits are not known in the literature.

As concerns the class of complete graphs K, the exact expression of the
number of Eulerian circuits for odd n is unknown (it is clear that EC(K,) =0
for even n) and only the asymptotic formula was obtained (see [10]): as



n — oo with n odd
n—1 2 n— n— — ]_ n
BO(K,) = 2°3 5 s <(n S 1)!) (1 +0(n*1/2+€)) _

atl 1 _ a2 11 (n=2)(n+l) _
—92 2 re zTIEp 2 <1+O(TL 1/2+5))

(1.1)

for any fixed ¢ > 0.

In [4] the approach of [10] was generalized. In particular, the asymptotic
behaviour of the number of Eulerian circuits was determined for graphs with
large algebraic connectivity. This class of graphs we mean as the class of
graphs having strong mixing properties and it can be also defined as the class
of graphs having large Cheeger constant (isoperimetric number) or sufficiently
large spectral gap from 1 for the second largest eigenvalue of the transition
probability matrix of the random walk on the graph and large degree of each
vertex. The equivalence of these definitions was proved, for example, in [6].

In the present work we continue studies of [4], [6], [10]. We prove an
asymptotic formula for the number of Eulerian circuits of graphs having
strong mixing properties. This result is presented in detail in Section 2 of
the present work and was given for the first time, but without proof, in [6].

Actually, the estimation of the number of Eulerian circuits was reduced
in [4] to estimating of an n-dimensional integral which is close to Gaussian-
type. We partly repeat this reduction in Sections 3, 8 of the present paper.
In addition, we develop an approach for estimating of integrals of such a type
in Sections 4, 6, 7. We prove the main result in Section 5.

We note also that in [5] the asymptotic behaviour of the number of Eule-
rian orientations was determined for graphs having strong mixing properties.
Apparently, proceeding from the results of [5] and the estimates of the present
work, it is possible to prove the asymptotic formula for the number of Eule-
rian orientations given in [6]. In a subsequent paper we plan to develop this
approach.

2 Main result

Let G be an undirected simple graph with vertex set VG = {v1,vq,...,0,}
and edge set EG. We define n x n matrix @) by
-1, {v;,u} € EG,
Qiw=19 di» J=k (2.1)
0, otherwise,



where n = |V G| and d; denotes the degree of v; € VG. The matrix Q = Q(G)
is called the Laplacian matriz of the graph G. The eigenvalues A\; < Ay <

. < A\, of the matrix ) are always non-negative real numbers and the
number of zero eigenvalues of () coincides with the number of connected
components of G, in particular, \; = 0. The eigenvalue Ay = A\(G) is
called the algebraic connectivity of the graph G. In addition, the following
inequalities hold:

min d;. (2.2)

2mind; —n+2< A <
j n—1 j

For more information on the spectral properties of graphs see, for example, [7]
and [11].
According to Kirchhoff’s Matrix-Tree-Theorem, see [8], we have that

1
t(G) = g)\g)\g te )\n = det MH, (23)

where ¢(G) denotes the number of spanning trees of the graph G and M,
results from deleting the first row and the first column of Q).
We call the graph G as y-mixing graph, v > 0, if

the algebraic connectivity Ao = \o(G) > 7|V G]. (2.4)
In addition, we recall that (see, [6]):

e The class of y-mixing graphs can be also defined as the class of graphs
having sufficiently large Cheeger constant (isoperimetric number) or
spectral gap from 1 for the second largest eigenvalue of the transition
probability matrix of the random walk on the graph and sufficiently
large degree of each vertex.

e Almost all graphs (asymptotically, in some probabilistic sense) are 7-
mixing.

Let )
W=Q'=(@Q+J), (2.5)

where @ is the Laplacian matrix and J denotes the matrix with every entry
1. Let @ = (ay,...,a,) € R" be defined by

Oéj = Wjj- (26)



Let B’ = Qa and

n

1 n
Cy = (1 - % > ijﬁj) : (2.7)

1 j=k+1

i

n

fi(sds) e

k=1
where d; is the degree of v; € VG. Let

Cs

R() = tr(AEWA(EYW), (2.9)

—

where tr(-) is the trace fucntion, A(§) denotes the diagonal matrix whose

diagonal elements are equal to corresponding comg)onents of the vector Qg.
Let etf) = (egk),...,egf)) € R" be defined by e§~k = 0, where ;5 is the
Kronecker delta. Let 7, = R(e™™),

Cy = ﬁ <1 n ﬁ) . (2.10)

k=1

Finally, let

= [ P (2.11)
{Uj,Uk}EEG
where
1 1 1
Py =1- — — : 2.12
" Adj+1)2 2(d;+1)(dp +1)  4(dy + 1) (2.12)
The main result of the present work is the following theorem.
Theorem 2.1. Let G be an undirected simple graph with n vertices vy, vs, . .., v,

having even degrees. Let G be a y-mixing graph for some v > 0. Then

EC(G) = (1 + 6(G)) C1C2C5Cy (H (% . 1) | 9l EGI—251 5L /—t«;)) ,

j=1
(2.13)
where Cy, Cy, Cs3,Cy are defined according to (2.7), (2.8), (2.10), (2.11), re-
spectively, d; is the degree of vertex v;, t(G) is the number of spanning trees
of G and for any € > 0
16(G)| < Cn~ V2, (2.14)

where constant C > 0 depends only on v and ¢.
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Proof of Theorem 2.1 is given in Section 5. This proof is based on results
presented in Sections 3, 4.

Remark 2.1. For the case of the complete graph we have that:

where [ is indentity matrix of size n,
F=Qa=0 = C,=Cy=1, (2.16)

n—1

= RE) = o tr(AE)AE) = "=

Thus we get that as n — oo

Oy = ﬁ (1 + ﬁ) - (1 + ”2;21)n — 21 0mY), (218

k=1

1 1 1
ci= ]I ]Djk:<1_4—7ﬂ_2—7ﬂ_4—7ﬂ) -

{vjvvk}EEKn

(2.19)

n(n—1)

— (eln(l—,%z)> L= 240mh.

Combining (2.13)- (2.19), we obtain that the result of Theorem 2.1 for the
case of the complete graph is reduced to (1.1).

3 Reduction to the integral

A directed tree with root v is a connected directed graph 7" such that v € VT
has out- degree zero, and each other vertex has out-degree one. Thus, T is a
tree which has each edge oriented towards v.

Let G be a connected undirected simple graph with n vertices vy, vo, ..., v,
having even degrees. Note that for every spanning tree 1" of the graph G and
any vertex v, € VG there is only one orientation of the edges of T" such that
we obtain a directed tree with root v,.. We denote by 7, the set of directed
trees with root v, obtained in such a way.



We recall that (see Section 4 and formulas (4.6), (4.7) of [4]):

EC(G)=]] (% — 1)12/FClmntlgmng, (3.1)

j=1

where for any r € N, r < n,

S = / H cos A Z H (14 itanAjy) de, (3.2)

Un(n/2) {vj v teEG TeTr (vjvg)EET
where Aj, = §; — & and

Un(p) ={(&,&,...,&) e R"  |§] <pforall j=1...n}. (3.3)

We approach the integral by first estimating it in the region which is the
asymptotically significant one. In what follows, we fix some small constant
€ > 0. Define

Vo= {£€ Un(n/2): |6 — & (modm) < n /2 §= 8oy g

and let Sy denote the contribution to S of 5 e V.
Under assumptions of Theorem 2.1, we have that as n — oo

S = (14 O (exp(—cn™))) S (3.5)

for some ¢ > 0 depending only on 7. For the proof of (3.5), see Theorem 6.3
of [4].

The sum over 7, in the integrand of (3.2) can be expressed as a determi-

nant, according to the following theorem of [12], which is a generalization of
aforementioned Kirchhoft’s Matrix-Tree-Theorem:

Theorem 3.1. Let wj, (1 < j,k <n, j# k) be arbitrary. Define the n x n

matriz A by
Ay = J ; - 3.6
jk { Zr;éj Wiy, ifk=j ( )
the sum being over 1 < r < n with r # 5. For anyr with 1 < r < n, let
M, denote the principal minor of A formed by removing row r and column

r. Then
det M, = Z H Wik, (3.7)
T (vjvg)EET
where the sum is over all directed trees T with VT = {vy,vq,...,v,} and root
Uy



Using formulas (3.2) and (3.5), Theorem 3.1 and the Taylor series ex-
pansion of cos Aj;, and tan Aj;in the region Vj, one can obtain the following
proposition:

Proposition 3.1. Let the assumptions of Theorem 2.1 hold. Then asn — co

So = (L+0 (n/27%)) 272220~  det Q Int, (3.8)

Int= Q- T QE— AL IRE ) dE (3.9

nt = exp | i€ Qa—§§ Qf—ﬁ Z jk+§ (&) |d¢, (3.9)
Un(n—1/2+) (v, vk }EEG

where Q, & and R(E) are the same as in (2.5), (2.6) and (2.9), respectively.

We prove in detail Proposition 3.1 in Section 8. Actually, this proof was
implicitly given in [4] (see Lemma 5.3 of [4]).

Thus, we get that to prove Theorem 2.1 it remains only to estimate the
integral Int of (3.8).

4 Asymptotic estimates of integrals

We fix constants a, b, > 0. In this section we use notation f = O(g) meaning
that | f| < c|g| for some ¢ > 0 depending only on a, b and e.
Let p > 1 be a real number and © € R"™. Let

n 1/p
1], = <Z |$j|”> : (4.1)
j=1
For p = oo we have the maximum norm
] = macz, . (42)

The matrix norm corresponding to the p-norm for vectors is

Al = sup 1o (43)
oo 17,
One can show that for symmetric matrix A and p > 1
IA]l, = [[All, - (4.4)

7



For invertible matrices define the condition number
() = Al - |47 = aa =1, (4.5)
Let I be identity n x n matrix and A = I + X be such a matrix that:

A is positive definite symmetric matrix,

4.6
Xl afn, Xy =0, Ay <b (4.6)

Note that

A7 < 11All2 < 1Al = [|Allr = maXZIAJkI =0(1). (4.7)
k=1

We recall that (see Lemma 3.2 of [5] ), under assumptions (4.6),

fioo(A) = p1(A) = O(p2(A)). (4.8)
Using (4.4), (4.6), (4.7) and (4.8), we obtain the following lemma:
Lemma 4.1. Let A satisfy (4.6). Then

A oo = 1471 = O(D), (4.9)
Xkl = O(n™), (4.10)

where
X =A71-T=A11-4)=-A"X. (4.11)

We use the following notation:
<9>ra= [ 9@ Oad, (112
Q
For r > 0 let

< g >Fr=< g >FU. () (4.13)

where

Un(p) ={(61,05,...,0,) e R" : |0;| <pforall j=1...n}. (4.14)

We use functions of the following type:

— —

F(0) = —67 A6 + H(6), (4.15)

8



where A satisfy (4.6). We consider the following assumptions on function H:

. o AG

H() <c : (4.16)

n

OH (6 0112+ 110
@ 160+ 1) i)
00 n

For the case when H = 0 we use notations:

<g>0=<g>po, <g>=<Gg>p, <g>=<0g>ic. (4.18)

Proposition 4.1. Let Q C R" be such that U,(rin°) C Q C U,(ron) for
some ro > r1 > 0. Let A satisfy (4.6) and assumptions (4.16), (4.17) hold
for some cq1,co > 0. Then

<1>g= (14O (exp(—czn*))) < 1>, (4.19)
<1>pa=0(<1>), (4.20)

1
<0 >po= 5 <1>ro +0(n~ 1) < 1 >, (4.21)

4 3 —14-7¢
<O, >pa= 1< 1 >pa+0(n )<1> (4.22)
and, for k # 1:

< Gk«?l >FEO= O<n71+5€) <1 >, (423)
<O} >po=0Mn1) < 1>, (4.24)

1
< 0207 >po= 7 <1>ro +0(n ) < 1 >, (4.25)

where F' is defined by (4.15) and c3 = c3(r1, 712, ¢1, ¢, a,b,8) > 0.
In addition, for any vector p'= (p1, pa2,...pn) € R?, ||Pllec = O(n~1/?),

< ekeiﬁfﬁ—ipkak >0 =
i - 0T F—ipr0
=5 Y PAT <TI0+ (4.26)
j#k,j<n
+O0(n 1) < 1 >,

where (A™1) ;1. denotes (j, k)-th element of the matriz A~

Proof of Proposition 4.1 is given in Section 6.

9



5 Proof of Theorem 2.1

The Laplacian matrix @ of the graph G has the eigenvector [1,1,...,1]7,
corresponding to the eigenvalue A\ = 0. Let Q = @ + J, where J denotes
the matrix with every entry 1. Note that @ and @ have the same set of
eigenvectors and eigenvalues, except for the eigenvalue corresponding to the
eigenvector [1,1,...,1]7, which equals 0 for Q and n for Q Using (2.3), we
find that

1 det@
tG) = 5)\2)\3 T pORS (5.1)
Using (4.4), we get that
A =110l < 11Q1 < IRl = mjaxZ\ij\ =n. (5.2)
k=1
Then, we find that
A 1 1
Hp= — < —. 5.3
107 =5 < o (53
Using (2.2), we get that
n—1
n—1>d; >\ >~(n—1). (5.4)
Consider the integral of Proposition 3.1:
T RE)N -
_ ;T ;T 4
Int = / exp(z 6—§§ Qf—ﬁ Z Ajk—i-T)d,
Un(n_1/2+6) {vj, v }EEG (55>

R(§) = w(AQ'AE)Q ™),

—

where A(£) denotes the diagonal matrix whose diagonal elements are equal
to corresponding components of the vector Q¢ and & is the vector composed
of the diagonal elements of Q1.

— = — — —

Let define £(0) = (£1(0), &(0), - - £a(0)) by
O =/ (di +1)/2&. (5.6)

10



Then we can rewrite (5.5) in notations of Section 4:

- n 1
Int =< ¢ >pg [ ——nu-—, 5.7
" H (d; +1)/2 57)

where p'= (p1,pa, - .- Dn),

pe= =2 (58)
V(dj+1)/2

F(0) = —0T A0+ H (), (5.9)

4G — Laarode - ).
0" A0 = 9 ( ) Qg( )v A]k \/(dj T 1)(dk T I)ija (5'10)
H(0) = —1—12 > AL+ R(; )), (5.11)

{vj, v }eEG

Q={cR":£0) € U,(n1/?*)}. (5.12)

We aim to reduce, using Proposition 4.1, expression Int of (5.7) to

. n/2 (27T)n/2 n
<1>= /e‘gTAGdH S— = I/ @+1)/2 (5.13)
fn Vdet A \/ det Q j=1

Our argument is as follows: first we have to verify that all assumptions of
Proposition 4.1 hold, then we will gradually get rid of the oscillating term

ipTd

, quadratic term ZE&@) and the residual term —-L > AR

2 12
{Ujvvk}eEG
Further, we always use notation f = O(g) meaning that |f| < c|g| for
some constant ¢ > 0 depending only on ~ and ¢.

e

5.1 Assumptions of Proposition 4.1

Combining (5.3), (5.4), (5.6), (5.10) and (5.12), we get that
A satisfy (4.6) and U,(rn°) C Q C U,(r2n) (5.14)

for some a, b, 1,79 > 0 depending only on ~.

11



Let e = (egk), . .,e,(f)) € R"™ be defined by egk) = 0,i, where ¢§;; is the
Kronecker delta. Due to the linearity of A(£) and tr(-), we find that

R(£(0)) = £(0)"RE(0) = 0750, (5.15)
where

Ry (5.16)

RV Y Yo Ry

We use the following inequalities for n x n matrices X, Y":

|tr(XY)| < | X |as 1Y ][ s,

. (5.17)
XY [las < [[X]asl[Y " [l2,
where || - || gs denotes the Hilbert-Schmidt norm,
[ X s = \I ZZ | X2 (5.18)
7=1 k=1

Combining (5.2), (5.3), (5.15)-(5.17), we find that

§'RE < [AE)Q s AE)Q s <
< JAED)IusIAE)msIQ 3 = Q&I IIQRELIQTME < (5.19)
< QIZIQ Bl Nal1E]2 = OW)I&]|2]1Ell>-
Using (5.2), (5.10), (5.11) and (5.19), we obtain that

(5.20)

—

(£YQ 1) denote the (k, k)-th element of the matrix QLA (€)Q
n, we have that

63“=2tr(5“( >@—1A<3@—1):2tr(< NG AEQ ) =

Q!
= 20(Q 7 MEYQ )+ 2tr (RQ'AE)QT) |

)-

(5.21)

12



where A is the diagonal matrix with the diagonal elements 1Ay = [A(EW) ;] <
1 in the case of j # k and |Ag| = 0. In particular, we have that

1Al < 1. (5.22)

—

Since A(€) is diagonal matrix, we get that

— A

Ak (Q7A)Q )kl = 1A e 1(Q7kll3 < dilIAE) 1@ Mel3, (5.23)
where (Q~1); is the k-th column of the matrix Q. Note that

Q™ ellz < Q7 2 1Q(Q™)illz = 1QI2- (5.24)

We also note that . . .
[AE)]2 = Q€0 < 2n[|€]|o- (5.25)
Combining (5.3), (5.4), (5.22)-(5.25), we get that

tr (AQMAEQ™) | < nllAQ A2 <
< nl|All2|AE) ]2 Q™ 1||2— O(1)1€]|es (5.26)
d(QAE)Q M = O(1)

ﬁl ﬁi

Using (5.4), (5.6), (5.15), (5.21) and (5.26) for all 1 < k < n, we obtain that
. OR(E .
2| Rl — 62) = O}
L oo (5.27)
N oR B -
20581 = || ZZEON - o)
00 .
For any 1 < k < n, we have that
2oy A< 42 Al = Om) &1 (5.2)
0%y . g |
{vj,vl}eEG
Combining (5.6) and (5.28), we find that
0 ALl =0om™H|6)? 5.29
P oAyl =0om 6. (5.29)
{vj,vl}eEG

13



Using (4.10), the fact that

(A_1>Jk
\/(d +1)/2y/(dy, +1)/2°

(@ ")k (5.30)

and (5.4), we get that

1Plloc = sup o O(n'?)|Qall = O(n~"?),  (5.31)

1<k<n \/(dj +1)/2 B

where vector j'is the same as in (5.8).

Putting together (5.10), (5.14), (5.20), (5.27), (5.29) and (5.31), we get
that all assumptions of Proposition 4.1 with data (5.8)- (5.12) hold for some
constants a, b, ry, 19, c1,co > 0 depending only on ~.

5.2 Oscillating term

Let define pt*) (pgk),pgc), o ,p,(f)) € R" as follows:

w _ J 0, forj <k,
A { pj, otherwise. (5.32)
Let

— 1 k
o) = 2 Z (5.33)

Note that ) )
() = F(6). 530

Using (5.31) and the fact that

00, ZP292 = 2926, = O(n™)|]| o, (5.35)

we find that all assumptions of Proposition 4.1 hold for the case when we take
function F®)(6) instead of the function F(6), vector 7®) instead of vector
and for some constants a, b, 1,79, ¢1, co > 0 depending only on ~.
Note that
0 = |0l =O(n%). (5.36)

14



Taking into account (5.31) and using the Taylor series expansion, we get that
ePrls — ¢=3PR0E 4 ip, 0 + O(n~3/243) F e Q. (5.37)

Using (5.31) and (4.20), (4.26) for F*~Y and p*~Y we find that

0T (k)

ipr < e > pt-1) 0=

PE _ TR ~ (5.38)
= —3’“ > (A < €T > pw o +0(n ) <1 >,

j=k+1

Combining (4.20), (5.37) and (5.38), we obtain that

< eieﬂrﬁ(kil) > pk-1) 0 =
Pk - _ 0T k)
- (1 2 > pi(A 1)jk> <P > g + (5.39)
j=k+1

+ 03P < 1>,
Using (4.10), (5.8), (5.10) and (5.31), we note also that

pipk(A™ Nk = B;B(Q 1) = O(n™2), j#k,
D Z pj(A_l)jk _ O(n_l). (540)

J#k.j<n

Using (5.34), (5.40) and (5.39) for k = 1,2...n, we get that
< 0P >pa=C1 < 1>pmq+0(n7127%) < 1>, (5.41)
where (] is the same constant as in (2.7):

Cr= ﬁ (1 - % Xn: (Al)jk%') =

j=k+1

— <1 — % Z (Q_l)jk5j> = O(1).

j=k+1

(5.42)

Taking into account (5.31) and using the Taylor series expansion, we get
that

1 —
¢TI0 = 1 Epiei +0(n~*), feq. (5.43)

15



Combining (5.43) and (4.20), (4.21) for F®®) we get that

1
<1 >F(’“),Q: <1 — sz) <1 >F(k—1)’Q +O(n72+4€) <1>.

Using (5.31), (5.34) and (5.44) for k = 1,2...,n, we find that
<1>pmg=Co <1>pq +0(n 1) <1 >,
where (5 is the same constant as in (2.8):

T (- 2) 1T (- i)

k=1

5.3 Quadratic term

Let define 6% = (6% 6%, ... 6%) € R™ as follows:

9’“—{0’ for 7 <k,

71 0, otherwise.

Let . . .
F*(0) = —0T A9 + H*(6),
S 1 1
H'O) =35 D Aj+ 5 RE0))

{Ujvvk}eEG

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

In absolutely similar way as given in Subsection 5.1, we ﬁndﬁthat all assump-
tions of Proposition 4.1 hold for the case when we take F*(#) instead of F'(6)

for some constants a, b, 1,79, ¢y, co > 0 depending only on ~.
Note that . .
FO(0) = F(0),
R(£(6Y)) = &(6")" RE(6") = 07'S6P,
where matrices R, S are the same that in (5.15), (5.16).

(5.49)
(5.50)

Combining (5.48), the Mean Value Theorem and (5.27), we get that

FE6) — FE)| = S| REP) — REG)| =

8R<€<5*)) _ —1\ (19712
—op 0 = O HIAl

(oo}

1
= - 0
7 k

16
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where 6% lies on the segment between ¥~ and 6%. Using (5.36), (5.51) and

the Taylor series expansion, we get that

—

ekal(é’)ka(g) — 1+ Fk71<_’) . Fk( ) + O<n72+4e) _
1 = -
=1+ éSkkG,z + Z Sjkejek -+ O(n*2+45), 6 c Q.
j=kt1
Using (5.4), (5.16), (5.19), we find that
—‘(k)TRe—‘(k)
IS _ “1y 189112 = O(n-1).

Since (5.27) imply that ||S]|e = O(n™1), using (4.23), we get that

Z S]k<99k > k=10
j=k+1

<[ sup <00, >pr-10 | Z Skl =

k<jsn j=k+1

_ O(n71+5e)||5«||oo — O(n72+5€).

Combining (4.20), (4.21), (5.52) and (5.54), we obtain that
1
<1 >pee1g= <1 + Zskk> <1>pg+0Mn )< 1>,
Using (5.49), (5.53) and (5.55) for k =1,2...,n, we find that
<1>pq=C03<1>png+0(n 1) <1 >,
where Cj is the same constant as in (2.10):

ngﬁ(lﬁ-iskk):ﬁ(l-i-m).

k=1

5.4 Residual term
For a subset © of EG we define

—

Fol ) = —§TA5+ He(6),

Ho(0 == ZA

{UJ vp}€O
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(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)



In absolutely similar way as given in Subsection 5.1, we find that all assump-

tions of Proposition 4.1 hold for the case when we take Fe(6) instead of F/(6)
for some constants a, b, 1,79, ¢y, co > 0 depending only on ~.

Note that

— —

Fpa(0) = F"(0), (5.59)
A 10 A 4636, o 46262 B
T di 412 T (dy )32 (dp + 1)V2 T (dy 4+ 1) (dg + 1) (5.60)
4630, 464 '

e+ DP2(d; + 2 (et D7
Combining (4.22), (4.24), (4.25), (5.4) and (5.60), we get that

A = (2O ! +
ik TFeT N\ g (d; +1)2 ' 4(dy + 1) (dg + 1)
(5.61)
T 34 <1>p,0+0Mn>T) <1 >
A(dy +1)? Fe: '
Using (4.20) and (5.61), we get that
< e m > 0= Py <1>p,0+0(n 7)< 1>, (5.62)
where
1 1 1
Pi=1-— — — . 5.63
Ik 4d; 112 2(d; + D)(d+1)  4(dy + 1) (5.63)
Note that 1
-5 <Pp<l. (5.64)

Using (4.20), (5.62), we can gradually remove all the edges from the residual
term Hgq and obtain that

<1>pee= || Pr<l>a+0(n ) <1>. (5.65)
{Ujvvk}eEG

Combining (4.19) and (5.65), we get that
<1>p0=Ci<1>+0Mn1"%) < 1>, (5.66)

where Cj is the same constant as in (2.11).
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Combining (5.41), (5.45), (5.56), (5.59) and (5.66), we find that
<0 > o= C1CoCsC, < 1> +0(n 217 < 1> (5.67)

Putting together (3.1), (3.5), (3.8), (5.1), (5.7), (5.13) and (5.67), we
obtain (2.13) and (2.14) (with the exponent 7¢ instead of ¢).

6 Proof of Proposition 4.1

In this section we use notation f = O(g) meaning that |f| < ¢|g| for some
¢ > 0 depending only on rq, 79, c1, ¢2,a,b and ¢.
Let

6(0) = (61(6), 62(), . .., 6 (0)) = AG. (6.1)

According to (4.6), A = I+X, X,;; = 0, and so for some g(0) = g1(62, ..., 6,)
0" A6 = ¢3(0) + g1(6). (6.2)

Using (4.6), (6.2) and estimating insignificant parts of Gaussian integral of
the following type:

/(max{|x|, k1)) ek g, (6.3)
we find that for r > 0, s > 0

<145, > = / 191127 4%ag =

R
+00 +

) +oo
:/_,_/eglwg ..... 6n) /!\5!\&€¢1(5)2d91 dbs...db, (6.4)

— (140 (exp(-car™))) [ |8 "D

—

|¢1(0)|<rn*

where ¢y = ¢4(r, €, s) > 0. Combining similar to (6.4) expressions for ¢1, ¢o, . .. Pp,
we get that

[ W% = (140 (exp(—esn®) < il > (65)
[ ¢(6)]] oo <rn=
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where ¢5 = ¢5(r,e,s) > 0. Combining (4.9), (6.1) and (6.5) with s = 0, we
obtain (4.19).
Using (4.16), we find that

| <1>pa| < / X q0 < /e—éTA5+%9TA5d§: O(<1>). (6.6

In order to prove (4.21) - (4.25) we use the following two lemmas. The
proofs of them are given in Section 7.

Lemma 6.1. Let Q C R” be such that U, (rn°) C Q C U,(ran®) for some
ro > 11 > 0. Let A satisfy (4.6) and assumptions (4.16) and (4.17) hold for
some constants c1,co > 0. Let P = P(x) = O(|z|®) for some fixred s > 0.
Then for any T(0) such that |T(8)] < P(||0]|s) :

—

T(0) >rma= O (exp(—cen™)) < 1>, (6.7)

—

and for any T(6) = T(61,...,65_1,0s1, . ..,0,) such that T(8) < P(||0]|s):

< ¢i(§)f( _») >EQ= % < T(g) >FQ -l—O( 1+4€) < |T( _»)‘ >pa + (6.8)
+0 (exp(—cen™)) < 1>,
< ¢i(§)f< _») >FQ= % < T( _)) >FQ +0(n 1+4€) < |T( _»)‘ >pa + (6.9)
+0 (exp(—cen™)) < 1>,
< QZSk(_))T( _») >F,Q: O( 1+4€) < |T( )| >F7Q +
(6.10)
+0 (exp —cgn 6)) < 1>,
< GHOVT(0) >pa= O(n~"1%) < [T(0)] >pa + -
+0 (exp(—cﬁn 6)) <1>, '

where function F is defined by (4.15), vector gb(@) is defined by (6.1) and

constant cg = cg(r1, 72,1, C2,a,b,6, P) > 0.
Lemma 6.2. Let assumptions of Lemma 6.1 hold and sy, Sa, . . ., s, € NU{0},

M(Z) = ait - -y,

(6.12)
s=814+...+s, >0.
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Let
sg =0 and |{j:s; # 0} <3. (6.13)

Then

—

< oYM (G(0)) >pa= O(sn =) < 1 > (6.14)
Using (4.10), we find that
Ok = b+ 016, ||dlloe = On™"). (6.15)

Combining (6.6), (6.15), Lemma 6.1 and Lemma 6.2, we obtain that:
<04(0)? >pa=< (T 9)? >pa=

2)(Z<¢j( >FQ+Z|<¢J1§ (

J1#£72

= (0™ +0n™")) <1>=0n""*) < 1>,

\_/l

>FEQ |> (6.16)

< 6u(0)* >pa =< (41 9)* >ra=0n""))_ < ¢;(0)* >pa +

_4 Z <¢]1 ¢j2 ) >Fo+

J1#72

+O(n™) > 1< 5, (0)¢5,(0)¢5,(0)* >ra |+ (6.17)
N#j2#53

+0(™) Y 1< 0(0)65,(0)¢5(0) 65, (6) >pa | =
J1#J2#3F]a

— (O<n73>+0<n72+45) 4 O<n73+75) 4 O<n72+75>+
+ O(n‘””)) <1>=0n"") < 1>,

where B .
0r(0) = Ok — ¢k (0). (6.18)
According to (4.6), we have that

—

5]4:(9) :5k(91,...,Gk,l,ekﬂ,...,en) (619)
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Using (6.6), (6.15), (6.16), (6.17), (6.19) and Lemma 6.1, we obtain that:

— —

< ¢(0)dx(0) >ro =
= O(n™1%%) < |04(0)| >ra +O (exp(—cgn®)) < 1 >= (6.20)
— O<n71+5e) <1 >,

—

< 03 >pa=< (P(6)+0r(

Cbi

)? >po=

ok(0)* >ra +O(n ) <1>= (g1

<1>pq+0n ) <1>.

l\DI»—A/\

< on(0)61(0) >pq =
O(n _1+4E) < |6x(0)? >po 40 (exp(—cgn™)) < 1 >= (6.22)
— O(n—1+7e) <1 >,

< (bk( ) 5]@(_)) FQ— (% —+ O(n_1+4€)) < 5k(§>2 >EQ +

+0 (exp(—cen™)) < 1 >= (6:23)
=0m ") <1 >,

—

< r(0)20,(0) >pq =
= O(n™14%) < |04(0)| >ra +O (exp(—cen®)) <1 >=  (6.24)
=0n ") < 1>,

—

< 04 >po=< (6k(0)+0x(0))" >ra=
=< ¢r(0)! >pa +O(n117) < 1>= (6.25)

3
=7 <1>ro +O(n~ ") <1 >.
In a similar way as in (6.16), (6.17), using (6.20) - (6.24), we find that
< 5k(§)0l >FQ = O(Tl_l) Z < ¢](§)91 >FO=

(6.26)
= (0 %) + 0 1%)) < 1>= 0 +%) < 1>,
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<5/€()8l >FQ— n2 Z<¢] 91 >po +

O(n?) Z | < 01, (06,00 >ra = (6.27)
J1#J2
- (O(n—%) + O(n—l%)) <1>=0m ) < 1>,

—

< 5k< )93 >FpO=
= O —1 Z < gbj Ql >FQ +O( ) < ¢l(§)913 >FO= (628)
37
= (O™ + 0 ) <1>=0n"""") <1>.
Using (6.6), (6.19), (6.26)-(6.28) and Lemma 6.1, we obtain that:

—

< &r(0)61(0)6] >ra= O(n™"%) < |5:(6)67] >ra +
+0 (exp(—cgn™)) < 1 >= (6.29)
=0 < 1>,

< 040, > pa=< (60(0) + 6,(0))0, >pa= O(n~+5) < 1>, (6.30)
< 0407 >pa=< ($p(0) + 04(0))0} >pa=O(n ") <1 >, (6.31)
< 0207 >pa =< (61(0) + 0,(0))%607 >pga
=< ¢k( 9)%07 > >po +O(n 1174 < 1 >=
= 2 <) + 8B >pa +OM ) <15= 05
— i <1>pa+0n ") <1 >.
Since ||p]lec = O(n/?), using the fact that
e =14 0(n 1"%), feq, (6.33)
and (6.6), we get that
< 0T P05 50— 0T PO S 0 1O ) < 1>, (6.34)

where F' = F — 1p2602. 1t is clear that [ satisfy all assumptions of Lemma
6.1. For any §' = (p),p),...,p,,) € R™ such that ||p]|. = O(n~/2), we have
that

ePO =1 4+ iplf 4+ O(n~1F%), el =140V, heQ.  (6.35)
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Using (6.6), (6.8) and (6.10) with F” instead of F', (6.35), we get that

<<Z5()29p SO o= O(n ) < 1>,

< Gi(6)6(6)e? 7wl S po= O(n~4%) < 1>,

< ¢y(0 )91629 7 —ip)0 > p =< le(_’) 0T —ip]6, -
< ouB)5( )T T 5 o= (6:36)

]_ T o ot
— 5 < 619 ' —ip,0 > +O<n71+5€) <1>=

1 T~
=5 < e g 4OV < 1 >

Combining (6.35) and (6.36), we find that

—

< (0 ) @y >po=< ¢i(0)e i ~ipf >pa+
+ wz <GB0 T S p g 1O(THE) < 1>= (6.37)

= §pl <™ >p o +0m ) < 1> .

Using (4.9), (6.1) and (6.37), we get that

0T o
< lew P > Q=

6.38
Zpl — lk <€z€ D’ >F/Q+O( 1+5€) <1> ( )

Combining (6.34) and (6.38) for i = 7 — pxé*), we obtain (4.26).

7 Proofs of Lemma 6.1 and Lemma 6.2

In this section we continue use notation f = O(g) meaning that |f| < ¢|g|
for some ¢ > 0 depending only on 71,7y, ¢y, c2,a,b and e.
Let
0% = (61,...,05-1,0,00s1,....,0,). (7.1)

Proof of Lemma 6.1. Using (4.9), (6.1) and (6.5), we find that

| < T >gmq | < / P(|16]I5)e " 4746 = O (exp(—cen™)) <1>. (7.2)

R™\Q
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For simplicity, let £ = 1. Using (7.2), we get that

< ROVT(0) >pa= / DB, ..., 0,)e™ " ATHHO G =

Q

PO (0, ...,0 e 0T ATFHO) g 4 0 exp(—cgn®)) < 1>,
1

Un(ran®)

p=1,2,3,4.

(7.3)

where we let H(6) = 0 for § € R\ Q. Combining (4.17) and the Mean Value

Theorem, we find that for 6 € U, (ryn®)

—

H(0) — H(OW) = O(n~1+%).

Using (6.2), we get that

/ ¢p 92, o 0h)e *WA(quH((f)d(g_’_'_ o) (eXp(—Cans)) 1>
Un(rane)
ron® ront
= / A / Te~ g1(02,....0,)+H(OD)
—ran® —ront

/ @PeROTHO-HE) g0 | dg, ... 6,

p=0,1,2,3,4.

Combining (4.9) and (7.4), we find that for 60 € U, (ryn?)

ron®

/ ¢p —¢1(9)+H( 0(1) d@l

+o0o
= /gbzl’e¢%(5)d91+0(exp(—c7n2€)) /e‘b%(é)deﬁr

N / (b,l,e,d)g(é’) <€H(§)7H(§(1)) _ 1) do,, p=0,1,2,3,4,

|¢1(0)|<r3n®

25

(7.4)

(7.6)



where ¢; = ¢7(r, 1, ¢2,a,b,8) > 0, r3 = 13(re, 1, c2,a,b,e) > 0.
For p = 2,4, we have that:

400 +o00
/gble_&@d@l _1 / e~ g,
2 Y
e e (7.7)
2(0° 3 2 (0
/ ¢16*¢1(9)d91 — Z / 6*‘151( )d01,

/ D) <6H<§>7H(5“)> _ 1) 6, —

|¢1(0)|<ran®

=0+ [ ghe i Dap, —
. (7.8)
+o0
— O(n—1+4s) / 6—¢%(G)d01’
for 6V Un(ran), p=0,2,4.
Combining (7.2)-(7.8), we obtain (6.8) and (6.9).
For p =1, 3, we have that:
+oo
/ e 910 dh, = 0 (7.9)
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/ R (QH@,H@@) _ 1) 6, —
|¢1(0)|<r3n=

et (e,

=

0<¢1(0)<rsn®

_ / (y[Pe— ) <6H<*>7H(5“>> _ 1) b, —

r3n®<¢1(0)<0

— O(n~1+¥) / 1Pt D g —

$120
—+00

= O(n~1) / e %10 dp,,

(7.10)

—00

for 0 € Up(ren®), p=1,3.
Combining (7.2)-(7.6), (7.8), (7.9), (7.10), we obtain (6.8) and (6.9).

=

Proof of Lemma 6.2. Let T(0) satisfy

IT@0)] = O16]1%),
(7.11)

—

OTO) _ (5012 sup |T(@)], 7€ .
90 feq

Combining (6.10) and (7.11), we get that

< &(O)T(0) >po=
—< G(OVT (O™ >pg + < ¢p(0)(T(0) — T(OW) >po=
=< (O)T(0™)) >pq +O0(sn™'7%) < sup |pp0i T ()] >po= (7.12)
=)
= O(sn~ %) < sup |T(6)] >po +0 (exp(—cgn™)) <1 > .
=)

Using (4.6), we find that for § € Q
OM((9)) _ O(sn®7D%) 3~ 99,(6) _ O(sn™ %) sup [M($(8))|. (7.13)

001, S, 0 Py
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Combining (6.6) and(7.12), we obtain (6.14) ]

8 Proof of Proposition 3.1

In this section we use notation f = O(g) meaning that |f| < ¢|g| for some
constant ¢ > 0 depending only on ~ and €.

The following lemma will be applied to estimate the determinant of a
matrix close to the identity matrix /.

Lemma 8.1. Let ||| denote any matriz norm. Let X be such an nxn matriz
that || X|| < 1. Then for fized m > 2

det(I + X) = exp <Z ; tr(X") + Em(X)> , (8.1)

where tr(-) is the trace function and

B0 < 2 X1

< 1oIET (8.2)

The proof of Lemma 8.1 is based on estimation the trace of the matrix
In(/ + X)), using the representation as a convergent series. Lemma 8.1 was
also formulated and proved in [10].

For any 1 <r < n, we have that

So = / H cos A Z H (14 itanAjy) dg, (8.3)
Vo {viwk}EEG T€T: (v;,0,)EET
where Aj, = §; — & and

Vo= {€€ Un(n/2) ¢ &~ & (modm) < nv2+e, ¢ = ST T hny

(8.4)

Since the integrand is invariant under uniform translation of all the §;’s mod
7, we can fix £ = 0 and multiply it by the ratio of its range 7 to the length

n~'/% of the vector 1[1,1,...,1]7. Thus, for any 1 <r < n, we get that
Sy = mn/? / [T cosand J] (+itanAy)dL, (85)
LAVe (vj,ok)EEG Te€Tr (vj,v,)EET
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where L denotes the orthogonal complement to the vector [1,1,...,1]T.
Let define n x n matrix B by

—tan Ajy, for {v;, v, } € EG,
o > tan Ay, for k = j,
B]k B l:(vj,0)€EG ’ (86)
0 otherwise .

Using Theorem 3.1 with the matrix () + ¢B, we get that

>N II +itandy)=> M, (8.7)

r=1TeT, (Uj 7’[}]€)EET

where M, denotes the principal minor of A formed by removing row r and

column r. Since the vector [1,1,...,1]7 is the common eigenvector of the
matrices () and B, corresponding to the eigenvalue 0, we find that
det(Q + B
Z M, == Qi det(@+iB) (8.8)

where Q = Q + J and J denotes the matrix with every entry 1. Note that
Al =1 =8 — (G =l <27V, £en, (8.9)

|BH1—maXZ\ Kl = 0/, £e . (8.10)

Let ® = BQ~'. Using (4.9), (5.4), (5.30) and (8.10), we get that
19]1: < [|BIL]IQ7'lr = O(n~*), el (8.11)

Using Lemma 8.1 with the matrix ¢®, we find that

det(I 4 i®) = exp ( (n_1/2+35)) . el (8.12)

Let
B = Bgrew + Bdiag7 (813>

where Bgje, is the skew-symmetric matrix and By, is the diagonal matrix.
Since () is the symmetric matrix

tr(Bapew @) = 0. (8.14)
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Using (8.9), we find that
| Baiag — Al = O(n™"*¥%), {e W, (8.15)

where A denotes the diagonal matrix whose diagonal elements are equal to
the components of the vector Q. Combining (5.3) and (8.15), we get that

< 1| Baiag — Alf2||Q 7|2 = O(n™/715),
£e .

tr <(Bdmg _ A)Q*I)

(8.16)

Using (8.14) and (8.16), we obtain that

trd = tr(BdiagQ_l) — tr(AQ—l) + O(n—1/2+36) _

5 8.17
_ _TQO_Z—F O<n71/2+3€>’ é‘ e VE]; ( )

where @ is the vector composed of the diagonal elements of the matrix QL.
Using the property of the trace function
tr(XY) = tr(YX), (8.18)
we have that

tI'(I)2 = tr(BSkewéil)Q + Jl?l"(Bdiagc:Qil)2 + 2tr (Bskewc?ileiagQ71> : (819)

Since Bigey 1S the skew-symmetric matrix and Q’lemgQ’l is the symmetric
matrix, we find that

tr (Bskerledmngl) —0. (8.20)

According to (5.17), we have that

X < |1X s,

(8.21)
XY |[rs < [[X]|ms|[Y ]

Therefore we get that

tr(Bsker_l)z S ||Bsker_1||%—IS' (822)
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Combining (5.3) and (8.9), we obtain that

[1Bokew@ s < [|Q7[el| Boheul s = O(n™779), €€ Wi
Using (5.3), (8.9) and (8.15), we get that
‘tf ((Bdiag — A)Q_leiagQ_1> ‘ <
< || Q7 [1311(Buiag — Mllal| Baiagll2 = O(n™'+%),  £€ Wy,
and

<

tr ((Bdiag - A)Qil(Bdiag - A)Q71>
<l Q7 311(Buiag — M3 = O(n %), £ Vi

Combining (8.18), (8.24) and (8.25), we obtain that
t1(BaiagQ™")* = tr(AQ™)’ + O(n™'7), e
Combining (8.19), (8.20), (8.22), (8.23) and (8.26), we obtain that
trd? = tr(AQ1)? + O(n~11%),  £e V.
Using (8.17) and (8.27) in (8.12), we get that

H—1)2
det(I +i®) = exp (iéTQéH— wAQT )

By Taylor’s theorem we have that for é’ eW

H cos Aji =

(vjvr)EEG
_ 1 1 —14-6
(vjvr)EEG (vjvr)EEG
Note also that
_T
Z Ajk - Q§
(vjvr)EEG
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(8.26)
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Putting together (8.5) forr = 1,2...,n, (8.7), (8.8), (8.28), (8.29), (8.30),
we obtain that

So = (1+0 (nV*7%)) mn=3/2 det Q Int’, (8.31)

Int’ = / exp (z TQa — %ET QE — 1—12 > AL+ %R( 3) dL, (8.32)

LAV {vj, v }€EG

where R(§) = tr(AQ A Q).
Let Pr(f) be the orthogonal projection f onto the space L, where L

denotes the orthogonal complement to the vector [1,1,...,1]7. Note that
1Pl = [1€ = €[1,1, .., 1 | < 2[[€][, (8.33)
where P 9
gttt O (8.34)
n
Thus 1
Un(Gn™/%%) {g’ . Pr(d) e Un(n’l/”s)} (8.35)

We also note that . .

Q¢ = QPr(¢). (8.36)
Therefore the mtegrand of (8.32) does not change under the substitution of
vector € by vector P'r(g) and

1 - 1 1 _ =
/ exp (z TQo?—ééTQf— 3 > A§k+§R(g)>dL:

LNV {Uj,vk}EEG
_ / asr / [ermue
P(§)eLnVy
_ n!/ o1 ETQA+F(E) g¢
2 / 5
(§)€Un(n=1/2+¢)
where | | |
F(E)=—5€Q6— 55 Y AL +3RE). (8.38)
{Ujmk}EEG
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Using notations (5.6) - (5.11), and formulas (4.20), (8.35), (5.67), we get that

1/2
Int' = (1+ O (exp(—c7n™))) Int, (8.39)
where ¢; > 0 depends only on 7 and €.
Combining (8.31) and (8.39), we obtain (3.8).
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