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ABSTRACT. In this paper we give a spinorial representation of submanifolds of
any dimension and codimension into Lie groups equipped with left invariant
metrics.
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1. INTRODUCTION
2. PRELIMINARIES

2.1. Notation. Let G be a Lie group, endowed with a left invariant metric (.,.),
and @ its Lie algebra: G is the space of the left invariant vector fields on G, equipped
with the Lie bracket [.,.] and is identified to the linear space tangent to G at the
identity. The left multiplication induces a bundle isomorphism

(1) TG ~GxG

which preserves the fibre metrics. We note that a vector field X € I'(T'G) is left
invariant if, by (1), X : G — G is a constant map. We consider V¢ the Levi-Civita
connection of (G, (.,.)) and the linear map

I': G — A%G
X - I(X)
such that, for all X,Y € G
(2) VEY = T(X)(Y).
By the Koszul formula, I" is determined by the metric as follows: for all X,Y, Z € G,

B OM).2) = G{X. Y], 2) + S(Z.X),Y) ~ (V. 2], X),

1
2
Since V& is without torsion, we have, for all X,Y € G,
(4) X)) -I)(Xx) = [X,Y].
We note that the curvature of V& is given by
(5) RE(X,Y) = [I(X),I(Y) -T([X,Y]) €A’

for all X,Y € G. In the formula the first brackets stand for the commutator of the
endomorphisms.
1
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2.2. The spinor bundle of G. Let us denote by CI(G) the Clifford algebra of G
with its scalar product, and let us consider the representation

p:  Spin(G) — GL(CI(G))
a — & a.

This representation is not irreducible in general: it is a sum of irreducible rep-
resentations [11]. By (1) the principal bundle Q¢ of the positively oriented and
orthonormal frames of G is also trivial

Qc ~ G x SO(9),
and we may consider the trivial spin structure

Qc := G x Spin(9)
and the corresponding spinor bundle

¥ = Qg %, Cl(G) =~ G x CU(G).

A spinor field ¢ € I'(Y¥) is said to be left invariant if it is constant as a map
G — Cl(G). The covariant derivative of a left invariant spinor field is
(6) Ve =3T(X) o
where T'(X) € A2G C CI(G) and the dot ”-” stands for the Clifford product.

2.3. The spin representation of Spin(p) x Spin(q). Let us assume that p+q = n,
and fix an orthonormal basis €9, €9, ..., el of G; this gives a splitting G = R? @ R?
(the first factor corresponds to the first p vectors, and the second factor to the last
q vectors of the basis) and a natural map

Spin(p) x Spin(q) — Spin(G)
associated to the isomorphism
Cl(G) = ClL,&Cl,.
We thus also have a representation, still denoted by p,
(7) p:  Spin(p) X Spin(q) — GL(CI(G))
a +— & a.
2.4. The twisted spinor bundle. We consider M a p-dimensional Riemannian

manifold, £ — M a bundle of rank ¢, with a fibre metric and a compatible connec-
tion. We assume that E and T'M are oriented and spin, with given spin structures

OB Qu and Qp 2 Qg

where QQy; and Qg are the bundles of positively oriented orthonormal frames of
TM and FE, and we set

Q = QM XM QE;
this is a Spin(p) x Spin(q) principal bundle. We define
Y= Q x, ClG)

and )
U :=Q x,Spin(G) C X
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where p is the representation (7). The vector bundle ¥ is equipped with the covari-
ant derivative V naturally associated to the spinorial connections on Qs and Qg.
Let us denote by 7 : Cli(G) — CI(G) the anti-automorphism of CI(G) such that

T2 @a - x) = T a2 - T
for all x1,xs,...,x1 € G, and set
(8) ((.,.))y: ClG) xCUG) — CUL9)
() — e
This map is Spin(G)—invariant: for all £,£" € CI(G) and g € Spin(G) we have
((98,9€')) = 7(9€")9€ = 7(£)(9)9¢ = 7(§)§ = ((£.£)),

since Spin(G) C {g € CI1°(G) : 7(g)g = 1}; this map thus induces a C1(G)—valued
map

9) ((,)): Xx¥ — Cl9)
(0, ¢) = (el [¥'D)
where [¢] and [¢'] € CI(G) represent o and ¢’ in some spinorial frame 5 € Q.

Lemma 2.1. The map ({.,.)) : ¥ x X — CIl(G) satisfies the following properties:
for all p,v € T(X) and X € T(TM),

(10) (s ¥)) = 7{(¥,9))
and
(11) (X p,90)) = ({p, X -9)).

Proof. We have
(o v0)) = 7[Y] [l = 7(7ee] [9]) = 7((¥, )

and

(X o,9)) = r[¢] [X][e] = T([X][LDe] = {{, X - ) ]
where [p], [¢] and [X] € CI(G) represent ¢, ¥ and X in some given frame § € Q. 0O

Lemma 2.2. The connection V is compatible with the product ({.,.)) :

Ix (e, @) = ((Vxe, ) + ({#, Vx ')
for all , " € T(X) and X € T'(TM).
Proof. If ¢ = [3, [¢]] is a section of ¥ = Q x, CI(G), we have
Vxe = [5,0x[p] + p« (5" a(X))([¢])] VX € TM,
where p is the representation (7) and « is the connection form on Q; the term
p«(8*a(X)) is an endomorphism of CI(G) given by the multiplication on the left

by an element belonging to A2G C CI(G), still denoted by p.(5*«(X)). Such an
element satisfies

T (p« (5" (X)) = —ps (5" (X)),
and we have

((Vxe, o)) + {{, Vx¢'))

T{¢']} (Ox (] + p«(3"a(X))[¢])
+7{0x[¢] + pu (8" a(X)[¢]} [#]
= T{¢'Boxlel + T {ox[¢]} [¢]

= Ix({p,¥"))-
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d

We finally note that there is a natural action of Spin(G) on U, by right multi-
plication: for ¢ = [3,[¢]] € UX = Q x, Spin(G) and a € Spin(G) we set

(12) p-a:=15[¢] a] €UL.

2.5. The spin geometry of a submanifold of G. We keep the notation of the
previous section, assuming moreover here that M is a submanifold of a Lie group
G and that £ — M is its normal bundle. If we consider spin structures on T'M
and on E whose sum is the trivial spin structure of TM @ E [13], we have

¥ =Q x,0lG)~ M x ClG),

where the last bundle is the spinor bundle of G restricted to M. Two connections
are thus defined on ¥, the connection V and the connection V&; they satisfy the
following Gauss formula:

12
(13) V§’<<P=Vx<p+§zej-3(X7€j)-s0

j=1
for all ¢ € T'(¥) and all X € T'(T'M), where B : TM x TM — E is the second
fundamental form of M into G. We refer to [1] for the proof (in a slightly different
context). Since the covariant derivative of a left invariant spinor field is given by
(6), the restriction to M of such a spinor field satisfies

1 <& 1
(14) Vxp=—5 ¢ BX,e) o+ T(X) ¢
j=1
for all X ¢ TM.

3. MAIN RESULT

We consider M a p-dimensional Riemannian manifold, £ — M a bundle of rank
q, with a fibre metric and a compatible connection. We assume that E and T M
are oriented and spin, with given spin structures. We suppose that a bilinear and
symmetric map B : TM x TM — FE is given, and we moreover do the following
two assumptions:

(1) There exists a bundle isomorphism

(15) f: TM®E - MxG

which preserves the metrics; this mapping permits to define a bundle map
(16) I': TM@®E — A*(TM @ E)

such that, for all XY e T(TM & E),
(17) FOX)(Y)) = D)) (F(V))

(on the right hand side T is the map defined on G by (2)), together with the
following notion: a section Z € I'(T'M @ E) will be said to be left invariant
if f(Z): M — G is a constant map.
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(2) The covariant derivative of a left invariant section Z € T'(T'M @ E) is given
by

nabla field invariant| (18) VxZ =T(X)(Z) - B(X,Z") + B*(X, ZN)

where Z =27+ ZN in TM @ E and B* : TM x E — TM is the bilinear
map such that for all X,V € T'(TM) and N € T'(E)

<B(X7Y)7N> = <Y7B*(X=N)>

Remark 1. These two assumptions are equivalent to the assumptions made in
[10, 15]: they are necessary to write down the equations of Gauss, Codazzi and Ricci
in a general metric Lie group, and to obtain a fundamental theorem for immersions
in that context; see Section /.

rmk cond frame‘ Remark 2. Sometimes it is convenient to write these assumptions in some local
frames. For sake of simplicity, we assume that E is a trivial line bundle, oriented
by a unit section v. Let (e9,€3,...,e2) be an orthonormal basis of G and Fk € R,
1 <4, 4,k <n, be such that

n
_ k o
= E I7; ep-
k=1

We set, fori=1,...,n, e, € (TM @ E) such that f(e;) = €2, and f; € C°(M),
T, € T(TM) such that e; = T; + fiv. Since f preserves the metrics, the vectors

e1,€s,...,¢, are orthonormal, and we have
(19) (T;,T;) + fifj = 0ij
foralli,j=1,...,n. The assumption (18) then reads as follows: for all X € TM,
7=1,...,n,
(20) VxT; = ZF (X, T)Ty + f;5(X),
(21) df; (X Zr Ji(X,T3) — h(X, T})

where S(X) = B*(X,v) and h(X, Y) = (B(X,Y),v). Conversely, if vector fields
T, € T(TM) and functions f; € C*(M), 1 < i < n, are given such that (19),
(20) and (21) hold, we may define a bundle isomorphism f : TM ® E — M x G
preserving the metrics and such that (18) holds: setting e; = T; + fiv, we define f
such that f(e;) =e?,i=1,...,n

We keep the notation of Section 2 and state the main result of the paper:

thm main result\ Theorem 1. We moreover assume that M is simply connected. The following
statements are equivalent:

(1) There exists a section ¢ € T(UX) such that

—_

1
killing equation| (22) Vxp=—= Z B(X,e;) - o+ if(X) ¢

[\D

for all X € TM.
(2) There exists an isometric immersion F : M — G with normal bundle E
and second fundamental form B.
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More precisely, if ¢ is a solution of (22), replacing ¢ by ¢ -a for some a € Spin(G)
if necessary, the formula F = ff where £ is the G—valued 1-form defined by

[def xi] (23) §(X) = (X -p,9)
for all X € TM, defines an isometric immersion with normal bundle E and second
fundamental form B. Here [ stands for the Darbouz integral, i.e. F = [§: M — G
is such that F*wg = &, where wg € QY(G,G) is the Maurer-Cartan form of G.
Reciprocally, an isometric immersion M — G with normal bundle E and second
fundamental form B may be written in that form.

The formula F' = [ £ where ¢ is defined by (23) may be regarded as a generalized
Weierstrass representation formula.

This theorem generalizes the main result of [4] to a Lie group equipped with a
left invariant metric.

Remark 3. If ¢ is a solution of (22) and a belongs to Spin(G), ¢’ := ¢ - a is also
a solution of (22) (see (12) for the definition of ¢ - a). Moreover the associated
1-forms &, and &, are linked by

(24) £y = 7(a) & a=Ad(a )0 &,.
Let us recall that a 1-form & € QY(M,G) is Darbouz integrable if and only if it
satisfies the structure equation d€+[€,&] =0 (M is simply connected). The theorem
thus says that if @ is a solution of (22), it is possible to find an other solution ¢’
of this equation such that &, is Darbouz integrable and F = f & 15 an tmmersion
with normal bundle E and second fundamental form B. The proof of (1) = (2) in
the theorem will in fact follow these lines. See also Remark 5 below.

Remark 4. We note that (22) implies the Dirac equation
Dy = (ﬁ + 7) cp
where the Dirac operator D is defined by
P
D(p = Z €j . Vej(P
j=1
and

ﬁ:

DN | =

P P

1
E B(ej,ej) € E and = 3 E e;-T(ej) € C(TM @ E).
=1 i=i

We now prove the theorem: (1) = (2) will be a consequence of Propositions 3.1
and 3.3 below, and (2) = (1) will be proved at the end of the section.

Proposition 3.1. Assume that ¢ € T'(UX) is a solution of (22) and define & by
(23). Then
(1) € takes its values in G C Cl(G);
(2) there exists T € SO(G) such that £ =T o f;
(8) replacing ¢ by ¢ - a where a € Spin(G) is such that Ad(a) = T, we have
&= f, and £ satisfies the structure equation

xi structure equation| (25) d§ +[£,¢] = 0.
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Proof. 1- By the very definition of £, we have
§(X) = 7Pl X][#]

for all X € TM, where [X] and [p] represent X and ¢ in a given frame 3 of Q.
Since [X] belongs to G C C(G) and [¢] is an element of Spin(G), £(X) belongs to
g.

2- This amounts to show that for every left invariant section Z € I'(TM & E),
the map £(Z) : M — G is constant. Indeed, assuming that this property holds,
if (e9,...,€%) is a fixed orthonormal basis of G and denoting by ey, ...,¢, the left

e n

invariant sections of TM @ E such that f(e;) = €2, i = 1,...,n, we have, for all
section Z =), Ze, e I'(TM ¢ E),

Z)= ZZz‘ £(e

where (£(e;),...,&(e,)) is a constant orthonormal basis of G. Considering the or-
thogonal transformation T' : G — G such that T(e?) = &(g;), ¢ = 1,...,n, we

get
ZZT <ZZ€>— f(2)),

ie. £ =To f. We thus assume that Z € I'(T'M @ E) is left invariant, and compute,
for X € TM,

ox &(Z) = <<VXZ so, @)+ (id+T7){(Z -9, Vxe))
= ({rx B(X, ZT)+B*(X ZM)} e, 0))
+§(id+r UZ o, ( Ze] (X, e) +T(X)) - ).

This expression is zero, as a consequence of the following formulas:

Lemma 3.2. Forall X € TM and Z €¢ TM & E,

(26) (D(X)(Z) - 0)) = —5(id + 77 9, T(X) - )
and

({B(X,Z27) = B*(X, Z%)} -0, ¢)) = *%(id+7)<<z'%zea"3()ﬂ €j)-#))-
Proof. We first prove (26): we have

%(id+7)<<Z~%F(X) - ) (e, [0(X), Z] - )

—(IX)2) - ¢,9)),
since 7)g = id, T|a2g = —id and by Lemma A.1. The proof of (27) is similar:

S+ (26,3 e BXoe)) o)) = Zej (X,e). 2| )

j=1
= —(({B( X,ZT)—B*(X7ZN)}'<P,SD>>
by Lemma A.3. -
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3- For all a € Spin(G) and X € TM, we have

(X-(p-a),p-a) = 7(¢la)X][gla
= 7(a) (X-9,90) a
= Ad(a™)(E(X))

Ad(a™)(T o f(X));

thus, replacing ¢ by ¢ - a where a € Spin(G) is such that Ad(a) =T we get £ = f.
We compute, for X, Y € I'(T'M) such that VX = VY = 0 at x,

Ox £Y) = (Y Vxo,0) +{(Y ¢, Vxp))
= (d+ 7)Y 0, Vxe))
= e = YV e B e) o+ 5V T(X) )
j=1
and
d§(X,Y) = 0x &(Y) -0y &(X)
(28) = (i + T, C o)) + 5 lid + ), (Y T(X) = X T(V)}- )
with

X7€j) - X - ej . B(Y,€J>}

1P
C:= —§;{Y~ej-B(

Now, for X = Z1§k~§p rrep and Y = Zlgkgp YkCk,

p P
> X -e;-B(Y,e;) =—B(Y,X)+ > > aper-e;- B(Y,e;)
i=1 i=1k#j
and
P P
ZY -e;-B(X,e;) = —B(X,Y) + ZZykek -e; - B(X,e;),
j=1 7=1 k#j
which yields the formula
12
€=y L Yew e By niB (Vi)

Since a Clifford product of three pairwise orthogonal vectors is changed to its op-
posite by 7, we deduce that 7[C] = —[C]; this implies

(.- @) = r(rlelriclle]) = ~rlelrlCliel = ~((,C - 9)).
Thus the first term in (28) is zero and
GEXY) = i+ )ile (Y T(X) - X T(V)} - ¢)

= Sl Y T(X) -

since 7ig = id and 1526 = —id. We finally notice that

NX) Y+X-TY)-T(Y)-X}-¢))

% (VY T(X)-T(X)-Y + X -T(Y) - T(Y) - X} = —D(X)(Y) + D(Y)(X)
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(Lemma A.1), which yields

d(XY) = —¢TX)(Y)-T)(X))
= —[6(X). &),
since £ = f, I satisfies (17), and by (4). O

We keep the notation of Proposition 3.1, and moreover assume that M is simply
connected; we consider
F:M—G

such that F*wg = ¢ (assuming that ¢ is chosen in such a way that £ satisfies the
structure equation (25)). The next proposition follows from the properties of the
Clifford product:

Proposition 3.3. 1. The map F : M — G is an isometry.
2. The map

dg: EFE — Mxg
XeE, — (F(m){X))

is an isometry between E and the normal bundle of F(M) into G, preserving con-
nections and second fundamental forms. Here, for X € E, (X)) still stands for the

quantity ((X -, ¢)).
Proof. For X, Y e I'(TM @ E), we have
1

(€(X),e(Y)) = —5 (EX)EY) +E(Y)E(X))

= (X,Y),

since [X][Y] + [Y][X] = =2(|X], [Y]) = —2(X,Y"). This implies that F' is an isom-
etry, and that ®g is a bundle map between E and the normal bundle of F(M)
into G which preserves the metrics of the fibres. Let us denote by Br and V'F the
second fundamental form and the normal connection of the immersion F’; the aim
is now to prove that

(29) §(B(X,Y)) = Br(4(X),£(Y))  and  &(VxN) = Vi &(N)

for X, Y e T'(TM) and N € T'(E). First,

Br(§(X),£(Y)) = (VEx) 6V = {0x &(Y) + TEX)EM))Y

where the superscript N means that we consider the component of the vector which
is normal to the immersion. We fix a point x¢g € M, assume that VY = 0 at x,
and compute:

ox &(Y) Y -Vxp,0) + (Y -9, Vxp))

(
= (id+7)(p,Y -Vx¢))

= Sl Y (=Y e B(Xe) + (X)) ).
j=1
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We showed in the proof of Proposition 3.1 that
Y- iej -B(X,ej) = —B(X,Y)+D
j=1
where D is a term which satisfies 7D = —D. Since moreover 7[B(X,Y)] = [B(X,Y)]
and 7[Y - T'(X)] = —[[(X) - Y], we get
Ox £(Y) = &BX, Y)Y +({e, %(Y'F(X) ~T(X)-Y) - o))

= &BX,Y)) - (o, TX)(Y) o)™,
since £(B(X,Y)) is normal to the immersion and by Lemma A.1. This implies that
Br(§(X),£(Y) = &BXY) ~ ({g, T(X)(Y) - o)™ +T(EX)) €)Y
= ¢BX,Y))

(e, TX)Y)-9)) = (LX) -p,9))  (since 7 [[(X)(Y)] = [[(X)(Y)] € G)
)

I
R B AN
253
sl
=

= (f(Y)) (by definition of ' on TM & E)
= TEX))EN)).
We finally show the second identity in (29): we have
Vits(N) = (VEx)s))™
(Ox E(N) +T(EX)) (&)Y
(VXN -0, o) + (N - Vxp, o) + (N -0, Vxp))¥

HL(E))EI))N.
The first term in the right hand side is {(V'y N), and we only need to show that
Ton F dsometzy expr] (30) (V- Vi)™ + (N -0, V) + TECONENN)Y = 0.
We have
(N - Vo)) + (N -0, Vxg)) = (id+ (V- Vxi))
= S+ DY e N B(X )+ N-T(X)} - ,0)
j=1
= ST e N B ) o 0)
j=1
—(L(X)(N) - ¢, 0))
since 7 [N -T'(X)] = —[['(X) - N] and by Lemma A.l. Taking into account that

(LX)N) ¢, 9)) = T(E(X))(E(N))
(see the first part of the proof above), the identity (30) will be proved if we show
that the vector

L+ (S ey N BX.e)) - 0.)
j=1



rmk congruence ‘

SPINORIAL REPRESENTATION OF SUBMANIFOLDS IN METRIC LIE GROUPS 11

is tangent to the immersion. We have

Z B(X,e;) = —

p

ej - B(X,e;) N—QZeJ (X,e;),N)

'M“ﬁ

1

J

I
p'qﬁ

B(X,e;)- N -e; —2B*(X,N)

<.

M- L

= Y ¢ N B(X,e) — 2B*(X,N);

1

J
thus

Zd+7’ X e]) %‘P» :_<<B*(X7N)<p1(p>>a

H'Mzs

which is a vector tangent to the immersion since B*(X, N) belongs to T'M; (30)
follows, which finishes the proof. |

We finally show the converse statement (2) = (1) : we suppose that F': M — G
is an isometric immersion with normal bundle E and second fundamental form
B, we consider the orthonormal frame s, = Igo(g) of G, and the spinor frame
50 = 1gpin(g) (recall that Qg = G x SO(G) and Qa = G x Spin(G); see Section
2). The spinor field ¢ = [5,, I¢y(g)] satisfies (22) as a consequence of the Gauss
formulas (13)-(14); moreover, its associated 1-form is, for all X € TM,

§(X) = ({(FX -9, 0)) = 7lo] [F.X] [¢] = [F.X],

where [F,X] € G represents F. X in s,, that is [F.X] = wg(F.X) (wg € QYG,G)
is the Maurer-Cartan form of G). Thus £ = F*wg, that is F = [ &.

Remark 5. We proved that if p € T'(UX) is a solution of (22) such that &, satisfies
the structure equation (25) then F = [ &, is an immersion with normal bundle E
and second fundamental form B. By (24) it is clear that if a € Spin(G) is such
that Ad(a™) : G — G € SO(G) is an automorphism of Lie algebra, then &,.
satisfies the structure equation too; in fact, the corresponding immersions F, = f &
and Fu.o = [&p.a are linked by the fOZlowing formula: if &, : G — G 1is the
automorphzsm of G such that d(®,). = Ad(a™'), then ®, is also an isometry for
the left invariant metric, and

31 F,,=Lyo®,0F
® ®

for some b belonging to G. This relies on the following formula: if ® : G — G is an
automorphism, wg € Q' (G, G) is the Maurer-Cartan form of G and F : M — G is
a smooth map, then

(P o F)'wg = d(P)e o (F*wg)-
This formula applied to ® = ®, and F' = F, shows that ®, o F, is a solution of

the Darboux equation associated to the form ,.q; thus, by uniqueness of a solution
of the Darbouz equation, (31) holds for some b belonging to G.

Remark 6. uniqueness of immersions + correspondence between immersions and
solutions belonging to a sub-bundle.
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4. AN APPLICATION: THE FUNDAMENTAL THEOREM FOR IMMERSIONS IN A
METRIC LIE GROUP

We now show that the equations of Gauss, Ricci and Codazzi on B are exactly
the integrability conditions of (22). We recall these equations for immersions in
the metric Lie group G: if R® denotes the curvature tensor of (G, (.,.)), and if
RT and RY stand for the curvature tensors of the connections on 7'M and on
E (M is a submanifold of G and F is its normal bundle), then we have, for all
X,)Y,Z eT'(TM) and N € I'(E),

(1) the Gauss equation

(82)  (RO(X,Y)2)" = R"(X,Y)Z - B*(X, B(Y, 2)) + B*(Y. B(X, 2)),
(2) the Ricci equation

(83)  (RE(X,Y)N)Y = RN(X,Y)N — B(X, B*(Y,N)) + B(Y, B*(X,N)),
(3) the Codazzi equation

(34) (RE(X,Y)2)N = VxB(Y, Z) — Vy B(X, 2);

in the last equation, V denotes the natural connection on T*M ® T*M ® E.

These equations make sense if M is an abstract manifold and E — M is an
abstract bundle as in Section 3, if we assume the existence of the bundle map f in
(15), since f permits to define I' on TM @ E by (17), and RY may be written in
terms of T only (see (4)-(5)). We prove the following:

Proposition 4.1. We assume that M is simply connected. There exists ¢ € T(UX)
solution of (22) if and only if B : TM x TM — E satisfies the Gauss, Ricci and
Codazzi equations.

Proof. We first prove that the Gauss, Ricci and Codazzi equations are necessary if
we have a non-trivial solution of (22). We assume that ¢ € T'(UX) is a solution of
(22) and compute the curvature

R(X,Y)p=VxVyp—VyVxe —Vixyp

We fix a point g € M, and assume that VX = VY =0 at xy. We have

1< -
VxVyp = —§Zej-(VXB(Y,ej)-gO—i-B(Y,ej)-VXga)

j=1
1

+§ (VxT(Y) - o +T(Y) - Vxop)
1< - 1 &

= 526 VxBY.e)) o1 D ¢jren B(Yie)) - B(X, ex)

j=1 j,k=1
p 1 p

—12.¢ B(V.ej) T(X) - o+ gVxT(Y) o= T(Y)- D e B(X.¢j) -
j=1 j=1

+
N N

3
=
=
s
6
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Thus
RX,Y)p = —%Zej-(@XB(Y,ej)—ﬁyB(X,ej))w
j=1
(35) +1 30 e (B(X,e;) BYV,ex) ~ B(Yoe)) - B(X,ex)) -
J#k
D (B(Xe)) - BYVoe)) - B(Y.e) - B(X.e) -
b3 e B, D) ot =3 | Y BV e, T(X) | ¢
C1 Co
5 (VXT(Y) = Ty T (X)) 0 4+ —5 [0(X), T(V)] .
Cs Ca

We computed the second and the third terms in [4]; we only recall the result here:

Lemma 4.2. [4] Let us set

A= 1Y e e (BGe) - BYew) = BY,ej) - B(X, )

J#k
and .
B:=—7 Z (B(X,ej) - B(Y,ej) — B(Y,e;) - B(X,¢;)).
We have ’
A= %Z“B*(XB(K e;)),ex) — (B*(Y,B(X,e;)),ex)} €j - e
i<k
and )
B=3 > (B(X,B*(Y,nx)) — B(Y, B*(X,nx)), 1) ng - ny.
k<l

We now compute the other terms in (35). We first compute the covariant deriv-
ative of I, considering I' as a map

' TM@®FE— End(TM & E).
Lemma 4.3. If XY € TM and Z € TM & E,

(VxD)(Y)Z = [[(X),I(Y)]Z-B(X,(I(Y)2)") + B*(X,(L(Y)Z)")
+L(Y)(B(X, 2T)) -~ D(Y)(B*(X, 2Y)) - T(F(X)Y)(2)
+T(B(X,Y))(2).

Here the brackets stand for the commutator of the endomorphisms.

Proof. Since the expression is tensorial, we may assume that X,Y,Z €e T(TM & E)
are left invariant vector fields. By definition,

(36) VxT(Y)Z = Vx(T(Y)Z) - T(VxY)Z —T(Y)(Vx Z).
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Since X,Y and Z are left invariant vector fields, so are I'(Y)Z, VxY and VxZ,
and, by (18),

Vx(L(Y)Z) =T(X)(N(Y)Z) - B(X,(N(Y)Z)") + B*(X, (L(Y)Z)™),

T(YV)(VxZ) =T(Y)(I(X)Z) - T(Y)B(X, ZT) + T(Y)B* (X, ZV)
and
I(VxY)(Z) =T(T(X)Y)Z -T(B(X,Y")Z + T(B*(X,YN))Z.
Plugging these formulas in (36), we get the result. O

We now regard I" as a map
' TM@E—-A(TM&E)CC(TM @ E),
and compute the term Cs in (35).

Lemma 4.4. If XY € TM,

L (VxD)(Y) — (VD) (X)) = [F<X>,P<Y>}fgrur(X),Y]f[r(Y),Xb

Here the brackets stand for the commutator in CI(TM @ E).

Proof. We first note that the linear maps Z — [['(X),T'(Y)]Z, Z — I(INX)Y)Z
and Z — T'(B(X,Y))Z appearing in Lemma 4.3 are respectively represented by the
bivectors [I'(X),T(Y)], I([I'(X),Y]) and T'(B(X,Y)) (Lemmas A.1 and A.2 in the
appendix). Moreover, by Lemma A .4 applied to the linear maps B(X,.) : TM — E
and T'(Y): TM ® E — TM @ E, the map

Z s ~B*(X, (DY) 2)M)+T(¥)(B*(X. Z¥)+ B(X, ([(Y)2)") ~L(Y) (B(X, 27))

is represented by the bivector
Ze] (X,¢e;),0(Y)| €CUTM&E).

The result follows. O

We now deduce the sum of the last four terms in (35):
Lemma 4.5. Let us set, for XY € TM,
RO(X,Y) = [(X),T(Y)] - D(['(X), Y] - [(V), X]) € AX(TM & E)

(note that RS is the curvature tensor of G, pulled-back to TM @© E by the bundle
isomorphism f introduced in (15)). Then

1
Ci+Cy+C3+4+Cy = §RG(X,Y).
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We thus get the formula

R function B 2| (37) R(X,)Y)p =

w\)—*

Ep: (VXBYe]) @YB(X,ej))-w

+A-<,0+B~§0+§RG(X,Y)-<,0

where A and B are computed in Lemma 4.2 and R“ may be conveniently written
in the form

RE(X)Y) = Y (RE(X,Y)(e)) en)e;-ex
1<j<k}<p
+ZZRGXY )(€j);nr)ej - ny
j=1lr=1
+ Z RGXY Y(ny), np)ng - g
1<i<r<q

On the other hand, the curvature of the spinorial connection is given by

1
R function RT RN| (38) RX,Y)p = 5 > (RT(X,Y)(e)),ex) €5 ex

1<j<k<p

+ Z (RN(X,Y)(ng),m) ng-my | - .
1<k<I<q

We now compare the expressions (37) and (38): since in a given frame § belonging
to @, ¢ is represented by an element which is invertible in CI(G) (it is in fact
represented by an element belonging to Spin(G)), we may identify the coefficients
and get

<RT(X7 Y)(ej)7 ek> = <B*(X7 B(Y7 ej))? ek>_<B*(Yv B(X7 ej))? 6}€>—|—<RG(X, Y)(ej)7 €k>,

(RN (X,Y)(nx), ) = (B(X, B*(Y,ny)),m) —(B(Y, B* (X, nx)), ) +(R(X,Y) (ny.), )
and
(VxB(Y,e;) = VyB(X,¢;),n,) = (R¥(X,Y)(¢;),n,)
for all the indices. These equations are the equations of Gauss, Ricci and Codazzi.
We now prove that the equations of Gauss, Ricci and Codazzi are also sufficient

to get a solution of (22). The calculations above show that the connection on ¥
defined by

1 & 1
def nabla prime| (39) Vip :=Vxp+ 3 Zej -B(X,ej) - — iF(X) -~
j=1
for all p € I'(¥) and X € T'(T'M) is flat if and only if the equations of Gauss, Ricci
and Codazzi hold. But if this connection is flat there exists a solution ¢ € T'(UX)
of (22); this is because V' may be also interpreted as a connection on UY regarded
as a principal bundle (of goup Spin(G), acting on the right): indeed, V defines such
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a connection (since it comes from a connection on Q), and the right hand side term
in (39) defines a linear map

TM — X2°(UY)

1< 1
X = o §Zej~B(X,ej)~go—§F(X)-<p
j=1
from T'M to the vector fields on U which are vertical and invariant under the
action of the group (these vector fields are of the form o + -, n € A2(TM®E) C
Cl(TM @ E)). Assuming that the equations of Gauss, Codazzi and Ricci hold, we
thus get a solution ¢ € T(UX) of (22). O

The considerations above give a spinorial proof of the fundamental theorem of
submanifold theory in the metric Lie group G :

Corollary 1. We keep the hypotheses and notation of Section 2, and moreover
assume that M is simply connected and that B : TM x TM — FE is bilinear, sym-
metric and satisfies the equations of Gauss, Codazzi and Ricci. Then there is an
isometric immersion of M into G with normal bundle E and second fundamen-
tal form B. The immersion is unique up to a rigid motion in G, that is up to a
transformation of the form

(40) Lyo®,: G — G
g = b®alg)

where a € Spin(G) is such that Ad(a) : G — G is an automorphism of Lie algebra,
D, : G — G is the group automorphism such that d(®,). = Ad(a), and b belongs
to G.

Proof. The equations of Gauss, Codazzi and Ricci are the integrability conditions
of (22). We thus get a solution ¢ € I'(UX) of (22); with such a spinor field at hand,
F = [ & where ¢ is defined in (23) is the immersion. Finally, a solution of (22) is
unique up to the right action of an element of Spin(G); the right multiplication of
¢ by a € Spin(G) and the left multiplication by b € G in the last integration give
also an immersion, if Ad(a) : G — G is moreover an automorphism of Lie algebra.
This immersion is obtained form the immersion defined by ¢ by a rigid motion, as
described in (40). O

Remark 7. In R™, a rigid motion as in (40) is a transformation of the form
R* — R"
r +— ax+b,
with a € SO(n) and b € R™.

5. SPECIAL CASES

5.1. Submanifolds in R"”. If the metric Lie group is R™ with its natural metric,
we recover the main result of [4]. We suppose that M is a p-dimensional Riemann-
ian manifold, F — M a bundle of rank ¢, with a fibre metric and a compatible
connection. We assume that TM and E are oriented and spin with given spin
structures, and that B : TM x TM — FE is bilinear and symmetric.

Theorem 2. [4] We moreover assume that M is simply connected. The following
statements are equivalent:
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(1) There exists a section ¢ € T'(UX) such that

12
killing equation Rn| (41) Vxp = 5 Zej -B(X,ej) ¢
j=1

for all X € TM.

(2) There exists an isometric immersion F' : M — R™ with normal bundle E
and second fundamental form B.
Moreover, F = [ & where £ is the R™—valued 1-form defined by

(42) £X) = ((X - 0,0))
for all X € TM.
Proof. We only prove (1) = (2). This will be a consequence of Theorem 1 if we

may define a bundle map f as in (15) such that (18) holds. We assume that ¢ is a
solution of (41), and set

f: TM®E — MxR"

Z = ((Z p,0).

The map I defined by (17) is I' = 0. We now show that (18) is satisfied for every
Z € T(TM @ E) such that f(Z): M — R™ is a constant map: for all X € TM, we
have Ox{f(Z)} = 0, which reads

(VxZ-0,0))+({Z -Vxp,0)+{(Z -9, Vxp))=0.
But, by (41) and (11),

(Z-Vxp.0)+({Z ¢, Vxp)) ([D e B(X,e). Z| - 0,))
j=1

= <<{B(X7ZT)_B*(X72N)}(pv@>>a
where we use Lemma A.3 in the last step. Thus
and
VxZ=-B(X,Z") + B*(X,Z"),
which is (18) with I' = 0. O
5.2. Submanifolds in H". Spinor representations of submanifolds in H" with its

natural metric were already given in [14, 3, 4]. We give here an other representation
using the group structure of H", with an arbitrary left invariant metric. Let us set

H" = {a = (d,a,) €R": a, >0},
and, for a € H", the similarity of R"~! (by a similarity we mean an homothety
composed by a translation)
¢o: R*' - RV
xr — apr+a.
The similarities of R”~! naturally form a group under composition, and the bijec-
tion
¢: H" — {similarities R""!' — R"'}

a = Qg
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induces a group structure on H" : it is such that
(43) ab = (a,b’ +d,anby,)
for all a,b € H"; the neutral element is e = (0,1) € H". Let us denote by

(e9,€9,...,€2) the canonical basis of T,H"” = R™ and keep the same letters to

ren

denote the corresponding left invariant vector fields on H™. The Lie bracket may
be easily seen to be given by

[ef,e?] =0 and [e),ef]=¢!

fori,j =1,...,n— 1. This may also be written in the form
(44) (X, Y]=1I(X)Y - (V)X

for all X,Y € R™, where [ : R” — R is the linear form such that i(e?) = 0 if
i <n—1and l(e2) = 1. This property implies that every left invariant metric on
H" has constant negative curvature —|I|? [13, 12].

We suppose that a left invariant metric (.,.) is given on H", and consider the
vector U, € T.H" such that I(X) = (U,, X) for all X € T,H". We have |U,| = |i|,
and, by the Koszul formula (3),

(45) LX)(Y) = (Y U,)X + (X, V)U,
for all X,Y € T.H".

We keep the hypotheses made at the beginning of Section 5.1. We suppose
moreover that U € T'(TM @ E) is given such that |U| = |!| and, for all X € TM,

(46) VxU = —|UPX + (X, U)U — B(X,U") + B*(X,U"N).
We set, for X e TM and Y € TM & F,

Remark 8. Fquation (46) implies the following:
(1) U is a solution of (18), with the definition (47) of T.
(2) The norm of U is constant, since, by a straightforward computation,

dU*(X) =2(VxU,U) =0

for all X € TM. The additional hypothesis |U| = |l| is thus not very re-
strictive.

We note that it is not necessary to assume the existence of U solution of (46) to
get a spinor representation of a submanifold in H™ if H" is regarded as the set
of unit vectors in Minkowski space R™' [14, 3, 4]. Nevertheless, this hypothesis
seems necessary if we consider H" as a group, since the group structure introduces
an anisotropy: the vector e, € T,H"™ is indeed a special direction for the group
structure.

Let us construct the spinor bundles ¥ and UX. on M as in Section 2.4 with here
G=T-H".
Theorem 3. We assume that M is simply connected. The following statements
are equivalent:
(1) There exists a spinor field ¢ € T(UX) solution of (22) where ' is defined
by (47).
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(2) There exists an isometric immersion M — H"™ with normal bundle E and
second fundamental form B.

Proof. We assume that ¢ € I'(UX) is a solution of (22) where T is defined by (47),
and define f: TM & F — M x T.H" by

[(Z) =(Z-¢,9)

for all Z € TM & E. Let us first observe that if Z is a vector field solution of (18),
then f(Z) is constant: we have, for all X € T'M,

Oxf(Z) = ((VxZ - p,p)) + (id+7){(Z - Vxp,0));

this is 0, by (18), (22) and formulas (26)-(27) in Lemma 3.2. Since U is a solution
of (18) (see Remark 8), we deduce that f(U) € T.H" is a constant, and, since
|F(U)] = |U| = |U,|, replacing ¢ by ¢ - a for some a € Spin(T.H") if necessary,
we may suppose that f(U) = U,. Since I' is defined on T.H"™ by (45) and on
TM & E by (47), and since f preserves the metrics, it is straightforward to see that
FOX)Y)) =T(f(X)(f(Y)) for all X, Y € TM & E. Finally, (18) holds for all
Z € T(TM @ E) such that f(Z) is constant: this is the same argument as in the
proof of Theorem 2 in Section 5.1, just adding the term I'. The result then follows
from Theorem 1. O

5.3. Hypersurfaces in a metric Lie group. We assume that G is a simply con-
nected n-dimensional metric Lie group, M is a p-dimensional Riemannian manifold,
n = p+1, and E is the trivial line bundle on M, oriented by a unit section v € T'(E).
We moreover suppose that M is simply connected and that h : TM x TM — R is
a given symmetric bilinear form, and that the hypotheses (1) and (2) of Section 3
with B = hv hold. According to Theorem 1, an isometric immersion of M into G
with second fundamental form h is equivalent to a section ¢ of I'(UX) solution of
the Killing equation (22). Note that Qg ~ M and the double covering

Qe — Qg

is trivial, since M is assumed to be simply connected. Fixing a section §g of Q E
we get an injective map

Qu — QuxuQr=:Q
Sm — (8m,5E).
Using
Cl, ~Cl),, C Clypiq
(induced by the Clifford map R? — Cl,11, X — X - e,11), we deduce a bundle
isomorphism

(48) Qu*,Cly, — Qx,Cl0,, C¥%

Yo=Y
It satisfies the following properties: for all X € TM and ¢ € QM X, Clp,
(49) (X my) =X -v-y" and Vx@")=(Vxy)"

To write down the Killing equation (22) in the bundle Qy; x, Clp, we need to
decompose the Clifford action of I'(X) into its tangent and its normal parts:
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Lemma 5.1. Recall the notation introduced in Remark 2. Then, for all X € T M,
(50) I(X)= Z (X,T;) ) Th < (T - Ty — Tie - Tj) + (fuTj — f;Th) - v )
i<k

Proof. We have

= i (X,T;) Zr

_ L(X, T (Tx + frv),

1<i,k<n
and thus
1 n
P = 53 T(e)
j=1
1 n
= §ZT+fJ Z F Tk+ka)
j=1 1<i,k<n
1
= 3 > TEX T+ fiv) - (T + frv).
1<i,5,k<n
Now
(T + fiv)- (T + frov) =T - Ty + i1y - v — [T - v — fjfe,
and the result follows since Ffj = —Fg & O

The section ¢ € T(UX) solution of (22) thus identifies to a section ¥ of Qs x ,C1,,
solution of

1< 1.
Vxt = —5;h<X,ej>ej-Mw+5F<X)-Mw
1 1=~
= —§S(X)'M1/1+§F(X)'M¢
for all X € T M, where

def Gamma tilde| (51) T(X)= ZXT p ( Tjn Toe — Th - Tj) + (fijijk)>.
i<k

and S : TM — TM is the symmetric operator associated to h. We deduce the
following result:

thm hypersurfaces‘ Theorem 4. Let S : TM — TM be a symmetric operator. The following two

statements are equivalent:

(1) there exists an isometric immersion of M into G with shape operator S
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(2) there exists a normalized spinor field 1 € T(Qr %, Cl,,) solution of
1 1=
(52) Vxy = —§S(X) 'M¢+§F(X) MY

for all X € TM, where T is defined in (51).

Here, a spinor field ¥ € I‘(QM x, Cl,) is said to be normalized if it is represented
in some frame 5§ € Qur by an element [¢] € Cl, ~ CI), | belonging to Spin(p + 1).

We will see below explicit representation formulas in the cases of the dimensions
3 and 4.

5.4. Surfaces in a 3-dimensional metric Lie group. Since Cly; ~ Y5 we have
QM Xp Clg ~ ZM,

and ¢ is equivalent to a spinor field ¢ € T'(XM) solution of (52) and such that
|| = 1. Moreover, the explicit representation formula F' = [ ¢ may be written in
terms of v : it may be proved by a computation that

(53) (X -p,9)) =i2Re(X - 9F,97) +5 (X 47, a(@)) —(X ¥, a(y7))

where the brackets (.,.) stand here for the natural hermitian product on Xy and
o ¥y — ¥y is the natural quaternionic structure. If G = R3, this is the explicit
representation formula given in [6] (see also [3]).

We also note that the expression (51) of [ simplifies if the Lie group is 3-
dimensional:

Lemma 5.2. If (j,k,1) is a permutation of {1,2,3} and €;,; = £1 denotes its sign,
then, for all ¢ € T(XM),

1
(2 (Tj v T = The -n Ty) + (fi T — ijk)> Y =eu(fi—Ti) w1
Proof. Keeping the notation introduced above, we note that

€5 €k & = €jkl W,

which yields

€ Ep = —EkL W V€.
Thus
T; - Te + (fils = fiTk) v =fifs = —€uw-v-(Ti+ fiv)
= gulfi-T-v)w
since lj-v=—v-T;, T -w=—w-T; and w- v = v - w. Switching the indices j and

k we also get
Ty T+ (fiTe — fiTy) - v—fofj=eu(fi—T1-v) w=—€u(fi—T-v) w
and deduce that

1
3 (Tj - Ty — Ty - Ty) + (fTy — fiTk) v =eja(fi = T1 - v) - w.

The result is then a consequence of the first property in (49). O
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5.4.1. The metric Lie group S®. A spinor representation of a surface immersed in
S3 was already given in [14] (see also [3, 4]). We give here a spinor representation
relying on the group structure; it appears that it coincides with the result in [14].

We regard the sphere S? as the set of the unit quaternions, with its natural group
structure. The Lie algebra of 3 identifies to R3, with the bracket [X,Y] =2X xY
for all X, Y € R? (x is the usual cross product). By the Koszul formula (3), for all
X,Y € R?,

NXxX)(Y)=XxY.
As a bivector, for all X = Xje9 + X2e§ + X3e§ € R3,
1
LX) = 5 (el -T(X)(ef) +e3 - T(X)(e3) +e3 - I'(X)(e3))
= Xqe5-e5+ Xoeg - ef + Xge - €5
= —X-(e]-e3-€f).
Thus, if ¢ € Q x 0 CI§ represents an immersion of an oriented surface M in S* and
if ¢p € I'(XM) is such that ¢ = ¢*, then, for all X € TM,
PX)-¢ = ~X-(f-e3-e§) o
— _X WV (p
= Xv)we
= (X-w)
where w is the area form of M, and v is the vector normal to M in S3. Since
p € T(UY) is a solution of (22), ¢ € T'(XM) is a solution of

1 1
VX¢:—§S(X)'¢+§X'W'¢
and satisfies |¢| = 1. Taking the trace, we get
Dy = e Ve p+es Ve, ¢

HY —w-y
where (e1,e2) is a positively oriented and orthonormal basis of TM. Now, setting
=T — 1~ and since w - 1) = —itp (recall that iw acts as the identity on XM
and as -identity on X~ M), we get

Dy = Hyp — i),

which is also the spinor characterization given by Morel in [14].

Ce n’est sans doute pas une coincidence, mais je ne me 'explique pas completement.

5.4.2. Surfaces in the 3-dimensional metric Lie groups E(k,7), T # 0. We recover
here a spinor characterization of immersions in the 3-dimensional homogeneous
spaces E(k,T); this result was obtained by one of the authors in [16], using a
characterization of immersions in these spaces by Daniel [5]. We give here an inde-
pendent proof, and rather obtain the result of Daniel as a corollary.

The metric Lie group F(k,T), 7 # 0, is defined as follows: its Lie algebra is
G = R3, with the bracket defined on the vectors €9, e, e$ of the canonical basis by

[6?, eg] = 27—6%7 [63, eg] = 06?7 [eg’ e(lj] = Ueg
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where o = g=. The metric on G is the canonical metric, ie the metric such that the
basis (e9, €3, e3) is orthonormal. The Levi-Civita connection is then given by
(54) X)) = {7(X = (X, e5)e5) + (0 = 7)(X, e5)e5} x Y

for X,Y € G; see e.g. [5].

Let S : TM — TM be a symmetric operator. We assume that a vector field
T € I'(T'M) and a function f € C°°(M,R) are given such that

(55) T)?+ 12 =1,

(56) VxT = f(S(X) - 7JX)
and

(57) df (X)) = —(S(X) —7JX,T)

for all X e TM.

Theorem 5. [16] If M is simply connected, the following two statements are equiv-
alent:

(1) There exists ¢ € T'(XM) such that || =1 and
(58)  Vxw= 3 S(X) %+ 2 {@r — o)X, T) (T~ f) X} w9

for all X € TM.
(2) There exists an isometric immersion of M into E(k, T), with shape operator

S.

Proof. We consider the trivial line bundle E = Ry, where v is a unit section. The
bundle TM & FE is of rank 3, and is assumed to be oriented by the orientation of
TM and by v. We suppose that it is endowed with the natural product metric. Let
us denote by x the natural cross product in the fibers. We set

es=T+ fu,
and, for all XY € TM & F,
(59) DX)(Y)={r(X — (X,ez)e3) + (60 — 7)(X,ez)es} x Y.
Defining B : TM x TM — FE and its adjoint B* : TM x E — TM by
(60) B(X,Y)=(S(X),Y)v and B*(X,v)=S(X)

for all X,Y € TM, the equations (56) and (57) are equivalent to the single equation
(61) Vies = D(X)(es) — B(X, ) + B*(X, e}

for all X € TM, where V is the sum of the Levi-Civita connection on T'M and
the trivial connection on E. This is (18) for Z = e3. We will need the following
expression for I":

Lemma 5.3. For all X € TM, the linear map I'(X) : TM @ E — TM & E is
represented by the bivector

NX)={Cr—o){X,T)(T-v—f)—7X v} w.
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Proof. The linear map I'(X) defined by (59) is represented by the bivector
1

P(X) = 5 (er- T(X)(e1) + ez - T(X)(e2) + €5 - T'(X)(e3))

where e, e are such that ey, es, e3 is a positively oriented and orthonormal basis of
TM @ E (see Lemma A.1); thus, a straightforward computation shows that I'(X)
is represented by the bivector

(62) P(X):—T(Xxeg)'€3+(J—T)<X,63> €1 - €2.
The following formula may be checked by a direct computation: for X, Y € TM&E,
XXY=—(X-Y+(X,Y))e ea-e3;
this gives
(Xxe3)~eg = —(X°63+<X,€3>)€1‘62'63'63
(X — <X, 63>63) €1 €2 €3
= X-XT)(T+fv) wv
X v—(XT)(T-v—-1F)) - w.
Moreover,
(X,es)er-ea = (X,T)(—e1-e2-e3-€3)
= (X, T)(~w-v-(T+ fv))
—(X,T)(T-v—f) w.
Plugging these two formulas in (62) we get the result. O

We deduce the following key lemma:

Lemma 5.4. A spinor field ¢ € T(UX) solution of (22) is equivalent to a spinor
field » € T(XM) solution of (58).

Proof. We use the identification ¢ € T'(XM) — ¢* € T'(X) described at the begin-
ning of the section; we recall that, for all X € T M,

(63) (Vx¥)"=Vx(¢") and (X -9)" =X -v- ().

Thus, if ¢ € T(UX) is a solution of (22) and if ¢ € I'(XM) is such that ¢* = ¢,
using (63), the formula

e B(X €)= e (S(X),e;)v=S(X) v

j=1 j=1

and Lemma 5.3, we get:

(Vx¢)" = Vxo
= —%S(X)-Z/'<p—|—%{(27’—0’)<X7T>(T~V—f)—TX~V}~(,«}-L)0
= (5500 v 3R - XD TN =X} wew)

This gives (58). Reciprocally, if ¢ is a solution of (58), the spinor field p = *
solves (22). This proves the lemma. O
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Instead of ¢ € T'(XM) solution of (58) we may thus consider ¢ € T'(UX) solution
of (22). The theorem will thus be a consequence of Theorem 1 if we can define a
bundle isomorphism f : TM & E — M x G such that (17) and (18) hold. Let us set

1(2)={Z - ¢,¢)).
We first observe that f(es) is constant: indeed, for all X € TM,

Ix(f(es)) = (Vxes - v, ) + (id + T){{es - Vxp, ) = 0

in view of (61), (22) and identities (26)-(27) in Lemma 3.2. Moreover, since f
preserves the norm of the vectors, f(e3) is a unit vector. Replacing ¢ by ¢ - a for
some a € Spin(G) if necessary, we may thus assume that f(e3) = e3. We now check
(17): since the map f is an orientation preserving isometry and using f(ez) = e,
we have, for all X,Y € T M,

JEX)Y) = FHTX = (X, es)es) + (0 — 7)(X, ez)es} x V)
{r(f(X) = (f(X), f(e3)) f(e3)) + (0 — 7)(f(X), f(es)) f(es)} x f(Y)
{7(f(X) = (f(X), e5)e3) + (0 = T)(f(X), ez)e5} x f(Y)

= PFE)F ).
Finally, the proof of (18) is very similar to the proof of this identity made in
Section 5.1 for G = R™ : we only have to add the term involving I' which appears

in the expression (22) of the covariant derivative of ¢; we leave the details to the
reader. O

Remark 9. We also get an explicit representation formula: the immersion is given
by the Darbouz integral of £ : X — ((X - ¢, @), which may be written in terms of
Y by the formula (53).

We deduce the following result, first obtained by Daniel in [5] using the moving
frame method:

Corollary 2. If S, T, f, k y T satisfy (55)-(57), the Gauss equation

|Gauss equation E k t | (64) K=detS+ 712+ (k- 472) f?

and the Codazzi equation

|Codazzi equation E k t | (65) Vx(SY) - Vy(SX) - S([X,Y]) = (k — 472 f((Y, T) X — (X, T)Y),

then there exists an isometric immersion of M into E(k,T) with shape operator S.
Moreover the immersion is unique up to a global isometry of E(k,T) preserving the
orientations.

Proof. The equations (64) and (65) are equivalent to the Gauss and Codazzi equa-
tions (32) and (34) where B is defined by (60). O

Peut-on en déduire la transformation de Lawson ?

5.4.3. The last 3-dimensional riemannian homogeneous space: the metric Lie group
Sol3. We describe here the special case of a surface in Solsz : this achieves the
spinor representation of immersions of surfaces into 3-dimensional riemannian ho-
mogeneous spaces [16].



Gamma 1ijk solS|

killing equation sol3|
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Let us recall that Sols is the only metric Lie group whose isometry group is
3-dimensional. It is defined as follows: its Lie algebra is G = R3, with the bracket
defined on the canonical basis (9, €3, e3) by

[6% eg} =0, [egv 63] = _ega [6§7eg] = _ei'

The metric on G is the canonical metric, i.e., the metric such that the basis
(e9,€$,€3) is orthonormal. By the Koszul formula, the Levi-Civita connection is
then such that

(66) I =-Ti3 =1, IS, =-To=1
and Ffj = 0 for the other indices.
Let us consider an oriented riemannian surface M, and a symmetric operator

S : TM — TM. We suppose that there exist tangent vectors fields T; € I'(T'M)
and functions f; € C*°(M) for 1 < i < 3 satisfying

(67) (T, Ty) + fif; = o)
forall 1 <i,j <3, and, for all X € TM,

(68) VxT; = (=1)(X, T;)Ts + f:5(X),

dfi(X) = (=1)(X,T3) fs — (SX, T3)

for 1 <i<2,

2

(69) VxTs = Z(—1)J’+1<X, THT; + f35(X),
2
df3(X) = Z(—l)"“@ﬁ T5) fi — (S(X), T3).

The equations (68) and (69) are the equations (20) and (21) in Remark 2, with the
coefficients Ffj given by (66). According to (51) together with the simplification in
Lemma 5.2, we set

(70) LX) = = {(X, T\)(T> = fo) + (X, To)(Ty = f1)} - w

for all X € TM. Theorem 4 then yields the following result:

Theorem 6. If M is simply connected, the following two statements are equivalent:

(1) there exists an isometric immersion of M into Sols with shape operator S;
(2) there exists p € T'(XM) such that || =1 and

() Vi =~ 3S(X) 6+ 5 T(X) -
for all X € TM.

Remark 10. This theorem implies the result of Lodovici [10] concerning isometric
immersions in Sols : by the considerations in Section 4, the equation (71) is solvable
if and only if the equations of Gauss and Codazzi hold. Compléter ¢
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APPENDIX A. SKEW-SYMMETRIC OPERATORS AND BIVECTORS

We consider R™ endowed with its canonical scalar product. A skew-symmetric
operator u : R® — R™ naturally identifies to a bivector u € A?2R", which may in
turn be regarded as belonging to the Clifford algebra Cl,(R). We precise here the
relations between the Clifford product in C1,,(R) and the composition of endomor-
phisms. If a and b belong to the Clifford algebra C1,,(R), we set

[a, b] :%(a-b—b-a),

where the dot - is the Clifford product. We denote by (eq,...,e,) the canonical
basis of R™.

Lemma A.1. Let u:R™ — R™ be a skew-symmetric operator. Then the bivector
1 n
(72) u=3Y ¢ule;) € AR COlL(R)
j=1

represents w, and, for all £ € R™,
[, €] = u(9).
In the paper, and for sake of simplicity, we will use the same letter u to denote .
Proof. For i < j, we consider the linear map
U : ejrrej, e —e;, ep,—0 if kE#1,7;

it is skew-symmetric and corresponds to the bivector e; A e; € A%R"; it is thus
naturally represented by u = ¢; - ¢; = % (e;-ej —e;-e;), which is (72). We then
compute, for k =1,...,n,

1

[u, ex] = 3 (e;-ej-ex—ek-e -é€;)
and easily get
[wexl =e; if k=i, —e if k=3, 0 if k#4,j.
The result follows by linearity. O

Lemma A.2. Letu:R" — R"™ andv : R" — R" be two skew-symmetric operators,
represented in Cl,(R) by

1o BN
u:igej'u(ej) and Uzijzzgej'”(ej)

respectively. Then [u,v] € A>R™ C Cl,(R) represents uov — v ou.
Proof. For £ € R™, the Jacobi equation yields
[[u,v], €] = [u, [v,€]] — [v, [u, €]].

Thus, using Lemma A.1 repeatedly, [u,v] represents the map
5 = [[U, U]a 6] = [ua [Ua 5“ - [Ua [ua §H
[u, v(§)] = [v, u(€)]
= (uov—vou)(),
and the result follows. O

We now assume that R®" = RP @& R?, p+ g =n.
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Lemma A.3. Let us consider a linear map u : RP — R? and its adjoint u* : RY —
RP. Then the bivector

p
U= Zej ‘u(e;) € A’R™C Cl,(R)
j=1
represents
( 0 —u ) . RPORY - RP ®RY,

we have

(73) w=3 e+ 3 o (-ule)

and, for all § =&, + & € R,
[@7 ﬂ = U(gp) - U*(gq)'
As above, we will simply denote u by u.

Proof. In view of Lemma A.1, u represents the linear map £ — [u, £]. We compute,

for £ € RP,
p p
& = S De-ule)-E—&-Y e;-ule;)
j=1 j=1
= —% D (ej - E+E¢5) uley)
j=1
= ) (& e5) ule))
j=1
= u(§),
and, for £ € RY,
1 P P
wé = 5 D eiule) =6 e uley)
j=1 j=1
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Finally,
P
uw = Zej-u(ej)
j=1
1 [ P
= 3 Ze] u(ej)—kZ—u(eJ) e;
j=1 j=1
with
P pta P
—ulej) ey = = Y (uleg)e) eie;
Jj=1 i=p+1j=1
Ptq P
= e | =D e ut(en) e
i=p+1 7j=1
r+q
= Y e (—ut(e)),
i=p+1
which gives (73). O

Lemma A.4. Let us consider two linear maps u : RP — R? and v : R™ — R", with
v skew-symmetric, and the associated bivectors

P n
1
U= g ej - u(ej), V=g g ej - v(ej).
i=1 i=1

Then [u,v] € A2R™ represents the map

§ =&+ & = —u(v(€)g) +v(u™ (&) + u(v(§)p) — v(ulép)),

where the sub-indices p and q mean that we take the components of the vectors in
RP and R? respectively. In view of Lemma A.1, this may also be written in the form

[[u, v], €] = =" (v(§)q) + v(u™(&g)) + u(v(§)p) — v(u(&p))
for all £ € R™.

Proof. From Lemmas A.2 and A.3, the bivector [u,v] € A2R" represents

0 —u* cv—wo 0 —u*
u 0 u 0 ’
that is the map

o ) ) ()
i) )
p) —v(u(&p))

which gives the result. (I



30 PIERRE BAYARD, JULIEN ROTH AND BERENICE ZAVALA JIMENEZ

REFERENCES

[1] C. Bar, Extrinsic bounds for the eigenvalues of the Dirac operator, Ann. Glob. Anal. Geom.
16 (1998) 573-596.

[2] P. Bayard, On the spinorial representation of spacelike surfaces into 4-dimensional Minkowski
space, J. Geom. Phys. 74 (2013) 289-313.

[3] P. Bayard, M.A. Lawn & J. Roth, Spinorial representation of surfaces in four-dimensional
Space Forms, Ann. Glob. Anal. Geom., 44:4 (2013) 433-453.

[4] P. Bayard, M.A. Lawn & J. Roth, Spinorial representation of submanifolds in Riemannian
space forms, arXiv...

[5] B. Daniel

[6] T. Friedrich, On the spinor representation of surfaces in Fuclidean 3-space, J. Geom. Phys.
28 (1998) 143-157.

[7] M.A. Lawn, A spinorial representation for Lorentzian surfaces in R?!, J. Geom. Phys. 58:6
(2008) 683-700.

[8] M.A. Lawn and J. Roth, Spinorial characterization of surfaces in pseudo-Riemannian space
forms, Math. Phys. Anal. and Geom. 14:3 (2011) 185-195.

[9] H.B. Lawson, The global behaviour of minimal surfaces in S™, Ann. Math. 92:2 (1970) 224-
23T7.

[10] Lodovici, An isometric immersion theorem in Solz, Matemdtica Contemporanea 30 (2006)
109-123.

[11] P. Lounesto, Clifford Algebras and Spinors,

[12] Meeks & Perez

[13] J. Milnor, Curvatures of left invariant metrics on Lie groups, Adv. Math. 21 (1976) 293-329.
[14] B. Morel, Surfaces in S® and H3 via spinors, Actes du séminaire de théorie spectrale, Institut
Fourier, Grenoble, 23 (2005) 9-22.

[15] Piccione, Tausk

[16] J. Roth, Spinorial characterizations of surfaces into 3-homogeneous manifolds, J. Geom.
Phys. 60 (2010) 1045-1061.



	1. Introduction
	2. Preliminaries
	2.1. Notation
	2.2. The spinor bundle of G
	2.3. The spin representation of Spin(p)Spin(q)
	2.4. The twisted spinor bundle
	2.5. The spin geometry of a submanifold of G

	3. Main result
	4. An application: the fundamental theorem for immersions in a metric Lie group
	5. Special cases
	5.1. Submanifolds in Rn
	5.2. Submanifolds in Hn
	5.3. Hypersurfaces in a metric Lie group
	5.4. Surfaces in a 3-dimensional metric Lie group

	Appendix A. Skew-symmetric operators and bivectors
	References

