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Abstract—In a spectrum sharing underlay context, we investigate
the exact derivation of the outage probability for relay-aided cognitive
radio communications. To give more degrees of freedom to the
secondary system in acquiring a targeted quality-of-service (QoS)
under the primary system interference constraint, the secondary link
is assisted by a set of relays acting in a two-hop decode-and-forward
selective relaying mode. By means of the cumulative distribution
functions of the received signal-to-noise ratio (SNR) at the secondary
receiver, we derive the end-to-end outage probability of the secondary
system in its closed form. The analytical and simulation results are
then compared and interestingly shown to perfectly match over the
entire interference threshold region.

Index Terms—Outage probability, cognitive radio, spectrum shar-
ing, underlay, QoS, primary system, secondary system.

I. INTRODUCTION

In response to the ever-growing stress put on the wireless
spectrum medium, cognitive radio (CR) has recently been emerged
as a new principle to cope with the under-utilization of the wireless
spectrum; thereby enabling more wireless-end users to acquire
with more flexibility the desired quality-of-service (QoS). Many
primordial concepts have been inherited from the original idea of
cognitive radio, drawing three active research lines [1] under the
names of spectrum interweave, spectrum overlay, and spectrum
underlay. In this contribution, we focus on the underlay spectrum
sharing concept as a way to allow secondary (unlicensed) users
(SUs) to share the same licensed spectrum band with the primary
users (PUs). However, as far as the interference issue is concerned,
the secondary user’s transmit power must be kept under a certain
threshold largely determined by the primary user. Therefore, the
SUs have the opportunity to use the licensed spectrum alongside
with the PUs as long as the SUs respect the interference constraint.

To maintain a reasonable QoS for the SU even though the
interference constraint may not be favorable, selective cooperative
relaying has recently been incorporated into cognitive radio sys-
tems to achieve a desirable secondary system outage performance
[2]-[7]. Indeed, we differentiate between two relay selection cri-
terions depending on which relaying protocol is being adopted.
For instance, the best harmonic mean of the first and second
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hops channel gains can be used [8] for amplify-and-forward (AF)
relaying, while the minimum of the two hops channel gains
(max-min criterion) can be used [9] for decode-and-forward (DF)
relaying. In [3], the authors considered a relay selection based
on the max-min criterion in the absence of the direct secondary
link, and accordingly the outage probability was derived. However,
the direct secondary link was considered in [4], but only a tight
lower bound on the outage probability was investigated. In [10],
the authors focused on a cognitive relay network under PU’s
outage constraint, where the SU’s transmission should not affect
the PU’s transmission and maintain the outage probability at
the primary receiver under a predetermined value. However, and
considering that direct secondary link may or may not be used,
they derived the outage probability of SU based on an upper
bound expression of the PU’s outage probability, and the number
of involved relays is determined by exhaustive comparisons. Under
several relay selection strategies, the authors in [5] carried out an
asymptotic outage analysis for the secondary system, whereas the
exact formula of the outage probability is derived in [6] by relaxing
the maximum transmit power constraint and reducing the number
of active relays to one. Both work in [5] and [6] did not consider
the direct link between the secondary transmitter and receiver. Very
recently, the authors in [11] investigated the exact outage analysis
of the secondary system under limitted transmit power constraints
and best second-hop DF relay selection. However, the authors did
not consider the particular case when possibly no relay succeeds
to meet its SNR threashold during the first-hop, which impacts the
derivation of the end-to-end outage probability.

In addressing the SU transmission reliability limited by the
interference constraint while targeting the above restrictions in
previous works, we derive an exact analysis of the end-to-end
outage probability for relay-aided secondary system transmissions.
Among many relay candidates, only one relay will be selected
to assist the secondary transmitter in its transmission towards the
secondary receiver. The relay selection follows from satisfying
two conditions: first, the relay must succeed in meeting its SNR
threshold (thus, not falling in outage) during the first-hop, and
second, lead to the maximum second-hop received SNR. Unlike
the max-min criterion applied on the two hops channel gains, the
proposed relay selection scheme is optimal in the sense of cap-
turing the effect of the interference channel between the selected
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relay and the primary receiver. Also, the similarity between the
relay selection scheme and the implemented DF relaying protocol
remains a crucial fact in deriving accurate outage analysis. In this
paper, our contributions can be summarized in three points:

• We provide closed form expressions of the cumulative distri-
bution functions of the received SNR at the level of the relay
and secondary receiver during both hops;

• The end-to-end outage probability is then given in its exact
expression that is independent of the system’s geometry and
settings, in particular the number of assisting relays;

• Through simulation results, we investigate the optimal relay
location in between the secondary transmitter and receiver
that leads to the optimal outage performance.

II. SYSTEM MODEL

As illustrated in Fig. 1, our cognitive radio setup consists of
a secondary (unlicensed) single-antenna transmitter-receiver pair
(ST, SR) that shares the same spectrum band with a primary
(licensed) single-antenna transmitter-receiver pair (PT, PR). For
the purpose of reliability-efficient secondary system transmissions,
a cluster C of K relays C = {Rk : k = 1, . . . ,K} operating in
a half-duplex decode-and-forward selective relaying mode is sup-
posed to assist ST in its transmission towards SR. The interference
channel gains hsp and hkp for k ∈ {1, . . . ,K} correspond to the
links connecting ST and Rk to the primary receiver PR. Both are
assumed to be drawn from a Rayleigh distribution with variances
λsp and λkp, respectively. Also, the channel gains hsk (between
ST and Rk), hks (between Rk and SR), hss (between ST and SR)
and hpp (between PT and PR) are all assumed to be Rayleigh
distributed with variances λsk, λks, λss and λpp, respectively.
Pertaining to the underlay principle, and prior to each secondary
transmission either from ST or Rk towards SR, both nodes must
adhere to the following interference constraint,

Q ≤ I, (1)

where Q stands for the interference that ST or Rk may induce
at the primary receiver PR when transmitting simultaneously with
PT, while I corresponds to the maximum amount of interference
that PR can tolerate. In fact, ST must keep its transmit power per
symbol duration under the maximum,

P =
IN0

|hsp|2
, (2)

so as not to violate (1). N0 denotes the variance of the additive
noise at the primary receiver PR and at the secondary receiver SR

as well and is modeled as a zero-mean circular symmetric complex
Gaussian variable. Furthermore, |hsp|2 corresponds to the squared
module |.|2 of the interference channel gain hsp between ST and
PR. The proposed ruling on the best relay selection criterion is
given by,

r = arg
k|Rk∈C

max

{
I |hks|2
|hkp|2

}
, (3)

PT PR

ST SR

R1

Rk
RK

Cluster of K relays

K
Channels

Figure 1. Relay-aided Cognitive Radio System Model.

where C is a subset within C including all the relays that do not
fall in the outage during the first-hop, thus its cardinal |C| may be
equal to i ∈ {0, . . . ,K}. Eventually, the communication scheme
between ST and SR spans two hops. During the first-hop, SR

receives the transmitted signal from ST, while during the second-
hop, SR receives from Rr what it successfully decoded during
the first-hop. In the particular case of |C| = 0, the secondary
system will stand idle during the second-hop. However, this latter
situation may rarely occur for a moderate number of relays. Thus,
at the end of the second-hop, the receiver SR may sum up the
two instantaneous received SNRs during both hops γss and γrs,
respectively;

γss + γrs = I

(
|hss|2
|hsp|2

+
|hrs|2
|hrp|2

)
. (4)

The conditional cumulative distribution function (CDF) of the
instantaneous received SNR at the receiver SR during the first-
hop can be expressed as

Fγss||hsp|2=z (x) = 1 − e−
xz

Iλss . (5)

Since the relays are forming among each other a cluster of K
relays, we can in fact assume that λsrk = λsr, λrkp = λrp and
λrks = λrs ∀k ∈ {1, . . . ,K} . Thus, similar to (5), the conditional
CDF of γsrk (defined as the instantaneous received SNR at node
Rk during the first-hop) can also be expressed as

Fγsk||hsp|2=z (yk) = 1 − e−
ykz

Iλsr . (6)

Let us now consider that i ∈ {1, . . . ,K} is the cardinal of the
subset C, i.e., i relays are now eligible to forward the decoded
signal within the second-hop. According to the proposed best
relay selection method (3), the conditional CDF of the received
instantaneous SNR γrs at the level of node Ds during the second-
hop is given by

Fγrs||C|=i (y) = Pr [γrs ≤ y ||C| = i] (7)

= Pr

[
max

{
I |hks|2
|hkp|2

}
≤ y |Rk ∈ C

]
.

Irrespective of the relays indices belonging to the subset C, we will
clearly see in the following that Fγrs||C|=i (y) does not depend on



the relay indices within C, rather it only depends on the cardinal
|C| = i. Consequently, we can, without loss of generality, consider
for the sake of simplicity that C = {R1 . . . ,Ri−1,Ri}. Equation
(7) can then be re-expressed as

Fγrs||G|=i (y) =
i∏

j=0

Pr

[
I |hjs|2
|hjp|2

≤ y

]
(8)

=

[
1 − 1

1 + yλrp
Iλrs

]i

=
i∑

j=0

(
i
j

)
(−1)j(

1 + yλrp
Iλrs

)j
.

III. OUTAGE PROBABILITY ANALYSIS

The end-to-end outage probability of the proposed two-hop
cognitive radio communication system can be defined as the sum
of two probabilities,

Pout(I,Φ,K) = P 1
out(I,Φ,K) +

K∑
i=1

(
K
i

)
P 2

out(I,Φ, i,K), (9)

where P 1
out(I,Φ,K) describes the event that γss < Φ and γsk <

Φ ∀ k ∈ {1, . . . ,K} with Φ = 22R − 1 and R is the transmission
rate, while P 2

out(I,Φ, i,K) corresponds to the event when |C| =
i ≥ 1, yet the sum γss + γrs of the received SNRs at SR during
the first and second hops is still inferior to Φ. The first probability
P 1

out(I,Φ,K) is given by (10) which, using equations (5) and (6),
can further be expressed as (11). As for the second probability
P 2

out(I,Φ, i,K), its exact derivation (the reader may kindly refer
to the Appendix for more details) is given by (13), where

B = 1 +
Φλsp

Iλss
+

(i + m)Φλsp

Iλsr
,

C =
λsp

Iλss
,

D =
λrp

Iλrs
.

Finally, substituting the closed forms of (11) and (13) in (9) will
lead to a closed form of the end-to-end outage probability. It is
worth noting here that, unlike the outage analysis carried out in [4]
where a lower bound on the outage probability is derived under
the assumptions of symmetric secondary network geometry and
small number K, the derived closed form of the end-to-end outage
probability is valid for any value K and channel statistics λss, λsr,
λsr and λpp. Most importantly, it provides useful insights into the
impact of the proposed selective relaying scheme on the secondary
system transmission reliability. For comparison purposes, the lower
bound in [4] is reported in (14) in its general expression.

IV. SIMULATIONS RESULTS

A. Network Geometry

When taking into account large-scale variations of the cognitive
radio channel, the second-order statistics of the link connecting
each pair of transmitter-receiver within our system can be ex-
pressed as λss = d−ν

ss , λsr = d−ν
sr , λrs = d−ν

rs and λsp = d−ν
sp ;
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Figure 2. Outage Probability vs Interference threshold for dsr = drs = 1.

depending on the local distances1 dss (between ST and SR), dsr

(between ST and Rk), drs (between Rk and SR) and dsp (between
ST and PR ), respectively. The parameter ν corresponds to the
path-loss exponent whose value is set to 4 as a practical value. For
the sake of simplicity, we consider, without loss of generality, a
normalized configuration in which the cluster C is located between
the secondary transmitter ST and the secondary receiver SR such
that dsr + drs = dss = dsp = 1.

B. Simulation Results

In this section, we compare the analytical and simulation results
of the end-to-end outage probability for different secondary system
settings. For benchmarking purposes, these results will also be
compared to the lower bound given in [4] and reported in its
general expression in (14). In the case of a symmetric secondary
system geometry, it is quiet remarkable from Fig. (2) and (3)
that both the derived closed form of the outage probability and
its simulated value perfectly coincide over the entire interference
threshold region, while the lower bound is seen to be under their
curves. However, for values inferior to I = 0dB in the case of
dsr = drs = 1 and I = −4dB in the case of dsr = drs = 0.5,
the curve of the lower bound crosses the curve of the outage
probability and goes up to attain values greater than 1. We deduce
then that the lower bound in [4] is valid only for moderate to high
values (typically greater than 0dB) of the interference threshold I.
In Fig. (4), the closed form of the outage probability is displayed
in a 3D basis as a function of the interference threshold and the
distance between the secondary transmitter and the cluster C. The

1Since the assisting relays are forming among each other a cluster, the distance
between two relays is assumed negligible compared to the distance between these
relays and either the transmitter or receiver of each of the two primary and
secondary systems. Therefore, all the relays are supposed to be located inside a
cluster whose center is regraded as the position of each relay within it.



P 1
out(I, φ,K) = Pr [γss < Φ, γs1 < Φ, . . . , γsK < Φ] (10)

=

+∞ˆ

0

Pr [γss < Φ, γs1 < Φ, . . . , γsK < Φ |z ] f|hsp|2(z)dz

=
K∑

j=0

(
K
j

)
(−1)j

[
1

1 + jΦλsp
Iλsr

− 1

1 + jΦλsp
Iλsr

+ Φλsp
Iλss

]
(11)

P 2
out(I,Φ, i,K) = Pr [γss + γrs < Φ, γs1 ≥ Φ, . . . , γsi ≥ Φ, γsi+1 < Φ, . . . , γsK < Φ] (12)

=
K−i∑
m=0

(
K − i

m

)
(−1)m

⎡
⎣ i∑

c=0

(
i
c

)
(−1)c(

(i+m)Φλsp
Iλsr

+ 1
)

(1 + ΦD)c
−
{

i∑
d=0

(
i
d

)
(−1)d

(B − CΦ) (1 + ΦD)d
(13)

+
i∑

n=0

(
i
n

)
(−1)n

Cn

(n + 1)Dn

⎛
⎝ 2F1

(
n,n + 1,n + 2, C+BD

D(B−CΦ)

)
(CΦ − B)n+1

− 2F1(n,n + 1,n + 2, C+BD
BD )

(−1)n+1Bn+1

⎞
⎠
⎫⎬
⎭
⎤
⎦

PL
out(I, φ,K) = P 1

out(I,Φ,K) +
K∑

i=1

(
K
i

)
(λspΦ)K+1

(λspΦ + 2λssI)(λspΦ + 2λrsI)i

(
λsrI

λspΦ + λsrI

)i(
λspI

λspΦ + λsrI

)K−i

(14)
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Figure 3. Outage Probability vs Interference threshold for dsr = drs = 0.5.

optimal value for dsr leading to the best outage performance for
K = 4 is found to be around dopt = dsr = 0.4 which is quiet
different from the conventional value dsr = 0.5. Both values
dsr = 0.5 and dopt are considered in Fig. (5) to investigate the
impact of the number of relays K on the overall secondary system
outage performance. It is observed that with a number K = 8, our
secondary system can resist to a decrease of about 3.5dB in the
interference threshold to maintain the same outage performance
10−3 achieved when K = 4. This suggests that with an increased
number of relays, the secondary link becomes more insensitive to
the primary system interference constraint. The great impact of the
relays is also observed in Fig. (5) when we compare the outage
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Figure 4. Outage Probability vs Interference threshold and dsr for R = 2 and
K = 4.

performance of the direct secondary link to that of the secondary
system when assisted by a number of relays equals either to 4 or
8.

V. CONCLUSION

In this contribution, an exact outage analysis of the relay-aided
secondary link has been derived and validated through simulation
results. Also, it has been shown that incorporating relays that
act under the framework of half-duplex selective relaying leads
to a substantial increase in the secondary system transmission
reliability. Therefore, more degrees of freedom are given to the
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Figure 5. Outage Probability vs Interference threshold for R = 2.

secondary system to acquire a targeted QoS under the primary
system interference constraint.

APPENDIX

Prior to deriving the second probability P 2
out(I,Φ, i,K), we

begin by considering that a number of i ∈ {1, . . . ,K} relays from
all the available K relays have succeeded to meet the threshold
Φ during the first-hop and, without loss of generality, grouped
within C like {R1 . . . , Ri−1, Ri} (next, it is quiet remarkable that
this prior consideration has no impact on the final derivation of
P 2

out(I,Φ, i,K)). Therefore, we can express P 2
out(I,Φ, i,K) after

giving its definition in (12) as

P 2
out(I,Φ, i,K) =

Φ̂

0

P1(y)fγrs||C|=i (y)dy, (15)

where fγrs||G|=i corresponds to the probability distribution function
(PDF) of γrs||G|=i (whose CDF is reported in (8)), while the
conditional probability P1(y) is given by

Pr [γss < Φ − y, γs1 ≥ Φ, . . . , γsi ≥ Φ, γsi+1 < Φ,
. . . , γsK < Φ |y ] .

In turn, P1(y) may be expressed as.

P1(y) =

+∞ˆ

0

P2(y, z)f|hsp|2(z)dz, (16)

where f|hsp|2(z) is the PDF of |hsp|2 and P2(y, z), using the

conditional CDFs (5) and (6) with respect to z = |hsp|2, can be
expressed as

P2(y, z) = Fγss|z (Φ − y)
i∏

m=1

(
1 − Fγsm|z (Φ)

)K−i∏
n=1

Fγsn|z (Φ).

(17)

Because of the independence between the two variables |hsp|2 and
|hkp|2 for k ∈ {1, . . . , i}, inverting the double integrals in (15)
after replacing P1(y) by its expression given in (16), and applying
the integration by parts to the second one will lead to the following
formula

P 2
out(I,Φ, i,K) =

K−i∑
m=0

(
K − i

m

)
(−1)m

[
Fγrs||C|=i (Φ)
(i+m)Φλsp

Iλsr
+ 1

− I
]

(18)
where the integral I in (18) equals to

I = Fγrs||G|=i (Φ)−
i∑

n=0

(
i
n

)
(−1)n

Φ̂

0

1
(B − Cy)2 (1 + Dy)n

dy

︸ ︷︷ ︸
J

,

(19)
and the conditional CDF Fγrs||G|=i (Φ) is given by (8). The integral
J in (19) can be derived in its closed hypergeometrical form which
can be checked on the wolfram mathematica online integrator to
be given by,

J = −Cn

⎡
⎣ 2F1

(
n,n + 1,n + 2, C+BD

D(B−Cy)

)
(n + 1)Dn(Cy − B)n+1

⎤
⎦

Φ

0

leading finally to (13).
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