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Reply to the Referee's comments on revised manuscript TMPH-2011-0253

The Referee has made very explicit statements about the changes he wishes in the manuscript in 
points (2-6). I have complied to all of them in the second revision of the manuscript (see below in 
detailed answers). As to point (1), since it does not say explicitly what to change, I have just altered 
the points that the Referee mentions when the directive of changes could be guessed. I note that 
none of the points raised by the Referee concern the main points of the manuscript on the 3PS and 
subsequent finding. I therefore hope that these modifications will find satisfaction.

In what follows, I will address the changes I have made from (2) to (6), and come to point (1) at the 
end.

(2) “The author continues to ignore the problem of stating that the peak heights (of the split peak 
feature in  the structure factor)- which is an artefact of the normalization choice- means stronger 
scattering:
"Being taller also means that the OH correlations are stronger, at long range, than the packing 
effects."
Please remove this statement. If the author prefers to ignore my request, then I suggest that the 
paper be  rejected or sent to another reviewer.”

I have removed this sentence from the manuscript.

(3) “The author is not expert in the experimental uncertainties of neutron scattering data due to 
inelastic  scattering in the region of 3A-1. Please remove sentence:
"A closer look at the neutron SF reported in Ref 27 nevertheless reveals a small hump at k 3Å−1, a 
weak sign  of the H-bond ordering.”

The incriminated sentence have been now removed.

(4) “I do not agree with the summary of Guillot in 2002 (a reference 10 years out of date to current 
water  models)
"It  is well acknowleged that polarisable force field model for water are generall speaking not as 
good as non-polarisable force fields. "
That work showed that some properties are better and some worse using polarization (again I  
emphasize a study  done 10 years ago!) and that fixed charge FFs (10 years ago) were the same,  
not better or worse. That sentence should be deleted.”

Even if the Guillot paper is now 10 years old, it has a very high citation index and seems to be a 
reference for many water experts in the community, from what I have personally gathered. Many 
things he says about polarisable force fields are still true I believe. Nevertheless, I have complied 
with the referee asking and removed this sentence from the manuscript.

(5) “Reference on page 2 marked as "?"”

I thank the Referee for mentioning this glitch to me. I have corrected it now. The missing Reference 
is to Guillot [11].

(6) “The following sentence is very unclear and needs to be restated so that readers can follow the 
authors's  point:
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"One suspects that this long range "ideality" is only apparent, and it hides canceling effects, but  
which?" “

This sentence means to say that, if long range correlations beyond 10A are zero, then the effective 
mean force potential is also zero in this range, which also means that particles do not interact and 
therefore appear as “ideal” particles  in this very range. However, this is certainly not true, and 
some cancellation effects must be hiding behind this feature. I have now modified the first part of 
this sentence according to what written above.

(1) I find that the Referee is complaining now about material that were already present in the first 
version of the manuscript, and about which he did not raise any comments in the first refereeing 
part. Anyhow, I will break up the various points to ease the answers.

“I find the introduction confusing as to what point the author is trying to make. It seems to involve a 
mish mash of statements about local tetrahedral structure vs. mixture models. The author brings up 
references to changing structure with temperature when his study is at room temperature. He 
references the Huang et al study as if underlying heterogeneous structure and mixture models have 
found experimental verification. “

The only changes that were brought to the Introduction were based on the previous comments of the 
Referee about the usefulness of the reference to Huang et al. [15-16] precisely. I could not find in 
the text the statement(s) where I say that their claims have found experimental verifications. As to 
the temperature dependence, it is to mention the evolution of the tetrahedral structure. 
The purpose of the Introduction, as I wrote it initially, is very clear to me. It is all about to briefly 
describe the state of matters about the tetrahedrality of water and the various hypothesis about the 
underlying statistical structure of the liquid. I found this useful before I bring up the main finding of 
this paper which is the 3PS. The description of the historical background may not be perfect in it 
present form, but it does gives an overall idea of the past and current state of knowledge, in my 
opinion.

“I also don't believe that the water field is so naive as to base their analysis on "instantaneous 
snapshots" and that we are all unaware of statistical mechanics and ensemble averaging.”

The statements that the Referee criticise, were already present in the initial version of the 
manuscript. The point is that the immediate tetrahedral structure around a single water is often 
imagined (and pictured in many articles and presentations!) as a that from the crystal. I think that 
such representations are directly inspired by snapshot visualisations. I have altered some statements 
in this paragraph to appear less “offending” as the Referee seems to suggest. Also, the paragraph 
serves initially to introduce the pair correlation as a proper observable, which then leads naturally to 
investigate the 3PS. In that sense, I think that the whole paragraph is quite coherent.

“In essence the author wants to make a rather straightforward point: that tetrahedral  hydrogen-
bonding interactions and packing effects compete so that their long-range *individual* correlations 
cancel each other  beyond 3 molecular diameters. And furthermore this effect need not be explained 
as a mixture model of a LJ  liquid and ice, but instead is consistent with homegeneous fluctuations 
in the bulk liquid.”

I am afraid I do not understand what the Referee is suggesting, at least not clearly enough to take 
the risk of altering the manuscript subsequently. Moreover, I do say in the manuscript some of the 
statements that the Referee suggests, as for example that the mixture model is not correct (in the 
Conclusion for example). The effective cancellation of correlations is also many times mentioned in 
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the manuscript. 

“Certainly the introduction could be better written to state these points. In fact the conclusion 
section is  more clear on these points, and maybe that discussion could be moved to the  
introduction.”

I thank the Referee for his positive statements on the Conclusion. I wish the Referee had exactly 
said which points he wanted me to move to the Introduction. I personally find that the topics in the 
Introduction are very different than in the Conclusion. There, I was setting up the scene to introduce 
the 3PS and subsequent facts, while in the Conclusion I dwell on the consequences of the 3PS 
finding. In the doubt, I have preferred not to alter these two parts.
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IFKMgWVWTeV®h3ê�Û�IFKRgWV u ONTwONLNHJZWT!VWLNHJcà]�OULU`W}eON`WLUT v�� ONZWTpxJHJLUQSKR`W]�Tw�1ÜFT!LUQ_×ÁT!gMO­HJcÃQ_g�xRT!]�OUQSßMHPÛONQ_KMgW] v TeQ_ONZWTeL�I�\¬]�ONLU`W}wON`WLNHJcÊHRgWHRcy\1]UQ_]�������KRL�I�\�xJHJLUQSKR`W]�]UÜ<Te}eOULUKM]U}eKRÜWQS}oONTe}�ZWg�QS^7`WTe] v	�HJLUTÅgWKJO¬VWQSLUTe}eONcy\á]U`WÜWÜFKRL�ONQ_xRTÁKRÝ�]U`�}�ZÚÜWQS}wON`WLUTe] v HJc_ONZWKR`WßRZ©gWTexRTeL°}ecST!HRLUcy\á]�O­HPONTeVà�
� KRL�Tw��HR×�ÜWcST v Q_O�Q_]�gWKJO�Ü<KR]U]UQ_IWcST�ONKkKRIW]UTeL�xRT�O�Ù¶KkVWQ�
ÃTeLUT!gMO.×ÁKJONQSKRgW]¼KJÝWÙ�HJONTeL.HPO�ONZWTxRT!L�\�]UZWKRL�O�ONQS×�T!] v	� Ù�ZWQ_}­Z�Ù¶KM`Wc_V�}!KRg�ÞÊLU× ONZÊHPO�O�Ù¶K(O�\7Ü<Te]YKJÝEÙoHPONT!L�Teg�x7QSLUKRgW×ÁTeg�ON]Tw�1QS]�O!���igÁONZWT)KJONZWT!L[ZÊHJgWV v gWTe`�ONLUKRgÅT���ÜFT!LUQ_×ÁT!gMO­HJc5ã�
�]�ON`WVWQ_T!]¶KJÝ<ONZWT�ONT!×�Ü<TeLNHJOU`WLUTVWTeÜ<TegWVWT!gW}eT¬KRÝ.ONZWT�ÜFKR]UQ_ONQ_KMg,KJÝ.ONZWT³ÞÊLU]�OpÜFT�HJØÄKJÝ.ONZWT�]�ONLU`W}wON`WLUT�Ý3HJ}eONKRL v Q_gWVWQS}!HPONTONZÊHPO�OUZWTzc_K1}!HRcoTeg�x7QSLUKRgW×ÁTeg�OÁKRÝiHá]UQ_gWßMc_TÄ×ÁKRcSTe}!`Wc_TÄßRK1T!]�Ý5LUKR× ONTeOULNHRZWTeVWLNHJcyÛ�cSQ_ØJTHPOic_K�Ù OUT!×ÁÜFTeLNHJON`�LUT!]�ONKÅVWQ_]UKML�VWT!LUTeV@HPOpZWQSßRZWT!L)KRgWTR�)a�ZWT�g�`W×ÁTeLUKR`W]kQ_g�ONTeLNHR}wONQSKRg×ÁK7VWT!c_]oKRÝ¼ÙoHPONT!L ã�ã HRgWVÄONZWTeQSLo}eKR×ÁÜW`�ONTeL�]UQS×¬`Wc|HPONQ_KMgW]¶HRc_]UK�VWK�gWKJO�ÜWLUK�x7QSVWTiVWQSLUTe}eO
}!KRgW}ecS`W]UQyxMT³Tex1Q_VWT!gW}eT�ONKÅ]U`WÜWÜFKRL�O�ONZWT!]�T¬Q_VWT�HJ]pHJI<KR`�O�ONZWT�]�ONLU`W}wON`WLUT�KJÝ�cSQS^�`WQSV#Ù�HPÛ
ONTeL!��dzKRLUT[LUT!}eT!gMONc_\iQSgMONLUK1VW`W}eT!V³Ù�HJONTeLªÛ�cSQSØJT�×ÁK7VWT!c_] v ]U`W}­Z¬HJ]¼ONZWT¶~MHJßRc|Ho×�K1VWT!c v ã�� ä­ã æÝ5KRL�Tw��HR×�ÜWcST v Q_gWVWQS}!HJONTkONZÊHPO�ONZWT³}!KRLULUTe]UÜFKMgWVWQ_gWß�c_QS^�`WQSVÄ×�QSßRZ�O�}eK1Tw�1QS]�O�`WgWVWTeL�O�Ù¶KVWQ�
<TeLUT!gMOiÝ5KRLU×Á] v HJcyONZWKM`WßRZ�HPOiONTe×ÁÜFT!LNHPON`WLUTe]k}eKML�LUT!]UÜFKRgWVWQSgWß#ONKÅOUZWT�]�`WÜ<TeLU}!K7KMc_T!VLUTeßMQ_×ÁTJ�kq1QS×�QSc|HJL�VWQS]�}!`W]U]UQ_KMgW]kKRg�ONZWT�ÜFKR]U]UQSIWc_T�`WgWVWT!LUcy\1Q_gWßÅZWTeOUT!LUKRßRT!gWTeKM`W]i]�ONLU`W}wÛ
ON`WLUT³KJÝ.c_QS^7`WQ_V#ÙoHPONTeL)ZÊHJ]�IFT!Tegz}eKRgWVW`W}eONTeV�TwxRT!gÀxRT!L�\,LUTe}!Teg�ONcy\M� ã è äeã��a�ZWTÅQ_g�ON`WQyONQ_xRT�ÜWQS}wON`WLUT!]�ONZÊHPO�ßR`WQSVWT°ONZWTÅQ_VWT�HJ]¬HJI<KR`�O�ONZWTÅc_K1}!HRc�]�ONLU`W}wON`WLUT#KJÝHÚcSQS^�`WQSV HJLUTáKJÝºONTeg IÊHJ]UT!V KRg HJg Q_gW]�O­HRgMO­HJgWT!KR`W]À]UgÊHJÜW]UZWKJO�Û�c_QSØJT�x7QS]UQ_KMg�]!� a�ZWQS]
QS](ÜÊHRL�OUQS}!`�c|HJLUc_\ÀONLU`WT°Ý5KMLiÙoHPONT!L�HJgWVáONZWT�QS}eTwÛ�cSQ_ØJT�ONTwONLNHJZWT!VWLNHJc[VWQS]UÜFKR]UQ_ONQ_KMg�KRÝ¶ONZWTÙoHPONTeL�×ÁKRcSTe}!`Wc_T!]�HJLUKR`WgWV®H,]UQSgWßRc_T°}eT!gMONLNHJcY×ÁKRc_T!}!`�cSTR����gmq7O­HPONQS]�ONQ_}�HJc[dzTe}­ZÊHRgWQ_}!]
ZWK�Ù¶TexRT!L v ]U`W}­Z¬]UgÊHJÜW]UZWKJO�}!KRLULUT!]UÜFKRgWVW]�ONK�������×�QS}eLUKJÛ�]�O­HPONT v Ù�ZWTeLUT�HJ]�HRgM\�×ÁT!HJ]U`WLUTKJÝ�H°]�\7]�ONTe×'HJO�Te^7`WQ_cSQ_IWLUQS`W× ]UZWKR`WcSV,}!KRLULUTe]UÜFKMgWV,ONK�HRgÀH!xMTeLNHJßMT(K�xMTeLpHRc_cÃÜFKR]U]UQSIWc_T
]U`W}­Z ×ÁQS}eLUKPÛ�]ªO­HJONTe]!�áa�ZWTÄ^7`WTe]�ONQSKRgÚQS]�ONZWT!gÚONK�ÞÊßR`WLUTÄKR`�O�ZWK�Ù ]U`W}­Z ]U`W}e}!Te]U]UQ_xRT
H�xRT!LNHJßRT!]�ØJT!TeÜ�KML�VWTe]�ONLUK�\�ONZWT¶ÜWQS}wON`WLUT�×ÁHRVWTYKM`�O.KJÝÊKRgWT�]UgÊHJÜW]UZWKJO���q1`W}­Z�^7`WTe]�ONQSKRg
×ÅHJØJT!]³gWK�]UTegW]UTÁÝ5KRL�HJg©KRLUVWQSgWHRL�\�cSQ_^7`WQ_V@ONZÊHPO�QS]³Te]U]UTeg�ONQSHRc_c_\�VWQS]UKRLUVWT!L�T!V v I�`�O�QSgONZWT°}�HJ]UTÁKJÝYÙoHPONT!L v Ù�ZWQS}­Z©Q_](]�ONLUKRgWßRc_\�KMLUV�T!LUTeV®HJO(×ÁKRcSTe}!`WcSHRLpcSTwxRT!c�ONZWLUKR`WßMZ@ONZWTê�Û�IFKRgWV,gWTeO�Ù�KRLUØ v ]U`W}­Z�^�`WT!]�ONQ_KRgÀV�K1T!]�gWKJO�cST!HJV#ONKÁH�ONLUQyx1Q|HJc<HJgW]�Ù�TeL!�¶a�ZWTeLUTeÝºKMLUT vKRgWTk×ÁH�\�HR]UØ°Q_Ý<ONZWTpÜ<Te}!`Wc_Q|HJLYÜWLUKRÜFT!L�ONQ_T!]YKRÝàcSQ_^7`WQSV°ÙoHPONTeL�}�HJgÅIFTp]UT!TegÄVWQSLUTe}eONcy\°KRg
��� �������! "�$#%��&(' �  *),+ � )% �� v Ù�ZWQS}­ZÅ]�ONHJONQ_]�ONQS}!HJcWLUT!ÜWLUTe]UT!gMO­HPONQSKRgÅQ_]�ONZWT)ÜÊHJQSL�}!KRLULUTec|HPONQSKRgÝ5`WgW}wONQSKRgà� ã � Ö®TÁÙ�Q_]UZ®ZWT!LUT°ONKzT!×�ÜWZÊHR]�Q.-!T°ONZÊHPO�ONZWQS](}!KRLULUT!cSHJOUQSKRg@Ý5`WgW}wONQSKRg®QS]�HJgKRIW]UT!L�xPHRIWc_TpKJÝ<ONZWT�]�O­HPONQS]�ONQ_}�HJcÊVWT!]U}eLUQSÜ�ONQ_KRg�KJÝ¼HJgM\�c_QS^7`WQ_Và��a�ZWQ_]YÝ5`WgW}wONQSKRgÁZWHR][I<TeT!g
LUTeÜ<KRL�ONTeV ×ÅHJg�\mONQ_×ÁTe]°Ý5KRL°ONZWT�}!HR]�T�KJÝkcSQS^�`WQSVÚÙoHPONT!L v IW`�OÅKRgWcy\ÚONZWTÀ×�KMc_T!}e`Wc|HJL]�ONLU`W}wON`WLUT#}eKML�LUT!]UÜFKRgWVWQSgWßzONKzOUZWTÁÞÊLU]�O�O�Ù�K�Ü<T!HRØ�]¬QS]�`W]U`ÊHJcScy\@VWQ_]U}!`W]�]UT!Và������� a�ZWTÜFT!}e`WcSQ|HJLpKML�VWT!LUQ_gWßÄQSg@c_QS^�`WQSVÀÙoHPONT!Li×ÅH�\�gWTeT!V©H#VWTwO­HJQScSTeV@Q_g�xRT!]ªONQSßMHJOUQSKRg�KJÝYÙ�ZÊHPO
ZÊHJÜWÜ<TegW]¬HPO³c|HJLUßRT!Li×ÁKRcSTe}!`WcSHRLk]UT!ÜÊHJLNHPONQSKRgW]!�Åq1`W}­ZmH,]�ON`WV�\ v }!KRgWVW`W}wONT!V¤ZWTeLUT�Ý5KRL]UTwxMTeLNHJc¶ÜFKMÜW`�c|HJL(ÙoHPONT!L³×ÁK1VWTecS] v HJgWV®`WgWVWT!L³xPHRLUQ_KM`W]i]�\1]�OUT!×�]UQ�-!Te] v LUTwxRT�HJcS]³ONZÊHPOONZWTz]UZWKRL�OÄHJgWV c_KMgWß®LUHRgWßRTÀKML�VWT!LUQ_gWß®KRÝicSQ_^7`WQ_VÚÙ�HJONTeLÅQ_]ÁQSgWVWTeT!V xMTeL�\ VWQ�
<T!LUTeg�OONZÊHJg ONZÊHPOÀKRÝ�HJg�\ ]�QS×ÁÜWc_T�c_QS^�`WQSVà� Ö®T©HRgÊHJc_\7]UTáZWTeLUT©ZWK�Ù ONZWT!]�TáÞÊgWVWQSgWßR]ÀHJLUT
}!KR×�ÜÊHJONQ_IWcST�KRL[gWKROYÙ�Q_ONZ�ÜWLUTex7QSKR`W]¶]�ONLU`�}eON`WLNHJcE×ÁK1V�T!cS] v HJgWVÁQyÝàgWTwÙ�TeL�ÜWQS}wON`WLUTe]¶}�HJgIFT(Ý5KRLU×¬`Wc|HPONT!Và�

�
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� � Ñ����ÀÓ#Ï��oÐ	�¼Õ
� Ó���
(Ï�ÕwÑ�Î���
�Î,Ò Ð�����Ó���Ï��
ê)T!LUTeQSg v Ù¶TÅÝ5K1}e`W]�KRg©ONZWLUT!TÁÜ<KRÜW`WcSHRL³HRgWV®LUKRIW`W]�O¬Q_g�ONTeLNHR}wONQSKRg©×�K1VWTecS]³KJÝ�ÙoHPONTeL vgÊHJ×ÁTec_\kONZWToq�XYf���� v � 
.ONZWT¶a ��X { X ��ã�HRgWV³OUZWT¶a �ªX � X � ��×�K1VWTecS]!�¼ékc_cMONZWTe]UT¶×�K1VWTecS]}!KRgW]UQ_]�ON]pKRÝ�HÁ]�QSgWßRcST³GàT!gWgÊHJLUV1Ûª~RKRgWTe]k]UQyONT³Ù�Q_ONZÀ]UTwxRT!LNHJc�T!×¬IFT!VWVWTeV�ÜFKRQSgMOp}­ZÊHJLUßRT!]
}!KRLULUTe]UÜFKMgWVWQ_gWß°OUK°ONZÊHPO�KJÝ�ONZWT(K��7\1ßRT!g�HJgWVÄONZWT(O�Ù�KÁZM\1VWLUKRßRT!gzHPONKR×Á]!�[f�KRgW]�O­HJg�OnpX[a dzKRcSTe}!`WcSHRL��p\1gWHR×�QS}e]�]UQS×¬`Wc|HPONQSKRgW]�ZWH�xMT³I<TeT!gÀ}!KRgWVW`W}wONT!VÀÝ5KRLoONZWT�HJ×¬IWQSTeg�O
}!KRgWVWQyONQSKRgW] v ONTe×ÁÜFTeLNHJON`WL�T�KJÝ

25oC
HJgWV ÜWLUTe]U]U`WLUT�KRÝ r HPON×À����TeLUT!gWVW]UTeg ONZWT!LªÛ×ÁKR]�O­HPOÁHRgWV IÊHJLUKM]�ONHJO�Ù�TeLUT�`W]UTeV v Ù�QyONZ LUTec|Hµ�WHPONQ_KMgÚONQS×�T!]�KJÝ t � r ÜW]ÁHRgWV t � � ÜW] vLUTe]UÜ<Te}eONQyxRT!c_\R��a�ZWT#T!^�`ÊHPONQSKRgW]�KRÝ�×�KJONQSKRgáÙ�TeLUT#Q_g�ONTeßMLNHPONTeV¤Ù�QyONZmHzOUQS×ÁT�]�ONTeÜÚKJÝ

� Ý5] v Ù�ZWQS}­Z¤Q_]�ßMTegWT!LUQ_}�HJcScy\á`W]UTeVÚQ_g¤×ÁK1V�T!LUg®]UQ_×�`�c|HPONQSKRgW]³KJÝ�ÙoHPONT!L�HJgWVmHJ^7`WTeKM`W]×ÁQ��1ON`WL�T!]!���[HRL�cSQSTeLY]UQ_×¬`Wc|HPONQSKRgW]�Ù�Q_ONZÁH³ONQS×�T)]�OUT!Ü#KJÝ t � � Ý5]YVWQSV�gWKRO¶ßMQyxRTkHJÜWÜWLUTe}!QSHPÛIWc_\ÄVWQ�
<T!LUTeg�OpLUT!]�`Wc_ON]pHJVÀÝ3HJLpHJ]p]�ONHJONQ_}³ÜWLUKRÜ<TeL�ONQ_T!])HJLUT�}!KRgW}!TeLUgWTeV v ]�`W}�Z�HJ]pQ_g,ONZWTÜWLUTe]UT!gMO°Ù¶KML�ØF��a�ZWTÄG¼TegWgÊHRLUV7Û�~JKRgWT!],h3G�~ u QSg�ONTeLNHJ}eONQ_KMgW](Ù�T!L�T#ONLU`WgW}�HPONTeV HPO¬KRgWTONZWQ_LUVáKJÝ�IFK��@]�Q.-!T�HJgWV���ÙoHJcSV©]U`W×�×ÅHPONQSKRgzÙoHJ]³`W]UTeVáÝ5KRLiONZWTÁf�KM`Wc_KM×¬I�QSgMONT!LNHJ}wÛ
ONQ_KMgW]!����ÙoHJcSVÅ]U`W×Á×ÁHJOUQSKRg�Q_]¶`W]U`ÊHJcScy\�]Uc_K�Ù�TeL¶ONZÊHJgÅLUT!HR}wONQSKRgÁÞÊTecSV�ONT!}­ZWgWQ_^7`WTe] v IW`�OQ_O³QS]�H,LUQ_ßMKRLUKR`W]�HJ}!}eKM`WgMO�KJÝ�ONZWT#f�KR`Wc_KM×¬Iác_KMg�ßzLNHJgWßRT�Q_g�ONTeLNHJ}eONQ_KMgW](QSg©ÜFT!LUQ_K1VWQ_}
]�\7]�ONT!× v HJgWVáVWK7T!](gWKJO³]�` 
ÃTeL(Ý5LUKR× }!`�ONK�
ÚHJL�ONQ_Ý5HR}wON]iKRLiONZWT�gWTeT!VáONKÄQ_×ÁÜFKR]UT�ONZWTIW`Wc_Ø@VWQSTecSTe}eONLUQ_}°}eKRgW]�O­HJg�O�� � KRLkONZWTÁ}eKM×�ÜW`�O­HPONQSKRgáKJÝ�ONZWT�]U`W×�Q_gáONZWT�LUT!}eQSÜWLUK1}!HJc]UÜÊHJ}!T vàr�t LUT!}eQSÜWLUK7}�HJc<]�ÜÊHR}eTixRT!}wONKRLU]�QSg#T!HJ}�ZÄVWQ_LUT!}wONQSKRgÁÙ¶T!LUTi`W]UT!V v Ù�Q_ONZÄH¬]UÜWZWTeLUQyÛ}�HJc�}e`�ONK�
ÁÝ5KRL�ONZWToLUTe}!Q_ÜWLUK1}�HJc1]�ÜÊHR}eTo]U`W× KJÝ

n2

x+n2

y+n2

z < 105
�.a�ZWT¶Ù�QSV�ONZ¬KJÝÊONZWT

]U}eLUT!TegWQSgWß��³HR`W]�]UQ|HJg#ÙoHJ]�]UTeO�ONK t �! s#" �Wa�ZWTkxJHJcS`WTe] ��g,KRLUVWT!L�ONK�ÜWLUKRI<TkONZWT(c_KMgWßLNHJgWßRT�ÜÊHJL�O�KJÝ�ONZWT�ÜÊHJQSL(]�ONL�`W}eON`WLUT v Ù�T�ZÊH�xRTÁ`W]UTeVmH,c|HJLUßMT�g�`W×¬I<TeL³KJÝoÜÊHJL�ONQS}ecST!] vgÊHJ×ÁTec_\�n%$ �RtJ{'& ÙoHPONT!L�×�KRcST!}e`WcSTe]!� ��g©KML�VWT!LiOUK,OUT!]�O¬HJg�\�ÜFKM]U]UQ_IWcST�]�\7]�ONT!×�]UQ.-eTVWTeÜ<TegWVWT!gW}eT#ONKÀONZWTÁÝ5T!HJON`�LUTÅLUTeÜ<KRL�ONTeV®ZWT!LUT v ]UTexRTeLNHRc¶]�\1]�ONTe× ]UQ�-!Te]�Ù¶T!LUTÅQSg�xRTe]�ONQyÛßMHJOUT!V v LNHJgWßMQ_gWß�Ý5LUKR×
N = 864

ONK
N = 10976

Ù�HJONTeL�×�KMc_T!}e`WcST!]e� ��O¶QS]¶Q_×ÁÜFKRL�O­HRgMO
ONK�gWKJONT)ONZÊHJOYONZWT)QSg�OUT!LNHJ}eONQ_KRgÅHJgWVÅÝ5KRLU}!T)}e`�ONK�
À]U}!HJcST!]YÙ�Q_ONZÁOUZWTp]�\7]�ONTe× ]UQ�-!Tp]UQSgW}eTONZWTÁG�~ÀQ_g�ONTeLNHJ}eONQ_KMgW]³HRLUT�ONLU`WgW}!HJOUT!V¤HPO�ZÊHJc_Ý|Û�IFK��@c_T!gWßJONZà� � KML(T�HJ}­Z®]�\1]�ONTe× v ONZWTLNHJVWQ|HJcÃV�QS]�ONLUQ_IW`�ONQSKRgÁÝ5`Wg�}eONQSKRg©h3l(� �[u Ù�HR]�]UHR×�ÜWcSTeVÄTexRT!Lª\ �Rt Ý5] v I<TwO�Ù¶T!Teg r�tRtRt ONK�JtMtRt ONQS×�T!]!�za�ZWTe]UT#]�O­HPONQ_]�ONQS}e]�T!gW]U`WLUTÅ]U×ÁK1KJONZ®TegWKM`WßRZÚl(� � ONZÊHPO¬}�HJg¤ÜWLUK�x1Q_VWTgWKRQS]UTecSTe]U]³]�ONLU`W}wON`WLUT�Ý5HR}wONKRLU](`WÜFKMgáVWQSLUTe}eO � KR`WLUQSTeLiONLNHJgW]�Ý5KRLU×ÁHJOUQSKRgà��a�ZWT°ßMTegWT!LUQ_}Ý5T!HJON`WL�T!]¬KJÝoONZWTÅÝ5KRLU}!T�ÞÊT!c_V®×ÁK1VWTecS] v HR]�Ù¶T!c_c�HJ]�ONZWT#VWQ�
<TeLUT!gW}eT!]¬IFTeO�Ù�T!Teg¤ONZWT!× vHJLUT(Ù�TecScàØ7gWK�Ù�g v � HJgWVÀVWK�gWKJO)gWTeT!V,ONK°I<T³L�T!ÜFT�HPONT!VÀZWTeLUTR�
)�*,+ -/.10325476981:;4<8(690>=@?BADCFE�8GCFHJI�KL4<0M6
��gmKRLUVWTeL�ONK�Þ��áONZWTÅßRT!gWTeLNHJc¶QSVWT!H�HJIFKR`�O�ONZWTÅ]�ONLU`W}wON`WLUT#KJÝ�Hz]UQS×�ÜWcST°VWQS]UKRLUVWTeLUT!VcSQ_^7`WQ_V v Ù¶T�L�T!ÜFKML�OiQSg � Q_ßÊ� r ONZWT�LNHJVWQ|HJc.VWQS]�OULUQSIW`�ONQ_KMgzÝ5`WgW}wONQSKRgW]

g(r)
Ý5KRL(H#O�\1ÜWQ_}�HJcG¼TegWgÊHRL�V1Û�~JKRgWT!]Äc_QS^7`WQ_V v Ù)QyONZ H®×ÁKRc_T!}!`�c|HJL�VWQSHR×�TeONTeLÁ]UQ_×ÁQ_c|HJL�OUK¤OUZÊHJOÄKJÝ(Ù�HPONT!L

σW = 3.165
" HJgWV�T!gWTeLUßR\zÜÊHJLNHJ×ÁTwONT!L

ε/kB = 100K
�)a�Ù�KÄVWTegW]UQ_ONQ_T!]pZÊH�xRT¬I<TeT!g}!KRgW]UQ_VWT!LUTeV v KMgWT�Ù�QyONZ@IFK��z]UQ.-eT¬QS]

L = 40
" HRg�V

N = 2048
v Ù�ZWQ_}�Z�}!KRLULUTe]UÜ<KRgWVW]

 

Page 6 of 25

URL: http://mc.manuscriptcentral.com/tandf/tmph

Molecular Physics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly
ONZWT#LUTeVW`W}eT!Vmg7`W×¬IFT!L�VWTegW]UQ_O�\®KJÝoÙoHPONT!L

ρ∗ = (N/L3)σ3

W ≈ 1
v `WgWVWT!L�HJ×¬IWQSTeg�O}!KRgWVWQyONQSKRgW] v HJgWV�ONZWT�KJONZWT!Lk}!KRLULUTe]UÜ<KRgWVW]iOUK,HÅcSK�Ù¶T!LkVWT!gW]UQyO�\�KJÝ
ρ∗ = 0.73

v Ù�Q_ONZ
L = 44.64

" Ù�Q_ONZ¤ONZWTÀ]NHJ×ÁTÄg�`W×¬I<TeL°KRÝkÜÊHJL�ONQS}ecST!]e�ma�ZWQS]°c|HPOUONTeL°VWTegW]UQ_O�\¤Ù�KR`WcSV}!KRLULUTe]UÜFKMgWVÚONK�OUZÊHJO�TwxJHRc_`ÊHJOUT!V¤Ý5KRL°H�]U×ÅHJc_cST!L�Ù�HJOUT!LªÛ ÙoHPONTeL���}!KRgMO­HR}wO°VWQ|HJ×ÁTwONT!L��
σeff ≈ 2.84

v }eKRLULUT!]UÜFKRgWVWQSgWß�ONK�ONZWTÄÞÊLU]ªO�ÜFT�HJØ®KJÝ�ONZWTÄTw�1Ü<TeLUQS×�T!gMO­HJc�lG� � KJÝÙoHPONTeL!��a�ZWToLUT!HR]UKRg¬Ý5KRL.}!KRgW]UQSVWTeLUQSgWßpONZWQS].c_K�Ù�TeL�V�T!gW]UQyO�\�Q_].OUKkÝ5KRcSc_K�Ù¤ONZWToLUT�HJ]UKRgWQSgWßÝ5KR`WgWVÀQSg,ONZWT³c_Q_ONTeLNHJOU`WLUTiONZÊHPO�ÙoHPONT!L�Ù¶KM`Wc_VzHRÜWÜFT!HRL)HJ]�cST!]�]pVWTegW]UT�IFT!}!HR`W]�T�Ù�HPONT!L
×ÁKRc_T!}!`�cST!].}eKM`�cSV¬}!KR×ÁT¶QSg�OUKi}!KRgMO­HR}wO¶HPO�Hp]U×ÅHJcSc_T!L�VWQ_]�O­HRgW}eT¶Û ONZÊHPO�KRÝÊONZWToZM\1VWLUKRßRT!gIFKMgWVWQ_gWßÚVWQS]�O­HJgW}!T�Û°ONZÊHRg OUZWTáHJ}eON`ÊHJc(×�KRcST!}e`Wc|HJLÅVWQSHR×�TeONTeL

σW

� � QSßW� r ]UZWK�Ù�]ONZÊHPOiONZWT�×�KMc_T!}e`Wc|HJL)ÜÊHR}­Ø�QSgWß#O�\1ÜWQS}!HJc�KJÝ[cSQS^�`WQSV�cSQ_ØJT¬KRLUVWTeLiQ_]i]UTeT!gáONKÅTw�7ONT!gWVW]³ONK
×ÅHJgM\À×ÁKRcSTe}!`Wc|HJL�VWQ|HJ×�TeONTeLU] v QSgzIFKROUZ�}!HR]UTe]!�pa�ZWQS]pQS]pÜÊHJL�ONQS}e`Wc|HJLUc_\Áx1Q_]UQSIWcST³QSgÀONZWTQSgW]�TeO v Ù�ZWT!g,]UZWK�Ù�Q_gWß�OUZWTiQ_g�ONTeßMLNHJgWV

r2h(r)
KJÝ¼ONZWTkQS]UKJONZWTeLU×ÅHJcE}!KR×ÁÜWL�T!]U]UQ_IWQScSQyO�\Êã �

(∂ρ/∂βP )T =
´

d~rh(r)
v Ù�ZWT!LUT

h(r) = g(r) − 1
v
ρ
Q_]iONZWT�g7`W×¬IFT!L³V�T!gW]UQyO�\ v

PONZWTÅÜ�LUT!]U]U`WLUTÅHJgWV
β = 1/kBT

ONZWT ��KRc_O�-!×ÁHJgWg@Ý3HJ}eONKRL!�Åa�ZWTÅLUTe×ÅHJLUØPHJIWcST�Ü<KRQ_g�OQS]iONZÊHJOiONZWT � �,��������� ��KJÝ¶ONZWT°VWTe}�H�\©KJÝ¶OUZWT�KR]U}!Q_cScSHJONQ_KMg�]kQ_]³HÄ]U×ÁK7KRONZ�c_\�VWT!}!H�\1QSg�ß
Ý5`WgW}wONQSKRg,KJÝ�ONZWT³VWQS]�ONHRgW}eTR�a�`WLUgWQ_gWß¬gWK�Ù ONK�ÙoHPONT!L v ONZWTiLUHRVWQSHRcEVWQ_]�ONLUQSIW`�OUQSKRgÁÝ5`WgW}wONQSKRgW]�IFTeO�Ù�TeT!g,ONZWTkK��1\�ÛßRT!gmHPONKR×Á]

gOO(r)
HRLUT�]UZWK�Ù�g¤QSg � QSßW� ��v Ý5KRL�HJcSc�ONZWTÁ×�K1VWT!c_]³QSgMxRT!]�ONQ_ß�HPONTeV®ZWT!LUTJ�a�ZWTeLUTÅHJLUT°Ù¶T!c_c[Ø�gWK�Ù�g®VWQ�
<T!L�T!gW}eT!]�IFTeO�Ù�TeT!g®ONZWQ_]³l(� � HJgWVáONZÊHPO�KJÝoHÄ}!KR×ÁÜWHRLªÛHPONQ_xRT�]UQS×�ÜWcST¬cSQ_^7`WQ_V	� � ONZWT�ÞWLU]�O�ÜFT�HJØ�Q_]igÊHJLULUK�Ù¶T!L�HJgWVá]UZ�Q_ÝºONTeVáQSgMÙoHJLUV v IFTe}�HJ`W]UTKJÝ�ONZWT�]�ONLUKRgWß�VWQ_LUT!}wONQSKRgÊHJc[ê�Û�IFKMgWV©Q_g�ONTeLNHJ}eONQ_KMgà��ép]�H,LUT!]U`WcyO v ONZWT�}!K7KMLUVWQ_gÊHPONQSKRgg7`�×�IFT!LYQSg°ONZWT�ÞÊLU]�O�]UZ�T!cScEQ_]¶HJI<KR`�O { QSgW]�OUT�HJVÅKJÝ r�� HJ]YÝ5KRLYHRg�KMLUV�QSgÊHJL�\°G�~³cSQ_^7`WQSVà�ê)T!LUT v Ù¶TpÙ�Q_]UZÁONK�T��WHJ×ÁQSg�T�OUZWTk]�ONLU`�}eON`WLUTpIFTe\RKRgWVÅONZWT�ÞÊLU]�O�O�Ù�K¬ÜFT�HJØ7]!��a�ZWT)ÞÊLU]�OQS×�ÜFKML�O­HJgMOkKRIW]UTeL�xJHJOUQSKRg�Q_]pONZÊHPOkONZWT¬KM]U}eQSc_c|HPONKRL�\Ä]�ONLU`W}wON`WLUT v Ù�ZWQS}­Z�Ù�Q_ONgWTe]U]UT!]iONZWT×ÁKRc_T!}!`�c|HJL�ÜÊHR}­Ø�QSgWßáKJÝpgWT!Q_ßMZ�I<KR`WLUQ_gWß@]UZWTecSc_] v QS]�VWQS]�ONQ_gW}eONcy\©]UTeT!g OUKáTw�7ONT!gWV K�xRT!LONZWLUTeT#×ÁKRcSTe}!`WcSHJL³]UZWT!c_cS]
�¬ONZ�QS]�QS]�Ù�ZÊHPO�Ù�TÅ}�HJcSc�ONZWTB µÛ�Ü<T!HRØ�]�]�ONLU`W}wON`WLUT©h  RX¶q u KJÝÙoHPONTeL!��a�ZWT#]UT!}eKRgWV Q_×ÁÜFKMLªO­HRgMO�ÜFKMQ_g�O�Q_]�ONZÊHJO�OUZWT#KM]�}!QSc_c|HPONKRL�\@]�OULU`W}eON`WLUTÅ}!KRLULUTwÛ]UÜFKMg�VWQSgWß@ONK�ONZWT,×ÁKRcSTe}!`WcSHJL�ÜÊHR}­Ø�QSgWß©HJÜWÜFT�HJLU]¬ONKáIFTÄ]�ONLUKRgWßRc_\®VWQ_×ÁQSg�QS]UZWTeVÚHJgWV

gWKRQS]�\ I<Tw\MKRgWV
r ≈ 9 − 10

� ��g9KMLUVWTeLÄONKÚ]UT!TáONZWQ_]#Ý5T!HJON`WLUT@×ÁKRLUT@}ecST!HRL�c_\ v Ù�T]UZWK�Ù QSg®ONZWT#`�ÜWÜ<TeL¬QSgW]UTwO�ONZWT#]NHJ×ÁTÅQ_g�ONTeßRLNHRgWVmHJ]¬QSg � QSßW� r
r2(gOO(r) − 1)

Ý5KRL
ONZWT°q�XYf���� ×�K1VWTec�HRgWV�n1$ r�t��M�Js ��a�ZWQ_]k×ÁHJßMgWQyÞÊT!VÀ]U}!HRc_T�]UZWK�Ù�]i^�`WQ_ONT�Ù¶T!c_c�ONZWT]�ONLUQ_Ø7Q_gWßzVWQ_×ÁQ_g7`�ONQ_KMg@KRÝ�]ªONLU`W}eON`WL�TÅIFTe\RKRgWV

Rc ≈ 9 − 10
"¬v Ù�ZWQS}­Z¤QS](}!c_KM]UT�ONK  ×ÁKRc_T!}!`�c|HJLkVWQSHR×�TeONTeLU]!�°q1Q_gW}!T¬ONZWT

r2
ONT!LU× ]UZWKR`WcSVáHR×�ÜWcSQyÝº\,ONZWT�KM]U}eQSc_c|HPONQSKRgW]pVW`WTONKÀÜÊHJ}­Ø7QSgWß®h3HJ]³Q_g � QSßW� r�uwv ONZWTeQSL(KRI�x7QSKR`W]³HJIW]UTegW}!T�I<Tw\RKMgWV©ONZ�QS](}e`�ONK�
 Q_gWVWQS}!HJOUT!]ONZÊHPO�ONZWT³ÜÊHJ}­Ø7Q_gWß�}eKML�LUT!cSHJONQ_KMgW]�I<Tw\RKMgWV
Rc

HRL�T(KJÝ.H°VWQ�
ÃTeLUTeg�O)gÊHPON`WLUTiONZÊHJg,ONZWKR]UTÝ5KRL�]U×ÁHRc_cSTeL¶VWQS]ªO­HRgW}eT!]!��Ö ZWTegÄ}!KR×�ÜÊHRLUTeV#ONK¬}!KRLULUTe]UÜFKMgWVWQ_gWß�Ý5T�HPON`WLUTe]�KRÝ¼KMLUVWQ_gÊHJL�\
cSQ_^7`WQ_V,QSg � Q_ßW� rRv ONZWT�}eKMgMONLNHJ]�OkQS]�]�ONLUQSØ�QSgWß v HJgWVzLUTexRT�HJc_]pONZÊHPO�ÙoHPONTeLkZÊHJ]�xMTeL�\zVWQS]ªÛONQ_gW}eO�Ý5T!HJON`WL�T!]�Tw�7ONT!gWVWQ_gWß@×¬`W}­Z¤Ý5`WL�ONZWTeL¬OUZÊHRgmQS×�×ÁTeVWQ|HPONT°gWT!Q_ßMZ�I<KR`WLUZWK7K1V®KJÝ)H
]UQ_gWßMc_T�×�KMc_T!}e`WcSTJ� � QSßW�  Ä]UZWK�Ù�]�ONZÊHJO�]UQS×�QSc|HJLp]�ONLU`W}eOU`WLNHRc[Ý5T�HPON`WLUTe]�K1}e}!`WL�HJcS]UK,Ý5KRLONZWT�K��7\1ßRT!g1Û�ZM\1VWLUKRßMTegzh��(ê u HJgWV¬ONZWToZ�\7VWLUKRßMTeg1Û�Z�\1V�LUKMßRTeg�h3êpê u }!KRLULUTec|HPONQSKRgW]!� ��gÜÊHJL�ONQS}e`Wc|HJL v ONZWTÁVWQ_×ÁQ_g7`�ONQ_KMg�KJÝ�ONZWT�]ªONLU`W}eON`WL�T v HJcS×�KR]�O(c_QSØJTÁHÄLNHJgWVWKR×�gWKRQ_]UT°IFTwÛ

{
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ZÊH�x7QSKR`WL�KRÝ.ONZWTe]UT³Ý5`WgW}wONQSKRgW]�]UT!Te×Á]�ONK°]UTeOUONc_T³LNHPONZWTeLpHPO

R
′

c ≥ 12
"¬v Ù�ZWQS}­ZÀQS]�KRgWT×ÁKRc_T!}!`�c|HJL�c|H�\RT!L)IFTe\RKRgWV�ONZÊHPO)Ý5KRL

gOO(r)
v HJ]p}!HJg�IFT�KRIW]UT!L�xRTeV�Ý5LUKR× ONZWT

r2h(r)VWQS]�ÜWc|H�\7]!�
� QSßW� � HJgWV � QSßW�  (HJLUT�ONZWT�ÜWLUQSgW}eQSÜÊHJc�LUT!]�`Wc_OYKRÝFONZWQS]�LUTeÜ<KRL�O��.Ö©T�Ù�Q_]UZ�ONK(T!×�ÜWZÊHPÛ]UQ�-!T�ONZÊHPOYONZWT( (]�Q_ONT�Û�]UQyONT�VWQS]�OULUQSIW`�ONQ_KMg¬Ý5`WgW}wONQSKRgW]�ÜWLUK�x1Q_VWT�QSgWVWQSL�T!}wONc_\¬H³VWTe]U}!LUQ_Ü�ONQSKRg

KJÝiONZWT�HJgWßM`�c|HJL°}eKML�LUT!cSHJONQ_KMgW]�HJ]�Ù¶T!cSc v ]UQ_gW}!T,ONZWTe]UT�HRLUTÀTe×�IFTeVWVWT!V Q_gW]UQSVWTÄONZWTe]UT]UQyONTwÛ�]UQ_ONTÄÝº`WgW}eONQ_KMgW]�Ý5LUKR×	ONZWT!Q_L�]�ONHJONQ_]�ONQS}!HJcoVWTeÞÊgWQyONQSKRgà�¦ã � q1K v OUZWTÀÝ5HR}wO�ONZÊHPO�ONZWTÝ5T!HJON`WL�T!]�LUTeÜ<KRL�ONTeV©ZWT!L�TÁ]UZWK�Ù `WÜ®Q_g©HJcSc.ONZWLUTeT�]UQyONTwÛ�]UQ_OUT°Ý5`WgW}wONQSKRgáQ_gWVWQS}!HJONTe]iONZÊHPOKRLUQSTeg�O­HPONQSKRgÊHJc�}!KRgMONLUQSIW`�ONQ_KRgW]kÜWcSH�\zHRg�QS×�Ü<KRL�O­HJg�O)LUKRcSTJ�ka�ZWT¬VWTeO­HJQSc_]pKJÝ[]�ONLU`W}wON`WLUT]UZWK�Ù�g�ZWT!LUT(QS])H°xRTeL�\,QSgMONLUQSßR`WQSgWß�LUTe]U`Wc_O v HRgWV,ONK�KM`WL�Ø�gWK�Ù�cSTeVWßMT(ZÊHR])gWTwxRT!L)I<TeT!gLUTeÜ<KRL�ONTeV�IFTeÝ5KRLUTJ��a�ZWT�KRIW]UT!L�xPHJONQ_KMgzKJÝ�ONZWQS]�]�ONLU`W}wON`WLUT¬VWT!×ÁHJgWVW]pcSHJLUßMT³n ]UQS×¬`Wc|HµÛ
ONQ_KMgW]!�[q7QS×ÁQ_c|HJL�]�ON`WVWQSTe]YÝ5KRL¶VWQ�
<T!LUTeg�O�×�K1VWTecS]YHRgWV#VWQ�
<T!LUTeg�O�]ª\1]�ONTe× ]UQ�-!Te] v LNHJgWßRQSgWßÝ5LUKR× n1$ &RsJ{ ONK°n1$ r�t �M�JsWv ßRQ_xRTiONZWTi]NHJ×ÁT(LUTe]U`Wc_OU] v HJ]�]UZWK�Ù�gÀQSg � QSßW� { �.Ö©T(gWKJONTHJß�HJQ_g#ONZÊHJO�Q_gW}!LUT!HJ]UQSgWß�ONZWT³]�\7]�ONT!× ]�Q.-!T³HRgWVÄONL�`WgW}�HPONQSgWß�ONZWT³Q_g�ONTeLNHJ}eONQ_KMg,HPO�ZÊHJc_Ý|ÛIFK��°]UQ.-eT�LUT!×�K�xMT)HJcSc1VWKM`WI�OU][ONZÊHPO[]U`W}­ZÁÝ5T�HPON`WLUTe]�}!KR`WcSV�HRL�QS]UToÝ5LUKR× HJgÁHJL�ONQyÝ3HR}wO�VW`WT
ONK¬}!KR×�ÜW`�O­HJOUQSKRgÊHRcÊÜWLUK7}!TeVW`WLUT!]!��Ö©TiHJcS]UK�gWKJONT)ONZÊHPO�ONZWTpa �ªX�gÄ×ÁK1VWTecS] v Ù�ZWQSc_T)VWQ_Ý|ÛÝ5TeLUQSgWß¬]Uc_QSßRZ�ONcy\ÁHPO�ÞÊLU]�O�HRgWVÅ]UT!}eKMgWV,]UZWTecSc v ßRQ_xRTp]�ONLUQ_Ø7QSgWßRc_\°]UQ_×ÁQ_c|HJL[LUTe]U`Wc_ON]�I<Tw\RKMgWVONZWTe]UTÄO�Ù¶K@]UZWTecScS]!�@a�ZWQ_]�Q_gWVWQS}!HJOUT!]�ONZÊHPO�ONZWT#ONTeOULNHRZWTeVWLNHJc�]�ONLU`W}wON`WLUTÄKJÝpHRc_cYONZWTe]UT
×ÁK7VWT!c_][Q_]Y×�KMLUT�Q_×ÁÜFKRL�O­HJg�O�ONZÊHJg�ONZWT)]U×ÅHJc_c�VWTeO­HJQSc_]�I�\�Ù�ZWQS}­ZÁONZWTe]UT�xJHRL�QSKR`W]�Ý5KRLU}eTÞÊTecSVW]�×�QSßRZ�OàVWQ�
<T!L!��é }ecSKR]UT!LàcSK1KRØpHJO¼ONZWTYgWKRQS]�\k]�ONLU`W}wON`WLUTYI<Tw\RKMgWV�ONZWT@ RX¶q(LUTwxRT�HJcS]
]UKR×ÁTÁLUT!×�gÊHRgMO¬]U`WIW]�ONLU`W}wON`WLUTÅONZÊHPO¬VWTeÜ<TegWVW]¬KMg¤×�K1VWT!c_]�HJgWV¤]UQS×¬`WcSHJONQ_KMg@}!KRgWVWQyÛ
ONQ_KMgW]!�³a�ZWT�a �ªX�gÊX ×�K1VWT!c.]UQ_×¬`Wc|HPONQSKRgW]�Ý5KRLin1$ �JtR{'& ]UZWK�Ù ONZWQS]k]�ONLU`W}wON`WLUT�×�KRLUTÜWLUKRgWKR`WgW}!TeV°ONZÊHPO.ONZWTo}eKML�LUT!]UÜFKRgWVWQSgWß(q�X¶f�� �©×ÁK7VWT!c1]�QS×¬`Wc|HPONQSKRgW]!�¼êpK�Ù�TexRTeL v OUZWQS]]U×ÁHRc_cSTeLk]�ONLU`�}eON`WLUT°VWT!ÜFT!g�VW]�HRc_]UKÄKRg@ONZWT�]�\1]ªONT!×�]UQ.-eT v HRgWV@QS]k×ÁKRLUT¬ÜWLUKRgWKM`WgW}eT!VÝ5KRL�]U×ÁHRc_cST!L(n%$ �MsJ{ q�X¶f�� � ]�\7]�ONT!×�ONZÊHJg©Ý5KMLiONZWT#n1$ r�t �M�Js ]NHR×�TÁ]�\7]�ONTe×�VWQS]ªÛÜWc|H!\MTeVáQ_g � QSßW� � �³l)Te]UKRc_x1Q_gWßÅONZWT�QS]U]�`WT°KJÝYOUZWQS]i]�×ÅHJcSc_T!Lp]�ONLU`W}eOU`WLUT°Ù¶KM`Wc_V@LUTe^7`WQ_LUTTw�1}!Te]U]UQ_xRTec_\,HJ}e}!`WLNHPONTi]�QS×¬`Wc|HPONQSKRgW][KMgÅxRTeL�\#cSHRLUßRTp]�\1]�ONTe×Á]!�[a�ZWTk×ÅHJQSgÁÜ<KRQSgMO¶ONZÊHPOÙ�TÅLUTeO­HJQSg¤ZWTeLUTÅQ_]�ONZÊHJO�ONZ�T � �,������� �,�ÅKJÝ�ONZWTÅKR]U}eQScScSHPONQSKRgW](VWLUKRÜW]�HJIWLU`WÜ�ONc_\áHJÝ|ONT!L
ONZWT� RX¶q v Ù�ZWQS}­ZÀQS])H�IFTeZÊH�x1Q_KM`WL�xRT!Lª\zV�Q�
<T!LUTeg�O)Ý5LUKR× ONZÊHPO)KRÝ�HJgzKRLUVWQSgÊHJL�\#c_QS^7`�QSVh � QSßW� rµu �éoOpONZWQS])]�O­HJßRT v HÁ}eKM×�ÜÊHJLUQS]UKRgÀÙ�Q_ONZzTw�1Ü<TeLUQS×�T!gMON]kQ_]kQ_g�KRLUVWTeL!�)a�ZWQS]pQS])]UZWK�Ù�gQSg � Q_ßÊ� �1v Ù�Q_OUZ©]U}�HPOUONTeLUQSgWßzVÊHPO­HÀÝºLUKM× O�Ù¶K�L�TeÝ5TeLUT!gW}eT!] v l�TeÝ�� � HJgWV¤l)TwÝª� v � HJgWV®Q_OLUTwxMT!HJcS]�O�Ù�K�ONZWQSgWßR]!� � Q_LU]�ONc_\ v ONZWT  RX¶q¤QS]�HJcS]UK�LUT!ÜWLUK7VW`W}!TeV IM\¤ONZWT#O�Ù¶K©]UTwON]�KJÝTw�1ÜFT!LUQ_×ÁT!gMON]!� q1T!}eKRgWVWc_\ v ZWK�Ù¶TexRT!L v }!`WLUL�T!g�OUc_\ H�xJHJQSc|HJIWc_T#Tw�1Ü<TeLUQS×�T!gMO­HRc�VÊHPO­H@V�KgWKJOÁT��1ONTegWV Ý3HJL�T!gWKR`WßRZ ONK©HRc_cSK�Ù H@ÜWLUKRÜFT!L°Tex7QSVWT!gW}eT,Ý5KRL�ONZWT,]�OULUKMgWßáVÊHR×�ÜWQSgWßKJÝ)}!KRLULUT!cSHPONQSKRgW]�IFTe\RKMg�V

Rc

��a�ZWKR]UTÄTw�7ONLNHJ}eONTeVÚÝ5L�KM×�l)TwÝ � ]UZWK�Ù }!cST!HJLUc_\áONZWTB PÛ
ÜFT�HJØ7]¬]�ONLU`W}wON`WLUT v KMgmHJcSc�ONZWLUTeT#ÜÊHJgWT!c_] v IW`�O�ONZWT#VÊHPO­HÀVWK1Te]�gWKRO¬T��1ONTegWVmI<Tw\RKMgWV
r = 10

" ��épg HJVWVWQyONQSKRgÊHJc[ÜWLUKRIWcSTe× }eKMg�}!T!L�gWQSgWß�OUZWQS]�c|HJ]�O�Ý5T!HPON`WLUTÄHJLUQS]UTe]!�@q1QSgW}eTONZWT�l(� � QS]�T��1ONLNHJ}wONT!VzÝ5LUKR× ONZWT³]U}!HPOUONT!LUQ_gWßÁVÊHPO­H�ONZWLUKM`�ßMZ,ONZWT�KRI�ONTeg�ONQ_KMgÀKJÝ.ONZWT]�ONLU`W}wON`WLUTÁÝ5HR}wONKRL v Q_O³QSg�xRKRc_xRTe]�]UTexRT!LUHRc¶g7`W×ÁTeLUQS}!HJc[KRÜFT!LNHPONQSKRgW] v HRgWV®Q_g©ÜÊHJL�ONQS}e`Wc|HJLHÄxRT!L�\©HR}e}!`WLNHPONT°T!]�ONQ_×ÅHPONT°KRÝYONZWTÁKJÝ¶ONZWT�LUT!ßRQ_KMg@KRÝoØRÛ xMTe}eOUKMLU]�IFTwO�Ù�TeT!g®ONZWT°ÞÊLU]�O
�
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ÜFT�HJØ@HJgWV©Ø $ t QS]iLUT!^�`WQSLUTeV v Q_gáKRLUVWT!LkONK,ßMTwO�HJgá`WgÊHJ×¬IWQSßR`WKM`W]icSKRgWßÄLNHJgWßRT°ÜÊHJL�OKJÝ.ONZWT�l(� � �Fq1Q_gW}!T³ONZWT(}!KRLULUT!]UÜFKRgWVWQSgWß�LNHJVWQ|HJc¼VWQS]ªONLUQSIW`�ONQ_KMgÅÝ5`WgW}eONQ_KMg�] v ]UZWK�Ù�g�QSgxRT!L�\á×ÅHJg�\�ÜW`WIWcSQ_}�HPONQSKRgW] v HJLUTÁHJc_Ù�H�\1]�]UZWK�Ù�g¤ÝºKML

r < 10
"¬v KMg�T�×ÁH�\áHJ]UØ�Ù�ZÊHPOQS](ONZWT#HJ}!}e`WLNHR}w\©KJÝ�ONZWTÁT!]�ONQ_×ÅHPONT°I<Tw\MKRgWV®ONZWQ_]�LNHJgWßMTJ� �iZWKMÜFT�ONZWHJO�ONZWQ_]³LUTeÜ<KRL�O]�ONQ_×�`�c|HPONT!]�×�KML�TYHJ}!}e`WLNHPONT�HJgWV�VWTeO­HJQ_cST!V(ÜWQS}wON`WLUT¶KJÝ�ONZWTY}!KRLULUT!cSHPONQSKRgW]¼IFTe\RKRgWV

10
" �q1QS×�QScSHRLpLUTe×ÅHJLUØ7]�Te^7`ÊHJcScy\@ZWKRcSV�]³Ý5KML(^7`ÊHJg�ON`W×�]UQS×¬`WcSHJONQ_KRgW]iKJÝoÙoHPONT!L v Ý5KRL(Ù�ZWQS}­ZONZWT�]U×ÅHJcSc�IFK��á]UQ�-!Te] v Q_×ÁÜFKM]UTeVáIM\@ONZWT�]�ONT!TeÜ®}!KR×ÁÜW`�ONHJONQ_KMgWHRc�LUTe^7`WQSL�T!×ÁTeg�ON] v HJLUTgWKJO,c|HJLUßRT�TegWKM`�ßMZ ONKÚ]UTeT@ONZWT� RX¶q KJÝ�Ù�HJONTeL v HJgWV TexRT!g c_T!]U]#ONZWT@HRI�LU`WÜ�OÀT!gWVKJÝ�ONZWT(ÜÊHJ}­Ø7Q_gWß�]�OULU`W}eON`WLUTJ�[Ö®T(}eKMg â Te}eON`�LUT³ZWT!LUTiONZÊHPO�HR}e}!`WLNHPONT³T���ÜFT!L�QS×ÁTeg�ON]�HJgWV^7`WHRgMON`W× ]UQ_×�`WcSHPONQSKRgW]¼]UZWKR`WcSV�Te^7`ÊHJcScy\³]UZWK�ÙÚONZWQS]�Ü<Te}!`Wc_Q|HJL�]�ONLU`W}wON`WLUT v ÝºKML�ÜWZM\1]UQ_}�HJcLUT!HR]UKRgW]�ONZÊHPO�Ù�T�VWQ_]U}!`W]U]�Q_gÄONZWT³gWTw�7Op]UT!}wONQSKRgà�

é ÞÊLU]�O#Q_g�ONTeLUÜWLUTwO­HJOUQSKRg KJÝ(ONZWTe]UT�O�Ù�K®Ý5T!HPON`WLUT!]#}eKR`WcSV IFT�HR]�Ý5KRcScSK�Ù�]���Ù�HPONT!L×ÁKRc_T!}!`�cST!]�]�T!gW]UToONZWT¶ÜÊHR}­Ø�QSgWßkT 
<T!}wON]�KRgWcy\�K�xRT!L�H)}!KRLULUT!cSHJOUQSKRg�]UZWT!c_c1KJÝ  p×�KMc_T!}e`Wc|HJL
c|H!\MTeLU]!�1��Tw\MKRgWV�ONZWQS])]UZWT!c_c�ONZWT�IW`WcSØ#cSQS^�`WQSVÀQS])]UTegW]UT!VáHR])Q_Ý�QyOpÙ�HR]kHÅQ_VWT�HJc�×ÁTeVWQ|HÙ�Q_OUZWKM`�O¬ÜÊHJ}­Ø7Q_gWß�T!
ÃTe}eON]�Ù�ZÊHPON]UK7TexRT!L!��a�ZWQ_]�QS]�xRT!L�\©]U`WLUÜWLUQS]�QSgWß v ]UQSgW}eT#HJ×¬IWQSTeg�OÙoHPONTeL�QS]oxRT!L�\ÄV�T!gW]UT v Ù�Q_ONZ,LUTeVW`W}!TeVÀVWT!gW]UQyO�\ÄKJÝ

ρ∗ = 1
v HR]�}!HJgÀIFT³VWTeVW`W}!TeV,Ý5LUKR×ONZWTi×ÅHJ]U]�VWT!gW]UQyO�\

ρm ≈ 1kg/l
� � KRLo}eKM×�ÜÊHRL�QS]UKRg v ONZWTkONLUQSÜWc_TkÜFKRQSgMO�VWT!gW]UQyO�\ÅKRÝ.HJgKRLUVWQSgÊHJL�\°cSQ_^7`WQSV�QS]

ρ∗ = 0.8
��a�ZWTkcSKRgWß�LNHJgWßRTkIFT!ZÊH�x7QSKR`WL¶KRIW]UTeL�xRT!V,QSg � QSßW� r Ý5KRL¶HG�~Ác_QS^�`WQSV,`WgWVWTeLk]UQ_×ÁQ_c|HJL�}!KRgWVWQyONQSKRgW]�T!g�Ý5KRLU}eT!])ONZWT�ÜW` - -ecSQ_gWßÅIFT!ZÊH�x7QSKR`WL�KMIW]�T!L�xRT!VÝ5KRL.ÙoHPONT!L!�[q7QSgW}!TYONZWT!]UT�c_KRgWßiLNHJgWßRTo}!KRLULUTec|HPONQSKRgW]�]UT!Te×Á]�]U`WÜWÜWLUTe]U]UTeV v KRgWTo}!HRg�QSg�ÝºT!LONZÊHPO¬ONZWT#×ÁT!HJg®Ý5KMLU}eTÅÜFKJONT!gMONQ|HJc¶Q_g®ONZWQS]�LNHJgWßRTÅQS] -eT!LUK v HJgWVmOUZWT!LUTwÝ5KML�TÅONZÊHPO�ONZWTÜÊHJL�ONQS}ecSTe]�VWK�gWKJO�Q_g�ONTeLNHR}wO�Ù�Q_ONZ®ONZ�T!×Á]�T!c_xRTe]�QSg©ONZWQ_]�LNHJgWßMTJ� �igWTÅ]�`W]UÜ<Te}eON]�ONZÊHPO

ONZWQ_]�cSKRgWß�LNHJgWßMT ��QSVWT!HRc_Q_O�\ ��Q_]�KRgWc_\ÁHRÜWÜÊHJLUTeg�O v HRgWV#Q_O�ZWQ_VWT!]¶}�HJgW}!TecSQSg�ß�T!
ÃTe}eON] v IW`�OÙ�ZWQS}­Z �
)�* ) � ��= 69032 = ? 4<0��G0 H�� =�HG0 A =@? I�K�4 0M6
��gmKRLUVWTeL�ONK�Ü�LUK�x1Q_VWT#HÀ^7`ÊHJcSQyO­HJONQyxRT�T���ÜWcSHRgÊHPONQ_KMgáÝºKML³ONZWT�Ý5T�HPON`WLUTe]�KMI�]UT!L�xRT!V v Ù�T}!KRgW]UQ_VWT!LzHÚ}!KRLUTwÛ�]UKJÝºONTegWT!V ×ÁK1VWTec(KJÝ�ÙoHPONTeLÀOUZÊHJO,Ù¶T®ZÊH�xRT®]�ON`WVWQSTeV L�T!}eT!g�OUc_\<� ��åG¼Q_ØRT�×ÅHJg�\ ]U`W}­Z ×�K1VWT!c_]�Ý5KRLÁÙ�HJOUT!L v ã��3äeã æ ONZWT�QSVWT!H©I<TeZWQSgWV ]�`W}�Z ×ÁK1VWTecS]ÁQS]ÁONK×ÁQ_×ÁQ_}pONZWT(cSK�Ù }!K7KMLUV�QSgÊHPONQSKRg#g7`�×�IFT!L�KJÝ.ÙoHPONTeL)IM\ &%� � ��� ��� �%#ÁONZWT(`W]U`ÊHJc�g7`W×¬IFT!LKJÝ[ÞÊLU]ªO(gWTeQSßRZ7IFKM`�LiKJÝ¶HJg�KMLUVWQ_gÊHJL�\ÀcSQS^�`WQSVà�)a�ZWQ_]iQ_]k`W]U`WHRc_c_\ÀKRI�O­HRQ_gWT!V�I�\�HJVWVWQSgWß
Hm]UKRÝ|O,LUT!ÜW`Wc_]UQ_xRTá}eKRLUTR� ��g KR`WLÄ×ÁK1VWTec v ONZWQS]Ä}eKMLUT�QS]Ä×�K1VWTecST!V I�\ H �³HJ`W]U]UQ|HJgQSgMONT!LUHR}wONQSKRg�HJVWVWT!V³OUKkH�]UKJÝºO�]UÜWZWTeLUT
	Ê`WQ_V(Ù�Q_OUZ�H�LUT!ÜW`Wc_]UQ_xRT

1/r12
Q_g�ONTeLNHJ}eONQ_KMgà�¼a�ZWT

G�~°HJOUOULNHR}wONQ_xRTkQSg�OUT!LNHJ}eONQ_KMg#QS]oQSgMONT!gMONQSKRgÊHJcScy\�LUTe×ÁK�xRTeVÀOUK�Ý5K7}!`W]�]UKRcSTec_\ÁKMg#T!g�OULUKMÜWQ_}T 
<Te}eON])KJÝ.cSK1}!HJcàKRLUß�HJgWQ�-�HPONQSKRgà�.a�ZWT³Q_g�ONTeLNHJ}eONQ_KMgÄ`W]�T!VzZWT!LUT(QS]
v(r) = 4ε(σW/r)12 + εG exp(−αG(r − rG)

2
h r�u

Ù�Q_OUZ
εG/ε = 30

v
αG = 3.7/σ2

W

HJgWV
rG = 0.85σW

�iq1`W}­ZáHÅ×�K1VWTec�QS]p×ÁT!HRgMOkONK
×ÁQ_×ÁQ_}¶ONZWT�O�Ù¶K�VWQS]�O­HJgW}eT!][ONZÊHJOYHJLUT�ÜWLUT!]UTeg�O�QSg°LUT�HJcWÙoHPONT!L v gÊHJ×ÁTec_\�ONZWT�×�KMc_T!}e`Wc|HJL

s
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VWQ|HJ×�TeONTeL

σW

HJgWV@ONZWT�]UZWKRL�ONT!LiZ�\1V�LUKMßRTeg©I<KRgWVWQ_gWßÄVWQS]�O­HJgW}!T
≈ 2.5

" �àê)K�Ù�TwxMTeL vQSgzONZWT�ÜWLUT!]�T!g�O(×ÁK7VWT!c v OUZWT!]UT � VWQ_]�O­HRg�}!T!](HRL�T�Q_g�xRTeL�ONT!V	�)ONZWT#�³HJ`W]U]UQSHRg�VWQS]�ONHRgW}eTÙ�KR`Wc_VÚ}eKML�LUT!]UÜFKRgWVÚONK�ONZWTÅÙ�HJONTeL¬VWQ|HJ×ÁTwONT!L v HJgWV¤ONZWTÄQ_gWgWT!L�}eKMLUT#Ù¶KR`WcSVmI<TÁONZWTê�Û�IFKRgWVWQSgWß¬VWQ_]�O­HRg�}!TR� �pT!]UÜ�Q_ONTiONZ�QS]�HJÜWÜÊHJLUT!gMO�}�H�xRT�HPO v ONZWQS]�×�K1VWTecÃZÊHJ]o]U`WLUÜWLUQ_]UQSgWß]�ONLU`W}wON`WLNHJc)HRgÊHJc_KMßRQSTe]�Ù�Q_ONZÚÙoHPONT!L!�Úa�Z�TzLUTe]U`Wc_OUQSgWßál(� � QS]�]UZWK�Ù�g QSg � Q_ßW� �1v QSgHJVWVWQ_ONQ_KMgÄONK°ONZWT�l(� � KJÝ.ONZWT
1/r12

]UKRÝ|Op}eKRLUT�HJcSKRgWT³]UZWK�Ù�gzQSgÀVÊHJ]UZWT!VzcSQ_gWTR�@��KJONZl(� � HRL�T³KMI1O­HRQ_gWT!VÄÝ5LUKR× HRgzn��ia dÀKMgMONT¬foHJLUcSK�]UQS×¬`WcSHJONQ_KMgÁÙ�Q_ONZÀn1$ {MtMtRt ÜÊHRLªÛONQ_}!cSTe]!� ��å Ö ZWT!LUT!HJ]³ONZWT�l(� � KRÝYONZWT�]UKRÝ|O�Û�]�ÜWZWT!LUT 	Ê`WQSV@]UZWK�Ù�]�HÄ}!KRgW}eT!gMONLUQS}°]UZWT!c_cÜÊHJ}­Ø7QSg�ß�O�\1ÜWQS}!HJc¶KJÝ�]UQS×�ÜWcST°cSQ_^7`WQSV v ONZÊHPO�Tw�7ONT!gWVW]¬xRT!L�\áÝ3HRL v ONZWT#HJVWVWQ_OUQSKRg©KRÝ�ONZWTVWTeÜWcSTeOUQSgWß �³HJ`W]U]UQ|HJgáQ_g�ONTeLNHR}wONQSKRg©Q_](]UTeT!g®ONKÀZÊH�xRTÁO�Ù�KzT 
<T!}wON]!� � Q_LU]�ONc_\ v IFTe}�HJ`W]UTÙ�T�ZÊH�xRT�HJVWVWT!V@HÅ]U`WÜWÜWcSTe×ÁTeg�O­HJL�\zLUTeÜW`WcS]UQ_KMg v Ù¶T�Ù¶KM`Wc_V�T���ÜFT!}wOiONZ�T�KR]U}eQScScSHPONQSKRgW]QSg�ONZWT�}!KRLULUT!cSHJOUQSKRg�Ý5`WgW}eONQ_KRg¬ONKk×ÁK�xRT�H�Ù�H�\�Ý5LUKR× ONZWTo×ÁHRQ_g�ÜFT�HJØ�QSgW]�ONT!HJV�KJÝE}!c_KR]UT!L
ONKÅQyOoÛ�HR]�QyOpQ_]�KMIW]�T!L�xRT!V�ZWT!LUTJ�oa�ZWQ_]�Ý5T�HPON`WLUT�Q_gWVWQS}!HJONTe]�ONZÊHPOkH°]UÜFT!}eQ_ÞÊ}�]�ONLU`W}wON`WLNHJc
LUTeKMLUßMHJgWQS]NHPONQ_KMg�ZÊHR]�K7}!}e`WLULUT!V v Ù�ZWQS}­Z®]UTeT!×�]³ONK,IWLUQSgWßÀÜÊHJL�ONQ_}!cSTe](}ecSKR]UT!LiONZÊHRgáTw�7ÛÜFT!}wONT!V v HJ]�H�LUT!]U`WcyO�KRÝ)ONZWTÄ}eKM×�Ü<TwONQ_ONQ_KRgmIFTwO�Ù�TeT!g ONZWTÄVWTegW]UTzÜWHR}­Ø�QSgWß©HJgWVmONZWTHJVWVWQ_ONQ_KMgÊHJc�LUTeÜW`WcS]UQ_KMgà� q1Te}!KRgWVWc_\ v ONZWT�}!KRLULUT!cSHPONQSKRgW]ÁIFTe\RKRgWV

3σW

HJLUT�]�ONLUKRgWßMcy\VÊHJ×ÁÜFT!V v Ù�ZWQS}­Z¤HJÜWÜ<T!HJLU]³ONZWT!g©OUK�IFT�ONZWTÁLUTe]U`Wc_O�KJÝ�ONZWQ_]³TegWZÊHRgW}eT!V¤]UZWKRL�O�LNHJgWßRT]�ONLU`W}wON`WLUTJ�¶a�ZWT(LUT!]U`WcyONQSgWß�}!KRLULUTec|HPONQSKRgÅÝ5`Wg�}eONQSKRg,Q_]o}!cST!HJLUc_\#]�T!TegÀONK°IFTixRT!L�\,×¬`W}­Z
ÙoHPONTeLªÛ�cSQSØJT v Ù�Q_ONZ¤ONZWT#O�Ù�K@Ý5T!HPON`WLUT!]�LUTeÜ<KRL�ONTeV HJIFK�xMTJ�®a�ZWTÄVWQ_×ÁQ_g7`�ONQ_KMgW]³KRÝ)}eKMLªÛLUTec|HPONQSKRgW])I<Tw\RKMgWV

3σW

Q_]kgWKJO(HR]pÜWLUKRgWKM`Wg�}!T!VáHR]pÝ5KRLpÙ�HJOUT!L!�(npTwxRT!L�ONZWTecSTe]U] v Q_OkQS]]�ONLUQ_Ø7Q_gWßiONZÊHPO¶HJg � ' � �  "��� � +oQSgMONT!LNHJ}wONQSKRg°×�K1VWTec�]UZWKR`WcSV°}�HJÜ�ON`WLUT�×�KM]�O�KJÝ<OUZWT�Ù�HPONT!L]�ONLU`W}wON`WLUTJ�(a�ZWT¬LUTeKML�ß�HJgWQ.-!HPONQSKRgÀQSgWVW`W}eT!V@IM\ÀONZWT#�³HR`W]�]UQ|HJg�L�T!ÜW`Wc_]UQSKRg�Q_]pONZWTeg�ONK
T!g�ZÊHRgW}eT�}eKRLULUT!cSHJOUQSKRgW]�HPO�]UZWKMLªOÁLNHJgWßRT v HRL�KM`WgWV Há]UZWTecSc�KJÝkLNHJVWQ_Q

3σW

v HJgWV ONZWTVÊHJ×ÁÜWQ_gWß�KJÝ�}!KRLULUTec|HPONQSKRgÄIFTe\RKRgWV�]�T!T!×�]�ONZWT�LUT!]�`Wc_O)KJÝ�OUZWQS]�cSK7}�HJcà}eKMgW]�OULUQS}wONQSKRgà� ��OONZWTeLUTeÝ5KRLUT³Q_gWVWQS}!HJOUT!]oONZÊHPO�}!KRLULUTec|HPONQSKRgÄIFTe\RKRgWV
3σW

HRL�T(VÊHJ×ÁÜFT!VÀHJ]oONZWT³LUTe]U`Wc_O�KJÝcSKRgWß°LNHJgWßMTi}!KR×ÁÜFTeONQ_gWß�T 
<T!}wON]!�
a�ZWQ_]p]�ON`�V�\,]UZWK�Ù�]kONZÊHPOpH°]UQS×ÁÜWc_T(O�Ù�KPÛ�}eKRLUT�×ÁK7VWT!c¼Q_])HRIWc_T(ONKÁL�T!ÜWLUK7VW`W}!T�Ý5T!HPÛON`WLUTe]�]UQS×�QSc|HJL�ONK°L�T�HJcÃÙ�HJONTeL v Ù�QyONZWQSgÅOUZWT(]�O­HPONQS]�OUQS}�HJcFKMI�]UT!L�xJHJIWcSTkKJÝ�ONZWT(]�ONL�`W}eON`WLUT vgÊHJ×ÁTec_\mONZWT�LNHRVWQSHRc�V�QS]�ONLUQ_IW`�ONQSKRg Ýº`WgW}eONQ_KMgà� ��Te\RKRgWV ONZWT�HRÜWÜWHRLUTeg�OÁÝ5LU`W]�ONLNHPONQSgWß]UQ_×ÁÜWcSQ_}!QyO�\°KJÝ�ONZWT(×�K1VWT!c v Q_O�LUTwxRT�HJcS]oONZWTk`WgWVWT!LUcy\1Q_gWß�ÝºT�HPON`WLUT!]oOUZÊHJO�×ÁH�\ÅZWTecSÜÄ`Wg1ÛVWTeLU]�O­HJgWV�ONZWT�]UÜFT!}eQ|HJcW]�ONLU`W}wON`WLUT�KJÝÃLUT!HJc�ÙoHPONT!L v gÊHJ×ÁTec_\�ONZWT�ÜWLUTe]UT!gW}eT)KRÝ � }eKMgMO­HJ}eOVWQS]ªO­HRgW}eT!]!�

)�*�� � ���%8G0��G: 03= ?B2 = AF8�4<0 2
Ö ZÊHPOoZÊHJÜWÜFT!gW]�ONK�ONZWQ_]¶LUTe×ÅHJLUØPHJIWcST)]�ONLU`W}wON`WLUTpÙ�ZWT!g#Ù�HJONTeL�QS]Y×ÁQ���TeVÁÙ�Q_ONZÅHRgÅKMLªÛ
ßMHRgWQ_}o]UKRcS`�ONT � ��g � Q_ßW� s ONZWT�ÙoHPONT!L�Û�Ù�HJONTeL¶l(� � KRI�O­HJQSgWTeV�Ý5LUKR× ]UQ_×¬`Wc|HPONQSKRgW].l(� � ]QS]°]UZWK�Ù�g Ý5KML¬ONZWLUTeT,IWQSgÊHJL�\ÚHJ^7`WTeKM`W]�×ÁQ��1ON`WLUTe] v Ý5KRL°c_K�Ù�h �Jt���u HJgWV Te^7`WQ_×ÁKRc|HJLh �Jt���u ]UKRcS`�ONTi}!KRg�ONTeg�ON]!�a�ZWTk]UKMc_`�ONT!]oHRLUTiHJ}!TeOUKMgWT°h��(X[G�qÅ×ÁK7VWT!c � è uwv ×ÁTwONZÊHRg�KMc�h��(X[G�qÅ×ÁK7VWT!c � æ�u HJgWVÝ5KRLU×ÅHJ×�QSVWTÀh f�KML�VWT!Q_LUKz×�K1VWTec5ã æ uwv Ù�ZWQ_}�Z®}eK�xRT!L�O�\1ÜWQ_}�HJcYÜFKRc|HJL(]UKRcS`�ONTe]³Ù�Q_ONZáxMTeL�\

�
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VWQ�
<TeLUT!gMOkZM\1VWLUKRßRT!gzIFKMgWVWQ_gWßÁHJIWQ_cSQ_O�\ÁONK°ÙoHPONT!Le��é�}eTeONKRgWT�QS])HJgzê�Û�IFKMgWVzHJ}!}eT!Ü�ONKRL
Ù�Q_OUZÅH³c|HJLUßRT�Z�\7VWLUKRÜWZWKMIWQ_}�ßMLUKR`WÜ�KRÝ<O�Ù¶K�×ÁTwONZ�\7cFßRLUKR`WÜW] v ×ÁTwONZÊHRg�KMcWQ_][ONZWT)]U×ÁHRc_cyÛT!]ªO¶HJcS}eKMZ�KMcWHJgWV°HJ×ÁÜWZWQSÜ�ZWQScSQ_}Y×�KMc_T!}e`WcST v Ù�Q_ONZ�IFKRONZ�VWKRgWKRLYHJgWV°HR}e}!TeÜ�ONKRLYHJIWQSc_Q_ONQ_T!] vHJgWV®Ý5KRLU×ÅHJ×ÁQ_VWT°Q_]�H,O�\7ÜWQS}�HJcYÜ<KRc|HJL³]UKRc_xRTeg�O�Ù�Q_OUZ®gWK�ZM\1VWLUKRÜWZWKRIWQS}ÁßMLUKR`WÜW]!�Äékc_cONZWLUTeTÅ]UKRcS`�ONT°×ÁQ��@Ù�QyONZáÙoHPONTeL�QSg®HJcSc�ÜWLUKRÜ<KRL�ONQ_KMgW]e�B�pQ�
<T!LUTeg�O�Ù�HJOUT!L�×ÁK7VWT!c_]³HJLUT
`W]UTeV v ONKÀ]UZWK�Ù ONZWT�`WgWQ_xRT!LU]UHRc_Q_O�\@KJÝ�ONZWT°Ý5T�HPON`WLUTe]!�#a�ZWTÁa �ªX { X ×ÁK7VWT!c�QS]³×�Qy�1T!VÙ�Q_OUZáHJ}!TwONKMgWT v HJgWV�ONZWT°q�X¶f�� � ÙoHPONT!Li×ÁK1VWTec�QS]p×ÁQ���TeV�Ù�Q_OUZ�ONZWT¬O�Ù¶KÄKJONZWT!Lk]UKJÛcS`�OUT!]!�za�ZWTÁ]�ONLU`W}eON`�LNHRc¶LUT!]U`WcyON]�VWT!ÜFT!gWVmKRg®ONZWTÅ}­ZWKRQS}eT!]�Ý5KRL�VWQ�
<TeLUT!gMO¬×ÁK1VWTecS]�KJÝ]UKRcS`�ONT�KRL�ÙoHPONT!L�Ý5KRLU}!T�ÞÊT!c_VW] v HJ][ÙoHJ][QScSc_`W]�ONLNHPONT!V�Q_g�l�TeÝ�� v � � IW`�O[ONZWT�×ÅHJQSg�Ý5T!HPON`WLUT!]ONZÊHPOYÙ¶TpÙ�HRgMO¶ONK³ÝºK1}!`W]YKMg�ZWT!L�T!QSgÁHJLUT)Q_g�xJHJLUQSHRgMO��.épcScÊ]UQ_×�`WcSHJOUQSKRg¬ZÊH�xMTpIFT!TegÅVWKRgWT
Ù�Q_OUZ�n1$ �JtR{'& ÜÊHJL�ONQ_}!c_T!]�Ù�Q_ONZz}eKMgWVWQyONQSKRgW]�]UQS×�QScSHRL�OUKÁONZWT�gWT�HPO)ÙoHPONTeL!�)a�ZWT�×ÁKR]�O]�ONLUQ_Ø7Q_gWßzÝ5T!HPON`WLUTÅQ_g � Q_ßÊ� � QS]³ONZÊHPO�ONZWT� MXYq©KRÝoÙ�HPONT!L¬QS]�ÜWL�T!]UTeL�xRT!VmÝ5KML�HRc_c[ONZWTe]UTONZWLUTeTp×�Qy�7ON`WLUT!][HJgWV°ÝºKML�ONZWT�VWQ�
<T!L�T!g�OY]UKRcS`�ONT�}eKRgW}!T!gMONLNHPONQSKRgW]!��a�ZWTeLUT)QS]�]UKM×�T�cSKR]U]
KJÝYONZWT# RX¶qzQSg�OUZWT�}!HJ]UT°KJÝ[ONZWT�T!^7`WQ_×ÁKRc|HJLpHJ^7`WT!KR`W]ªÛ Ý5KRLU×ÅHJ×�QSVWT�×�Qy�1ON`�LUT v Ù�ZWQS}­ZQS]YÜWLUT!]�`W×ÅHJIWc_\�VW`WT�ONK�Ý5KRLU×ÅHJ×ÁQ_VWTo×ÁKRcSTe}!`Wc_T!]�IFT!QSg�ß�HRIWc_T�ONK�×ÁQ��¬Ù�T!c_cÊÙ�Q_ONZÁÙ�HPONT!L
IFT!}!HR`W]UT¬KJÝ�ONZWT¬HJIW]UT!gW}eT°KJÝ�Z�\7VWLUKRÜWZWKMIWQ_}�ßML�KM`WÜW]kHJgWV/ µÛ Ý5KRcSVzê�Û�IFKRgWVWQSgWßÁHRIWQ_cSQ_O�\M�
�igWTz]UZWKR`WcSV ØRTeT!Ü QSg ×�QSgWVmONZÊHPO#HJcScoONZWTe]UTzLUT!]U`WcyON]ÅQ_g�xRKRc_xRTÀ×ÁK1VWTecS]!� ê)K�Ù�TwxMTeL vONZWT³]UQ_×ÁQ_c|HJLUQ_ONQ_T!][QSgWVWQ_}�HPONT!]�H¬Ý5T!HJON`WL�TiONZÊHPO�]UZWKR`WcSVÀIFT³H°ÜWL�KMÜFT!LªO�\ÄKJÝ�ONZWT³LUT!HJcà]�\1]�Û
ONTe×Á]!� a�Z�T�ÜFT!LU]UQ_]�ONTegW}!T�KRÝpONZWT  ©Ü<T!HJØ ]�ONL�`W}eON`WLUT�QSg ×ÁQy�7ON`WLUTe]ÁQSg�VWQS}�HPONTe]°ONZÊHPOÙoHPONTeL¶ÜWLUTe]UT!L�xRTe]oQ_ON]�cSK7}�HJcÊê�Û�IFKRgWVÁ]�ONLU`W}wON`WLUT v TwxRT!g#Q_g�ÜWLUTe]UT!gW}eTkKJÝ<c|HJLUßRT�HR×�KR`Wg�ON]KJÝk]�KMc_`�ONT!]!�Úa�ZWQ_]�]UTeT!×�]°OUKáQSgWVWQ_}�HPONT#ONZÊHPO�ÙoHPONT!L°×ÁKRcSTe}!`Wc_T!]¬Ý5KRLU× }!KRZWTeLUT!gMOÅc_KJÛ
}�HJc�]�ONLU`W}wON`WLUT°I<TwO�Ù¶T!TegáONZWT!×�]UT!cyxRT!] v ONZÊHPO³HJLUT°L�KMIW`W]�O³HJgWV@ÜFT!LU]UQ_]�ONT!gMO�TegWKM`WßRZ@ONK]U`WL�x7Q_xRT�QSg,ÜWL�T!]UTegW}!T�KJÝ�H°LUTec|HPONQ_xRTec_\ÁVWT!gW]UT�]UKRc_`�ONT³T!gMx1Q_LUKMg�×ÁT!gMO��
)�*�� � 4 6<81:;4<8(690 ? K : 4 = 6
G¼KRgWßÀLNHJgWßMT°}!KRLULUTec|HPONQSKRgW]³HJLUT°I<Te]�O�KRIW]UTeL�xMTeV¤QSg@OUZWTÁLUTe}!Q_ÜWLUK1}�HJc�]UÜÊHJ}!T v ONZ7`�]³ONZWT]�ONLU`W}wON`WLUToÝ3HJ}eOUKML�h q ��u QS]�HpØJTe\¬ÜFKMQ_g�O�QSg�ONZWT¶QSg�xRTe]�ONQSßMHPONQSKRgà� ��gWVWT!TeV v ONZWQS].^�`ÊHRgMONQ_O�\QS]¬KRI�O­HJQSgWTeV¤VWQSLUTe}eONcy\áÝ5LUKR× xJHJLUQSKR`W]�gWTe`�ONLUKRgÚKRL��)Û�LNH!\®]U}�HPOUONTeLUQSgWß�Tw�1Ü<TeLUQS×�T!g�OU]!�a�ZWTe]UT©}�HJg IFTá}!KR×�ÜÊHRLUTeV Ù�Q_ONZ OUZWT®q � ]Ä}�HJcS}e`Wc|HPONTeV Ý5LUKR× ONZWTálG� � KMI�O­HJQ_gWT!VQSg KM`WLÄ]UQ_×¬`Wc|HPONQSKRgW]!� a�ZWT©q � Q_]#]UQS×�ÜWc_\ÚONZWT � KR`WLUQSTeLÅONLNHJgW]�Ý5KRLU× KRÝ(ONZWTál(� �
S(k) =

´

d~r exp(i~k.~r)(g(r)− 1)
�

� QSLU]�OàKJÝWHJcSc v QSg(KMLUVWTeLàONK)ZÊH�xRT¶HJg�Q_VWT�H�KJÝ1Ù�ZÊHPO�ONK�Tw�1Ü<Te}eO v Ù�T[]UZWK�ÙmQSg � QSßW� � ONZWTq � ]iKJÝ�ONZWT¬}!KRLUTwÛ�]UKJÝºONTegWT!V�×ÁK1VWTec�]�ON`WVWQ_T!V�HRIFK�xRTR�ia�ZWT�]�ONLU`W}wON`WLNHJc�}­ZÊHJgWßRT!]pÝ5LUKR×ONZWT(q � KJÝ¼OUZWTi]UKJÝºO
1/r12

QSgMONT!LUHR}wONQSKRgÁONK�ONZWT(q � Ù�ZWT!g#ONZWT �³HJ`W]U]UQ|HJg#Q_g�ONTeLNHR}wONQSKRgQS]¶ON`WLUgWT!V,KRg v HRLUTpO�Ù¶KRÝºKMc_Và� � Q_LU]�O v ONZWT(ßRcSKRIÊHJcEKM]U}eQSc_c|HPONKRL�\�]�OULU`W}eON`WLUTiQS]o]UTeT!gÄONK�IFT]UZWQyÝºONT!V®KR`�O�ÙoHJLUV v Ù�ZWQS}­Z¤}eKMg�ÞÊLU×�]�HJß�HJQSg�ONZÊHPO�ONZWTÅLUTe]U`Wc_ONQ_gWßÀÜÊHR}­Ø�QSgWßz]�ONLU`W}wON`WLUTQS]Ä}eKRgW]�ONLUQS}wONT!V v HJ],KRIW]UT!LªxMTeV QSg � QSßW� � � q1T!}eKMgWV v ONZWT�ÞÊLU]�O,ÜFT�HJØ Q_]#IWLUKMHRVWTegWT!VHJgWV�]�ÜWcSQ_O)Q_gÀO�Ù�KW�oa�Z�QS])}�HJg�IFT�HJcS×�KM]ªO�}!KRgW]UQSVWTeLUT!V�HJ]kH�O�Ù¶KJÛ�ÜFT�HJØ,]�ONLU`W}wON`WLUT v HJ]Q_Ý.ONZWT³×ÅHJQSg,ÜFT�HJØ#ÙoHJ]p]UZWQ_ÝºONTeVzKM`�O�ÙoHJLUVW]kHRgWV�H�]�×ÅHJcScSTeL ��ÜWLUTwÛ�ÜFT�HJØ �iÝ5T�HPON`WLUT�ZÊHJV
T!×�T!L�ßMTeVà��ê)K�Ù�TexRTeL v ONZWToQSgMONT!LUÜ�LUTeO­HPONQSKRg�QSg�Ý5H�xMKR`WL�KJÝWONZWToÜWLUT�Û�ÜFT�HJØ³Q_].gWKRO�}eKML�LUT!}wO v

&
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IFT!}!HR`W]UT v HJ]¶Ù�HR]o]�ZWK�Ù�gÄQSg#l�TwÝ5] v å æ ��å è ONZWTeLUTiQ_]¶gWK¬VWQS]�OUQSgW}eO¶}!c_`W]�ONT!L¶]�ONLU`W}wON`WLUTkONZÊHPO}!KR`Wc_VÚIFT,HJ]U]UK1}eQ|HPONT!V¤Ù�QyONZm]U`W}­Z H�ÜWL�TwÛ�Ü<T!HJØ v QSgm}eKMgMONLNHJ]�O°OUK�Ù�ZÊHPO°Q_]¬KMIW]�T!L�xRT!VÝ5KRL)HRc_}!KRZWKRcS]!�[a�ZWT�]UÜWc_Q_O�ÜFT�HJØÄ]�ONLU`�}eON`WLUT�Q_]�ONZWT!g�H�VWQ_LUT!}wO�}!KRgW]UTe^7`WTegW}!T�KRÝ�H°VW`ÊHJc
]�ONLU`W}wON`WLNHJc[}eKRLULUT!cSHJONQ_KRgW]kKRIW]UTeL�xMTeV©QSg�ONZWT°l(� ��v gÊHR×�T!cy\�IFKJONZ�ONZWT# RX¶q�HRgWV�ONZWTcSKR]U]�KJÝ.}!KRLULUTec|HPONQSKRgW]�HPO�cSKRgWß�LNHRgWßRTJ�
l�TeON`WL�gWQSgWß�gWK�Ù ONKÁOUZWT�q � KJÝ�Ù�HJOUT!L v Ù¶T�ÜWc_KJOpQ_gzOUZWT�ONKMÜzÜÊHJgWT!c�KJÝ � QSßW� & ONZWT

�(� v �(ê HRg�V¤êkê ÜÊHJL�ONQ|HJcYq � ]³ÝºKMLiONZWT#q�XYf���� ×ÁK1V�T!c v ONKRßMTwONZWT!L(Ù�Q_ONZáONZWT �(�
Tw�1ÜFT!LUQ_×ÁT!gMO­HJc¼q ��v HR]�×ÁT�HJ]U`WLUTeVÄI�\ �pÛ�LNH�\�VWQ�
<LNHJ}eONQ_KMgÃ� � a�ZWTkO�Ù�K�}!KR×ÁÜÊHJLUTp^7`WQyONTÙ�TecSc�HJgWVzVWT!]UÜ�Q_ONT�]UKR×ÁT�×�QSgWKRL�ßRcSQ_OU}�ZWTe] v ONZ�T�ÜWLUQSgW}eQSÜÊHJcàÝ5T!HJON`�LUT!]pHJLUT�LUT!ÜWLUK7VW`W}!TeVà�
�kONZWTeL¶ÙoHPONTeL¶Ý5KRLU}!T�ÞÊTecSVÅ×�K1VWTecS][}!KR×ÁÜÊHJLUT�T!^�`ÊHRc_c_\�Ù�TecScFHJgWVÄHJLUTpg�KRO¶]UZWK�Ù�gà��a�ZWT
×ÁKR]�O.Q_×ÁÜFKMLªO­HRgMO�Ý5T!HJON`WL�T�QS]�ONZWT[ÞÊLU]�O�]UÜWcSQyO�Û�Ü<T!HJØ v Ù�ZWQ_}­Z�Q_]�`WgWTw�1Ü<Te}eOUT!V�Ý5KML.H)]UQSg�ßMc_T}!KR×�Ü<KRgWTeg�O)cSQ_^7`WQSVÃ�

��gmONZ�TÅÝ5KRcScSK�Ù�Q_gWß v Ù�T#Ý5K7}!`W]¬KRg¤ONZWT#]UÜWc_Q_O¬ÜFT�HJØáÝ5T�HPON`WLUTJ� ��gm]UQS×�ÜWcSTÁcSQS^�`WQSVW] vHJ]�]UZWK�Ù�gÀQSgÄVÊHJ]UZWT!VÀc_QSgWTe]oQSg � QSßW� �1v ONZWQS]�×ÁHRQ_g#ÜFT�HJØ#QS]oÜFKR]UQ_ONQ_KRgWT!V,HPO�H�ØMÛ xRT!}eOUKML
k ≈ 2π/σ

v Ù�ZWT!LUT
σ
QS]oONZWT³HPONKR×ÁQ_}iVWQSHR×�TeONTeL!�¦ã � é ÜWLUT�Û�ÜFT�HJØ#}!HRg,IFT³KRIW]UTeL�xRT!VzQSg]�\7]�ONT!×�]¬]U`W}­ZÚHJ]�×�QS}eLUKJÛ�Te×�`Wc_]UQSKRgW] v å�å Ù�ZWQ_}�Z®}eKRLULUT!]UÜFKRgWVW]�ONKÀONZWTÁ}­ZÊHJLNHJ}eONTeLUQS]�ONQ_}×ÁT!HJg©]UQ.-eT�KJÝ¶OUZWT�×�QS}!TecSc_T!]kKML(HRgM\@KJONZWTeL³]�ONLU`W}wON`WLUT�OUZÊHJO�}!HJgáÝ5KRLU× v ]U`W}­ZmHJ](IWQyÛ}!KRgMONQSg�`WKM`W]ÁVWKM×ÁHJQSgW]�KML°c|HJ×ÁTecScSHRTJ� å�å ��g HJ]U]UK1}eQ|HPONTeV cSQ_^7`WQ_VW] v ]U`W}­Z HJ]ÅHJcS}!KRZWKRcS] vHmÜWLUTwÛ�ÜFT�HJØ }!HRg9HJÜWÜFT�HJLÅONZÊHPO,}eKMLULUTe]UÜFKMgWVW]ÄONK¤ONZWT�Ý5KRLU×ÅHPONQSKRg KRÝ�}ecS`W]�OUT!LU]!�çå æ �yå è

��g¤x7QSTwÙ KJÝoONZWTe]UTÅÝ3HJ}eOU] v ONZWTÅQ_g�ONTeLUÜWLUTeO­HPONQ_KMg®KJÝoONZWTÁ]UÜWcSQyO�Û�Ü<T!HRØ�KRÝ�ÙoHPONT!L�Q_]�xMTeL�\ÜFT!}e`WcSQ|HJL!�¼a�ZWTYQ_gWgWT!LÃÜÊHRLªO¼KJÝ1ONZWQS]ÃÜFT�HJØkQ_]¼ÜFKM]UQyONQSKRgWTeV(HPO
k ≈ 2

"
−1
v }!KRLULUTe]UÜ<KRgWVWQSg�ßONK

σw ≈ 3.15
"�v ONZWT�VWQSHR×�TeOUT!L�KRÝEONZWToÙ�HJOUT!L�×ÁKRcSTe}!`Wc_TR��a�ZWT�ÜFKR]UQ_ONQ_KMg¬KJÝEONZWToO­HJcScSTeLÜÊHJL�OÅKJÝiOUZWT�×ÁHRQ_g ÜFT�HJØmQS]ÁHJO

k ≈ 3
"

−1
v }eKML�LUT!]UÜFKRgWVWQSgWß©ONK©ONZWT �(ê }eKMgMO­HJ}eO

VWQS]ªO­HRgW}eT v T!]�ONQ_×ÅHPONT!VáHJO
σOH ≈ σw/2

Ý5LUKR× � Q_ßÊ�  �����O�Q_](ONZWTeg®LUT!×ÁHRLUØPHJIWc_T�ONZÊHPOONZWT�QSgWgWTeLiÜFT�HJØÀQS] ��� � � � � � ' �  !) + � )  ���� �,����� v VW`WT�ONK#×ÁKRcSTe}!`Wc|HJL)ÜÊHJ}�Ø�QSgWß v Ù�ZWQSc_TONZWTpO­HRc_cSTeL¶]UTe}!KRgWV,Ü<T!HJØÃh5KRL ��KR`�ONT!LªÛ�ÜFT�HJØ � u Q_]�VW`WTpONK¬OUZWT(ê�Û�IFKRgWVWQSgWß¬}eKMLUL�T!c|HPONQ_KMgW]!�q1QSg�}!T�IFKRONZ�HJLUToÜÊHJL�OYKJÝEONZWT�×ÅHJQ_g�ÜFT!HRØ�KJÝEONZWTpq ��v Q_O�×ÁT!HRgW]�ONZÊHPO�ÜÊHR}­Ø�QSgWß�HJgWV�ê�ÛIFKMgWVWQ_gWß�]�ONLU`W}eOU`WLNHRcàHJLULNHRgWßRTe×ÁTeg�O�×¬`W]�O�ZÊH�xRT³VWQ_]�ONQSgW}wO�]�O­HPONQS]ªONQS}!HRcF}!KRgMONLUQSIW`�ONQ_KMgW] vHJgWV�ÝºKMLU× ONZWT�IÊHJ]UQS}�]�ONLU`W}eON`�LUToKRÝÊONZ�To}!KRLULUT!cSHPONQSKRgW] � � ��� � �!� � �  �� � ��� ) � &J��Ö Q_OUZ¬OUZWQS]LUTe]UÜ<Te}eO v QyO�QS]�^�`WQ_ONT�QSgMONT!LUTe]�ONQ_gWßzONZÊHPO�ONZWTÁgWT!`�ONLUKRg¤]U}!HJOUONTeLUQSg�ß v Ù�Z�QS}­Z¤]UT!Te]¬KMgWcy\ONZWT,]�ONLU`W}wON`WLNHJc�VWQS]�OULUQSIW`�ONQ_KMg¤KJÝpgWT!`�ONLUKRgW]°QSg¤ONZWT,cSQ_^7`WQ_V v cST!HRVW]¬ONKáH©q � Ù�QyONZÚH]UQ_gWßMc_TkÜFT�HJØ v � � ÜWL�T!}!Q_]UT!cy\Á}eT!gMONT!LUTeVÀHPO�ONZWTiÜÊHJ}­Ø7Q_gWß�]�ONLU`W}eOU`WLUT(HPO
k ≈ 2

"
−1
v Ù�ZWQSc_TONZWT �)Û�LUH�\¬]U}�HPOUONT!L�QSgWß v Ù�ZWQS}­ZÁ]�T!T!][ONZWT�T!c_T!}wONLUKRgWQS}o]�ONLU`W}wON`WLUT v Q_][HJIWc_ToONK³LUTeÜ<KRL�O�ONZWT]UÜWc_Q_OUONQ_gWß°KJÝ�ONZWT³ÜFT!HRØ#VW`�T(ONK°OUZWT�ê�Û�IFKRgWVWQSgWß�]�ONLU`W}wON`WLUT�HPO)H°cSHRLUßRTeL�ØMÛ xRT!}eOUKML!�

� KRcScSK�Ù�Q_gWß�ONZWT¶HRgÊHJc_\7]UQS]�Q_g�HJ×ÁKRLUÜWZWKR`W]�QS}eT v å ��ONZWT!]�T�]�ONLU`W}wON`WLNHJc7Ý5T!HJON`WLUTe]�}�HJg�IFTÝ5`WL�ONZWTeL(}ec|HJLUQ_ÞÊTeV@IM\@HJgÊHJc_\%-!Q_gWß#ONZWT°`�gWVWT!LUcy\1QSgWß��oHJONZ�Q|HµÛ�a�ZWKRLUgMONKMg@q � ] v � � Ù�ZWQS}­ZÙ�KR`Wc_V@}!KRLULUTe]UÜFKMgWV�ONKÅONZWT¬VWT!gW]�Q_O�\MÛ�VWT!gW]UQyO�\Úh3npn u HRgWV�}­ZÊHRL�ßMT�Û�}­ZÊHJLUßRT,h f�f u }eKMLªÛLUTec|HPONQSKRgW] v HR]�QyÝ�ÙoHPONT!LoÙ�HR]pHJgÀHJOUKM×�QS}p×ÁQ��1ON`WLUTkKRÝ.K��7\1ßRTeg�HJgWVÀZ�\7VWLUKRßMTegzHJONKR×Á]e�a�ZWTe]UT�]�ONLU`W}eOU`WLUT(Ý3HJ}eONKRLU])HJLUT(VWTwÞÊgWT!V�HJ]"� �
SNN (k) = x2

OSOO(k) + x2

HSHH(k) + 2xOxHSOH(k)
h �Ru

�
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SCC(k) = xOxH [SOO(k) + S(k)− 2SOH(k)]

h  u
SNC(k) = xOxH [xH(SHH(k)− SOH(k))− xO(SOO(k)− SOH(k))]

h {�u
QSg°ONT!L�×Á]YKJÝ<ONZWT)ÜWLUTex7QSKR`W]oq � ]�HJgWV°ONZWTp×�KRcSToÝ5LNHJ}eOUQSKRgW]YKJÝÃONZ�TpK��7\1ßRT!gÅHRgWVÁZ�\7VWLUKJÛßRT!g@HJONKR×�] v

xO = 1/3
HJgWV

xH = 2/3
v LUTe]UÜFT!}eOUQ_xRT!cy\M�(npKJONT�ONZÊHPO(Q_gzOUZWT°KRLUQSßRQ_gÊHRcVWTwÞÊgWQ_ONQ_KMg�ONZWTof�f¤]�OULU`W}eON`WLUT¶Ý3HR}wONKRL�]�O­HJgWVW]�ÝºKML�}eKMg�}!T!gMONLNHPONQSKRg1Û�}!KRgW}!Teg�ONLUHJONQ_KMg¬HJgWV

×ÁT!HJ]U`WLUT!]�ONZWT 	Ê`W}wON`ÊHPONQSKRgW]�QSg�ONZWToLUTeÜÊHJL�ONQ_ONQ_KMg³KRÝÊONZWT�O�Ù�Ki]UÜ<Te}!Q_T!] v Ù�ZWQ_}­Z�HJLUT�ZWTeLUTê HJgWV � v ZWTegW}!T�ONZWT�LUTegÊHJ×ÁQSgWß°QSgMONKÁ}­ZÊHJLUßRTwÛ�}­ZÊHJLUßMTJ��a�ZWTe]UT¬gWTeÙ q � ]kHJLUT�LUTeÜWLUTwÛ]UTeg�ONTeV HPO³ONZWTÁcSK�Ù¶T!L�ÜÊHJgWT!c[KJÝ � QSßW� & ��a�ZWTe\¤HJLUT°gWT�HJLUc_\@]�ONLU`W}wON`WLUT!c_T!]U]¬]UQ_gW}!T°ONZWT×ÁKRc_T!}!`�cST!]�HJLUTÀLUQSßRQSV v ZWT!g�}!TÀONZWT!LUTzQS]�gWK 	Ê`W}wON`ÊHPONQSKRg Q_g ONZWTzHPONKM×�QS}ÄÜFKR]UQ_ONQ_KMgW]e�ê)K�Ù�TwxMTeL v Q_O�Q_]�}!c_T�HJLUc_\@]UT!TegÚONZÊHPO�ONZWTÁ]UÜWcSQyO�Û�ÜFT�HJØ�]�ONLU`W}eOU`WLUT#ZÊHJ]�I<TeT!gmgWK�Ù VWQS]ªÛONLUQ_IW`�ONT!V®IFTeO�Ù�TeT!g
SNN

HRgWV
SCC

�Áa�ZWTÅ×ÁHRQ_g@ÜFT�HJØ@KJÝoONZWT°VWT!gW]UQyO�\MÛ�VWT!gW]UQyO�\¤q �
SNN (k)

Q_]�T��WHJ}eONcy\ÚHJO°ONZWTÀÜWLUTwÛ�ÜFT�HJØ¤}!KRLULUTe]UÜFKMgWVWQ_gWßáONKáONZWTÀÜÊHJ}­Ø7Q_gWß©]�ONLU`W}wON`WLUT
k ≈ 2

"
−1
v Ù�ZWQSc_T³ONZWT�}­ZÊHJLUßMT�Û�}­ZÊHRLUßRT¬ÜFT�HJØÄÝ5KML

SCC(k)
QS]pÜ<KR]UQ_OUQSKRgWT!VÀTw��HJ}eONc_\�HPO

k ≈ 3
"

−1
�

a�ZWTe]UTÁÝ3HJ}eON]�}eKRg�ÞÊLU×�ONZÊHPO�ONZWT°Ý5T�HPON`WLUTe]�KJÝ�ONZWTÅ]UÜWc_Q_O(Ü<T!HRØáHRLUT�ßRK�xMTeLUgWTeVmIM\
ONZWT�VW`ÊHJc�}eKM×�Ü<TwONQ_ONQ_KRgÀT!
<T!}eOU]kKJÝ�ÜÊHR}­Ø�QSgWß#HJgWV�ê�Û�IFKRgWV�}eKML�LUT!cSHJONQ_KMg,T!
ÃTe}eOU]!��a�ZWT
HJÜWÜÊHJLUT!gMOYc_KM]U]�KJÝ<ÜWHR}­Ø7Q_gWß(}eKML�LUT!cSHJONQ_KMgW].]UTeT!gÁHPO[c_KMgWßkLNHJgWßMT�QS].ONZWT!LUTwÝ5KRLUToONZWT�LUTe]U`Wc_OKJÝoHÄ}!KR×�Ü<TegW]NHPONQSKRg@T!
ÃTe}eO³OUK,T!gWZÊHJgW}!TeV¤ê�Û�IFKMg�V �(ê }!KRLULUTec|HPONQSKRgW]!��a�Z�T�]UQ_×ÁÜWcST
QS]�KRONLUKRÜWQ_}�×�K1VWT!c�}!KRg�ÞÊLU×�]³ONZÊHPO�ONZWQS](T 
<T!}wO¬QS]�×�KMLUT°KJÝ�HJg®T!gMONLUKMÜWQ_}ÁKRLUQ_ßMQ_g�Û�VW`WTONK�cSK7}�HJcÊLUT!KRLUßMHJgWQ.-!HJONQ_KMgW].Û.ONZÊHJgÅTegWT!LUßRTwONQS}!HRc v Q_gÁONZWT)]UTegW]UTiKJÝ�ê�Û�I<KRgWVÁTegWT!L�ßMTwONQS}e]!�a�Z7`W]�Ù�HJONTeL)QS]oxRT!L�\,]ªONLUKMg�ßMcy\#KRLUVWT!LUTeVzHJO)HJcScÃ]U}�HJcSTe]!�

� � Ó#Ï��wÑ�Ñ�� 
�Î,Ò Ô¶Ñ�Î,Ô �!Ó��¼ÕwÑ�Î
a�ZWTÅÜWQ_}eON`WL�T°ONZÊHPO³ÞÊgÊHJcScy\�Te×ÁTeLUßRT!]³Ý5LUKR×�HRc_c.ONZWT!]UTÁLUT!]U`WcyON] v Q_](ONZÊHPO³ÙoHPONTeLªÛ ÙoHPONT!L}!KRLULUTec|HPONQSKRgW]kHRL�T�VWKR×�QSgÊHPONT!VzI�\�ê�Û�IFKRgWVWQSgWßÅHRgWV�ÜÊHJ}�Ø�QSgWßÄ}eKRLULUT!cSHJONQ_KMg�])ONZÊHPO(HRÜ1Û
ÜFT�HJL³ONK + � ��� �  "� � � + ��� ' �  *),+ ��� ��������HPO�]UZWKRL�O�VWQ_]�O­HRg�}!T v Ù�Q_ONZWQ_g©H,LNHJVWQS`W]�KJÝ

Rc ≈

3σW

v HJgWV�ONK +*�$���,�! "� � � & � ' �  *) + ��� ��������IFTe\RKRgWV v ßMQyx1Q_gWß(LUQ_]UToONK(ONZWT�]�ONLUKRgWß³VWQ_×ÁQ_g7`1ÛONQ_KMg�KRÝ�ONZWT¬}eKMLULUTec|HPONQ_KMgW]pKRIW]UT!L�xRTeVáQSg�HRc_c�×ÁK7VWT!c_]!� ��g�x7QSTwÙ KJÝ[ONZ�T�ZWQ_ßRZ�ÜÊHJ}­Ø7QSg�ßVWTegW]UQ_O�\�KJÝ�ÙoHPONT!L v OUZWQS])KMI�]UT!L�xJHPONQSKRgz]UT!Te×Á]pONKÅ]U`WßRßRT!]�OkONZÊHPOpOUZWT¬ê�Û�IFKMgWVWQ_gWßÅ}eKMLªÛLUTec|HPONQSKRgW]Y×¬`W]�OYIFT)xRTeL�\ÁQ_×ÁÜFKMLªO­HRgMOYIFTw\MKRgWV
Rc

v ]UQ_gW}!T�ONZWTe\°gWT!HRL�c_\°KMIWc_Q_ONTeLNHPONToONZWTgÊHPON`WLNHJcÃÜÊHJ}­Ø7Q_gWß°}eKRLULUT!cSHJONQ_KRgW]¶ONZÊHPOo]UZWKR`WcSVÄT���Q_]�O�QSgÅONZWQ_]�LUTeßMQ_KMg v â `W]�O�c_QSØJT)Ý5KML¶ONZWTG�~Ác_QS^�`WQSV,QSg � QSßW� r �Ya�ZWT!L�TeÝ5KRLUT v ONZWT�HRÜWÜÊHJLUTeg�OkHRI�]UT!gW}eT�KRÝ�}eKMLULUTec|HPONQSKRgW]�]UTeT!×�]pONKZWQSV�Tk]UKR×ÁT ��×ÁQ��1ON`WLUT���KJÝ¼}!KRLULUTec|HPONQSKRgW]YOUZÊHJO¶Tw�7ONT!gWV,^�`WQ_ONT�Ý3HJL�QSg�ONZWTkIW`�cSØF��éoO¶ONZWT
]NHJ×ÁToONQ_×ÁT v ZWK�Ù�TwxRT!L v Ù�T)VWK(gWKJO[]UT!T)HJg�\�]UQ_ßMg¬ONZÊHPOY]�`W}�ZÁ}!KRLULUTec|HPONQSKRgW]�HRL�T�HR}e}!KR×°ÛÜÊHJgWQSTeVÅI�\�cSKRgWß�LNHJgWßRT)VWT!gW]UQyO�\Á}!KRLULUT!cSHJOUQSKRgW] v HR]¶QSgÁH�c_QS^�`WQSV°}!c_KM]UT�ONK�ONZWTp]UÜWQSg�K1VÊHJcÝ5KRLkT��WHJ×ÁÜ�cSTR�pa�ZWTe]UT�}!KRLULUTec|HPONQSKRgW]pHRÜWÜFT�HJL)ONZWT!LUTwÝ5KRLUT�HR]k]�ONLU`W}wON`WLNHJc�ÛªHJ]pÜÊHRL�OkKJÝ[H]UÜFT!}eQ|HJc¶c_K1}�HJc�]�ONLU`W}wON`WLUT v HJgWV®gWKJO¬QSgWVW`W}eT!V¤IM\©VWT!gW]UQyO�\ 	Ê`W}eON`ÊHPONQSKRgà�ÄÖ Q_ONZáONZÊHPOLUTe]UÜ<Te}eO v ]U×ÁHRc_c�HJgWßRcST �)Û�LNH�\�]U}�HPOUONTeLUQSgWßiZÊHR]�LUTwxMT!HJcST!V � � Ù�T�HJØ¬T!gWZÊHJgW}eT!×�T!g�O[KJÝEONZWT

r�t

Page 13 of 25

URL: http://mc.manuscriptcentral.com/tandf/tmph

Molecular Physics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly
]�ONLU`W}wON`WLUT¬Ý3HJ}eONKRLpHJOkØ<$ tWv TwxRT!g©HPOkLUK1KR× ONTe×ÁÜFT!LNHPON`WLUT�^�`WQ_ONT�Ý3HJL�Ý5LUKR× Ý5LUKR× HRgM\}!L�Q_ONQS}!HJc1ÜWZÊHJ]UToONLNHJgW]UQ_ONQ_KRg v Ù�ZWQS}­Z°×ÅH�\�ÜWLUK�x1QSVWT�]UKM×�ToQSgWVWQ_LUT!}wO�]U`WÜWÜFKML�O�Ý5KRL.]UÜFT!}eQ|HJcO�\1ÜFT°KJÝY}!KRLULUT!cSHJOUQSKRgW]pONZÊHPO(HRLUT¬gWKJO(}eLUQ_OUQS}�HJc�	Ê`W}wON`ÊHPONQSKRgW](HJ](]�`W}�Zà� ã����|ã�� a�ZWT�ÞÊTecSV
ONZWTeKMLUTwONQS}kHJÜWÜWLUKMHR}­Z#Ý5KRLU×¬`Wc|HPONTeVÁIM\#a.HJgÊHRØPH v å 
�IÊHJ]UT!VÄKRgÅONZ�TkQ_VWT�H�KJÝ¼ONZWTp}!KR×ÁÜFTwÛONQyONQSKRgÅKJÝ.H¬VWT!gW]UQyO�\ÅÞWT!cSV,HJgWV,HJg,ê�Û�IFKRgWVÄKML�VWT!LUQ_gWß¬ÞWT!cSV v K�
ÃTeLU]o]UKR×ÁTk]U`WÜWÜ<KRL�O�ONKONZWT �¶a HJgÊHJc_\7]UQS]�KJÝ�ONZWT³]�ONLU`W}wON`WLUT³Ý3HJ}wONKMLe�

��g�ONZWQ_]p]ªON`WV�\ v Ù�T¬ZÊH�xRT¬ZÊH�xRT¬Tw��HR×�QSgWTeV�×�K1VWTecS]�Ù�Q_ONZ�KM`�OpÜFKMcSHRL�QS]NHPONQSKRgà� �kgWT×ÅH!\�HJ]UØ,QyÝ[ÜFKRc|HJLUQS]NHPONQ_KMgÄT!
<T!}eOU]kÙ�KR`Wc_V�HJc_ONTeL�ONZWT�ÜWQS}wON`WLUT�KJÝ�ONZWT  RXYq<�Ãq1QSgW}eT�ONZWTKRLUQSßRQSgÀKJÝ�ONZWT� MXYqÀQS]�ONZWT�Tw�1QS]�ONTegW}!T¬KJÝ � }!KRLUTe] v ONZÊHJOpKJÝ�ONZWT�×ÁKRcSTe}!`WcSHRL�VWQSHR×�TeOUT!LHJgWV ONZWTzê)I<KRgWVWQSgWß©VWQS]�O­HJgW}!T v QyOÁQ_]ÁZÊHJLUV ONK®]UTeTzZWK�Ù'ÜFKMcSHRL�QS]NHPONQSKRgmT 
<T!}wON]#}�HJg]U`WÜWÜWLUTe]U]�OUZWQS]�VW`ÊHJcSQ_O�\M��a�ZWTw\®Ù�KR`WcSVmLNHPONZWT!L¬}­ZÊHJgWßRTÄ]UcSQ_ßMZMONc_\�ONZWT!Q_L�×ÅHJßMg�Q_ON`WVWTJ�
��g KJONZWT!L�Ù�KRLUVW] v Ù�TÀT���ÜFT!}wON]�ONZÊHPO�×ÁKRLUT#LUT!HRc_QS]�ONQ_}ÅÝ5KRLU}!TÄÞÊTecSVÚ×ÁK1VWTecS]¬KJÝkÙ�HPONT!LÙ�QSc_cÊLUT!ÜWLUK7VW`W}!T)ONZWTG RX¶q<� �igWT)ÙoH�\°ONK�}­ZWT!}­Ø°ONZWQS]Y}!KRg â T!}wON`WLUT)Ù�KR`WcSVÁI<T�ONK�KRI�O­HJQSg
HJ}!}e`WLNHJOUT�]�}�HPOUONT!LUQ_gWßÄVÊHPO­HÁÝ5KRLpOUZWT�}!KRLULUT!cSHPONQSKRgW]pIFTw\MKRgWV@OUZWT r�t " LUHRgWßRT�QSgzÙ�ZWQS}­ZONZWTw\ÀHR}wON`ÊHJcScy\#HJÜWÜ<T!HJLoONKÁIFT(}eKMg�ÞÊgWTeVà�
� LUKR× ×ÁTwONZWK1VWKRcSKRßRQS}�HJc�ÜFKRQSg�O(KRÝ[x1Q_TeÙ v ONZWTÁHJgÊHJc_\7]UQS]kKRÝYONZWT�]�ONLU`W}eOU`WLUTÁKJÝYÙ�HPÛONTeLpIÊHJ]UTeV�KRgzH�]�O­HPONQ_]�ONQS}!HRc_c_\ÁHJgWV�}eKM×�ÜW`�O­HPONQSKRgÊHJcSc_\ÁHJ}!}eT!]U]UQ_IWcST³^�`ÊHJg�ONQyO�\ v gÊHR×�T!cy\ONZWT�ÜÊHJQSLpVWT!gW]UQyO�\�}!KRLULUTec|HPONQSKRgÀÝ5`WgW}eONQ_KMg v Q_]iÜWLUKRIÊHJIWc_\z×ÁKRLUT�ÜWLUTe}!Q_]UT�OUZÊHRg@}!KRgW]UQSV1ÛT!LUHJONQ_KMg�]kIÊHJ]UT!V@KMgzONZWT�HJgÊHRcy\1]UQ_]pKJÝ�ONZWT!L�×ÁK1V�\7gÊHJ×ÁQS}!HJc�^7`ÊHJg�ONQyONQSTe]!�kék]k]�O­HPONT!V�QSgONZWT ��gMONLUK1VW`W}wONQSKRg v Q_OYQS]YH�]�O­HPONQS]�ONQ_}�HJcÊKMIW]�T!L�xJHJIWcST)KJÝàIFKJONZÅT���ÜFT!LUQ_×ÁTeg�O­HJcEHRgWVÁ}!KR×°ÛÜW`�O­HPONQSKRgÊHJc[]ªON`WVWQSTe]!�#a�ZWTÁLUT!]U`WcyO�KJÝ�ONZWTÁHRgÊHJc_\7]UQS](ÜWLUK�x1Q_VWT!V®ZWTeLUTÁQ_]³gWKJO�VWQSLUTe}eONcy\

]U`WÜWÜFKRL�ONQ_xRTáKJÝ³ONZWT�O�Ù¶K ×ÁK7VWT!c_]Å×ÁTeg�ONQ_KRgWT!V QSg ONZWT ��g�ONLUK7VW`W}eONQ_KMg v OUZWTáQS}eT!IFT!LUß×ÁK7VWT!c�KRLpÜ<TeLU}!KRcSHJONTeV�c_QS^�`WQSVÀ×ÁK7VWT!c ��a�ZWT�Ý3HJ}eOpONZÊHPOiKR`WL)ÜWLUTex7QSKR`W]kVWQ_LUT!}wOk}!cS`W]ªONT!L
HJgÊHRcy\1]UQ_]ÁKJÝpÙoHPONT!LÁVWQSV gWKJOÁLUTexRT�HJc�ONZWTÀTw�1QS]�ONTegW}!T�KRÝiVWQS]ªONQSgW}wOÅHJßMßRLUTeß�HPONTe] v ]U`W}­ZHJ]iONZWKR]UT¬Ù�ZWQS}­Z@Ù¶T!LUT�Ý5KR`WgWV@Q_g@]UQS×�ÜWcST¬HJcS}eKRZWKMc_] v å æ ��å è Q_](H#]�ONL�KMgWß,Twx1Q_VWT!gW}eT�ONZÊHPOÙoHPONTeL�Q_]°gWKJO¬ONKáIFTÄcSK7KMØJTeV HJ]°H@×ÁQ��1ON`WL�T#KRÝkHzO�Ù�KácSK1}!HJc�]�ONLU`W}wON`WLUT!]!�mlpHPONZWTeL vONZWT#ÜWL�T!]UTegW}!T#KJÝ�O�Ù¶K�}eKRLULUT!cSHJONQ_KRgW]�]U}�HJcSTe]�]UT!ÜÊHJLNHPONT!V¤IM\

Rc

v gÊHPON`WLNHJcSc_\�]U`WßRßRT!]�ON]ONZWT�ÜWQS}wON`WLUT¬Ý5KRLicSQ_^7`WQ_V�Ù�HJONTeL(IÊHJ]UTeV©KMg�}!KRLULUTec|HPONQSKRgW] v LNHPONZWT!LpONZÊHJg@ONZÊHPO(KJÝ�}ecS`W]ªÛONTeLU]�IÊHJ]UT!V®KRg®HJg©QSgW]�ONHRgMO­HRgWTeKR`W]�]UgÊHJÜW]UZWKJO�x1QS]�QSKRgà����g©ONZWQ_](ÜWQS}wON`WLUT v ÙoHPONTeL�QS](H×ÁKRc_T!}!`�c|HJL)c_QS^�`WQSVÄÙ�ZWQ_}�Z�ZÊHJ]pxRT!Lª\�]UÜFTe}!Q_ÞÊ}�}eKRLULUT!cSHJONQ_KRgW] v ONZÊHPO �oÙ¶KR`WcSVz}�HJcSc ��}eKMLªÛLUTecSKRgW]�� v T!HJ}�Z@KRÝY]UQ.-eT
2Rc

v Ù�ZWQ_}�Z�Ù�KR`WcSV�}!KRLULUTe]UÜ<KRgWV@ONKÅONZWT  RXYq<�àq1`W}�ZáT!gMONQ_ONQ_T!]HJLUT(gWKJO�gWT!}eT!]U]UHRLUQ_c_\ÅOUTeONLNHJZWT!V�LNHRc_c_\ÁKMLUVWTeLUT!V v HJ]�QSg,HJg,QSgW]�O­HJg�ONHRgWTeKM`�]�x7QSTwÙ9Ù�KR`WcSVgÊHJQ_xRT!cy\�]U`WßMßRTe]�O v IW`�O³H�xRT!LNHJßRT!]³KJÝ¶c_K1}!HRc.KRLUVWT!LkONZÊHPO�HJÜWÜ<T!HJL(HPO(ONZWT�VWT!g�]UQ_O�\@}eKMLªÛLUTec|HPONQSKRg¤cSTwxMTec �®q1`W}­Z Teg�ONQyONQSTe]�Ù�KR`WcSVmI<T#QSVWT�HJc�IFTeO�Ù�TeT!g ONZWT!× v KML¬KRgWc_\áÙ�T�HJØ�c_\QSgMONT!LUHR}wOiIFTeO�Ù�TeT!gáONZ�T!×Á]�T!c_xRTe] v Ù�ZWQS}­Z�Ù¶KM`Wc_V�ONZWTeg@T���ÜWcSHRQ_g�ONZ�T¬]ªONLUKMg�ßÄVÊHR×�ÜWQSgWßKJÝ�}!KRLULUT!cSHPONQSKRgW]�I<Tw\RKMgWV
Rc

�¶ék])]U`W}­Z v ONZWTw\ÄÙ�KR`WcSV,Ý5LUTeT!cy\,K�xRT!LUc|HJÜ v Ù)Z�QS}­Z�×�T�HJgW]ONZÊHPO�ONZWTeLUTÁQ_]³gWKÀÜÊHRL�OUQS}!`WcSHJL(}!Teg�ONTeL�Ý5KRL³]U`W}­Z¤HÀ}!KRLULUT!c_KMg v HJ]�KRÜWÜ<KR]UTeV©ONK�H,]UÜFTwÛ}!QyÞÊ}°}!cS`W]ªONT!L!��a�ZWQ_](Ù�KR`WcSV@Tw�1ÜWc|HJQSg@Ù�ZM\á]UÜFTe}!Q_ÞÊ}°}!c_`W]�ONTeLU](Ù�TeLUTÁgWTwxRT!L�KRIW]UTeL�xMTeV vKRL�Ù�Z�\¤ONZWT!L�TÄQS]¬gWKá]�ONL�KMgWß�Tex7QSVWTegW}!TÄÝ5KRL�H � Û�Ù�HPONT!L¬]�ONLU`W}wON`WLUTÀHJ]°QyO¬QS]¬`W]U`ÊHJcScy\ÜWQS}wON`WLUTeVà�zX�T!}e`WcSQSHRL�}ecS`W]�ONTeLUQSgWßÀÝ5T!HJOU`WLUT!]¬ZÊH�xRT#IFT!Teg¤LUT!ÜFKRL�ONT!V¤IM\®]UKR×ÁTÅHJ`�ONZWKRLU]
c|HPONTec_\ v Q_gá}!KRcSV�ÙoHPONT!LUå ��HJ](Ù�TecSc�QSg@]U`WÜ<TeLU}!K7KMc_T!VáÙ�HJOUT!L v å � HJgWVáONZWTe]UTÁ}eKM`Wc_VáZÊH�xRT

rMr
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HÅLUTec|HPONQSKRgÄÙ�Q_ONZzONZWT  RX¶qÀLUT!ÜFKRL�ONTeV�ZWTeLUTR� ��g@HJg�\À}!HR]�T v ONZWT¬HJgÊHJc_\1]UQ_])]UZWK�Ù�]kONZÊHPOÙoHPONTeL�QSg,HJ×�I�QST!gMO�}!KRgWVWQyONQSKRgW] v VWT!]UÜWQyONT(IFT!Q_gWß�H�VWQS]UKRLUVWTeLUT!V,c_QS^7`�QSV v ZWQSVWTe]�}!KRgW]UQSV1ÛT!LUHRIWc_TÄHJ×ÁKR`Wg�O¬KJÝ�KRLUVWT!L�ONZÊHPO¬Tw�7ONT!gWVW]°^7`WQyONTÁÝ3HJL�Ý5LUKR× Hz]UQSgWßRcSTÁ×ÁKRcSTe}!`Wc_T v HJgWVÙ�ZWQS}­ZÀ×ÁHRØJT³QyO)HRg,`Wg�`W]U`ÊHJc�cSQ_^7`WQ_Và�

� �������	� 
���
���� �������

a�ZWT�HR`�OUZWKML�ONZÊHJgWØ7]��(LUT!g X.HJOUTe\ÚÝ5KML°}eLUQ_ONQ_}�HJcoLUT�HJVWQ_gWßáKJÝkONZWTÀ×ÁHRg�`W]U}!LUQ_Ü�OÅHJgWVT!g�cSQSßRZ�OUT!gWQSg�ß°VWQ_]U}!`W]U]�QSKRgW]!�

� ��� �oÐ���Î,Ô ���
� r�� Ö ���°��l�K1Teg�ONßRT!g v épgWgà�1X�Z�\7]!�1j��7f�ZWQ_×z�FhºÖ Q_T!V u �"! h r &��M�Mu ��r Û �M� �
� �#� G[��X.HJ`WcSQ_gWß v%$ � � ' �  !) + � )  �� �'&)(�� � �  v ��g�* ��&� ���#%� ��+*��� & � �%# v ��Và�

�¬�ÊêkHJV -eQ¼HJgWVÀê��1Ö �Wa�ZWKR×ÁÜW]UKRg©h3X�TeLUßMHR×�KMgÀX�LUT!]U])GàOUV v G¼KRgWVWKRg vr ��� �Mu
�  � ê��Fq<� � LNHJgWØ#HJgWVÀé¬�Êq<�-,i`WQ_]�O v ~��Ff�ZWTe×z�EX�Z�\7]!�/. ��vEsRtR{ h r �Ms�r�u
� {0� ê��;���Eq7O­HRg�cSTe\ÅTeOpHJc �Ê~W�WX[Z�\7]!�Ãf�KRgWVà�FdzHJO���1�2 v é {Mt  zh �JtRtMtMu
� �#� ê��L���.q7O­HJgWcSTe\ v q<� �¬����`�cSV�\1LUTwx v d©��foHJgWÜFKMcSHJO v ����dÀQS]UZWQ_×ÅH v d©�l³�Yq�HRV�LªÛªG¼HRZWQ â HRgM\ v é��[q1}�HJcSHáHJgWV � �.Ö �Yq7O­HJLUL v XYf�foX�2 vpr��R��rh �JtMtRtMu �
� s3� X�� �°�;�pT!IFT!g�T!VWTwOUONQ�nkHPON`WLUT v .5452 v¼r��M�1v h r ����&�u �
� �#� é��5�°�Eq7KMÜFT!L v f�ZWT!×À�EX[ZM\1]!�-2 !56àvyrµ�1r h �RtRtRt�u
� &3� a(�Eê)T�HJV1ÛF�(KRLUVWKMgÀHJgWVzê��Êê)`WLNH v f�ZWT!×À�El�TexF�7198/2 vF�JsM�1r h �JtRt��Ru
� �3� ê��F~W� �oHJØ7ØJT!L v foZ�T!×z�Wl�Tex<�71�8 6àvàr!{��Js h �JtRt'&Mu �
� r�t3� d©��Ûªfk�;��T!c_cSQ_]U]UT!gMO�Û � `WgWTec v �[`WL�KMÜWZM\1]!�FGàTeOUO�� � 2 vÃr�s�r h r ����&�u
� rRr�� �k� �(`�QScSc_KRO v ~��FdÀKMc �ÊG¼Q_^F� r�t�rRvE�1r � h �JtRt��Ru �
� r��#� ���Wé¬�E~MHJßRc|H v X�Z�\7]!�Fl�Tex<�;: !56àvàr!{7� & h r � ��&Mu
� r  � �°� � LNHJg -eT!]UT v ~W�EdzKRc ��G¼QS^E�<1�.5= vF�Js�� h �JtMtM�Ru
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