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ON CARLEMAN ESTIMATES WITH TWO LARGE PARAMETERS

JEROME LE ROUSSEAU

ABSTRACT. A Carleman estimate for a differential operator P is a weighted energy estimate with a weight
of exponential form exp(7¢) that involves a large parameter, 7 > 0. The function ¢ and the operator P
need to fulfill some sub-ellipticity properties that can be achieved for instance by choosing ¢ = exp(a)),
involving a second large parameter, o > 0, with 1t satisfying some geometrical conditions. The purpose of
this article is to give the framework to keep explicit the dependency upon the two large parameters in the
resulting Carleman estimates. The analysis is absed on the introduction of a proper Weyl-Hérmander calculus
for pseudo-differential operators. Carleman estimates of various strengths are considered: estimates under
the (strong) pseudo-convexity condition and estimates under the simple characteristic property. In each case
the associated geometrical conditions for the function 1 is proven necessary and sufficient. In addition some
optimality results with respect to the power of the large parameters are proven.
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1.1. Setting and results. Carleman estimates are an important tool in subjects in analysis of partial differ-
ential equations (PDEs) such as unique continuation, control theory and inverse problems. They are weighted
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L?-norm estimates of the solution of a PDE where the weight takes an exponential form
e ul|r2 < |le7? Pul| 2, T > 70, u € E0(X),

with X a bounded open set and some v € R. Here P is a differential operator, ¢ is the weight function. The
exponential weight involves a parameter 7 that can be taken as large as needed. Additional terms in the lLh.s.,
involving derivatives of u, can be obtained depending on the order of P and on the joint properties of P and ¢
on X. For instance for a second-order operator P such an estimate can take the form

(L.1) Tlle™ullZs + 7lle™Voulfe < €7 Pullls, T 2170, u€ E(X).

This type of estimate was used for the first time by T. Carleman [Car39] to achieve uniqueness properties
for the Cauchy problem of an elliptic operator. Later, A.-P. Calderén and L. Hérmander further developed
Carleman’s method [Cal58, [Hor58]. To this day, Carleman estimates remain an essential method to prove unique
continuation properties; see for instance [Zui83] for an overview. On such questions more recent advances have
been concerned with differential operators with singular potentials, starting with the contribution of D. Jerison
and C. Kenig [JK85]. The reader is also referred to [KTO01, [KT02]. In more recent years, the field

of applications of Carleman estimates has gone beyond the original domain. They are also used in the study
of inverse problems (see e.g. [BKRIl [5a98, MTY03, [KSUQOT]) and control theory for PDEs. Through unique
continuation properties, they are used for the exact controllability of hyperbolic equations [BLR92]. They
also yield the null controllability of linear parabolic equations [LR95] and the null controllability of classes of
semi-linear parabolic equations [F196] [Bar00], [FCZ00].

The work of L. Hérmander in [Hor58, [Hor63] provided large classes of operators for which such estimates can
be derived. He introduced the notion of pseudo-convexity and strong pseudo-convexity that provides a sufficient
condition to achieve such estimates. In particular, choosing the weight function of the form ¢ = exp(a), with
1) satisfying the strong pseudo-convexity condition and « > 0 chosen large, yields for an operator of order m an
estimate of the form:

> B et DRulf. < Clle™ Pullfe, T 270, uE (X)),
|B]<m

In this type of estimate the parameter 7 plays the same role as a differentiation. One may notice that the
1

number of such “differentiations” in the Lh.s. amounts to m — 5. For such an inequality one usually speaks
of an estimate with a loss of a half derivative. This is connected to the terminology used in the study of
sub-ellipticity; in fact the study of the conjugated operator P, = ¢”?Pe~ 7% is central in the derivation of such
an estimate and one precisely exploits its sub-elliptic property induced by the strong pseudo-convexity of the
function .

The parameter o can be viewed as a convexification parameter. As shown in Proposition 28.3.3 in [Hor85a
this allows one to obtain the proper sub-ellipticity condition on the conjugated operator P, from the strong
pseudo-convexity of the function .

With this choice of weight function, ¢ = e®¥, one introduces a second large parameter, o > 0. Several
authors have derived Carleman estimates for some operators in which the dependency upon the second large
parameters is explicit. See for instance [FT96]. Such result can be very useful to address applications such as
inverse problems. On such questions see for instance [EII00} [ETI00, TK08, BYT2]. The type of operators for which
such estimates have been obtained remains limited. In the present article we provide large classes of operators
for which such estimates can be achieved.

For a second order estimate the resulting Carleman estimate can take the form (compare with (II])):
(1.2) (ar)3(|@*2e™ul|22 + at||pt/ 2™V ul2: < |l€7P Pul|2s, T>T, &> ag, u€ET(X).

In the present article, we provide a general framework for the analysis and the derivation of Carleman
estimates with two large parameters. For that purpose we introduce a pseudo-differential calculus of the Weyl-
Hormander type that resembles the semi-classical calculus and takes intro account the two large parameters 7
and « as well as the weight function ¢ = exp(at)). We introduce Sobolev spaces associated with this calculus and
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provide boundedness results for pseudo-differential operators in this calculus. The notions of pseudo-convexity
and strong pseudo-convexity are revisited in this framework. We prove how estimates of the form of (L2)) follow
from these properties of the function v used to build the weight function. In the proof, positivity is obtained
throught the Fefferman-Phong inequality as in [Ler85l [Hor85a]. In the case of an operator of order m the
estimate that we obtain under strong pseudo-convexity condition is of the general form

2(m—|B8)-1, m—|8]—1 + -
(1.3) ‘ ‘Z (a) ™ 1P1=2e™ DJull72 < [le7 Pul7..
Bl<m

Moreover, we prove that they are necessary and sufficient for estimates of the form (L2)) to hold. This result
is in contrast with the existing results in the literature: see Chapter 8] and Chapter 28].

If one consider an operator such as the Laplace operator the associated Carleman estimate with two large
parameters is given by

(1.4) a47'3||<p3/26wu\|%2 + a27'||301/gewkuH%2 < ||eT“’Au||%2, T>T0, @>ap, u€ LX)

Here we simply require ¢’ # 0 in a neighborhood of X and o and 79 to be sufficiently large. This estimate
is still characterized by the loss of a half derivative, yet we have an additional power of the parameter a as
compared to (L2)—(T3)). In Section [l below, we show that such a stronger estimate can turn out to be useful
for unique continuation considerations. We thus investigate this type of estimate. Under conditions stronger
than the strong pseudo-convexity condition on the operator and the weight function we show that such Carleman
estimates can indeed be achieved. The condition we put forward concerns the simplicity of the characteristics
of the conjugated operator €™ Pe~"%. For an operator of order m the estimate takes the form

) ‘i (ra) "I | gm=IBl=d eme DBy |12, < (e Pul|2.
Bl<m

We moreover prove that this simple-characteristic property is necessary and sufficient for such a stronger
estimate to hold.

Finally one may wonder if stronger estimates can be obtained. In particular, can greater powers of the
parameter a be obtained? We provided answers to this question of optimality in connexion with the notions of
(strong) pseudo-convexity and the simple characteristic property.

1.2. Further perspectives. The results we present here only concern local Carleman estimates, i.e., applied
to smooth functions with compact supports. In particular we do not address boundary problems. Considering
such questions require a specialization in the type of operators to be considered, which we chose not to carry
out here. However, the calculus framework we introduce here can be used when tackling the problem of deriving
Carleman estimates for boundary problems or transmission problems. In the case of elliptic boundary problems
this calculus is in fact used to derive Carleman estimates with two large parameters in [BLI3]. On can also
hope to extend the techniques and results of [LRI0, [LRI1l [LT] and obtain Carleman estimates with two large
parameters for elliptic and parabolic transmission problems across a smooth interface.

As mentioned above, we consider Carleman estimates with the loss of a half derivative here. It would be
interesting to carry out a similar analysis for estimates with a larger loss of derivatives. such estimates can be
very important in some classes of inverse problems See for instance [KSUOT7, [DSEKSUQO9).

The case of quasi-homogeneous operators, as studied in [Deh84] [sa03] is also of interest for an extension of
the results presented here.

Here we focus our attentions on weight function of the form ¢ = e®¥. Other convexification procedures can
be carried out, for instance by choosing ¢ = ¢ + %OA/JQ. An analysis similar to the present one would be of
interest.
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1.3. Notation. Here, €2 denotes an open subset of R”. Estimates will be derived for function in €2°(X) with
X an open subset of €2 such that X &€ (), i.e., X has a compact closure contained in 2.
We recall the definition of the Poisson bracket of two functions in phase-space:

{f,9y=> (8£jfawj9 - &ijafjg)'

J

It is associated with the symbol of the commutator of two (pseudo-)differential operators (see e.g. (A4])), which
will be used at many places in the present article. A review of some aspect of pseudo-differential calculus is
provided in Appendix [Al

We shall use the standard notation A < B that stand for A < C'B with a positive constant C' that does
not depend on the parameters involved in the analysis. Moreover, when the constant C'is used, it refers to a
constant that is independent of those parameters. Its value may however change from one line to another. If
we want to keep track of the value of a constant we shall use another letter.

1.4. A motivating example. Consider the Laplace operator A = —A and the bi-Laplace operator B = A?
in Q C R", forn > 2.

Here we consider the unique continuation property for B. The result we present is well-known since the work
of Calderén [Calb8] (see also [Zui83), Section 3.3]). Yet we show how introducing a second large parameter in
the Carleman estimate for A yields a fairly simple proof of this property.

For the Laplace operator, for a properly chosen weight function ¢(z) (see e.g. or Theorem T4 below)
we can obtain the following Carleman estimate: for an open subset X & (2 there exist C' > 0 and 79 > 0 such
that

(1.6) |/3\Z T e Dlu). < CleTP Aullze,  we (X)), T2
<2

Applying this estimate twice we can then write,

> W 3 e D, 5 5 e AD e = 3 201 DY Aul,
18"1<2 1Bl<2 1812 1B"1<2

< lle™ Bul|3e,
which reads

(1.7) > 0Pl DRul|s < lle™ BullZ.
|B1<4

If you compare with results that can be obtained for some other elliptic operators of order 4 this is a much
weaker estimate. For the operator P = D;‘l + D;12 in R? we have

(1.8) l%: 72PN eme D)7 < lle? Pul3s.
<4

for a properly chosen weight function (see Examples and Theorem T4l below). The powers in the large
parameter 7 are one order lower. Estimate (L8] is characterized by a loss of a half derivative, where as (L)
exhibits the loss of a full derivative. This situation cannot be improved because of the following result.

Proposition 1.1. Let n > 2. Let ¢ € €(Q) be a weight function and X be an open subset such that X € €.
Assume that there exist C >0, 19 >0, v; > 6, and j € {0,...,4} such that

4 .
(1.9) 3, 3 P D < Ol Bl
J=0|8|=j

for allu € €2°(X) and T > 19. We then have v; = 6, for all j € {0,...,4}.
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We refer to Appendix for a proof.
Let us now consider a nonlinear problem of the form

(1.10) Bu = g(u,v',u®,u®) in Q,
with the nonlinear function g satisfying the estimation
3
(1.11) 19(y0, Y15 y2,93)| S 2 lyj-
j=0

Let 29 € Q and let f be a smooth function such that f/(z¢) # 0. A unique continuation problem is then:
Does (LI0) and v = 0 in {z; f(x) > f(xo)} imply that u vanishes in the vicinity of 27

Because of the nonlinearity involving the third-order derivative of the solution u, and observing that the power
in 7 for the derivative of third order in (7)) is zero, a fact that cannot be repaired according to Proposition [T}
we may face a difficulty to a direct proof of the unique continuation property. We shall however see that
replacing the Carleman estimate (LG) for A by its counterpart estimate with two large parameters allows one
to obtain a straightforward proof.

By Theorem [.I4] below, for any r € R (see Corollary BI0] and the remark that follows), there exist C' > 0,
7 > 0, and g > 0 such that

_ 3
(1.12) a ¥ (ar)? |2 e Dlu|7, < ClleTe™ Aullzs,  uw € € (X).
|B]<2

if 7> 75 and a > ag, for ¢ = e*¥®) | with 1) smooth such that 1) > 0 and [¢/| > 0 in Q, with X € Q. The
parameter o quantifies the convexity of the weight function. Applying this estimate twice, we then obtain

o 3 (ar)P A S (ar)3281)| B BB e pBHETy 12,

|B7|<2 |B1<2
Sa ¥ (an)* 2o 184D u)2,
|B7|<2
=a ¥ (ar)* 23 191 DY Au)2. < (€7 Bul 2.,
|8'1<2
which reads
(1.13) a? mlz (a7)8 2813 1PleTe DBY|12, < |le™ Bul 2.
<4

The explicit dependency upon the parameter o including a gain of the factor a? on the Lh.s. of (LI3) as
compared to (7)) allows us to simply conclude to the unique continuation problem stated above, as we shall
see now.

Proposition 1.2. Letu € H*(Q) be such that Bu = g(u,u’,u?,u®)) and such that uw = 0 in {x; f(z) > f(z0)},
for some xo € Q and f smooth such that f'(xzg) # 0. Then, there exists a neighborhood By of x¢ such that
uB, = 0.

We insist again here on the fact that this is not a new result. Yet Carleman estimates with a second large
parameter yield a simple proof. For further existing results, the reader is referred to Section 28.3] and
[Zui83] where a wide range of unique continuation results are available.

Proof. We pick a function 1 whose gradient does not vanish near a neighborhood V' of zy and that satisfies
(Vf(x0), Vib(z0)) > 0 and is such that f — ) reaches a strict local minimum at zy as one moves along the level
set {z € V; ¢(x) = ¥(x0)}. For instance, we may choose 1(z) = f(z) — c|x — x¢|?> + Cp. The constant Cj is
chosen such that v is locally positive. We then set ¢ = ¢®¥. In the neighborhood V' the geometrical situation
is illustrated in Figure [II
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F1GURE 1. Local geometry for the unique continuation problem. The striped region contains
the support of [B, x]u.

We call W the region {x € V; f(z) > f(zo)} (region beneath {f(z) = f(zo)} in Figured). We choose V'
and V" neighborhoods of z( such that V" € V’ € V and we pick a function x € €>°(V’) such that x = 1 in
V”. We set v = xu and we then have v € H;(V). Observe that the weak Carleman estimate (LI3]) applies to
v by a density argument. We have

Bv = B(xu) = x Bu+ [B, x]u,
where the commutator is a third-order differential operator. For 7 > 75 > 0 and « > o > 0 we thus obtain

a® 32 (ar) PPl DR (xu)| 72 < llem xg(u, o, u®) | 2a + (€7 (B, x]ull7

[B]<3
S X e xDiulzz + €7 (B, x]ul7
[B]1<3
S X e Di )7z + X €79 Q ulZs,
[B]<3 jEJ

with J finite and each @; is a differential operator of order less than 3, whose coefficients have support in
supp(x’). For a sufficiently large we findl

o 3 (ar)S 23 Pleme DE (w132 S X e Qull7,
[8]1<3 JjEJ

As x =1 in V" we then write

o Y (an) PP Ple™ DRul|Fa vy S X €™ QjullF2 (s,
[8]<3 jeJ

where S =V’ \ (V" UW), since the supports of Q;u, j € J, are confined in the region where x varies and u
does not vanish (see the striped region in Figure [).

For all e € R, we set V. = {z € V; p(z) < ¢(x¢) —€}. There exists € > 0 such that S € V.. We then choose
a ball By with center xg such that By C V" \ V. and obtain, for 7 > 79,

o7 inf B, LPHUHH3(BO) < eTsups<FHu||H3(s),

Since infp, ¢ > supg p, letting 7 go to +00, we obtain u = 0 in By. ]

IThis is the precise point where estimate (7)) is not sufficient to carry on with the simple proof we present.
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Estimate (LI3]) is a weak form of Carleman estimate, with the loss of a full derivative. We improved upon
(7)) with the introduction of the second parameter «. It is then natural to question the optimality of the
power of a in (LI3)). The same question holds for the Carleman estimate for the Laplace operator (II12]). The
following two propositions provide positive answers to these questions.

Proposition 1.3. Let n > 2. Let ¥ € €°(Q) be a weight function and X be an open subset such that X € .
Assume that there exist C' >0, 19 > 0, ag > 0, and v > 1 such that

(1.14) o7 3 (ar)* At Pleme D ullgs < Clle™ Aullgs,
|B1<2
where ¢ = ¥, for allu € €2°(X), T > 10 and a > ag. We then have y = 1.

This result is proven in a more general setting in Proposition .1l An explicit proof similar to that of the
following proposition can also be carried out. To ease the reading of this introductory section we have placed
this proof in Appendix

Proposition 1.4. Let n > 2. Let ¥ € €*(Q) be a weight function and X be an open subset such that X € (.
Assume that there exist C >0, 19 > 0, ag > 0, and v > 2 such that

(1.15) o’ 3 (ar) 2P Pleme DRu| 7. < Clle™ Bul 7,
|B]<4

where @ = ¥ for all u € €2(Q), T > 10 and a > ag. We then have v = 2.

We refer to Appendix [B.3] for a proof.
1.5. Outline. In Section 2] we introduce the Weyl-Hormander pseudo-differential calculus with two parameters
and the associated Sobolev function spaces. Section Blis devoted to the study of Carleman estimates with two
large parameters under strong pseudoconvexity assumptions such as the estimate presented in (L3). In Section[
we investigate conditions that lead to stronger estimates. The simple-characteristic property leads to estimates
of the form of (L4]). We also investigate the impact of the ellipticity of the operator on the Carleman estimate,
either under the pseudo-convexity condition or under the simple-characteristic condition. In Section Bl we prove
that that strong pseudo-convexity is necessary and sufficient for a Carleman estimate of the form of (L3 to
hold. We also prove that the simple-characteristic property is necessary and sufficient for a Carleman estimate
of the form of (A to hold. Finally, we discuss the optimality of the power of the parameter « in the different
types of estimates presented here. In Appendix [A] we present some elements of pseudo-differential calculus. In
Appendix [Bl we collected some technical computations and proofs.

2. A PSEUDO-DIFFERENTIAL CALCULUS WITH TWO LARGE PARAMETERS

We set W = R™ x R™, often referred to as phase-space. A typical element of W will be X = (z,¢), with
z € R" and £ € R"™.
Let ¢ € €°°(R™;R) be such that

(2.1) P >C >0, [¥'] >0, and [|¢'[e < 0.
We then set

o) = V@), with o > 1.
We observe that |¢’| > 0. We make the following further assumption on the function .
Assumption 2.1. There exists k > 0 such that

Sﬂlgl})w < (k+ 1)%1;1#.
As a consequence we find

(2.2) Vo,y € R™,  oy) < o(z)*+L.
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2.1. Metric and order function on phase-space. We consider the metric on phase-space:
|d¢|?

(2.3) g = a?|dx|* + 2 with p? = 1% (2,&7,0) = (Toap(a:))2 + 1€, and 7> 1, a> 1.

We shall refer to i as to the order function below. The explicit dependency of p upon the parameter 7 and «
is dropped to ease notation.
The first result of this section shows that this metric on W defines a Weyl-Hérmander pseudo-differential
calculus.
Proposition 2.2. The metric g and the order function p are admissible, in the sense that,
(1) g satisfies the uncertainty principle, with Ay = hg_1 =a lu.
(2) p and g are slowly varying;
(3) w and g are temperate.
For a presentation of the Weyl-Hormander calculus we refer to [Ler10], Sections 18.4-6] and [Hor79).

P” 001. The dual quadl"aflc fOI‘m Of g iS
o dé.
2 |d$ ‘ 2 | ‘ .

We then have

Nl

X (X) = (hg) 1 (X) = jf (9%(T)/gx(T))" =o' u(X) = rp(a) = 1.

TeW
T#0

The uncertainty principle is thus fulfilled.
We now prove the slow variations of ¢ and p, viz., there exist K > 0, r > 0, such that

gy (T) < Kgx(T),

K1 <X <

VXY, TeW, gx(Y —X)<r® = {
w(Y)

We thus assume that gx (Y — X) < r2, with 0 < r < 1 to be chosen below. With X = (z,£) and Y = (y,n),
this gives

alr —y| + ] <Cr.

mw(X)
Under this condition, we observe that we have
(2.4) o(z) = 4@ — ()t (PO =YW < G(y)ele =yl 1Vl < () LTIV e < o(y).
Similarly we have
(2.5) e(y) S ¢().
We also have
(2.6) Inl < |n— €&+ €] < Cru(X) + €] < p(X).

Next, we write
(€] < In =&l + I < Cru(X) + ] < Cr(rap(@) + [€]) + [n]-
Hence, for r sufficiently small, with (Z4]), we have
(2.7) 16l S rap(x) + [nl S w(Y).
With ([24)) and (Z7), resp. (1) and 26, we find
p(X) S (V). resp. p(Y) S pl(X).
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Then if T = (t,0) € W we find
2 2 2
i < 16 < o1
p(Y)2 ™ u(X)2 7 p(Y)?

and this gives gy (T) < gx(T) < gy (T).
We now prove the temperance of g and p, viz., there exist K > 0, N > 0, such that

vx,v.rew, X0 Cl+g%(x -v)"

gv(T)
VXY €W, “EX)) <C(1+g%(X —1)"
For X = (z,€) and Y = (y,n) we have
0% (X~ ¥) = (Xl — gl +

‘We note that

o 1
(2.8) €l < Il +1€=nl < Inl+ >——7ap(y) S 1+ g% (X =Y)2)u(Y).
First, if o]z — y| < 1, then ¢(z) < ¢(y), arguing as in (Z4]). We thus have
Top(x) S p(Y).

€ — 77|

Second, if oz — y| > 1 we write

@ < o = ylp(X)p(Y) £ (14 6% (X = Y)3)u(¥).

In any case, we have Tap(z) < (1+ g% (X — Y)%)u(Y) and along with ([Z.8)) we obtain the temperance of p:
1 a
pX) S (14 g% (X =Y)2)u(Y) S (1+ 9% (X = Y))u(Y).

For the temperance of ¢ we need to prove

Tap(z) S u(X) < p(X)

U aft] + 1L _
altl + -5 5 (1495 (X = 1) (|t|+u(y)), T = (t,0) € W.

To conclude it suffices to prove

() S (1+ g% (X = V) u(X).

We have

(2.9) i < b1+ 16—l < Jel+ - Mrag(@) < (14 6% (X~ 1) H)u(x).
It thus remains to prove

(2.10) rap(y) S (1+ g% (X = Y)) u(X).

First, if ajz—y| < 1, then ¢(y) < ¢(x), arguing as in (2Z8]). Estimate (2.I0]) is then clear. Second, if a|lxz—y| > 1,
with Assumption 2Tl and [22) we write

k+1
rap(y) < raple) ™ PEL < (MDY ) < (1o - 0 222) ) £ (1 g 00 - 1)) ),

since 7 > 1. In any case, we thus have

1
rap(y) S (1+ g% (X = V)#) u(X),
which concludes the proof. |
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2.2. Sobolev Spaces. We shall define Sobolev spaces associated with the calculus defined by the metric g.
Note that the semi-classical setting of the metric g allows us to introduce such spaces without relying on the
more intricate analysis of [BC94]. The proofs of all the results listed below can be found in Appendix Bl

We set 7(x) = Tap(x).

Lemma 2.3. Let k,s € R. For 7 sufficiently large, H = Op™ (7 ~*u=%) Op™ (7*u¥) is an homeomorphism of
L?(R™) onto itself.

We now define, for k,s € R,
H..s(R") = {Opw(%_s,u_k)v; vE LQ(R")}.

Note that because of the boundedness of the function ¥ (see Assumption 27]) this space is in fact algebraically
equal to the usual Sobolev space H(R").
For u € 44, s(R™) we set

k,s — H Opw(f's,uk)uHLz(Rn).

[[u

With Lemma 23] we see that ||.||,s is a norm on J%, ;. Moreover, for u € 4 s(R™), if v € L?(R™) is such that
u = Op% (7 *u~%)v, then v is uniquely defined.

Lemma 2.4. Let k,s € R. There exist C > 0 and m(k,s) > 0 such that for all u € .Z(R™) there ewists
v € L*(R™) such that uw = Op™ (7 *u~*)v and

1/Cllu|

ks < 0llee < Cllully,s, 727 (ks 8).

Proposition 2.5. Let k,s € R and 7 > 11(k, s).

(1) The function space /i, s(R™) equipped with ||.||k,s is a Hilbert space with #(R™) as a dense subspace.
(2) There exists C > 0 such that if u € 4 s and uw = Op™(F*u~F)v, with v € L?(R™), we have

1/Cllullr,s < llvllrz < Cllulle,s
(3) Let k,k',s,s' € R. Fora € S(7u”,g) there exist C > 0 and 11 > 0 such that for all T > 11, we have
10p™(@)ullw s < Cllullpr s+ss 1 E Hhyrr sgsr (R").
In particular, if ¥ < k and s’ < s we have
S (R") € A, s(R") C A o (R").
We finally sharpen the result of Lemma 2.4

Lemma 2.6. Let k, k', s,s" € R. There exist C > 0 and 71(k, k', s,8") > 0 such that, for 7 > 7 (k,k',s,8") > 0
we have:
(1) For all u € .#(R™) there exists a unique v € L*(R™) such that u = Op™ (7 *u=*)v;
(2) Moreover, v € Ay o« (R"™) and
C_1||qu+k’,s+S’ < ollw,sr < Cllullbta st
Lemma 2.7. Let s,k € R and a € S(7°1*, g). There exists C > 0 such that, for T sufficiently large,
|(Opw(a)u,u)| < C’Hu”2 , ue (R

k s
33
Proposition 2.8. Let s,k € R. There exists C' > 0 such that, for T sufficiently large,
(Op¥ (71 yu,u) 2 Cllull} .. uwe LR
2

s
’2
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{¢(2) = (o)}

FIGURE 2. Geometry of the bicharacteristics in the case the function 1 is pseudo-convex.

3. CARLEMAN ESTIMATES UNDER STRONG PSEUDOCONVEXITY ASSUMPTIONS

Let P(x, D,) be a differential operator of order m, with homogeneous principal symbol p(z, £).

Definition 3.1 (Principal normality Definition 28.2.4]). The operator P(x, D, ) is said to be principally
normal on 2 if for all open subset X & (2, there exists some C' > 0

(3.1) {5, p}(2,6)| < Clp(z, )] "7, z€X, £eR™

Elliptic operators and operators with real coefficients in the principal part are typical examples of principally
normal operators.
We shall now revisit some consequences of the pseudo-convexity and strong pseudo-convexity properties.

3.1. Pseudo-convexity properties and symbol estimates. Let ¢ € €°(Q,R). We recall the following

definitions [Hor63].

Definition 3.2 (pseudo-convexity). We say that ¢ is pseudo-convex at x € Q w.r.t. P(z, D) if ¢'(z) # 0 and
if

(Pe) VE € R™M0, p(a,€) =0and {p,9}(2,6) =0 = Re{p {p.¢}}(=,€) >0.

The function 1) is said to be pseudo-convex w.r.t. Q and p if ¢’ # 0 in Q and ([¥d) is valid for all z € Q.

In the case of a real principal symbol, we have {p, ¢} = Hpp and {p, {p, 7,[1}} = ng/), i.e., first and second
derivatives of the function 1 along the bicharacteristics associated with p. Then the pseudoconvexity implies that
if the function ¢ (x) goes through an extremum along the bicharacteristics then it needs to be a non-degenerate
minimum. This implies a convexity for the bicharacteristics as illustrated in Figure

We note that

(3.2) {p, 0} (2,6) = (e (2,6),¢'(x)), and Re{p, {p, v} }(x,&) = 0,.(x,€),
with
(3.3) Op (2, €) = Z; 02,0, (@) 0, D(, €) D, p(, ) + Re 3 8,4 («) {D, Og,p} (2, €).

Observe that 6, ,(x, &) is homogeneous of degree 2m — 2 in €.

Definition 3.3 (strong pseudo-convexity). We say that v is strongly pseudo-convex at z € 2 w.r.t. p if

(1) % is pseudo-convex at x w.r.t. p;
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(2) if for all £ € R™ and 7 > 0,
(s-We)
1
pl,§+imy! (@) = 0 and {p, Y} (@, £ +imd (@) =0 = Z{p(x, £ —iry/ (@), plx, £ +imd/ (@)} > 0.
The function v is said to be strongly pseudo-convex w.r.t. Q and p if items ([{l) and (@) are valid for all = € Q.

Remark 3.4. Note that the pseudo-convexity and strong pseudo-convexity properties actually depend on the
level sets of ¥ (since ¢ # 0 rather than on the function ¢ itself. They are of geometrical nature. In particular
they do not depend on the coordinate system used.

We note that

(34) (. — 7 (@), pla € + im0/ (@)} = { Rep(e. &+ i (). Imp(. € + 57/ (@)} = Oy (2. £.7).
with

(3.5) Oy (1,€,7) = 32520, V() D (. + 71/ (2) D, € — 170/ )

+1Im 3 O pla, § + 79 (2)) O¢; pla, § — ity (2)).

Observe that ©, ,(x,&,7) is homogeneous of degree 2m — 1 in (¢, 7).

Remark 3.5. Note that there are operators for which no weight function can be strongly pseudo-convex. This
is for instance the case of the bi-Laplace operator P = A? in dimension greater than or equal to two. In fact,
observe that with p(¢) = |¢]* then

2
plag+ire) = (D6 +imu)) o pvhring) =4( D0 +ime)) )€ +ire )

J
and

Op,p (2,8, 7) = 167p(x, & + iTe)’ )Z 0, V(@) (& +im) (6 +iTyh).-

Then if £ 1 ¢/(x) and [§| = |79/ («)| we have p(z, & + ZTw ) ={p,v}(z,& +it)’") = 0 and yet O, y(x, &, 7) = 0.
In fact, this obstruction makes sense: a Carleman estimate of the form of (BI0) in Theorem B8 below cannot
be achieved for the bi-Laplace operator because of the optimality result of Proposition [Tl

The following result sharpens the estimate of Proposition 28.3.3 in in the case of a weight function
of the form ¢ = e,

Proposition 3.6. Let P be principally normal on € and let b be a strongly pseudo-convex function w.r.t.
and P. We set o = e*¥ and

(=(z,& 1)=& +iry/(z) = +if (@) (z), 7(2)=Tap(z).
Let X be an open subset such that X € 2. There exist C > 0, 19 > 1, ag > 0 such that we have
B . 1, — o
36) A <O (b OF + 5 {p@.0.p@.0}), 770, a> a0, (@6 €X xR

Remark 3.7. The following computations will be useful in the proof and at various places in the article. With

B3) we find
ep,tp(xag) = Eiag%]zkw( )afk ($ f) 85; ($ 5) +Rezamj<p {pvaﬁjp} 1‘ f
J5

which, as ¢ = e®¥ yields
(3.7) Op(2,€) = apby (2, €) + Ppl(pL(z, €), ¥’ (x))]*.
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With @) we find
3 P05, 0) = 04.00,7) = 7 D08, 0(0) 060, 00,0 + 1 50, €) 9 7, ).
which yields
B8 P00 O} = ) D, V) 06000, 065 T) + 7@l ke, 0.4 )
" Im%:c'“)sz(%C) 0c,p(2,0).

= Op. (@, &, 7(2)) + F(2)a| (e (@, O), 9 (2)) .

Proof of Proposition [3.6. The proof is along the lines of that of Proposition 28.3.3 in [Hor85al.
On the compact set {(z,£) € X x R™; |¢| = 1} the pseudo-convexity of ¢, with [B.2)) and B3]), implies

v(Ip@, Ol + [(pE(2. ), ¥/ (@)]) + Oy (. 6) = C >0,
for v sufficiently large. By homogeneity, with ([3]), we find

v (Ip(, 1™ + 1Pe@, O, @) ") + Opul@, &) 2 P72, w€X, ¢eR™
We first consider the case 7(x) < [£|. With the form of 6, ,, in (33]) we then obtain

v (I G2 + 1k, O W/ @K™ ) + 58, () 06D, C) Oyl )
+Re X 0r, () {7, 06,0} (2, 6) 2 G2
Since p(z, ) is principally normal, Lemma 28.2.5 in [Hor85a], with N]: ¢/(z) and 7(z) in place of 7, yields
|7(2)~ 0 32 0, (2, 0%, P(,C) — Re 3202, 9(@) {P, O p} &)l
C (7@ @) ¢ + #(@) pla, O C ™ + (9w, ), ¥/ (@) ¢ ).
Using that 7(z) < [€], we then obtain
) ol NG + ol s @I I o+ 5, (e 0 ) e ()
+ (@) Im 5 0, p(w, 0%, B, ) 2 [P 2.
With the Young inequality, for 7(z) and a sufficiently large, i.e., for 7 and oj sufficiently large, we obtain

(3.9) 7(2) " p(e, OF + al(pe (@, O), v (@)1 + 7(2) ' Op (2, &, 7(2) 2 [C[7" 72
With (B9) and ([B.8]) we thus obtain (3.0])

plar O+ o 5. 0.0l O} 2 F@IC D 2 7)),

using that 7(z) < [€].
We now treat the case || < 67(x), for some fixed §. We introduce 7 > 0 and place ourselves on the compact
set
€ ={(x,6,%); P2+|EP =1, |¢ <7, zeX})

As 1) is strongly pseudo-convex, we have

(77 p(a, § 4+ 7 (@) + 7k, € + 70/ (), (@)) + €y (@,6,7) 2 O, (0,67 €%,
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for « sufficiently large. By homogeneity we find
o (7 pl, &+ 70 (@) 2 + 7, € + 70 (@), 8 (@) ) + Op (2,6, 7) Z (7] + €)™,
for all z € X, 7 > 0 and & such that [£] < §7.
We apply this last inequality to 7 = 7(z) in the case |§| < 07(x). As a/T(x) = 1/(1¢(x)) < 1, this yields
p(z, Q)1 + 7 (2)al(pe(z, Q). ¥ (@)* + Op (. & F(2)) 2 [CP" 7
We have [¢[?™~! > #(2)u?™~1). Hence, recalling (B8] we also obtain (B8] in this second case. [ |

3.2. Carleman estimate. Based on the pseudo-convexity properties we presented above and the pseudo-
differential calculus of Section Bl we shall now prove a Carleman estimate with two large parameters.

Theorem 3.8. Let P = P(x, D,.) be a principally normal operator in Q2 of order m and ¢ € €°°(Q2), v > C >0
on Q, be a strongly pseudo-convexr function w.r.t. Q and P. We set o = e®¥. If X is an open subset, X € (2,
there exist C > 0, oy > 0, and 71 > 1 such that

(3.10) S (ra) "I gmlfihere DR, < Clle Pulls,
[Bl<m.

forallu € €°(X), a > ay, and 7 > 11.

Proof. Let Y be an open subset of Q) such that X € Y € ). Proposition 3.6l applies in Y.

Carleman estimates of the form (I0) can be handled locally and can be patched together (see [Hor63]).
Hence, there is no loss of generality in restricting ourselves to a small neighborhood V' of a point zy € X, with
V €Y. We also choose a small neighborhood W such that Ve W € Y.

There, the function v can be used as a coordinate function. We can then modify the function v outside W
so that it satisfies Assumption Il This allows us to use the calculus that we introduced in Section We
assume u € €2°(V).

We denote by p = p(x,&) the principal symbol of P. We set P, = e"Pe” "% and v = e”?u. We have
P, = P(z,D, +it¢'(z)) € ¥(u™, g). Its principal symbol in S(u™, g)/S(au™ 1, g) is given by

Py = pq;(iﬁ, &, T) = p(m, §+ iT(pl(x)).

By Lemma 24 there exists w € L*(R") such that v = Op™(u!~™)w. We set Q = Op™(p,) Op™ (u'~™) €

U(p,g) (we consider only the principal part of P, at first). We then write
Qw2 = (Q"Qu,w)z,

where the Weyl symbol of Q*Q € ¥(u?, g) is given by
—om 1, __
(3.11) p=pt? (|p¢l2+z{p¢,p¢}) mod S(a?, g).

by (A.2) and (A.3).
By Proposition 3.0 for 7 and « sufficiently large, we have p — Cragp > 0 in W. Let x € €2°(W) be such
that, 0 < xy <1 and x =1 in a neighborhood of V. We then write

p=p+r,  p=px+pF1-x), r=(p—p)1-x).

Then p € S(u?, g) and p—C7aep > 0 in the whole phase-space. Recalling that )\3 = p?/a?, the Fefferman-Phong
inequality (see [FPT8] and Theorem [A4] below) then yields,

(3.12) ||Qw||2L2 > (tapw,w)r2 — C||aw||2L2 + (Op¥(r)w,w)re.
As p = e with ¢ > C > 0 on Q we find, for a sufficiently large,
IQulf?> > ClIF2 w72 + (Op™ (r)w, w) 2.
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Lemma 3.9. For any N € N, we have
1Op" (r)wll > < Cnt N |v]| 2
See Appendix [B.10] for a proof.
For 7 sufficiently large, with Lemma we thus obtain
10p” (P )l 22 = |Qull 2 2 || Op™ (72 ™ )vll 2 = 0]l 3-
As P, — Op“(p,) € ¥(au™ ', g), for a sufficiently large we obtain
1Psollzs 2 0l

For any f, with |3] < m — 1, observe that

18— 1L
(rag) "3 DE = FEFMTIDTIDE c w(Fk Tl g),
and thus by Proposition we have
_18))—1
1Povllze 2 3 (ra) ™3 mPD=E D2 o,
[B]<m
The conclusion of the proof is then classical. |

Note that the power of the function ¢ that appears in the estimate can be shifted easily, as stated in the
following corollary.

Corollary 3.10. Let r € R. Under the same assumption as in Theorem [T.8 there exist C > 0, oy > 0, and
71 > 1 such that

(3.13) e (ra) 2D 1B = d e DB 2, < T e Pula,
<m

forallu e €°(X), a > ay, and 7 > 1.

Note that similar results can be achieved for the Carleman estimates proven in the section below. We shall
omit to write these results below.

Proof. We assume r # 0. Let s € R* and let Q = ¢(x, D,) be a differential operator of order ¢ € N*. The
symbol of the commutator [Q, ¢*] in the standard quantization is
. . il . .
qoy® —¢*q= 3. —07q(x, )0} ().
1<]y|<e T
(See Appendix [A] where notation related to the pseudo-differential calculus is presented.) Observing that
107 (0%)| < allg® we find that

=1
(3.14) [Q.¢°] = X ay(x)D7,  with |a,(2)] < o’ Plg.
~v=0
Let w = ¢"u. Starting from the Carleman estimate of Theorem B8 for w we derive [BI3]).
For |8] < m — 1 we write
lem =T Dl e < g™ Peme D wl g + 9™ F TP (D, 7w e,

x
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which by (B14) gives

(gm0 gn=5 T Dl 5 (22 (=30l D
+ S @l lere Dy,
[v[<IB8]-1

< Lh.s. @I0),

if @ >0 and 7 > 1. We thus obtain

19 P> (ra) 2D omtr=IBl=keme pBy||2, < e w2,
Bl<m

With ([BI4]) we obtain
€™ Pull2: S llg"e™ Pul%: + e [P, " Jul 2

Slee™Pullia+ > PP e D7
[v]<m—1

As a < p(x) for a large we can “absorb” the sum on the r.h.s. of the previous estimate by the Lh.s. of (315). W
We finish this section with some remarks.

Remark 3.11. (1) As we pointed out in the introductory section, Carleman estimates are central tools for
the quantification of the unique continuation property. See [Zui83] for manifolds results. A natural ques-
tion concerns the necessity of the pseudo-convexity conditions with respect to the unique continuation
property. Answers to such question can be found in [ATi83], where for example it is proven that if the
pseudo-convexity condition of Definition B.2]is strongly violated then unique continuation does not hold.
A mild violation of the pseudo-convexity condition as presented in [LR85| (see also [Hor85al, Section
28.4]) can yet preserve the unique continuation property with an additional compactness property.

(2) Here, we chose to use the notion of principal normality introduced by L. Hérmander and N. Lerner
[Hor63| [Ler85L [Hor85a]. In [CDSZI96D] the authors propose a generalization of this notion. That work
was motivated by the counter-example to uniqueness of [CDS95] in which the principal normality is
replaced by the (P) condition of Treves-Nirenberg. In [CDSZ96D] Carleman estimates are derived for
operators satisfying the generalized principal normality property and unique continuation results are
obtained. Their derivation of the Carleman estimate is based on a generalization of the Fefferman-Phong
inequality [CDSZ964], a technical point that we preferred to avoid here. Note also that the uniqueness
result that is proven in [CDSZ96b| corresponds to a stronger condition on the weight function than the
pseudo-convexity condition we use here. It coincides with the simple-characteristic property presented
in Section L]l Note finally that nonuniqueness may also result of a strong violation of their generalized
principal normality condition with a zeroth-order perturbation of the operator.

4. CASES OF STRONGER ESTIMATES

In this section we present classes of operators for which stronger Carleman estimates with two large param-
eters can be derived as compared to the result of Theorem

As in the previous section p(z, &) denotes the homogeneous principal part of the differential operator P =
P(z,D,).
4.1. Simple characteristics. We introduce the map
(4.1) pze : RT = C,

' 7o p(x, & + ity (2)),

where x € Q and £ € R™.
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Definition 4.1. Given a weight function ¢ and an operator P we say that the simple-characteristic property
is satisfied in Q if, for all x € Q, we have £ = 0 and 7 = 0 when the map p, ¢ has a double root.

Note that the case £ = 0 is particular, as the root 7 = 0 has of course multiplicity m. Note also that we have

(4.2) Py (7) = i(pi (2, & + 7 (x)), ' (x)) = i{p, ¥} (x, € + i7" (x)).
We can thus formulate the condition of Definition [£.1] as
(4.3) p(x, &+ i/ (x)) = {p, 0} (z, € + ity (2)) =0 = €£=0, 7=0.

Note that this implies that the hypersurface {¢) = Cst} is not characteristics, that is p(z,v¢’(z)) # 0.
Otherwise choosing & collinear to ¥'(x) we find p, ¢ identically zero. In particular this implies that || # 0.

With the simple-characteristic property we shall obtain below a Carleman estimate with an additional power
in the second large parameter a.

Examples 4.2. If P(z, D,) is a first-order operator then p, ¢(7) is a first-order polynomial in 7. If the leading
coeflicient does not vanish then the simple-characteristic property is clearly fulfilled.

For a second-order elliptic operators with real coefficients then p,¢(7) is a second-order polynomial in 7
where the leading coefficient does not vanish if ¢'(z) # 0. Property (@3] holds. Indeed, complex roots of
o +— p(x, & + o'(x)) come in conjugated pairs. They can only be double if they are real. For the roots of
T pg,e(7) this means 7 = 0, that is p(x,§) = 0.

Evidently, if p(z,¢) and ¢(x, &) are such that their respective maps (1)) satisfy property ([{3]), with different
roots, then their product will also satisfy this property.

Note that elliptic operators with real coefficients of order higher than two may however not satisfy this
property, e.g. the bi-Laplace operator A% in Q € R" with n > 2, independently of the choice of the weight
function. An example of an elliptic operator of order greater than two satisfying the simple-characteristic
property ([{£3) is D? - Di2 in Q C R? for any function ¢ whose gradient does not vanish in €.

An example of a second-order operator that is not elliptic satisfying the simple-characteristic property ([@3)
is D2 + Dy, Dy, in Q C R?, with ¢)(z) = 1(21 — a)?, where a is such that [¢/| # 0 in Q, e.g., if @ C {z1 > a}.
Another example is P = D,, D,, in Q C R? with ¢(x) = 21 + 22. We shall go back to this example at the end
of Section

Note that the examples we have just given are principally normal (see Definition Bl as they have real
coeflicients.

Remark 4.3. The simple-characteristic property (3] implies that v is strongly pseudo-convex with respect to
Q and P. However there exist operators and weight functions that satisfy the strong pseudo-convexity conditions
without fulfilling the simple-characteristic property ([@3)). Such an example is given by P(D,) = D,, in Q C R?
with the weight function ¢ (x) = 2% /2 + xs.

Details on some of the examples and remark above can be found in Appendix [B.111

Remark 4.4. The simple-characteristic property is independent of the notion of principal normality. Consider
the operator P(z, D,) = Dy, + i(x1Dy, + D,,) with symbol p(x,&) = & + i(z1&2 + &3). With ¢(x) = 1, the
simple-characteristics property is fulfilled. However the operator is not principally normal. Observe that we
have

{ﬁap}(l‘7f) = 2Z{Rep7 Imp} = {gla 1‘152 + 53} = 52)
which implies that Bl cannot be achieved if 1 = & = &5 = 0.

Proposition 4.5. Let P be principally normal on Q and let ¥ be such that the simple-characteristic property
@E3) is fulfilled. We set ¢ = e*¥ and

(=((2,8§7) =8 +irg(z) = +if ()Y (z), 7(z) = Tap(z).
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Let X be an open subset such that X € Q2. There exist C > 0, 19 > 1, ag > 0, and vy such that we have

(4.4) i'(x)z,uQ(m_l) < C(V|p(m,§)|2 + %gx){p(x,g“),p(x,g“)}), T>T70, > apg, V>, (1,6) € X xR

Proof. On the compact set L = {(z,£) € X x R"; |£] = 1} the simple-characteristic property (3] with (2]
yields, for v sufficiently large,

vlp(z, &) + (vt (2, €), 4" () = C > 0.
For a sufficiently large we find (see the definition of 8, ,(z, &) in (B3)

valp(z, €)| + al(pe(z,6), ¥/ (@) * + Opy(2,) > aC" > 0, (2,6) € L.

By homogeneity, recalling that 6, ,(x, &) is homogeneous of degree 2m — 2 in &, we then obtain
valp(a, OIIE™ ™ + al(pe (2, ), 9" (@) + Opp(2,€) Z al€" 7%, z€ X, E€R™
We first consider the case 7(z) < |£]. We then obtain

valp(z, OIICI™ ™2 + al(pi(z, O, ¥/ (x))]* + Z 2,20 0() 0, B, C) Og; p(2, C)
+Re S 00,9 (2) {P, Og,p} (2,€) 2 al¢]* 2.
Since p(, €) is principally normal, Lemma 28.2.5 in [H&r85a), with N :j W/ (z) and 7(z) in place of 7, yields
|7 ()~ Im; 0, p(, )0, Bl, ) — Re; O, () {P, O, p} (x,€)|

C (7@ (@) 1P + 7(@) (e, QL™ + (plle, O,/ (@) ™).
We thus find
vl QK" + ol pe(r, ). 4/ ()
Z wjxk ( )8gkﬁ(x,f)8gjp(x,g‘)+%(m)_lImZ@ij(x,C)(’)gjﬁ(x,Z)

GMWMMWW”M@meOWW* (P, Q) ¥/ (@)) 1¢]" 1) = Cal 2,
After a multiplication by T (z)7(x) we thus obtain, with (34,

v7(@)?[p(z, ONCI™ ™ + 7(2)?[(pe (, €), ¥ (2))|* + T0(2)Op,p (2, €, 7(2)) + C(Tso(:v)f(w)Qlw’(w)l S

+ 7@ p(e, QLIS + ()7 (2) (P (z. ). ¥’ () ¢ 1) 2 C'7(x)?|¢Pm 2.
With the Young inequality we observe that we have
v (@)?|p(z, OIS S vlp(z, O + v 7 (2) ¢,
—_———
<<7:2‘C‘2m—2
To(@)7 (@)@ (2)| [P0 S F(@)P|¢Pm T < PP TR asa >,
() |p(z, O™ S vip(e, OF + v (rp(x))?(¢[* 2,

=y—la=272|¢|2m—2

To(@)7 () (pe (2, 0), ¢ (2)) [¢I" ™ S 7(2)*|(pe (2, €), ¥ (@) P + @727 (2)?|¢[*
With « large these estimates yield

vlp(a, O)F +7(2)*[(pe(,¢), ¥ (@))* + 7o (2)Op 4 (2, &, 7(2)) 2 7(2)*|C)™ 2,
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which by (B3] reads

(e, OF + T8 (e, 0. (2, )} 2 7(@)Ic 2
We now treat the case || < 67(x), for some fixed §. Let 7 > 0 and consider
fla, &%) = vip(e, € +ir/ (2))F + 72
We place ourselves on the compact set
¢ ={(z,6,7); P>+ =1, z€X, (€R", #>0, [{ <67}
By ([@3)-[2) we have
V(@,6,7) €€, pla,f+it)(x) =0 = Fp(z,§ +i7¢(z)), ¢ (x)) # 0.
For v sufficiently large, we then obtain f > C' > 0 on ¥. By homogeneity we deduce

2

Pe(@, & + it (2)), ¢ ()|

(4.5) fla,67) 2 (FP+1€7)", zeX, €eR", 7 €RY, [¢] < 07(x)
With [B.8]) we have
o, OF + 20 G 0T, ple, 0} = vlp, OFF + raxp(a)2(2) (), v/ (@) + 7)., 7(2)

= [(2,§,7(2)) + 70(2)Op,p (2, &, 7(2))
> Cp*™ + 7p(2)Op,p (2, €, 7(@)),
with C' > 0. Observing that 7¢o(2)|0, 4 (z,&, 7(x))| < Tp(z)p?™ ! (z,&,7), by choosing « sufficiently large we
also obtain ([{4) in the case |£]| < 07(x). [ |
With Proposition we obtain the following Carleman estimate.

Theorem 4.6. Let P = P(x, D) be a principally normal operator in Q of order m and ¢» € €°°(2), v > C >0
on Q, a function such that the simple-characteristic property [@3) is fulfilled. We set ¢ = eV, If X is an open
subset, X € ), there exist C' >0, oy > 0, and 71 > 1 such that

o ¥ (ra) "It ere Diu|, < Clleme Pul3,
[Bl<m
forallu e €°(X), a > aq, and 7 > 7.

We observe that we have gained a factor « on the Lh.s. in contrast to the Carleman estimate of Theorem B.8

Remark 4.7. If ¢y’ # 0 in Q and P = —A then the simple characteristic property is fulfilled. With Proposi-
tion we can conclude that the power of « just obtain the Lh.s. of the estimate is optimal. We shall refine
this consideration at the end of Section

Proof. Let Y be an open subset such that X € Y € . Proposition applies in Y. As in the proof of
Theorem 3.8 we restrict ourselves to a small neighborhood V.C W € Y of a point 2o € X, where W is an open
subset. The function 1 then satisfies Assumption 211 We assume u € €.°(V).
We denote by p = p(x,&) the principal symbol of P. We set P, = ¢"Pe” "% and v = e"¥u. We have
P, =P(x,D, + ity (z)) € ¥(u™,g). Its principal symbol of given by
Pp = Pp(x,€,7) = p(z,§ +iT¢' (7).
We first consider only the principal part and set @@ = Op™(p,) and introduce
QQ = Opw(qQ) € \Ij(lu’mag)a with q2 = Repg@a
Q1 =0p"(q1) € ¥(u™,g), with ¢ =Imp,.
We have Q = Q2 + iQ)1 with both @2 and @1 selfadjoint.
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We have [|[Qu]|7. = |Q2v]|7> + [[Q1v]1F2 +i([Q2, Q1]v,v) ,,. With v such that v(r¢(z)) ! < 1 we then write
TIQull: > vl QovlFa + Ve 2 Quvll}z +i7([Q2, @ilv,v) L
= ( (V(Q%P_le + Q1 Q1) +i7[Q2, Q1)) va>

=BE¥(p~1p2m,g)

L2

With (A3) and (A4) we have

gt~ g = ¢ '¢; mod S(a’e ' P g), j=1,2,

i(g28q1 — @ifig2) = {q2, @1} mod S(a®p>™ 3, g).
We thus find B = By + By with By € (o tu?™", g) and By € ¥(a?p 1?2 g), and

By = Op"(ve~ ' (3 + ai) + {az, a1 }) = Op" (w‘l\prQ + %{%m})-
By Lemma 27 there exists w € L2(R™) such that v = Op™ (2 > ~™)w. We obtain
7(|Qul|72 > (Bow, w) + (Biw, w),
with By € ¥(a?,g) and By € ¥(u2,g). By ([(A3) the Weyl symbol of By is given by
by = p* =" (lllml2 + %{pfp,m})- mod S(a?, g),
By Proposition we have by — 7(x)? > 0 in W for v, a and 7 sufficiently large. Arguing as in the proof of
Theorem B8 with the Fefferman-Phong inequality (see [FPT8] and Theorem [A4] below) we obtain
T|QulZ: > CllFwlZ: + (Op™ (r)w, w) 2
with || Op¥ (r)w| 22 < Cy7~N|v|| 2. For 7 sufficiently large, with LemmaZ8 we find 7[|Qu||2, = || Op™ (7~ 2 ™ Yol[2,,
which gives
10D" (pp)vll 72 = | QullZ Z ol O™ (72 1™ Mol = alloll?, .

We conclude as in the proof of Theorem [B.8 [ |
4.2. Elliptic operators. For elliptic operators stronger results can also be achieved. First, we shall consider

elliptic operators and weight functions under pseudo-convexity conditions and, second, we shall consider elliptic
operators along with weight functions such that the simple-characteristic property holds.

4.2.1. Elliptic operators under strong pseudoconvexity condition. Let P be an elliptic operator of order m. We
first note that if ¢ is a smooth function such that [¢)'| > 0 on €, then it is a pseudo-convex function on Q for
the operator P.

Proposition 4.8. Let P be elliptic on 2 and let ¢ satisfy (&¥d) (point[d in Definition[33) for all x € Q. We
set ¢ = e®¥ and
(=(z,& 1)=& +iry'(z) = +if(a)Y'(z),  7(2) = Tap(z).

Let X be an open subset such that X € 2. There exist C > 0, 19 > 1, ag > 0 such that we have

L oom 1, o
(46)  (rap) it < C(Ip@. O + 5 {p@ Oop(@.Q)}), =70, a> a0, (@,6) € X xR
Proof. We have |p(z,£)|? 2 [£]*™. We first consider the case 7(z) < |£|. We then obtain

p(a, O 2 [¢*™

With (B8], by homogeneity we have |5 {p(x,(),p(z,()}| < @|¢[*™~!. For 7 sufficiently large we obtain

p(, O + o (P, 0.0l O} 2 [P
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We now treat the case || < 07(z), for some fixed §. We introduce 7 > 0 and place ourselves on the compact
set
¢ ={(z,67); P+ [EP =1, |¢ <07, ve X}
As 1) is strongly pseudo-convex, we have

a(Iplw,€ + it @) + 72/ (o (@, € + 70/ (@), ¥/ (@)) + 70p0(2,6,7) 2 €, (0,6,7) €F,
for « sufficiently large. By homogeneity we find
oIp(e,€ + 76 (@) 2 + 72|, € + 70/ (2), 0/ (@) ) + 70,0, €,7) 2 (17] + €)™,
for all z € X, 7 > 0 and & such that [¢| < §7. We apply this last inequality to 7 = 7(z) and find

a(F(2) " o, ) + #(@) k(. ) ¥/ (@) ) + O, €, 7()) 2 () (7] + €)™,
in the case |¢] < §7(z). As o/T(x) = 1/(Tp(z)) < 1, this yields
Ip(z, O + 7(@)al Pk (z, €), v (2))[* + Op (2,6, 7(2)) 2 7(w) S 2 7(a) ™ ™.
Hence, recalling ([3.8) we also obtain (£.0) in this second case. |
With Proposition we then obtain the following Carleman estimate.

Theorem 4.9. Let P = P(x,D,) be an elliptic operator in Q of order m and ¢ € €°(Q), v > C >0 on Q,
be a strongly pseudo-convex function w.r.t. Q and P. We set ¢ = e®¥. If X is an open subset, X € Q, there
exist C' >0, a; >0, and 71 > 1 such that

(4.7) Y (ra) 2T oml8= g eme DB |12, < €€ Pul s,
|BI<m

forallu e €°(X), a > ay, and 7 > 1.

We observe that we have gained an additional term, for |3| = m, in the sum on the Lh.s. in contrast to the
Carleman estimate of Theorem B.8

Remark 4.10. From an estimate of the form of (1) by fixing the values of 7 and « we obtain
l[ell () = | > IDfullr2 < CllPullLe,

Bl<m
which implies that P is elliptic. The additional term we have obtained in the previous theorem is thus a privilege
of elliptic operators.

Remark 4.11. Note that ellipticity is not sufficient for a Carleman estimate of the form (1) to hold. Pseudo-
convexity and strong pseudo-convexity are also needed (see Section [l for the necessity of these conditions). The
bi-Laplace operator is a typical example of elliptic operators for which this type of estimate cannot be achieved.
See (L), Proposition [Tl (LI3) and Proposition [[4] in the introductory section for the weaker estimate that
can be obtained for the bi-Laplace operator.

Proof. The proof goes along that of Theorem We only point out differences. For the symbol p obtained
in BII) we have p — pu?/(Tap) > 0 by Proposition 8 The counterpart to (BI2) is then

Qw72 > (12 /(raw)w,w)rz — Cllaw|Z: + (Op™ (r)w, w) 2.

By Proposition 28 we have (42 /(Tap)w, w)r> 2 |w]? _,. Since [[wl|; 1
L) ’

s 2 llwllo.s 2 et adw] sz, we obtain

Y

IQu(Z> > Cllw|? _y + (Op™ (r)w, w) 2.

for « sufficiently large. The conclusion of the proof is then as in the proof of Theorem [ |
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Remark 4.12. Readers may not be at ease with the use of the Fefferman-Phong inequality as in the proof of
Theorem [B.8] for the derivation of a Carleman estimate for an elliptic operators. Indeed, the original proof of
L. Hormander in [Hor63, Section 8.3], for Carleman estimates with one large paramter for elliptic operators,
only relies on integrations by parts. We thus provide in Appendix [B.12]an alternative proof of Theorem 9 that
only relies on the classical Garding inequality for homogeneous differential operators. This remark originates
from the work where similar estimates are derived for elliptic operators at a boundary, typically in a
half-space, where strong estimates such as the Fefferman-Phong inequality or the sharp Garding inequality are
either not available or require severe additional assumptions on the symbol of the operator.

4.2.2. Elliptic operators under the simple-characteristic property. Combining the simple-characteristic and el-
liptic properties we obtain the following estimate.

Proposition 4.13. Let p(x, &) and ¥(x) be such that [E3) holds. Assume moreover that p(x,§) is elliptic. We
set ¢ = ¥ and

C=((,& 1) =E+ite (x) = § +ira)/ (z)p(a).
Let X be an open subset such that X € Q. There exist C' >0, 19 > 1, ag > 0, vy > 0, such that we have

as)  wn < (O + A GG 0. 0)). 72 a2 a0 v 2w, (66X R

Proof. Let 7 > 0 and consider
2

F(2,6,7) = vip(z,§ + it (@)* + 72| (5 (2, € + 79 (2)), ' (2))] -
We place ourselves on the compact set
% ={(x,6,7); ¥ +[{ =1, z€X, {eR", # €RT}.

By (£3) and the ellipticity of p we find

V(2,8 7) €F, plx,{+if(z) =0 = F{pe(x,§+if' (), ¢ (x)) # 0.
For v sufficiently large, we then obtain f > C' > 0 on ¥. By homogeneity we deduce
(4.9) f@,67) 2 (P +16%)", zeX, £eR", # R
With ([B.8]) we have

bl O+ T (3 0. p(r. )} = v, OFF + rap(@)7(a)| (el 0.0/ @) [+ ro(w)Oy . £, 7a)
= f(2,§7(@)) + 7o(x)Opp (2, &, 7(x))
> CMQm + T@(x)@pyw(ma&%(x))’

with C' > 0. Observing that 7¢(2)|0, 4 (2, &, 7(2))| < To(z)p?>™ 1 (z, &, 7) we conclude by choosing « sufficiently
large. |

With Proposition £.13] we then obtain the following Carleman estimate.

Theorem 4.14. Let P = P(z, D,) be an elliptic differential operator in Q2 of order m and ¢ € €°(Q2), be such
that the simple-characteristic property [@3) holds. We set o = e*¥. If X is an open subset, X € ), there exist
C>0,a; >0, and 71 > 1 such that

2 — —1 _ _1
> (ra) 2D g IBI= e DB |2, < Cle7¢ Pul2a,
<m

forallu e €°(X), o> ay, and 7 > 1.
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We observe that we have gained a factor a and an additional term in the sum on the lLh.s., for |5| = m, in
contrast to the Carleman estimate of Theorem 3.8 Note that elliptic operators of order two with real coefficients
fit the framework of this result if ¢/’ does not vanish in 2. This was used in the introduction for the Laplace

operator (see (IL12))).

Proof. Let Y be an open subset of Q such that X € Y € Q. Proposition .13 applies in Y.

As in the proof of Theorem [B.§ we restrict ourselves to a small neighborhood V of a point ¢ € X with V € Y.
We also choose a small neighborhood W such that V'€ W € Y. The function ¢ then satisfies Assumption 211
We assume u € €°(V).

We set P, = ™ Pe” "% and v = e"Pu. We have P, = P(x,D, +it¢'(x)) € ¥(u™,g). Its principal symbol
of given by

Pe =Py(®,8,7) = p(x, £ +i7¢ (2)).
We introduce the selfadjoint operators
P, + P
2
with principal symbols ¢ = Rep, and ¢; = Imp,,.

We have [|Pvl7. = [|Q2v|7. + |Q1v]172 +i([Q2, @1]v,v) .. With v such that v(Tp(x)) " <1 we then write

TIPovl2s > vl 2 Quul3s + vile T 2Quulf32 + i ([Q2, Qiv, v)
= ( (V(Q207 ' Q2 + Qo™ ' Q1) +i7[Q2, Q1]) "U/U)

=Be¥(p~1u2m,g)

P, P:

and Q1 = 5

2

L2

By Lemma 4] there exists w € L2(R™) such that v = Op™ (o2 2 ~™)w. We then have
11, wi 11,
TIPovliz = (Op™(p2p>~™) BOP™ (g2 > ~™) w,w) .

=Be¥(u,9)

From pseudo-differential calculus (see (A-2)) the principal symbol of B is
8 o Com TE
b= (e + vl + mofar, ar}) = p' T (vipe | + 5 {Pe b))

We thus have b — Cp > 0 in W by Proposition I3l Let x € €°(W) such that, 0 < y < 1and y = 1in a
neighborhood of V. We then write

b=b+r, b=bx+u(l—x), r=0-pl—-y).

Then b € S(u,9) and b — Cp > 0 in the whole phase-space. Recalling that \; = p/a, the sharp Garding
inequality (see Theorem [A3) then yields,

7l[Ppul7z = (Op™ (w)w, w) 2 — Clla2w|Fz + (Op™ (r)w, w) 2.
By Proposition [Z.8 we then have
PPl = Cllwl o - C'lladwl3s + (Op™ (M, w)..
and, as ¢ = e®¥ with ¢ > C > 0 on W, for « sufficiently large we obtain
T||Ppvl72 > Cllwli  + (Op™ (r)w, w) 2.
With Lemmata and 39 we then find
|Po0l32 2 l1(re) ™20l 0-

The conclusion of the proof is then as in the proof of Theorem [ |
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Remark 4.15. In connection to Remark LT2] an alternative proof of Theorem [£I4] can be written without
relying on the sharp Garding inequality but rather the classical Garding inequality for homogeneous differential
operators. The argument resembles that of the proof of Theorem 9 given in Appendix [B.121 The adaptation
to the case of operators satisfying the simple characteristic property is left to the reader (see also [BL13]).

5. NECESSARY CONDITIONS ON THE WEIGHT FUNCTION AND OPTIMALITY

Starting from Carleman estimates L. Hormander derived necessary conditions on the weight function [Hor63]
[H6r85a). We apply the same approach in the case of Carleman estimates with two large parameters and weight
functions of the form ¢ = e*¥.

Lemma 5.1. Let P be a differential operator of order m with smooth principal symbol p(x, &) and let ) € €= (Q).
Let X be an open subset of ).
(1) If the following estimate holds,
(5.1) S (ra)" T g e DR, < Kl Pullfe, = e,
[Bl<m
form>19>0and a > apg >0 and u € €°(X), we then have
2(m—|8])—1 K ._, = . .
62 2 (ropl@)" " IOR < S@0p@ 0} =6+ ing @) = 6+ imad (@pla),
Bl<m

for >0 and a > ag and (x,8) € T*(X), if p(z,{) = 0. If m > 2 we have ' # 0 in X. Moreover
p(x, &) does not vanish at second order at any point of T*(X) \ 0.

(2) If the sum in L)) is replaced by - 5<,, (TeSP. &7 325 0 07 Q7 37 5 <,y, with v > 0) then the same is
true for (5.2)).

This lemma is the counterpart with two large parameters of Theorem 28.2.1 in [Hor85a). The proof is along
the same lines and we refer to Appendix for it.

In Lemma [51] the case of first-order operators stands out. Then, in fact, the Carleman estimate (51]) does
not imply ¢’ # 0 in . This illustrated by the following result.

Proposition 5.2. Let P = Dy, and let ) € €°°(Q2) be such that 92 ¢ > Cy > 0 in Q. Let X be an open subset
such that X € Q). We then have

7% Pul3, > 27a00||<p%ewu||%z, p=e" uwe?>®X), 7>0, a>0.
A possible choice for the function 1) is ¢ = 23 whose gradient vanishes at z; = 0.

Proof. With v = ue™ we write

€79 Pul|72 = [|Dayv + im00, /|72 = || Dayvll72 + 7082, 0|72 — 2TRGR£(3z1¢)(5mlv)5d$
= ||Dy,v — iﬂ)@mlngQLg +27 [ 8§1<p|v|2dx >27 [ 8§1<p|v|2dx
R~ R~

with an integration by parts. We have 82190 = a?(0,,0)%p + a@%lwgo > aCyp, which yields the result. |

x

Remark 5.3. In the light of Section 1] and Theorem one however hopes to have stronger estimates than
I for first-order operators. We shall prove below that such stronger estimates then imply that ¢ # 0,
regardless of the operator order.

Note in particular that the proof of Proposition [£.2] yields an estimate of the form given in Theorem [} i.e.,
with an additional factor « if we further assume that 0,,¢ # 0 in Q.
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Lemma 5.4. Let P be a principally normal differential operator of order m with smooth principal symbol p(x, §)
and let 1 € €°°(2) be such that ' (x) # 0. We set p = e*¥. If (1) holds then

(5-3) mg:,lw(x)'fﬁ'Q < 2K Re{p, {p, ¢} }(x,9),

for a > ag if (z,§) € T*(X), p(z,£) = 0 and {p, p}(z,§) = 0. If the sum in E.I) is replaced by a3 4, then
the sum in ([B.3) is replaced by oy g, ;-
The proof of Lemma [5.4] can be adapted from that of Theorem 28.2.1" in [Hor85al.

We next prove that the strong pseudo-convexity condition on the function v is in fact necessary for the
Carleman estimate (&I to hold.

Theorem 5.5. Assume that estimate (&) holds for all open subsets X € Q and assume further that P is
principally normal. In the case of a first-order operator, we also suppose that ' # 0 in Q. Then the function
1 1s strongly pseudo-conver w.r.t. P and ).

Along with Theorem we then obtain the following result.

Corollary 5.6. Let P be a principally normal operator. The strong pseudo-convexity of 1 in ) is necessary and
sufficient for the Carleman estimate ([B1) to hold for every open subset X @ Q (with the additional assumption
that ¥ # 0 in Q in the case of a first-order operator).

Remark 5.7. Note that this result is in contrast with L. Hormander’s work where there is a gap between the
necessary and the sufficient conditions on the weight function ¢ to have a Carleman estimate (compare Theorem
28.2.1 and Theorem 28.2.3 and the connection that is made with pseudo-convexity in Section 28.3 in [Hor85a]).
Here, of course we impose a particular structure on the weight function ¢, viz. ¢ = e®¥.

Proof of Theorem[58. We have ¢’ # 0 in  (this is assumed if m = 1 or this follows from Lemma [E1if m > 1).
We first prove that [d) holds everywhere. Let z € Q and € € R™ \ 0 such that p(z,&) = 0 and {p,¢}(z,§&) =

(pe(2,€),¢'(x)) = 0. Then {p, p}(z,§) = 0. Lemma[5.d then yields 0, ,(z, &) = Re{p, {p, p}} > 0. By B1) we
have here

Re{D, {p,¥}} = Op.u(2,€) = (ap) " Opp(2,€) > 0.
We next prove that (5=Fd) holds everywhere. Let z € , £ € R™ and 7 > 0 such that
p(@,§ + ity (2)) = (pe(2,§ +i7¢(2)), ¢'(2)) = 0.

We then choose 7 > 0 and « > ag such that 7 = Tap(z) = 7(x). We set ( = £+ i7¢'(x) = +it¢’(x), and we
have p(x, & + iT¢'(x)) = 0. With (22]) and B4)-BE) we then have

®P7<P(x7 57 T) =7 Zk aijxkd’(l') aﬁjp(xa C) agkﬁ(l'aa + Imz a'ztjp(xa C) 85123(5632) > Oa
7, J

Le, Opy(r,&,7) = 5 {B(a, € — ity (2)), p(x, € + ¢/ (2)) } > 0 by BF) as (pi(z,), ¢’ (z)) = 0. u
We shall now obtain necessary conditions for a stronger Carleman estimate as in Theorem to hold.

Theorem 5.8. Let P be a principally normal differential operator of order m with smooth principal symbol
p(x, &) and let p € €>(Q) be such that the following estimate holds, for all open subsets X € {2,

(5.4) @' % (ra)? T o Bl= s T DBY|2, < KT Pul|Zs, ¢ = €,
[B]<m

form>19>0and a>ay >0 andu € €°(X) and v > 0. Then the function ¢ is such that ¢¥'(z) # 0 in Q
and the simple-characteristic property (&3]) holds in €.
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Note that in the case of a first-order operator, the stronger estimate (5.4 implies ' # 0 as opposed to the
“regular” Carleman estimate with two large parameters (51). See also Proposition and Remark
With Theorem we have thus obtained the following result.

Corollary 5.9. Let P be a principally normal operator and v be a weight function. The simple-characteristic
property ([L3)) is necessary and sufficient for the Carleman estimate of Theorem[{-0] to hold for every open subset
X €.

Proof of Theorem[58. Assume that ¢'(z) = 0 with 2 € Q. Choosing £ = 0, i.e., ( = 0 we have p(z,() = 0 and
thus Lemma (] yields
Q7 (2)?" T S Oy y(2,0,7(x) S F() T, T(2) = Tap(z)
by B3) and B.8) for o > «g and 7 > 0, which is clearly impossible if v > 0.
First, we prove that property 3] holds for 7 > 0. Let x € Q and £ € R™ and 7 > 0 be such that
Pue(T) = p(x, &+ 979 (2)) = 0. For o > o we set 7 = 7(a) = 7/(cwp(z)). We then have 7 = 7(z). Note that 7
goes to zero as a goes to co. Yet 7 remains fixed. By Lemma [B1] and (3] and (B8) we have

aq1#2m=1 < Ops (z,&,7) + oﬁ-|<p/5(x,€ + i%w/(x)), ¢’($)>‘2
If 4, ¢ (7) = i(pk(w, & + 7/ (x)), ¥ () = 0 we reach the same contradiction as above,
Oﬂfjm_l 5 @p,lp (‘T7 67 72)7

since here the value of ©,, ,(x,&,7) is kept fixed and « is free to increase. The root 7 is thus simple.
Second, we consider the case 7 = 0. Let € Q and £ € R™ be such that p(z,£) = 0 and let us assume that
Py (0) = i{pg(x,§),¢'(x)) = 0. Then {p, p(x)} = 0 and with Lemma [5.4] we obtain

a' @) S |€°P < 2K Ref{p, {p, ¢} }(z, &)

81=m-1
With B.2) and @1) we get o' 7¢() 305201 €812 < b, (7, &), yielding as above a contradiction if we let
a go to 0o, if & # 0. This concludes the proof. [ |

We finish this section with some consideration regarding the optimality of the powers in «. As a direct
consequence of Theorem [B.8] we have the following proposition.

Corollary 5.10. If the simple-characteristic property does not hold one can only hope for an estimate of the
form (BA) with v = 0. In such case the powers of « in the Carleman estimate of Theorem[38 is optimal.

The following proposition gives an optimality results when the simple-characteristics property holds.

Proposition 5.11. Let P be a differential operator of order m with smooth principal symbol p(x,&) and let
Y € €°°(Q) be such that the following estimate holds,

(5.5) o7 Y (ra) "I S e DR, < KT PulRa, = e,

[Bl<m
form>1>0and > ag >0 and u € €°(Q) and v > 1. If there exists (z,&,7) € Q x R™ x RT such that
p(x, & +i7Y (x)) = 0 with 7 # 0, then we have v = 1.

Note that the Laplace operator, in dimension greater than or equal to two, fits the assumption of this
proposition with ¢ such that ¢’ does not vanish in Q. This (further) justifies the result of Proposition in
the introductory section. If P = —A then p(x, & +i7¢'(x)) =0 if £ L ¢'(x) and |£] = |79 (2)|.

Proof. The proof is contained in that of Theorem B8 If p, ¢(7) = p(x, & + 79 (z)) = 0 we have

QT S 0,4 (2, &, F) + af(pl(z, € +ify (2), ¥ ()],
where o > «. This implies v < 1. |
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Remark 5.12. Note that the proofs of Theorem and Proposition (.11l show that the powers of 7 are also
optimal under the assumptions of these two results.

In Proposition [5.10] the condition on the existence of a non-zero root for p, ¢(7) = p(x, & +i7¢Y'(z)) = 0
cannot be avoided, as explained by the following examples.

Example 5.13. We place ourselves in R™ with = = (2/,2,,). For the operator P = D, and ¢(z) = e*¥®)
with ¢ (x) = x,, + f(2), we have p(x, & + ity (x)) = &, + i7 that vanishes if and only if &, = 0 and 7 = 0. Here
&= (¢,&,) and £ can take any value. Note that the simple-characteristic property (£3) is fulfilled. However
we have a stronger estimate than that of Theorem

(5.6) (a7)?[lpe™ ullzs < [le7 PulZ.,
for 7 >0 and a > 0 and u € €°(R™). More generally, if j > 0 we have
(a7)?[| VD 2emul |3, < ||pU=1/2eTe Pul|Z..
Note that this is not an ellipticity result as D, is not elliptic in R”. In fact an estimate of the form (53]
with v =1 would be
(5.7) 7a’|lp2e ™ ulfe S [l Pula.
As we have o2V < ¢, for any N € N, since 1) > C > 0, from (5.6 we deduce
roN|pre ulz < [l Pulis,
for any N € N, which is stronger than (57 with respect to the power of a (and 7).
Proof. Here the conjugated operator is P, = ¢"?Pe™ ™% = D, +ity, (x). For v = e %u we compute
Re(P,v, i(ij)Lz =i([Dy, , cpj]v, V)2 + TRe(igo;nv, iplv)
= ajlle?v]|7: + arlpU D 0|2,
> ar|pUtD 2|7,
We thus find
arllpUH 2| + (ar) VDD Poof|F. > 20|l 20| 2.
yielding the result. u
Such strong estimates are not limited to the order one. In R? we have the following example.

Example 5.14. For the operator P = D, D, of order two in R? and ¢(z) = e*¥®) with (z) = z1 + x5 the
simple-characteristic property is fulfilled (see Examples and Appendix [B.TT)).
However, we have the following strong estimate:

(ar)!lp?e™uli. + 3 (ar)?[lpe™ Dy, ullzs < 3[le™ PulZs,

)

for 7> 0 and o > 0 and v € €°(R™).

This operator D, D,, is nothing but the wave operator in the particular coordinates ¢t = x1 + 22 and
y = x1 — xo. The level sets of the weight function correspond to space-like surfaces.

Proof. The result of Example gives, for j > 0 and k = 1,2,
(@) [l 2emow|Te < oYV 2eT Dy, w2,
for 7> 0and a > 0 and w € €°(R™). If set w = Dy, u or w = Dy,u we thus obtain (for j = 1)

(aT)QH@eT‘/’DzkuH%z < HeT‘/’PuH%z, k=12
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If we set w = wu with j =3 and k£ = 1 we have
(a7)*@*e ™ ullf2 < llpe™ Dy, ull.

A linear combination of these inequality yields the result. |

Remark 5.15. (1) The cascade proof used for the previous example does not yield a proper estimate for
the operator P = D,, D,,D,, in R3 and the weight function Y(x) = x1 + x2 + 23 as one could naively
think: one cannot obtain estimates for the weighted norm of chj u, j = 1,2,3, as should be in a Carleman
estimate for a third-order operator. In fact, note that the weight function v is not pseudo-convex. If
p(x, &) = {p,¥}(z,€) = 0 then {p, {p,v}} = 0. However for the wave operator D? + A, in R"*! such a
strong estimate can be derived with the weight function ¥ (¢, z) = t.

(2) Note that in one-dimension the operator P = DF with ¢(z) = = fulfills the simple characteristic
property ([£3) and arguing (by induction) as in the proof of Example 5.14] we find

> (ar)?E=9 "I Dlul T < Kklle™ Pull7e,
j<k

for 7> 0 and a > 0 and u € €>°(R").

APPENDIX A. SOME FACTS ON PSEUDO-DIFFERENTIAL OPERATORS

A.1. Symbols. Here, we consider the following metric on phase-space W = R" x R™:

e

p?’

g=aldef + with p? = p2(2,€,7) = (rap(@)* +1¢2, and 7> 1, a> 1,

and 7 and « are two parameters.
A positive function m(X; 7, «), with X = (2,£) € W, is called an admissible order function if it is slowing
varying and temperate, meaning that we have:

(1) There exist C' > 0 and r > 0 such that

VX, Y €W, gx(X-Y)<r? = C!

IN

(2) There exist C' > 0 and N > 0 such that

m(X;T, @) N
XY — < 1 (X -Y
XY ew. e < C(1+ g%( )

where the dual metric is given by ¢° = p?|dx|? + %%‘2.
We also introduce h2(X) = supgx /g% = o’u~ 2

0<hg <1
With an admissible order function m we may then define the following symbol class.

Here, the uncertainty principle is fulfilled as we have

Definition A.1. Let a(z,&;7,a) € €°(R" x R® x RT* x R™*; C). We say that a € S(m, g) if
VB,y € N", 3Cs, >0, |858;’a(a:,§;7', a)] < Cgrd?lyMim(z, & 7,0), (2,) €W, 7>1, a> 1

We define the principal symbol of a as its equivalent class in S(m, g)/S(hgm, g).
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A.2. Standard quantization. With a € S(m,g) we can define the following pseudo-differential operator
Op(a)u(z) = a(z, Dy)u(x) = (2r) " [[ @V Ea(x, & 7, a)u(y) dyde, u € S (R"),

in the sense of oscillatory integrals (see e.g. Section 7.8 in [Hor90]).

We have the following composition formula: for m; and mso two admissible order functions then myms is
also an admissible order function and if a € S(mq,g) and b € S(ms,g) we have Op(a) Op(b) = Op(c) with
c¢=aobe S(myms,g) with moreover

1. j _
aob(a,&ra) = 3 = (i(Dy, Dy)) alz,mb(y,€) |- € S(a™ u=Nmima, g),
0<j<N J- n=¢

for all N € N.

A.3. Weyl quantization. With a € S(m, g) we can define the following pseudo-differential operator

Op™ (a)u(x) = (2m)~™ [f ¢e—v:E) g (LY

J&Toa)uly) dyds,  ue S (R,

in the sense of oscillatory integrals. Connection with the standard quantization is as follows: Op¥(a) = Op(a)
with
a(xz, &) = e/ P=P)20( €),  or equivalently a(x, &) = e “P=Pe /25, €),
yielding in particular
. T . j _
alz, &) — > W(Z<DI7DE>)JG(:E7£) e SN Nm,g),
0<j<N #'J:

and

a(z,€) - (= i(Ds, Dg)) alx,€) € S(a¥uNm, g).

0<j<N 275!
In particular, the principal symbols coincide in both quantizations.

We have the following composition formula: for m; and ms two admissible order functions, with a € S(m1, g)
and b € S(ma, g), by Theorem 18.5.4 in [Hor85b] we have Op¥(a) OpY (b) = Op¥(c) with ¢ = afib € S(mima, g)
and

AL a8 ¥ (io(Da DD, D) [2) ale, b)),

S € S(a™uNpp',g), NEN,
0<j<N J-

where o is the symplectic form: o(x,&y,n) = (£, y) — (z, 7).
With this formula we find

(A2) afb(x,§) = ab(a, &) - 5 {a.b}(,€) mod S(a’upp.g),
and it follows that

(A.3) biaib(x, &) = ab®(z,€) mod S(a’u"?pp”?, g),
From (A we also find

(A.4) (atb — bta)(x,€) = —i{a,b}(z,€) mod S(a’u""pp’, g).

Concerning the boundedness of the pseudo-differential operators we have just defined we have the following
result (See Theorem 18.6.3 in [Hor85D]).

Theorem A.2. Let a € S(1,g). Then Op¥(a) maps L*(R") into L?(R™) continuously.

In the main text, we shall invoke two important inequalities, viz., the sharp Garding inequality and the
Fefferman-Phong inequality. With hg =supgx/g°(X) = au~! here, the statements read as follows.



30 JEROME LE ROUSSEAU

Theorem A.3 (Sharp Géarding inequality). Let a € S(h;"',g) be such that a > 0. Then

(Op¥(a)u,u) > ~CllullFz,  uwe S (R
Theorem A.4 (Fefferman-Phong inequality). Let a € S(h;?,g) be such that a > 0. Then
(Op¥(a)u,u) > ~CllullF2,  uwe S (R

We refer to Theorems 18.6.7 and 18.6.8 in for proofs. The Fefferman-Phong inequality is obviously
stronger than the sharp Garding inequality. Yet, as can be easily seen, for the sharp Garding inequality only the
principal symbol needs to be nonnegative. This is not the case for the Fefferman-Phong inequality. Moreover
the sharp Garding inequality extends to the case of systems, which does not hold for the second inequality
[Bru90]. We also refer to [Bon99] for refined statements of these inequalities (see also [Lerl0)].

For a presentation of the Weyl-Hormander calculus we refer to [Ler10], Sections 18.4-6] and [Hor79).

APPENDIX B. PROOFS OF SOME INTERMEDIATE TECHNICAL RESULTS

B.1. Useful computations for the proofs of necessary conditions and optimality. Let p € € (Q)
and p(z) = V(@) Let 29 € Q and & € R”. Without any loss of generality we shall assume that zq = 0. We
set Co = &o +1¢'(z0) and ¢(z) = p(z) — ¢(z0).

We then introduce w(z) = (z, (o). We note that

(B.1) o) — Imw(z) = G(@) + o 6a (1),
with
(B.2) Gla) = 5 D0, plav)asa.

We then pick f € €>°(R"), f £ 0, and set
(B.3) ur(z) = ™ f (A7) ),

For applications we shall make various choices for A. It will either be constant or a function of o and z.
For p € R, we then write

H(Pperqﬁu_r”%z _ an eQT(G(w)+|w\3ﬁa(1)) S0(1.)2p‘f(()ﬂ-)%gg) ‘2d(£

—n —1 T—l —3/2(,3 - 2 2
= (A1) /2R{L 22T G+ A [yl ﬁa(l))@(()ﬂ-) 1/2y) p|f(y)’ dy

B.4 ~ 7",
( r

T—r00

with the change of variables y = ()\T)%Qi and the dominated convergence theorem, and where
I = X)W 1(y)| dy.
We note that

e_”w(m)DfuT = (D, + TCQ)ﬁf(()\T)%J)) = T‘B‘Cgf(()\r)%x) + T|ﬁ|_%ﬁ,\(1),
which gives, arguing as above,
(B.5) lePe™® Dur||z2 ~ T2PRL g,
with

Ios = X" Pp(aoPIG P | €W f(y)[Pay.
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B.2. Proof of Proposition LIl We pick zg € X and & € R" such that |&| = |¢'(z0)] and (&0, ¢’ (z0)) = 0,
which is possible as n > 2, and we set (o = & + i¢'(z9) and w(zx) = (z,(p). We set ¢(x) = @(x) — p(xo).
Observe then that V,w = (y is constant and that we have

(B.6) > (05,w)* = 0.

J

We may assume that zo = 0 without any loss of generality. We then pick a test function u, as in (B:3). For 7
sufficiently large supp(u,) is sufficiently close to xg to apply estimate ().
With (B4) in Appendix [BJ] (in the case A = 1) we find

(B.7 POl 0 [ S0l Py
With (B.6]) we obtain Au, = (TA(?(T%QC) + 2i72 (V,w, Vz¢(7%x)>>e”w($) and
A%y, = (T2A2¢(T%.’L') + 4iTg<Vzw,VIA¢(T%a:)> — 47‘3¢”(7‘%x) (V,w, wa))e”“’(z),
With (BJ) we obtain
|e™¢ Bu,||3. = an 2T(C@)+e?0a (1) |T2A2¢)(T%$) + 4dir? (V,w, VIAQﬁ(T%.I» — 473¢" (T%JZ) (V,w, wa)|2dm.

As ; > 6, with estimate (I3), (BX), the change of variables y = 72z, and the dominated convergence theorem,
we find that ¢"(V,w, V,w) does not vanish identically and

(B.8) le™?A%u, |2, ~ 167572 [ ezc(y)w”(y)(vmw,wa)‘Qdy.
T—>00 R~

This implies that 79 = 6 and V,w # 0. In particular ¢'(z¢) # 0 and &, # 0.
With (B3] we find

4 ) 4 n
(B9) > ¥ Y Db~ 3 X P EE] S 90o(y) Py,
7=08|=j T j=018]=4 R™
which by estimate (L) implies v; = 6, j = 1,2,3,4. |

B.3. Proofs of Propositions and [I.4l We start with the proof of Proposition [[3 We choose zg € X
and & € R" and define w(z) as in the proof of Proposition [Tl We may assume that zy = 0 without any loss
of generality. We then pick f € €>°(R™) and set

ur(z) = ei'rw(ic)f(()ﬂ-)%x)’ A = a2p(zg) = a2V @0),

For 7 sufficiently large supp(u,) is sufficiently close to z¢ to apply estimate ([LIH)). This test function differs
from that in proof of Proposition [[.T] with A7 replacing .
With (B4) we find

7'3043+'Y||<p%eT“"uT||2L2 ~ T3n2r with I, = 043""790(330)3/\_”/2 / €2A71G(y)|¢(y)‘2dy-
T—00 R™
We then find
—n —n ’ 2
(B.10) I, o~ BT (10) 372 | (@) d(y)||32 # 0,

as

N[ =

G(x) = %Zkaijzk%’(xo)wjxk = Zk (042(9%1#(990)3“1/)(550) + aaijzkw(fo))sﬂ($0)$jxk~
Js 7y
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With (B.6) we obtain Au, = ()\A(b()\%x) + 2iTAZ (V,w, Vm¢()\%m)>)e”w(w), yielding arguing as above
e Au, |2, ol 2y with Jo = 40> (o) 2 an 227G [V w, Vm¢(y)>|2dy.
Since V,w ~ iap(xo))' (zg) as o — oo, we find
(B.11) Ja e 40 p(m) ™2 6O (4 (a), V() [

From (LI4) we have I, < CJ,. With (BI0) and (BIIl), we find that v < 1, thus concluding the proof of
Proposition
We now prove the result of Proposition [[L4l Arguing as above we have

7-6046+FYH§026T¢U'7—”%2 T~ 7-6’”/2Ka, K, = a6+'y*n@(x0)67n/2 an elec(y)|¢(y) |2dy,
and
(B.12) Ko~ a0 p(ag) 2 |e@ ¥ 0 g (y) 72 # 0.
We have

A%, = (X% (M a) + 4irAH (Vow, VA0 (A a)) — 47206 (M) (T, V) ) e,
yielding

e A%u|Fa ~ 772La, with Lo = 16a47"g0(:c0)27"/2an e CW g () (Vw, Vow) | dy.

We have
(B.13) Lo~ 160° (o) "2 [l o0 g () (' ) -

From (LIH) we have K, < CL,. With (BI2) and (BI3), we find that v < 2, thus concluding the proof of
Proposition 4 u

B.4. Proof of Lemma 2.3l From the symbolic calculus we find H = Id+ Ry with Ry € U(hg,g). As hg = a/p
we observe that S; = 7R; € V¥(1,g), uniformly in 7. From L? boundedness (see Theorem [A2) we have
Sy : L*(R™) — L*(R™) continuously and |Si][(z2,2) < C, uniformly in 7. Hence, for 7 sufficiently large,
Id +7718; is invertible in L(L?(R™), L?(R™)). [ |

B.5. Proof of Lemma[Z4l Let r,r’ € R. We first prove that Op™ (7" u") : L2(R™) — 2'(R™) is injective. Let
w € L? be such that Op™ (7" u")w = 0. By Lemma 23 Op™ (7" 1~") Op™ (7" u") is invertible in L(L?, L?). Tt
follows that w = 0.

Let u € #(R") and set H = Op™(7*u*) Op¥ (7 *p~%). By Lemma and its proof, the operator H =
Id + Ry, with Ry € ¥(a/p, g), is invertible in L(L?, L?) for 7 sufficiently large. We set S; = 7Ry € ¥(ra/u, g) C
U(p~tg) C ¥(l,g). Weset v =H tOp™(7puF)u that is in L?(R"), since w = Op™(F*pf)u € Z(R") C
L?(R™). Moreover, for some C' > 0,

1/Cllwllzz < lvllz> < Cllw] 2.
We have v = H 'w = limy, 00 > im0 7789w in L2(R"). Let s,k € R and a € S(7* ¥, ). Since Op™(a)

is continuous from L?(R") into 2'(R™) we see that

(B.14) OpY(a)v = lim S 77 0pY(a)Siw in Z'(R™M).
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Set k = max(|k'] +1,0) and § = max(|s'| +1,0). For j >k + 5+ 1 we write

I Opw(a)S{ — pitkts Op""(a)(7'04)7];755'{“'g oj”gSl S{_l_fc_g,
SN—— ——
€U (1,g) €¥(l,9) €¥(l,9)
as Ta" 51 /)1 is bounded. We thus have
(B.15) 1777 Op™ (a)Siwl| 2 < 7=IHF+5C1CHCT 3w 12,
with
Cy = [|Op™(a)(ra) " *S1 5| 12,12y, Co = (0" *S[l(12,12),  Cs = [IS1ll(z2,2)-

For 7 sufficiently large, from (B.IH) it follows that the series in (B.I4) actually converges in L?(R") and thus
for any k', s € R we have Op¥ (7% /¥ )u € L2(R™). In particular, Op™ (7 *u~¥)v € L*(R").

Observe now that Op™(75u*) (Op™ (7~ *p~*)v) = Op™(7*p*)u. We conclude that v = Op™ (71~ *)v with
the injectivity of Op™(7*u*) from L?(R") into 2'(R"). [ |

B.6. Proof of Proposition Point (1). Setting (u,u’)s, . = (Op™ (7*u*)u, Op¥ (7*u*)u’) we obtain an
inner product for 4, s(R"). '

Let us now consider (uy,), a Cauchy sequence in (5 s(R"),|.||r.s). We have u, = Op¥ (7~ *u"*)v, with
vn, € L2(R™). Define H = Op™ (7*1*) Op™ (7 ~*1~F). By Lemma[Z3] the sequence v,, = H~! Op™ (7*1*)u,, n €
N, is a Cauchy sequence in L?(R"™) that converges to v € L?(R"). Introducing u = Op™ (7 *u~F)v € J4 (R™),
since ||y, — ullk,s = ||H (vn, — v)|| 12, we see that (u,), converges to u in (A s(R™), ||.|lk,s)-

Density and point (2). Let now u € J%  (R") be such that u = Op™ (7 *u~*)v with v € L*(R")
and let (v,), C Z(R") be convergent to v in L*(R"). We set u, = Op“ (7 *u~F)v, € Z(R"). Then
lttr, —ulli,s = || H (vn, —v)|| 12 and we see that the sequence (uy,), C . (R™) converges to u in (7, s(R™),||-|k.s)-
Moreover the inequality

1/CHun”k,s <wallze < Cllunllk,s, 7 > 7i(k, ).

given by Lemma 24 yields, 1/C|ul|x,s < [[v]z2 < C|lullg,s, by passing to the limit.

Point (3). We first prove that Op“(a) maps % s into L? continuously if a € S(7*u¥, g). We choose 7 >
71(k, ) so as to apply Proposition 25l Let u € 4, ((R™). There exists v € L?(R") such that u = Op™ (7~ *)v
and [|v] g2 < || Op™ (7 1*)ul| 2. Then

(B.16) 100" (@)ull 2 = | Op™ (a) Op™ (71 *)vllz2 < ollze S | OP™ (71" Jull 2,

by the L? boundedness of Theorem [A2 since Op¥ (a) Op™ (7 ~*u~%) € ¥(1, g).
Next, we let u € .7(R™). We have Op¥(a)u € ./ (R™) and

10p™ (a)ullwr,sr = | OP™ (7° ") O™ (@) ull 2 < [lullisr st

EW(7ots uk+h g)

by (BIf). We then conclude by density. [ |

B.7. Proof of Lemma[Z6l Letu € . (R")and v € L?(R"™) such that u = Op% (7~ *u~"*)v. We saw in the proof
of Lemma 24 that Op¥ (a)v € L*(R") for all a € S(7¥ u*', g), if 7 > 71 (K, &'). In particular v € N} .er4 . (R™).

We set H = Op™ (7—*u~%) Op¥(7*u*) € ¥(1, g). For any £, r € R, with Proposition 7] the operator H maps
£ -(R™) into itself continuously and is invertible, for 7 sufficiently large, arguing as in the proof of Lemma 23]
We thus set @ = H 'u € 4 ,.(R™"). We have

(B.17) CZ:”@NL”Z,T < lulle,r < Cerlla

Lyre
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In fact, recall from the proof of Lemma 23] that H~! can be expressed as a Neumann series. Here, we obtain
the convergence of the series in any space 7 (R™).
We then observe that

Op™ (7=~ Op™ (7*u*)i = Hii = u = Op™ (7 *p~F)o.
As Op¥ (~ pF)i € L3(R™) the injectivity of Op% (7=*u~*) from L? into % s(R") (see Lemma 23)) we obtain

Op¥ (7*u*)it = v. In particular, as £,7 € R are chosen arbitrarily we find v € 54, o (R") for any k', s’ € R, if 7
is chosen sufficiently large and we have by (BIT)

[0ller,sr = || OPY (7 1) OP™ (75 )il 2 S il ks hr,sts S Nl oo
As v e Ny er - (R"), we also have
[l err srsr = | OP™ (74 1M Yuul| 2 = || Op™ (7 15+ Op (7= 1~ F ol 12 < ol or-

B.8. Proof of Lemma 27 With Lemma 28] let v € L? be such that u = Opw(%%su%k)v with [[v|L2 <
||u||%% We then have

—k

. —s =—k w w/~=S =k
|(Op™ (a)u, u)| = |(Op™ (7= =) Op™(a) Op™ (7= p= Jv,v)| < vllZz < [lullk .

—k —k

by Theorem [A2] as Op¥ (7= = ) Op™(a) Op™ (7= u=2 ) € \Il(l,g). [ |
B.9. Proof of Proposition 2.8 We write 75u* = 735475 u% + r with r € S(aF*u*=1 g). We thus have
(Op™ (7Y, u) = ., + (O™ () = [l — Callullds ..

We conclude by choosing 7 sufficiently large. [ |

B.10. Proof of Lemma Set H = Op%(u™ 1) Op™(ut~™). By Lemma B4l for 7 sufficiently large, we
have w = H=tOpY (u™ )v, with H=1 : L? — L? continuously. We then write

OpY(r)w = H'H Op"(rw=y1 +21, vy1= H_l[H7 OpY(r)w, =z = H! Op"(r)Hw
We have
= H~ Op™(r) Op™ (1™ ')v = H~' Op™(r) Op™ (1™ ") xv.

Where x € €°(R™) with x = 1 in a neighborhood of V" and such that x = 1 in a neighborhood of supp(x). As
supp(r) Nsupp(x) = 0 we find Op™(r) Op™ (p™ )X € ¥((p/a)~ N, g) for any N € N. We thus obtain

(B.18) Iz1llzz S 77Nl Lo
We have [H,Op" (r)] = Ry € ¥((n/a)™t,g) and y1 = H 2HRyjw = ya + 22 with
yo = H?[H,RiJw, 2o =H 2Ry Op™(u™ "),

Similarly we have an estimate for |23|z2 of the same form as that of |z1]z2 in (BI8) and by induction for any
k> 2 we find OpY(r)w = yp + 21 + - - + 2z with z3,..., z; also satisfying such an estimate and

Yk = HikRkwa
with Ry € ¥((1/a)™", g). With Lemma 28] we obtain
lyellze S IRvwllzz S o*wll-ko S @*0llm-1-k0,

with k arbitrary. Hence,
T yrllzz S N ollm-1-k0 S 0]l L2,
for k sufficiently large, as a*7Npm=1=% ¢ §(um=1+N=k g since o < (ap)V, for a > 1. [ ]
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B.11. Details on Examples and Remark @3l Consider the bi-Laplace operator with symbol p(¢) = |¢|*
in an open subset of R™, n > 2. Then

2
pre(P) = (D& +70))%) = (16 — 1702 + 2i7(¢, v)*
J
We then have
Poe(7) = 2( = 27|12 + 20, 9")) (117 — 179" * + 2i7(¢, "))
There exist roots since p; ¢(7) = 0 is equivalent to § L ¢ and [§| = |7¢'|. Then p, ¢(7) = 0 implies p], .(7) = 0.

Roots are always (at least) double.
We now consider the elliptic symbol p(¢) = £ + €5 in R2. We have

pr(P) = (€ + Pl )+ (G +iPul,) phe(F) = 40(h, (6 +iF0l, ) 4 0, (6 +700,)°).

and we assume that p, ¢(7) = 0. Observe that 7 = 0 implies £ = 0. We may thus assume 7 > 0. Observe also
that & + 79}, = 0 is excluded as it implies & + 7¢),, = 0, and we then have 1)’ = 0. We may thus write

(& +ityl )t

(& +irgl )t !

)

or equivalently

&1 + 7Y, i(2k+1)7 /4
WZG( )/, k:0,1,2,3.
T2
We then obtain
Pl e (7) = 4i(&a + i70),))3 (), eBCFTDT/4 4y
that cannot vanish if 1)’ # 0.

We now consider the operator with symbol p = &2 + £,& along with ¥(z) = 3(z1 — a)?, in the case
Q C {x1 > a}. We then have

Pre(T) = %(51 +it(z1 — a))® + (&1 + i (21 — a)ée, Py ¢ (F) = i(z1 — a) (& + & +i7 (21 — a)),

Let us assume that p; ¢(7) = p), ((7) = 0. From pf, ((7) = 0 we have 7 =0 and & + & = 0. From p, ¢(7) =0
we find 0 = —%ff. Hence £ = 0. Property (4£3) is thus fulfilled.

We now consider the operator with symbol p = £;&; along with ¢(x) = z1 + 72, in the case Q C R%. We
then have

Pa(7) = (& +1i7)(E2 +147),  poe(7) =i(& +i7) +i(& +i7).
We have p, ¢(7) = 0 if and only if 7 =0 and & &, = 0. Assume that & = 0 we then have p;’g =0 = 1&. If the
root is double we then have £ = 0 and 7 = 0. The simple characteristic property (£3)) is thus satisfied.

We finally prove the statement of Remark Let £ € R™\ 0. By (@2)) Property precisely prevents
to have p(z,£) = 0 and {p,¥}(x, &) = 0 simultaneously. The implication in the definition of pseudo-convexity
(Definition B2)) is thus clearly fulfilled.

Similarly let ¢ € R™ and let 7 > 0. Property (&3] precisely prevents to have p(z,& + iT¢’(z)) = 0 and
{p, v} (z, &+ iy’ (x)) = 0 simultaneously. The implication in the definition of strong pseudo-convexity (Defini-
tion B3)) is thus clearly fulfilled.

Consider now the operator P(D,) = D,, in Q C R? and the weight function 1 (z) = 2% /2 + x5. The gradient
and the Jacobian matrix of the weight function are given by

o (2) =3 )
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and we have

p&)=¢&, {pv}=z1, {p{pv}} =1, %{p(é — it ), p(E+ i)} =Opy =7 > 0.

We thus see that strong pseudo-convexity is fulfilled. Set p,¢(7) = p(§ +i7¢’) = & +iT21. We have pl, (1) =
ix1. We thus see that 7 # 0 is a double root if we have x1 = & = 0.

B.12. Alternative proof of Theorem[£.9l Here we restrict ourselves to using the standard Garding inequality
for homogeneous symbols to derive the Carleman estimate as can be done for elliptic operators.
We start with the following symbol inequality.

Proposition B.1. Let P be elliptic on Q and let i satisfy (point[@ in Definition[T3) for all x € Q. We
set ¢ = ¥ and

(=((z.&7) =& +irg'(x) = +if(a)) (),  T(2) = Tap().
Let X be an open subset such that X € 2. There exist C >0, 19 > 1, ag > 0, vg such that we have
(B.19) Cp*™ < wip(a, Q)1 + 7(2)Op p (2, &, 7(x)) + v (2) (g (2, ), ¢’ (),
for > 1, a > ag, v > 1y, and (z,£) € X x R™.

Proof. With the ellipticity of p we have |p(z,£)[? = [£]>™. We first consider the case 7(x) < |£]. For v; > 0,
we then obtain

v(Ip(z, Q)1 + 7()?| (e (@, O), ¥ (2))?) + 7(2)Op,p (2, &, 7(2)) Z ICP™ 2 ™™

for v > 1y, and z € X.
We now treat the case || < 67(x), for some fixed §. We introduce 7 > 0 and place ourselves on the compact
set

C={(z,6,7); P+ [{P =1, g <07, e X}
As 1) is strongly pseudo-convex, we have
v(lp(z, & + iy (2) ] + 72 [(pL (2, € + it (2)), 9" () *) + 7Opp(@,,7) > C,  (2,€,7) €€,
for v > vy with 19 > 14 sufficiently large. Since the symbol is homogeneous of degree 2m in (7,¢) we have

v(Ip(e, € + i7" ()] + 72 (e (2, € + i7 (2)), 9 (@) ) + 7Op,p (2, &, 7) 2 |(7,€)1*™,

for v > 1y, € X and |¢] < 67. We apply this last inequality to 7 = 7(z) in the case |¢| < 67(z), which gives
the sought inequality in this second case. |

Alternative proof of Theorem [.9 LetY be an open subset such that X € Y € Q. Proposition[Bd]applies
in Y. As in the proof of Theorem B.§ we restrict ourselves to a small neighborhood V- C W € Y of a point
xo € X, where W is an open subset. The function ¢ then satisfies Assumption 2.Il We assume u € €° (V).
We denote by p = p(x,&) the principal symbol of P. We set P, = e"Pe™ "% and v = e"?u. We have
P, = P(x,D, +it¢'(x)) € ¥(u™, g). Its principal symbol of given by
Py = Pp(x,§,7) = p(z, € +i1¢(2)).
We first consider only the principal part and set @ = Op¥(p,) and introduce
Q2 = Op"(q2) € ¥(u™,g), with ¢z = Rep,,
Q1 =0p"(q1) € ¥(u™,g), with ¢ =Imp,.
We have Q = Q2 + iQ)1 with both @2 and @1 selfadjoint.
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We have [|[Qul|7. = |Q2v]|7 + [[Q1v]1F2 +i([Q2, Q1]v,v) ,,. With v such that v(7¢(z)) ! < 1 we then write
1QulZs > vIF2QuolZ + vlF 2 Quul +i(1Q @ulv.) .
= ( ((Q27 Q2 + Q177 Q1) +i[Q2, Q1)) U’U)p

=Be¥(ap?m~1,g)

We then set e = %%a%(p’g(x, ), (x)) € S(Fzazp™ 1 g) and consider E = Op%¥(e). We write, with
va~l <1,
0= [|Ev||7: — [ BvlZ: > va™ | Bu]Z. — ||Bvli = (va™" = 1)(E*Ev,v)
And we find
1Qu32 > ((V(Q2%71Q2 +Q177'Q1) +i[Q2, Q1] + (ot — 1)E*E)U,’U>L2
The symbol p of v(Q27 1Qa + Q177 1Q1) +i[Q2, Q1] + (va™t — 1)E*E is

p=vi NG +q) +{qa}+ (va= = D)7 (@)l (z, ), ¢ (2))]?
mod S(a7 1P g) + S(a ™3 g) + S(aPF ™3, g).
As we have

{201} = (Reppl, & 7), Imp0, €, 1)} = 540,002, O,
with ([B.8]) we obtain
p=pot+r,  po= V?‘l(qi +a7) + Opu (@, &, 7(2)) + v7(@) (P (x,¢), ¥’ (@),
where r € S(a7 1?71 g) + S(?7u?™m=3, g) C S(a?7~tu?™=1, g). By Proposition [B] we have
po 2 T,z e WEER", T >,

for v chosen sufficiently large. Let x € €2°(W) be such that, 0 < xy <1 and y = 1 in a neighborhood of V. We

then write

p=p+7  p=px+7 P (1=x), F=(p—7 ) (1 - ).

We have
(B.20) [(0p™ (r)v, )| < |02 L

l_,
m— 2

With x € €>°(R™) such that x = 1 in a neighborhood of V" and such that xy =1 in a neighborhood of supp(x)
we have, for any N € N,

(B.21) [(Op™ (#)v, )| = [(Op™ (7)xv, )| < [[0]|2 x .0,

since Op¥ (7)X € NnenS(p~, g).
Since pg € S(71u?™) is homogeneous of degree 2m —1in (&, 7) and pg = 71 p?™, with the classical Garding
inequality we thus find

(Op" (Ao)v.) Z [l _,

for 7 chosen sufficiently large.
As 1 > 7 = apt with ¢ = e*¥ with ¢ > 0, from the remainder estimates (B20)—(B.2I)) we obtain, taking a
sufficiently large,

1Qull72 2 [IvlI%,

We then conclude the proof as in the end of the proof of Theorem [ |
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B.13. Proof of Lemma 5.3l Let zp € X and & € R™ such that p(x,& + i’ (x0)) = 0. If ¢'(x9) = 0 we
can simply choose £, = 0. We shall come back to this case bellow and prove that ¢'(xg) = 0 does not occur if
m > 2. Without any loss of generality we may assume that xg = 0. We set (g = & + i’ (z9). For all 7 > 0 we
have p(xo,7¢y) = 0. We set ¢(z) = ¢o(x) — ¢(0). We have

2(m—18))=1|, m—|8|—1 .
(B.22) 5 (ra)* " PR DRul s < K7 Pl
[Bl<m.
for7>719>0and o> oy >0and u € €°(X).
We use the computations carried out in Section [B.I] with the test function u, as introduced in (B.3) with
A =1 here. We choose 7 sufficiently large so that supp(u,) is close enough to z¢ to apply (B22).

With (B4) and (B3] we find

(B.23)
2(m—[B)—1,, m—18]—1 + m—1—1n 2(m—|B])—1
> (ra) T g Ao DRy~ 2R S (ag(0) TR [ 6w f(y) Py,
[B]<m—1 T |B|<m—1 Rn

With the Taylor formula we observe that

e" @ p(z, D)™ @) = p(x, Dy + () = pla, 7Co) + (pe(x,7C0), Da) + kz_:Qpék)(x,Tgo) (Dyy...,Dy).

k times

As fo(T%x) =7 0 (1) we have pék)(a:,TCo)(Dx, ce Dx)f(T%Q,‘) = 7m=% (1), we then find
e~ T Py = p(l‘,T(o)f(T%{L') + <pI§((E,TC0)7 Dx>f(7'%x) +7mro(1)
= E (T3 p(, o) f(rHa) + (P, o), (Daf) (Ha)) + 73 0(1)).

Next, we write

p(z, Co) = p(0,Co) +(x, 9, (0, o)) + Ofl(l —o)pi? (ox, §o) (@, x)do,
=0

which gives
i p(e,Go)f (rhe) = (.0 (0.60)))/ (7he) +

= (2, p,(0,¢0))) f(r3z) + 772 6(1),

as [ has compact support. We have thus obtained

e Pu, = 7% (i, (0, (r52) + {9, ), (Def) (r2a) + 72 0(1)).

We then obtain
e Puy |2, = 72t [ 27 (C@HP 00 (1 dy 1t (0,6o)) f (rF2) + (Bl (e, o), (Do f) (rH2)) + 7 E (1) d
R?L
= om0 OO) 4 0,60 () + G E ) (D) + 7RO

with the change of variable y = r22. The dominated convergence theorem yields
T m—1—% 2
(B.24) Ie7Purlffs T 1 O] (0,60) () + B0, o), (Daf) )

with (B23)) and estimate (B22]), where the integral does not vanish. In particular, if m > 2 this yields (g # 0
that rules out the possibility of having ¢'(xg) = 0, i.e., ¥'(xg) = 0 (see the first observations at the beginning
of the proof).
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With (B:22) we obtain

WE (w(o))Q(m_'B')_llc(?IQRf 2CW | f(y)|2dy < K J S0 |(y, pl(0,60)) £ (y) + (0, o) (Do f) ()| dy.
<m " "

Changing f into e~ ¢ f yields

P> (ap(0)* N2 £112. < K| L(x, D,) fII22,
<m

with L(z, D,) = (x,p.(0,{)) + (p’g(O,C:o), D, — (D.Q)). We compute
1 — _ _
3, j
Lemma 28.2.2 in [Hor85a)] gives

B2) % ()" (€0 + i ()1 < 2K 5502,1,0(0) 0, p(0,60 + 869 (0)) DO, o — i (0)

1 3 0, (0, € -+ i (0)) 9, B0, & — i’ (0)) ).

Let now 7 > 0, z € X, and £ € R™ be such that p(x,& + 7¢'(z)) = 0. Setting xg = xz, {& = /T we can use
(B25). By homogeneity we then have

(B.26)
p> (rep) "N (E 4 i () < 2K (7 D02 0, pl) D, plan € i1 () 06, € — i ()

+1m 3 0, (@, € + Tiid (1)) O, Bl € — i/ (1)),

We conclude to (52) thanks to (B4)-B5).
The last statement of of the first part of Lemma [E.1]is proven in [Hor85a, Theorem 28.2.1]. The different

statements in the second point of the lemma follow as above. |
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