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ON CARLEMAN ESTIMATES WITH TWO LARGE PARAMETERS

JÉRÔME LE ROUSSEAU

Abstract. A Carleman estimate for a differential operator P is a weighted energy estimate with a weight of

exponential form exp(τϕ) that involves a large parameter, τ > 0. The function ϕ and the operator P need to
fulfill some sub-ellipticity properties that can be achieved for instance by choosing ϕ = exp(αψ), involving a
second large parameter, α > 0, with ψ satisfying some geometrical conditions. The purpose of this article is to

give the framework to keep explicit the dependency upon the two large parameters in the resulting Carleman
estimates. Carleman estimates of various strengths are considered and the associated geometrical conditions for
the function ψ are proven necessary and sufficient. Some optimality aspects of the estimates are also presented.
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1. Introduction

1.1. Setting and results. Carleman estimates are an important tool in subjects in analysis of partial differ-
ential equations (PDEs) such as unique continuation, control theory and inverse problems. They are weighted
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2 JÉRÔME LE ROUSSEAU

L2-norm estimates of the solution of a PDE where the weight takes an exponential form

τγ‖eτϕu‖L2 . ‖eτϕPu‖L2 , τ ≥ τ0, u ∈ C
∞
c (X),

with X a bounded open set and some γ ∈ R. Here P is a differential operator, ϕ is the weight function. The
exponential weight involves a parameter τ that can be taken as large as needed. Additional terms in the l.h.s.,
involving derivatives of u, can be obtained depending on the order of P and on the joint properties of P and ϕ
on X. For instance for a second-order operator P such an estimate can take the form

τ3‖eτϕu‖2L2 + τ‖eτϕ∇xu‖
2
L2 . ‖eτϕPu‖2L2 , τ ≥ τ0, u ∈ C

∞
c (X).(1.1)

This type of estimate was used for the first time by T. Carleman [Car39] to achieve uniqueness properties
for the Cauchy problem of an elliptic operator. Later, A.-P. Calderón and L. Hörmander further developed
Carleman’s method [Cal58, Hör58]. To this day, Carleman estimates remain an essential method to prove unique
continuation properties; see for instance [Zui83] for an overview. On such questions more recent advances have
been concerned with differential operators with singular potentials, starting with the contribution of D. Jerison
and C. Kenig [JK85]. The reader is also referred to [Sog89, KT01, KT02]. In more recent years, the field
of applications of Carleman estimates has gone beyond the original domain. They are also used in the study
of inverse problems (see e.g. [BK81, Isa98, IIY03, KSU07]) and control theory for PDEs. Through unique
continuation properties, they are used for the exact controllability of hyperbolic equations [BLR92]. They
also yield the null controllability of linear parabolic equations [LR95] and the null controllability of classes of
semi-linear parabolic equations [FI96, Bar00, FCZ00].

The work of L. Hörmander in [Hör58, Hör63] provided large classes of operators for which such estimates can
be derived. He introduced the notion of pseudo-convexity and strong pseudo-convexity that provides a sufficient
condition to achieve such estimates. In particular, choosing the weight function of the form ϕ = exp(αψ), with
ψ satisfying the strong pseudo-convexity condition and α > 0 chosen large, yields for an operator of order m an
estimate of the form:

∑

|β|<m

τ2(m−|β|)−1‖eτϕDβ
xu‖

2
L2 ≤ C‖eτϕPu‖2L2 , τ ≥ τ0, u ∈ C

∞
c (X).

In this type of estimate the parameter τ plays the same rôle as a differentiation. One may notice that the
number of such “differentiations” in the l.h.s. amounts to m − 1

2 . For such an inequality one usually speaks
of an estimate with a loss of a half derivative. This is connected to the terminology used in the study of
sub-ellipticity; in fact the study of the conjugated operator Pϕ = eτϕPe−τϕ is central in the derivation of such
an estimate and one precisely exploits its sub-elliptic property induced by the strong pseudo-convexity of the
function ψ.

The parameter α can be viewed as a convexification parameter. As shown in Proposition 28.3.3 in [Hör85a]
this allows one to obtain the proper sub-ellipticity condition on the conjugated operator Pϕ from the strong
pseudo-convexity of the function ψ.

With this choice of weight function, ϕ = eαψ, one introduces a second large parameter, α > 0. Several
authors have derived Carleman estimates for some operators in which the dependency upon the second large
parameters is explicit. See for instance [FI96]. Such result can be very useful to address applications such as
inverse problems. On such questions see for instance [Ell00, EI00, IK08, BY12]. For a second order estimate
the resulting Carleman estimate can take the form (compare with (1.1)):

(ατ)3‖ϕ3/2eτϕu‖2L2 + ατ‖ϕ1/2eτϕ∇xu‖
2
L2 . ‖eτϕPu‖2L2 , τ ≥ τ0, α ≥ α0, u ∈ C

∞
c (X).(1.2)

In the case of an operator of order m the estimate that we obtain under strong pseudo-convexity condition is
of the general form

∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτϕDβ
xu‖

2
L2 . ‖eτϕPu‖2L2 .(1.3)
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In the present article, we provide a general framework for the analysis and the derivation of Carleman estimates
with two large parameters. It is based on a pseudo-differential calculus of the Weyl-Hörmander type that
resembles the semi-classical calculus and takes intro account the two large parameters τ and α as well as
the weight function ϕ = exp(αψ). We introduce Sobolev spaces associated with this calculus and provide
boundedness results for pseudo-differential operators in this calculus. The notions of pseudo-convexity and
strong pseudo-convexity are revisited in this framework. We prove how estimates of the form of (1.2) follow
from these properties of the function ψ used to build the weight function. Moreover, we prove that they are
necessary and sufficient for estimates of the form (1.2) to hold. This result is in contrast with the existing
results in the literature: see [Hör63, Chapter 8] and [Hör85a, Chapter 28].

If one consider an operator such as the Laplace operator the associated Carleman estimate with two large
parameters is given by

α4τ3‖ϕ3/2eτϕu‖2L2 + α2τ‖ϕ1/2eτϕ∇xu‖
2
L2 . ‖eτϕ∆u‖2L2 , τ ≥ τ0, α ≥ α0, u ∈ C

∞
c (X).(1.4)

Here we simply require ψ′ 6= 0 in a neighborhood of X and α0 and τ0 to be sufficiently large. This estimate
is still characterized by the loss of a half derivative, yet we have an additional power of the parameter α as
compared to (1.2). In Section 1.4 below, we show that such a stronger estimate can turn out to be useful for
unique continuation considerations. For an operator of order m the estimate takes the form

α
∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτϕDβ
xu‖

2
L2 . ‖eτϕPu‖2L2 .(1.5)

We investigate this type of estimate. Under conditions stronger than the strong pseudo-convexity condition
on the operator and the weight function we show that such Carleman estimates can indeed be achieved. The
condition we put forward concerns the simplicity of the characteristics of the conjugated operator eτϕPe−τϕ. We
moreover prove that this simple-characteristic property is necessary and sufficient for such a stronger estimate
to hold. The question of the optimality of this additional power in the parameter α is also discussed.

1.2. Further perspectives. The results we present here only concern local Carleman estimates, i.e., applied
to smooth functions with compact supports. In particular we do not address boundary problems. Considering
such questions require a specialization in the type of operators to be considered, which we chose not to carry out
here. However, we believe that the calculus framework we present here can be used when tackling the problem
of deriving Carleman estimates for boundary problems or transmission problems. For instance, one should be
able to extend the techniques and results of [LR10, LR11, LL12] and obtain Carleman estimates with two large
parameters for elliptic and parabolic transmission problems across a smooth interface.

As mentioned above, we consider Carleman estimates with the loss of a half derivative here. It would be
interesting to carry out a similar analysis for estimates with a larger loss of derivatives. such estimates can be
very important in some classes of inverse problems See for instance [KSU07, DSFKSU09].

The case of quasi-homogeneous operators, as studied in [Deh84, Isa93] is also of interest for an extension of
the results presented here.

Here we focus our attentions on weight function of the form ϕ = eαψ. Other convexification procedures can
be carried out, for instance by choosing ϕ = ψ + 1

2αψ
2. An analysis similar to the present one would be of

interest.

1.3. Notation. Here, Ω denotes an open subset of Rn. Estimates will be derived for function in C∞
c (X) with

X an open subset of Ω such that X ⋐ Ω, i.e., X has a compact closure contained in Ω.
We recall the definition of the Poisson bracket of two functions in phase-space:

{f, g} =
∑

j

(
∂ξjf∂xj

g − ∂xj
f∂ξjg

)
.

It is associated with the symbol of the commutator of two (pseudo-)differential operators (see e.g. (A.4)), which
will be used at many places in the present article. A review of some aspect of pseudo-differential calculus is
provided in Appendix A.
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We shall use the standard notation A . B that stand for A ≤ CB with a positive constant C that does
not depend on the parameters involved in the analysis. Moreover, when the constant C is used, it refers to a
constant that is independent of those parameters. Its value may however change from one line to another. If
we want to keep track of the value of a constant we shall use another letter.

1.4. A motivating example. Consider the Laplace operator A = −∆ and the bi-Laplace operator B = ∆2

in Ω ⊂ R
n, for n ≥ 2. For the Laplace operator, for a properly chosen weight function ϕ(x) (see e.g. [LL11] or

Theorem 4.13 below) we can obtain the following Carleman estimate: for an open subset X ⋐ Ω there exist
C > 0 and τ0 > 0 such that

∑

|β|≤2

τ3−2|β|‖eτϕDβ
xu‖

2
L2 ≤ C‖eτϕAu‖2L2 , u ∈ C

∞
c (X), τ ≥ τ0.(1.6)

Applying this estimate twice we can then write,
∑

|β′|≤2

τ3−2|β′| ∑

|β|≤2

τ3−2|β|‖eτϕDβ+β′

x u‖2L2 .
∑

|β′|≤2

τ3−2|β′|‖eτϕADβ′

x u‖
2
L2 =

∑

|β′|≤2

τ3−2|β′|‖eτϕDβ′

x Au‖
2
L2

. ‖eτϕBu‖2L2 ,

which reads
∑

|β|≤4

τ6−2|β|‖eτϕDβ
xu‖

2
L2 . ‖eτϕBu‖2L2 .(1.7)

If you compare with results that can be obtained for some other elliptic operators of order 4 this is a much
weaker estimate. For the operator P = D4

x1
+D4

x2
in R

2 we have
∑

|β|≤4

τ7−2|β|‖eτϕDβ
xu‖

2
L2 . ‖eτϕPu‖2L2 .(1.8)

for a properly chosen weight function (see Examples 4.2 and Theorem 4.13 below). The powers in the large
parameter τ are one order lower. Estimate (1.8) is characterized by a loss of a half derivative, where as (1.7)
exhibits the loss of a full derivative. This situation cannot be improved because of the following result.

Proposition 1.1. Let n ≥ 2. Let ψ ∈ C∞(Ω) be a weight function and X be an open subset such that X ⋐ Ω.
Assume that there exist C > 0, τ0 > 0, γj ≥ 6, and j ∈ {0, . . . , 4} such that

4∑

j=0

∑

|β|=j

τγj−2j‖eτϕDβ
xu‖

2
L2 ≤ C‖eτϕBu‖2L2 ,(1.9)

for all u ∈ C∞
c (X) and τ ≥ τ0. We then have γj = 6, for all j ∈ {0, . . . , 4}.

We refer to Appendix B.2 for a proof.
Let us now consider a nonlinear problem of the form

Bu = g(u, u′, u(2), u(3)) in Ω,(1.10)

with the nonlinear function g satisfying the estimation

|g(y0, y1, y2, y3)| .
3∑

j=0

|yj |.(1.11)

Let x0 ∈ Ω and let f be a smooth function such that f ′(x0) 6= 0. A unique continuation problem is then:

Does (1.10) and u = 0 in {x; f(x) ≥ f(x0)} imply that u vanishes in the vicinity of x0?

A wide range of unique continuation results are available in [Hör85a, Section 28.3] and [Zui83]. For a simple
presentation the reader can consult [LL11].

Because of the nonlinearity involving the third-order derivative of the solution u, and observing that the power
in τ for the derivative of third order in (1.7) is zero, a fact that cannot be repaired according to Proposition 1.1,
we may face an obstacle to a direct proof of the unique continuation property. We shall however see that
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replacing the Carleman estimate (1.6) for A by its counterpart estimate with two large parameters allows one
to circumvent this difficulty.

By Theorem 4.13 below, for any r ∈ R (see Corollary 3.9 and the remark that follows), there exist C > 0,
τ0 > 0, and α0 > 0 such that

α
∑

|β|≤2

(ατ)3−2|β|‖ϕ
3
2
−|β|+reτϕDβ

xu‖
2
L2 ≤ C‖ϕreτϕAu‖2L2 , u ∈ C

∞
c (X).(1.12)

if τ ≥ τ0 and α ≥ α0, for ϕ = eαψ(x), with ψ smooth such that ψ > 0 and |ψ′| > 0 in Ω, with X ⋐ Ω. The
parameter α quantifies the convexity of the weight function. Applying this estimate twice, we then obtain

α2 ∑

|β′|≤2

(ατ)3−2|β′| ∑

|β|≤2

(ατ)3−2|β|‖ϕ3−|β|+|β′|eτϕDβ+β′

x u‖2L2

. α
∑

|β′|≤2

(ατ)3−2|β′|‖eτϕϕ
3
2
−|β′|ADβ′

x u‖
2
L2

= α
∑

|β′|≤2

(ατ)3−2|β′|‖eτϕϕ
3
2
−|β′|Dβ′

x Au‖
2
L2 . ‖eτϕBu‖2L2 ,

which reads

α2 ∑

|β|≤4

(ατ)6−2|β|‖ϕ3−|β|eτϕDβ
xu‖

2
L2 . ‖eτϕBu‖2L2 .(1.13)

The explicit dependency upon the parameter α including a gain of the factor α2 on the l.h.s. of (1.13) as
compared to (1.7) allows us to simply conclude to the unique continuation problem stated above, as we shall
see now.

Proposition 1.2. Let u ∈ H4(Ω) be such that Bu = g(u, u′, u(2), u(3)) and such that u = 0 in {x; f(x) ≥ f(x0)},
for some x0 ∈ Ω and f smooth such that f ′(x0) 6= 0. Then, there exists a neighborhood B0 of x0 such that
u|B0

≡ 0.

Proof. We pick a function ψ whose gradient does not vanish near a neighborhood V of x0 and that satisfies
〈∇f(x0),∇ψ(x0)〉 > 0 and is such that f −ψ reaches a strict local minimum at x0 as one moves along the level
set {x ∈ V ; ψ(x) = ψ(x0)}. For instance, we may choose ψ(x) = f(x) − c|x − x0|

2 + C0. The constant C0 is
chosen such that ψ is locally positive. We then set ϕ = eαψ. In the neighborhood V the geometrical situation
is illustrated in Figure 1.

We call W the region {x ∈ V ; f(x) ≥ f(x0)} (region beneath {f(x) = f(x0)} in Figure 1). We choose V ′

and V ′′ neighborhoods of x0 such that V ′′ ⋐ V ′ ⋐ V and we pick a function χ ∈ C∞
c (V ′) such that χ = 1 in

V ′′. We set v = χu and we then have v ∈ H4
0 (V ). Observe that the weak Carleman estimate (1.13) applies to

v by a density argument. We have

Bv = B(χu) = χ Bu+ [B,χ]u,

where the commutator is a third-order differential operator. For τ ≥ τ0 > 0 and α ≥ α0 > 0 we thus obtain

α2 ∑

|β|≤3

(ατ)6−2|β|‖ϕ3−|β|eτϕDβ
x(χu)‖

2
L2 . ‖eτϕχg(u, u′, u(2), u(3))‖2L2 + ‖eτϕ[B,χ]u‖2L2

.
∑

|β|≤3

‖eτϕχDβ
xu‖

2
L2 + ‖eτϕ[B,χ]u‖2L2

.
∑

|β|≤3

‖eτϕDβ
x(χu)‖

2
L2 +

∑

j∈J

‖eτϕQju‖
2
L2 ,
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V ′

∇f

∇ϕ

V ′′

ϕ(x) = ϕ(x0)

W

f(x) = f(x0)

x0

B0

ϕ(x) = ϕ(x0)− ε

V

S

Figure 1. Local geometry for the unique continuation problem. The striped region contains
the support of [B,χ]u.

with J finite and each Qj is a differential operator of order less than 3, whose coefficients have support in
supp(χ′). For α sufficiently large we find1

α2 ∑

|β|≤3

(ατ)6−2|β|‖ϕ3−|β|eτϕDβ
x(χu)‖

2
L2 .

∑

j∈J

‖eτϕQju‖
2
L2 ,

As χ = 1 in V ′′ we then write

α2 ∑

|β|≤3

(ατ)6−2|β|‖ϕ3−|β|eτϕDβ
xu‖

2
L2(V ′′) .

∑

j∈J

‖eτϕQju‖
2
L2(S),

where S = V ′ \ (V ′′ ∪W ), since the supports of Qju, j ∈ J , are confined in the region where χ varies and u
does not vanish (see the striped region in Figure 1).

For all ε ∈ R, we set Vε = {x ∈ V ; ϕ(x) ≤ ϕ(x0)− ε}. There exists ε > 0 such that S ⋐ Vε. We then choose
a ball B0 with center x0 such that B0 ⊂ V ′′ \ Vε and obtain, for τ ≥ τ0,

eτ infB0
ϕ‖u‖H3(B0) . eτ supS ϕ‖u‖H3(S),

Since infB0
ϕ > supS ϕ, letting τ go to +∞, we obtain u = 0 in B0. �

Estimate (1.13) is a weak form of Carleman estimate, with the loss of a full derivative. We improved upon
(1.7) with the introduction of the second parameter α. It is then natural to question the optimality of the
power of α in (1.13). The same question holds for the Carleman estimate for the Laplace operator (1.12). The
following two propositions provide positive answers to these questions.

Proposition 1.3. Let n ≥ 2. Let ψ ∈ C∞(Ω) be a weight function and X be an open subset such that X ⋐ Ω.
Assume that there exist C > 0, τ0 > 0, α0 > 0, and γ ≥ 1 such that

αγ
∑

|β|≤2

(ατ)3−2|β|‖ϕ
3
2
−|β|eτϕDβ

xu‖
2
L2 ≤ C‖eτϕAu‖2L2 ,(1.14)

where ϕ = eαψ, for all u ∈ C∞
c (X), τ ≥ τ0 and α ≥ α0. We then have γ = 1.

This result is proven in a more general setting in Proposition 5.11. An explicit proof similar to that of the
following proposition can also be carried out. To ease the reading of this introductory section we have placed
this proof in Appendix B.3.

1This is the precise point where estimate (1.7) is not sufficient.
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Proposition 1.4. Let n ≥ 2. Let ψ ∈ C∞(Ω) be a weight function and X be an open subset such that X ⋐ Ω.
Assume that there exist C > 0, τ0 > 0, α0 > 0, and γ ≥ 2 such that

αγ
∑

|β|≤4

(ατ)6−2|β|‖ϕ3−|β|eτϕDβ
xu‖

2
L2 ≤ C‖eτϕBu‖2L2 ,(1.15)

where ϕ = eαψ, for all u ∈ C∞
c (Ω), τ ≥ τ0 and α ≥ α0. We then have γ = 2.

We refer to Appendix B.3 for a proof.

1.5. Outline. In Section 2 we present the Weyl-Hörmander pseudo-differential calculus with two parameters
and the associated Sobolev function spaces. Section 3 is devoted to the study of Carleman estimates with two
large parameters under strong pseudoconvexity assumptions such as the estimate presented in (1.3). In Section 4
we investigate conditions that lead to stronger estimates. The simple-characteristic property leads to estimates
of the form of (1.4). We also investigate the impact of the ellipticity of the operator on the Carleman estimate,
either under the pseudo-convexity condition or under the simple-characteristic condition. In Section 5 we prove
that that strong pseudo-convexity is necessary and sufficient for a Carleman estimate of the form of (1.3) to
hold. We also prove that the simple-characteristic property is necessary and sufficient for a Carleman estimate
of the form of (1.5) to hold. Finally, we discuss the optimality of the power of the parameter α in the different
types of estimates presented here. In Appendix A we present some elements of pseudo-differential calculus. In
Appendix B we collected some technical computations and proofs.

2. A pseudo-differential calculus with two large parameters

We set W = R
n × R

n, often referred to as phase-space. A typical element of W will be X = (x, ξ), with
x ∈ R

n and ξ ∈ R
n.

Let ψ ∈ C∞(Rn;R) be such that

ψ ≥ C > 0, |ψ′| > 0, and ‖ψ′‖∞ <∞.(2.1)

We then set

ϕ(x) = eαψ(x), with α ≥ 1.

We observe that |ϕ′| > 0. We make the following further assumption on the function ψ.

Assumption 2.1. There exists k > 0 such that

sup
Rn

ψ ≤ (k + 1) inf
Rn
ψ.

As a consequence we find

∀x, y ∈ R
n, ϕ(y) ≤ ϕ(x)k+1.(2.2)

2.1. Metric and order function on phase-space. We consider the metric on phase-space:

g = α2|dx|2 +
|dξ|2

µ2
, with µ2 = µ2(x, ξ; τ, α) =

(
ταϕ(x)

)2
+ |ξ|2, and τ ≥ 1, α ≥ 1.(2.3)

We shall refer to µ as to the order function below. The explicit dependency of µ upon the parameter τ and α
is dropped to ease notation.

The first result of this section shows that this metric on W defines a Weyl-Hörmander pseudo-differential
calculus.

Proposition 2.2. The metric g and the order function µ are admissible, in the sense that,

(1) g satisfies the uncertainty principle, with λg = h−1
g = α−1µ.

(2) µ and g are slowly varying;
(3) µ and g are temperate.
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For a presentation of the Weyl-Hörmander calculus we refer to [Ler10], [Hör85b, Sections 18.4–6] and [Hör79].

Proof. The dual quadratic form of g is

gσ = µ2|dx|2 +
|dξ|2

α2
.

We then have

λg(X) =
(
hg)

−1(X) = inf
T∈W
T 6=0

(

gσX(T )/gX(T )
) 1

2

= α−1µ(X) ≥ τϕ(x) ≥ 1.

The uncertainty principle is thus fulfilled.
We now prove the slow variations of g and µ, viz., there exist K > 0, r > 0, such that

∀X,Y, T ∈W, gX(Y −X) ≤ r2 ⇒

{

gY (T ) ≤ KgX(T ),

K−1 ≤ µ(X)
µ(Y ) ≤ K.

We thus assume that gX(Y −X) ≤ r2, with 0 < r < 1 to be chosen below. With X = (x, ξ) and Y = (y, η),
this gives

α|x− y|+
|ξ − η|

µ(X)
≤ Cr.

Under this condition, we observe that we have

ϕ(x) = eαψ(x) = ϕ(y)eα
(
ψ(x)−ψ(y)

)

≤ ϕ(y)eα|x−y| ‖ψ′‖∞ ≤ ϕ(y)eCr‖ψ
′‖∞ . ϕ(y).(2.4)

Similarly we have

ϕ(y) . ϕ(x).(2.5)

We also have

|η| ≤ |η − ξ|+ |ξ| ≤ Crµ(X) + |ξ| . µ(X).(2.6)

Next, we write

|ξ| ≤ |η − ξ|+ |η| ≤ Crµ(X) + |η| ≤ Cr
(
ταϕ(x) + |ξ|

)
+ |η|.

Hence, for r sufficiently small, with (2.4), we have

|ξ| . ταϕ(x) + |η| . µ(Y ).(2.7)

With (2.4) and (2.7), resp. (2.5) and (2.6), we find

µ(X) . µ(Y ), resp. µ(Y ) . µ(X).

Then if T = (t, θ) ∈W we find

|θ|2

µ(Y )2
.

|θ|2

µ(X)2
.

|θ|2

µ(Y )2
,

and this gives gY (T ) . gX(T ) . gY (T ).
We now prove the temperance of g and µ, viz., there exist K > 0, N > 0, such that

∀X,Y, T ∈W,
gX(T )

gY (T )
≤ C

(
1 + gσX(X − Y )

)N
,

∀X,Y ∈W,
µ(X)

µ(Y )
≤ C

(
1 + gσX(X − Y )

)N
.



CARLEMAN ESTIMATES WITH TWO LARGE PARAMETERS 9

For X = (x, ξ) and Y = (y, η) we have

gσX(X − Y ) = µ(X)2|x− y|2 +
|ξ − η|2

α2
.

We note that

(2.8) |ξ| ≤ |η|+ |ξ − η| ≤ |η|+
|ξ − η|

α
ταϕ(y) .

(
1 + gσX(X − Y )

1
2

)
µ(Y ).

First, if α|x− y| ≤ 1, then ϕ(x) . ϕ(y), arguing as in (2.4). We thus have

ταϕ(x) . µ(Y ).

Second, if α|x− y| ≥ 1 we write

ταϕ(x) . µ(X) ≤ µ(X)
µ(Y )

α
≤ |x− y|µ(X)µ(Y ) .

(
1 + gσX(X − Y )

1
2

)
µ(Y ).

In any case, we have ταϕ(x) .
(
1 + gσX(X − Y )

1
2

)
µ(Y ) and along with (2.8) we obtain the temperance of µ:

µ(X) .
(
1 + gσX(X − Y )

1
2

)
µ(Y ) .

(
1 + gσX(X − Y )

)
µ(Y ).

For the temperance of g we need to prove

α|t|+
|θ|

µ(X)
.

(
1 + gσX(X − Y )

)N
(

α|t|+
|θ|

µ(Y )

)

, T = (t, θ) ∈W.

To conclude it suffices to prove

µ(Y ) .
(
1 + gσX(X − Y )

)N
µ(X).

We have

(2.9) |η| ≤ |ξ|+ |ξ − η| ≤ |ξ|+
|ξ − η|

α
ταϕ(x) .

(
1 + gσX(X − Y )

1
2

)
µ(X).

It thus remains to prove

ταϕ(y) .
(
1 + gσX(X − Y )

)N
µ(X).(2.10)

First, if α|x−y| ≤ 1, then ϕ(y) . ϕ(x), arguing as in (2.5). Estimate (2.10) is then clear. Second, if α|x−y| ≥ 1,
with Assumption 2.1 and (2.2) we write

ταϕ(y) ≤ ταϕ(x)k+1 .
µ(X)k+1

(τα)k
.

(µ(X)

τα

)k

µ(X) .
(

|x− y|
µ(X)

τ

)k

µ(X) .
(
1 + gσX(X − Y )

1
2

)k
µ(X),

since τ ≥ 1. In any case, we thus have

ταϕ(y) .
(
1 + gσX(X − Y )

1
2

)k
µ(X),

which concludes the proof. �

2.2. Sobolev Spaces. We shall define Sobolev spaces associated with the calculus defined by the metric g.
Note that the semi-classical setting of the metric g allows us to introduce such spaces without relying on the
more intricate analysis of [BC94]. The proofs of all the results listed below can be found in Appendix B.

We set τ̃(x) = ταϕ(x).

Lemma 2.3. Let k, s ∈ R. For τ sufficiently large, H = Opw(τ̃−sµ−k)Opw(τ̃sµk) is an homeomorphism of
L2(Rn) onto itself.
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We now define, for k, s ∈ R,

Hk,s(R
n) =

{

Opw(τ̃−sµ−k)v; v ∈ L2(Rn)
}

.

Note that because of the boundedness of the function ψ (see Assumption 2.1) this space is in fact algebraically
equal to the usual Sobolev space Hk(Rn).

For u ∈ Hk,s(R
n) we set

‖u‖k,s = ‖Opw(τ̃sµk)u‖L2(Rn).

With Lemma 2.3 we see that ‖.‖k,s is a norm on Hk,s. Moreover, for u ∈ Hk,s(R
n), if v ∈ L2(Rn) is such that

u = Opw(τ̃−sµ−k)v, then v is uniquely defined.

Lemma 2.4. Let k, s ∈ R. There exist C > 0 and τ1(k, s) > 0 such that for all u ∈ S (Rn) there exists
v ∈ L2(Rn) such that u = Opw(τ̃−sµ−k)v and

1/C‖u‖k,s ≤ ‖v‖L2 ≤ C‖u‖k,s, τ ≥ τ1(k, s).

Proposition 2.5. Let k, s ∈ R and τ ≥ τ1(k, s).

(1) The function space Hk,s(R
n) equipped with ‖.‖k,s is a Hilbert space with S (Rn) as a dense subspace.

(2) There exists C > 0 such that if u ∈ Hk,s and u = Opw(τ̃−sµ−k)v, with v ∈ L2(Rn), we have

1/C‖u‖k,s ≤ ‖v‖L2 ≤ C‖u‖k,s

(3) Let k, k′, s, s′ ∈ R. For a ∈ S(τ̃sµk, g) there exist C > 0 and τ1 > 0 such that for all τ ≥ τ1, we have

‖Opw(a)u‖k′,s′ ≤ C‖u‖k+k′,s+s′ , u ∈ Hk+k′,s+s′(R
n).

In particular, if k′ ≤ k and s′ ≤ s we have

S (Rn) ⊂ Hk,s(R
n) ⊂ Hk′,s′(R

n).

We finally sharpen the result of Lemma 2.4.

Lemma 2.6. Let k, k′, s, s′ ∈ R. There exist C > 0 and τ1(k, k
′, s, s′) > 0 such that, for τ ≥ τ1(k, k

′, s, s′) > 0
we have:

(1) For all u ∈ S (Rn) there exists a unique v ∈ L2(Rn) such that u = Opw(τ̃−sµ−k)v;
(2) Moreover, v ∈ Hk′,s′(R

n) and

C−1‖u‖k+k′,s+s′ ≤ ‖v‖k′,s′ ≤ C‖u‖k+k′,s+s′ .

Lemma 2.7. Let s, k ∈ R and a ∈ S(τ̃sµk, g). There exists C > 0 such that, for τ sufficiently large,
∣
∣(Opw(a)u, u)

∣
∣ ≤ C‖u‖2k

2
, s
2

, u ∈ S (Rn).

Proposition 2.8. Let s, k ∈ R. There exists C > 0 such that, for τ sufficiently large,
(
Opw(τ̃sµk)u, u

)
≥ C‖u‖2k

2
, s
2

, u ∈ S (Rn).

3. Carleman estimates under strong pseudoconvexity assumptions

Let P (x,Dx) be a differential operator of order m, with homogeneous principal symbol p(x, ξ).

Definition 3.1 (Principal normality [Hör85a, Definition 28.2.4]). The operator P (x,Dx) is said to be principally
normal on Ω if for all open subset X ⋐ Ω, there exists some C > 0

∣
∣
{
p, p

}
(x, ξ)

∣
∣ ≤ C|p(x, ξ)| |ξ|m−1, x ∈ X, ξ ∈ R

n.(3.1)

Elliptic operators and operators with real coefficients in the principal part are typical examples of principally
normal operators.

We shall now revisit some consequences of the pseudo-convexity and strong pseudo-convexity properties.
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x0

ψ′(x0)

{ψ(x) = ψ(x0)}

Figure 2. Geometry of the bicharacteristics in the case the function ψ is pseudo-convex.

3.1. Pseudo-convexity properties and symbol estimates. Let ψ ∈ C∞(Ω,R). We recall the following
definitions [Hör63].

Definition 3.2 (pseudo-convexity). We say that ψ is pseudo-convex at x ∈ Ω w.r.t. P (x,Dx) if ψ
′(x) 6= 0 and

if

∀ξ ∈ R
n\0, p(x, ξ) = 0 and

{
p, ψ

}
(x, ξ) = 0 ⇒ Re

{
p,
{
p, ψ

}}
(x, ξ) > 0.(Ψc)

The function ψ is said to be pseudo-convex w.r.t. Ω and p if ψ′ 6= 0 in Ω and (Ψc) is valid for all x ∈ Ω.

In the case of a real principal symbol, we have
{
p, ψ

}
= Hpψ and

{
p,
{
p, ψ

}}
= H2

pψ, i.e., first and second
derivatives of the function ψ along the bicharacteristics associated with p. Then the pseudoconvexity implies that
if the function ψ(x) goes through an extremum along the bicharacteristics then it needs to be a non-degenerate
minimum. This implies a convexity for the bicharacteristics as illustrated in Figure 2.

We note that
{
p, ψ

}
(x, ξ) = 〈p′ξ(x, ξ), ψ

′(x)〉, and Re
{
p,
{
p, ψ

}}
(x, ξ) = θp,ψ(x, ξ),(3.2)

with

θp,ψ(x, ξ) =
∑

j,k

∂2xjxk
ψ(x) ∂ξkp(x, ξ) ∂ξjp(x, ξ) + Re

∑

j

∂xj
ψ(x)

{
p, ∂ξjp

}
(x, ξ).(3.3)

Observe that θp,ψ(x, ξ) is homogeneous of degree 2m− 2 in ξ.

Definition 3.3 (strong pseudo-convexity). We say that ψ is strongly pseudo-convex at x ∈ Ω w.r.t. p if

(1) ψ is pseudo-convex at x w.r.t. p;
(2) if for all ξ ∈ R

n and τ > 0,

p(x, ξ + iτψ′(x)) = 0 and
{
p, ψ

}
(x, ξ + iτψ′(x)) = 0 ⇒

1

2i

{
p(x, ξ − iτψ′(x)), p(x, ξ + iτψ′(x))

}
> 0.

(s-Ψc)

The function ψ is said to be strongly pseudo-convex w.r.t. Ω and p if items (1) and (2) are valid for all x ∈ Ω.

We note that

1

2i

{
p(x, ξ − iτψ′(x)), p(x, ξ + iτψ′(x))

}
=

{
Re p(x, ξ + iτψ′(x)), Im p(x, ξ + iτψ′(x))

}
= Θp,ψ(x, ξ, τ),(3.4)
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with

Θp,ψ(x, ξ, τ) = τ
∑

j,k

∂2xjxk
ψ(x) ∂ξjp(x, ξ + iτψ′(x)) ∂ξkp(x, ξ − iτψ′(x))(3.5)

+ Im
∑

j

∂xj
p(x, ξ + iτψ′(x)) ∂ξjp(x, ξ − iτψ′(x)).

Observe that Θp,ψ(x, ξ, τ) is homogeneous of degree 2m− 1 in (ξ, τ).

Remark 3.4. Note that there are operators for which no weight function can be strongly pseudo-convex. This
is for instance the case of the bi-Laplace operator P = ∆2 in dimension greater than or equal to two. In fact,
observe that with p(ξ) = |ξ|4 then

p(x, ξ + iτψ′) =
(
∑

j

(ξj + iτψ′
j)

2
)2

, {p, ψ}(x, ξ + iτψ′) = 4
(
∑

j

(ξj + iτψ′
j)

2
)

〈ξ + iτψ′, ψ′〉,

and

Θp,ψ(x, ξ, τ) = 16τp(x, ξ + iτψ′)
∑

j,k

∂2xjxk
ψ(x)

(
ξj + iτψ′

j

)(
ξk + iτψ′

k

)
.

Then if ξ ⊥ ψ′(x) and |ξ| = |τψ′(x)| we have p(x, ξ + iτψ′) = {p, ψ}(x, ξ + iτψ′) = 0 and yet Θp,ψ(x, ξ, τ) = 0.
In fact, this obstruction makes sense: a Carleman estimate of the form of (3.10) in Theorem 3.7 below cannot
be achieved for the bi-Laplace operator because of the optimality result of Proposition 1.1.

The following result sharpens the estimate of Proposition 28.3.3 in [Hör85a] in the case of a weight function
of the form ϕ = eαψ.

Proposition 3.5. Let P be principally normal on Ω and let ψ be a strongly pseudo-convex function w.r.t. Ω
and P . We set ϕ = eαψ and

ζ = ζ(x, ξ, τ) = ξ + iτϕ′(x) = ξ + iτ̃(x)ψ′(x), τ̃(x) = ταϕ(x).

Let X be an open subset such that X ⋐ Ω. There exist C > 0, τ0 ≥ 1, α0 > 0 such that we have

τ̃(x)µ2(m−1) ≤ C
(

|p(x, ζ)|2 +
1

2i

{
p(x, ζ), p(x, ζ)

})

, τ ≥ τ0, α ≥ α0, (x, ξ) ∈ X × R
n.(3.6)

Remark 3.6. The following computations will be useful in the proof and at various places in the article. With
(3.3) we find

θp,ϕ(x, ξ) =
∑

j,k

∂2xjxk
ϕ(x) ∂ξkp(x, ξ) ∂ξjp(x, ξ) + Re

∑

j

∂xj
ϕ(x)

{
p, ∂ξjp

}
(x, ξ).

which, as ϕ = eαψ yields

θp,ϕ(x, ξ) = αϕθp,ψ(x, ξ) + α2ϕ|〈p′ξ(x, ξ), ψ
′(x)〉|2.(3.7)

With (3.4) we find

1

2i

{
p(x, ζ), p(x, ζ)

}
= Θp,ϕ(x, ξ, τ) = τ

∑

j,k

∂2xjxk
ϕ(x) ∂ξjp(x, ζ) ∂ξkp(x, ζ) + Im

∑

j

∂xj
p(x, ζ) ∂ξjp(x, ζ).

which yields

1

2i

{
p(x, ζ), p(x, ζ)

}
= τ̃(x)

∑

j,k

∂2xjxk
ψ(x) ∂ξjp(x, ζ) ∂ξkp(x, ζ) + τ̃(x)α|〈p′ξ(x, ζ), ψ

′(x)〉|2(3.8)

+ Im
∑

j

∂xj
p(x, ζ) ∂ξjp(x, ζ).

= Θp,ψ(x, ξ, τ̃(x)) + τ̃(x)α|〈p′ξ(x, ζ), ψ
′(x)〉|2.
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Proof of Proposition 3.5. The proof is along the lines of that of Proposition 28.3.3 in [Hör85a].
On the compact set {(x, ξ) ∈ X × R

n; |ξ| = 1} the pseudo-convexity of ψ, with (3.2) and (3.3), implies

ν
(

|p(x, ξ)|+ |〈p′ξ(x, ξ), ψ
′(x)〉|

)

+ θp,ψ(x, ξ) ≥ C > 0,

for ν sufficiently large. By homogeneity, with (3.3), we find

ν
(

|p(x, ξ)| |ξ|m−2 + |〈p′ξ(x, ξ), ψ
′(x)〉| |ξ|m−1

)

+ θp,ψ(x, ξ) & |ξ|2m−2, x ∈ X, ξ ∈ R
n.

We first consider the case τ̃(x) ≪ |ξ|. With the form of θp,ψ in (3.3) we then obtain

ν
(

|p(x, ζ)| |ζ|m−2 + |〈p′ξ(x, ζ), ψ
′(x)〉| |ζ|m−1

)

+
∑

j,k

∂2xjxk
ψ(x) ∂ξkp(x, ζ) ∂ξjp(x, ζ)

+ Re
∑

j

∂xj
ψ(x)

{
p, ∂ξjp

}
(x, ξ) & |ζ|2m−2.

Since p(x, ξ) is principally normal, Lemma 28.2.5 in [Hör85a], with N = ψ′(x) and τ̃(x) in place of τ , yields

∣
∣τ̃(x)−1 Im

∑

j

∂xj
p(x, ζ)∂ξjp(x, ζ)− Re

∑

j

∂xj
ψ(x)

{
p, ∂ξjp

}
(x, ξ)

∣
∣

≤ C
(

τ̃(x)|ψ′(x)| |ζ|2m−3 + τ̃(x)−1|p(x, ζ)| |ζ|m−1 + 〈p′ξ(x, ζ), ψ
′(x)〉 |ζ|m−1

)

.

Using that τ̃(x) ≪ |ξ|, we then obtain

τ̃(x)−1|p(x, ζ)| |ζ|m−1 + |〈p′ξ(x, ζ), ψ
′(x)〉| |ζ|m−1 +

∑

j,k

∂2xjxk
ψ(x) ∂ξkp(x, ζ) ∂ξjp(x, ζ)

+ τ̃(x)−1 Im
∑

j

∂xj
p(x, ζ)∂ξjp(x, ζ) & |ζ|2m−2.

With the Young inequality, for τ̃(x) and α sufficiently large, i.e., for τ and α sufficiently large, we obtain

τ̃(x)−1|p(x, ζ)|2 + α|〈p′ξ(x, ζ), ψ
′(x)〉|2 + τ̃(x)−1Θp,ψ(x, ξ, τ̃(x)) & |ζ|2m−2.(3.9)

With (3.9) and (3.8) we thus obtain (3.6)

|p(x, ζ)|2 +
1

2i

{
p(x, ζ), p(x, ζ)

}
& τ̃(x)|ζ|2(m−1) & τ̃(x)µ2(m−1),

using that τ̃(x) ≪ |ξ|.
We now treat the case |ξ| ≤ δτ̃(x), for some fixed δ. We introduce τ̂ > 0 and place ourselves on the compact

set

C = {(x, ξ, τ̂ ); τ̂2 + |ξ|2 = 1, |ξ| ≤ δτ̂ , x ∈ X}.

As ψ is strongly pseudo-convex, we have

α
(

τ̂−1|p(x, ξ + iτ̂ψ′(x))|2 + τ̂ |〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉|2
)

+Θp,ψ(x, ξ, τ̂) ≥ C, (x, ξ, τ̂) ∈ C ,

for α sufficiently large. By homogeneity we find

α
(

τ̂−1|p(x, ξ + iτ̂ψ′(x))|2 + τ̂ |〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉|2
)

+Θp,ψ(x, ξ, τ̂) & (|τ̂ |+ |ξ|)2m−1,

for all x ∈ X, τ̂ > 0 and ξ such that |ξ| ≤ δτ̃(x).
We apply this last inequality to τ̂ = τ̃(x) in the case |ξ| ≤ δτ̃(x). As α/τ̃(x) = 1/(τϕ(x)) ≤ 1, this yields

|p(x, ζ)|2 + τ̃(x)α|〈p′ξ(x, ζ), ψ
′(x)〉|2 +Θp,ψ(x, ξ, τ̃(x)) & |ζ|2m−1,

We have |ζ|2m−1 & τ̃(x)µ2(m−1). Hence, recalling (3.8) we also obtain (3.6) in this second case. �
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3.2. Carleman estimate. Based on the pseudo-convexity properties we presented above and the pseudo-
differential calculus of Section 2, we shall now prove a Carleman estimate with two large parameters.

Theorem 3.7. Let P = P (x,Dx) be a principally normal operator in Ω of order m and ψ ∈ C∞(Ω), ψ ≥ C > 0
on Ω, be a strongly pseudo-convex function w.r.t. Ω and P . We set ϕ = eαψ. If X is an open subset, X ⋐ Ω,
there exist C > 0, α1 > 0, and τ1 ≥ 1 such that

∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτϕDβ
xu‖

2
L2 ≤ C‖eτϕPu‖2L2 ,(3.10)

for all u ∈ C∞
c (X), α ≥ α1, and τ ≥ τ1.

Proof. Let Y be an open subset of Ω such that X ⋐ Y ⋐ Ω. Proposition 3.5 applies in Y .
Carleman estimates of the form (3.10) can be handled locally and can be patched together (see [Hör63]).

Hence, there is no loss of generality in restricting ourselves to a small neighborhood V of a point x0 ∈ X, with
V ⋐ Y . We also choose a small neighborhood W such that V ⋐W ⋐ Y .

There, the function ψ can be used as a coordinate function. We can then modify the function ψ outside
W so that it satisfies Assumption 2.1. This allows us to use the calculus that we presented in Section 2. We
assume u ∈ C∞

c (V ).
We denote by p = p(x, ξ) the principal symbol of P . We set Pϕ = eτϕPe−τϕ and v = eτϕu. We have

Pϕ = P (x,Dx + iτϕ′(x)) ∈ Ψ(µm, g). Its principal symbol in S(µm, g)/S(αµm−1, g) is given by

pϕ = pϕ(x, ξ, τ) = p(x, ξ + iτϕ′(x)).

By Lemma 2.4, there exists w ∈ L2(Rn) such that v = Opw(µ1−m)w. We set Q = Opw(pϕ)Opw(µ1−m) ∈
Ψ(µ, g) (we consider only the principal part of Pϕ at first). We then write

‖Qw‖2L2 = (Q∗Qw,w)L2 ,

where the Weyl symbol of Q∗Q ∈ Ψ(µ2, g) is given by

ρ = µ2−2m
(

|pϕ|
2 +

1

2i

{
pϕ, pϕ

})

mod S(α2, g).(3.11)

by (A.2) and (A.3).
By Proposition 3.5, for τ and α sufficiently large, we have ρ− Cταϕ ≥ 0 in W . Let χ ∈ C∞

c (W ) such that,
0 ≤ χ ≤ 1 and χ = 1 in a neighborhood of V . We then write

ρ = ρ̂+ r, ρ̂ = ρχ+ µ2(1− χ), r = (ρ− µ2)(1− χ).

Then ρ̂ ∈ S(µ2, g) and ρ̂−Cταϕ ≥ 0 in the whole phase-space. Recalling that λ2g = µ2/α2, the Fefferman-Phong
inequality (see [FP78] and Theorem A.4 below) then yields,

‖Qw‖2L2 ≥ (ταϕw,w)L2 − C‖αw‖2L2 + (Opw(r)w,w)L2 .(3.12)

As ϕ = eαψ with ψ ≥ C > 0 on Ω we find, for α sufficiently large,

‖Qw‖2L2 ≥ C‖τ̃
1
2w‖2L2 + (Opw(r)w,w)L2 .

Lemma 3.8. For any N ∈ N, we have

‖Opw(r)w‖L2 ≤ CNτ
−N‖v‖L2

See Appendix B.10 for a proof.
For τ sufficiently large, with Lemma 2.6 we thus obtain

‖Opw(pϕ)v‖L2 = ‖Qw‖L2 & ‖Opw(τ̃
1
2µm−1)v‖L2 = ‖v‖m−1, 1

2
.

As Pϕ −Opw(pϕ) ∈ Ψ(αµm−1, g), for α sufficiently large we obtain

‖Pϕv‖L2 & ‖v‖m−1, 1
2
.
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For any β, with |β| ≤ m− 1, observe that
(
ταϕ

)(m−|β|)− 1
2Dβ

x = τ̃
1
2 τ̃ (m−|β|)−1Dβ

x ∈ Ψ(τ̃
1
2µm−1, g),

and thus by Proposition 2.5 we have

‖Pϕv‖L2 &
∑

|β|<m

(
τα

)(m−|β|)− 1
2 ‖ϕ(m−|β|)− 1

2Dβ
xv‖L2 .

The conclusion of the proof is then classical. �

Note that the power of the function ϕ that appears in the estimate can be shifted easily, as stated in the
following corollary.

Corollary 3.9. Let r ∈ R. Under the same assumption as in Theorem 3.7 there exist C > 0, α1 > 0, and
τ1 ≥ 1 such that

∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕ(m−|β|)− 1

2
+reτϕDβ

xu‖
2
L2 ≤ C‖ϕreτϕPu‖2L2 ,(3.13)

for all u ∈ C∞
c (X), α ≥ α1, and τ ≥ τ1.

Note that similar results can be achieved for the Carleman estimates proven in the section below. We shall
omit to write these results below.

Proof. We assume r 6= 0. Let s ∈ R
∗ and let Q = q(x,Dx) be a differential operator of order ℓ ∈ N

∗. The
symbol of the commutator [Q,ϕs] in the standard quantization is

q ◦ ϕs − ϕsq =
∑

1≤|γ|≤ℓ

i|γ|

γ!
∂γξ q(x, ξ)∂

γ
x(ϕ

s).

(See Appendix A where notation related to the pseudo-differential calculus is presented.) Observing that
|∂γx(ϕ

s)| . α|γ|ϕs we find that

[Q,ϕs] =
ℓ−1∑

γ=0
aγ(x)D

γ
x , with |aγ(x)| . αℓ−|γ|ϕs.(3.14)

Let w = ϕru. Starting from the Carleman estimate of Theorem 3.7 for w we derive (3.13).
For |β| ≤ m− 1 we write

‖ϕm− 1
2
−|β|+reτϕDβ

xu‖L2 . ‖ϕm− 1
2
−|β|eτϕDβ

xw‖L2 + ‖ϕm− 1
2
−|β|+reτϕ[Dβ

x , ϕ
−r]w‖L2 ,

which by (3.14) gives

(τα)2m−1−2|β|‖ϕm− 1
2
−|β|+reτϕDβ

xu‖
2
L2 . (τα)2m−1−2|β|

(

‖ϕm− 1
2
−|β|eτϕDβ

xw‖
2
L2

+
∑

|γ|≤|β|−1

α2|β|−2|γ|‖ϕm− 1
2
−|β|eτϕDγ

xw‖
2
L2

)

. l.h.s. (3.10),

if α > 0 and τ ≥ 1. We thus obtain
∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕm+r−|β|− 1

2 eτϕDβ
xu‖

2
L2 ≤ C‖eτϕPw‖2L2 ,(3.15)

With (3.14) we obtain

‖eτϕPw‖2L2 . ‖ϕreτϕPu‖2L2 + ‖eτϕ[P,ϕr]u‖2L2

. ‖ϕreτϕPu‖2L2 +
∑

|γ|≤m−1

α2(m−|γ|)‖ϕreτϕDγ
xu‖

2
L2 .
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As α≪ ϕ(x) for α large we can “absorb” the sum on the r.h.s. of the previous estimate by the l.h.s. of (3.15). �

We finish this section with some remarks.

Remark 3.10. (1) As we pointed out in the introductory section, Carleman estimates are central tools for
the quantification of the unique continuation property. See [Zui83] for manifolds results. A natural ques-
tion concerns the necessity of the pseudo-convexity conditions with respect to the unique continuation
property. Answers to such question can be found in [Ali83], where for example it is proven that if the
pseudo-convexity condition of Definition 3.2 is strongly violated then unique continuation does not hold.
A mild violation of the pseudo-convexity condition as presented in [LR85] (see also [Hör85a, Section
28.4]) can yet preserve the unique continuation property with an additional compactness property.

(2) Here, we chose to use the notion of principal normality introduced by L. Hörmander and N. Lerner.
In [CDSZ96b] the authors propose a generalization of this notion. That work was motivated by the
counter-example to uniqueness of [CDS95] in which the principal normality is replaced by the (P )
condition of Treves-Nirenberg. In [CDSZ96b] Carleman estimates are derived for operators satisfying the
generalized principal normality property and unique continuation results are obtained. Their derivation
of the Carleman estimate is based on a generalization of the Fefferman-Phong inequality [CDSZ96a],
a technical point that we preferred to avoid here. Note also that the uniqueness result that is proven
in [CDSZ96b] corresponds to a stronger condition on the weight function than the pseudo-convexity
condition we use here. It coincides with the simple-characteristic property presented in Section 4.1.
Note finally that nonuniqueness may also result of a strong violation of their generalized principal
normality condition with a zeroth-order perturbation of the operator.

4. Cases of stronger estimates

In this section we present classes of operators for which stronger Carleman estimates with two large param-
eters can be derived as compared to the result of Theorem 3.7.

As in the previous section p(x, ξ) denotes the homogeneous principal part of the differential operator P =
P (x,Dx).

4.1. Simple characteristics. We introduce the map

ρx,ξ : R
+ → C,
τ̂ 7→ p(x, ξ + iτ̂ψ′(x)),

(4.1)

where x ∈ Ω and ξ ∈ R
n.

Definition 4.1. Given a weight function ψ and an operator P we say that the simple-characteristic property
is satisfied in Ω if, for all x ∈ Ω, we have ξ = 0 and τ̂ = 0 when the map ρx,ξ has a double root.

Note that the case ξ = 0 is particular, as the root τ̂ = 0 has of course multiplicity m. Note also that we have

ρ′x,ξ(τ̂) = i〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉 = i{p, ψ}(x, ξ + iτ̂ψ′(x)).(4.2)

We can thus formulate the condition of Definition 4.1 as

p(x, ξ + iτ̂ψ′(x)) = {p, ψ}(x, ξ + iτ̂ψ′(x)) = 0 ⇒ ξ = 0, τ̂ = 0.(4.3)

Note that this implies that the hypersurface {ψ = Cst} is not characteristics, that is p(x, ψ′(x)) 6= 0.
Otherwise choosing ξ collinear to ψ′(x) we find ρx,ξ identically zero. In particular this implies that |ψ′| 6= 0.

With the simple-characteristic property we shall obtain below a Carleman estimate with an additional power
in the second large parameter α.

Examples 4.2. If P (x,Dx) is a first-order operator then ρx,ξ(τ̂) is a first-order polynomial in τ̂ . If the leading
coefficient does not vanish then the simple-characteristic property is clearly fulfilled.
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For a second-order elliptic operators with real coefficients then ρx,ξ(τ̂) is a second-order polynomial in τ
where the leading coefficient does not vanish if ψ′(x) 6= 0. Property (4.3) holds. Indeed, complex roots of
σ 7→ p(x, ξ + σψ′(x)) come in conjugated pairs. They can only be double if they are real. For the roots of
τ̂ 7→ ρx,ξ(τ̂) this means τ̂ = 0, that is p(x, ξ) = 0.

Evidently, if p(x, ξ) and q(x, ξ) are such that their respective maps (4.1) satisfy property (4.3), with different
roots, then their product will also satisfy this property.

Note that elliptic operators with real coefficients of order higher than two may however not satisfy this
property, e.g. the bi-Laplace operator ∆2 in Ω ⋐ R

n with n ≥ 2, independently of the choice of the weight
function. An example of an elliptic operator of order greater than two satisfying the simple-characteristic
property (4.3) is D4

x1
+D4

x2
in Ω ⊂ R

2 for any function ψ whose gradient does not vanish in Ω.
An example of a second-order operator that is not elliptic satisfying the simple-characteristic property (4.3)

is 1
2D

2
x1

+Dx1
Dx2

in Ω ⊂ R
2, with ψ(x) = 1

2 (x1 − a)2, where a is such that |ψ′| 6= 0 in Ω, e.g., if Ω ⊂ {x1 > a}.
Another example is P = Dx1

Dx2
in Ω ⊂ R

2, with ψ(x) = x1 + x2. We shall go back to this example at the end
of Section 5.

Note that the examples we have just given are principally normal (see Definition 3.1) as they have real
coefficients.

Remark 4.3. The simple-characteristic property (4.3) implies that ψ is strongly pseudo-convex with respect to
Ω and P . However there exist operators and weight functions that satisfy the strong pseudo-convexity conditions
without fulfilling the simple-characteristic property (4.3). Such an example is given by P (Dx) = Dx1

in Ω ⊂ R
2

with the weight function ψ(x) = x21/2 + x2.

Details on some of the examples and remark above can be found in Appendix B.11.

Remark 4.4. The simple-characteristic property is independent of the notion of principal normality. Consider
the operator P (x,Dx) = Dx1

+ i(x1Dx2
+Dx3

) with symbol p(x, ξ) = ξ1 + i(x1ξ2 + ξ3). With ψ(x) = x1, the
simple-characteristics property is fulfilled. However the operator is not principally normal. Observe that we
have

{p, p}(x, ξ) = 2i{Re p, Im p} = {ξ1, x1ξ2 + ξ3} = ξ2,

which implies that (3.1) cannot be achieved if x1 = ξ1 = ξ3 = 0.

Proposition 4.5. Let P be principally normal on Ω and let ψ be such that the simple-characteristic property
(4.3) is fulfilled. We set ϕ = eαψ and

ζ = ζ(x, ξ, τ) = ξ + iτϕ′(x) = ξ + iτ̃(x)ψ′(x), τ̃(x) = ταϕ(x).

Let X be an open subset such that X ⋐ Ω. There exist C > 0, τ0 ≥ 1, α0 > 0, and ν0 such that we have

τ̃(x)2µ2(m−1) ≤ C
(

ν|p(x, ζ)|2 +
τϕ(x)

2i

{
p(x, ζ), p(x, ζ)

})

, τ ≥ τ0, α ≥ α0, ν ≥ ν0, (x, ξ) ∈ X × R
n.(4.4)

Proof. On the compact set L = {(x, ξ) ∈ X × R
n; |ξ| = 1} the simple-characteristic property (4.3) with (4.2)

yields, for ν sufficiently large,

ν|p(x, ξ)|+ |〈p′ξ(x, ξ), ψ
′(x)〉|2 ≥ C > 0.

For α sufficiently large we find (see the definition of θp,ψ(x, ξ) in (3.3))

να|p(x, ξ)|+ α|〈p′ξ(x, ξ), ψ
′(x)〉|2 + θp,ψ(x, ξ) ≥ αC ′ > 0, (x, ξ) ∈ L.

By homogeneity, recalling that θp,ψ(x, ξ) is homogeneous of degree 2m− 2 in ξ, we then obtain

να|p(x, ξ)||ξ|m−2 + α|〈p′ξ(x, ξ), ψ
′(x)〉|2 + θp,ψ(x, ξ) & α|ξ|2m−2, x ∈ X, ξ ∈ R

n.
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We first consider the case τ̃(x) ≪ |ξ|. We then obtain

να|p(x, ζ)||ζ|m−2 + α|〈p′ξ(x, ζ), ψ
′(x)〉|2 +

∑

j,k

∂2xjxk
ψ(x) ∂ξkp(x, ζ) ∂ξjp(x, ζ)

+ Re
∑

j

∂xj
ψ(x)

{
p, ∂ξjp

}
(x, ξ) & α|ζ|2m−2.

Since p(x, ξ) is principally normal, Lemma 28.2.5 in [Hör85a], with N = ψ′(x) and τ̃(x) in place of τ , yields
∣
∣τ̃(x)−1 Im

∑

j

∂xj
p(x, ζ)∂ξjp(x, ζ)− Re

∑

j

∂xj
ψ(x)

{
p, ∂ξjp

}
(x, ξ)

∣
∣

≤ C
(

τ̃(x)|ψ′(x)| |ζ|2m−3 + τ̃(x)−1|p(x, ζ)| |ζ|m−1 + 〈p′ξ(x, ζ), ψ
′(x)〉 |ζ|m−1

)

.

We thus find

να|p(x, ζ)||ζ|m−2 + α|〈p′ξ(x, ζ), ψ
′(x)〉|2

+
∑

j,k

∂2xjxk
ψ(x) ∂ξkp(x, ζ) ∂ξjp(x, ζ) + τ̃(x)−1 Im

∑

j

∂xj
p(x, ζ)∂ξjp(x, ζ)

+ C
(

τ̃(x)|ψ′(x)| |ζ|2m−3 + τ̃(x)−1|p(x, ζ)| |ζ|m−1 + 〈p′ξ(x, ζ), ψ
′(x)〉 |ζ|m−1

)

≥ C ′α|ζ|2m−2.

After a multiplication by τϕ(x)τ̃(x) we thus obtain, with (3.4),

ντ̃(x)2|p(x, ζ)||ζ|m−2 + τ̃(x)2|〈p′ξ(x, ζ), ψ
′(x)〉|2 + τϕ(x)Θp,ψ(x, ξ, τ̃(x)) + C

(

τϕ(x)τ̃(x)2|ψ′(x)| |ζ|2m−3

+ τϕ(x)|p(x, ζ)| |ζ|m−1 + τϕ(x)τ̃(x)〈p′ξ(x, ζ), ψ
′(x)〉 |ζ|m−1

)

& C ′τ̃(x)2|ζ|2m−2.

With the Young inequality we observe that we have

ντ̃(x)2|p(x, ζ)||ζ|m−2 . ν|p(x, ζ)|2 + ν τ̃(x)4|ζ|2m−4

︸ ︷︷ ︸

≪τ̃2|ζ|2m−2

,

τϕ(x)τ̃(x)2|ψ′(x)| |ζ|2m−3 . τ̃(x)3|ζ|2m−3 ≪ τ̃2|ζ|2m−2, as α ≥ 1,

τϕ(x)|p(x, ζ)| |ζ|m−1 . ν|p(x, ζ)|2 + ν−1(τϕ(x))2|ζ|2m−2

︸ ︷︷ ︸

=ν−1α−2τ̃2|ζ|2m−2

,

τϕ(x)τ̃(x)〈p′ξ(x, ζ), ψ
′(x)〉 |ζ|m−1 . τ̃(x)2|〈p′ξ(x, ζ), ψ

′(x)〉|2 + α−2τ̃(x)2|ζ|2m−2.

With α large these estimates yield

ν|p(x, ζ)|2 + τ̃(x)2|〈p′ξ(x, ζ), ψ
′(x)〉|2 + τϕ(x)Θp,ψ(x, ξ, τ̃(x)) & τ̃(x)2|ζ|2m−2,

which by (3.8) reads

ν|p(x, ζ)|2 +
τϕ(x)

2i

{
p(x, ζ), p(x, ζ)

}
& τ̃(x)2|ζ|2m−2.

We now treat the case |ξ| ≤ δτ̃(x), for some fixed δ. Let τ̂ ≥ 0 and consider

f(x, ξ, τ̂) = ν|p(x, ξ + iτ̂ψ′(x))|2 + τ̂2
∣
∣〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉

∣
∣
2
.

We place ourselves on the compact set

C =
{
(x, ξ, τ̂); τ̂2 + |ξ|2 = 1, x ∈ X, ξ ∈ R

n, τ̂ > 0, |ξ| ≤ δτ̂
}
.

By (4.3)-(4.2) we have

∀(x, ξ, τ̂) ∈ C , p(x, ξ + iτ̂ψ′(x)) = 0 ⇒ τ̂〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉 6= 0.
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For ν sufficiently large, we then obtain f ≥ C > 0 on C . By homogeneity we deduce

f(x, ξ, τ̂) &
(
τ̂2 + |ξ|2

)m
, x ∈ X, ξ ∈ R

n, τ̂ ∈ R
+, |ξ| ≤ δτ̃(x)(4.5)

With (3.8) we have

ν|p(x, ζ)|2 +
τϕ(x)

2i

{
p(x, ζ), p(x, ζ)

}
= ν|p(x, ζ)|2 + ταϕ(x)τ̃(x)

∣
∣〈p′ξ(x, ζ), ψ

′(x)〉
∣
∣
2
+ τϕ(x)Θp,ψ(x, ξ, τ̃(x))

= f(x, ξ, τ̃(x)) + τϕ(x)Θp,ψ(x, ξ, τ̃(x))

≥ Cµ2m + τϕ(x)Θp,ψ(x, ξ, τ̃(x)),

with C > 0. Observing that τϕ(x)|Θp,ψ(x, ξ, τ̃(x))| ≤ τϕ(x)µ2m−1(x, ξ, τ), by choosing α sufficiently large we
also obtain (4.4) in the case |ξ| ≤ δτ̃(x). �

With Proposition 4.5 we obtain the following Carleman estimate.

Theorem 4.6. Let P = P (x,Dx) be a principally normal operator in Ω of order m and ψ ∈ C∞(Ω), ψ ≥ C > 0
on Ω, a function such that the simple-characteristic property (4.3) is fulfilled. We set ϕ = eαψ. If X is an open
subset, X ⋐ Ω, there exist C > 0, α1 > 0, and τ1 ≥ 1 such that

α
∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτϕDβ
xu‖

2
L2 ≤ C‖eτϕPu‖2L2 ,

for all u ∈ C∞
c (X), α ≥ α1, and τ ≥ τ1.

We observe that we have gained a factor α on the l.h.s. in contrast to the Carleman estimate of Theorem 3.7.

Remark 4.7. If ψ′ 6= 0 in Ω and P = −∆ then the simple characteristic property is fulfilled. With Proposi-
tion 1.3 we can conclude that the power of α just obtain the l.h.s. of the estimate is optimal. We shall refine
this consideration at the end of Section 5.

Proof. Let Y be an open subset such that X ⋐ Y ⋐ Ω. Proposition 4.5 applies in Y . As in the proof of
Theorem 3.7 we restrict ourselves to a small neighborhood V ⊂W ⋐ Y of a point x0 ∈ X, where W is an open
subset. The function ψ then satisfies Assumption 2.1. We assume u ∈ C∞

c (V ).
We denote by p = p(x, ξ) the principal symbol of P . We set Pϕ = eτϕPe−τϕ and v = eτϕu. We have

Pϕ = P (x,Dx + iτϕ′(x)) ∈ Ψ(µm, g). Its principal symbol of given by

pϕ = pϕ(x, ξ, τ) = p(x, ξ + iτϕ′(x)).

We first consider only the principal part and set Q = Opw(pϕ) and introduce

Q2 = Opw(q2) ∈ Ψ(µm, g), with q2 = Re pϕ,

Q1 = Opw(q1) ∈ Ψ(µm, g), with q1 = Im pϕ.

We have Q = Q2 + iQ1 with both Q2 and Q1 selfadjoint.
We have ‖Qv‖2L2 = ‖Q2v‖

2
L2 + ‖Q1v‖

2
L2 + i

(
[Q2, Q1]v, v

)

L2 . With ν such that ν(τϕ(x))−1 ≤ 1 we then write

τ‖Qv‖2L2 ≥ ν‖ϕ− 1
2Q2v‖

2
L2 + ν‖ϕ− 1

2Q1v‖
2
L2 + iτ

(
[Q2, Q1]v, v

)

L2

=
( (
ν(Q2ϕ

−1Q2 +Q1ϕ
−1Q1) + iτ [Q2, Q1]

)

︸ ︷︷ ︸

=B∈Ψ(ϕ−1µ2m,g)

v, v
)

L2
.

With (A.3) and (A.4) we have

qj♯ϕ
−1♯qj = ϕ−1q2j mod S(α2ϕ−1µ2m−2, g), j = 1, 2,

i
(
q2♯q1 − q1♯q2

)
= {q2, q1} mod S(α3µ2m−3, g).
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We thus find B = B0 +B1 with B0 ∈ Ψ(ϕ−1µ2m, g) and B1 ∈ Ψ(α2ϕ−1µ2m−2, g), and

B0 = Opw(νϕ−1(q22 + q21) + τ{q2, q1}) = Opw
(

νϕ−1|pϕ|
2 +

τ

2i
{pϕ, pϕ}

)

.

By Lemma 2.4, there exists w ∈ L2(Rn) such that v = Opw(ϕ
1
2µ1−m)w. We obtain

τ‖Qv‖2L2 ≥ (B̃0w,w) + (B̃1w,w),

with B̃1 ∈ Ψ(α2, g) and B̃0 ∈ Ψ(µ2, g). By (A.3) the Weyl symbol of B̃0 is given by

b̃0 = µ2−2m
(

ν|pϕ|
2 +

τϕ

2i
{pϕ, pϕ}

)

. mod S(α2, g),

By Proposition 4.5 we have b̃0 − τ̃(x)2 ≥ 0 in W for ν, α and τ sufficiently large. Arguing as in the proof of
Theorem 3.7 with the Fefferman-Phong inequality (see [FP78] and Theorem A.4 below) we obtain

τ‖Qv‖2L2 ≥ C‖τ̃w‖2L2 + (Opw(r)w,w)L2

with ‖Opw(r)w‖L2 ≤ CNτ
−N‖v‖L2 . For τ sufficiently large, with Lemma 2.6 we find τ‖Qv‖2L2 & ‖Opw(τ̃ϕ− 1

2µm−1)v‖2L2 ,
which gives

‖Opw(pϕ)v‖
2
L2 = ‖Qv‖2L2 & α‖Opw(τ̃

1
2µm−1)v‖2L2 = α‖v‖2m−1, 1

2

.

We conclude as in the proof of Theorem 3.7. �

4.2. Elliptic operators. For elliptic operators stronger results can also be achieved. First, we shall consider
elliptic operators and weight functions under pseudo-convexity conditions and, second, we shall consider elliptic
operators along with weight functions such that the simple-characteristic property holds.

4.2.1. Elliptic operators under strong pseudoconvexity condition. Let P be an elliptic operator of order m. We
first note that if ψ is a smooth function such that |ψ′| > 0 on Ω, then it is a pseudo-convex function on Ω for
the operator P .

Proposition 4.8. Let P be elliptic on Ω and let ψ satisfy (s-Ψc) (point 2 in Definition 3.3) for all x ∈ Ω. We
set ϕ = eαψ and

ζ = ζ(x, ξ, τ) = ξ + iτϕ′(x) = ξ + iτ̃(x)ψ′(x), τ̃(x) = ταϕ(x).

Let X be an open subset such that X ⋐ Ω. There exist C > 0, τ0 ≥ 1, α0 > 0 such that we have

(ταϕ)−1µ2m ≤ C
(

|p(x, ζ)|2 +
1

2i

{
p(x, ζ), p(x, ζ)

})

, τ ≥ τ0, α ≥ α0, (x, ξ) ∈ X × R
n.(4.6)

Proof. We have |p(x, ξ)|2 & |ξ|2m. We first consider the case τ̃(x) ≪ |ξ|. We then obtain

|p(x, ζ)|2 & |ζ|2m.

With (3.8), by homogeneity we have
∣
∣ 1
2i

{
p(x, ζ), p(x, ζ)

}∣
∣ . α|ζ|2m−1. For τ sufficiently large we obtain

|p(x, ζ)|2 +
1

2i

{
p(x, ζ), p(x, ζ)

}
& |ζ|2m.

We now treat the case |ξ| ≤ δτ̃(x), for some fixed δ. We introduce τ̂ > 0 and place ourselves on the compact
set

C = {(x, ξ, τ̂ ); τ̂2 + |ξ|2 = 1, |ξ| ≤ δτ̂ , x ∈ X}.

As ψ is strongly pseudo-convex, we have

α
(

|p(x, ξ + iτ̂ψ′(x))|2 + τ̂2|〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉|2
)

+ τ̂Θp,ψ(x, ξ, τ̂) ≥ C, (x, ξ, τ̂) ∈ C ,

for α sufficiently large. By homogeneity we find

α
(

|p(x, ξ + iτ̂ψ′(x))|2 + τ̂2|〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉|2
)

+ τ̂Θp,ψ(x, ξ, τ̂) & (|τ̂ |+ |ξ|)2m,
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for all x ∈ X, τ̂ > 0 and ξ such that |ξ| ≤ δτ̂ . We apply this last inequality to τ̂ = τ̃(x) and find

α
(

τ̃(x)−1|p(x, ζ)|2 + τ̃(x)|〈p′ξ(x, ζ), ψ
′(x)〉|2

)

+Θp,ψ(x, ξ, τ̃(x)) & τ̃(x)−1(|τ̃ |+ |ξ|)2m,

in the case |ξ| ≤ δτ̃(x). As α/τ̃(x) = 1/(τϕ(x)) ≤ 1, this yields

|p(x, ζ)|2 + τ̃(x)α|〈p′ξ(x, ζ), ψ
′(x)〉|2 +Θp,ψ(x, ξ, τ̃(x)) & τ̃(x)−1|ζ|2m & τ̃(x)−1µ2m.

Hence, recalling (3.8) we also obtain (4.6) in this second case. �

With Proposition 4.8 we then obtain the following Carleman estimate.

Theorem 4.9. Let P = P (x,Dx) be an elliptic operator in Ω of order m and ψ ∈ C∞(Ω), ψ ≥ C > 0 on Ω,
be a strongly pseudo-convex function w.r.t. Ω and P . We set ϕ = eαψ. If X is an open subset, X ⋐ Ω, there
exist C > 0, α1 > 0, and τ1 ≥ 1 such that

∑

|β|≤m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτϕDβ
xu‖

2
L2 ≤ C‖eτϕPu‖2L2 ,(4.7)

for all u ∈ C∞
c (X), α ≥ α1, and τ ≥ τ1.

We observe that we have gained an additional term, for |β| = m, in the sum on the l.h.s. in contrast to the
Carleman estimate of Theorem 3.7.

Remark 4.10. From an estimate of the form of (4.7) by fixing the values of τ and α we obtain

‖u‖Hm(Rn) =
∑

|β|≤m

‖Dβ
xu‖L2 ≤ C‖Pu‖L2 ,

which implies that P is elliptic. The additional term we have obtained in the previous theorem is thus a privilege
of elliptic operators.

Remark 4.11. Note that ellipticity is not sufficient for a Carleman estimate of the form (4.7) to hold. Pseudo-
convexity and strong pseudo-convexity are also needed (see Section 5 for the necessity of these conditions). The
bi-Laplace operator is a typical example of elliptic operators for which this type of estimate cannot be achieved.
See (1.7), Proposition 1.1, (1.13) and Proposition 1.4, in the introductory section for the weaker estimate that
can be obtained for the bi-Laplace operator.

Proof. The proof goes along that of Theorem 3.7. We only point out differences. For the symbol ρ obtained
in (3.11) we have ρ− µ2/(ταϕ) ≥ 0 by Proposition 4.8. The counterpart to (3.12) is then

‖Qw‖2L2 ≥ (µ2/(ταϕ)w,w)L2 − C‖αw‖2L2 + (Opw(r)w,w)L2 .

By Proposition 2.8 we have (µ2/(ταϕ)w,w)L2 & ‖w‖2
1,− 1

2

. Since ‖w‖1,− 1
2
& ‖w‖0, 1

2
& ‖ϕ

1
2α

1
2w‖L2 , we obtain

‖Qw‖2L2 ≥ C‖w‖21,− 1
2

+ (Opw(r)w,w)L2 .

for α sufficiently large. The conclusion of the proof is then as in the proof of Theorem 3.7. �

4.2.2. Elliptic operators under the simple-characteristic property. Combining the simple-characteristic and el-
liptic properties we obtain the following estimate.

Proposition 4.12. Let p(x, ξ) and ψ(x) be such that (4.3) holds. Assume moreover that p(x, ξ) is elliptic. We
set ϕ = eαψ and

ζ = ζ(x, ξ, τ) = ξ + iτϕ′(x) = ξ + iταψ′(x)ϕ(x).

Let X be an open subset such that X ⋐ Ω. There exist C > 0, τ0 ≥ 1, α0 > 0, ν0 > 0, such that we have

µ2m ≤ C
(

ν|p(x, ζ)|2 +
τϕ(x)

2i

{
p(x, ζ), p(x, ζ)

})

, τ ≥ τ0, α ≥ α0, ν ≥ ν0, (x, ξ) ∈ X × R
n.(4.8)
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Proof. Let τ̂ ≥ 0 and consider

f(x, ξ, τ̂) = ν|p(x, ξ + iτ̂ψ′(x))|2 + τ̂2
∣
∣〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉

∣
∣
2
.

We place ourselves on the compact set

C =
{
(x, ξ, τ̂); τ̂2 + |ξ|2 = 1, x ∈ X, ξ ∈ R

n, τ̂ ∈ R
+
}
.

By (4.3) and the ellipticity of p we find

∀(x, ξ, τ̂) ∈ C , p(x, ξ + iτ̂ψ′(x)) = 0 ⇒ τ̂〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉 6= 0.

For ν sufficiently large, we then obtain f ≥ C > 0 on C . By homogeneity we deduce

f(x, ξ, τ̂) &
(
τ̂2 + |ξ|2

)m
, x ∈ X, ξ ∈ R

n, τ̂ ∈ R
+.(4.9)

With (3.8) we have

ν|p(x, ζ)|2 +
τϕ(x)

2i

{
p(x, ζ), p(x, ζ)

}
= ν|p(x, ζ)|2 + ταϕ(x)τ̃(x)

∣
∣〈p′ξ(x, ζ), ψ

′(x)〉
∣
∣
2
+ τϕ(x)Θp,ψ(x, ξ, τ̃(x))

= f(x, ξ, τ̃(x)) + τϕ(x)Θp,ψ(x, ξ, τ̃(x))

≥ Cµ2m + τϕ(x)Θp,ψ(x, ξ, τ̃(x)),

with C > 0. Observing that τϕ(x)|Θp,ψ(x, ξ, τ̃(x))| ≤ τϕ(x)µ2m−1(x, ξ, τ) we conclude by choosing α sufficiently
large. �

With Proposition 4.12 we then obtain the following Carleman estimate.

Theorem 4.13. Let P = P (x,Dx) be an elliptic differential operator in Ω of order m and ψ ∈ C∞(Ω), be such
that the simple-characteristic property (4.3) holds. We set ϕ = eαψ. If X is an open subset, X ⋐ Ω, there exist
C > 0, α1 > 0, and τ1 ≥ 1 such that

α
∑

|β|≤m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτϕDβ
xu‖

2
L2 ≤ C‖eτϕPu‖2L2 ,

for all u ∈ C∞
c (X), α ≥ α1, and τ ≥ τ1.

We observe that we have gained a factor α and an additional term in the sum on the l.h.s., for |β| = m, in
contrast to the Carleman estimate of Theorem 3.7. Note that elliptic operators of order two with real coefficients
fit the framework of this result if ψ′ does not vanish in Ω. This was used in the introduction for the Laplace
operator (see (1.12)).

Proof. Let Y be an open subset of Ω such that X ⋐ Y ⋐ Ω. Proposition 4.12 applies in Y .
As in the proof of Theorem 3.7 we restrict ourselves to a small neighborhood V of a point x0 ∈ X with V ⋐ Y .

We also choose a small neighborhood W such that V ⋐W ⋐ Y . The function ψ then satisfies Assumption 2.1.
We assume u ∈ C∞

c (V ).
We set Pϕ = eτϕPe−τϕ and v = eτϕu. We have Pϕ = P (x,Dx + iτϕ′(x)) ∈ Ψ(µm, g). Its principal symbol

of given by

pϕ = pϕ(x, ξ, τ) = p(x, ξ + iτϕ′(x)).

We introduce the selfadjoint operators

Q2 =
Pϕ + P ∗

ϕ

2
and Q1 =

Pϕ − P ∗
ϕ

2i
,

with principal symbols q2 = Re pϕ and q1 = Im pϕ.
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We have ‖Pϕv‖
2
L2 = ‖Q2v‖

2
L2 +‖Q1v‖

2
L2 + i

(
[Q2, Q1]v, v

)

L2 . With ν such that ν(τϕ(x))−1 ≤ 1 we then write

τ‖Pϕv‖
2
L2 ≥ ν‖ϕ− 1

2Q2v‖
2
L2 + ν‖ϕ− 1

2Q1v‖
2
L2 + iτ

(
[Q2, Q1]v, v

)

L2

=
( (
ν(Q2ϕ

−1Q2 +Q1ϕ
−1Q1) + iτ [Q2, Q1]

)

︸ ︷︷ ︸

=B∈Ψ(ϕ−1µ2m,g)

v, v
)

L2
.

By Lemma 2.4, there exists w ∈ L2(Rn) such that v = Opw(ϕ
1
2µ

1
2
−m)w. We then have

τ‖Pϕv‖
2
L2 ≥

(
Opw(ϕ

1
2µ

1
2
−m)BOpw(ϕ

1
2µ

1
2
−m)

︸ ︷︷ ︸

=B̃∈Ψ(µ,g)

w,w
)

L2 .

From pseudo-differential calculus (see (A.2)) the principal symbol of B̃ is

b̃ = µ1−2m
(
ν|q2|

2 + ν|q1|
2 + τϕ{q2, q1}

)
= µ1−2m

(
ν|pϕ|

2 +
τϕ

2i
{pϕ, pϕ}

)
.

We thus have b̃ − Cµ ≥ 0 in W by Proposition 4.12. Let χ ∈ C∞
c (W ) such that, 0 ≤ χ ≤ 1 and χ = 1 in a

neighborhood of V . We then write

b̃ = b+ r, b = b̃χ+ µ(1− χ), r = (b̃− µ)(1− χ).

Then b ∈ S(µ, g) and b − Cµ ≥ 0 in the whole phase-space. Recalling that λg = µ/α, the sharp G̊arding
inequality (see Theorem A.3) then yields,

τ‖Pϕv‖
2
L2 ≥ (Opw(µ)w,w)L2 − C‖α

1
2w‖2L2 + (Opw(r)w,w)L2 .

By Proposition 2.8 we then have

τ‖Pϕv‖
2
L2 ≥ C‖w‖21

2
,0 − C ′‖α

1
2w‖2L2 + (Opw(r)w,w)L2 .

and, as ϕ = eαψ with ψ ≥ C > 0 on W , for α sufficiently large we obtain

τ‖Pϕv‖
2
L2 ≥ C‖w‖21

2
,0 + (Opw(r)w,w)L2 .

With Lemmata 2.6 and 3.8 we then find

‖Pϕv‖
2
L2 & ‖(τϕ)−

1
2 v‖2m,0.

The conclusion of the proof is then as in the proof of Theorem 3.7. �

5. Necessary conditions on the weight function and optimality

Starting from Carleman estimates L. Hörmander derived necessary conditions on the weight function [Hör63,
Hör85a]. We apply the same approach in the case of Carleman estimates with two large parameters and weight
functions of the form ϕ = eαψ.

Lemma 5.1. Let P be a differential operator of orderm with smooth principal symbol p(x, ξ) and let ψ ∈ C∞(Ω).
Let X be an open subset of Ω.

(1) If the following estimate holds,
∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτϕDβ
xu‖

2
L2 ≤ K‖eτϕPu‖2L2 , ϕ = eαψ,(5.1)

for τ ≥ τ0 > 0 and α ≥ α0 > 0 and u ∈ C∞
c (X), we then have

∑

|β|<m

(
ταϕ(x)

)2(m−|β|)−1
|ζβ |2 ≤

K

i

{
p(x, ζ), p(x, ζ)

}
, ζ = ξ + iτϕ′(x) = ξ + iταψ′(x)ϕ(x),(5.2)

for τ > 0 and α ≥ α0 and (x, ξ) ∈ T ∗(X), if p(x, ζ) = 0. If m ≥ 2 we have ψ′ 6= 0 in X. Moreover
p(x, ξ) does not vanish at second order at any point of T ∗(X) \ 0.
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(2) If the sum in (5.1) is replaced by
∑

|β|≤m (resp. αγ
∑

|β|<m or αγ
∑

|β|≤m with γ > 0) then the same is

true for (5.2).

This lemma is the counterpart with two large parameters of Theorem 28.2.1 in [Hör85a]. The proof is along
the same lines and we refer to Appendix B.12 for it.

In Lemma 5.1 the case of first-order operators stands out. Then, in fact, the Carleman estimate (5.1) does
not imply ψ′ 6= 0 in Ω. This illustrated by the following result.

Proposition 5.2. Let P = Dx1
and let ψ ∈ C∞(Ω) be such that ∂2x1

ψ ≥ C0 > 0 in Ω. Let X be an open subset
such that X ⋐ Ω. We then have

‖eτϕPu‖2L2 ≥ 2ταC0‖ϕ
1
2 eτϕu‖2L2 , ϕ = eαψ, u ∈ C

∞
c (X), τ > 0, α > 0.

A possible choice for the function ψ is ψ = x21 whose gradient vanishes at x1 = 0.

Proof. With v = ueτϕ we write

‖eτϕPu‖2L2 = ‖Dx1
v + iτv∂x1

ϕ‖2L2 = ‖Dx1
v‖2L2 + ‖τv∂x1

ϕ‖2L2 − 2τ Re ∫
Rn

(∂x1
ϕ)(∂x1

v)vdx

= ‖Dx1
v − iτv∂x1

ϕ‖2L2 + 2τ ∫
Rn

∂2x1
ϕ|v|2dx ≥ 2τ ∫

Rn

∂2x1
ϕ|v|2dx

with an integration by parts. We have ∂2x1
ϕ = α2(∂x1

ψ)2ϕ+ α∂2x1
ψϕ ≥ αC0ϕ, which yields the result. �

Remark 5.3. In the light of Section 4.1 and Theorem 4.6 one however hopes to have stronger estimates than
(5.1) for first-order operators. We shall prove below that such stronger estimates then imply that ψ′ 6= 0,
regardless of the operator order.

Note in particular that the proof of Proposition 5.2 yields an estimate of the form given in Theorem 4.6, i.e.,
with an additional factor α if we further assume that ∂x1

ψ 6= 0 in Ω.

Lemma 5.4. Let P be a principally normal differential operator of order m with smooth principal symbol p(x, ξ)
and let ψ ∈ C∞(Ω) be such that ψ′(x) 6= 0. We set ϕ = eαψ. If (5.1) holds then

∑

|β|=m−1

αϕ(x)|ξβ |2 ≤ 2K Re{p, {p, ϕ}}(x, ξ),(5.3)

for α ≥ α0 if (x, ξ) ∈ T ∗(X), p(x, ξ) = 0 and {p, ϕ}(x, ξ) = 0. If the sum in (5.1) is replaced by α
∑

|β|<m then

the sum in (5.3) is replaced by α
∑

|β|=m−1.

The proof of Lemma 5.4 can be adapted from that of Theorem 28.2.1’ in [Hör85a].

We next prove that the strong pseudo-convexity condition on the function ψ is in fact necessary for the
Carleman estimate (5.1) to hold.

Theorem 5.5. Assume that estimate (5.1) holds for all open subsets X ⋐ Ω and assume further that P is
principally normal. In the case of a first-order operator, we also suppose that ψ′ 6= 0 in Ω. Then the function
ψ is strongly pseudo-convex w.r.t. P and Ω.

Along with Theorem 3.7 we then obtain the following result.

Corollary 5.6. Let P be a principally normal operator. The strong pseudo-convexity of ψ in Ω is necessary and
sufficient for the Carleman estimate (5.1) to hold for every open subset X ⋐ Ω (with the additional assumption
that ψ′ 6= 0 in Ω in the case of a first-order operator).

Remark 5.7. Note that this result is in contrast with L. Hörmander’s work where there is a gap between the
necessary and the sufficient conditions on the weight function ϕ to have a Carleman estimate (compare Theorem
28.2.1 and Theorem 28.2.3 and the connection that is made with pseudo-convexity in Section 28.3 in [Hör85a]).
Here, of course we impose a particular structure on the weight function ϕ, viz. ϕ = eαψ.
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Proof of Theorem 5.5. We have ψ′ 6= 0 in Ω (this is assumed if m = 1 or this follows from Lemma 5.1 if m > 1).
We first prove that (Ψc) holds everywhere. Let x ∈ Ω and ξ ∈ R

n \ 0 such that p(x, ξ) = 0 and {p, ψ}(x, ξ) =
〈p′ξ(x, ξ), ψ

′(x)〉 = 0. Then {p, ϕ}(x, ξ) = 0. Lemma 5.4 then yields θp,ϕ(x, ξ) = Re{p, {p, ϕ}} > 0. By (3.7) we
have here

Re{p, {p, ψ}} = θp,ψ(x, ξ) = (αϕ)−1θp,ϕ(x, ξ) > 0.

We next prove that (s-Ψc) holds everywhere. Let x ∈ Ω, ξ ∈ R
n and τ̂ > 0 such that

p(x, ξ + iτ̂ψ′(x)) = 〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉 = 0.

We then choose τ > 0 and α > α0 such that τ̂ = ταϕ(x) = τ̃(x). We set ζ = ξ + iτ̂ψ′(x) = ξ + iτϕ′(x), and we
have p(x, ξ + iτϕ′(x)) = 0. With (5.2) and (3.4)–(3.5) we then have

Θp,ϕ(x, ξ, τ) = τ̂
∑

j,k

∂2xjxk
ψ(x) ∂ξjp(x, ζ) ∂ξkp(x, ζ) + Im

∑

j

∂xj
p(x, ζ) ∂ξjp(x, ζ) > 0,

i.e., Θp,ψ(x, ξ, τ̂) =
1
2i

{
p(x, ξ − iτψ′(x)), p(x, ξ + iτψ′(x))

}
> 0 by (3.8) as 〈p′ξ(x, ζ, ψ

′(x)〉 = 0. �

We shall now obtain necessary conditions for a stronger Carleman estimate as in Theorem 4.6 to hold.

Theorem 5.8. Let P be a principally normal differential operator of order m with smooth principal symbol
p(x, ξ) and let ψ ∈ C∞(Ω) be such that the following estimate holds, for all open subsets X ⋐ Ω,

αγ
∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτϕDβ
xu‖

2
L2 ≤ K‖eτϕPu‖2L2 , ϕ = eαψ,(5.4)

for τ ≥ τ0 > 0 and α ≥ α0 > 0 and u ∈ C∞
c (X) and γ > 0. Then the function ψ is such that ψ′(x) 6= 0 in Ω

and the simple-characteristic property (4.3) holds in Ω.

Note that in the case of a first-order operator, the stronger estimate (5.4) implies ψ′ 6= 0 as opposed to the
“regular” Carleman estimate with two large parameters (5.1). See also Proposition 5.2 and Remark 5.3.

With Theorem 4.6 we have thus obtained the following result.

Corollary 5.9. Let P be a principally normal operator and ψ be a weight function. The simple-characteristic
property (4.3) is necessary and sufficient for the Carleman estimate of Theorem 4.6 to hold for every open subset
X ⋐ Ω.

Proof of Theorem 5.8. Assume that ψ′(x) = 0 with x ∈ Ω. Choosing ξ = 0, i.e., ζ = 0 we have p(x, ζ) = 0 and
thus Lemma 5.1 yields

αγ τ̃(x)2m−1 . Θp,ψ(x, 0, τ̃(x)) . τ̃(x)2m−1, τ̃(x) = ταϕ(x)

by (3.5) and (3.8) for α ≥ α0 and τ > 0, which is clearly impossible if γ > 0.
First, we prove that property (4.3) holds for τ̂ > 0. Let x ∈ Ω and ξ ∈ R

n and τ̂ > 0 be such that
ρx,ξ(τ̂) = p(x, ξ+ iτ̂ψ′(x)) = 0. For α ≥ α0 we set τ = τ(α) = τ̂ /(αϕ(x)). We then have τ̂ = τ̃(x). Note that τ
goes to zero as α goes to ∞. Yet τ̂ remains fixed. By Lemma 5.1 and (3.5) and (3.8) we have

αγ τ̂2m−1 . Θp,ψ(x, ξ, τ̂) + ατ̂ |〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉|2.

If ρ′x,ξ(τ̂) = i〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉 = 0 we reach the same contradiction as above,

αγ τ̂2m−1 . Θp,ψ(x, ξ, τ̂),

since here the value of Θp,ψ(x, ξ, τ̂) is kept fixed and α is free to increase. The root τ̂ is thus simple.
Second, we consider the case τ̂ = 0. Let x ∈ Ω and ξ ∈ R

n be such that p(x, ξ) = 0 and let us assume that
ρ′x,ξ(0) = i〈p′ξ(x, ξ), ψ

′(x)〉 = 0. Then {p, ϕ(x)} = 0 and with Lemma 5.4 we obtain

α1+γϕ(x)
∑

|β|=m−1

|ξβ |2 ≤ 2K Re{p, {p, ϕ}}(x, ξ).
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With (3.2) and (3.7) we get α1+γϕ(x)
∑

|β|=m−1 |ξ
β |2 . αϕθp,ψ(x, ξ), yielding as above a contradiction if we let

α go to ∞, if ξ 6= 0. This concludes the proof. �

We finish this section with some consideration regarding the optimality of the powers in α. As a direct
consequence of Theorem 5.8, we have the following proposition.

Corollary 5.10. If the simple-characteristic property does not hold one can only hope for an estimate of the
form (5.4) with γ = 0. In such case the powers of α in the Carleman estimate of Theorem 3.7 is optimal.

The following proposition gives an optimality results when the simple-characteristics property holds.

Proposition 5.11. Let P be a differential operator of order m with smooth principal symbol p(x, ξ) and let
ψ ∈ C∞(Ω) be such that the following estimate holds,

αγ
∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτϕDβ
xu‖

2
L2 ≤ K‖eτϕPu‖2L2 , ϕ = eαψ,

for τ ≥ τ0 > 0 and α ≥ α0 > 0 and u ∈ C∞
c (Ω) and γ ≥ 1. If there exists (x, ξ, τ) ∈ Ω × R

n × R
+ such that

p(x, ξ + iτ̂ψ′(x)) = 0 with τ̂ 6= 0, then we have γ = 1.

Note that the Laplace operator, in dimension greater than or equal to two, fits the assumption of this
proposition with ψ such that ψ′ does not vanish in Ω. This (further) justifies the result of Proposition 1.3 in
the introductory section. If P = −∆ then p(x, ξ + iτ̂ψ′(x)) = 0 if ξ ⊥ ψ′(x) and |ξ| = |τ̂ψ′(x)|.

Proof. The proof is contained in that of Theorem 5.8. If ρx,ξ(τ̂) = p(x, ξ + iτ̂ψ′(x)) = 0 we have

αγ τ̂2m−1 . Θp,ψ(x, ξ, τ̂) + ατ̂ |〈p′ξ(x, ξ + iτ̂ψ′(x)), ψ′(x)〉|2,

where α > α0. This implies γ ≤ 1. �

Remark 5.12. Note that the proofs of Theorem 5.8 and Proposition 5.11 show that the powers of τ are also
optimal under the assumptions of these two results.

In Proposition 5.11 the condition on the existence of a non-zero root for ρx,ξ(τ̂) = p(x, ξ + iτ̂ψ′(x)) = 0
cannot be avoided, as explained by the following examples.

Example 5.13. We place ourselves in R
n with x = (x′, xn). For the operator P = Dxn

and ϕ(x) = eαψ(x) with
ψ(x) = xn + f(x′), we have p(x, ξ + iτψ′(x)) = ξn + iτ which vanishes if and only if ξn = 0 and τ = 0. Here
ξ = (ξ′, ξn) and ξ

′ can take any value. Note that the simple-characteristic property (4.3) is fulfilled. However
we have a stronger estimate than that of Theorem 4.6:

(ατ)2‖ϕeτϕu‖2L2 ≤ ‖eτϕPu‖2L2 ,

for τ > 0 and α > 0 and u ∈ C∞
c (Rn). More generally, if j ≥ 0 we have

(ατ)2‖ϕ(j+1)/2eτϕu‖2L2 ≤ ‖ϕ(j−1)/2eτϕPu‖2L2 .

Note that this is not an ellipticity result as Dxn
is not elliptic in R

n.

Proof. Here the conjugated operator is Pϕ = eτϕPe−τϕ = Dxn
+ iτϕ′

xn
(x). For v = eτϕu we compute

Re(Pϕv, iϕ
jv)L2 = i([Dxn

, ϕj ]v, v)L2 + τ Re(iϕ′
xn
v, iϕjv)

= αj‖ϕj/2v‖2L2 + ατ‖ϕ(j+1)/2v‖2L2

≥ ατ‖ϕ(j+1)/2v‖2L2 .

We thus find

ατ‖ϕ(j+1)/2v‖2L2 + (ατ)−1‖(j−1)/2)Pϕv‖
2
L2 ≥ 2ατ‖ϕ(j+1)/2v‖2L2 .

yielding the result. �
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Such strong estimates are not limited to the order one. In R
2 we have the following example.

Example 5.14. For the operator P = Dx1
Dx2

of order two in R
2 and ϕ(x) = eαψ(x) with ψ(x) = x1 + x2 the

simple-characteristic property is fulfilled (see Examples 4.2 and Appendix B.11).
However, we have the following strong estimate:

(ατ)4‖ϕ2eτϕu‖2L2 +
∑

k=1,2

(ατ)2‖ϕeτϕDxk
u‖2L2 ≤ 3‖eτϕPu‖2L2 ,

for τ > 0 and α > 0 and u ∈ C∞
c (Rn).

This operator Dx1
Dx2

is nothing but the wave operator in the particular coordinates t = x1 + x2 and
y = x1 − x2. The level sets of the weight function correspond to space-like surfaces.

Proof. The result of Example 5.13 gives, for j ≥ 0 and k = 1, 2,

(ατ)2‖ϕ(j+1)/2eτϕw‖2L2 ≤ ‖ϕ(j−1)/2eτϕDxk
w‖2L2 ,

for τ > 0 and α > 0 and w ∈ C∞
c (Rn). If set w = Dx1

u or w = Dx2
u we thus obtain (for j = 1)

(ατ)2‖ϕeτϕDxk
u‖2L2 ≤ ‖eτϕPu‖2L2 , k = 1, 2.

If we set w = u with j = 3 and k = 1 we have

(ατ)2‖ϕ2eτϕu‖2L2 ≤ ‖ϕeτϕDx1
u‖2L2 .

A linear combination of these inequality yields the result. �

Remark 5.15. (1) The cascade proof used for the previous example does not yield a proper estimate for
the operator P = Dx1

Dx2
Dx3

in R
3 and the weight function ψ(x) = x1 + x2 + x3 as one could naively

think: one cannot obtain estimates for the weighted norm ofD2
xj
u, j = 1, 2, 3, as should be in a Carleman

estimate for a third-order operator. In fact, note that the weight function ψ is not pseudo-convex. If
p(x, ξ) = {p, ψ}(x, ξ) = 0 then {p, {p, ψ}} = 0. However for the wave operator D2

t +∆x in R
n+1 such a

strong estimate can be derived with the weight function ψ(t, x) = t.
(2) Note that in one-dimension the operator P = Dk

x with ψ(x) = x fulfills the simple characteristic
property (4.3) and arguing (by induction) as in the proof of Example 5.14 we find

∑

j<k

(ατ)2(k−j)‖ϕk−jeτϕDj
xu‖

2
L2 ≤ k‖eτϕPu‖2L2 ,

for τ > 0 and α > 0 and u ∈ C∞
c (Rn).

Appendix A. Some facts on pseudo-differential operators

A.1. Symbols. Here, we consider the following metric on phase-space W = R
n × R

n:

g = α2|dx|2 +
|dξ|2

µ2
, with µ2 = µ2(x, ξ, τ) =

(
ταϕ(x)

)2
+ |ξ|2, and τ ≥ 1, α ≥ 1,

and τ and α are two parameters.
A positive function m(X; τ, α), with X = (x, ξ) ∈ W , is called an admissible order function if it is slowing

varying and temperate, meaning that we have:

(1) There exist C > 0 and r > 0 such that

∀X,Y ∈W, gX(X − Y ) ≤ r2 ⇒ C−1 ≤
m(X; τ, α)

m(Y ; τ, α)
≤ C.

(2) There exist C > 0 and N > 0 such that

∀X,Y ∈W,
m(X; τ, α)

m(Y ; τ, α)
≤ C

(
1 + gσX(X − Y )

)N
,
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where the dual metric is given by gσ = µ2|dx|2 + |dξ|2

α2 .

We also introduce h2g(X) = sup gX/g
σ
X = α2µ−2. Here, the uncertainty principle is fulfilled as we have

0 < hg ≤ 1.
With an admissible order function m we may then define the following symbol class.

Definition A.1. Let a(x, ξ; τ, α) ∈ C∞(Rn × R
n × R

+,∗ × R
+,∗;C). We say that a ∈ S(m, g) if

∀β, γ ∈ N
n, ∃Cβ,γ > 0,

∣
∣∂βx∂

γ
ξ a(x, ξ; τ, α)

∣
∣ ≤ Cβ,γα

|β|µ−|γ|m(x, ξ; τ, α), (x, ξ) ∈W, τ > 1, α > 1.

We define the principal symbol of a as its equivalent class in S(m, g)/S(hgm, g).

A.2. Standard quantization. With a ∈ S(m, g) we can define the following pseudo-differential operator

Op(a)u(x) = a(x,Dx)u(x) = (2π)−n ∫∫ ei〈x−y,ξ〉a(x, ξ; τ, α)u(y) dydξ, u ∈ S (Rn),

in the sense of oscillatory integrals (see e.g. Section 7.8 in [Hör90]).
We have the following composition formula: for m1 and m2 two admissible order functions then m1m2 is

also an admissible order function and if a ∈ S(m1, g) and b ∈ S(m2, g) we have Op(a)Op(b) = Op(c) with
c = a ◦ b ∈ S(m1m2, g) with moreover

a ◦ b(x, ξ; τ, α)−
∑

0≤j<N

1

j!

(
i〈Dy, Dη〉

)j
a(x, η)b(y, ξ)

∣
∣
y=x
η=ξ

∈ S(αNµ−Nm1m2, g),

for all N ∈ N.

A.3. Weyl quantization. With a ∈ S(m, g) we can define the following pseudo-differential operator

Opw(a)u(x) = (2π)−n ∫∫ ei〈x−y,ξ〉a
(x+ y

2
, ξ; τ, α

)
u(y) dydξ, u ∈ S (Rn),

in the sense of oscillatory integrals. Connection with the standard quantization is as follows: Opw(a) = Op(ã)
with

ã(x, ξ) = ei〈Dx,Dξ〉/2a(x, ξ), or equivalently a(x, ξ) = e−i〈Dx,Dξ〉/2ã(x, ξ),

yielding in particular

ã(x, ξ)−
∑

0≤j<N

1

2jj!

(
i〈Dx, Dξ〉

)j
a(x, ξ) ∈ S(αNµ−Nm, g),

and

a(x, ξ)−
∑

0≤j<N

1

2jj!

(
− i〈Dx, Dξ〉

)j
ã(x, ξ) ∈ S(αNµ−Nm, g).

In particular, the principal symbols coincide in both quantizations.
We have the following composition formula: for m1 and m2 two admissible order functions, with a ∈ S(m1, g)

and b ∈ S(m2, g), by Theorem 18.5.4 in [Hör85b] we have Opw(a)Opw(b) = Opw(c) with c = a♯b ∈ S(m1m2, g)
and

a♯b(x, ξ)−
∑

0≤j<N

1

j!

(

iσ
(
Dx, Dξ;Dy, Dη

)
/2
)j

a(x, ξ)b(y, η)
∣
∣
y=x
η=ξ

∈ S(αNµ−Nρρ′, g), N ∈ N,(A.1)

where σ is the symplectic form: σ(x, ξ; y, η) = 〈ξ, y〉 − 〈x, η〉.
With this formula we find

a♯b(x, ξ) = ab(x, ξ)−
i

2
{a, b}(x, ξ) mod S(α2µ−2ρρ′, g),(A.2)

and it follows that

b♯a♯b(x, ξ) = ab2(x, ξ) mod S(α2µ−2ρρ′2, g),(A.3)
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From (A.1) we also find
(
a♯b− b♯a

)
(x, ξ) = −i{a, b}(x, ξ) mod S(α3µ−3ρρ′, g).(A.4)

Concerning the boundedness of the pseudo-differential operators we have just defined we have the following
result (See Theorem 18.6.3 in [Hör85b]).

Theorem A.2. Let a ∈ S(1, g). Then Opw(a) maps L2(Rn) into L2(Rn) continuously.

In the main text, we shall invoke two important inequalities, viz., the sharp G̊arding inequality and the
Fefferman-Phong inequality. With h2g = sup gX/g

σ(X) = αµ−1 here, the statements read as follows.

Theorem A.3 (Sharp G̊arding inequality). Let a ∈ S(h−1
g , g) be such that a ≥ 0. Then

(Opw(a)u, u) ≥ −C‖u‖2L2 , u ∈ S (Rn).

Theorem A.4 (Fefferman-Phong inequality). Let a ∈ S(h−2
g , g) be such that a ≥ 0. Then

(Opw(a)u, u) ≥ −C‖u‖2L2 , u ∈ S (Rn).

We refer to Theorems 18.6.7 and 18.6.8 in [Hör85b] for proofs. The Fefferman-Phong inequality is obviously
stronger than the sharp G̊arding inequality. Yet, as can be easily seen, for the sharp G̊arding inequality result
only the principal symbol needs to be nonnegative. This is not the case for the Fefferman-Phong inequality.
Moreover the sharp G̊arding inequality extends to the case of systems, which does not hold for the second
inequality [Bru90]. We also refer to [Bon99] for refined statements of these inequalities (see also [Ler10].

For a presentation of the Weyl-Hörmander calculus we refer to [Ler10], [Hör85b, Sections 18.4–6] and [Hör79].

Appendix B. Proofs of some intermediate technical results

B.1. Useful computations for the proofs of necessary conditions and optimality. Let ψ ∈ C∞(Ω)
and ϕ(x) = eαψ(x). Let x0 ∈ Ω and ξ0 ∈ R

n. Without any loss of generality we shall assume that x0 = 0. We
set ζ0 = ξ0 + iϕ′(x0) and φ(x) = ϕ(x)− ϕ(x0).

We then introduce w(x) = 〈x, ζ0〉. We note that

φ(x)− Imw(x) = G(x) + |x|3Oα(1),(B.1)

with

G(x) =
1

2

∑

j,k

∂2xjxk
ϕ(x0)xjxk.(B.2)

We then pick f ∈ C∞
c (Rn), f 6≡ 0, and set

uτ (x) = eiτw(x)f
(
(λτ)

1
2x

)
,(B.3)

For applications we shall make various choices for λ. It will either be constant or a function of α and x0.
For p ∈ R, we then write

‖ϕpeτφuτ‖
2
L2 = ∫

Rn

e2τ
(
G(x)+|x|3Oα(1)

)

ϕ(x)2p
∣
∣f
(
(λτ)

1
2x

)∣
∣
2
dx

= (λτ)−n/2 ∫
Rn

e2λ
−1G(y)+τ− 1

2 λ−3/2|y|3Oα(1))ϕ
(
(λτ)−1/2y

)2p∣
∣f(y)

∣
∣
2
dy

∼
τ→∞

τ−n/2Ip,(B.4)

with the change of variables y = (λτ)
1
2x and the dominated convergence theorem, and where

Ip = λ−n/2ϕ(x0)
2p ∫

Rn

e2λ
−1G(y)

∣
∣f(y)

∣
∣
2
dy.
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We note that

e−iτw(x)Dβ
xuτ = (Dx + τζ0)

βf
(
(λτ)

1
2x

)
= τ |β|ζβ0 f

(
(λτ)

1
2x

)
+ τ |β|−

1
2 Oλ(1),

which gives, arguing as above,

‖ϕpeτφDβ
xuτ‖

2
L2 ∼

τ→∞
τ2|β|−n/2Ip,β ,(B.5)

with

Ip,β = λ−n/2ϕ(x0)
2p|ζβ0 |

2 ∫
Rn

e2λ
−1G(y)

∣
∣f(y)

∣
∣
2
dy.

B.2. Proof of Proposition 1.1. We pick x0 ∈ X and ξ0 ∈ R
n such that |ξ0| = |ϕ′(x0)| and 〈ξ0, ϕ

′(x0)〉 = 0,
which is possible as n ≥ 2, and we set ζ0 = ξ0 + iϕ′(x0) and w(x) = 〈x, ζ0〉. We set φ(x) = ϕ(x) − ϕ(x0).
Observe then that ∇xw = ζ0 is constant and that we have

∑

j

(∂xj
w)2 = 0.(B.6)

We may assume that x0 = 0 without any loss of generality. We then pick a test function uτ as in (B.3). For τ
sufficiently large supp(uτ ) is sufficiently close to x0 to apply estimate (1.9).

With (B.4) in Appendix B.1 (in the case λ = 1) we find

τγ0‖eτϕuτ‖
2
L2 ∼

τ→∞
τγ0−

n
2 ∫
Rn

e2G(y)|φ(y)|2dy.(B.7)

With (B.6) we obtain ∆uτ =
(

τ∆φ
(
τ

1
2x

)
+ 2iτ

3
2 〈∇xw,∇xφ

(
τ

1
2x

)
〉
)

eiτw(x) and

∆2uτ =
(

τ2∆2φ
(
τ

1
2x

)
+ 4iτ

5
2 〈∇xw,∇x∆φ

(
τ

1
2x

)
〉 − 4τ3φ′′

(
τ

1
2x

)
(∇xw,∇xw)

)

eiτw(x),

With (B.1) we obtain

‖eτϕBuτ‖
2
L2 = ∫

Rn

e2τ(G(x)+|x|3Oα(1))
∣
∣τ2∆2φ

(
τ

1
2x

)
+ 4iτ

5
2 〈∇xw,∇x∆φ

(
τ

1
2x

)
〉 − 4τ3φ′′

(
τ

1
2x

)
(∇xw,∇xw)

∣
∣
2
dx.

As γj ≥ 6, with estimate (1.9), (B.7), the change of variables y = τ
1
2x, and the dominated convergence theorem,

we find that φ′′(∇xw,∇xw) does not vanish identically and

‖eτϕ∆2uτ‖
2
L2 ∼

τ→∞
16τ6−

n
2 ∫
Rn

e2G(y)
∣
∣φ′′(y)(∇xw,∇xw)

∣
∣
2
dy.(B.8)

This implies that γ0 = 6 and ∇xw 6= 0. In particular ϕ′(x0) 6= 0 and ξ0 6= 0.
With (B.5) we find

4∑

j=0

∑

|β|=j

τγj−2j‖eτϕDβ
xuτ‖

2
L2 ∼

τ→∞

4∑

j=0

∑

|β|=j

τγj−
n
2 |ζβ0 | ∫

Rn

e2G(y)|φ(y)|2dy,(B.9)

which by estimate (1.9) implies γj = 6, j = 1, 2, 3, 4. �

B.3. Proofs of Propositions 1.3 and 1.4. We start with the proof of Proposition 1.3. We choose x0 ∈ X
and ξ0 ∈ R

n and define w(x) as in the proof of Proposition 1.1. We may assume that x0 = 0 without any loss
of generality. We then pick f ∈ C∞

c (Rn) and set

uτ (x) = eiτw(x)f
(
(λτ)

1
2x

)
, λ = α2ϕ(x0) = α2eαψ(x0),

For τ sufficiently large supp(uτ ) is sufficiently close to x0 to apply estimate (1.15). This test function differs
from that in proof of Proposition 1.1 with λτ replacing τ .

With (B.4) we find

τ3α3+γ‖ϕ
3
2 eτϕuτ‖

2
L2 ∼

τ→∞
τ3−n/2Iα, with Iα = α3+γϕ(x0)

3λ−n/2 ∫
Rn

e2λ
−1G(y)

∣
∣φ
(
y
)∣
∣
2
dy.
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We then find

Iα ∼
α→∞

α3+γ−nϕ(x0)
3−n/2‖e〈y,ψ

′(x0)〉
2

φ(y)‖2L2 6= 0,(B.10)

as

G(x) =
1

2

∑

j,k

∂2xjxk
ϕ(x0)xjxk =

1

2

∑

j,k

(
α2∂xj

ψ(x0)∂xk
ψ(x0) + α∂2xjxk

ψ(x0)
)
ϕ(x0)xjxk.

With (B.6) we obtain ∆uτ =
(

λ∆φ
(
λ

1
2x

)
+ 2iτλ

1
2 〈∇xw,∇xφ

(
λ

1
2x

)
〉
)

eiτw(x), yielding arguing as above

‖eτϕ∆uτ‖
2
L2 ∼

τ→∞
τ3−n/2Jα, with Jα = 4α2−nϕ(x0)

1−n/2 ∫
Rn

e2λ
−1G(y)|〈∇xw,∇xφ

(
y
)
〉|2dy.

Since ∇xw ∼ iαϕ(x0)ψ
′(x0) as α→ ∞, we find

Jα ∼
α→∞

4α4−nϕ(x0)
3−n/2‖e〈y,ψ

′(x0)〉
2

〈ψ′(x0),∇xφ(y)〉‖
2
L2 ,(B.11)

From (1.14) we have Iα ≤ CJα. With (B.10) and (B.11), we find that γ ≤ 1, thus concluding the proof of
Proposition 1.3.

We now prove the result of Proposition 1.4. Arguing as above we have

τ6α6+γ‖ϕ
6
2 eτϕuτ‖

2
L2 ∼

τ→∞
τ6−n/2Kα, Kα = α6+γ−nϕ(x0)

6−n/2 ∫
Rn

e2λ
−1G(y)

∣
∣φ
(
y
)∣
∣
2
dy,

and

Kα ∼
α→∞

α6+γ−nϕ(x0)
6−n/2‖e〈y,ψ

′(x0)〉
2

φ(y)‖2L2 6= 0.(B.12)

We have

∆2uτ =
(

λ2∆2φ
(
λ

1
2x

)
+ 4iτλ

3
2 〈∇xw,∇x∆φ

(
λ

1
2x

)
〉 − 4τ2λφ′′

(
λ

1
2x

)
(∇xw,∇xw)

)

eiτw(x),

yielding

‖eτϕ∆2uτ‖
2
L2 ∼

τ→∞
τ6−n/2Lα, with Lα = 16α4−nϕ(x0)

2−n/2 ∫
Rn

e2λ
−1G(y)

∣
∣φ′′(y)(∇xw,∇xw)

∣
∣
2
dy.

We have

Lα ∼
α→∞

16α8−nϕ(x0)
6−n/2‖e〈y,ψ

′(x0)〉
2

φ′′(y)(ψ′, ψ′)‖2L2 .(B.13)

From (1.15) we have Kα ≤ CLα. With (B.12) and (B.13), we find that γ ≤ 2, thus concluding the proof of
Proposition 1.4. �

B.4. Proof of Lemma 2.3. From the symbolic calculus we find H = Id+R1 with R1 ∈ Ψ(hg, g). As hg = α/µ
we observe that S1 = τR1 ∈ Ψ(1, g), uniformly in τ . From L2 boundedness (see Theorem A.2) we have
S1 : L2(Rn) → L2(Rn) continuously and ‖S1‖(L2,L2) ≤ C, uniformly in τ . Hence, for τ sufficiently large,

Id+τ−1S1 is invertible in L(L2(Rn), L2(Rn)). �

B.5. Proof of Lemma 2.4. Let r, r′ ∈ R. We first prove that Opw(τ̃ r
′

µr) : L2(Rn) → D ′(Rn) is injective. Let

w ∈ L2 be such that Opw(τ̃ r
′

µr)w = 0. By Lemma 2.3 Opw(τ̃−r
′

µ−r)Opw(τ̃ r
′

µr) is invertible in L(L2, L2). It
follows that w = 0.

Let u ∈ S (Rn) and set H = Opw(τ̃sµk)Opw(τ̃−sµ−k). By Lemma 2.3 and its proof, the operator H =
Id+R1, with R1 ∈ Ψ(α/µ, g), is invertible in L(L2, L2) for τ sufficiently large. We set S1 = τR1 ∈ Ψ(τα/µ, g) ⊂
Ψ(ϕ−1, g) ⊂ Ψ(1, g). We set v = H−1 Opw(τ̃sµk)u which is in L2(Rn), since w = Opw(τ̃sµk)u ∈ S (Rn) ⊂
L2(Rn). Moreover, for some C > 0,

1/C‖w‖L2 ≤ ‖v‖L2 ≤ C‖w‖L2 .
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We have v = H−1w = limn→∞

∑n
j=0 τ

−jSj1w in L2(Rn). Let s′, k′ ∈ R and a ∈ S(τ̃s
′

µk
′

, g). Since Opw(a)

is continuous from L2(Rn) into D ′(Rn) we see that

(B.14) Opw(a)v = lim
n→∞

n∑

j=0

τ−j Opw(a)Sj1w in D
′(Rn).

Set k̃ = max(⌊k′⌋+ 1, 0) and s̃ = max(⌊s′⌋+ 1, 0). For j ≥ k̃ + s̃+ 1 we write

τ−j Opw(a)Sj1 = τ−j+k̃+s̃Opw(a)(τα)−k̃−s̃Sk̃+s̃1
︸ ︷︷ ︸

∈Ψ(1,g)

αk̃+s̃S1
︸ ︷︷ ︸

∈Ψ(1,g)

Sj−1−k̃−s̃
1

︸ ︷︷ ︸

∈Ψ(1,g)

,

as ταk̃+s̃+1/µ is bounded. We thus have

‖τ−j Opw(a)Sj1w‖L2 ≤ τ−j+k̃+s̃C1C2C
j−1−k̃−s̃
3 ‖w‖L2 ,(B.15)

with

C1 = ‖Opw(a)(τα)−k̃−s̃Sk̃+s̃1 ‖(L2,L2), C2 = ‖αk̃+s̃S1‖(L2,L2), C3 = ‖S1‖(L2,L2).

For τ sufficiently large, from (B.15) it follows that the series in (B.14) actually converges in L2(Rn) and thus

for any k′, s′ ∈ R we have Opw(τ̃s
′

µk
′

)v ∈ L2(Rn). In particular, Opw(τ̃−sµ−k)v ∈ L2(Rn).
Observe now that Opw(τ̃sµk)

(
Opw(τ̃−sµ−k)v

)
= Opw(τ̃sµk)u. We conclude that u = Opw(τ̃−sµ−k)v with

the injectivity of Opw(τ̃sµk) from L2(Rn) into D ′(Rn). �

B.6. Proof of Proposition 2.5. Point (1). Setting (u, u′)Hk,s
= (Opw(τ̃sµk)u,Opw(τ̃sµk)u′) we obtain an

inner product for Hk,s(R
n).

Let us now consider (un)n a Cauchy sequence in (Hk,s(R
n), ‖.‖k,s). We have un = Opw(τ̃−sµ−k)vn with

vn ∈ L2(Rn). Define H = Opw(τ̃sµk)Opw(τ̃−sµ−k). By Lemma 2.3, the sequence vn = H−1 Opw(τ̃sµk)un,
n ∈ N, is a Cauchy sequence in L2(Rn) which converges to v ∈ L2(Rn). Introducing u = Opw(τ̃−sµ−k)v ∈
Hk,s(R

n), since ‖un − u‖k,s = ‖H(vn − v)‖L2 , we see that (un)n converges to u in (Hk,s(R
n), ‖.‖k,s).

Density and point (2). Let now u ∈ Hk,s(R
n) be such that u = Opw(τ̃−sµ−k)v with v ∈ L2(Rn)

and let (vn)n ⊂ S (Rn) be convergent to v in L2(Rn). We set un = Opw(τ̃−sµ−k)vn ∈ S (Rn). Then
‖un−u‖k,s = ‖H(vn−v)‖L2 and we see that the sequence (un)n ⊂ S (Rn) converges to u in (Hk,s(R

n), ‖.‖k,s).
Moreover the inequality

1/C‖un‖k,s ≤ ‖vn‖L2 ≤ C‖un‖k,s, τ ≥ τ1(k, s).

given by Lemma 2.4 yields, 1/C‖u‖k,s ≤ ‖v‖L2 ≤ C‖u‖k,s, by passing to the limit.
Point (3). We first prove that Opw(a) maps Hk,s into L2 continuously if a ∈ S(τ̃sµk, g). We choose τ >

τ1(k, s) so as to apply Proposition 2.5. Let u ∈ Hk,s(R
n). There exists v ∈ L2(Rn) such that u = Opw(τ̃−sµ−k)v

and ‖v‖L2 . ‖Opw(τ̃sµk)u‖L2 . Then

‖Opw(a)u‖L2 = ‖Opw(a)Opw(τ̃−sµ−k)v‖L2 . ‖v‖L2 . ‖Opw(τ̃sµk)u‖L2 ,(B.16)

by the L2 boundedness of Theorem A.2 since Opw(a)Opw(τ̃−sµ−k) ∈ Ψ(1, g).
Next, we let u ∈ S (Rn). We have Opw(a)u ∈ S (Rn) and

‖Opw(a)u‖k′,s′ = ‖Opw(τ̃s
′

µk
′

)Opw(a)
︸ ︷︷ ︸

∈Ψ(τ̃s+s′µk+k′ ,g)

u‖L2 ≤ ‖u‖k+k′,s+s′ ,

by (B.16). We then conclude by density. �
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B.7. Proof of Lemma 2.6. Let u ∈ S (Rn) and v ∈ L2(Rn) such that u = Opw(τ̃−sµ−k)v. We saw in the proof

of Lemma 2.4 that Opw(a)v ∈ L2(Rn) for all a ∈ S(τ̃s
′

µk
′

, g), if τ ≥ τ1(k
′, s′). In particular v ∈ ∩l,r∈RHl,r(R

n).
We set H = Opw(τ̃−sµ−k)Opw(τ̃sµk) ∈ Ψ(1, g). For any ℓ, r ∈ R, with Proposition 2.5, the operator H maps

Hℓ,r(R
n) into itself continuously and is invertible, for τ sufficiently large, arguing as in the proof of Lemma 2.3.

We thus set ũ = H−1u ∈ Hℓ,r(R
n). We have

C−1
ℓ,r ‖ũ‖ℓ,r ≤ ‖u‖ℓ,r ≤ Cℓ,r‖ũ‖ℓ,r.(B.17)

In fact, recall from the proof of Lemma 2.3 that H−1 can be expressed as a Neumann series. Here, we obtain
the convergence of the series in any space Hℓ,r(R

n).
We then observe that

Opw(τ̃−sµ−k)Opw(τ̃sµk)ũ = Hũ = u = Opw(τ̃−sµ−k)v.

As Opw(τ̃sµk)ũ ∈ L2(Rn) the injectivity of Opw(τ̃−sµ−k) from L2 into Hk,s(R
n) (see Lemma 2.3) we obtain

Opw(τ̃sµk)ũ = v. In particular, as ℓ, r ∈ R are chosen arbitrarily we find v ∈ Hk′,s′(R
n) for any k′, s′ ∈ R, if τ

is chosen sufficiently large and we have by (B.17)

‖v‖k′,s′ = ‖Opw(τ̃s
′

µk
′

)Opw(τ̃sµk)ũ‖L2 . ‖ũ‖k+k′,s+s′ . ‖u‖k+k′,s+s′ .

As v ∈ ∩l,r∈RHl,r(R
n), we also have

‖u‖k+k′,s+s′ = ‖Opw(τ̃s+s
′

µk+k
′

)u‖L2 = ‖Opw(τ̃s+s
′

µk+k
′

)Opw(τ̃−sµ−k)v‖L2 . ‖v‖k′,s′ .

�

B.8. Proof of Lemma 2.7. With Lemma 2.6, let v ∈ L2 be such that u = Opw(τ̃
−s
2 µ

−k
2 )v with ‖v‖L2 .

‖u‖ k
2
, s
2
. We then have

∣
∣(Opw(a)u, u)

∣
∣ =

∣
∣(Opw(τ̃

−s
2 µ

−k
2 )Opw(a)Opw(τ̃

−s
2 µ

−k
2 )v, v)

∣
∣ . ‖v‖2L2 . ‖u‖2k

2
, s
2

,

by Theorem A.2, as Opw(τ̃
−s
2 µ

−k
2 )Opw(a)Opw(τ̃

−s
2 µ

−k
2 ) ∈ Ψ(1, g). �

B.9. Proof of Proposition 2.8. We write τ̃sµk = τ̃
s
2µ

k
2 ♯τ̃

s
2µ

k
2 + r with r ∈ S(ατ̃sµk−1, g). We thus have

(Opw(τ̃sµk)u, u) = ‖u‖2k
2
, s
2

+ (Opw(r)u, u) ≥ ‖u‖2k
2
, s
2

− Cα‖u‖2k−1

2
, s
2

.

We conclude by choosing τ sufficiently large. �

B.10. Proof of Lemma 3.8. Set H = Opw(µm−1)Opw(µ1−m). By Lemma 2.4, for τ sufficiently large, we
have w = H−1 Opw(µm−1)v, with H−1 : L2 → L2 continuously. We then write

Opw(r)w = H−1H Opw(r)w = y1 + z1, y1 = H−1[H,Opw(r)]w, z1 = H−1 Opw(r)Hw.

We have

z1 = H−1 Opw(r)Opw(µm−1)v = H−1 Opw(r)Opw(µm−1)χ̂v.

Where χ̂ ∈ C∞
c (Rn) with χ̂ = 1 in a neighborhood of V and such that χ = 1 in a neighborhood of supp(χ̂). As

supp(r) ∩ supp(χ̂) = ∅ we find Opw(r)Opw(µm−1)χ̂ ∈ Ψ
(
(µ/α)−N , g

)
for any N ∈ N. We thus obtain

‖z1‖L2 . τ−N‖v‖L2 .(B.18)

We have [H,Opw(r)] = R1 ∈ Ψ
(
(µ/α)−1, g

)
and y1 = H−2HR1w = y2 + z2 with

y2 = H−2[H,R1]w, z2 = H−2R1 Opw(µm−1)v,

Similarly we have an estimate for |z2|L2 of the same form as that of |z1|L2 in (B.18) and by induction for any
k ≥ 2 we find Opw(r)w = yk + z1 + · · ·+ zk with z3, . . . , zk also satisfying such an estimate and

yk = H−kRkw,
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with Rk ∈ Ψ
(
(µ/α)−k, g

)
. With Lemma 2.6 we obtain

‖yk‖L2 . ‖Rkw‖L2 . αk‖w‖−k,0 . αk‖v‖m−1−k,0,

with k arbitrary. Hence,

τN‖yk‖L2 . αkτN‖v‖m−1−k,0 . ‖v‖L2 ,

for k sufficiently large, as αkτNµm−1−k ∈ S(µm−1+N−k, g) since αk . (αϕ)N , for α ≥ 1. �

B.11. Details on Examples 4.2 and Remark 4.3. Consider the bi-Laplace operator with symbol p(ξ) = |ξ|4

in an open subset of Rn, n ≥ 2. Then

ρx,ξ(τ̂) =
(
∑

j

(ξj + τ̂ψ′
j)

2
)2

=
(
|ξ|2 − |τ̂ψ′|2 + 2iτ̂〈ξ, ψ′〉

)2

We then have

ρ′x,ξ(τ̂) = 2
(
− 2τ̂ |ψ′|2 + 2i〈ξ, ψ′〉

)(
|ξ|2 − |τ̂ψ′|2 + 2iτ̂〈ξ, ψ′〉

)
.

There exist roots since ρx,ξ(τ̂) = 0 is equivalent to ξ ⊥ ψ′ and |ξ| = |τ̂ψ′|. Then ρx,ξ(τ̂) = 0 implies ρ′x,ξ(τ̂) = 0.

Roots are always (at least) double.
We now consider the elliptic symbol p(ξ) = ξ41 + ξ42 in R

2. We have

ρx,ξ(τ̂) = (ξ1 + iτ̂ψ′
x1
)4 + (ξ2 + iτ̂ψ′

x2
)4, ρ′x,ξ(τ̂) = 4i

(

ψ′
x1
(ξ1 + iτ̂ψ′

x1
)3 + ψ′

x2
(ξ2 + iτ̂ψ′

x2
)3
)

.

and we assume that ρx,ξ(τ̂) = 0. Observe that τ̂ = 0 implies ξ = 0. We may thus assume τ̂ > 0. Observe also
that ξ2 + iτ̂ψ′

x2
= 0 is excluded as it implies ξ1 + iτ̂ψ′

x1
= 0, and we then have ψ′ = 0. We may thus write

(ξ1 + iτ̂ψ′
x1
)4

(ξ2 + iτ̂ψ′
x2
)4

= −1,

or equivalently

ξ1 + iτ̂ψ′
x1

ξ2 + iτ̂ψ′
x2

= ei(2k+1)π/4, k = 0, 1, 2, 3.

We then obtain

ρ′x,ξ(τ̂) = 4i(ξ2 + iτ̂ψ′
x2
)3
(
ψ′
x1
ei3(2k+1)π/4 + ψ′

x2

)
,

which cannot vanish if ψ′ 6= 0.
We now consider the operator with symbol p = 1

2ξ
2 + ξ1ξ2 along with ψ(x) = 1

2 (x1 − a)2, in the case
Ω ⊂ {x1 > a}. We then have

ρx,ξ(τ̂) =
1

2
(ξ1 + iτ̂(x1 − a))2 + (ξ1 + iτ̂(x1 − a))ξ2, ρ′x,ξ(τ̂) = i(x1 − a)

(
ξ1 + ξ2 + iτ̂(x1 − a)

)
,

Let us assume that ρx,ξ(τ̂) = ρ′x,ξ(τ̂) = 0. From ρ′x,ξ(τ̂) = 0 we have τ̂ = 0 and ξ1 + ξ2 = 0. From ρx,ξ(τ̂) = 0

we find 0 = − 1
2ξ

2
1 . Hence ξ = 0. Property (4.3) is thus fulfilled.

We now consider the operator with symbol p = ξ1ξ2 along with ψ(x) = x1 + x2, in the case Ω ⊂ R
2. We

then have

ρx,ξ(τ̂) = (ξ1 + iτ̂)(ξ2 + iτ̂), ρ′x,ξ(τ̂) = i(ξ1 + iτ̂) + i(ξ2 + iτ̂).

We have ρx,ξ(τ̂) = 0 if and only if τ̂ = 0 and ξ1ξ2 = 0. Assume that ξ1 = 0 we then have ρ′x,ξ|τ̂=0 = iξ2. If the

root is double we then have ξ = 0 and τ̂ = 0. The simple characteristic property (4.3) is thus satisfied.
We finally prove the statement of Remark 4.3. Let ξ ∈ R

n \ 0. By (4.2) Property 4.3 precisely prevents
to have p(x, ξ) = 0 and {p, ψ}(x, ξ) = 0 simultaneously. The implication in the definition of pseudo-convexity
(Definition 3.2) is thus clearly fulfilled.
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Similarly let ξ ∈ R
n and let τ > 0. Property (4.3) precisely prevents to have p(x, ξ + iτψ′(x)) = 0 and

{p, ψ}(x, ξ + iτψ′(x)) = 0 simultaneously. The implication in the definition of strong pseudo-convexity (Defini-
tion 3.3) is thus clearly fulfilled.

Consider now the operator P (Dx) = Dx1
in Ω ⊂ R

2 and the weight function ψ(x) = x21/2+x2. The gradient
and the Jacobian matrix of the weight function are given by

∇ψ =

(
x1
1

)

, Jψ =

(
1 0
0 0

)

,

and we have

p(ξ) = ξ1, {p, ψ} = x1, {p, {p, ψ}} = 1,
1

2i

{
p(ξ − iτψ′), p(ξ + iτψ′)

}
= Θp,ψ = τ > 0.

We thus see that strong pseudo-convexity is fulfilled. Set ρx,ξ(τ) = p(ξ + iτψ′) = ξ1 + iτx1. We have ρ′x,ξ(τ) =
ix1. We thus see that τ 6= 0 is a double root if we have x1 = ξ1 = 0.

B.12. Proof of Lemma 5.1. Let x0 ∈ X and ξ0 ∈ R
n such that p(x0, ξ0 + iϕ′(x0)) = 0. If ϕ′(x0) = 0 we

can simply choose ξ0 = 0. We shall come back to this case bellow and prove that ϕ′(x0) = 0 does not occur if
m ≥ 2. Without any loss of generality we may assume that x0 = 0. We set ζ0 = ξ0 + iϕ′(x0). For all τ > 0 we
have p(x0, τζ0) = 0. We set φ(x) = ϕ(x)− ϕ(0). We have

∑

|β|<m

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτφDβ
xu‖

2
L2 ≤ K‖eτφPu‖2L2 ,(B.19)

for τ ≥ τ0 > 0 and α ≥ α0 > 0 and u ∈ C∞
c (X).

We use the computations carried out in Section B.1 with the test function uτ as introduced in (B.3) with
λ = 1 here. We choose τ sufficiently large so that supp(uτ ) is close enough to x0 to apply (B.19).

With (B.4) and (B.5) we find

∑

|β|≤m−1

(
τα

)2(m−|β|)−1
‖ϕm−|β|− 1

2 eτφDβ
xu‖

2
L2 ∼

τ→∞
τ2m−1−n

2

∑

|β|≤m−1

(
αϕ(0)

)2(m−|β|)−1
|ζβ0 |

2 ∫
Rn

e2G(y)|f(y)|2dy.

(B.20)

With the Taylor formula we observe that

e−iτw(x)p(x,Dx)e
iτw(x) = p(x,Dx + τζ0) = p(x, τζ0) + 〈p′ξ(x, τζ0), Dx〉+

m∑

k=2

p
(k)
ξ (x, τζ0) (Dx, . . . , Dx)

︸ ︷︷ ︸

k times

.

As Dβ
xf

(
τ

1
2x

)
= τ

|β|
2 O(1) we have p

(k)
ξ (x, τζ0)(Dx, . . . , Dx)f

(
τ

1
2x

)
= τm− k

2 O(1), we then find

e−iτw(x)Puτ = p(x, τζ0)f
(
τ

1
2x

)
+ 〈p′ξ(x, τζ0), Dx〉f

(
τ

1
2x

)
+ τm−1

O(1)

= τm− 1
2

(

τ
1
2 p(x, ζ0)f

(
τ

1
2x

)
+ 〈p′ξ(x, ζ0), (Dxf)

(
τ

1
2x

)
〉+ τ−

1
2 O(1)

)

.

Next, we write

p(x, ζ0) = p(0, ζ0)
︸ ︷︷ ︸

=0

+〈x, p′x(0, ζ0)〉+
1

2

1

∫
0
(1− σ)p(2)x (σx, ζ0)(x, x)dσ,

which gives

τ
1
2 p(x, ζ0)f

(
τ

1
2x

)
= 〈x, p′x(0, ζ0)〉

)
f
(
τ

1
2x

)
+

1

2
τ−

1
2

( 1

∫
0
(1− σ)p(2)x (σx, ζ0)

(
τ

1
2x, τ

1
2x

)
dσ

)

f
(
τ

1
2x

)

= 〈x, p′x(0, ζ0)〉
)
f
(
τ

1
2x

)
+ τ−

1
2 O(1),
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as f has compact support. We have thus obtained

e−iτw(x)Puτ = τm− 1
2

(

〈τ
1
2x, p′x(0, ζ0)〉f

(
τ

1
2x

)
+ 〈p′ξ(x, ζ0), (Dxf)

(
τ

1
2x

)
〉+ τ−

1
2 O(1)

)

.

We then obtain

‖eτφPuτ‖
2
L2 = τ2m−1 ∫

Rn

e2τ
(
G(x)+|x|3Oα(1)

)
∣
∣〈τ

1
2x, p′x(0, ζ0)〉f

(
τ

1
2x

)
+ 〈p′ξ(x, ζ0), (Dxf)

(
τ

1
2x

)
〉+ τ−

1
2 O(1)

∣
∣
2
dx

= τ2m−1−n
2 ∫
Rn

e2
(
G(y)+τ− 1

2 |y|3Oα(1)
)
∣
∣〈y, p′x(0, ζ0)〉f(y) + 〈p′ξ(τ

− 1
2 y, ζ0), (Dxf)(y)〉+ τ−

1
2 O(1)

∣
∣
2
dx,

with the change of variable y = τ
1
2x. The dominated convergence theorem yields

‖eτφPuτ‖
2
L2 ∼

τ→∞
τ2m−1−n

2 ∫
Rn

e2G(y)
∣
∣〈y, p′x(0, ζ0)〉f(y) + 〈p′ξ(0, ζ0), (Dxf)(y)〉

∣
∣
2
dy,(B.21)

with (B.20) and estimate (B.19), where the integral does not vanish. In particular, if m ≥ 2 this yields ζ0 6= 0
which rules out the possibility of having ϕ′(x0) = 0, i.e., ψ′(x0) = 0 (see the first observations at the beginning
of the proof).

With (B.19) we obtain

∑

|β|<m

(
αϕ(0)

)2(m−|β|)−1
|ζβ0 |

2 ∫
Rn

e2G(y)|f(y)|2dy ≤ K ∫
Rn

e2G(y)
∣
∣〈y, p′x(0, ζ0)〉f(y) + 〈p′ξ(0, ζ0), (Dxf)(y)〉

∣
∣
2
dy.

Changing f into e−Gf yields

∑

|β|<m

(
αϕ(0)

)2(m−|β|)−1
|ζβ0 |

2‖f‖2L2 ≤ K‖L(x,Dx)f‖
2
L2 ,

with L(x,Dx) = 〈x, p′x(0, ζ0)〉+ 〈p′ξ(0, ζ0), Dx − (DxG)〉. We compute

1

2i
{L,L} =

∑

j,k

∂2xjxk
ϕ(0) ∂ξjp(0, ζ0) ∂ξkp(0, ζ0) + Im

∑

j

∂xj
p(0, ζ0) ∂ξjp(0, ζ0).

Lemma 28.2.2 in [Hör85a] gives

(B.22)
∑

|β|<m

(
αϕ(0)

)2(m−|β|)−1
|
(
ξ0 + iϕ′(0)

)β
|2 ≤ 2K

(
∑

j,k

∂2xjxk
ϕ(0) ∂ξjp(0, ξ0 + iϕ′(0)) ∂ξkp(0, ξ0 − iϕ′(0))

+ Im
∑

j

∂xj
p(0, ξ0 + iϕ′(0)) ∂ξjp(0, ξ0 − iϕ′(0))

)

.

Let now τ > 0, x ∈ X, and ξ ∈ R
n be such that p(x, ξ + τϕ′(x)) = 0. Setting x0 = x, ξ0 = ξ/τ we can use

(B.22). By homogeneity we then have

(B.23)
∑

|β|<m

(
ταϕ(x)

)2(m−|β|)−1
|
(
ξ + iτϕ′(x)

)β
|2 ≤ 2K

(

τ
∑

j,k

∂2xjxk
ϕ(x) ∂ξjp(x, ξ + iτϕ′(x)) ∂ξkp(x, ξ − iτϕ′(x))

+ Im
∑

j

∂xj
p(x, ξ + τiϕ′(x)) ∂ξjp(x, ξ − iτϕ′(x))

)

.

We conclude to (5.2) thanks to (3.4)-(3.5).
The last statement of of the first part of Lemma 5.1 is proven in [Hör85a, Theorem 28.2.1]. The different

statements in the second point of the lemma follow as above. �
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