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THE FIRST TERMS IN THE EXPANSION OF THE BERGMAN KERNEL
IN HIGHER DEGREES

MARTIN PUCHOL AND JIALIN ZHU

ABSTRACT. We establish the cancellation of the first 2j terms in the diagonal asymptotic
expansion of the restriction to the (0, 2j)-forms of the Bergman kernel associated to the spin®
Dirac operator on high tensor powers of a positive line bundle twisted by a (non necessarily
holomorphic) complex vector bundle, over a compact Kéhler manifold. Moreover, we give a
local formula for the first and the second (non-zero) leading coefficients.

0. INTRODUCTION

The Bergman kernel of a Kéhler manifold endowed with a positive line bundle L is the smooth
kernel of the Kodaira Laplacian O = 9%9%* 4+ 9%*0. The existence of a diagonal asymptotic
expansion of the Bergman kernel associated with the p" tensor power of L when p — 400
and the form of the leading term were proved in [Tia90], [Cat99] and [Zel98]. Moreover, the
coefficients in this expansion encode geometric informations about the underlying manifold, and
therefor they have been studied closely: the second and third terms were computed by Lu [Lu00],
X. Wang [Wan05], L. Wang [Wan03] and recently by Ma-Marinescu [MM12] in different degrees
of generality. This asymptotic plays an important role in various problems of Kéahler geometry,
see for instance [Don01] or [Fin]. We refer the reader to the book [MMO07] for a comprehensive
study of the Bergman kernel and its applications. See also the survey [Mal0].

In fact, Dai-Liu-Ma established the asymptotic of the Bergman kernel in the symplectic case
in [DLMOG6], using the heat kernel (cf. also Ma-Marinescu [MMO06]). Recently, this asymptotic in
the symplectic case found an application in the study of variation of Hodge structures of vector
bundles by Charbonneau and Stern in [CS11]. In their setting, the Bergman kernel is the kernel
of a Kodaira-like Laplacian on a twisted bundle L® E, where FE is a (not necessarily holomorphic)
complex vector bundle. Because of that, the Bergman kernel no longer concentrates in degree 0
(unlike it did in the K&hler case), and the asymptotic of its restriction to the (0,2j)-forms is
related to the degree of ‘non-holomorphicity’of E.

In this paper, we will show that the leading term in the asymptotic of the restriction to the
(0,2j)-forms of the Bergman kernel is of order p™X~27 and we will compute it. That will lead
to a local version of [CS11, (1.3)], which is the main technical result of their paper, see Remark
0.6. After that, we will also compute the second term in this asymptotic.

We now give more detail about our results. Let (X,w,J) be a compact Kéhler manifold of
complex dimension n. Let (L,h%) be a holomorphic Hermitian line bundle on X, and (E,h%)
a Hermitian complex vector bundle. We endow (L, h%) with its Chern (i.e. holomorphic and
Hermitian) connection VX, and (E, h¥) with a Hermitian connection VE, whose curvatures are
respectively RL = (VL)? and RF = (VF)2.

Except in the beginning of section 1.1, we will always assume that (L, k%, VF) satisfies the
pre-quantization condition:
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Let ¢7%(-,-) = w(-,J-) be the Riemannian metric on 7X induced by w and J. It induces a
metric A2 on A%*(T*X) := A*(T*©D X)), see Section 1.1.

Let L? = L®P be the p** tensor power of L. Let Q¥ (X, LPQE) = ¢ (X, A" (T*X)® LPQE)
and 9F"@F . QV¢(X P @ E) — Q%*+1(X,L? ® FE) be the Dolbeault operator induced by the
(0,1)-part of VZ (cf. (1.3)). Let d¥"®F* be its dual with respect to the L?-product. We set
(see (1.6)):

(0.2) D, = ﬂ(éL"@E i 5L”®E,*),

which exchanges odd and even forms.

(0.1) w=

Definition 0.1. Let
(0.3) Py: Q"*(X,LP ® E) — ker(D,)

be the orthogonal projection onto the kernel ker(D,) of D,. The operator P, is called the
Bergman projection. It has a smooth kernel with respect to dvx (y), denoted by P,(z,y), which
is called the Bergman kernel.

Remark 0.2. If E is holomorphic, then by Hodge theory and the Kodaira vanishing theorem
(see respectively [MMO7, Theorem 1.4.1] and [MMO07, Theorem 1.5.6]), we know that, for p
large enough, P, is the orthogonal projection ¢>°(X,LP ® E) — H°(X,L? @ E). Here, by
[MMO02, Theorem 1.1], we just know that ker(Dp|qo.eda(x rrgr)) = 0 for p large, so that
Py: QOeven(X [P @ E) — ker(D,). In particular, Py(z, ) € €% (X, End(A%*¥"(T*X) @ E)).

By Theorem 1.3, D, is a Dirac operator, which enables us to apply the following result:

Theorem 0.3 (Dai-Liu-Ma, cf. [DLM06, Thm. 1.1]). There exist smooth sections b, of
End(A%Y(T*X) ® E) such that for any k € N and for p — +o0:

k

(0.4) p " Bp(x,x) = b(z)p "+ 0",
r=0

that is for every k,l € N, there exists a constant Cj; > 0 such that for any p € N,

k

(0.5) p "Py(z,x) — Z b (x)p™" < Crap * L
r=0 (X)

Here | - |41(x) is the €'-norm for the variable x € X.

Let Z = (RF)%2 € Q%2(X,End(FE)) be the (0,2)-part of RF (which is zero if E is holomor-
phic). For j € [1,n], let

(0.6) L A (T*"X)@ E - A(T*"X)® E
be the natural orthogonal projection. The first main result in this paper is
Theorem 0.4. For any k € N, k > 25, we have when p — 4oc0:

k
(07) p_nIQij(SC, SC)IQJ' = Z IijT(x)IQj p_T —+ O(p_k_1>,

r=27j
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and moreover,

1 1

(s (i 2 () (2) Loy

(08) IijQj(ZL')IQj =

where (,@%)* is the dual of #% acting on (A%*(T*X) ® E),.
Theorem 0.4 leads immediately to

Corollary 0.5. Uniformly in x € X, when p — +00, we have
1 1 j Hz

oy g 1A o,

(0.9) Tr ((I25 Ppl2;) (z,2)) =

Remark 0.6. By integrating (0.9) over X, we get

1 1 02 9 n—9i_
(0.10) Tr (I Pylaj) = S 127\, " + O,

(4m)%7 227 (31)

which is the main technical result of Charbonneau and Stern [CS11, (1.3)], thus Corollary 0.5
can be viewed as a local version of [CS11, (1.3)]. The constant in (0.10) differ from the one in
[CS11] because our conventions are not the same as theirs (e.g. they choose w = v/ —1RE | etc...).

Let RY = —/=1>", R¥(w;,w;) for (wy,...,w,) an orthonormal frame of TODX . Let
RTX be the curvature of the Levi-Civita connection VI of (X, g7X), and for (ey,...,e2,) an
orthonormal frame of TX, let rX = — D (RTX (ei,¢ej)ei, e5) be the scalar curvature of X.

For j,k € N and j > k, we also define C;(k) by

1 1 1
(47)7 2k k! Hi:k+1(25 +1)

(0.11) C;(k) ==

with the convention that [] .y = 1.

Let VA”" be the connection on A%*(T*X) induced by VIX. Let VA**®E be the connection
on A%*(T*X) ® E induced by V¥ and VA" and let AA"*®F be the associated Laplacian. For
the precise definitions, see Section 1.1.

The second goal of this paper is to compute the second term in the expansion (0.7). As above,
we will prove:

Theorem 0.7. We can decompose Igjb2j+1(x)12j as the sum of 6 terms:
(0.12) LIjboj1(x) oy = T1, + (T1,)" + Th, + T, + (T11,)" + Thrs

where T1,, T1,, etc. come from the terms 1,, Iy, etc. calculated in Section 3. Moreover, we have
the following explicit formulas:
if 7=0,1, then T, =0, and if j > 2,

(0. 13)

7y, = SV IQJZ i{( Cy(q+1)) 23D (VA P ) () 3 (VA BB 2 ) ()2
q=0 m=0

+C;(m) | H (14 50) — 1] B2 (A E R ) ) (VAR ) @)y ) () Do,

s=q+2
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if j =0, then Ty, =0, and if j > 1,

(014) Ty, = 51y, [Z (Cit) - cm)%-k-l<v3‘j"®%><x><%’;]

k=0
J
X

*

|
—

(Cj(j) - Cj(k/’))%’%_k_l(V%jy.®E%»)($)<%f] Ly,

=
Il

0
if j =0, then T1r, =0, and if j > 1,

015) 1t = S90S (040 - o) @ AN 2 ) )t () s
k=0
(0.16) |
S _ C;(k C;(k \
Tin = 12;C;(5) %2 kZ:O B (CjJrl(] +1) - W(ﬁl)) ry - W(—gl)\/_lsz] (#3)" L.

In particular, for j =1, we have:

(0.17)  1287°Lobs(x) Lo = %12(v£9"®E%.)(z) ((vgf"‘@’f%.)(x))* I

wq

2L ((ANTOER) @) () + () (BN R) (@) Iy
— 1%, {% + Rf} ()" 1.

This paper is organized as follows: in Section 1 we compute the square of D, and use a
local trivialization to rescale it, and then give the Taylor expansion of the rescaled operator. In
Section 2, we use this expansion to give a formula for the coefficients b, appearing in (0.4), which
will lead to a proof of Theorem 0.4. Finally, in Section 3, we prove Theorem 0.7 using again the
formula for b,.. In this whole paper, when an index variables appears twice in a single term, it
means that we are summing over all its possible values.

1. RESCALING Df, AND TAYLOR EXPANSION

In this section, we follow the method of [MMO07, Chapter 4], that enables them to prove the
existence of b, in (0.4) in the case of a holomorphic vector bundle E, and that still applies here
(as pointed out in [MMO7, Section 8.1.1]). Then, in section 3 and 4, we will use this approach
to understand I;b,-I5; and prove Theorems 0.4 and 0.7.

In Section 1.1, we will first prove Theorem 1.3, and then give a formula for the square of D,
which will be the starting point of our approach.

In Section 1.2, we will rescale the operator Df, to get an operator .%;, and then give the Taylor
expansion of the rescaled operator.

In Section 1.3, we will study more precisely the limit operator %j.

1.1. The square of D,. For further details on the material of this subsection, the lector can
read [MMO7]. First of all let us give some notations.

The Riemannian volume form of (X, g7¥) is given by dvy = w™/n! . We will denote by (-, )
the C-bilinear form on TX ® C induced by g7*X.

For the rest of this subsection 1.1, we will fix (wy, ..., w,) alocal orthonormal frame of 710 X
with dual frame (w?,...,w"). Then (@, ...,W,) is a local orthonormal frame of 7>V X whose
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dual frame is denoted by (w',...,w"), and the vectors

1 V=1
€2-1= 75 (wj +w;) and gy = 7 (w; —w;)

form a local orthonormal frame of T'X.

We choose the Hermitian metric k" on A%*(T*X) := A*(T*(®) X) such that
{@h A+ AWk /1 < i < -+ < ji < n}is an orthonormal frame of A%®(T*X).

For any Hermitian bundle (F, k") over X, let €>°(X, F) be the space of smooth sections of F.
It is endowed with the L2-Hermitian metric:

(1.1)

(1.2) <51,52>:/)(<51($),82(.T)>h15‘d?}1(.’1;).

The corresponding norm will be denoted by || || .2, and the completion of €° (X, F') with respect
to this norm by L*(X, F).
Let OF be the Dolbeault operator of E: it is the (0, 1)-part of the connection V¥

(1.3) 0F = (VH)™ . ¢>(X, B) —» ¢>(X,T*"VX ® E).
We extend it to get an operator
(1.4) o Q% (X, E) — Q¥ (X, E)
by the Leibniz formula: for s € (X, E) and a € ¢°°(X, A%*(T*X)) homogeneous,
(1.5) IP(a®s) = (0a) @ s + (—1)%8%% ® OFs.
We can now define the operator
(1.6) DF =v2(9% +9%*) : Q"% (X,E) — Q"*(X, E),

where the dual is taken with respect to the L2- norm associated to the Hermitian metrics RA™*
and h¥.

Let VAMT™X) he the connection on A(T*X) induced by the Levi-Civita connection VX of X.
Since X is Kihler, VX preserves T(®DX and 79 X. Thus it induces a connection V7" X
on T*(-D X and then an Hermitian connexion VA”* on A%*(T*X). We then have that for any
a € €(X,\%*(T* X)),

(1.7) VA" q = VAT X,
Note the important fact that VAT X) preserves the bi-grading on A**(T*X).
Let VA”""®E .= VA" 141 ® VZ be the connection on A%*(T*X) @ E induced by VA"*
and VF
Proposition 1.1. On Q%*(X, E), we have:

AE _ —j AY°QE
o =w /\ij ,

(1.8) SE AO®
Sk QF
JE* = VA, O,

— ij

Proof. We still denote by VE the extension of the connection VE to Q**(X, F) by the usual
formula V(o ® s) = da ® s + (—1)482q A VEs for s € €°(X,E) and a € € (X, A(T*X))
homogeneous. We know that d = ¢ o VAT X) where ¢ is the exterior multiplication (see [MMO7,
(1.2.44)]), so we get that V¥ = ¢ o VAT X)®E Using (1.7), it follows that

9" = (V)1 = A VATOE,

which is the first part of (1.8).
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The second part of our proposition follows classically from the first by exactly the same
computation as in [MMO07, Lemma 1.4.4]. O

Definition 1.2. Let v = 010 4091 e TX = TALOX 7OV X | and 50V* € T*O0:D X the dual
of v1:0 for (-,-). We define the Clifford action of TX on A%*(T*X) by

(19) C(U) = \/5 (’U(O’l)’* A —ivo,l) .
We verify easily that for u,v € TX,
(1.10) c(u)e(v) + c(v)e(u) = —2(u, v),

and that for any skew-adjoint endomorphism A of T X,

1 1 .
Z(Aei, ejrc(es)cle;) = —§<ij,wj> + (Awg, Wy )W™ A g,

1 1
(1.11) + 5 (Awe, win i, i, + §<Am,wm>@f AT™A .

Let V9 be the Chern connection of det(7X) := AM(TWOX) and V' the Clifford
connexion on A%*(T*X) induced by VTX and Vit (see [MMO7, (1.3.5)]). We also denote by
V! the connection on A%*(T*X) ® E induced by V! and VZ. By [MMO07, (1.3.5)], (1.11) and
the fact that V9 is holomorphic, we get

(1.12) VO = vAT
Let D%F be the associated spin® Dirac operator:
2n
c,E __ . Cl. 00,e 0,
(1.13) DY =3 "c(e;) VI (X, E) — Q"*(X, E).
j=1
By (1.8) and (1.12), we have
Theorem 1.3. D is equal to the spin® Dirac operator D%F acting on Q%*(X, E).

Remark 1.4. Note that all the results proved in the beginning of this subsection hold without
assuming the pre-quantization condition (0.1), but from now on, we will use it.

Let (F,hf") be a Hermitian vector bundle on X and let V¥ be a Hermitian connection on F.
Then the Bochner Laplacian AF acting on €>°(X, F) is defined by

2n
F_ _ F\2  oF
(1.14) AF = ; ((Vej) va}xej) :
On Q%*(X), we define the number operator N by
(1.15) Nlqo.i(x) = Js

and we also denote by A the operator N’ ® 1 acting on Q%*(X, F).

The bundle L? is endowed with the connection V* induced by V¥ (which is also its Chern
connection). Let VX"®F .= V¥ @1 4+ 1® V¥ be the connection on LP? ® F induced by V¥ and
VE. We will denote

(1.16) D, = DX'®F,
Theorem 1.5. The square of D), is given by

o P 1
DfJ — AL OF _RE(wj,w;) — 2mpn + 4npN + 2 (RE + §Rdet) (we, W W™ A iz,

(1.17) + RE (wp, wy, )iw, iw,, + RE (W, W )T AT™.
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Proof. By Theorem 1.3, we can use [MMO07, Theorem 1.3.5]:

X1 v 1
(1.18) Di =AY 4 % + 3 (RL ®F 4 §Rdet) (es,e5)clei)c(e;),
where 7% is the scalar curvature of X. Thanks to (1.12), we see that Al = AN RLPRE,

Moreover, r* = 2RI (w;,w;) and R¥"®F = RF 4 pRE. Using the equivalent of (1.11) for
2-forms (substituting A(-,-) for (A-,-)) and the fact that RY and RF are (1,1)-forms, (1.18)
reads

S o TP 1 1
D, = ANTOLIBE 4 §Rdet(wa‘@j) - (RE(w]—,@j) + pR*(w;, w;) + §Rdet(wa‘ﬂj)>

1
+2 (RE + pRY + 5Rd“> (W, W )T™ A i, + RE (0o, win )i, iw,,
+ RE (W, W )W AT™.

Thanks to (0.1), we have R*(wy,W,,) = 278¢m. Moreover, N' = Y, W A iz,, thus we get
Theorem 1.5. O

1.2. Rescaling DIQ). In this subsection, we want to rescale DIQ), but in order to do this, we must
define it on a vector space. Therefore, we will use normal coordinates to transfer the problem on
the tangent space to X at a fix point. Then we want to give a Taylor expansion of the rescaled
operator, but the problem is that each operator acts on a different space, namely

E,:=A"(T*"X)® [’ ® F,

so we must first handle this issue.
Fix xp € X. For the rest of this paper, we fix {w;} an orthonormal basis of Tz(i’O)X, with
dual basis {w’}, and we construct an orthonormal basis {e;} of T,y X from {w,} as in (1.1).
For € > 0, we denote by BX(xg,¢) and BT=0X (0, ¢) the open balls in X and T}, X with center
zo and 0 and radius € respectively. If expff0 is the Riemannian exponential of X, then for ¢
small enough, Z € BT=0%(0,¢) — expy (Z) € B* (o, ¢) is a diffeomorphism, which gives local
coordinates by identifying 7,,X with R?" via the orthonormal basis {e;}:

(1.19) (Z1y...1 Zon) €ERP 1 Y Zie; € Ty X.

From now on, we will always identify BT=0% (0, ) and BX (z¢,¢). Note that in this identification,
the radial vector field R = ), Z;e; becomes R = Z, so Z can be viewed as a point or as a tangent
vector.
Y 0,e .
For Z € BT=0X(0,¢), we identify (Lz,h%), (Ez,hE) and (AL*(T*X),hY"") with (L, hL ),

zos g

(Ewy, hE) and (A**(T7 X) hAO") by parallel transport with respect to the connection V%,

Tor "xg PRAZY
VE and VA" along the geodesic ray t € [0,1] + tZ. We denote by ', T'¥ and 'A% the
corresponding connection forms of V¥, V¥ and VAT,

Remark 1.6. Note that since VA" preserves the degree, the identification between A%®(T*X)
and A%*(T; X) is compatible with the degree. Thus s e @, End(A*7(T* X)).

Let Sy, be a unit vector of Ly,. It gives an isometry L% =~ C, which yields to an isometry

(1.20) Epzo = (A" (T*X) ® E) gy =: Eqy -
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Thus, in our trivialization, Dg acts on E,, but this action may a priori depends on the choice
of Sr. In fact, since the operator Df, takes values in End(E, ,) which is canonically isomorphic
to End(E),, (by the natural identification End(LP) ~ C), all our formulas do not depend on this
choice.

Let durx be the Riemannian volume form of (T, X, g7=0X), and x(Z) be the smooth positive
function defined for |Z| < e by

(1.21) dvx(Z) = k(Z)dvrx (Z),
with x(0) = 1.
Definition 1.7. We denote by Vi the ordinary differentiation operator in the direction U on
Ty X. For s € €°(R*",E,, ), and for t = %, set
(Sis)(Z) = s(Z/1),
vV, = tS;lnl/QVCIonfl/QSt,

1
Vo=V + R (Z,),

(1.22)
L =125 'k P D2k,
Lo== (Voe)* +47N = 2mn.
Let || - ||z2 be the L2 norm induced by h¥=0 and dvrx. We can now state the key result in

our approach of Theorems 0.4 and 0.7:

Theorem 1.8. There exist second order formally self-adjoint (with respect to ||-||r2) differential
operators O, with polynomial coefficients such that for all m € N,

(1.23) L =L+ > O+ 0™ ).
r=1

Furthermore, each O, can be decomposed as
(1.24) 0,=0%+0?+02,
where OF changes the degree of the form it acts on by k.

Proof. The first part of the theorem (i.e. equation (1.23)) is contained in [MMO08, Theorem 1.4].
We will briefly recall how they obtained this result.
Let @5 be the smooth self-adjoint section of End(E,,) on BT=0%(0,¢):

1
by = —RF(w;,@w;)+2 (RE + —Rdet) W, Wy JT™ A i
(1.25) ( J J) 2 ( ) ¢
+ RE (wp, wy, )i, iw,, + RE (Wy, W )T AT™.

We can see that we can decompose ®p = &%, + CIDJLCQ + @EQ, where

1
% = R¥(w;,w;) + 2 (RE + §Rd6t) (we, W, )W™ A g5, preserves the degree,

(1.26) ®}? = RE(Wy, W, )W" AwW™ rises the degree by 2,

®.? = R¥ (wy, w)iw,iw, lowers the degree by 2.
Using Theorem 1.5, we find that :
(1.27) D2 = ANTBLYRE 4 (9 4 47N + B



THE FIRST TERMS IN THE EXPANSION OF THE BERGMAN KERNEL IN HIGHER DEGREES 9

Let ¢;;(Z) = g% (ei,e;)(Z) and (gij(Z))ij be the inverse of the matrix (g;;(Z)),;. Let

(VIXe;) (Z) =T%(Z)er. As in [MMO7, (4.1.34)], by (1.22) and (1.27), we get:
, 1
V.. = r2(tZ) (v. TN + Tk, + trtEZ> kV2(t2),

(1.28) t
L =—g"(tZ) (Vi,e,Vie, —tT5(tZ)Vee,) — 20+ 47N + @ p(t2).
Moreover, x = (det(g;;))'/2, thus we can prove equations (1.23) as in [MMO07, Theorem 4.1.7] by
taking the Taylor expansion of each term appearing in (1.28) (note that in [MMO07], they have
to extend every data to Ty, X to make the analysis works, but as we admit the result, we do not

have to worry about it and simply restrict ourselves to a neighborhood of ).
Now, it is clear that in the formula for .%; in (1.28), the term

(1.29) LY = —g"(tZ) (Vie, Ve, — tI5(Z) Ve, ) — 2mn + 47N + 0% (t2)

preserves the degree, because I'A”" does (as explained in Remark 1.6). Thus, using (1.26) and
taking Taylor expansion of .%; in (1.28), we can write

0%0 = DS/ﬂO + ZtTOSa
(1.30) "
o3 (t2) =Y 105
r=2

From (1.30), we get (1.24).
Finally, due to the presence of the conjugation by x!/2 in (1.22), %, is a formally self-adjoint

operator on € (R?", E,,) with respect to || - ||z2. Thus % and the O,’s also are. O
Proposition 1.9. We have
(1.31) 0, =0.
For Os, we have the formulas:
(1.32) OF% =Ry, 057 = (Hay)",
and
o_ 1, rx E — 7
(1.33) Oz = 5(Roy (Z,€0)Z,€5)Vo.e, Vo, = Ra (W, W5) — =*
1 ™ _
+ (<§R£UX(Z, er)ex + ngOX(z,z)Z, ej> - REO(Z, ej)) Voe,-
Proof. For F = L, E or A®*(T*X), it is known that (see for instance [MMO07, Lemma 1.2.4])
A 1 A
amF _ a pF )
(1.34) SO = X R
and in particular,
1
(1.35) I7(ej) = 5 Rpy(Z,e5) + O(|1Z]%).

2
Furthermore, we know that

(1.36) 9i5(Z) =6, + O(|1 Z]?) :
it is the Gauss lemma (see [MMO7, (1.2.19)]). It implies that
(1.37) r(Z) = | det(gi;(2))]'/* =1+ O(1Z).
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Moreover, the second line of [MMO07, (4.1.103)] entails

(1.38) gRL(Z, e;) = (JZ,e;) +O(|Z]*),

and thus by (1.34) and (1.38)
1
(1.39) % = 3R, (Zej) + 0(12]%)
Using (1.28), (1.35), (1.37) and (1.39), we see that
(1.40) Vi = Vo + O(t?).

Finally, using again (1.28), (1.36) and (1.40), we get Oy = 0.
Concerning OF?2, thanks to (1.30), we see that

032 = ®}%(0) = RE (w0, W, ) 0" AN@™ = (RE)™? = Ry,

1.41 "
( ) 02_2 = @52(()) = Rfo (wlvwm)iﬁeiﬁm = ((Rfo)O,Q) = (%IO)*

Finally, by (1.29) and [MMO07, (4.1.34)], we see that our .Z° corresponds to .%; in [MMO7].
Thus, by (1.30) and [MMO07, (4.1.31)], our 09 is equal to their Oy (this is because in their
case, E is holomorphic, so R is a (1,1)-form and there is no term changing the degree in
(OF"@F 1 L"®E*)2 byt the terms preserving the degree are the same than ours). Hence (1.33)
follows from [MMO07, Theorem 4.1.25]. O

1.3. Bergman kernel of the limit operator .%,. In this subsection we study more precisely
the operator %.

We introduce the complex coordinates z = (21,...,2,) on C* ~ R?*", Thus we get Z = 2 + Z,
w; = \/5% and w; = 2%. We will identify 2 to >_; zj% and z to Zj% when we
J J J J
consider z and Z as vector fields.

Set

3

e}
10z,

b=(b1,...,bn), L == (Vo) —2mn.

%

(1.42)

By definition, Vo = V + $RZ (Z,-) so we get

(1.43) b = 728% + 7z, b= 2821_ + Tz,
and for any polynomial g(z, z) in z and Z,
[bi,0)] = 51]7 [bi, 0] = [b7,b) ] =
1.44 J
4 06 3.6 = 2 g2, (e, 5051 =228 9o,
Finally, a simple calculation shows:
(1.45) £ =) "bib] and = &L +4nN.
Recall that we denoted by || - ||z> the L?-norm associated to h®s0 and dvrx. As for this norm

b = (b;)*, we see that £ and % are self-adjoint with respect to this norm.
Next theorem is proved in [MMO07, Theorem 4.1.20]:
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Theorem 1.10. The spectrum of the restriction of £ to L*(R*") is Sp(ZL|2g2m)) = 47N and
an orthogonal basis of the eigenspace for the eigenvalue 4wk is

(1.46) bo‘( exp (f—| | )), with o, 6 € N and Zai:k.
Especially, an orthonormal basis of ker(.Z|p2(r2n)) is
N -
(1.47) <7) 2% exp (f§|z|2) ,
and thus if #(Z, Z') is the smooth kernel of & the orthogonal projection from (L2?(R?*"),||-||o)
onto ker(.Z) (where || - ||o is the L2-norm associated to g *) with respect to dvrx (Z’), we have
(1.48) P(Z,7') = exp (—g(|z|2—|— 2P —22-2)).

Now let P be the orthogonal projection from (L?(R?",E,,),||-||z2) onto N := ker(.%), and
PN(Z,Z") be its smooth kernel with respect to dvrx(Z’). From (1.45), we have:

(1.49) PN(Z,2") = 2 (Z,Z') 1.
2. THE FIRST COEFFICIENT IN THE ASYMPTOTIC EXPANSION

In this Section we prove Theorem 0.4. We will proceed as follows.

In Section 2.1, following [MMO07, Section 4.1.7], we will give a formula for b, involving the Oy ’s
and Zo.

In Section 2.2, we will see how this formula entails Theorem 0.4.

2.1. A formula for b,. By Theorem 1.10 and (1.45), we know that for every A € ¢ the unit
circle in C, (A — %)~ ! exists.
Let f(\,t) be a formal power series on t with values in End(L?(R?",E,,)):

(2.1) FOGt) =D 7 fr(A) with fr(A) € End(L*(R*", By, )).

Consider the equation of formal power series on t for A € 4:

(2.2) </\ ‘,E,”OthT ) FOt) =Tdpagen g, ,)-

We then find that
foQ) = (A= %),

(23) £, = (A= Zo) ZOf”

Thus by (1.31) and by induction,

(24) =] X A=) 0 (A=) 0 | (A= L)

r1+-- +”"k T
ri>2

Definition 2.1. Following [MMO07, (4.1.91)], we define .%, by

1
(2.5) F = /6 £ (VA

and we denote by .%,.(Z, Z') its smooth kernel with respect to dvrx(Z').
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Theorem 2.2. The following equation holds:
(2.6) b, (z0) = F2-(0,0).

Proof. This formula follows from [MMO07, Theorem 8.1.4], as [MMO07, (4.1.97)] follows from
[MMO7, Theorem 4.1.24], remembering that in our situation, the Bergman kernel P, does not
concentrate in degree 0. O

2.2. Proof of Theorem 0.4. Let T,(\) = (A — %) 1O, - (A= £) 710, (N — %)~ be the
term in the sum (2.4) corresponding to r = (rq,...,7%). Let N+ be the orthogonal of N in

L2(R?" E,,), and PN be the associated orthogonal projector. In Tx()), each term (A — %)~}
can be decomposed as

1

(2.7) A—Z) T =0\-%) PV + TP
Set
(2.8) IN V) =(\A-%) PV, LN = %PN.

By (1.45), % preserves the degree, and thus so do (A — %)~ 1, LN" and LY.
For n = (n1,...,Mkr1) € {N, N-}F+L et

(2.9) THA) = L™ (AN)Oyy - - - L™ (X) Oy, L1 (N).
We can decompose:
(2'10) Tr()‘) = Z Tr’-q()‘)’

77:(771 ----- ’f]k+1)

and by (2.4) and (2.5)

1 7
(2.11) %T:Tx/—_l > /(STF (A)dA.

|r|=2r
[n|=2r+1

Note that LN (A) is an holomorphic function of A, so

(2.12) / LN N0, - LN (0O, LN (\)dA = 0.
s
Thus, in (2.11), every non-zero term that appears contains at least one LY (\):
(2.13) /Tﬁ()\)d)\ # 0 = there exists i such that n;, = N.
s

Now fix k and j in N. Let s € L?(R?",E,, ) be a form of degree 2j, r € (N\ {0, 1})¥ such that
Syri=2rand n=(n1,...,0k41) € {N, Nt }¥*1 such that there is a io satisfying 7;,, = N. We
want to find a necessary condition for I;T(A)Iz;s to be non-zero.

Suppose then that I5; T (A)Iz;s # 0. Since Lo = %PN, and N is concentrated in degree 0,
we must have

deg (O% LM0+1(\)O oo L™ (A) Oy, L™+ () Ig58) = 0,
but each L™ (\) preserves the degree, and by Theorem 1.8 each O,, lowers the degree at most
by 2, so
0 = deg (O, L™+ (A)O
and thus

(2.14) 2j < 2(k —ig+1).

Tig+1

X ~L’7’€(/\)(9TkL’7’€+1()\)12js) >2j—2(k—ip+1),

Tig+1
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Similarly, L™ (X)O,, - - - L (X)O,, L"+1(X)I2;s must have a non-zero component in degree 2j
and by Theorem 1.8 each O, rises the degree at most by 2, so 2j must be less or equal to the
number of O;,’s appearing before O, , that is

(2.15) 2j < 2(ip — 1).
With (2.14) and (2.15), we find
(2.16) 45 < 2k.

Finally, since for every i, r; > 2 and Zi-c:l r; = 2r, we have 2k < 2r, and thus
(2.17) 45 < 2r.

Consequently, if r < 25 we have I5;T{(A)I2; = 0, and by (2.11), we find I»; %2, I2; = 0. Using

Theorem 2.2, we find
I>;b.I; = 0,
which, combined with Theorem 0.3, entails the first part of Theorem 0.4.

For the second part of this theorem, let us assume that we are in the limit case where r = 2j.
We also suppose that j > 1, because in the case j = 0, [MMO07, (8.1.5)] implies that by(z¢) =
F0(0,0) = Ip#(0,0) = Iy, so Theorem 0.4 is true for j = 0.

In I5;.%4;15;, there is only one term satisfying equations (2.14), (2.15), (2.16) and (2.17): first
we see that (2.16) and (2.17) imply that » = k = 2j and for all ¢, r; = 2, while (2.14) and (2.15)
imply that the 7¢ such that 7;, = N is unique and equal to j. Moreover, since the degree must
decrease by 2j and then increase by 25 with only k = 2j O,.’s available, only OF? and O,
appear in I;.%4;l2;, and not 0. To summarize:

_ 1 J1 _ _ 1\J
Lo Fujlnj = 27“/_/12] (A — Z)~' PN 0;2) Py (OQQ(A—D%) 1pN ) LnjdA
— 12] (DS/ﬂOflPNLO;-Q)] PN (OQ—QDS/ﬂofleL)j 12]
(2.18) = 12]‘ (30710;_2)] PN (02_25071)j IQja

because by (1.45), L2(R2", (A%>9(T*X) ® E),,) C N+, so we can remove the PN s,

Let A = Iy, ($0_10;2)j PN. Since (0OF?%)* = O;? (see Proposition 1.9) and .%, is self-
adjoint, the adjoint of A is A* = PN ((9272‘,2”0*1)j I5;, and thus
(2.19) Ln; Fajlay = AA*.

Recall that PV = ZI; (see (1.49)). Let s € L*R*, E,,), since 4 = £ + 47N and
L Ps =0, the term (Xs)%y, is an eigenfunction of % for the elgenvalue 2 x 47. Thus we get

L tOFEPN s = 47052 Ps = Ly (Ps) Ry) = yp 29?%93
Now, an easy induction shows that
1 1 . 1 1 .
2.20 A= . Iy %) P = -—— [0, %) P
(2:20) (Am)i 2 x A x - x 25 7 (47) 2741727 wo

Let A(Z,Z') and A*(Z,Z') be the smooth kernels of A and A* with respect to dvrx(Z').
By (2.19), I;.%4;1;(0,0) = [5,, A(0, Z)A*(Z,0)dZ. Thanks to

(2.21) 2(0,2)P(2,0)dZ = (P o 2)(0,0) = 2(0,0) = 1
RZTL

and (2.20), we find (0.8).
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3. THE SECOND COEFFICIENT IN THE ASYMPTOTIC EXPANSION

In this section, we prove Theorem 0.7. Using (2.6), we know that
(3.1) I2jbj1125(0,0) = L5 7412155 (0, 0).

In Section 3.1, we decompose this term into 3 terms, and then in Sections 3.2 and 3.3 we
handle them separately.

For the rest of the section we fix j € [0,n]. For every smoothing operator F acting on
L?(R*" E,,) that appears in this section, we will denote by F(Z,Z’) its smooth kernel with
respect to dvrx (Z').

3.1. Decomposition of the problem. Applying inequalities (2.16) and (2.17) with r = 25+ 1,
we see that in I5; %5015, the non-zero terms [;7,7(\)d\ appearing in decomposition (2.11)
satisfy k = 2j or k = 25 + 1. Since Zi r; =45+ 2 and r; > 2, we see that in Iy;%4j4015; there
are 3 types of terms 7T,7(\) with non-zero integral, in which:
e for k = 2j:
— there are 2j — 2 O,,’s equal to Oz and 2 equal to O3: we will denote by I the sum
of these terms,
— there are 25 — 1 O,,’s equal to O3 and 1 equal to O4: we will denote by II the sum
of these terms,
o for k =25+ 1:
— all the O,,’s are equal to Oz: we will denote by III the sum of these terms.

We thus have a decomposition
(3.2) IyjFyj40l0; =1+ 11+ 111

Remark 3.1. Note that for the two sums I and II to be non-zero, we must have j > 1. Moreover,
in the two first cases, as k = 2j, by the same reasoning as in Section 2.2, (2.14) and (2.15) imply
that the i¢ such that n;, = IV is unique and equal to j, and that only OQﬂ, (93)[2 and OfQ appear
in I and II, and not some O} .

3.2. The term involving only O,.

Lemma 3.2. In any term T7(X\) appearing in the term I (with non-vanishing integral), the ig
such that n;, = N is unique and equal to j or j+ 1. If we denote by 111, and Ill the sum of the
terms corresponding to this two cases, we have:

J
M, =Y Lj(L 032 (L1 09)(L 03 PN (052471 1,
(3.3) k=0
I, = (IIL,)*,
11T = 111, + III,.

Remark 3.3. For the same reason as for (2.18), we have removed the PN "5 in (3.3) without
getting any trouble with the existence of .%p~1.

Proof. Fix a term T77(\) appearing in the term III with non-vanishing integral. Using again
the same reasoning as in Section 2.2, we see that there exists at most two indices i¢ such that
7, = IV, and that they are in {j, 5+ 1}. Indeed, with only 25+ 1 O,,’s at our disposal, we need
j of them before the first PV, and j after the last one.

Now, the only possible term with n; = n;41 = N is:

(L 'oF?Y PNOJPN (052 %) .
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To prove that this term is vanishing, we will use [MM12]. By (1.33), [MM12, (3.13),(3.16b)] and
[MM12, (4.1a)] we see that 20 = 0, and so
PNOYPN = 20021, = 0,

we have proved the first part of the lemma.
The second part follows from the reasoning made at the beginning of this proof, and the facts
that ig is unique, O3 is self-adjoint and (£~ 10F?)* = 0,24~ . a

Let us compute the term that appears in (3.3):
(3.4) I, := I (Lt OFHI (L7 0N (L O PN (052 %4 1) I,
With (2.20), we know that

1 ig@(%’go)*bj,

N2 co—1\jT  _
(35) P (02 % )JIQJ - (47T)j 2j]'

and

Lj(L ™ 032 TN A T 05) (LT 037 PY

11 ‘
(3.6) = W%—k!bj (L o3 R AT gk (092) 1.
Let
o 9\ o o
_ - = TX _ RN —
(3 7) kaéq <R (aZk; 82m) 82@’ azq >I0 )

o 0
RE =RE [ —, — .
ke o <6zk’ 6Z5>
By [MM12, Lemma 3.1}, we know that

(38) Rkﬁl&j = R@mkq = quém = R@qkﬁl and Ti(o = 8Rmﬁqu.

Once again, our 09 correspond to the Oy of [MM12] (see (1.33) and [MM12, (3.13),(3.16b)]),
so we can use [MM12, (4.6)] to get:

1 4 s
(3.9) (’)332 = (Ebmbqumngng + gbqRékqu@ — gbqumngngZ,In + bngEqu) f@,
Set
1 4
a = —bmbg Rimegrze, b= 5bgRjrgze,
(3.10) 0 3
c= —gbqumg,jszan, d= bququ.
Thanks to (1.46) and (3.9), we find
b+c+d

3.11 Lo R V2L = R a P21
(8:11) 0 FaC2 70 =T \ e 2k) T a1 2k) 0

and by induction, (3.6) becomes

Lj(L O3 N4 T 0g) (L 037 PY

1 1 . a b+c+d
e Y4 Iy.
(47)i+1 2k 2%z, ((2+2k)~~~(2+2j) + (1+2k)~~~(1+2j)) Pl
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Lemma 3.4. We have:

1
@P)0.2) = X 20,2),  (62)(0,2) = 51X 2(0,2),
(c2)(0,7) =0, (d2)(0,Z) = —2RL.2(0,Z).

Proof. This lemma is a consequence of the relations (1.44) and (3.8). For instance we will
compute (bF)(0, Z), the other terms are similar.

02)(0,2) = (%bqukquegZ) (0,2)

4
= 3Rukkg ((2ebg — 20¢q) 2) (0, Z)

8
= _gRﬂfck['@(Oaz) =-

(3.12)

1
57«55032(0, 7).

Using (2.21), (3.4), (3.5) and (3.11), we find
(3.13)

N ) C; (k) c; (k) o
— 7,.C. R . 9\ X _ 9\ pE J .
IIIayk(0,0) IQJC](j)%zO {6 <C]+1(j + 1) 271'(2k n 1)) T2o 271'(2k n 1)qu (%zo) Is;.

Notice that 2Rl = RE (\/iaizq’\/ia%q) = RL (wq, W) = v—1RY . by definition. Conse-
quently, by (3.3) and the fact that (qu)* = Rfk’
(3.14)
J
N\ i 1 . C;(k) C,(k) .
I11(0, 0) = I5;C; () %2 -G 1)——-2 X — V—1RY 7 ) Iy
( ) ) 23 J(j) zokZ:O |:3( J+1(.7+ ) 27T(2k+1))rz0 27T(2]€+1) RA,;EO (‘@zo) 2j

3.3. The two other terms. In this subsection, we suppose that j > 1 (cf. remark 3.1).
Moreover, the existence of any % ~! appearing in this section follows from the reasoning done
in Remark 3.3, and this operator will be used without further precision.

Due to (1.30), we have

d OZ. OX.
1 2 = — +2 —0 = Zi— _,L-_
(3.15) 01 = 4 (P52t2) im0 = 25 (0) + 2 5(0) and
iz; O°A. 0*%. ziz; O°%
1 +2 _ Zi%j iZ iZj : .
(3 6> 04 2 62182}] (0> t 2% 82:1-82]» (0) 2 621'62]‘ (0)

The sum I can be decomposed in 3 ‘sub-sums’: I, I and I. in which the two O3’s appearing are
respectively both at the left of PV, either side of P or both at the right of PV (see remark 3.1).
As usually, we have I. = (I,)*.

In the same way, we can decompose II = II, + II,: in II, the O appears at the left of PV,
and in IT, at the right of PV. Once again, IT; = (II,)*.

Computation of 1(0,0). To compute I, we first compute the value at (0, Z) of the kernel of
Ay = Ly(L 032 Y 403 (L 05 2 T,
By (2.20) and (3.15),
L1
(4m)k 2k !

OZ. 0.
a5 O+ Fg

Ay = Lj(£ 05?0 Ry, P Lo

11 ‘
(3.17) = Li(L o) R A |

. k
(dm)F 2Fk1 % O] %z ZFo




THE FIRST TERMS IN THE EXPANSION OF THE BERGMAN KERNEL IN HIGHER DEGREES
Now by Theorem 1.10, if s € N, then z;s € N, so by the same calculation as in (2.20),

1 1 ) OR.
—(47T)k Sl (Igj(go—loérQ)J—k—lfo—l |:Zi (0):| %foyfo) (O, Z)

8Zi
11 _k—10Z. k B
Now by (1.43) and the formula (1.48), we have

(3.19) (b 2)(2,2") =0 and (b, 2)(2,7') = 2n(z; — 2.) P (Z, Z").
Thus,

(4m)F 2FF! <12J($ Sl { %’%)( )] #" 910)( .2

27
_ k-1 |OZ.

Zi

1 b; 1 )
X(47T(2]€+2+1)%+ (2k+2) )QZ[O)(Z,Z)
1 1 0. B
=~ i 271 (I% {‘% ' 15—%(0%’50} zé«%> (2,7')
1 1 I %%716 1&@( )%k b 21, (2, 7).
L 2Rk T0, 1 (20 + 1) © 9z 2

For the last two lines, we used that if s € N, then Z(b;s) = 4wb;s (see Theorem 1.10). Thus,
by (0.11) and (3.17)—(3.20)

1 1 ) —1m+2vi—k—1 ¢p —1 OR. k
A(0,2) = (47r)k—2kk! (IQJ(.,sf Oy G (0)| %5, 2D ) (0.2)
0%,
We know that (z;2)* = 2,2, and [, zmZqe -7lzl* gz = L 61q, sO
1 OZ.
* _ - . N j—k1—1 k1
(A1, A, )(0,0) = — I, [(cg () = Cy(k)) i 5 <o>%]
O%.
() _ j—ko—1 ka2 )
(3.21) x [(cj(g) Cy(k) )20y o (07} ] L.
Finally,
Ak OR.
_ j—k—1 k
(3.22) 1,(0,0) 12Jl ( ))% = (0)%0]
k=0
it O%. )
_ j—k—1 k
“|X (Cit) — ) 52 <o>f%0] b
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Computation of 1,(0,0) and 1.(0,0). First recall that I.(0,0) = (I,(0,0))", so we just need to
compute I,(0,0). By the definition of I,(0,0), for it to be non-zero, it is necessary to have j > 2,
which will be supposed in this paragraph. Let

Apy = Lj(L 1O 2L 0P (L 0P (A 0P (4L T o) 2,

the sum I,(0,0) is then given by

1 1 *
(3.23) 1,(0,0) = /]R N z;AM(O,Z) X (W I Io; %’ 910) (Z,0)dvrx (Z).

In the following, we will set

~ b;
3.24 by == —.
( ) 2
Using the same method as in (1.44), (3.18), (3.19) and (3.20), we find that there exist constants

Ci.o» Cp 4 given by

ol 1 1
k.l (Am )R+ 2R+ (0 4+ 1)1
(3.25) - 1 1
BT Am) L e TR (0 4 1)
such that
(3.26)

(30710+2)($ 710+2)k($ 710;2)(30710;2)2{@1

OZ. OZ. 0. 0. -
_ —1 k 14 1 o k 0 1 0 o
=2 { 9z; ( )%ro Oz ( )’%zock,ezzzz + 0z ( ),@zo 02 /( )%zockygh (bZJr ZZ)
07 0, 22 00t 2 b+ L2
OZ. 0.
+ 8—‘( )ﬁioaf( V2%, (b; + 2}) (CF by +sz,)}3210
- O%. k OZ. 01, OZ w OZ. ¢ (7L O
_50 {azz( )%Ioa ( )%zock,ezzzz/ + azz( )%10 azz ( )%Iock,e (bzzl/—f— p +lezi)
0. i OZ. ’ S .
+ azl (0)%10 87- (0>%zo <Ckl( it Zi + - ) + Ckﬁlzzzi/
+ %’f (0);, 2‘@ (0)28%, (CRo(bibir + Z1bi) + L%l + zz))} P,

Using Theorem 1.10, (1.44) and (3.19), we see that there exist constants C;,k,év i=3,...,10,
such that

1 1 1 1
C’?’H:C,ie i— - ) CZ}MZC%@ i— - )
(3.27) . " (d)I - (D [T e42(29) " * (4m)sm (Y [Tsei2(25+1)
' 1 1 . ) 1 1

Cc2, ,=C? , : S =Chy
7,k k.l (47T)J—(k+€+1) H?c+g+2(25 + 1)’ 7.k, L (471') —(k+£+1) H] (28)7
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and
(3.28)

O, O, Si -
A e(0,2) = Iy; (%;Ok = 2{ (0)%2* ——(0) (C]%M? —l—CﬁMbizi/)

821 o 8zi/

OR. . OR. s s g
S 0t S0 (o 2t
OR. OR. - - . -
+ 5= (0)%% 62,,( )(CTk bibir +C§7k742¢bi/ + CF 1. obizir +C;79€7ézizil)}@§0910) (0, 2)
OR. . . a@( 05 e — Chi a,@( 2t a%( 0Ci Cre— Clr
T 0z; o 9z, T

=7 %g k—0—2
2j o7 == (0)%3, o7,
20%]@,2 - 20?1]612 + 0}1%14)21-21-/ } %5032(0, Z)IO

0. 0.
(0)22%, 5= (0)(4CT 1 —

0z; 0 0z

+
(0 2)P(Z,0)dZ = 0, we can rewrite (3.23):
0. 0.
j—k—f—2 4 k
JZ% {0 F0)
0. 0. Sk
HCBhe — Ol G 028, G0 L 8, (92,)" oy

(3.29) 1,(0,0)

By (0.11), (3.25) and (3.27),
Cohe=Ci(i), Cjri=Cilk+L+1),

! 1
ke =G0, =000 ] (1 + %) .

J

(3.30) o8

VLD

We can now write (3 29) more precisely:
%J (q+2) 2 OA. (0)@10 m %‘? (0)%m

1,(0,0) = &1 JQJZ Z {( - Cila+ 1)) =

q=0 m=0
! 1 ) OZ. OR. oy
. j—(q+2) q—m m J )
(3.31) +Cj (m) [q]I[Q(H 5~ 1] %1 75 028" 5 (0% }(@%) L.
(I1,(0,0))". The computation of II,(0, 0)

Computation of I1(0,0). Recall that I1(0,0) = 11,(0,0)
is very similar to the computation of 1,(0,0), and is simpler, so we will follow the same method

Let
Ay = Lj(LtOF?Y T LT O (L T o) 2,

the sum II,(0,0) is then given by
1 *
% y[o) (Z, O)d’UTx(Z)

(3.32) 1, ( /R% (ZAk 0 Z) ((4 T

Using (3.16), we can repeat what we have done for (3.26) and (3.28). We find

i 0% C;(4) — C,(k)
) A 7Y = I, j—(k+1) 2 7 k J
(3.33) Ax(0,2) 2 {%IU 07.07 0 ‘%Io -
ZiZi

*%.
+apl 0 T 002,05 ) 25} 0.2

07z;0%;
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Thus we get

), - %
AV (i) — . j—(k+1) &7 k RS
@334 IL(0.0)= <0 (C10) — Csh)) 2, 440 = ()2, (904,)" Doy
Conclusion. In order to conclude the proof of Theorem 0.7, we just have to put the pieces
together. But before that, as we want to write the formulas in a more intrinsic way, we have to
note that since we trivialized A%*(T*X) ® E with VA ®E gince w; = 2%, and thanks to
[MM12, (5.44),(5.45)], we have

0. 1 0. OZ. 1 0.0

55 0= 75 (Ve %PR) (o), G(0) = 75 (VAP (o) and
O*R. 1, poe

95,050 = Z(AA SER.) (o).

With these remaks and equations (3.14), (3.22), (3.31), (3.34) used in decomposition (3.2), we
get Theorem 0.7.
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