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Abstract

In a multiple testing context, we consider a semiparametric mixture model with
two components where one component is known and corresponds to the distribution of
p-values under the null hypothesis and the other component f is nonparametric and
stands for the distribution under the alternative hypothesis. Motivated by the issue of
local false discovery rate estimation, we focus here on the estimation of the nonpara-
metric unknown component f in the mixture, relying on a preliminary estimator of the
unknown proportion 6 of true null hypotheses. We propose and study the asymptotic
properties of two different estimators for this unknown component. The first estimator
is a randomly weighted kernel estimator. We establish an upper bound for its point-
wise quadratic risk, exhibiting the classical nonparametric rate of convergence over a
class of Holder densities. To our knowledge, this is the first result establishing conver-
gence as well as corresponding rate for the estimation of the unknown component in
this nonparametric mixture. The second estimator is a maximum smoothed likelihood
estimator. It is computed through an iterative algorithm, for which we establish a de-
scent property. In addition, these estimators are used in a multiple testing procedure
in order to estimate the local false discovery rate. Their respective performances are
then compared on synthetic data.

Key words and phrases: False discovery rate; kernel estimation; local false discovery rate;
mazimum smoothed likelthood; multiple testing; p-values; semiparametric mixture model.

1 Introduction

In the framework of multiple testing problems (microarray analysis, neuro-imaging, etc), a
mixture model with two populations is considered

Vo e RY g(x) = 0g(x) + (1 - 6) f(x), (1)
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where 6 is the unknown proportion of true null hypotheses, ¢ and f are the densities of
the observations generated under the null and alternative hypotheses, respectively. More
precisely, assume the test statistics are independent and identically distributed (iid) with a
continuous distribution under the corresponding null hypotheses and we observe the p-values
X1, Xo,..., X, associated with n independent tested hypotheses, then the density function
¢ is the uniform distribution on [0, 1] while the density function f is assumed unknown.
The parameters of the model are (6, f), where 0 is a Euclidean parameter while f is an
infinite-dimensional one and the model becomes

Ve e[0,1], g(z) =0+ (1—-0)f(x). (2)

In the following, we focus on model (2) that is slightly simpler than (). A central problem
in the multiple testing setup is the control of type I (i.e. false positive) and type II (i.e. false
negative) errors. The most popular criterion regarding type I errors is the false discovery
rate (FDR), proposed by &u;.&mm.lﬁl]d_ﬂmhb_engl (|1_9_9jl) To set up the notation, let H;
be the i-th (null) hypothesis. The outcome of testing n hypotheses simultaneously can be
summarized as indicated in Table [1I

Table 1: Possible outcomes from testing n hypotheses Hy,..., H,.
Accepts H; Rejects H; Total

H; is true TN FP ng
H; is false FN TP ny
Total N P n

&mmmlﬁngzLHmhmg <|1_9_9_5|) define FDR as the expected proportion of rejections

that are incorrect,

FP

FDR=E| —————
[max(P, 1)

FP
| =[P >0]p® > 0).
They provide a multiple testing procedure that guarantees the bound FDR < «, for a

desired level a. M ) proposes to modify FDR so as to obtain a new criterion, the
positive FDR (or pFDR), defined by

FP
PFDR = E|—[P > 0],

and argues that it is conceptually more sound than FDR. For microarray data for instance,
there is a large value of the number of hypotheses n and the difference between pFDR and
FDR is generally small as the extra factor P(P > 0) is very close to 1 (see [Liao et all, 2004).
In a mixture context, the pFDR is given by

0P (x)

pFDR(x) = P(H; being true | X < x) = 03(z) + (1 — 0)F(2)’

where ® and F are the cumulative distribution functions (cdfs) for densities ¢ and f,
respectively. (It is notationally convenient to consider events of the form X < z, but we
could just as well consider tail areas to the right, two-tailed events, etc).
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[Efron et all (lZDQ]J) define the local false discovery rate ((FDR) to quantify the plausibility
of a particular hypothesis being true, given its specific test statistic or p-value. In a mixture
framework, the /FDR is the Bayes posterior probability

(1—0)f(z)
0¢(z) + (1 —0)f(x)
In many multiple testing frameworks, we need information at the individual level about
the probability for a given observation to be a false positive (IAJllmrI_e&_alJ, |ZDD_4]) This
motivates estimating the local false discovery rate /FDR. Moreover, the quantities pFDR
and (FDR are analytically related by pFDR(z) = E[(/FDR(X)|X < z]. As a consequence

and recalling that the difference between pFDR and FDR is generally small), m
élm) propose to estimate FDR by

(FDR(z) = P(H; being true |[X =z) =1 — (3)

FDR(z;) = ZEFDR ),
] 1

where ZFDR is an estimator of fFDR and the observations {z;} are increasingly ordered. A
natural strategy to estimate /FDR is to start by estimating both the proportion 6 and either
f or g. Another motivation for estimating the parameters in this mixture model comes from
the works of Sun and Cai (Im; @), who develop adaptive compound decision rules for
false discovery rate control. These rules are based on the estimation of the parameters in
model () (dealing with z-scores) rather than model (2)) (dealing with p-values). However, it
appears that in some very specific cases (when the alternative is symmetric about the null),
the oracle version of their procedure based on the p-values (and thus relying on estimators of
the parameters in model (2])) may outperform the one based on model () (see m,

, for more details). In the following, we are thus interested in estimating parameters in

model (2).

In a previous work (Il\_fgu;&n@m;LMﬁﬁai 129_1_2), we discussed the estimation of the FEu-

clidean part of the parameter € in model (2)). Thus, we will not consider further this point
here. We rather focus on the estimation of the unknown density f, relying on a preliminary
estimator of 6. We just mention that many estimators of  have been proposed in the lit-
erature. One of the most well-known is the one proposed by (E(b), motivating its
use in our simulations. Some of these estimators are proved to be consistent (under suitable
model assumptions). Of course, we will need some specific properties of estimators 6,, of 0 to
obtain rates of convergence of estimators of f. Besides, existence of estimators 0,, satisfying
those specific properties is a consequence of MMM (IZQld)

Now, different modeling assumptions on the marginal density f have been proposed in
the literature. For instance, parametric models have been used with Beta distribution for the

p-values (see for example M&nﬂjﬂ Dﬂﬂj Lmammﬂ 1291)_4] Mﬂmnd_MQr_rié, [201)3)

or Gaussian distribution of the probit transformation of the p-values

M) In the framework of nonparametric estimation, [Strimmer ([20_03 ) proposed a modl—

fied Grenander density estimator for f, which has been initially suggested bym
). This approach requires monotonicity constraints on the density f. Other non-

parametric approaches consist in relying on regularity assumptions on f. This is done for

instance in &E;MLBJ' ), who is primarily interested in estimating # under the assumption
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that it is equal to g(1). Relying on a kernel estimator of g, he derives nonparametric rates
of convergence for 6. Another kernel estimator has been proposed by [Robin et all dZDDj),
along with a multiple testing procedure, called kerfdr. This iterative algorithm is inspired
by an expectation-maximization (em) procedure (I]lempsj_er_ﬁjﬂ, |l_91ﬂ) It is proved to be
convergent as the number of iterations increases. However, it does not optimize any criterion
and contrarily to the original em algorithm, it does not increase the observed data likeli-
hood function. Besides, the asymptotic properties (with the number of hypotheses n) of
the kernel estimator underlying m% approach have not been studied. Indeed, its
iterative form prevents from obtaining any theoretical result on its convergence properties.

The first part of the present work focuses on the properties of a randomly weighted
kernel estimator, which in essence, is very similar to the iterative approach proposed by
Robin et all (IZDD_ﬂ) Thus, this part may be viewed as a theoretical validation of kerfdr
approach that gives some insights about the convergence properties (as the sample size in-
creases) of this method. In particular, we establish that relying on a preliminary estimator
of 0 that roughly converges at parametric rate (see exact condition in Corollary [I]), we obtain
an estimator of the unknown density f that converges at the usual minimax nonparametric
rate. To our knowledge, this is the first result establishing convergence as well as correspond-
ing rate for the estimation of the unknown component in model (). In a second part, we are
interested in a new iterative algorithm for estimating the unknown density f, that aims at
maximizing a smoothed likelihood. We refer to Paragraph 4.1 in

) for an interesting presentation of kernel estimators as maximum smoothed likelihood
ones. Here, we base our approach on the work of Levine et all (IZ_O_lJJ), who study a max-
imum smoothed likelihood estimator for multivariate mixtures. The main idea consists in
introducing a nonlinear smoothing operator on the unknown component f as proposed in
|Egggtmgm_amLLaBigcm| ([1_9_9ﬂ) We prove that the resulting algorithm possesses a desir-
able descent property, just as an em algorithm does. We also show that it is competitive
with respect to kerfdr algorithm, both when used to estimate f or /FDR.

The article is organized as follows. In Section B we start by describing different proce-
dures to estimate f. We distinguish two types of procedures and first describe direct (non
iterative) ones in Section 2.J1 We mention a direct naive approach but the main procedure
from this section is a randomly weighted kernel estimator. Then, we switch to iterative pro-
cedures (Section 22)). The first one is not new: kerfdr has been proposed in m
(|21)D_d)- Robin et all @DD_ﬂ) The second one, called msl, is new and adapted from the work
of [Levine et all (2011) in a different context (multivariate mixtures). These iterative proce-
dures are expected to be more accurate than direct ones, but their properties are in general
more difficult to establish. As such, the direct randomly weighted kernel estimator from Sec-
tion 2l may be viewed as a proxy for studying the convergence properties (with respect to
f) of kerfdr procedure (properties that are unknown). Section 3] then gives the theoretical
properties of the procedures described in Section 2l In particular, we establish (Theorem [I)
an upper bound on the pointwise quadratic risk of the randomly weighted kernel procedure.
Moreover, we prove that msl procedure possesses a descent property with respect to some
criterion (Proposition [l). In Section H] we rely on our different estimators to estimate both
density f and the local false discovery rate fFDR. We present simulated experiments to
compare their performances. All the proofs have been postponed to Section Bl Moreover,
some of the more technical proofs have been further postponed to Appendix [Al
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2 Algorithmic procedures to estimate the density f

2.1 Direct procedures

Let us be given a preliminary estimator 0,, of 0 as well as a nonparametric estimator g, of
g. We propose here to rely on a kernel estimator of the density g

gnlw) = S K () = LS Ka) ()
=1 =1

where K is a kernel (namely a real-valued integrable function such that [ K(u)du = 1),
h > 0 is a bandwidth (both are to be chosen later) and

1 X
Kin()=> < ) 5
Note that this estimator of g is consistent under appropriate assumptions.
A naive approach. From Equation (2)), it is natural to propose to estimate f with

P Gn (T
Salve(x):gn )

where 14 is the indicator function of set A. This estimator has the same theoretical proper-
ties as the randomly weighted kernel estimator presented below. However, it is much worse
in practice, as we shall see in the simulations of Section [l

A randomly weighted kernel estimator. We now explain a natural construction for
an estimator of f relying on a randomly weighted version of a kernel estimator of g. For any
hypothesis, we introduce a (latent) random variable Z; that equals 0 if the null hypothesis
H; is true and 1 otherwise,

0 if H; is true,
1 otherwise.

Vi=1,...,n Zi:{ (6)
Intuitively, it would be convenient to introduce a weight for each observation X;, meant to
select this observation only if it comes from f. Equivalently, the weights are used to select

the indexes i such that Z; = 1. Thus, a natural kernel estimate of f would be

z) == _ K =3 2K, u(z), z€[0,1].
h =5 s (=) > s 7 Kl v € 0.1

However, fi is not an estimator and cannot be directly used since the random variables
Z; are not observed. A natural approach (initially proposed in |B£Lb'111£1;_al.|, |2I)D_’d) is to

replace them with their conditional expectation given the data {X;}1<i<y,, namely with the
posterior probabilities 7(X;) = E(Z;|X;) defined by

vz € [0,1], T(x):E(Zi\Xi:x):wzl—— (7)

0
g(x) g(x)
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This leads to the following definition

Ve e [0,1], folz) = Z%K

ey Kone) 5)

Once again, the weight 7; = 7(X;) depends on the unknown parameters # and f and thus
fo is not an estimator but rather an oracle. To solve this problem, Robin et all (|2£H)1|)
proposed an iterative approach, called kerfdr and discussed below, to approximate (g]).
For the moment, we propose to replace the posterior probabilities 7; by direct (rather than
iterative) estimators to obtain a randomly weighted kernel estimator of f. Specifically, we
propose to estimate the posterior probability 7(x) by

O
Vr e |0, 1], 7(z) =1 — = 9
0.1, 7o) = 1- =25 )
Then, by defining the weight
A (X) =1 =P here (X)) = f:K (X)) (10)
P = i) =1—= ; n(Xi) = ——= b (X)),
gn(Xi) (n—1) ’

JF#i

we get a randomly weighted kernel estimator of the density f defined as
Ve e [0,1], [ —Kip(z). (11)
Z Zk =

Note that it is not necessary to use the same kernel K in defining g, and f,rLWk, nor the same
bandwidth h. In practice, we rely on the same kernel chosen with a compact support (to
avoid boundary effects) and as we will see in Section Bl the bandwidths have to be chosen
of the same order. Also note that the slight modification from g, to §, in defining the
weights ([I0) is minor and used in practice to reduce the bias of g, (X;).

2.2 Iterative procedures

In this section, we still rely on a preliminary estimator 6,, of 6. Two different procedures
are described: kerfdr algorithm, proposed by |Gued]j et al. (IZD_OQ), Robin et all (|2QO_’d) and a
maximum smoothed likelihood ms1 estimator, inspired from the work of [Levi (IZD_L]J)
in the context of multivariate nonparametric mixtures. Both rely on an iterative randomly
weighted kernel approach. The general form of these procedures is described by Algorithm [
The main difference between the two procedures lies in the choice of the functions f(i,h (that
play the role of a kernel) and the way the weights are updated.

Note that the parameter 6 is fixed throughout these iterative procedures. Indeed, as
already noted by|Bminﬂ41L| (|2DD_Z|), the solution # = 0 is a fixed point of a modified kerfdr
algorithm where 6 would be iteratively updated. This is also the case with the maximum
smoothed likelihood procedure described below in the particular setup of model [2]). This is
why we keep 6 fixed in both procedures. We now describe more explicitly the two procedures.
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Algorithm 1: General structure of the iterative algorithms
// Initialization;
Set initial weights @Y ~U([0,1]),i=1,2,...,n.

while max; |(2;§s) - ®§871)|/@§871) >edo

// Update estimation of f;

FO ) = 5,08 VR p(xi)) Sp o™

// Update of weights;
(,Di(s): depends on the procedure, see Equations ([[2]) and (I4)

s s+ 1;

// Return;

FO0) = Tyl VRin()) Ty

Kerfdr algorithm. This procedure has been proposed bymﬁij_e&_aﬂ (120139), [Robin et all

)~as an approximation to the estimator suggested by (R)). In this procedure, func-
tions K; j, more simply denoted K;j are defined through (B where K is a kernel (namely
[ K(u)du = 1) and following (), the weights are updated as follows

e 0O 1)

n
This algorithm has some em flavor (I]lempsj_er_ej_&]_], 922|). Actually, updating the
(s)

i

>

weights @, is equivalent to expectation-step, and f (s)(ac) can be seen as an average of
{Kin(x)}1<i<n so that updating the estimator f may look like a maximization-step. How-
ever, as noted in i (IZDM), the algorithm does not optimize any given criterion.
Besides, it does not increase the observed data likelihood function.

The relation between f () and @) implies that the sequence {d)(s)}szo satisfies w(®) =

(@), where

b ) K. .
Zz UZbZ] ,  with bij = ! = On X Z’h(xj) .
> uibig + D0 Oy, o(x;)

Thus, if the sequence {d)(s)}szo is convergent, it has to converge towards a fixed point
of 1. [Robin et all (IZQO_’ZD prove that under some mild conditions, kerfdr estimator is self-

consistent, meaning that as the number of iterations s increases, the sequence f (5) converges
towards the function

¢ [0, 1"\ {0} = [0,1)", ¢i(u) =

n UJ;
ile) = 3o i Kuna),

where @ is the (unique) limit of {(2}2(8)}520. Note that contrarily to fo, function f3 is a
randomly weighted kernel estimator of f. However, nothing is known about the convergence
of f3 nor ) towards the true density f when the sample size n tends to infinity (while the
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bandwidth h = h,, tends to 0). Indeed, the weights {@gs)} s>0 used by the kernel estimator
f (5) form an iterative sequence. Thus it is very difficult to study the convergence properties
of this weight sequence or of the corresponding estimator.

We thus propose another randomly weighted kernel estimator, whose weights are slightly
different from those used in the construction of f (s), More precisely, those weights are not

defined iteratively but they mimic the sequence of weights {@gs)}szo.

Maximum smoothed likelihood estimator. Following the lines of [Levine et all (IZQLIJ),
we construct an iterative estimator sequence of the density f that relies on the maximisation
of a smoothed likelihood. Assume in the following that K is a positive and symmetric kernel
on R. We define its rescaled version as

Kp(z) = h K (h 1z).
We consider a linear smoothing operator S : L1 ([0, 1]) — L1 ([0, 1]) defined as

E — X u
Sf(z) = Kp(u—x)f(u)

= T du, for all z € [0, 1].
0 [y Kn(s —u)ds

We remark that if f is a density on [0, 1] then Sf is also a density on [0, 1]. Let us consider
a submodel of model (2)) restricted to densities f € F with

F = {densities f on [0, 1] such that log f € L;([0,1])}.

We denote by S* : Ly ([0, 1]) — L;([0, 1]) the operator

fol Kp(u — x)f(u)du

S*f(x) = f01 Kh(s _ x)ds

Note the difference between S and S*. The operator S* is in fact the adjoint operator of
S. Here, we rely more specifically on the earlier work of |Egg§_rmg_nﬂ (LLQQ_Q) that takes into
account the case where the density support ([0, 1] in our case) is different from the kernel
support (usually R). Indeed in this case, the normalisation terms introduce a difference
between S and S§*. Then for a density f € F, we approach it by a nonlinear smoothing
operator N defined as

Nf(z) = exp{(S*(log f))(x)}, =z €[0,1].

Note that A/ f is not necessarily a density. Now, the maximum smoothed likelihood proce-
dure consists in applying Algorithm [II relying on

~ K; h\Z
Kip(z) = 1%4, (13)
fo K; p(s)ds
where K j, is defined through () relying on a positive symmetric kernel K and
1-6 F(8) (.

L e+ (1= ONFO ()
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In Section[B.2] we explain where these choices come from and why this procedure corresponds
to a maximum smoothed likelihood approach. Let us remark that as in kerfdr algorithm,
the sequence of weights {&(*)}45¢ also satisfies @(*) = (V) for some specific function
. Then, if the sequence {d)(s)}szo is convergent, it must be convergent to a fixed point
of p. Existence and uniqueness of a fixed point for msl algorithm is explored below in
Proposition

In the following section, we thus establish theoretical properties of the procedures pre-
sented here. These are then further compared on simulated data in Section [l

3 Mathematical properties of the algorithms

3.1 Randomly weighted kernel estimator

We provide below the convergence properties of the estimator f;;‘”k defined through (ITI).
In fact, these naturally depend on the properties of the plug-in estimators 6,, and gn. We
are interested here in controlling the pointwise quadratic risk of f,rl“’k. This is possible on a
class of densities f that are regular enough. In the following, we denote by Py r and Eg ; the
probability and corresponding expectation in the more specific model ([2)). Moreover, |z|
denotes the largest integer strictly smaller than . Now, we recall that the order of a kernel
is defined as its first nonzero moment (IIS;Lba.]ﬁml, |2_ODQ) and we recall below the definition
of Holder classes of functions.

Definition 1. Fiz 5 > 0,L > 0 and denote by H(B, L) the set of functions ¢ : [0,1] — R
that are l-times continuously differentiable on [0,1] with I = | 3] and satisfy

W(l)(x) - w(l)(y)’ < L‘.%' - y’ﬂ_la Vx,y € [07 1]
The set H(f,L) is called the (S, L)-Hélder class of functions.
We denote by (3, L) the set
S(8,L) = {zp 1) is a density on [0,1] and ¥ € H(ﬂ,L)}.

According to the proof of Theorem 1.1 in |Is;LbaJﬁm| (IZD_OQ), we remark that

sup  ||Y]|co < +00.
YeX(B,L)

In order to obtain the rate of convergence of ffLWk
tions

to f, we introduce the following assump-
(A1) The kernel K is a right-continuous function.

(A2) K is of bounded variation.

(A3) The kernel K is of order [ = || and satisfies

/K(u)du =1, /K2(u)du < 00, and /|u|5|K(u)|du < 00.
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(B1) f is a uniformly continuous density function.
(C1) The bandwidth h is of order an~ 1/ o > 0.

Note that there exist kernels satisfying Assumptions [(A1)H{(A3)| (see for instance Sec-
tion 1.2.2 in |Is;Lbaﬁkcm|, lZD_Og) Note also that if f € (5, L), it automatically satisfies

Assumption |(B1)|

Remark 1. i) We first remark that if kernel K satisfies Assumptions (A2) and
if Assumptions |(B1)| and |(C1)| hold, then the kernel density estimator gn deﬁned

by @) converges uniformly almost surely to g (Wied and Weiflbach, 12012). In other

words

19n = glloc == 0.
n— 00

i1) If kernel K satisfies Assumption |(A3)| and if Assumption |(C1) holds, then for all
n>1

R —28
sup  sup  Eg ¢(|ga() — g(x)|?) < On23+1,
z€[0,1] f€X(B,L)

where C = C(8,L,o, K) (see Theorem 1.1 in|Tsybakot, 2009).

In the following theorem, we give the rate of convergence to zero of the pointwise
quadratic risk of fIvk.

Theorem 1. Assume that kernel K satisfies Assumptions[(AI{(A8) and K € Ly(R). If
12811

6, converges almost surely to 6 and the bandwidth h = an™ ) with o > 0, then for any
§ > 0, the pointwise quadratic risk of fIF satisfies

1

N N 4
swp s s Boy(Fe) - [P < G sw s Eay (10n-0]) |
x€[0,1] 0€[5,1-6] fFEX(B,L) 0€[s,1-6] feX(B,L)

—28
+Con 2+
where Cy,Cy are two positive constants depending only on B8, L,«,d and K.

The proof of this theorem is postponed to Section Bl It works as follows: we first start
by proving that the pointwise quadratic risk of fo (which is not an estimator) is of order
n~28/(26+1)  Then we compare estimator ffLWk with function fo to conclude the proof. We
evidently obtain the following corollary from this theorem.

Corollary 1. Under the assumptions of Theorem [, if 0,, is such that
1
28 ~ 412
lim sup n 27+1 [E@f (]6?n - 0]) ] < 400, (15)
n——+00

then for any fized value (0, f), there is some positive constant C' such that

sup B 7(| ;" (x) — f(x)|*) < Cn2ir,
z€(0,1]
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Note that estimators 6, satisfying (&) exist. Indeed, relying on the same arguments
as in the proofs of Propositions 2 or 3 in M;&nmm (IZQ]_j) we can prove that for
instance histogram-based estimators or the estimator proposed by |C£llss_€_a.nd_BQbm| (IZQld)
both satisfy that

1
limsup n |:E9,f (]én — 9[)4] i < 4o00.
n—-+00

Note also that the rate n=#/(28+1) ig the usual nonparametric minimax rate over the class
(B, L) of Holder densities in the case of direct observations. While we do not formally
prove that this is also the case in undirect model (2), it is likely that the rate in this latter
case is not faster as the problem is more difficult. A difficulty in establishing such a lower
bound lies in the fact that when 6 € [0,1 — §] the direct model (6 = 0) is not a submodel
of (). Anyway, such a lower bound would not be sufficient to conclude that estimator ffLWk
achieves the minimax rate. Indeed, the corollary states nothing about uniform convergence
of ffLWk(x) with respect to the parameter value (6, f) since the convergence of the estimator
én is not known to be uniform.

3.2 Maximum smoothed likelihood estimator

Let us now explain the motivations for considering an iterative procedure with functions
K; . and weights w( s) respectively defined through ([I3]) and (I4]). Instead of the classical
log-likelihood, we follow the lines of [Levine et al. (120_1_1| and consider (the opposite of) a

smoothed version of this log-likelihood as our criterion, namely

(0, f) = Zlog0+ 1— 0N f(X))).

In this section, we denote by gg the true density of the observations X;. For any fixed value
of 6, up to the additive constant fo go(x)log go(x)dx, the smoothed log-likelihood 1,,(0, f)
converges almost surely towards [(6, f) defined as

1 X
1o, f) ::/0 go(x) loge+ (19—0(9))/\/f(x)d$'

This quantity may be viewed as a penalized Kullback-Leibler divergence between the true
density go and its smoothed approximation for parameters (6, f). Indeed, let D(a | b) denote
the Kullback-Leibler divergence between (positive) measures a and b, defined as

D(a\b):/ol{ (2 )log%—i—b( ) a(x) da.

Note that in the above definition, a and b are not necessarily probability measures. Moreover
it can be seen that we still have the property D(alb) > 0 with equality if and only if a = b

(BEggermont], 1999). We now obtain

1
10, f) = D(gol0 + (1 — ONF) + (1 — 6)(1 - /0 N f(z)de).




12 V. H. Nguyen and C. Matias

The second term in the right-hand side of the above equation acts as a penalization term

, hﬂ&g; an_aﬂ, |2_Qll|) Our goal is to construct an iterative sequence of
estimators of f that possesses a descent property with respect to the criterion [(6,-), for
fixed value 0. Indeed, as previously explained, 6 has to remain fixed otherwise the following
procedure gives a sequence {6'} that converges to 0. We start by describing such a procedure,
relying on the knowledge of the parameters (thus an oracle procedure). Let us denote by
l,(f) the smoothed log-likelihood [,,(6, f) and by I(f) the limit function [(6, f). We want
to construct a sequence of densities {f*};>o such that

(1) = U™ = eD(fH ] ) >0, (16)

where c is a positive constant depending on ¢, the bandwidth h and the kernel K. We thus
consider the difference

. _ 41
I = 1(f) = /0 go(x) log 99++(tl —aéj;j\fft(i))d$

= /01 go(x)log {1 —wyi(x) +wt(x)%}d%

where
w (.%') _ (1—9)th($)
ST - 0N )

By the concavity of the logarithm function, we get that

1 t+1
Y — 1Y) > /go() ()logAJ/CT(())dx

7) |8 (log 1) (@) — §*(log f1) ()| da

1

v

[V
o\..o\o\..

1

S (w)
go(x)wy(x /Khs—xds /K (u —z)log i)

L go(@)wi (@) K (u — @) fH ()
</0 Kh(s—x)ds o >1 o8 fH(u) - {an

v

Let us define

oy = an t+1 Kh U—x Wt( ) (u) y
' fol wi(u)go(u)du df / Kh 5 — u)ds du, (18)

then f!! is a density function on [0, 1] and

U 1) = D £
t

With the same arguments as in the proof of following Proposition Il we can show that
oy 1 is lower bounded by a positive constant ¢ depending on #,h and K. The sequence
{f'} >0 thus satisfies property ([6). However, we stress that it is an oracle as it depends
on the knowledge of the true density gg that is unknown. Now, the estimator sequence
{ f (t)}tzo defined through Equations ([I3]), (I4) and Algorithm [is exactly the Monte Carlo
approximation of { f};>o. We prove in the next proposition that it also satisfies the descent

property (IG).
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Proposition 1. For any initial value of the weights wo € (0,1)", the sequence of estimators
{f®Y50 defined through (I3), @) and Algorithm [ satisfies

L (fY) = 1 (fHY) = eD(FD ] f9) > 0,
where ¢ is a positive constant depending on 0, the bandwidth h and the kernel K.

To conclude this section, we study the behavior of the limiting criterion [. Let us
introduce the set

B = {Sy; ¢ density on [0,1]}.

Proposition 2. The criterion | has a unique minimum f* on B. Moreover, if there exists
a constant L depending on h such that for all x,y € [—1,1]

[ Kn(z) = Kn(y)| < Llz -yl
then the sequence of densities {f'}1>0 converges uniformly to f*.

Note that the previous assumption may be satisfied by many different kernels. For
instance, if K is the density of the standard normal distribution, then this assumption is

satisfied with
1 e

e
h2\/ 27
As a consequence and since [, is lower bounded, the sequence { f (t)}tZO converges to a
local minimum of /,, as t increases. Moreover, we recall that as the sample size n increases,
the criterion [, converges (up to a constant) to . Thus, the outcome of Algorithm [ that
relies on Equations (I3]) and (I4) is an approximation of the minimizer f* of [.

4 Estimation of local false discovery rate and simulation study

4.1 Estimation of local false discovery rate

In this section, we study the estimation of local false discovery rate ((FDR) by using the
previously introduced estimators of the density f and compare these different approaches
on simulated data. Let us recall definition (B]) of the local false discovery rate

(FDR(x) = P(H; being true | X =z) = T f 07 @)’ xz € [0,1].

For a given estimator 6 of the proportion # and an estimator f of the density f, we obtain
a natural estimator of the local false discovery rate for observation x;

A~

e 0
IFDR(r:) = ~— T (19)

Let us now denote by frwk the randomly weighted kernel estimator of f constructed in
Section 211 by fkerfdr the estimator of f presented in Algorithm [ and by fmsl the maximum
smoothed likelihood estimator of f presented in Algorithm [[I Note that fkerfdr is available
through the R package kerfdr. We also let mm, m € {rwk, kerfdr, msl} be the estimators
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of /FDR induced by a plug-in of estimators fm in ([I9) and mst be the estimator of /FDR
computed by the method of Strimmen (IZM) We compute the root mean squared error
(RMSE) between the estimates and the true values

S n
1 L e ®
RMSE,, = ¢ Z - > {{FDR,, (z;) — (FDR(z;)}?,

for m € {rwk,kerfdr, msl,st} and where s = 1,...,S denotes the simulation index (S
being the total number of repeats). We also compare L2-norms between f,, and f for
m € {rwk, kerfdr, msl}, relying on the root mean integrated squared error

IR RN L
RMISE,, = s;\/ /O [fos) (w) — f(u)]2du.

The quality of the estimates provided by method m is measured by the mean RMSE,,, or
RMISE,,,: the smaller these quantities, the better the performances of the method.

We mention that we also tested the naive method described in Section 2Z.I]and the results
were bad. In order to present clear figures, we have chosen not to show those.

4.2 Simulation study

In this section, we give an illustration of the previous results on some simulated experiments.
We simulate sets of p-values according to the mixture model (2]). We consider three different
cases for the alternative distribution f and two different values for the proportion: 6 = 0.65
and 0.85. In the first case, we simulate p-values under the alternative with distribution

p—1
f(z) = P(l - $> 1j0,17(),
where p = 4, as proposed in (Celisse and Robin (12Q1ﬂ) In the second case, the p-value

corresponds to the statistic T which has a mixture distribution ON(0,1) + (1 — O)N (p, 1),
with p = 2. In the third case, the p-value corresponds to the statistic 7" which has a mixture
density 0(1/2) exp{—|t|} + (1 — 0)(1/2) exp{—|t — p|}, with p = 1. The p-values densities
obtained with those three models are given in Figure [[ for = 0.65.

For each of the 3 x 2 = 6 configurations, we generate S = 100 samples of size n €
{500, 1000, 2000,5000}. In these experiments, we choose to consider the estimator of 6

initially proposed by Schweder and Spjotvoll (1982), namely
#{X; >N Ni=1,...,n}
n(l—\) ’

é:

with parameter value A optimally chosen by bootstrap method, as recommended by m
m . The kernel is chosen with compact support, for example the triangular kernel or
the rectangular kernel. The bandwidth is selected according to a rule of thumb due to

(lS_ihLerman, M, Section 3.4.2),

h = 0.9 min {SD

IQR\ 15
1.34 }” ’
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Figure 1: Densities of the p-values in the three different models, with § = 0.65. Top left:
first model, top right: second model, bottom left: third model.
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Figure 2: RMISE (for density f) and RMSE (for /FDR) in the first model as a function
of n. Methods: "e" = rwk, "A" = kerfdr, "O" = msl, "V" = st (only for /FDR). Left:
0 = 0.65, right: 8 = 0.85.
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of n. Methods: "e" = rwk, "A" = kerfdr, "O" = msl, "V" = st (only for /FDR). Left:

0 = 0.65, right: 8 = 0.85.
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where SD and IQR are respectively the standard deviation and interquartile range of the
data values. Figures[2 Bland Hlshow the RMISEs and the RMSEs for the six configurations
and the four different methods.

We first comment the results on the estimation of f (top half of each figure). Except for
model 2, the RMISEs obtained are small for all the three procedures. Model 2 exhibits a
rather high RMISEs and this may be explained by the fact that density f is not bounded near
0 in this case. We note that the methods rwk and kerfdr have very similar performances,
except in the third model where kerfdr seems to slightly outperform rwk. Let us recall that
we introduced this latter method only as a way of approaching the theoretical performances
of kerfdr method. Now, in five out of the six configurations, ms1 outperforms the two other
methods (rwk, kerfdr).

Then, we switch to comparing the methods with respect to estimation of /FDR (bottom
half of each figure). First, note that the four methods exhibit small RMSEs with respect
to /FDR and are thus efficient for estimating this quantity. We also note that rwk tends to
have lower performances than kerfdr,msl. Now, msl tends to slightly outperform kerfdr.
Thus msl appears as a competitive method for /FDR estimation. The comparison with

(E%)’s approach is more difficult: for model 1, the method compares with ms1,
while it outperforms all the methods in model 2 and is outperformed by msl in model 3.

As a conclusion, we claim that msl is a competitive method for estimating both the

alternative density f and the /FDR.

5 Proofs

5.1 Proof of Theorem [IJ

The proof works as follows: we first start by proving that the pointwise quadratic risk
of function fy defined by (8) is order of n~28/(26+1) in the following proposition. Then
we compare the estimator A,’;Wk with the function fy to conclude the proof. To simplify
notation, we abbreviate f,rLWk to fn

We shall need the following two lemmas. The proof of the first one may be found for
instance in Proposition 1.2 in [Tsybakow (|2_Oﬂ_d) The second one is known as Bochner’s

lemma and is a classical result in kernel density estimation. Therefore its proof is omitted.

Lemma 1. (Proposition 1.2 in|Tsybakot (2009)). Let p be a density in (3, L) and
K a kernel function of order | = || such that

/ [ul®| K (u)]du < .
R

Then there exists a positive constant Cs depending only on §,L and K such that for all
zo € R,

‘ /RK(U) [p(z0 + uh) —p(xo)]du‘ < CshP, Wh> 0.

Lemma 2. (Bochner’s lemma). Let g be a bounded function on R, continuous in a
netghborhood of g € R and Q a function which satisfies

| 1e@)de <.



20 V. H. Nguyen and C. Matias

Then, we have

lim ! /RQCU _hxo)g(x)dx :g(xo)/RQ(x)dx.

h—0 E
Now, we come to the first step in the proof.

Proposition 3. Assume that kernel K satisfies Assumption [(A3) and bandwidth h =
an Y@+ with o > 0. Then the pointwise quadratic risk of function fa, defined by ®)
and depending on (0, f), satisfies

2 ;w
sup sup  sup Ky ¢([f2(x) — f(2)[7) < Cyn 25+,
z€[0,1] 0€[5,1-68] feX(B,L)

where Cy is a positive constant depending only on B, L,a,d and K.

Proof of Proposition[d. Let us denote by

- f(XD)
o= ; 9(Xi)

The pointwise quadratic risk of fy can be written as the sum of a bias term and a variance
term

Eg (|f2(x) = f(@)]?) = [Eo s (f2(x)) — f(2)]” + Varg [ fa(2)].

Let us first study the bias term. According to () and the definition (7)) of the weights, we
have

wne = o [ () (S

k=1
= e [y ()
1 _
= 2 ror(* t)Eg,fR%Jrsn_l) 1} dt
1—z)/h _
_ n/(x/h / K(t)f(x + th)Ey s (f((xizzs an) 1} dt.  (20)

Since the functions f and g are related by the equation g(¢t) = 0+ (1—0)f(¢) for all ¢ € [0, 1],
the ratio f(t)/g(t) is well defined and satisfies

(t
(t

Then for all t € [—x/h, (1 — z)/h], we get

1
— <
1-6—

~

0< < 67t Vte[0,1], and VA € [5,1 — 4]

~—

<

L (f(:c+th)

—1
_ <
Sp—1+071 7 \g(z +th) 5 1) -



Alternative density estimation in multiple testing

where the bounds are uniform with respect to t.
By combining this inequality with (20]), we obtain

—xz/h

(1-z)/h
n </ K@) f(z+ th)dt) Eg,f(ﬁ> < o s[fo(x)]

(1—z)/h

K(t)f(z+ th)dt) Eg,f(snll).

and  Eg¢[fo(z)] <n </

—xz/h

Then, we apply the following lemma, whose proof is postponed to Appendix [A]l

21

Lemma 3. There exist some positive constants ¢y, ca,c3,cq4 (depending on §) such that for

n large enough,

and Bos(57) ~Ehs(Fris) <
Relying on Inequalities ([2I]) and (23], we have for n large enough

(1—z)/h 1

C
—z/h —z/h n

Since f(x +th) =0 for all t ¢ [—z/h, (1 — x)/h], we may write

(1-2)/h
/ K(t)f(z + th)dt = /R K(t)f(x + th)dt.

—z/h
Thus, the bias of fy(z) satisfies
c
)] = B [£o@)] = £ < [ K@)fGa+ th) = plolar+ .
By using Lemma [Il and the choice of bandwidth h, we obtain that
bz(x) < C5h2ﬁ’

where C5 = C5(5, L, K). Let us study now the variance term of fo(x). We have

Varg g [fa(2)] = 7 [nVaro ¢ (Y1) + n(n — 1)Covo, (¥, Ya)],

where

(1-2)/h ‘
/ K(t)f(xz+ th)dt — 53 < Eg [ fo(z)] < / K(t)f(x +th)dt + —.

(21)
(22)
(23)

(24)
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The variance of Y7 is bounded by its second moment and

m07) =B [ () (5572) 5]

9(X1)
1 g2 . .
0 J;((tt)) K2< h t)EO’fK% + Sn—l) ]dt.

Now, recalling that 0 < f/g < 6! and using Inequality (22)) of Lemma B we get

(1=2)/h £2(,,
([ S e (g)

Cgh
h6~' sup 00 /K2 t)dt e <
sl f KPa) 75 < T

Eg,¢(Y7)

IN

IN

We now study the covariance of Y7 and Y5
(COV@ f(Yl, Yg) Eg f(Y1Y2) Eg7f(Y1)

= Egy [ E ;g((j((j))ff(m _hX1>K<x _hX2>S_2} —E?)’f [f(Xl)K<x_X1>S—1}

- / 17 (U)K<x )K<$hu)E"f [(g((g +M+Sn2)2:| dtdu
(

g(u)
_< 01 FOK (B [(W? Su) } dt>

_l’_
_ /[0’1]2 P )i (0 K () Al wydeda,

[\

A0 = o | G+ +-2) | = i 50)” B | (o -]

< For(g) ~Fi(grrres)

Hence

Cov(Yy,Ys)

AN
=
=

(V]
=
=
=
=
7 N
=
>
~
N——
>
/N

x ; u> [E67f<%) _ Eg’f(m)} dtdu

)K(t)dt>2 [Eaf (#) _Ezvf<261}ri$“)]

2

5) i)

A
=
[\
YN
]
=
8
+
~
=

N
S

>

[\

=
N
[

/N

According to Inequality ([24) of Lemma B we have

1 1 C4
Bos(52) ~Bha(mrss) <
OI\sz ) I\ T8, ) TP
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hence O
h
Covy,r(Y1,Y2) < 8

By returning to Equality (25) and combining with (IEI) and (27)), we obtain

1 [Csh 2Csh?] _ Co

Varg ;[ fao(e)] < 75 | == +nln - DA —5=| < =

Thus, as the bandwidth A is of order n~ Y28+ the pointwise quadratic risk of fo (x) satisfies
—28

Eevf(‘f2($) - f( )‘ ) < Cyn2PHI,

O

Proof of Theorem[1. First, the pointwise quadratic risk of fn(az) is bounded in the following
way

Eg,s(|fn(2) = f(2)P) < 2Bg s(| fo(x) = f(2)*) + 2Eg, s (| fu(2) — fo(@)P).  (28)

According to Proposition B we have

25
Eo, s (|f2(z) = f(2)]?) < Can?T, (29)
and it remains to study the second term appearing in the right-hand side of ([28). We write

st = 15 ()5 (5°)
: hz%;;z ( > hZTZ<ZM Zim)K(x_hXi)
S s mD -~ m)K (“’C ‘hX@')

2

n > ou(Te — 1) 1 — r—X;
X X %;TJ( .

+ -
Zk Tk Zk Tk n h

Moreover, recalling the definition of the weights (I0), we have for all 1 <i <mn,

and thus get

fn(m) — falz) = % X %Zn: [~n }Z) N g(é{z)]K (x _hXZ>

n(f,—0) 1 ~X;
TN 2 >k Tk nh < )
n Hn 1 1 be
Dok Tk Dk TE nz [gn(Xk) } nh ZTZ < )
n2(l, —60) 1 1 n v X,
ZkaZkaXEZk:g(Xk)X%ZZ:TZK< h > (30)
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Let us control the different terms appearing in this latter equality. We first remark that for
all 4,

1
0<7 <1and <6l (31)

1

B 9(Xi) — 0

Since by assumption 6, %) 0 € [0,1], for n large enough we also get |0,| < 3/2,a.s.
n o

According to the law of large numbers and Eg ¢(71) = 1 — 6, we also obtain that for n large
enough

N s

1-6
<—<
S5 =

SRS

;n < 3(12_9) < 3(12_5) a.s. (32)

Moreover, by using a Taylor expansion of the function u +— 1/u with an integral form of the
remainder term, we have for all 7,

gn(Xi)  9(Xi) _|9n ) |/ <1+8 )( ‘)Q(X)>2ds.

Since convergence of g, to g is valid pointwise and in Lo, norm (see Remark[I]), and since gy,
is a slight modification of g, we have almost surely, for n large enough and for all s € [0, 1]
and all z € [0, 1],

1 1

19n — gllo
J— 87

S
- = 7 >1— = .
9(x) 0 2>O

and we obtain
1 1

(X)) 9(X3)
We also use the following lemma, whose proof is postponed to Appendix

< 207%(gn(X;) — 9(Xi)| as. (33)

Lemma 4. For large enough n, we have

n
— S ¢ as (34)
| 22 7l

By returning to Equality (B0) and combining with 1)), (32), (33) and ([34]), we obtain
n 2
a2 = fo()? < e (%Z 92(X0) — (X0)| x |K (7 ‘hXi)D
+9/6n —e\2< hz‘ (= h
1 ? 1 < z— X, ?
+cio (E;@n(Xz) —9(X2)|> <% 2 K< - Z)) a.s.




Alternative density estimation in multiple testing 25

We now successively control the expectations 77,75 and T3 of the three terms appearing in
this upper-bound. For the first term, we have

- . 2
T\ = Eoy (%Z@"(X@')‘Q(Xi)'X‘K(x—hXi)D
i=1

~ By |-L zl|gn ) - 9% 30X >g<Xj>x1K(thi)K(thj>(]

— %Ee,f |:%|§n(X1) 9(X1)] KQ( th)}

n—1

+

B [510n(X0) — g X013 062) = 90 |1 (F5 2 R (22

Now,
1 . - X
T = Eag[Ha.00) - oxPR? (2220

1 J—
= /0 Eo, (|gn-1(t) — g(t)|2) K? <th> %dt (according to definition (I0]))

IN

o 1 —1 t
C’lon?f’il / K* (x ) &dt (according to Remark [I])
0 h h

—28
< C11n?+1 (according to Lemma (), (36)

and in the same way

2 =Fa |5l (60) = 90X0)13,05) a1 () K (52|

//Eef n— gn 2(t) — 9()+( jl)hK(t;LSM

1+ g )

This last term is upper-bound by

Tio g/ol A1E97f[(|gn2(t) -9+ ﬁg(t) + (n_11)h‘K(t ;L S)D
X (ygn_g(s) —g(s)| + ﬁg(s) + (n jl)h‘K<s ; t) m
‘K(x — t)K(x - 3) ‘g(t)g(s)dtds

< [ [ R a2~ o B -at6) — o))+ o)}

(5 () 20 e
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According to Remark [, we have

1 2

- — 23

Ty < ClgnTiBl [/ ‘K(x . t) ‘%t)dt} < Clgnwil (according to Lemma [2]). (37)
0

Thus we get that

2
1 & N r—X; =28
Ty =Ky, <%Z|gn<xi>—g<xi>|\ff( : )D <Cune. (38)
1=1

For the second term in the right hand side of (B8], we have

[ n 2
R AN

n 4
1/2 [14 4] /2 1 ‘ r—X; ‘
< — i
< By7 (10— 01| B <nh Z; K(=5~)
The proof of the following lemma is postponed to Appendix [A.3]

Lemma 5. There exist some positive constant C15 such that

" 4
Eg, (n_lhlzl‘K(x —th>‘> < (5. (39)

This lemma entails that

N

Ty < Cys [Egvf <|én - 9|4)} . (40)

Now, we turn to the third term in the right hand side of (B3]). We have

T3 = Egf (%i‘gn(Xz)_g(Xz)’> (%Zﬁl:‘K(C_hXZ)D

= Eog | D0 1806 — 0060113 (X)) — o) [ (T2 ke (T2,
,7,k,l=1

By using the same arguments as for obtaining (30 and (B7), we can get that
=28
T3 < Cign2p+1. (41)
According to (B8]), (@0) and (&I), we may conclude
. . 3 28
Eo,f(|fa(@) = fo(@)?) < C1s|Bas (|00 —01')|* + Cromzer. (42)

By returning to Inequality (28]) and combining it with (29) and ([@2), we achieve that

o (1£u(0) = F@)) < Co[Eo s (1 - 01)]F + Can 5.
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5.2 Other proofs

Proof of Proposition [ By using the same arguments as for obtaining (7)), we can get that

n

(FO) = () > 2 S o DD | ),

k=1

Let us now denote by

m= inf Kjp(x)and M = sup Kp(x),
z€[-1,1] ze[-1,1]

then m and M are two positive constants depending on the bandwidth A and the kernel K.
We note that for all z € [0, 1],

1
m < / Kp(u — z)du < min(M, 1).
0

Thus, for all ¢ > 1, the estimate f(t) is lower bounded by m. Since the operator N is
increasing, it follows that A/ f(®) is also lower bounded by m. Now the function

(1-0)x
(-0

is increasing, so that we finally obtain

L0 _-ONFOXY  (1-0m
O (- ONFO(X) T 0+ (- Om
This concludes the proof. O

=C.

Proof of Proposition[d We start by stating a lemma, whose proof is postponed to Ap-
pendix [A4l

Lemma 6. The function | : B — R is continuous with respect to the topology induced by
uniform convergence on the set of functions defined on [0, 1].

First, for all f € B, we remark that m < f(-) < M/m. Thus, N(f) and I(f) are
well-defined for f € B. Moreover, it is easy to see that [(f) is bounded below on B.
According to the definition (I8) of the sequence {f'};>o, every function f! belongs to B.
As a consequence, we obtain that the sequence {I(f*)};>0 is decreasing and lower bounded,
thus it is convergent and the sequence {f'}:>( converges (simply) to a local minimum of /.

Now, it is easy to see that [ is a strictly convex function on the convex set B (relying on
|Eggﬂ:mgnﬂ (Il_99_$j)) Existence and uniqueness of the minimum f* of [ in B thus follows, as
well as the simple convergence of the iterative sequence {f*};>o to this unique minimum.

For all z,y € [0, 1] and for all ¢, we have

t gt _ 1 [Kp(u— ) — Kp(u —y)]w(u)go(u) »
@ =1l = o du\/ y

Kh(s —u)ds
- 1 / |Kn(u—x) — Kp(u — y)|w(w)go(w) Ju
fo wi(u)go(u m
<

—‘.%' _y‘7
m
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so that the sequence {f*'} is uniformly bounded and equicontinuous. Relying on Arzela-
Ascoli theorem, there exists a subsequence {f'*} of {f'} which converges uniformly to some
limit. However, this uniform limit must be the simple limit of the sequence, namely the
minimum f* of I. Now, uniqueness of the uniform limit value of the sequence {f!}:>¢ entails
its convergence.

O

A Proofs of technical lemmas

A.1 Proof of Lemma [3

Proof. We first show (22). According to the law of large numbers, since Eg ¢ (f(X1)/g(X1)) =
1, we have

n 1 = X@ as
S—:—Zf( ) _as (43)
n n P} g(XZ) n—00
Hence ) s
n ny\—2 as
e =) oot

n

By the dominated convergence theorem, there exists a constant ¢o > 0 such that for n large

enough
1 1 n? Co
Eorl=|=—=SEsr|l—| < —,
oslgl = aerlgl < 0

n

establishing ([22). Let us now prove (2I). By using a Taylor’s expansion, we have

LI EE . T O L
So 14 om0 omoAn (-2

where 7, €]0,1[ depends on S,,. Combining this with (&3]), we obtain

1 as
3 1
(T4 (Ee 1)) mes

n

Thus, there exist some positive constants ¢, ¢’ such that for n large enough,

1 Sn,,Sn 2 1 1 Sh Sh 2
This implies in particular that
1 1 Eo ¢[Sn Sn 1 Sh
Bos ] < 2= TR+ eBas G -] = L s -7

In addition,

Eo, 1 [(% - 1)2] = Var(&> = lVar (f(X1)> .

n
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Remember that the ratio f/g is bounded (by 6~!) and thus has finite variance. Hence, there
exists a positive constant ¢; such that for n large enough

1 1 C1
Egrl—| <—+—.
We now prove (23). By using again a Taylor expansion, we have

(SN SNVRRS SRS NS BV
Sp+61 S, 1+1/(5S,)  Sn 882 7 [1+4 Bn/(6Sn)]?’

where ,, €]0, 1] depends on S,,. We also have

1 as
11 B /(05 e

Thus, there exists a positive constant ¢ such that for n large enough

/!

os (55 = osls; - 7 * Tyl 2 o5 Rl

n

According to (@), we have

os[a] 2 2o Bl [(B o a]) 2 L G (100,

Sh, n n

and it is proved above that
1
Bosl g <

n

Thus we obtain Inequality (23)), namely
1 1 C3
E [7} >- -8
IS, 611 = n n2
Finally, we show (24]). In the same way as we proved (23]) above, we have for large enough
n?

1 1
] 2

Sy, + 201
and thus , . ,
1 1 2c c 1 2c
107 [7}>— 1-=4+3 >—< ——3). 45
0518, +20-1] = n2 ( e n (45)
According to Inequality (44]) (containing only positive terms for n large enough), we have
1 1 S?2 S, 4 S S, 2 Sn (S 2
=5 < —2[4—%—34—02(—”—1) —4—"—1—40(—"—1) —2c—n<—n—1)} (as)
Sz n n n n n n\n
1 S? S, 4 S S, 2
< —2[4+—§+c2<—"—1) —4—”+4c<—"—1)] as.
n n n n n
Since

Eo ;[Sa] =n, Eg[S2] = nVar (g(X1)> +n? and Eo; [(% - 1)1 - %Var (";8;1;) :
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we have

Blg] < o 4 v ol g (32 1)) aBtlS) s gcm, [ (52 0)7)]
< %;l—i—%Var(f((j;;)—i-l—i- 2E {(%—1)4]—4+%Var<£§§11;>]
< % +Q+02ng[(5——1> H (46)

Combining (@3] and ([{6l), we get that

Bl -Bilgaml s s Sm(2-0)] W

We now upper-bound the quantity Eq ¢ [(%” — 1)4]. Let us denote by

J(Xi)
U, = — 1.
9(X3)
We have
Sh 4 1 = 4 3
) - L(Sa) <A e LS
1=1 i#£]

1
2172 2
4§ URU: +—n § UU Uk + — E UU; U UL
i#j ik i#jAhA

Since the random variables U; are iid with mean zero, we obtain
Sh 4 1 1
Ep; [(7 1) ] = — ["Eo s (U}) +n(n - DE0(UFUD)] = O(=5).  (48)

Finally, according to (A7) and (48)) we have

Bxs[ga] ~Bhs g ammr] =0 (5)

A.2 Proof of Lemma {4
Proof. We write

1A - - ~ -= _Zk(%k_gk) X/ <1+32k(7—k )> 2ds.
Zk Tk Zk Tk + Zk(Tk - Tk) Zk Tk (Zk k) 0 Zk Tk

Let us establish that |7 — 7|l 0,1] = SuPge(o,1) [7(z) — 7(2)| converges almost surely to zero.
Indeed,

o)) = 0 0L, (]
(@) = mle) = (0 = bu) s + O (9(35) g"(x)>
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and using the same argument as for establishing ([B3), we get that for n large enough and
for all z € [0, 1],

) On =0 .5 llgn — 1 P

a) — (o) < PO o, 1ol < 5, g1 4 2525, — gl

By using consistency of 6,, and Remark [, we obtain that |7 — 7|l00,0,1] cOnverges almost
surely to zero. Now,

_ n||Ty — 7
Vse[0,1], 1+ 2Tk = 7) > 1-s % — oo
>k Th 2ok Tk
2|, — T,
N || 7% HkHOO,[OJ} >1— % >0 a.s.

We obtain that

n n n Y o 1T — 7kl /1< Zk(ﬁc—ﬂc)>2
— < + X 1= ds
| > % 7kl Dok Tk >k )2 0 >k Tk

2||2 1
n n HT_THOO[O 1] / s\ 2
< + X 1-—= ds
>k Tk (> k )2 0 < 2)
2 817 = 7Tllo,0,
< <c .S.
= 1-0 (1-0)2 s
O
A.3 Proof of Lemma
Proof. In order to prove ([39), let us consider iid random variables Uy, ..., U, defined as

-l (57|

For all 1 < p <4, we have

Eg ¢ (UP) = /‘KP <x }: t) ‘g(t)dt = h/ |KP(t)|g(z + th)dt < Cysh.

We then write

G S lK (5N = () )

where

<ZUZ~> ZU4+ZU3U +S i+ Y vt - Y. UU G

i#] i#] i#jF#k i#jFEhF
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And for all choice of the bandwidth A > 0 such that nh — oo,

os[(300) ]
=nEy ;(U}) +n(n — 1)Eg (Ui Us) + n(n — 1)Eq s (ULU3 )+
+n(n —1)(n — 2)Ep f(UEUU3) + n(n — 1)(n — 2)(n — 3)Eg (U1 U2U3U,)
=nEy ¢(U}) + n(n — 1) (U7 )Eg s (Ur) + n(n — 1)Ej (UT)+
+n(n —1)(n — 2)Eq ( (UD)EF ((U1) +n(n —1)(n — 2)(n — 3)Eg (1)
<Cisn*h*. (50)

According to ([9) and (B0) we obtain the result. O

A.4 Proof of Lemma

Proof. Let f be a function in B and {f,} be a sequence of densities on [0,1] such that
|| frn — flloo — 0. Let us recall that every f € B satisfies the bounds m < f < M/m. We
n—oo

have

1101 = | [ tartos =g

— )N fr(z) =N f(z
= /0 ()‘log{l—i—( el[u{(mj\/fn(;)( )]de,

and

exep Jo FEn(u = 2)llog £1(w) — log fwldu |

fl Ky (s —x)ds

_‘ Kh u — x)[log fr(u) — log f(u)]du
fo Kp(s —x)ds

| Nfn(x) =Nf(z) | = Nf(z)

<

—1‘.

For |z| < € small enough, we have |log(1 + z)| < 2|z| and |exp(z) — 1| < 2|z|. Combining
with the fact that f is bounded, we get that

IN

/1 Kh(u—m)‘log{l—i—M}‘du
0

1
| [} Ftu=a)log ful) = tog fuldu| o
20 f — fll

IN

and thus n

We finally obtain

where C' is a constant depending on h, K and 6. O
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