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Abstract

The main goal of the asymptotic equivalence theory of Le Cam (1986) is to approx-
imate general statistical models by simple ones. We develop here a global asymptotic
equivalence result for nonparametric drift estimation of a discretely observed diffusion
process and its Euler scheme. The asymptotic equivalences are established by construct-
ing explicit equivalence mappings. The impact of such asymptotic equivalence results
is that it justifies the use in many applications of the Euler scheme instead of the diffu-
sion process. We especially investigate the case of diffusions with non constant diffusion
coefficient. To obtain asymptotic equivalence, experiments obtained by random change
of times are introduced.
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1 Introduction

Global asymptotic equivalence of statistical experiments by means of the Le Cam theory of
deficiency (Le Cam 1986, Le Cam and Yang 2000) is an important issue for nonparametric
estimation problems. The interest is to obtain asymptotic results for some experiment by
means of an equivalent simpler one. Concretely, a solution to a nonparametric problem
in a simple experiment automatically yields a corresponding solution in an asymptotically
equivalent experiment. For instance, when minimax rates of convergence in a nonparametric
estimation problem are obtained in one experiment, the same rates automatically hold
in a globally asymptotically equivalent experiment (see e.g. Nussbaum 1996, Brown and
Low 1996). The theory also allows to prove asymptotic sufficiency of the restriction of an
experiment to a smaller o-field.

In most cases, authors are interested in the asymptotic equivalence of density estimation
or nonparametric regression and Gaussian white noise (see e.g. Nussbaum 1996, Brown and
Low 1996, Grama and Nussbaum 1998, 2002, Brown et al. 2004, Reiss 2008). Our concern is
here the case of experiments associated with diffusion processes. Diffusion processes defined
by stochastic differential equations are widely used for modeling purposes in many fields
of applications (stochastic models in finance, pharmacokinetic/pharmacodynamic models
in biological sciences, ... ). As density estimation and nonparametric regression, diffu-
sion models are complex and looking for simpler equivalent experiments is worthwhile. In
Larédo (1990), an asymptotic sufficiency property of some incomplete observation is proved;
Genon-Catalot et al. (2002) studied the equivalence of a diffusion having positive drift and
small constant diffusion coefficient with a white noise model and other related experiments;
Delattre and Hoffmann (2002) studied the equivalence of diffusions with compactly sup-
ported drift and constant diffusion coefficient (null recurrent model) with a mixed Gaussian
white noise. Dalalyan and Reiss (2006, 2007) studied the equivalence of one-dimensional
and multidimensional diffusions with ergodic properties and constant diffusion coefficient
with Gaussian white noise.

Discrete time approximations to a continuous time stochastic process are ubiquitous
in the applied mathematical sciences and engineering . The Euler scheme is a classical
discrete time approximation to diffusion processes and possesses the advantage of being
an autoregressive Markov model with Gaussian transitions. In the parametric framework,
the Euler scheme likelihood is classically used as a contrast process and yields optimal
estimators (see e.g. Genon-Catalot 1990 for the small variance asymptotics, Kessler 1997 for
ergodic diffusions, Gobet 2002 for the LAN property implying the optimality of parametric
estimators based on the Euler scheme approximation). In the nonparametric framework,
Milstein and Nussbaum (1998) proved the asymptotic equivalence of a diffusion process
continuously observed on a fixed time interval [0,7] having unknown drift function and
constant small known diffusion coefficient with the corresponding FEuler scheme. They also
obtained the asymptotic sufficiency of the discretized observation of the diffusion with small
sampling interval.



In this paper, we consider the experiments associated with a scalar diffusion (&) with
unknown drift function b(.) and known non constant diffusion coefficient o(.) continuously
or discretely observed on a time interval [0,7"] whose length T" tends to infinity. Our aim
is to prove that these nonparametric experiments are equivalent to the corresponding Euler
scheme experiment, which is an autoregression model thus simpler. A noteworthy conse-
quence of this equivalence result is that it justifies the use of the Euler scheme statisti-
cal model in nonparametric problems too. In Dalalyan and Reiss (2006), this property is
proved for a diffusion coefficient equal to 1. The extension to the case of a non constant
diffusion coeflicient is not straightforward and actually surprisingly difficult. The asymp-
totic equivalences are established by constructing explicit equivalence mappings through the
introduction of experiments obtained by random time changes. In addition to the equiva-
lence results, the equivalence mappings provide recipes to find the correspondence betweeen
optimal procedures.

Let us now precise the framework of the paper. We consider the one dimensional diffusion
process (&) given by
d&e = b(&)dt + o (&)dWe, o =, (1)

where (W})>0 is a Brownian motion defined on a probability space (€2, A, (A¢)¢>0,P), 1 is a
real valued random variable, Ag-measurable, b(.),o(.) are real-valued functions defined on
R. The diffusion coefficient o(.) is known and satisfies the following condition:

(C) o(.) € C%(R) and there exist positive constants og, o1, K, such that

Ve e R O'g < 02(1‘) < 0%, lo'(z)] + |0 (z)| < K.

We present three nonparametric experiments for estimating the drift function b(.) in equation
(1). The first experiment & is associated with the continuous observation of (&) up to
time T. The second experiment £®" is associated with the discrete observations of (&)
with sampling interval h up to time 7" = nh, i.e. observation of (§),0 < i < n. The
third experiment G"™ is associated with the Euler scheme of (1) with sampling interval h
up to time 7" = nh, i.e. observation of (Z;),0 < i < n (see (9)) for the precise definition
of (Z;)). Our main result (Theorem 6.1) states that, under Condition (C), for estimating
b(.) in a class Fy detailed later on (see (H1)), the three experiments &', £#™ and GM" are
asymptotically equivalent as n — oo for the Le Cam deficiency distance A if, simultaneously,
h = h, — 0, T = nh, — oo or is bounded, and nh2 — 0. The equivalence of EOT and Ehm
shows that the discretization is an asymptotically sufficient statistic for EOT , a result which
can also be deduced from Dalalyan and Reiss (2006). The main difficulties occur for getting
the equivalence of Eg and the Euler scheme Gh".

The paper is organized as follows. Assumptions and notations are given in Section 2.
We build, in Section 3, a continuous experiment, the continuous Euler scheme, which is
equivalent to the experiment associated with the Euler scheme G in the sense of the Le
Cam deficiency distance A (Lemma 3.3). Then, we prove in Section 4 that, as n — oo,



the asymptotic equivalence of the discretized diffusion experiment £ and the continuous
diffusion experiment EOT , if h = h, — 0 and nh2 — 0. We consider, in Section 5, the
two random time changes on the diffusion and on the continuous Euler scheme leading to
processes with constant diffusion coefficient. For non constant diffusion coefficient, these two
random times are distinct. We prove the exact A-equivalence of Sg (resp. the continuous
Euler scheme) with the random time changed experiment. Finally, Section 6 contains the
proof of Theorem 6.1. In Section 8, the definition and some properties of the Le Cam
deficiency distance A between statistical experiments are recalled (8.1), and finally some
useful auxiliary results are gathered in 8.2.

2 Assumptions and notations

The function b(.) is unknown and varies in the class Fx of functions satisfying, for K a
given positive constant:

(H1) b(.) € CY(R) and for all x € R, |b(z)| + |V'(z)| < K.

Condition (C) and Assumption (H1) ensure that the stochastic differential equation (1) has
a unique strong solution process (& )¢>0. Moreover, the function

1
F(x):/o mdu (2)

is well defined and one-to-one and the two functions

Fo) = and ) = 2D i) ®

are Lipschitz and bounded:
Yy R /@)~ SIS Lyl 1f@I< (4)
Y,y € R, [u(x) - ply)| < Mlz —yl, [u@)] <, 5)

with L = %5 (1+28280), M = £20(1 + Gz + +300), C = 7 + 5K,
We introduce below the transformed process (1, = F'(§)) which satisfies:

dne = p(ng)dt +dWy,  no = F(n). (6)

Let us construct our experiments. Let C(RT,R) be the space of continuous real functions
defined on R, and denote by (X; ,t > 0) the canonical process of C(RT ,R) given by
(Xi(x) = 2(t),t > 0) for z € C(RT,R), CY = 0(Xs,5 < t), Ct = Ng=¢C2 and C = o(Cy, t > 0).
Let us denote by P, the distribution of (&,¢ > 0) defined by (1) on (C(R*,R),C).



Now, if T is a (C;)-stopping time, we can define the restriction P, /¢, of P, to the o-field
Cr. The experiment associated with the continuous observation of (&) stopped at T is given
by:

& = (CR',R),Cr, (Py/cy. b € Fk)). (7)
We are interested in discrete observations of the diffusion with sampling interval A > 0. Let
us denote by (m;)i>0 the canonical projections of RN — R given by (m;(z) = z;,7 > 0) for
z € RN and set G, = o(mg, 71, ..., 7m,) and G = 0(Gp,n > 0). Let th denote the distribution
of (&1)i>0 defined by equation (1) on (RN, B(RY)). If N is a (G,,)- stopping time, we consider
the restriction P/'/g, of P to Gy, The experiment associated with the discrete observations
(&n), with sampling interval h and stopping at N, is given by:

N = (RN, Gy, (Pl'/gy,b € Fi). (8)

Then, let us consider the Euler scheme corresponding to (1), with sampling interval h. Let
us set t; = ih and define for ¢ > 1,

Zo="n, Zi=2Zi1+hb(Zi1)+0(Zi1)(Wy, —Wy,_,) 9)

We denote by Q} the distribution of (Z;,i > 0) defined by (9) on (RN, B(RY)). For N a (G,)-
stopping time, we consider the restriction QZ /gy of QZ to Gn. The experiment associated
with the discrete Euler scheme (Z;) with sampling interval h and stopping at N is:

gh’N = (RNvng (Q?/QN7b € fK)) (10)

We use in the sequel the Le Cam theory (Le Cam, 1986) for comparing statistical ex-
periments. A short recap of this theory is given in Section 8.1.

3 Equivalence of the discrete and the continuous Euler
scheme experiments

Given a path z(.) € C(RT,R) and a sampling scheme ¢; = ih,i > 1, we can define the
diffusion-type process &;,

dgt = Eh(t’g)dt + Eh(t,g_)th, EO = (11)

where

bt ) = bla(tio1)lg, 1) (t), on(t,z) => o(@(tio)lg_ ). (12)
i>1 i>1
Let us denote by Qy the distribution of (£, > 0) defined by (11) on (C(R*,R),C).
Now, if T' is a (C;)-stopping time, we can define the restriction Qp/c, of @y to the o-field
Cr. We define:
Go = (C(R™,R),Cr, (Qv/c;ysb € FK)) .- (13)



Lemma 3.1. If£(.) is solution of (11) on S, then, using notation (9), (&,,i > 0) = (Z;,i >
0).

Proof. We have £, = Zy = 7. Then

& = (1= 0)b(&) + (&) Wy — Wo) (14)
= bt = 0) +o(n)(Wi, —Wo) = 21

By induction, assume that Etj = Zj for 5 =0,1,...,i. Then

0y = &b T 0(E) (tigr — 1) + (&) Wy — Wi,) = Ziga

Thus, (&,,% > 0) = (Z;,i > 0). O

Let us define the linear interpolation of (Z;,7 > 0):

t—1 . .
y(t) = Zi + ﬁ(zﬂ—l — Zz) ifte [tz‘,ti_;,_l] and ¢ > 0. (15)
i+1 7 U3

Lemma 3.2. The solution (£,,t > 0) of (11) is equal to:

& =y(t)+0(Z;)B(t), ift€[titix] andi>0, (16)

where B;(t) = Wy — Wy, — t,::t—ztl (Wi, — Wa,). The process (§,) is adapted to (Ay).
The processes ((Bi(t),t € [ti,tit1]),7 > 0) are independent Brownian bridges and the se-

quence ((B;j(t),t € [ti,ti+1]),1 > 0) is independent of the sequence (Z;,j > 0).

Proof. Let t € [tiatiJrl],
& =Zi +0(Z)(t — ;) + o(Z;)(We — Wy,).

Thus, using (15), _
& = y(t) + o(Z;)Bi(t),

where (B;(t)) is the Brownian bridge defined in Lemma 3.2 for t; <t < ¢;41. It is such that
(Bi(ti+u),u € [0, h]) has the distribution of (W, —7W},0 < u < h). Using that, foralli > 0,
B;(t) is Ay, - measurable and independent of A, yields that (B;,i > 0) are independent
processes. Now, by elementary computations, we get that (B;(.),7 > 0) is independent of
the vector (W;,,, — Wy,,i > 0). Since Zj is independent of (Wy,t > 0), we first get the
independence of Zy and (B;(.), Wy, ., — Wy,,i > 0). This implies that Zy, (B;(.),i > 0),
(Wioy — Wy, i > 0) are independent. As o(Z;,i > 0) C o(Zy, Wy,,, — Wy,,i > 0), we obtain
the result. O

Lemma 3.3. For all h > 0 and all (G,)-stopping time N, the Le Cam deficiency distance
A between GMN and GO (see (10) and (13)) is equal to 0, i.e. A(GMN, GV = 0.



Proof. Recall that for two experiments &,&', A(E,&) = max(6(E,E),0(E,E)) where
5(&,&’) is the deficiency of £ with respect to £’
The Euler scheme (Z;,i > 0) is the image of the sample path (£,,¢ > 0) by the mapping
z(.) — (z(t;),i > 0). Therefore §(G\", GhN) = 0.
Consider now, for each w € €, the application

o: RY - CRTR)

(4,4 >0) — x(.) with
t—1t;1

Vi>0,t¢€e [tifl,ti], :E(t) =T+ ——
ti —ti—1

(LEZ‘ — l‘i,l) + O'(CL‘Z',l)Bifl(t,w).

Then, by Lemma 3.2, the experiment gé\’h is the image, by the randomization ® of G"¥.
Therefore § (Qh’N , Qév h) = (0. Hence the result. O

4 Asymptotic sufficiency of the discretized diffusion

In this section, we study the experiments Eg‘h" (continuous observation (&t < nhy)) and
g (discrete observation (&,,7 < n) with t; = ih,) and prove that their are asymptotically
equivalent, hence that the discretization (&,,7 < n) is an asymptotically sufficient statistic
for £/, We use the functions F, u and the process (7;) defined in (2), (3) and (6). Let

H§ = (C(RY,R),Cr, (Pf /ey, b € Fk)) (17)
where P is the distribution of (1, > 0). And
HN = (RY, G, (B /gy, b € Fi)), (18)

where P: ¥ is the distribution of the discretization (mt,,4 > 0). Consider the continuous
mapping, that we again denote by F',

= (z(t),t >0) € C(R",R) — F(x) = (F(x(t)),t > 0) € C(RT,R).
It is invertible with inverse
= (z(t),t >0) € CRT,R) = F~1(z) = (F(z(t)),t > 0) € C(RT,R).

Then, Hl = FEL (vesp. H"N = FEMN) is the image of £ (resp. £"N) by the invertible
mapping F, and F~'H{ = & (vesp. F~'HMN = &N is the image of & (resp. ) by
the mapping F~!. Thus

A(gg¢Hg) =0, A(gh,NaHhJV) =0. (19)

Let us now compare the experiments HOT and H"N for N = n and T = nh. We need to
introduce the continuous Euler scheme associated with the diffusion (6):

dng = pp(t,n.)dt +dWy, 7o = F(n), (20)



with (see (3))
= u(@(tio1)) 1,y e (t)- (21)
i>1
We introduce the corresponding experiment stopped at T":

HE = (CRT,R),Cr, (QF Jer, b € Fk))

where Q} is the distribution of (20). We also introduce the discrete Euler scheme experiment
corresponding to the observation (7, ) stopped at N:

HN = (RN, G, (QF /g b € Fr).-

The experiments HOT and 7:((:5 have the same sample space and can be compared using their
Ag-distance:
A(Ho vHo) < AO(HO ,Ho) = sup HPb [er — QII;/CTHTV

beFk

Lemma 4.1. Assume (H1) and condition (C). Using definitions (5) for M and C, we have

9 1/2
1B fep = Qf fegllry < Mo (36%Ha+1)

Proof. We first use the Pinsker inequality (see Section 8.2, Proposition 8.4) to get an upper
bound for the total variation norm by the Kullback-Leibler divergence for two probability

distributions P and @,
1P =Qllrv < VK(P,Q)/2. (22)

As both processes are diffusion-type processes with diffusion coefficient equal to 1, the two
distributions PbF and Qf are equivalent on Cr for T’ deterministic or 7" a bounded stopping
time w.r.t. the canonical filtration. Applying the Girsanov formula yields, with (X;) the
canonical process of C(RT,R)),

T T
ler(0) =esp ([ 000 =it X000%, - [0 = e Xpar) . 2
Now, (Xt) has drift term p under P and,
T T
K Jer @ fer) = Egp (5 [ (000 = e, X)Pat+ [ ux0) = e, X

1 T
= g ([ 00— it xar)
Using (3), (5), (21), this term satisfies,

1 ti
K(PfJer, QF Jep) = %Z / (u(X2) — p(Xy,))2dt
2

Z / ZH Xti)2dt'

=0

IN



Now, by (6) and (5), u?(z) < C? and, under PbF, X; satisfies that, for t; <t < t;41,

t
(X —X,)? < 2 / §(X)ds)? + 2(W; — W)
t;
< 202(t — ti)g + Q(Wt - Wt¢)2-

Hence,

b

tit1 tit1
Epr / (X — Xy,)%dt < KQhEL/ (1+ EprX2)ds + hy.
ti t;

Proposition 4.1. Assume (H1) and condition (C). If h = hy, and nh2 tend to 0, then
A(ERm ghnny — 0.

Remark : Recall that nh2 = Th,. Hence the result includes both cases: fixed observation
time T or T' = nh,, — co.

Proof. The triangle inequality and the fact that the Ag-distance between experiments having
the same sample space is larger than their A-distance yield:
A(EY™, Ermmy < A(EY™ HG™) + Do (Hy" , Hy™™)

+A(7-_[6Lhn”’__ln,hn) + Ao(ﬂn,hn’r}_{hn,n) + A(th’",gh"’”),
On the right-hand side, there are nul terms. Indeed, by (19), we have

AEY"™ Hy"™) = A(EM HIm) = 0.
The continuous and the discrete Euler scheme being equivalent experiments yields:
A(Hp"™ H™) =0

There remains two terms. As the experiment H"»" (resp. H™"")) is a restriction of th"

(resp. Hy"™) to a smaller o-algebra,
AO(th,n, thn) < AO (thn ’ ﬂghn)

Using the previous lemma, we have , under the condition nh2 — 0,

- 9 1/2
Ao(HyM HEM) < 2Mhy/n <302hn + 1> — 0.



We must now draw some conclusions of these results. First, Sgh" and "™ are asymp-
totically equivalent, i.e. the discrete observation (&;,7 < n) is an asymptotically sufficient
statistic for (&,t < nhy). Second, for a diffusion (1) with diffusion coefficient equal to
1 (or constant), the experiment associated with the discrete observation (n,i < n) is
asymptotically equivalent to the experiment corresponding to its continuous Euler scheme
(7:,t < nAy,) or to its discrete Euler scheme (7,7 < n). So the result of the paper is
achieved for diffusions with constant diffusion coeflicients.

However, we have not proved that the experiment Egh" is asymptotically equivalent to
gghn as these experiments have non constant and distinct diffusion coefficients, respectively
the function o(.) and (¢, z.) defined in (12).

5 Random time changed experiments

5.1 Time change on the diffusion

As the function o is known, we introduce the following functionals defined on C(R™,R), for
all t,u > 0:

r € C(RT,R), p(x) = /0 o?(x(s))ds; Tu(x) = inf{t >0, ps(2) > u}. (24)

Note that, by condition (C),

u u
Ptoo(x) = +00, = < 7u(x) < J—g, Pro(2)(T) = U, Tpa)(x) = 1. (25)
a(X)

Consider the experiment Sg stopped at time 7,(X). In order to obtain a constant
diffusion coefficient, we introduce the time changed process associated with £ solution of

(1):
Vu>0, Y.=E& @) (26)

Let P, denote the distribution of (Yy,u > 0) on (C(R1,R),C)). Then, for A > 0 a (C)-
stopping time, define the experiment

&' = (C(RY,R),Ca, (Po/c,,b € Fi))- (27)

Proposition 5.1. Assume (H1) and (C). Let & be the solution of (1) and let Y be defined
by (26) using (24). Then,

ay, = f(Yy) du+dB,, Yy=n,

where f(y) = ”9@/ (see (3)) and (By) is a Brownian motion with respect to the filtration

(gu = Afu(g) SU > 0).



Proof. The following proof relies on classical results (see e.g. Karatzas and Shreve (2000),
5.5). We have Yy = £ = n and

Tu(f) Tu(f)
Yo =6 = 6o+ /0 b(€,)ds + /0 o(€)dW.. (28)

The change of variable s = 7,(£) < v = ps(€) yields that dv = 0%(&5)ds = 02(Y,)dT,(€) so
that, for 0 <wv < a,
dry () 1

“b(Yy)
v o2y, ™ °+/0 2@t

where the process (B,) is defined by

Tu(§)
B, :/ o(&s)dWs.
0

We have < B >,= T“(E) 02(&)ds = u. Hence, (B,) is a standard Brownian motion with
respect to the ﬁltratlon (Gu = Ar,(e)) and (Y,,) defined in (26) is a diffusion process with
drift coefficient 2.(.), constant (= 1) diffusion coefficient and initial condition Yy = 7, which
is Gop measurable. Note that (G,) satisfies the usual conditions by the continuity of 7.(¢). [

Proposition 5.2. Under (H1) and (C), for a > 0 deterministic,
A, &) =
Analogously, for T > 0 deterministic, we have (see (24):

AET, &7y = 0.

Proof. We only proof the first point as the second is analogous. By the previous proposition,
£y is the image of &° Ta(X) by the measurable mapping (z(t),t € [0,7.(z)]) — (y(u) =
2(ru(2)),u € [0,a]), which implies 5(£;°®, £8) = 0.

Let us consider now the reverse operation. Let (B,,u > 0) be a standard Brownian motion
with respect to a filtration (G,) satisfying the usual conditions and Yy be a Gp-measurable
random variable. We define, for u > 0,

" B(Y)
Yu:Yo+/ dv + By, 29
) o2(T) (29)

v dw
Tu:Tu(Y):/O TR

Clearly, the mapping u — T}, is a bijection from [0, a] onto [0, T,] with inverse t — T~1(t) :=
A;. Therefore, we can define, for 0 <t < T,, the process

& =Ya,.

10



The change of variable v = Ay & s = T, yields that ds = dv/d*(Y,) = dv/c?(Ya,) =
dv/o?(&5) and equation (29) becomes

Ay t
ft—§0+/0 :Q(E)varBAt —§0+/0 b(&s)ds + Ba,.

Now, (M; = By,) is a martingale with respect to the filtration (G4,) satisfying

Ay t ¢
<M >=A = / ds = / 02(Yy,)ds = / o?(&s)ds.
0 0 0

This shows that 7,(¢) = A~ (u) = T}, and that (&) has distribution P,. Note that, as (A;)
is continuous, the filtration (G4, ) inherits the usual conditions from (G;).

Finally, we can express the above properties on the canonical space. Let y = (y(v),v > 0)
and set T, (y) = [, dv/o*(y(v)) with inverse A (y). Consider the measurable mapping

U:yecCORTR)— (x:=y(Ay)),t >0) € C(RT,R).

Aly) = / o2(x(s))ds = py(z),

we see that A (y)~'(u) = 7u(x). Thus, (£(t),t < 7,(€))) is the image of (Y (u),u < a) by
the mapping ¥. Hence, 5(58,85“()()) =0. O

5.2 Time change on the continuous Euler scheme

Let us now consider the continuous Euler scheme (£,) defined in (11), (12) and define
analogously:

p(z) = / (s, x)ds, Tyu(x) =inf{t > 0,5,(z) > u}. (30)
0
Using (12), (p;(x)) satisfies, for i > 0 and t; < t < t;41,
i1
pi(x) = Py, () + (t = )73, (tisw.) = h Yy o (a(ty)) + (t = ti)o? ((t)), (31)
j=0
(with Zé;% = 0 for ¢ = 0). Note that
i—1
pr (@) = hy_ o?(xl(t))) (32)
5=0

11



Hence, (p,(z),t > 0) is continuous, strictly increasing on R, and maps each interval (¢;, ;1]
on the interval (py, (z), py,,, (z)].

Condition (C) ensures that

<Tu(z) <

Poo() = 00, +A, (33)

Sl =
Sl =

and that ¢t — p,(z) and u — 7T, (z) are inverse. In particular, for all ¢ and all trajectory x

t; = ?pti (2) (az) (34)

For ¢ the solution of (11), we define, for u > 0,
?u == g?u(g), (35)

which is adapted to the filtration B

Denote by @b the distribution of (Y,,u > 0). We now describe the distribution va with
more precision.

Proposition 5.3. The process (Y,) defined in (35) is a process with constant diffusion
coefficient equal to 1 and drift term given by:

Fw,) =2 105 @) 16, ®,,, @0 (37)

i>0

where f(v,.) is predictable w.r.t. the filtration (G,) and f = b/o? (see (3)).
Proof. By definition of (Y,), we have

L 7u(£) _ _
Yiu=¢& + / Z b(gti)lti<s§ti+1ds + B, where (38)
0 i>0

— ?u(g) 7
B'u, = / Z U(&ti)lti<sgti+1dWs.
0

i>0

The process (B,) is a martingale with respect to G, = .A?“ @ with quadratic variations:

_ 7u(€) _
< B >u= / 202(€ti)1ti<5§ti+1d8 =Uu.
0

120
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Therefore (B,,) is a Brownian motion with respect to (Gu). B
In the ordinary integral of (38), the change of variable s = 7,,(§) < v = p,(§) yields, noting
that for v € (p,, (E),ﬁt“rl(g)], dv = 0*(&,;,)ds and using (34),

v _F “ b(gtl) n
Y, = 50 + /O Z 0.2(Eti) 1ﬁti(£)<’U§pti+1 (€) dv + Bu’ (39)

i>0

where £, = ?ﬁt-@ = Z; is the discrete Euler scheme (see Lemma 3.1).

Thus, (Y,) defined in (35) is a process with constant diffusion coefficient equal to 1 and
drift term given by f(v,.). We now check that f(v,.) is predictable w.r.t. the filtration
(Gu) i.c. that, for all i, py.(€) is a (Gu)-stopping time and that ?ﬁt@) is ?E.(E)—measurable.
Noting that, for all u, ' '

(Pr, (&) <) = (Tul(§) = 1)
belongs to G, = A @ yields that p,, (€) is a (Gy)-stopping time. We know that

Yo, ® = S

is As;-measurable, which achieves the proof since A;, = Eﬁtv G

K3

We consider, for a > 0, the experiments gga(X) (see (13)) and
Ge = (C(RT,R),Cq, (Qv/c,, b € F)). (40)
Proposition 5.4. For all a > 0 deterministic,
A(gga(X)7 ,C’73) —0.
Analogously, for all T > 0 deterministic,

A(GE, Gy = 0.

Proof. We only prove the first point. The proof is divided in several steps.

First, as the experiment 53 is the image of the experiment gg a(X) by the measurable mapping

(2(8),t < Ta(2)) = (y(w) = 2(7u(®)), u € [0,a]), 695", Gg) = 0.
We now prove that (5(98,9’8“()()) = 0. For this, we first construct a process (Y,) with

distribution Qp (step 1). Then, we construct a process (X;) with distribution @, obtained
from (Y,) by the measurable mapping (y(u),u € [0,a] — (y(p,(y.)), t <Ta(y.)) (step 2).

Step 1.
Let (B,) be a standard Brownian motion with respect to a filtration (G,) satisfying the
usual conditions and assume that Xy is Gy - measurable. Then, we define recursively a
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sequence of random times (7;) and a continuous process (Y ) as follows. We first set Ty = 0
and 70 = Xo. Then

_ — — = b
T =Ty(Y)=0?Yo)t1, Y.=Yo+ 2( 0) u+ By, for 0 <u <Ty.
(o2 (Yo)
T, =T,(Y)=Ti-1+0*(Yq,_,)(ti — ti-1), (41)
. b(Yr. L
Yo=Yr_, + #(u —Ti_1)+ By — Br,_,, for T_y <u < T, (42)
g (YTi—l)

O]

Lemma 5.1. The sequence (T;) is an increasing sequence of (G, )-stopping times such that,
for all i > 1, T; is Gr,_, measurable. Moreover, the process (Y,) defined in (41),(42) is
adapted to (G,) and is a diffusion-type process with diffusion coefficient equal to 1 and drift
coefficient equal to

=> fly I,y () <us<Ti(y)s

1>1

where (Ti(y.),i = 0) are recursively defined as in (41)-(42) using the trajectory y. and
=b/a? (see (3)). Hence, the process (Y,) has distribution Qy.

Proof. First note that 77 is Go- measurable, and thus {77 < u} € Go C Gy, . Hence Ty is a

(Gu) -stopping time. Now, Y, = Y + 2((Y ))u + B, is, for all u, G,-measurable. Thus, T}

and Y1, are Gy, measurable.
By induction, assume that, for 1 < j <4, T is Gr,_,-measurable, that 7T} is a (G, )-stoppping
time, and that Y, given by (42) for u < T} is G,-measurable.

Recall that, for v > T;, Y, = Y, + (E/T ))( — T;) + By — By, defined by (42) is G,-

measurable. As Ty 1 = T; +0?(Y1,)(tiy1 — t;), the induction assumption yields that Tjq is
Gr,-measurable. By Condition (C), T; < T;41. Hence, using the induction assumption,

Yo >u, {Tip1 <u} ={Tip1 <u}N{T; <v} € G,

This implies that {Tiy1 < u} = {Tiy1 < u} ﬂﬂwL{Ti < U}E MysuGe = G, which proves
that T;;1 is a (Gy)-stopping time. Thus, T;1 and Yr,,, are Gr,, ,-measurable.
The proof is now complete. ]

Step 2.
Let us define

E(t7?.) = ZJ(?Tifl)l}ti—l,ti](t)7 (43)

pt(Y,):/OUQ(s,Y,)dS and T,(Y) =inf{t;5,(Y.) > a}. (44)

14



We set o
Xe=Yw) (45)

and look at the distribution of (X;,t < 7,(Y".)). Note that, for all i > 0,

P (V) =T (46)

is a (G, )-stopping time ( see Lemma 5.1). We need to check that, for all ¢, ﬁi(v,) isa (Gy) -
stopping time. Noting that, for t; <t < t;41, p,(Y) = T;+(t—t;)0?(Y1,) is Gr,-measurable,
we can write B B B

s, {7(V) <ub = {5(V) <u}n{T; < v} €3,
This implies that ,(Y) <u} = {p(Y) < u}NNosud{Ti < v} € MNysuGy = Gy which

proves that p,(Y") is a (G, )-stopping time.
Thus we can define the filtration (A; := ﬁt(?.)) to which (X}) is adapted. By construc-
tion, 7,(Y ") is a (A;)-stopping time.

Lemma 5.2. The sequence (X, = Y1,,i > 0), where (Yy,) is defined by (41)-(42) and (X+)
is defined in (45), has the distribution of the discrete Euler scheme (9).

Proof. For all ¢ > 0, the process
(B’l(il) = PTH-U - ETN’U > 0) (47)
is a Brownian motion independent of ?Ti = A;,, adapted to the filtration (?Tiﬂ). As
X, = Y, is Gr,-measurable, this r.v. is independent of (Bg),v > 0). Let us define
_ _ p()
BTi+1 — BTl i 0'2(YTi)(ti+1_ti)
T1—Ti oY)Vt —

Eirl = (48)

The random variable €;1 is ?Ti ,,-measurable. We can write,

?Ti+1 = ?Ti + b(?Ti)(ti—H — ti) + U(?Ti)\/ti—&-l —t; €iy1, 1 2>0. (49)

To conclude, it is enough to prove that (g;,7 > 1) is a sequence of i.i.d. standard Gaussian
random variables, independent of G.

Applying Proposition 8.3 of the Appendix yields that, for all i > 0, ;41 is a standard Gaus-
sian variable independent of ETi' This holds for ¢ = 0 and proves that 1 is independent of
Go and has distribution N(0,1). By induction, assume that (ex,k < i — 1) are i.i.d. stan-
dard Gaussian random variables, independent of Gy. Consider Z a Gy-measurable random
variable. As (Z, ey, k <i— 1)) is Gr,-measurable, we get that ;11 is a standard Gaussian
variable independent of (Z, ek, k < i — 1)). This completes the proof of Lemma 5.2. O

Define now (Z(t)) as the linear interpolation between the points (t;, Xt,). We now
describe the processes (X; — Z(t)) for t; <t <ty .
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Lemma 5.3. Fort € [t;, t;1],
X =7(t) + o(Xy,)Ci(t),

where (Ci(t),t; <t < ti11) is a sequence of independent Brownian bridges adapted to the
filtration (A¢). The sequence of processes ((Ci(t),t; <t <tiy1),i > 0) is independent of the
sequence (Xy;,j > 0).

Proof.
u—T;

Tiy1 - T;
Using (48)-(49), we obtain, for u € [T}, Tj4+1],

y(u) = ?Ti ++ (7T¢+1 - ?Tz)

_ — — u—T; — ET- _ET-
Y = B,—Br — — (YT tiv] —t; — ¢
= g(u) + D;(u) with
Dl(u) :BU_BTi _71(BT1‘+1 _BTi)' (50)
Tiv1 — T,

Now, for t; <t < t;11, using (41),(43),(44),(46), we get T(t) = y(p,(Y".)), Thus,
X —7(t) = Di(py(Y )
Using the Brownian motion defined in (47), we get

. = — R t—1i —() o A
X =30 = Bpix, oy~ 1y g, Dot ~OXWGH, G
which defines C;(t).

Proving that the sequence (X,,i > 0) is independent of the sequence of processes ((C;i(t),t €

[ti,tir1]),i > 0) is equivalent to proving that (Xg,e;,4 > 1) is independent of ((C;(t),t €

[té, ti+1]),}' > 0). We now prove that, for all « > 1, (Xg,e1,...,&;) is independent of
(Co,...,Ci—1) and that the latter processes are independent Brownian bridges. For this, we
use Proposition 8.3 of the Appendix. With B=B" ", F =Gr_ ., 7= 02(Xs,_,), i > 1,
we deduce that
B
0'2(Xti_1)(t7ti71)
Wit —ti—1) = — , 2>,
U(Xti 1)

is a Brownian motion, independent of Gz, ,. Thus, (C;—1(t),t € [ti—1,t;]) is a Brownian
bridge independent of Wj(t; — ti_1) = €i\/ti — ti—1. Moreover, Gr, ., Wi(t; — ti—1), and
(Ci—1(t),t € [ti—1,ti]) are independent.

For i = 1, as X is Gg-measurable, we get that Xy, €1, Cy are independent and Cy
is a Brownian bridge. By induction, let us assume that Xg,e1,...,&,Co,...,Ci_1 are
independent and that Cj,...,C;_1 are Brownian bridges (on their respective interval of
definition). As Z = (Xg,¢e1,...,€i,Co,...,Ci_1) is G1,_,-measurable, we get that Z,;.1,C;
are independent. This achieves the proof. O
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6 Main result

We can now state the main result of this paper.

Theorem 6.1. Assume (H1) and (C). For deterministic N = n, for h = hy,, the two
sequences of experiments (™) and (G'™) are asymptotically equivalent, in the sense of
the Le Cam deficiency distance A as n — oo if hy, — 0, nh, — co and nh? — 0 ,

A(Eh”’”7 ghn,n) =0

Set T' = nh,, and consider the stopping times

Tn = Prhn(X)s  Tn = Ppn, (X),  Sp=Ta A Tp. (52)

Before going into the last steps, let us make a brief summary using the time changed
experiments. We have the following inequality:

A&, Gy <
A(EM E5M) + A&, E5) + AET, G5") + AG, Go"™) + MGy, G ).
By Lemma 3.3 and 4.1, we have, as n — +o0, h,, — 0, nh,, — +00, nh2 — 0,
A(GY, Gy =0, A", M) — 0.
By Propositions 5.2 and 5.4,
A(EY E57) =0, A(Gy"™,Gir) — 0.

Hence, to achieve the proof of Theorem 6.1, it remains to study A(gg", ,C’;g"). Here , these
two experiments are observed up to distinct stopping times, which leads to an additional
difficulty. Using (52), the triangle inequality yields:

AET,Gim) < AT ESm) + AES™, ET) + A(E], Gm). (53)

Therefore, we have to study the A- deficiency distance respectively for the same experiment
observed up to two distinct times and for two experiments observed up to the random time
Tn-

The result will follow from Propositions 6.1 and 6.2 which are proved afterwards.
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6.1 Experiments stopped at 7,

Let us first study the last term of (53). These two experiments of have the same sample space
and are respectively associated with the family of distributions P, (resp Q5 ) on C(RT,R)
of (Y, u > 0) given by (26) (resp. (Y, u > 0) given by (35) ). Hence,

A&, G5) < Sup 1Py/c.,, — Qv/en, llrv = Do(&5",G5")-
€
Proposition 6.1. Under (H1) and (C), we have,

S K202h, 1\
Bolé G < Loy (1 )T
300 2

Proof. Using the bound of Proposition (8.4) yields

1Py/cy — Qv/callry < \/;K(Pb/CA, By/e,)-

These two distributions are associated with diffusion type processes so , noting that Yy = Y,
an application of the Girsanov formula up to the a.s. finite random time A = A(X ) = 7,,(X )
( with (X,) the canonical process of C(RT,R)) yields,

dpb/CA—X<A — f(v —lA — f(v 2v>
o= e ([ e foxpax, - 3 [r0n) - fo.xpta) e
Hence, using that (X;) has drift term f under P, yields,

. - 1 /4 _ A _
K(Byfew e = Bp (5 [ (00) = fox0Pax,+ [ (00) - flox))as, )

~ 38as, ([ ) - o, X))

Setting T; = T;(X) and using (5.1), we get,

A B ANT; 9
/0 (F(X0) — F(o, X))%do = 3 / (F(Xy) — f(Xr_,)  dv.

i>1 ANT; 4

Using now that f = b/o? is Lipschitz with constant L (see (4)) and that , for i = 1,...,n,
Ty = T,(X.) = py, (X.) yields

" — f(v 2dv 2 - — % dv
/0 (%0 = o XPao < 13 /T (X, — Xr,,) dv. (55)

Under P,
v
X, — ,XTZ._1 = / f(Xu)du + B, — BTi—l’
Ti—1
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where (B,) is a Brownian motion. Therefore,
. 2
2
(Xv - XTifl)) <2 </ f(XU)du> + (Bv - BTifl)z
T; 1

Amﬁﬂw—ﬂwXﬁ%v<ﬂﬂAmm+Aﬂﬁm

This yields

with
n T ” 2 n up )
1(Tn) = Z/ / f(Xy)dv | du; As(Ty) = Z/ (Bu — BTFl) du
i=1 Y Ti—1 Tia i=1 Y Ti-1
Using (4) and that T; — T;—; < o3h,, by (41),
K¢ K 27 \3
) < —42 (T; — Ti-1)* < —n(othy)?,
99 i=1 99

For the second term, using definition (47),

Z/ Br,_,)"du < Z/Og%hn(égﬂ)?dv.

Thus,
P A K? 27, )2
K(By/cr,, @Qv/cs,) = 2L° <?m4n(0%hn)3 + nwlh)>

Hence, the result.

6.2 An asymptotic sufficiency property

(57)

Let us recall that 7, = pup, (X), Tn = Pup, (X) and S, = inf(7,7,) (see (52)) . It remains

to prove (see (53)) that
AETEm) — 0, A&, ") — 0

i.e. to prove the asymptotic sufficiency of Cg, for the experiments gg” and gg;b

Lemma 6.1. Under (H1), there exists a constant D depending on K, K,, 01,00 such that,

Ep, |tn — 7n| < Dnbhj.

1/2
(D = 2K2 + e 4 (3(K2 + 01 K,)) "),

19



Proof. By (24) and (32),

n

Tn_T_n:Z/i (J2<XU)_02(Xti—1)) dv.

i=17ti-1
Under Py, we get, denoting by £ the generator of the diffusion (V) (Lf = s+ U—bgf'),

o2(X,) = o?(Xy,_,) / Lo?( du—l—/ (6% (Xy)dBay,

ti— ti—1

Thus, [ (0*(X,) — 02(Xy,_,)) dv = Bi(i) + Ba(i), with

t; v ti v
B (i) :/ dv/ Lo?(Xy)du ; Bo(i) :/ dv/ (02)(X)dB,.
ti—1 ti—1 ti—1 ti—1

Now Condition (C) and (H1) ensure that ||£0?||« is bounded by D; = K, (01 + K, + %)

so that,
h2
[B1(2)] < D1

For the second term changing integrations yields,

0= [ o= [ e,

Thus,

> Bafi) / H"dB,, where H™ —21 foa e (W —w)(0?) (Xu).
=1

=1

This stochastic integral is well defined with finite quadratic variation and satisfies under
Condition (C),

n 2 nh. 3
Ep, <§ :B2(Z)> = Eﬁb/o (HM ) du < )| (0))1% neg
i1

Finally, joining these two results and applying the Burkholder-Davies-Gundy inequality with
D' = D1y (201Ka)1/2
2 3
1
vnhy,

This achieves the proof if nh,, is bounded or goes to infinity with n. O

) < D' nh?.

Ep, |70 — 7l < D'(nh} + (nh3)'/?) = D' nhi (1 +

Proposition 6.2. Under (H1) and (C), we have,

(cnh%) 172,

A&, E5) < S(enh2)Y2, A&, &) <

21/20- 21/20-
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Proof. As Eg " is a restriction of £]" to a smaller o-algebra, §(&;", Eﬁq ") = 0.

To evaluate the other deficiency, we introduce a kernel from Eﬁq " to &". Let A e,
and set

N(w,A) =Ejp (IA\CSn)(w).

Using the kernel N, N (Pb]Csn) defines a probability on (2,C;,). Let us compute the density
of the probability N (Py|Cs,) w.r.t. Py|Cy,: for A € Cy,,

~ dP, dPb,
N(FB|Cs,)(A / N(w, A)d(By[Cs,) = Ep, <dpb|csn Po(lA’CSn)> = Ep, (d —LCs, 1A> :

Thus, the probability N(P,|Cs, ) on (Q,C,,) admits a density w.r.t. Py|C,, equal to

dp,
P,

(Here, Py corresponding to b = 0, is the distribution of (1 + By, u > 0)). Denote by Ly (b)

the density by
T T 1 )
D =exn( [ fXAX~ [ 5P

dPy

with f = b/o?. Thus,

dP, - . dP,
—=2(Cr,y = Lr, (b) = L, (B)Vi = —="
dP() dPO
with - T |
Uy =logV, = / f(X,)dX, — —f3(X,)du.
S S, 2
We deduce: _
dbC,,
AN (B)|Cs,)

By the Pinsker inequality (see Section 8.2 and Tsybakov (2009)), we have:

_ _ 1 S
[N (P[Cs,.) — Po|Cr, |7y = 2/QdPolLsn(b) — L, ()]

< VE(BIC,,, N(BCs,)/2
Now, by Lemma 6.1

~ ~ n 1 K2
K(BylCrs N(ByICs,)) = e, Un = Epyc. /S P (X)du < S Bl — 7
0
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K2
< Tcnh%.
99

S(E5, &) < sup ||N(By[Cs,,) — By|Cr |7y,
beFk

we obtain the first inequality. We proceed analogously for the other inequality.

7 Extensions

If we do not assume that b is bounded, then, we have to make additional assumptions on f,
w, (Yy) and (1) defined in (3),(28) and (6):

(H2) f and p are Lipschitz.

(H3) sup,>oEY; +sup;s Enf < K.

Indeed, instead of using the bounds for f,u, we have to use their linear growth (f?(x) +
p?(x) < C(1+2?) for a constant C). Then, when taking expectations in the proofs of Lemma
4.1, Proposition 6.1, Lemma 6.1 and Proposition 6.2, uniform upper bounds of second-order
moments are required. Assumption (H3) is fulfilled for instance when the diffusion model
for ¢ is ergodic with En? < 400 (n = &).

8 Apppendix

8.1 The Le Cam deficiency distance

In this section, we recall the main definitions and properties used in relation with the Le
Cam deficiency distance. The Le Cam distance between statistical experiments is generally
denoted by A. In what follows, all measurable spaces are supposed to be Polish metric
spaces equipped with their Borel o-algebras. The Le Cam distance was introduced to
compare experiments having the same parameter space F, but possibly different sample
spaces. Consider two statistical experiments & = (Q, A, (Py)fer) and G = (X,C, (Q¢)fer)
and assume that the two families (Pf)fecr, (Qf)fer are dominated. A Markov kernel
M (w, dx) from (€, A) to (X,C) is a mapping from € into the set of probability measures on
(X,C) such that:

e For all C € C, w — M(w, () is measurable on (Q2,.4),
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e For all w € Q, M(w,dz) is probability measure on (X,C).
The image M P; of Py under M is defined by:

MP;(C) = /Q M(w, C)dPy(w).

The experiment ME = (X,C, (M Py)secr) is called a randomisation of £ by the kernel M.
If the kernel is deterministic, i.e. for T : (2, A) — (X,C) a random variable, T'(w,C) =
1o(T'(w)), the experiment T'€ is called the image experiment by the random variable T'.

Let Mgq.x denote the set of Markov kernels from (Q2,.4) to (X,C).

Definition 8.1. (1) The deficiency of € with respect to G is given by

5(E.G) = inf MP; —
(£,9) Me%ﬂﬂ;ggl! r— Qrllrv,

where ||.||7y denotes the total variation norm for measures.

(2) AE,G) =max{d(€,G),4(G,E)}.

Actually, A is a pseudo-distance. When A(E,G) = 0, the two experiments are said to
be equivalent.
When the two experiments have the same sample space : (2,.4) = (X,C), it is possible to
define

Ao((€,G) = sup || Pr — Qyllrv.
fer
The following inequality is useful:
A(E,G) < Ap(&,9).
The sufficiency of a o-algebra or a statistic can be expressed in terms of the A-distance.

Proposition 8.1. Consider the experiment € and let B C A be a o-algebra on 2. Consider
the experiment experiment £/5 = (0, B, Pr/p) which is the restriction of £ to B. Then, B
is sufficient for € if and only if A(E,E/B) = 0.

LetT : (Q,A) — (X,C) be a random variable. The statistic T is sufficient for € if and only
if A(E,TE) = 0.

Proof. Consider first the deterministic kernel from (2,.4) to (2, B) given by M (w,B) =
1p(w). As MP; = Ps/5, 6((£,€/B) = 0. Then, consider the kernel N from (2, B) to (£2,.A)
given by:

N(w, A) = Ep,(14|B).

By the sufficiency of B, N(w, A) = Ep,(14|B) admits a version independent of the parame-
ter f. By the assumption on the sample spaces, there is a regular version of the conditional
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probability given B. Hence, 6((€/5,&) = 0.
By definition, the statistic 7' is sufficient is the o-algebra o(7T) is sufficient.  As
A(TE,E/51)) = 0, it follows immediately that T" is sufficient if and only if A(E,T€) = 0.

Note that, when the family (Py) is dominated by a probability of the model Py, for some
fo € F, then, we can take N(w, A) = Ep; (14]B). O

Now, we introduce an asymptotic framework ¢ — 0 and consider the families of
experiments £° = (Q°, A%, (Pf)rer), G° = (X°,C%(QF)fer), B° C A° a o-algebra,
Te : (Q°, A%) — (X°,C°) a statistic.

Definition 8.2. o The families %, G¢ are said to be asymptotically equivalent as € tends
to 0 if A(E%,G%) tends to 0.

e The o-algebra B¢ is said to be asymptotically sufficient if A(E°,E%/pe) tends to 0.
o The statistic T¢ is asymptotically sufficient if A(ES,TE®) tends to 0.
The comparison of statistical experiments with different sample spaces is difficult. So,

it is often the case that an accompanying experiment H® = ((Q°, A%, (R‘jf) ter) having the
same sample space as £° is introduced. Then, we have the following result.

Proposition 8.2. o If, as e tends to 0, Ay(E%, H®) tends to 0 and A(HE,G®) tends to
0, then, the families £ and G° are asymptotically equivalent.

o If, as ¢ tends to 0, Ag(E°, HE) tends to 0 and A(HE,T*H®) tends to 0, then T° is
asymptotically sufficient for E°.
Proof. For the first point, we use the inequality:
A(E°,G%) < A(E°,H®) + A(H®,G7) < Ao(E°,H®) + A(H®, G7).
For the second point,
A(ES,TET) < A(EF,HT) + A(HE, T°H®) + A(TH®, T°E%) < 2A¢(E%,H®) + A(H®, T°H®).
O

8.2 Auxiliary results

The following results are used above.

Proposition 8.3. Let (B, t > 0) be a Brownian motion with respect to a filtration (Fy,t >
0) (satisfying the usual conditions) and let T be a positive Fo-measurable random variable.
Then, the process (W (t) = %Bﬂg,t > 0) is a standard Brownian motion, independent of
Fo.
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Proof. As 7 is Fo-measurable, for all ¢ > 0, 7t is a (F;)- stopping time. By the optional
sampling theorem, we deduce that the processes (B, t > 0) and (B2, — 7t,t > 0) are local
martingales with respect to the filtration (F;¢), with continuous sample paths, null at 0. As
7 is Fo-measurable, the same holds for the two processes (W (t)) and (W?2(t) —t). Thus, by
Paul Lévy’s characterization, we deduce that (W(t)) is a Brownian motion, with respect to
the same filtration. Thus, (W(t)) is independent of Fy. O

We recall useful inequalities for the total variation distance between probability mea-
sures. The following one is called the first Pinsker inequality (see e.g Tsybakov, 2009).

Let (X,.A) be a measurable space, P, () two probability measures on (X,.A), v a o-finite
measure on (X, .A) such that P < v, Q < v and set p = dP/dv,q = dQ/dv. The total
variation distance between P and ¢ is defined by:

1
1P~ Qllrv = sup [P(4) - Q)| = 5 [ Ip~ ala
AcA
The Kullback divergence of P w.r.t. @ is given by:

dP
K(P,Q) = /log @dP it P< @, =-+oo otherwise.

Proposition 8.4.

I|P—QllTv < VK(P,Q)/2.

The remarkable feature of this inequality is that the left-hand side is a symetric quantity
whereas the right-hand-side is not. The noteworthy consequence is that it is possible to
choose, for the right-hand-side, K (P, Q) or K(Q, P).
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