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Abstract

In this paper we first derive a Coulomb Hamiltonian for electron—
electron interaction in quantum dots in the Heisenberg picture. Then we
use this Hamiltonian to enhance a Bloch model, which happens to be
nonlinear in the density matrix. The coupling with Maxwell equations
when interaction with an electromagnetic field is also considered from the
Cauchy problem point of view. The study is completed by numerical
results and a discussion about the advisability of neglecting intra-band
coherences, as is done in part of the literature.

Keywords: Maxwell-Bloch model, quantum dot, Coulomb interaction, Cauchy
problem, Liouville model, positiveness properties.

1 Introduction

Bloch model is a very common model to describe the time evolution of a system
of electrons in different contexts such as gases of electrons, glasses or crys-
tals. The very classical case of gases and glasses involves isotropic media. The
electrons are supposed to be localized and non interacting. Their behavior is
averaged at the mesoscopic scale. This leads to relatively simple models where
matter energy levels are quantized and labelled by integers. The case of crys-
tals [BBFB+-04] also involves levels integer indexed levels, but symmetries and
directions in matter have to be taken into account.

Bloch model has also been extended for the description of quantum wells
[HK96, KR92|, and quantum dots [GH02, BF10]. In these models matter is
described by the state of two species of particles (electrons and holes, or equiv-
alently valence and conduction electrons). In quantum wells, energy levels are
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indexed by vectors. In contrast the confinement of electrons in quantum dots
leads to integer indexed levels like in gases, which often leads to consider quan-
tum dots as pseudo-atoms, but this is a very raw vision. In particular, among
other differences, electrons at the same mesoscopic location do interact directly
via Coulomb interaction.

[BF10] is a preliminary paper that derives raw Bloch equations for two
species of electrons (conduction and valence) only taking into account the free
electron Hamiltonian and the interaction with a laser electric field. The aim
of the present paper is to include properly Coulomb interaction in this model.
Beyond the sole derivation of the model, we want in particular to study its math-
ematical properties. In the continuation of [Bid01, BBR01], we want to show
that a certain number of properties are preserved through the time evolution,
such as Hermicity and positiveness of the density matrix.

1.1 The raw Bloch model

Let us first recall the main results obtained in [BF10] and fix the notations.

1.1.1 Commutators and Heisenberg equation

Let A and B be two operators, we define their commutator by [A, Bl = AB—BA
and their skew-commutator by {A, B} = AB + BA. For an operator A, we
will define the associated observable (A) = Tr(SyA) by averaging with respect
to the initial state density Sy of the system. If the system is described by an
Hamiltonian H, the time-evolution for this observable is given by the Heisenberg
equation

ind,(A) = ([A, HJ). (1)

When the observable is the density matrix, the Heisenberg equation of motion
is called the Bloch equation.

1.1.2 Operators for quantum dots

A quantum dot is defined as a collection of conduction and valence electrons.
There is of course no conduction in quantum dots since the electrons are con-
fined in every direction, but this terminology is useful to distinguish between
the valence electrons — which are in fact the absence of holes in the valence
band, see Section 2.2 — and the free, but confined, electrons. For each species,
energy levels are quantized and indexed by a set of integers, I¢ and IV, for con-
duction and valence electrons respectively. For i € I°, we define the creation
and annihilation operators ¢! and ¢;. Electrons are fermions and should respect
the Pauli exception principle. The corresponding skew-commutation rules are
{ci¢;} = {cj,c;[-} =0, {ci,c;} =0,

This implies in particular that c;c; = czcz = 0, which means clearly that it is
impossible to create twice or annihilate twice the same electron. This is the
Pauli exclusion rule.



Likewise, for valence electrons, we define the creation and annihilation op-
erators UZ-L and v;, for which

{vi,vj} = {v;r,v;} =0, {vi,u;[ =0;5.

Of course any conduction operator commutes with any valence operator.

1.1.3 Observables for quantum dots

The observable we are interested in is the density matriz. It includes a conduc-

tion density matriz, which elements are the pf; = (c}ci). This matrix is clearly

Hermitian. Its diagonal terms p§;, = (czcl) are also called populations and give
the probability to find an electron in state i. The off-diagonal terms, pj;, i # j
are called (intra-band) coherences. Of course we also define a valence density

matriz, which elements are the p}; = <vjvl> Besides we are interested in inter-

band coherences defined by pg} = (v;cz> The entries of these matrices are the

variables of the Bloch equation. They are cast in a single density matrix

B pc pcv )
p < pVC pV
where p¥¢ = p®*, which ensures that p is Hermitian.

1.1.4 Free electron Hamiltonians and interaction with a laser

The raw Bloch equation for quantum dot is derived in [BF10]. It takes into
account two types of Hamiltonians in the Heisenberg equation for the density
matrix, namely free electron Hamiltonians and interaction Hamiltonians with a
laser field. The free electron Hamiltonians read

c _ c .t v o_ v, T
H§ = E €1,C1,Ck Hy = E €LVLVE,
kere kerv

for conduction and valence electrons respectively. The coefficients €}, and €] are
the free electron energies associated to each electron level (eigen-state). The
interaction with a laser characterized by its time-dependent electric field E(t)
is described by the Hamiltonians

1
HY = o (E(t) - M§cher + B (t) - M§iclex),
(k,De(I)?
]- * vk
HY = 3 (B M+ B () Myjufu),
(k,De(Iv)?
HY =3 (E()- Miielu + B0 - M ofa),

(k,lyeIexIv



where the dipolar moment matrices may be expressed in terms of the wave
functions associated to each level:
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Injecting these Hamiltonians in the Heisenberg equation, the raw Bloch equa-
tions can be cast in Liouville form

ihdhp = [Vo(t), o] (2)

In equation (2), Vo(t) = VF + VE(t) is a sum of a constant term V¥ stemming
from the free energies collected in diagonal matrices E§ = diag({ef}icrc) and
Ey = diag({€} }icrv), and a time dependent term due to the interaction with
the electric field:

B 0 RE(f)- M°  E(t) - M
VF< 00 E > and VE(t): < E*(t)~MCV* %E(t)~MV )

1.1.5 Mathematical properties of the Liouville equation

Equation (2) clearly preserves the Hermitian structure of p. Its exact solution

) o0 = | V() ar) s0e (5 [ Vo) )@

This expression allows to prove a certain number of properties (see [BF10]), in
particular:

e Equation (2) is globally well-posed,
e for all time p(t) is a positive matrix,

e its trace is conserved through the time evolution.

1.2 Issues related to the Coulomb Hamiltonian

The outline of this paper is as follows. In Section 2 we derive the Coulomb
Hamiltonian in terms of the conduction and valence operators. The associated
Heisenberg equation is derived in Section 3, but it ends up with an open system
of equations. The system is closed in Section 7?7 using Wick theorem, and the
final Bloch equation has a Liouville form, but is nonlinear. This nonlinearity
does not allow to use previous literature directly and we prove anew the Her-
micity, positiveness and boundedness results in Section 4. In Section 5 we show
the impact of the Coulomb contribution in numerical results and also compare
our model with a vanishing inter-band coherence model defined in [GHO02].



2 Second quantification Coulomb Hamiltonian

2.1 Electron—hole model

Coulomb interaction is easier to introduce first in the electron—hole picture and
using field operators. We denote by ¢ (r) and 1[)}];(7“) the creation field-operators
of respectively an electron and a hole at the space location r, and 1/36(7“) and
77/}],1(7") the corresponding annihilation field-operators. Then considering that
there are N relevant electrons in the quantum dot, we can simply write the
Coulomb Hamiltonians as

o LS [, GV i), ()

1,j=1

H'h = Z // drydry P (r) ] () V2 (ri, 73) 00 (ry)dn(rs),  (4b)

1,j=1

Z //dndrj (ra) 0t (r) Ve (i, i) dn (e (rs),  (4e)
4,j=1

where V¢, V® and Ve~ are the electron—electron, hole-hole and electron—hole

Coulomb potentials. The total Coulomb Hamiltonian is H® = H®~¢ + HM~h 4

He™" We want to derive Bloch-type equations for the Coulomb interaction.

Bloch equations have the advantage not to depend explicitly on the exact form

of the field-operators. To this aim we write

= > U r)ea; Dir) = 3w (r)eh, (5)

aelc aelc
= > Yh(r)da, Ph(r) =Y ghr(r)di. (5b)
aclh aclh

In this decomposition ¢, (resp. d,) is the annihilation operator for electrons
(resp. holes) and ¢, (resp. di,) is the corresponding creation operator, where
a take its values in the set of indices I¢ (resp. I") for electrons (resp. holes)
states. They are weighted by the electron and hole wave functions ¢ (r) and
Y2 (r). In the sequel, to avoid unnecessary written complexity, we will often
omit to specify which set the indices belong to. Pauli exclusion principle is
ensured by skew-commutation properties. Of course electron operators commute
with hole operators. The properties are expressed using skew-commutators
{A, B} = AB + BA and the Kronecker symbol ¢.

Property 1.
{COHC][;} = dap, {cavcﬁ}: {02702}:07

{dodl}} = bap, {dasdg} = {d},, d}} = 0.



Inserting decompositions (5) in Hamiltonians (4) we obtain

e—e e
H = Z Ralaza’laéczlclzcaéca’la (6&)
1,02,
afy,al
h—h h
H = Z Ra1a2alla/2d21dlk2da,2d0/1) (Gb)
Ckl/,Ozzl,
o ,ah
e—h e—h
H = Z Ra1a2a’1a’2021d£2daécaﬁ’ (60)
1,002,
ool

where

N2
RS i, = - | [ A w00 OV (s 00, (), ()

N2
Rglaw/la/z = 7// drdr’ Y2 (r)pl (r )V (r, T/)w(};zz (r") 2,1 (r), (7b)

—h _ 2 ! ex hx ./ e—h 7\, h N, /e
Rzmw’la; =N // drdr’ g’ (r)a, (r )V (r, ) dg, (r)de, (r). (7c)
The symmetries in the integrands induce the following properties.

Property 2. Since V(r,r') is an even function of r — 7/, variables r and 7’ play
the same role and

e — R® Rh _ Rh

aazalal aparabal) ajazalol asarabold
Since V(r, ') is a real valued function

¢} — Re* Rh — Rh*

ozl al ol abayog? ajagaod ofabaog)

e—h _ pe—hx
ajazaial, T Ra’la/zoclag'
The Pauli exclusion principle (skew-commutation, Property 1) also induces
that some terms in H°~° and H" ™ are necessarily zero.

Property 3. If a1 = ap or o) = o,

Cglclzcaéca’l = 0, d:&ldlzdaédaﬁ =0.

The Coulomb interaction is intended to be included in a global Bloch-type
model. It has been shown in [BF10] that the electron—hole formulation is not
proper to write a Bloch model and that a conduction—valence electron model
should be used instead.



2.2 Conduction—valence electron model

The electrons described in the previous section are viewed as conduction elec-
trons. The presence of a hole in the valence band is the absence of the cor-
responding valence electron. Creating a hole is annihilating a valence electron
and vice-versa. We can therefore recover creation and annihilation operators
for valence electrons already used in Section 1.1.2 as v, = d, and v, = dJ,.

The order of the operators (which has to be read from the right to the left)
in the Coulomb Hamiltonians (4) has a meaning: in order that two particles
interact via Coulomb interact they have to pre-exist at locations r; and r;. Then
they are annihilated while interacting and recreated at the same locations. The
transformed Coulomb Hamiltonians (6) obey the same rule.

Definition 1. A product of operators will be said to be in the normal order,
if the annihilation operators are on the right and the creation operators on the
left.

If we replace hole operators by valence electron operators in the Hamiltonians
(6), we do not obtain normal ordered forms.

h—h _ Z h Tt
H - Ra1a2a/la/2va1va2va/2va/la

1,02,
’ ’
(11,(12

e—h __ e—h T T
H" = E Ralaza 1, Cay Vaz Vo Caty»
1,02,

’ /
Qi ,00n

Notation 1. In computations we underline the part of the expression which is
transformed at the next step, e.g.

Ua’U}; =008 — v};va.

For the reader’s convenience, many details of the computations using the
(skew-)commutation rules and Notation 1 are postponed to an appendix.

To express H*~® we need to compute a normal ordered form of v, vazvlévl,l
(see details in Appendix A)

Tt _ T T
Vo Vay vo/z va/l = 50410/1 504204’2 - 6041(1’1 UQ’ZUQQ - 5(120/1 60410/2 + 5(120/1 Uo/z Vay

T T Tt
+5a1a’zva’1vaz — 6042(1/21)&,10&1 + Vg Uy Vors Vouy
h h T
Thanks to Property 2, Ra1a2a1a2 Razala, ol therefore —d,, Vg Vo and

—5042&/21)2,1 Vq, lead to the same contribution. The same argument can be applied

T T
to §a2a/1va,2val and 5a1a/2va,1va2. Hence

-V _ h _i_
=2 Z (Raﬁﬁa R,Ba,@oz /UOC + Z Ralazoz o a’ ’Uaé’Uafoal.

’
a,a B al/aa2/7
af o



In the definition of HY™" we have dropped the 04,0/ 00,0, a0d —0aya!0a,a,
terms which would lead to zero contributions in the Heisenberg equation.
In the same way CLIU(X2UL/2 Cal = Oayal, ijlca'l — cj;lvlt,2 Vay Cof s hence

-y S
Raﬂa'ﬂc Car Rauxza’a’c Uaéua2co‘/1'

a,a’ B a1,02,
of,ab
Setting
RC — Re RY Rh Rc—v _ 7Re—h
arasalal arasalalr aazad ol ofabaias? arasalal T ajabaloy’

we can define the Coulomb Hamiltonian in the conduction—valence electron
picture

c—c __ C Tt
H - Z Ralagalaéca1cagcaéco¢’la (8&)
1,002,
ool
v—vV __ 2 v o1 E % _ v T
H = ROQOQCMlOLQU Ua2va’21}a’1 +2 (R/Baalﬁ Rﬁaﬂa/)vava/, (8b)
a1,02, a,a’ B
ool
He v — E RV e wl voe — E cv o cle (80)
aragalal T Yoy T Ay afa’Bra~al:
1,02, a,a’ B
af o

3 Formulation of the Heisenberg equation
We now write Heisenberg equation (1) where A are operators c}ci, v}vi or v;[cl-
and H are the Hamiltonians defined by Equation (8).

3.1 Wick theorem

For the free Hamiltonians and the laser interactions the computation of the com-
mutators led to expressions in terms of the two-operator densities, and therefore
to a closed set of equations [BF10]. This will not the case any more here, since
the commutators stemming from Coulomb Hamiltonians will give rise to four-
operator densities. To go further we should a priori have evolution equations
for these observables via the Heisenberg equation, computing commutators with
the already defined Coulomb Hamiltonians. This would lead inevitably to six-
operator densities, and so on. To avoid this endless procedure, we have to close
the system at some point. This is the goal of Wick theorem [Wic50] which
amounts in our case to write the four-operator densities as sums of products of
two-operator densities following e.g. the rule

WT
(el chycapcar) "2 (el car) (chycay) — (chycay) (chocar)

WT . . .
where the symbol (D) means ”is approximated through Wick theorem by”.



3.2 Commutators involving c}ci

In order to derive the Heisenberg equation we have to compute [c}ci, H¢ €] and

[c}ci,HC_"] (since [c;-ci,HV_V] is clearly zero).

3.2.1 Commutator with H ¢

According to Equation (8a)

Te HCe—°] — C to. of of
[cjei, HC] = R, asarag €5 €, Co,yCay Car ).
1,002,
’ ’
Qg ,0n
Remark 1. We already know many situations where [c;fci, 01;107;20&5 Cay] 18 nec-
essarily zero:

e if none of the indices ay, ag, o), o) is equal either to i or j,
o if @1 = ap or af = o} (see Property 3),

We compute separately each commutator (see details in Appendix B)

fo o o _ el
[cicis el ChyCayCal] = 510416]%2%’ Co, + iyt cj alc,l/lca/2
—0;

of T oot
ol az Chy Car Ci = Ojat Coy, Chyy Cat, Cie

[e3ed}

Using Property 2, we see that

T c—c] i .
[cjei, H™C] = R analal 2010, C! cj agco/ Cat = 20ja, calcazc%cZ

1,002,

! ’

Q0

= 2 E Rma a,c caca/ca/ -2 E Ralawa,ca1 aQCa/Ci.
1,02,
‘3‘1’0‘2 o'

We now apply Wick theorem which leads to

<[C;—C7;7HC_C]> (WT) 2 Z Rma o <<c Cot ><c Ca! >— <C;Ca/2> <CLCO/1>)

apaz
-2 Z Ralazja cl> <CL2ca/> — <cj;lca/> <cchi>)
.
= 2 Z ke — Binalk) <cha/> <c;[ck>
a,a’
-2 Z kam/ — ak.ja,) <cha/> <CLC¢> .
a,a’



Defining matrix A¢(p) as

ik(p) =2 Z ( gaka’ - Rzgaoz’k) pg/oﬂ (9)
(a,0”)€(I°)?

we can cast the result as
cC—C (WT) C C
([eles, He]) “E7 1A% (p), 7).

3.2.2 Commutator with H°™V

According to Equation (8c¢)

[C;r‘ciaHCﬂ,] = Z quzw o [CTCZ,CZQULQU%CO&Q] - Z gﬁz’ﬂ[cTcwclca’]

!
1,02, a8
Oél,OL.Z

To evaluate the commutators we compute

c;cicica/ = (5iac}ca/ — c}cgcica/ = (51@(:;00/ — c];c;cafci
= 5mc}ca/ - ja'CLCz' + cha/c;ci.

Applying this to (o, @) = (a1,a]) in the first sum we obtain

T c—v _ c—v To.f _ c—Vv t ot )
[cjei, HTV] = RE o a1 €50V Cal R oo Coy Vi Var Ci
(o) 1,002,
a0 o’

_ZRzﬁ;’BC Car +ZRaﬁ§BC Ci,

<[c}ci,HC’V]> (¥ Z Rma o (<c o > <vlva/2> — <c}va/2> <vlca/1>)

Otl ,Oé2

- Z Ralagja’ <CI¥1ci> <’UIYQ’UQ/> - <CLI'UO/> <’ULQCZ->)

algOé2u

_ZRzﬁa’,B<c ca> ZRaﬁjﬁ C Cl
= Y R (o) <c§czc> = 3 Rz (okew) (o)

k, k,
a,a’ a,a’
+
_ E Rka]a/ 0l Vo ) <c£ci> g R <c];va/> <Ukci>
k,
a,a’

ZRzﬁkﬂ <c ck> ZRkﬁjﬂ <ckcz> .

10



Using the matrices ¢V (p), 7 V(p), where

lvk(p) = Z Rfak\:]a’p:;’a7 (10)
(a,0")€(IV)?
W) = = Y R (11)
(a,a’)elvxIc
M = _ZRzﬁkﬁ7 (12)
Belv

and noticing that
> RS == (P)

a,af

we can rewrite this
—V (WT) v cC—Vv V . C—V*x
<[C}CiaHC ]> €Y (o) + 1, %5 + D ik Y (o)l — prmkj
k

which will prove useful for the matrix formulation in Section 3.5.

3.3 Commutators involving v}vi

3.3.1 Commutator with HV™Y

According to Equation (8b), we have to two evaluate two types of commutators
to evaluate [v;[vi, HY~V]. The first commutator is clearly computed in the same
way as [c}ci, H¢~°] replacing conduction electron operators by valence ones. For

the second part, we have to compute [U;Ui, v} va]. Since

vjvlvT Vo = Swév;rva/ - v;rv:;vzva/ = 5mvTva/ - vlv;rva/vl
= 51‘@1);%/ — ja/v:;vi + v:ryva/v;vi,
we have
Z (R%aa’,@ Rﬁaﬂa )[UT,U“’UT ’UO/]
a,a’,B

= Z (Réaa,ﬂ — Rgaﬁa,)(émvgvar — 5ja/vlvi)

aar,B
=D (Rbiars = Rbipa)jvar = _(Riajs = Rbag;)vivi.
a',B a,B

11



Hence

[v;{vi,HV*V] = 2 Z Rma,a/v va/ Voy — 2 Z Ralazm/vmvwva/vz
o T
+2 Z(Rgla’ﬁ — Rgiﬁa/)v;{@al -2 Z(Réajﬁ — Réaﬂj)vivi,
o',B a,p

(W)

([v}oi, ) (A" (p) + K, 0T

where AV(p) and k¥ are defined as

;/k(p) = 2 Z ( '\ilakoc’ - R'\iloca’k) p;’z’ow (13)
(a,)e(1v)?
Kijp = 2 Z (RZMB - REWJ (14)
Berv

3.3.2 Commutator with H°™V

According to Equation (8c), the commutator [U;vi, H¢™V] only involves the first
term of H°™V, which we can write as

t, eyl — e—v t -
[vjv;, HV] = R oy, Con Cat [0}V, 0, Vay]-
1,02,
o ,al,

Setting (a, ') = (a2, @) in the previous commutator computation, we deduce
that

t,,. pge—v _ c—v T T of
[yj vy, H ] - Roqaza’ oy Ca, Caf (6’D‘2UJ Yoy — 570‘2 O‘Z,UZ)
1,02,
’ !
Dél7a2
= Ram,a,c vl Val Cay Z Ralazaj alva2vzca/,
«, 041’012,
a0 o
T, pge—v (WT) c—v + T /ot T
<[vjvz,H ] = g Rmu,lo/2 <caca/1> VU, <cava/2> V;Cay
/a7 !’
Qp,Qp
_ E Ty i
a1a2a i COélcO‘ > < /U1> <Calvl> <UO£2CO‘/>)
Oél 042
_ T
= g REY, (chea <v Uk> E REv (el o ><chk
(e Ot «a, (X
Ty,
— ZRaka ' el L, Co’ <vkvz> Z Rk(mj of L Ca > <ckvl .
«, Ot «, Oé

12



Anew, we can rewrite this

-V (WT) CcC— V* Vi C V
<[v}vi,HC ]> [(p), "]is + Zv PIPE — Zmiﬁm
using v~ V(p) and the new matrix (°(p) defined by
Ge)= Y Budiba (15)

(e,a’)e(1°)?

3.4 Commutators involving v}ci

3.4.1 Commutator with H ¢

According to Equation (8a)

T . pre—cy] _ C Tr.. b .t
[vici, H] = R anararVjlci i, ChyCay Car]-
1,02,
!’ !’
al,a2
We compute
A — T _ of
CiCh ChyCatCat = Oia; ChyCalyCal — Chyy CiChyCal Car
= 510416220&' Cay — biasC alca/ Ca, —|—cLl Chy CiCal Cor,
— T i of
= Gia1 CayCayCol, — iy Chy, CalCar) —|—cO¢1 Ciyy CatyCal Ci-

Hence, using Property 2 and Wick theorem,

[v}ci,HC*C} = 2 Z Riyoray caécalﬁ
a17a2
(wfe 7). O 2 37 Rty ((vfent ) () = (vleus) (cheas)
a17a2
= 2 Z ke — Bioarke) <clcar> <vj-ck> .
aa’

We recognize

<[v ci, HS C>(WT)ZA Py

k

3.4.2 Commutator with HV ™V

In the same way, according to Equation (8b)

[v;ci,HV—V] = Z R‘&laza,l%[v;r,vllvl2ua/2va/1]ci
1,002,
O‘/lvalz
+2 Z ( %aa’,@ _REQBQ/)[U;,’ULU“/]CZ'
a,al B

13



and

fol of R I
VjVa,VasVah Vo = UayUa,VjVasVay

_ ot o, —of ol vl
= 0jayUh, Vi Ve, Vi, Vi, Vo U Ve

_ ol o 6 of o Pt t
= 0jay VU, Vay Ve, — Ojat Vg, Vo Valy T Udy Uiy Ve Vo V-

Hence, using Property 2,

> R Tl of 3 of ot .
Roaaga o [U]’U Uagvocéval ci =2 Ralaga 1iVaq YV, Va! Ci-

«1,002, aq,02,
oy ,al o
Since v;[v:gva/ = —], vTva/ = 0oV} + v:gvafvj, we have

Y (Rbaars = Riapar)lols vivarler = =D " (Rbaj5 — Riagi)vbes.

a,a’ B a,f
Hence
[’U;CivHv_v] = 2 Z Roqocgoz 'y ocl agva/ci - QZ(Rga]’B - Rgaﬂj)vgcﬂ
al,gcz, a,B
_ (WT)
<[U;[ci’ HY v]> = 2 Z Ra1a204 'J <Ullci> <Ulzva/> B <Ul1va/> <’Ut];20i>)
al(;OCZv
—2) (Rbajs = Ryapy) (viei)
o,
S R o) o) o)
a,a’
=2 (Rbkjs — Rikg;) <”Uzici> :
k,B

We recognize
<[UJT'C“ AN > ZPCV ki szk Rij-

3.4.3 Commutator with H¢™V

According to Equation (8a)

t.ope—v)  _ c—v tooot ot
[vici, HY] = Ramm,la,z[vjcl,calvazvaéca/l]
1,002,
’ ’
Qg ,0n
- g Raﬂa,ﬁ ] [ciy ¢l carl.
a,a’ B
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To evaluate the first sum (see details in Appendix C)

fech of _ ot ot e et ot e
VjCiCh, Vg, VayCal = 51,111)]11&211,1/ Cotp = 5oy Cy Voo Co, Ci + €l Vi, Vay Ca, U Cisy
and
c—V [P B _ c—v 1.1
g Ralaza’la’z[chﬂcalvazvaécai] = E Rma ' V5 VaVaj Cat
1,002, @,
’ ! ’ ’
Qp, Qg Qp, Qg
- : : Ralaga] aq azcalci'
Qq,02,
a/
Last, cicgca/ = 0;aCal — c‘;cicar = 0;aCor + c‘;cafci, and
c—v T + c—v 1
Z aparp¥ylCis CaCar] = Z iBar gl Ca’
a,a’,B o’,B
Hence
.. c—v _ c—Vv To.f c—Vv t ot )
[vjcl,H ] = Rma, oy Vj VaVaj Caf — R 0 iChy Vs Car Ci
o2} Qq,02,
a'17a'2 a
— g Rwa,ﬂv [
t . pre—v (WT) T /it T
<[vch,H ] = E Rmalaz v Cal, <vava/2> Vi Vs, <vaca/l>
al,a2
_ E T _ T T oa
Ralaga '3 Cl> <U0420a/> <CC¥1CO"> <va20l>)
0517a2,

_ Z RGN <v Cor >
= D0 Rt (oho) (efen) = 3 ooy (vlear) (ofun)

k, K,
’ ’
o, o,

_ ZR’WQ ; (vhear) <c£ci> ZRaka ;i (chcar ><v£cz>
Z Riges <“ C’“>

where we recognize

<[v}cz’,H°‘V]> 0S¢ o) pkﬁZm PPk =Y o5 (p Zp NG ()Y s R
k k k
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3.5 Matrix formulation

We would like to cast the former results as

CTO futc- T
<[<c%vl vjf.vl) ’H01> (W: ) [VC(P)7P]’

_ (V) VTV(p)
Vc(p) - <ch(p) Vv(p) > ’

where

which implies
(elenHT) 57 V() + V() = pVE(p) = gV ),
(o HOT) "0 V()™ 4 VY (g = 0V () = 2V (),
<[v;ci, HC]> Ve ()™ V()" = PV (p) — p VY ().

Identifying the coefficients computed in Sections 3.2, 3.3, and 3.4, we obtain
that the result can indeed be cast as [V(p), p] where

Ve(p) = A(p)+"(p) +n77,
Vei(p) = A7 (p),

ViTp) = A (p) =V (p),
V¥(p) = A(p)+((p) + 57,

and the various matrices have been defined by Equations (9) to (15).

The evolution equation for the density matrix including also the free electron
Hamiltonians, the interaction with a laser field, and Coulomb interaction can
therefore be cast in a Liouville form

indwp = [V(t, p(t)), pl, (16)

where V (£, p(t)) = Vo(t) + VC(p(t)).

3.6 Energy shifts
Recall (see Equation (2)) the raw Bloch equation

ihorp = [Vo(t), pl,

where
Vo(t) = E§ + RE(t) - M° E(t) - MY
0= E*(t)-M®*  Ej+RE(t)-M¥ /-
The symmetries in the definition of M¢ and MY imply that their diagonal entries
are zero. On the contrary for Ej and Ej there are only diagonal entries. In the
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evolution equation of pj;, the pf; term only involves Ej, and the other entries
of p play a role through M¢ and M*".

We can therefore easily analyze the Coulomb contributions in terms of shifts
on the free electron energies and off-diagonal terms. Hence we compute

5E(p) = 2 Y (Rwiar — Bonoi) Prat Y. R P — Y Righ,
(a,a’)E(1°)? (o,a’)e(IV)? BeIY

56;/ (P) = 2 Z ( iodal T R;/cwz 1) p‘(;’a + Z Raza zpa ot 2 Z (Rguﬂ - R%iﬁi)'
(o, )e(Iv)? (a,a’)e(I°)? Belv

We can define the energy shift matrices as 0E°(p) = diag({0€S(p)}icrc) and
OEY(p) = diag({dej (p)}ierv). Hence V(t,p(t)) = E(p(t)) + R(t,p(t)), where
E(t, p(t)) = diag(E°(t, p(t)), EY (t, p(t))) and

E(p(t)) = E§ + SE(p(t)) and E*(p(t)) = E§ + 0E" (p(t))-

3.7 Vanishing intra-band coherence assumption

The model for quantum dots given in [GHO02] has clearly been derived mimicking
quantum well models as in [KR92]. In quantum wells electrons and holes can
only interact if they ”see each other” long enough, i.e. if they have (and are
indexed by) the same wave vector. This leads morally to weakly coupled two-
level systems. Therefore, in [GHO02], the variables are the level populations and
the inter-band coherences. In comparison with our model there are no intra-
band coherence pf; or p}; for i # j.

We can therefore wonder what becomes of our model if we set intra-band
coherences to zero. First we notice that in the evolution equation of e.g. pg;,
there is e.g. a contribution of V$(p$; —pf;). Hence, even if intra-band coherences
are initially zero, there are not always zero through the evolution with Equation
(16). Setting artificially intra-band coherences to zero therefore destroys the
Liouville structure of the system.

In our model, this hypothesis also changes the definition of A°(p), ¢V (p) and
AY(p), which become

fk(p) = 2 Z wzka - zaak) pzav
aclc
ivk(p) = Z chkapaou
aclv
;,k (p) = 2 Z wck:a - u,uxk) pZ(x
aclv

4 Mathematical analysis

4.1 Estimates on the density matrix

In the same way as in the usual Bloch case [BBRO1], the Liouville structure al-
lows to state that the density matrix remains Hermitian through time evolution.
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Its trace is conserved and it is a positive operator. Hence for a given electric
field E(t), the elements of the density matrix are bounded, more precisely pop-
ulations are bounded

P50 |pj; ()] < Tr(p(t)) = Tr(p(0)), for all i € I and j € I",

as well as coherences

Tr(p(0
501 < S0, < D e,

and likewise

T
%) 1057 ()] < W’ for all i € I° and j, k € I".

4.2 Coupling with the Maxwell equations

The density matrix governed by Bloch equations in the previous section was only
depending on time. We can now consider a collection of quantum dots which
are scattered in space and interacting, not directly but through the interaction
with an electromagnetic wave that propagates through the medium. This can
be modeled by a density matrix, that now depends on time and space, which
is coupled with Maxwell equations for the laser field through the expression of
polarization. We therefore address the system

woH = —curl E,
e0;E = curlH — 9,P,

P = N, Tr(Mp), (17)
o = —51V(p). 0.

where all the variables depend on time and space in 3 dimensions: the electric
and magnetic fields E and H, the polarization P, and the density matrix p. Such
models have already been written and studied mathematically and numerically
in a few physical contexts. Here the specificity is the fact that the Bloch equation
is nonlinear in p. Note that even in the case when V' does not depend on p, the
full coupled model is already nonlinear since V' is affine in E.

This system can be cast in the abstract setting of [DS10]. In this paper,
they introduce a general abstract setting able to treat both Maxwell-Landau—
Lifschitz and classical Maxwell-Bloch equations. In this setting the electromag-
netic field is supposed to exist in all space R3. Matter described by the density
matrix is only occupying a subdomain € of R3. The variables are gathered in
one variable U = (u, v), where u = (u1,uz2) = (H,E) and v = p. The variable u
can be view as 6 real variables and variable v as d = (card(I€) + card(I"))? real
variables. This variable U is supposed to be in L? = L2(R%R6) x L2(Q;RY).
The abstract system reads

{ (8 4+ B)u= (v -1)F(v,u), forzeR>

18
O = F(v,u), for z € €. (18)
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In this formulation k(z) = (k1(x), k2(x)) = (u,). It is uniformly positive as
needed in [DS10]. The linear differential operator B is defined on Heyy X Heyrl
by B(ui,us) = (/-ﬂl_1 curl ug, —@_1 curluy). The variable v is extended by ¥ on
the whole R3 and is zero outside 2. We can identify i1 = 0, lo = —A}, Tr(M.-),
and F(v,u) = —+[V(p),p]. The system (17) verifies the hypotheses given in
[DS10], namely

e Fis affine in u: F(v,u) = Fy(v) + F1(v)u,

e for j =0,1, F;(0) = 0.

e for all R > 0 there exists Cp(R) such that for all v € By (ball of radius
Rin RY), |Fy(0)] + [0,F5(0)] < Cr(R).

e There exists K > 0 such that for all (u,v) € R x RY, F(v,u)-v < K|ul?.

We have in particular used the L bounds of the previous section, more precisely
we look for
v € L((0,00); L= (4 RY)). (19)

Besides we suppose to have at time ¢ = 0 the conditions
div(k;ju; —1;0) =0, for j =1,2, (20)

which are indeed the physical conditions divB = 0 and div(eE + P) = 0
[Dum05]. The structure of Equation (18) ensures that this condition holds
for all time if it is valid at the initial time.

4.3 Cauchy problem

In this section, we state without proof the results obtained in [DS10] and that
can apply to our context. The first result addresses the existence of global finite
energy solutions.

Theorem 1 (Theorem 3, [DS10]). For any initial data Uy = (uog,vo) satisfying
(20), there exists U € C([0,00); L?) which is a global finite solution to (18)—(20).
Moreover, for all T > 0, there exists a constant C' that only depends on T, F', 1
and ||vg||ee, such that for allt € [0, T], |U@)|lLz < C||Us||Lz-

To have a uniqueness result we need some regularity on € and p. Usually in
physical contexts € and p experiment jumps on the boundary of €2, but we do
not know how to tackle with this problem. We hence assume that

Q is bounded and r; — 1 € CF(R?), fori=1,2, (21)

which means that k; is 1 outside 2 and the transition across the boundary is
smooth. We also assume that the initial data for the electromagnetic wave is
smooth enough with Sobolev regularity.

Theorem 2 (Theorem 5, [DS10]). Under the assumptions of Theorem 1, and
(21), let s € (0,1] and curlug; € H*~1(R3) fori=1,2. Then
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(i) any solution given by Theorem 1 satisfies curlu; € C(]0,00); H*~1(R?))
fori=1,2;

(ii) if s = 1, there exists only one solution to (18)—(20) with initial data Up.

Item (ii) stems from the fact that /; = 0 and F' does not depend on uy but
only us.

5 Numerical experiments

5.1 Self-Induced Transparency

Self-Induced Transparency (SIT) is a typical two-level phenomenon: using a
light pulse which is resonant with the transition, absorption and stimulated
emission are combined to obtain exact population inversion and an unchanged
electric field. This phenomenon has been predicted theoretically and confirmed
experimentally [AE87, MH67, GST70].

The propagating field is a pulse given by

E(t,z) = &(t, z) sin(wo (t — 2/v)),

where v is the velocity of the pulse, wy is both the center frequency of the pulse
and the transition frequency of the medium, and £((¢, z) is the pulse envelope.
It is shown that the envelope is not reshaped by the medium, only if it is a
symmetric hyperbolic secant

mT

— 2
E(t, z) = &y sech (t Z/U) , where & = —.
T

In this expression 7 is the pulse duration and m = M /h, where M is the dipolar
moment associated to the transition. According to the Area Theorem, the
medium undergoes k exact inversions if

A:m/ E(t, z)dt = km.

The corresponding pulse is called a km-pulse. For our test-cases, we will use a
2m-pulse, for which the medium is inversed and goes eventually to its original
state. The return to the initial state is a easy-to-check criterion to validate
numerical approaches, as has been already done in [BF06, ZAG95]. It is easy
to compute that

A =mt& [arctan(sinh ¢)] ™ = m7&,

and hence a km-pulse is obtained for the amplitude & = kh/MT.

20



5.2 Adaption to the quantum dot context

In this paper we want in particular to investigate the validity of the vanishing
intra-band assumption. To this aim we need a minimum of three levels and we
therefore adapt the SIT experiment to our framework. We absolutely do not
claim that SIT has any practical application in the quantum dot context, but
only choose this test-case because of the easiness to interpret the results.

015 02 025 ) 005 0.15 02 025

" Time (ps) " Time (ps)
c wi
Wy Wo v
IWO Wa
wy wo 2w v
Wy
......... S mmm - wi’

(a) (b)

Figure 1: Adaption of the SIT test-case to the quantum dot context. (a) Original
two-level case; (b) 2 three-level test cases.

In Figure 1(a) the original two-level test case is represented, for which there
is a single conduction level and a single valence level, separated by the energy
corresponding to the field frequency. The upper plot represents the (normalized)
time-evolution of the electric field. The time-evolution of the population of the
initially empty conduction level is given by the lower curve. We observe that
the medium undergoes two complete population inversions.

In Figure 1(b) we have three-level test cases with a single conduction level
and two valence levels. Coulomb interaction is not taken into account. In the
first case (represented by solid lines both on the plot and on the scheme) the
transition between the two valence levels is also resonant with the field and this
destroys the SIT phenomenon. It suffices to get both valence levels far apart
enough (e.g. 2wy as in the second case, represented by dashed lines) to recover
SIT. We use this last configuration as basis test-case for the following numerical
experiments.
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5.3 Numerical features

The simulations are performed using a code based on a finite difference Yee
scheme and a relevant choice for the time discretization of the Bloch equation
(see [Bid03]. It allows to keep the good properties of the original Yee scheme:
second order and explicitness. A splitting scheme, first described in [BBRO1],
allows to preserve positiveness at the discrete level. It is strongly based on
the exact solution given by Equation (3). It has been adapted to include also
Coulomb interaction, still preserving positiveness, but at the cost of a loss of
approximation order, which becomes one.

Integrating the zero intra-band coherences assumption is a priori a problem
since it destroys the Liouville structure and an exact solution is no more avail-
able. It is however possible to solve a Liouville-like equation and set artificially
intra-band coherences to zero. This adds a step at each time iteration but allows
to preserve the general structure of the numerical code.

To determine the right envelope amplitude for numerics, we use the argument
of [ZAGY5]: in practice the input pulse is cut off on an interval ¢ € [—-107, 107],
therefore the numerical area is

A, = m7& [arctan(sinh t)]iolo = m7&0(0.9999427),
which slightly changes the value of &.

5.4 Results
5.4.1 Impact of Coulomb terms

To include Coulomb interaction in the SIT test case, we have to give values to
the coefficients given by Equation (7). Their exact computation is not in the
scope of the present paper. We choose to take them all equal to a single value
Ry.

e

0.15 02 025 o 0.05

01Time(ps)
(a) Rp =102 (b) Ry = 3.5 102

o 005 0.15 02 025

01
Time (ps)

Figure 2: Impact of Coulomb terms for two interaction strengths.

For small values of Ry (see the evolution of p§; described for Ry = 1072
in Figure 2(a), solid plot) SIT is only slightly affected. In this figure, the
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dashed plot corresponds to the reference case (Rgp = 0) and is the same as the
dashed plot of Figure 1(b). The effect is clearer for stronger values of Ry (e.g.
Ry = 3.5 10721 in Figure 2(b)). The total inversion is prevented by Coulomb
interaction. By the time the electromagnetic wave arrives at the space point
of interest, Coulomb interact has relaxed part of the population of the higher
valence level p¥, to the lowest valence level pY; (solid plot)). Only the remain-
ing electrons (about half of them in our example) take part in the phenomenon,
which explain the dashed plot (and also the slight effect in Figure 2(a)). Al-
though inversion is not complete, the return to zero of pf; is observed in this
test case.

5.4.2 Impact of vanishing intra-band coherences

We first test the impact of the vanishing intra-band coherence assumption on
the Coulomb-free model. We always use the same experimental setting (see
Figure 3(a)) and this assumption amounts to taking py, = 0.

conduction P11
C—V
P12 Y
P22
C—V
P11
\"%
valence P12
VA Y 0 0.05 01 015 0.2 0.25

P11 Time (ps)

(a) (b)
Figure 3: Impact of vanishing intra-band coherences on the Coulomb-free model.

The result is displayed in Figure 3(b). The final equilibrium state for matter
is slightly changed and p$,, which is given by the solid curve, does not eventually
return to zero. The last inversion is not a total one.

The test cases with Coulomb terms is much more interesting. If Ry is low
(see Figure 4(a)), the result is not much affected by this assumption.
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-~ py=0 -~ py=0

—pg#0 o —pgy#0
0.2] \“
) 005 01 015 02 025 ) 005 01 e ; ; 777777777777 <; 25
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(a) Ry = 102! (b) Ry = 3.5 10~2!

Figure 4: Impact of vanishing intra-band coherences on the full model.

In the case of Ry = 3.5 10721, we see in Figure 4(b) that the final equilibrium
state is not physical (p{; < 0). This is due to the destruction of the Liouville
structure. We can easily explain why this is not observed when Ry is low. When
we are close to the SIT experiment we have a typical two-level phenomenon:
py1 =~ 0 during the whole experiment. For a two-level system, the positiveness
of the density matrix is equivalent to

e the positiveness of each diagonal term (populations),

e the estimation of coherence by populations, here: |p5" | < p$;p3,, if the
second valence level would be the only relevant one (see [BBRO1]).

Setting intra-band coherences to zero within the numerical process does not
affect these properties, and the iteration use in the proof of the positiveness of
the density matrix applies.

But for a three-level system (and the case Ry = 3.5 1072! is a true three-level
case) the positiveness of the matrix involves some more properties, which are
affected by setting pY, to zero. Although trace is still conserved, the positiveness
of the population is affected. We would of course have the same result with a
dedicated code where intra-band coherences would simply not be computed.
Besides the effect is clear enough in Figure 4(b) not to be attributed to simple
round-off errors. The conclusion is that even if intra-band coherences seem not
to be very relevant for some physical applications, it is very important to include
them in the mathematical description and in the numerical computation to keep
the natural mathematical structure of the density matrix.

Remark 2. In absence of electromagnetic field the evolution equation is reduced
to
1h8tp§1 =0.

This is only due to the fact that there is only one conduction level in our test
case, and does not depend on the intra-band coherence vanishing assumption,
nor on the fact that we took a single Ry Coulomb coefficient. Hence, when the
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population of the coherence level has been set into a non-physical state (and
this is due to the intra-band coherence vanishing assumption), it remains in this
state for ever.

6 Conclusion

In this paper, Bloch-type equations have been derived considering Coulomb
effects in quantum dots. We have shown analytically and numerically that
Coulomb effects are not negligible in some quantum dot structures, and we have
given the link between mathematical properties and physical relevancy of the
Bloch model and more specifically in the treatment of intra-band coherences.
Then this model has been coupled with the description of laser propagation
in the quantum dot structures, leading to a Maxwell-Bloch system for which
we have studied the local and global Cauchy problems. This system has been
implemented numerically and simulations have been performed on a self-induced
transparency test-case. In particular, we have tested the impact of Coulomb
parameters and intra-band coherences. Further work will include additional
effects in the same Bloch-type framework.
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A Canonical form for H* %

ot _ [ T T T
Vo VasUr Vs = VanVas Ugr Vgt = Oayal Vo Var — Vo Ugyr Vay Ugyr
—1 2 oy oy 1 % 2 1 2
= ol Oagal, — Oayar UL, v
ajaf Yazal, aray Vap Vas
T T T
_éawivmv% T Vgt Vaz Vay Vg
_ T
- 6a1a’16a2a’2 - 6a1a’1va/2va2 - 6a2a/16a1a’ + 5(120/’0 val
T T T
00040, 1V — Ugr Van Vs Vo
T T
= 6041a 5a2a/2 - 5(“0/11}&,21)0(2 - 5a2a 5a1a 5a2a’1va/2vo¢1

+5a1a2v3; Vo — 5042&20; Vo, + ”agvlgvazval'
B Commutator of c}ci with H¢

(PN S — Tt 1.t i
CjCiCh, ChyCalCal = 6ialcjca20a’26a'l_cjc CiCly, CayyCar

— Tt Tt Tl of
= 0ia1 CjCh, CalCal — Oias CjCh, CalCaf F CjCh Ch, CiCalCal

= 5mlcTcJr CatCor, —5la2cTcT CatCal; +cLl I cTca/ Cat Ci

30 3 CasCy
_ () ot
= 51010]00( CalyCal — Oias CjCh, CatyCat
R 4 )
53% t1 Clvs Cal, Ci — €y, €y Ca, CjCar, Ci

o 6“)‘16;0&20‘136‘1 - 61062 Cj alca’z Ca
(5]a2 1 Can Cal, Ci — 5]a1 OKICLQCO/ c; + CO(1 LQca/ Ca, C;ch

- 6""‘16;01“200‘36@ + 610&2 Cj Llca’l Ca,
]a2CT cLlcaflci - ja;cllcfhca;q + cllcgzcaéca;c;fcl,

C Commutator of v;ci with HY

T
4CZ-CLI’UL2’UQ/QCQ/1

I olet et
iay UV, Vas Col — VjCh, CiVG, Vel Cal

v Vs

J

_ 7.1 T T
= ioyvjvl, oy cop — b, v]0], vag cica

— 5. vlof oot ol
= 0iayVjVh,VayCal — Cory Vo, Vj Vo Corl Ci

= &5, vt oyt T fe e,
= 6za1vjva2'va§co/l — 6jaéca1vazca/lcl + calvwvaévjca/lcl

§
iCi,

_ T i T
= i, 0] Vay Cal — §ja/2c7;1va2callci + c‘;lv Vay Caly V)

J Jas Q2

27



