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RESONANCES FOR LARGE ONE-DIMENSIONAL
“ERGODIC” SYSTEMS

FREDERIC KLOPP

Dedicated to Johannes Sjostrand on the occasion of his sixty-fifth birthday.

ABSTRACT. The present paper is devoted to the study of resonances for
one-dimensional quantum systems with a potential that is the restriction
to some large box of an ergodic potential. For discrete models both
on a half-line and on the whole line, we study the distributions of the
resonances in the limit when the size of the box where the potential
does not vanish goes to infinity. For periodic and random potentials,
we analyze how the spectral theory of the limit operator influences the
distribution of the resonances.

RESUME. Dans cet article, nous étudions les résonances d'un systéme
unidimensionnel plongé dans un potentiel qui est la restriction a un
grand intervalle d’un potentiel ergodique. Pour des modéles discrets sur
la droite et la demie droite, nous étudions la distribution des résonances
dans la limite de la taille de boite infinie. Pour des potentiels périodiques
et aléatoires, nous analysons 'influence de la théorie spectrale de ’opéra-
teur limite sur la distribution des résonances.

0. INTRODUCTION

On (?(7Z), consider V a bounded potential and the Schrédinger operator
H = —A +V defined by, for u € (*(Z),

(Hu)(n) =u(n+1) +u(n — 1) + V(n)u(n), VneZ.
The potentials V' we will deal with are
e V periodic;
e V =V, random e.g. Anderson model i.e. the entries of the diag-

onal matrix V' are independent identically distributed non constant
random variable.

The spectral theory of such models has been studied extensively (see e.g. [17])
and it is well known that

e when V is periodic, the spectrum of H is purely absolutely continu-
ous;

e when V =V, is random, the spectrum of H is almost surely pure
point i.e. the operator only has eigenvalues; moreover, the eigen-
functions decay exponentially at infinity.
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2 FREDERIC KLOPP

Pick L € N*. The main object of our study is the operator
(0.1) Hp=-A+ Vl[[—L—f—l,L]]

when L becomes large. Here, [-L + 1, L] is the integer interval {—L +
L.+, L} and 1) (n) = 1 if a <n < b and 0 if not.

Clearly, the essential spectrum of Hy, is that of the discrete Laplace oper-
ator, that is, [-2,2], and it is purely absolutely continuous. Outside this
absolutely continuous spectrum, Hj, has only discrete eigenvalues associated
to exponentially decaying eigenfunctions.

We are interested in the resonances of the operator Hy,. These can be defined
as the poles of the meromorphic continuation of the resolvent of Hy, through
(—2,2), the continuous spectrum of Hy, (see Theorem 1.1 and e.g. [41]). The
resonance widths, that is the imaginary part of the resonances, play an im-
portant role in the large time behavior of e especially the resonances
of smallest width that give the leading order contribution (see [11]). As

5 2 -2 2
1 { — —

FIGURE 1. The meromorphic continuation

L — 400, Hy, converges to H in the strong resolvent sense. Thus, it is nat-
ural to expect that the differences in the spectral nature between the cases
V periodic and V' random should reflect into differences in the behavior of
the resonances. As we shall see now, this is the case.

0.1. When V is periodic. Assume that V is p-periodic (p € N*) and does
not vanish identically. Consider H = —A+V and let ¥y be its spectrum and
E — N(E) be its integrated density of states (see section 1.2 and e.g. [37]).

Theorem 0.1. There exists D, a discrete (possibly empty) set of energies in
[e]

(—2,2)NXy such that, for I C (—2,2)NYyz a compact interval s.t. IND = 0,
there exist co > 0, Lo > 0, V D I a neighborhood of I and h non vanishing,
real analytic function on V such that, for L > Ly s.t. 2L = 0 mod p, one
has

(1) for any interval J C I, one has

#{z € J+i[—co,0], 2z resonance of Hp}

(0.2) -

/ dN(E) + o(1);

J

(2) let (2;); the resonances of Hy, in I + i[—cp,0] ordered by increasing
real part; then,

(0.3) Re(zj41—2j) < L' and L-Imzj = h(Rez;) +o(1).

After rescaling their width by L, resonances are nicely interspaced points
lying on an analytic curve (see Fig. 2). We give a more precise description of
the resonances in Theorem 1.3 and Propositions 1.4 and 1.5. In particular,
we describe the set of energies D and the resonances near these energies:
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there, the resonances lie further away from the real axis, the maximal dis-
tance being of order L~'log L. Theorem 0.1 only describes the resonances
closest to the real axis. In section 1.2, we also give results on the resonances
located deeper into the lower half of the complex plane.

resonances resonances

FIGURE 2. The rescaled resonances for the periodic (left
part) and the random (right part) potential

0.2. When V is random. Assume that V' =V, is the Anderson model i.e.
its entries are i.i.d. distributed uniformly on [0, 1]. Consider H = —A +V,,.
Let ¥ be its almost sure spectrum, F +— n(E), its density of states (i.e. the
derivative of the integrated density of states, see section 1.2 and e.g. [37])
and F — p(FE), its Lyapunov exponent (see section 1.3 and e.g. [37]). The
Lyapunov exponent is known to be continuous and positive (see e.g. [5]);
the density of states satisfies n(E) > 0 for a.e. E € ¥ (see e.g. [9]).

Define Hy, 1, := —A + V,1_1 41 1)- We prove

Theorem 0.2. Pick a compact interval I C (=2,2)NX. For ¢ >0, w-a.s.,

one has

lim %# {z resonances of Hy, 1, in I + (—oo,eiCL]}

L—400
_ /Imin (TE) 1) n(E)dE.

Thus, most of the resonances of H,, j, below I are exponentially close to the
real axis: more precisely, they live in {Rez € I, —e™*-F < Imz < —e ¢!}
where ¢_ := min p(F) and c_ := max p(FE).

Eel Eel

One can also describe the resonances locally. Therefore, fix Fy € (—2,2)N%
such that n(Ep) > 0. Let (zF(w)); be the resonances of Hy . We first
rescale them. Define

1
rF(w) = 2n(Ey) L(Re 2F (w)—Ey) and  yF(w) = “ToEo) log |Im sz(w)|
Consider now the two-dimensional point process
§1(Eo,w) = b O (@) ()"

zlL resonances of Hy, r,

We prove

Theorem 0.3. The point process £, converges weakly to a Poisson process
of intensity 1 in R x [0, 1].
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In the random case, the structure of the (properly rescaled) resonances is
quite different from that in the periodic case (see Fig. 2). The real parts
of the resonances are scaled in such a way that that their average spacing
becomes of order one. By Theorem 0.3, the imaginary parts are typically
exponentially small (in L); they are rewritten on a logarithmic scale so as
to become of order 1 too. Theorem 0.3 is the analogue for resonances of the
well known result on the distribution of eigenvalues and localization centers
for the Anderson model in the localized phase (see e.g. [29, 15, 12]).

As in the case of the periodic potential, Theorem 0.3 only describes the
resonances closest to the real axis. In section 1.3, we also give results on
resonances located deeper into the lower of the complex plane.

Besides proving Theorems 0.1 and 0.3, the goal of the paper is to describe the
statistical properties of the resonances and relate them (the distribution of
the resonances, the distribution of the widths) to the spectral characteristics
of H=—A+V, possibly to the distribution of its eigenvalues (see e.g. [13]).
As they can be analyzed in a very similar way, we will discuss three models:
the model Hj defined above, its analogue on the half-line as well as the
“half-infinite” model on ¢?(7Z), that is,

W(n)=0forn>0

0.4 H>® =—-A+W wh
0.4 where {W(n):V(n) for n < —1

where V' is chosen as above, periodic or random.

The scattering theory or the closely related questions of resonances for the
operator (0.1) or for closely related one-dimensional models has already
been discussed in various works both in the mathematical and physical lit-
erature [11, 10, 27, 24, 38, 8, 25, 4, 23, 39]. We will make more comments
on the literature as we will develop our results.

Though in the present paper we restrict ourselves to discrete models, it is
clear that continuous one-dimensional models can be dealt with essentially
using the methods developed in the present paper.

1. THE MAIN RESULTS

We now turn to our main results a number of which were announced
n [21]. Pick V : Z — R a bounded potential and, for L € N, consider the
following operators:
e H}' = =A+V1y 1 on (*(N) with Dirichlet boundary conditions at
0;
o Hf = —A+ V1 ) on (*(Z);
e H® defined in (0.4).

Remark 1.1. For the sake of simplicity, in the half line case, we only
consider Dirichlet boundary conditions at 0. But the proofs show that these
are not crucial; any self-adjoint boundary condition at 0 would do and,
mutandi mutandis, the results would be the same.

Note also that, by a shift of the potential V, replacing L by L + L', we
see that studying H % is equivalent to studying Hy ;v = —A+ V1[_p/ 1] on
(%(Z). Thus, to derive the results of section 0 from those in the present
section, it suffices to consider the models above, in particular, H %.
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For the models Hg and H % , we start with a discussion of the existence of a
meromorphic continuation of the resolvent, then, study the resonances when
V' is periodic and finally turn to the case when V is random.

The existence of a meromorphic continuation of the resolvent of H* depends
on the nature of V; so, it will be discussed when specializing to V' periodic
or random.

1.1. The meromorphic continuation of the resolvent. One proves the
well known and simple

Theorem 1.1. The operator valued functions z € C* +— (z — HY)™! and
z € CT — (2 — HY)™) admit a meromorphic continuation from C* to

C\ ((—o0, —2] U [2,+00)) (see Fig. 1) with values in the operators from [?

comp
2
to lj,,.

Moreover, the number of poles of each of these meromorphic continuations
i the lower half-plane is at most equal to L.

The resonances are defined as the poles of this meromorphic continuation
(see Fig. 1).

1.2. The periodic case. We assume that, for some p > 0, one has
(1.1) Vagp="Vn forall n>0.

Let Yy be the spectrum of HY = —A 4 V acting on £2(N) with Dirichlet
boundary condition at 0 and Y7 be the spectrum of H* = —A 4+ V acting
on /%(Z). One has the following description for these spectra:
P
e Y7 is a union of intervals ¥z := o(H) = U[a;,a;r] for some a; <
j=1
a;r (p > 1) (see e.g. [40]); the spectrum of H” is purely absolutely
continuous and the spectral resolution can be obtained via a Bloch-
Floquet decomposition;
e on /2(N) (see e.g. [32]), one has
— 3y =%z U{vj;1 <j<n} and ¥z is the a.c. spectrum of H;
— the (vj)o<j<n are isolated simple eigenvalues associated to ex-
ponentially decaying eigenfunctions.

The operators H® (for e € {N,Z}) admit an integrated density of states
defined by

. #{eigenvalues of (~A+ V)1 r]ne in (—00, E]}
(12) N(E)= Tm AL I]Ne) '

Here, the restriction of —A+V to [—L, L] Ne is taken with Dirichlet bound-
ary conditions; this is to fix ideas as it is known that, in the limit L — +oo,
other self-adjoint boundary conditions would yield the same result.

The integrated density of states is the same for HY and H? (see e.g. [37]).
It defines the distribution function of some probability measure on X7 that

[¢]
is real analytic on ¥7. Let n denote the density of states of HYN and HZ,

N
that is, n(F) = E(E)
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Remark 1.2. When L get large, as Hg tend to HY in strong resolvent
sense, interesting phenomena should take place near energies in Y.

On the other hand, let 7, be the shift by k steps to the left i.e. 7,V is the
potential V' shifted k& times to the left ie. 7,V (-) = V(- + k). Then, for
l;, = +o00 when L — +o0, 7, H %TZ*L tend to H? in strong resolvent sense.
Thus, interesting phenomena should happen near energies in Yz.

As for H %, it converges in strong resolvent sense to H that we study in
section 1.2.5.

In (—00, —2)U(2, +o0), clearly, HY and HZ have only discrete eigenvalues.
We will now describe what happens for the resonances near [—2,2].

1.2.1. Auwuziliary operators and functions. In our study of the resonances of
H?, it will be useful to consider the translates of H Z yestricted to the neg-
ative axis. More precisely, on ¢*(Z_) (where Z_ = {n < 0}), consider the
operator H,” = —A + 7,V with Dirichlet boundary condition at 0. Let
c = o(Hp).

One knows that, as for HY, oe(H, ) = Xz and it is purely absolutely con-
tinuous (see e.g. [37, Chapter 7]). H, may also have discrete eigenvalues in
R\ Xz.

In the case of the whole line, we shall need another auxiliary operator namely
Hf := HY = —A +V considered on ¢?(N) with Dirichlet boundary condi-
tions at 0. Its spectral properties are similar to those of H .

Remark 1.3. Before describing various properties of the auxiliary operators
and some objects related to them, let us explain why they naturally occur in
this study. Therefore, define Hy, to be the operator HY restricted to [0, L]
with Dirichlet boundary conditions at L. Note that Hp, is also the operator
HZ restricted to [0, L] with Dirichlet boundary conditions at 0 and L.

The operator Har is the strong resolvent limit of H; when L — 4o0. If 71,
denotes the translation by — L that unitarily maps ¢2([0, L]) into ¢*([—L, 0]),
then, H L = T HpT] converges in the strong resolvent sense to H,  when
L — 400 and L =k mod (p). Indeed, as V is p periodic, 7,V = 7,V

To describe the resonances of H7, we introduce the function N, : for ¢ €

C3°(R), define
[ NN () = o ).
Then, one has

Proposition 1.1. For k € {0,--- ,p — 1}, dN,  is a positive measure that
is absolutely continuous on Xz. Moreover, its density, say, E — n, (E) is

real analytic on X7 and there exists fr : Xz — R a positive real analytic
function such that, on ¥z, one has n, (E) = fi(E)n(E).

For E € >y, define

Sty = [ )

(1.3) AE o
([ [ )
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[}
The existence and analyticity of the Cauchy principal value S, on ¥z is
[}
guaranteed by the analyticity of n, in Xz (see e.g. [16]). Moreover, one has

(1.4) S (E) = divﬁ_(g) +ing (E).

R
In the lower half-plane {Im E' < 0}, define the function
dN, (A ,
E];(E) :_/ k ( ) + e—zarccos(E/Q)
R

(1.5) Jr A-E

= [ By ppas IR

where
e in the first formula, the function z — arccos z is the analytic contin-
uation to the lower half-plane of the determination taking values in
[—7,0] over the interval [—1,1];
e in the second formula, the branch of the square root z — V22 — 1
has positive imaginary part for z € (—1,1).
The function 2, is analytic in {Im £/ < 0} and in a neighborhood of (—2,2)N
[e]
Y.7. Moreover, one proves

Proposition 1.2. Z, vanishes identically if and only if V vanishes identi-
cally. Moreover,if V' # 0, there exists { # 0 and o, € {2,3,---} such that
E.(B) ~ & E%.
K )\E\—wo S
ImE<0
Thus, if V' # 0 (which we assume from now on), in {ImFE < 0} and on

(—2,2) N XYz, £+~ Z,_(E) has only finitely many zeros, each of finite multi-
plicity.

Recall that Hj = —A+V on ¢(N) with Dirichlet boundary condition at 0.
Define the function NJ as the distribution function of the measure defined
by

/R POVANG (V) = (00, o(H o) for € C(R).

In the same way as we have defined n,_, S, and E; from H,_, one can define
ng, S§ and Z§ from Hy . They also satisfy Proposition 1.1, relation (1.4)
and Proposition 1.2.

For the description of the resonances, it will be convenient to define the
following functions

= (F) 1 .
CN(E) =1+ ]i( = — S (E) + e—zarccos(E/Q)
RONRIE )
and
SR + —iarccos(E/2) - —iarccos(F/2)\ _

_1 + —iarccos(E /2 1 - —iarccos(E /2
7] (S§(E)+e (E/2)) 4 T (S;(E)+e (E/2))

One has
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o
Proposition 1.3. Pick e € {N,Z}. Let I C (—2,2) N Xz be a compact
interval.
There exists a neighborhood of I such that, in this neighborhood, the function
E — ¢*(E) is analytic and has a positive imaginary part.
The function N (resp. c”) takes the value i only at the zeros of E, (resp.

—_—— ’:“F

= S0 /-

We shall see that the the zeros of ¢® — i play a special role for the resonances
of HY.

1.2.2. Resonance free regions. We start with a description of resonance free
regions near the real axis.

Theorem 1.2. Let I be a compact interval in (—2,2). Then,

(1) if I € R\ Xy (resp. I C R\ Xz), then, there exists C > 0 such
that, for L sufficiently large, H g (resp. H % ) has no resonances in
the rectangle {Rez € I, Imz > —1/C};

(2) if I C Xy, then, there exists C > 0 such that, for L sufficiently large,
sufficiently large, Hg and H% have no resonances in the rectangle
{Reze€ I, Imz> —1/(CL)};

(3) fir 0 <k <p—1 and assume the compact interval I to be such that

{vj} =INEy=1INYy and INYz =0 ((vj); are defined in the

beginning of section 1.2):

(a) if INX, = 0 then, there exists ¢ > 0 such that, for L sufficiently
large such that L = Np + k, HE] has a unique resonance in the
rectangle {Rez € I, —c < Imz < 0}; moreover, this resonance,
say zj, is simple and satisfies Imz; < —e Pil and |z; — \j| <
e Pil for some p; > 0 independent of L;

(b) if INXE, # O then, there exists ¢ > 0 such that, for L suffi-
ciently large such that L = Np+k, HE] has no resonance in the
rectangle {Rez € I, —c < Imz < 0}.

So, below the spectral interval (—2,2), there exists a resonance free region
of width at least of order L™!; it is of order 1. For Hg, if L = Np+k,
each discrete eigenvalue of HY that is not an eigenvalue of H . generates
a resonance for HY exponentially close to the real axis (when L is large).
When the eigenvalue of H,  is also an eigenvalue of H N_— HOJr , it may also
generate a resonance but only much further away in the complex plane, at
least at a distance of order 1 to the real axis.

1.2.3. Description of the resonances closest to the real azis. Let (\)o<i<r =
(M )o<i<r be the eigenvalues of Hp, that is, of HY (or HZ) restricted to
[0, L] with Dirichlet boundary conditions listed in increasing order; they
are described in Theorem 4.2. 5

Pick a compact interval I C (—2,2) N Xyz. For e € {N,Z} and \; € I, for L
large, define the complex number

(1.6)

o 1 -1 . 1 -1 _ e IOgL
Zl_)\l+7rn(Al)LCOt oc )\l+7rn(Al)LCOt oc <)\l i 7
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where the determination of cot™! is the inverse of the determination z
cot(z) mapping [0,7) x (0, —oc) onto C* \ {i}.

Note that, by Proposition 1.3, for L sufficiently large, we know that, for any
[ such that \; € I, one has

tnc® (- 55 € 0,400) (1)

and

log L
cot Loc® ()\l —1 o8

1
Ime® |\ + ———— € (0 1}.
we [ak e )] € 00 1)
Thus, 2z} is well defined by (1.6). Moreover, as the zeros of E — ¢*(E) —i
are of finite order, one checks that

(1.7) —logL < L-ImZ $—1 and 1S L-Re (37— %)

where the constants are uniform for [ such that \; € I.
We prove the

o

Theorem 1.3. Picke € {N,Z} and k € {0,--- ,p—1}. Let I C (—2,2)NXz
be a compact interval.
Then, there exists ng > 0 and Lo > 0 such that, for L > Ly satisfying L = k
mod (p), for each \; € I, there exists a unique resonance of H}, say 2}, in
Re(Z} +2_) Re(Z) +7,)
2 ’ 2

1

LlogL’

the rectangle + i [—no,0]; this resonance is

simple and it satisfies |z} — 2| S

This result calls for a few comments. First, the picture one gets for the
resonances is the following (see also Figure 3). As long as \; stays away
from any zero of E — ¢*(F) — i, the resonances are nicely spaced points as
the following proposition proves.

Proposition 1.4. Picke € {N,Z} andk € {0,--- ,p—1}. Let I C (—2,2)N

Yz be a compact interval not containing any zero of E — ¢*(E) —i.
Then, for L sufficiently large, for each N\ € I, the resonance z; admits a
complete asymptotic expansion in powers of L~ and one has

1 1
1. . — — cot7loc® —
( 8) z )\l—i—ﬂ_n()\l)LCO oc ()\1)+O<L2>
where the remainder term is uniform in .

Proposition 1.4 implies Theorem 0.1. In Theorem 0.1, we chose k = 0. The
set D of exceptional points in Theorem 0.1 is exactly the set of zeros of the
function E + ¢#(E) — i in (—2,2). Near the zeros of E + ¢Z(E) — i, the
resonances take a “plunge” into the lower half of complex plane and their
imaginary part becomes of order at most L~ 'log L. Indeed, Theorem 1.3
and (1.6) imply

Proposition 1.5. Pick ¢ € {N,Z} and k € {0,--- ,p — 1}. Let Ey €
(—2,2) N Xz be a zero of E+— ¢*(E) — 1 of order q.
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Then, for a > 0, for L sufficiently large, if | is such that |\, — Eo| < L™%,
the resonance 2]} satisfies

log L 2
1.9 Im=* q o ('Al ~El (%) ) 14 0(1
- SRR - (14 0(1))

where the remainder term is uniform in 1 such that |\ — Eo| < L™¢.

LogL
resonances

F1GURE 3. The resonances close to the real axis in the peri-
odic case

When e = 7Z, the asymptotic (1.9) shows that there can be a “resonance”
phenomenon for resonances: when the two functions =,  and Ear share a
zero at the same real energy, the maximal width of the resonances increases;
indeed, the factor in front of L™!log L is proportional to the multiplicity of
the zero of = EE]".

The resonances found in Theorem 1.3 are not necessarily the only ones:
deeper into the lower complex plane, one may find more that we describe in
the next section. They are related the zeros of =, when ¢ = N and = Eg
when e = Z.

1.2.4. Description of the low lying resonances. We now study what happens
below the line {Imz = —¢y} for HY and HZ.

The functions =, and ESL are analytic in the lower half plane and tend to
+ico as B — —ioo (see section 2). Hence, for I chosen as in Theorem 1.3,
the function E +— ¢®*(E) — i has only finitely many zeros in [ + i(—o0,0).
We prove

Theorem 1.4. Pick o € {N,Z} and k € {0,--- ,p — 1}. Pick I as in
Theorem 1.5. Let (Ef)1<j<y be the zeros of E+— c¢*(E) —i in I +i(—00,0).
There exists n > 0 such that, for L sufficiently large s.t. L = k mod (p),
one has,

e in the rectangle I 4+ i[—n, 0], the only resonances of HE] and H% are

those given by Theorem 1.3;
J

e in the strip I+i[—oo, —n), the resonances of H} lie in U D (E]', e*”L)
j=1
e in D (E]', e*"L), the number of resonances (counted with multiplic-
ity) is equal to the order of E3 as a zero of E +— c*(E) —i.
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e}
We see that the total number of resonances below (—2,2) N Xz that do not
tend to the real axis is finite.

1.2.5. The half-line periodic perturbation. Fix p € N*. On (?(Z), we now
consider the operator H* = —A + V where V(n) = 0 for n > 0 and
V(n+p) =V(n) for n < —1. We prove

Theorem 1.5. The resolvent of H* can be analytically continued from the

upper half-plane through (—2,2) "Xz to the lower half plane. The resulting

operator does not have any poles in the lower half-plane or on (—2,2) N X z.
The resolvent of H* can be analytically continued from the upper half-plane

through (—2,2) \ Xz (resp. %Z \ [=2,2]) to the lower half plane; the poles

of the continuation through (—2,2) \ Xz (resp. Xz \ [-2,2]) are exactly
dN, 1 (\)

A—F
the upper half-plane through (—2,2) \ Xz (resp. ¥z \ [=2,2]) to the lower
half-plane.

the zeros of the function B — 1 — eV(F) / when continued from
R

Using the same arguments as in the proof of Proposition 1.2, one easily sees

A dN_~ (A
that the continuations of the function F — 1 — (%) / ;%lé) to the
R _
lower half plane through (—2,2) \ ¥z and Xz \ [-2, 2] have at most finitely
many zeros and that these zeros are away from the real axis.
This also implies that the spectrum on H* in [—2, 2]UX7 is purely absolutely
continuous except possibly at the edges of ¥z and {—2,2}.

1.3. The random case. We now turn to the random case. Let V =V,
where (V,,(n))nez are bounded independent and identically distributed ran-
dom variables. Assume that the common law of the random variables admits
a bounded compactly supported density, say, g.

Set HY) = —A +V,, on £2(N) (with Dirichlet boundary condition at 0 to fix
ideas). Let o(HY) be the spectrum of HY. Consider also HZ = —A + V,
acting on ¢2(Z). Then, one knows (see e.g. [17]) that, w almost surely,

(1.10) o(HZ) =% :=[~2,2] +suppy
One has the following description for the spectra o(H)) and o(HZ):

e w-almost surely, o(H%) = ¥; the spectrum is purely punctual; it
consists of simple eigenvalues associated to exponentially decaying
eigenfunctions (Anderson localization, see e.g. [31, 17]); one can
prove that, under the assumptions made above, the whole spectrum
is dynamically localized (see e.g. [9] and references therein);

o for HY (see e.g. [31, 6]), one has

— w-almost surely, o(HY) = X U K;

— ¥ is the essential spectrum of H['; it consists of simple eigen-
values associated to exponentially decaying eigenfunctions;

— the set K, is the discrete spectrum of HL; it may be empty and
depends on w.
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1.3.1. The integrated density of states and the Lyapunov exponent. 1t is well
known (see e.g. [31]) that the integrated density of states of H, say N(E),
is defined as the following limit

#{eigenvalues of HQZ;H[*L r in (—o0, E|}

111 N(E) = li
(1.11) (B) = lim 2L + 1

The above limit does not depend on the boundary conditions used to define
the restriction H f‘[[_ L] It defines the distribution function of a probability

measure supported on . Under our assumptions on the random potential,

dN
dE( ) be

its derivative; it exists for almost energy. If one assumes more regularity on
g the density of the random variables (wy,),, then n can be shown to exist
everywhere and to be regular (see e.g. [9]).

One also defines the Lyapunov exponent, say p(E) as follows

o log T (B, W)l
p(E) T Lgrfoo L+1

N is known to be Lipschitz continuous ([31, 17]). Let n(E) =

o (PO ) (F 50

For any F, w-almost surely, the Lyapunov exponent is known to exist and
to be 1ndependent of w (see e.g. [9, 31, 6]). It is positive at all energies.
Moreover, by the Thouless formula [9], 1t is positive and continuous for all
E and it is the harmonic conjugate of n(E).

For e € {N,Z}, we now define H_, ; to be the operator —A®+V,, 19 ). The
goal of the next sections is to descrlbe the resonances of these operators in
the limit L — +o0.

1.3.2. Resonance free regions. We again start with a description of the res-
onance free region near (—2,2). As in the periodic case, the size of the
HA ;-resonance free region below a given energy will depend on whether
this energy belongs to o(HJ) or not. We prove

Theorem 1.6. Fiz o € {N,Z}. Let I be a compact interval in (—2,2).
Then, w-a.s., one has

(1) for ¢ € {N,Z}, if I C R\ o(HS), then, there exists C > 0 such
that, for L sufficiently large, there are no resonances of HF, | in the
rectangle {Rez € I, Imz > —1/C};

(2) if I C i, then, for e € (0,1), there exists Ly > 0 such that, for
L > Lg, there are no resonances of HE, | in the rectangle {Rez €
I, Imz > —e=21ePLU+))Y yyhere

e p is the mazimum of the Lyapunov exponent p(E) on I
1ife=N,

1/2 ife=7

(3) pickvj =v;(w) € K, and assume that {v;} = }QU(HEI) = Ino(HY)
and I N'Y =0, then, there exists ¢ > 0 such that, for L sufficiently
large, HY 1, has a unique resonance in {Rez € I, —c < Imz < 0};

® 7]y =
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moreover, this resonance, say z;, is simple and satisfies Imz; =<
—e P and |2; — \j| < eI for some pj(w) > 0 independent
of L.

When comparing point (2) of this result with point (2) of Theorem 1.2, it is
striking that the width of the resonance free region below ¥ is much smaller
in the random case (it is exponentially small in L) than in the periodic case
(it is polynomially small in L). This a consequence of the localized nature
of the spectrum i.e. of the exponential decay of the eigenfunctions of H.

1.3.3. Description of the resonances closest to the real axis. We will now see
that below the resonance free strip exhibited in Theorem 1.6 one does find
resonances, actually, many of them. We prove

o

Theorem 1.7. Fiz e € {N,Z}. Let I be a compact interval in (—2,2) N .
Then,

(1) for any k € (0,1), w-a.s., one has

# {z resonance of H:;,L s.t. Rezel, Imz > —e_m}
—>/n(E)dE;
I

L
(2) for E €I such that n(E) >0 and X\ € (0,1), define the rectangle
. 1 n(E)|Rez — E| <¢/2
R (E7)\,L7575) = _Lsé# _BUOP(E)‘SL < €2n°p(E))\LIm,Z < _e_UOP(E)‘SL

where n® is defined in Theorem 1.6, and

1 { n(E)|Rez—E|§s/2}

Led _e_zn-P(E)(l_(S)L < Imz

Then, for E € I such that n(E) >0 and X € (0,1], w-a.s., one has

R*(B,1,L,,6) =

(1.13)

# {z resonances of HS ; in R*(F, A,L,s,&)}
lim lim lim : =1.
6—01 e—0t L—+o0 Leo

(3) for ¢ >0, w-a.s., one has

(1.14)  lim %# {z resonances of HE oy oin I+ (—oo,e_CL]}

L—+00
_ /Imin (TE) 1> n(E)dE.

The striking fact is that the resonances are much closer to the real axis than
in the periodic case; the lifetime of these resonances is much larger. The
resonant states are quite stable with lifetimes that are exponentially large in
the width of the random perturbation. Point (3) is an integrated version of
point(2). Let us also note here that when e = Z, point (3) of Theorem 1.7
is the statement of Theorem 0.2.

Note that the rectangles R*(E, X, L,e,0) are very stretched along the real
axis; their sidelength in imaginary part is exponentially small whereas their
sidelength in real part is of order 1 (in L).
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To understand point (2), rescale the resonances of H? ;. say, (2] (w)); as
follows

xy = xl’,L(E,w) =n(E)L-(Re 2 (w) — E) and
(1.15)

1
=—————log|Im 2z (w)].
277. p(E)L ‘ l,L( )’

Then, the rectangle R*(FE,z, L,¢,d) is mapped into

o the rectangle {|z| < Le/2, |y — A| <46/2} if A € (0,1),
o the rectangle {|z| < Le/2, 1 - <y} if A=1.

Thus, the denominator of the quotient in (1.13) is just the volume of the
rescaled R*(E,\, L,e,0). So, point (2) states that in the limit ¢ and ¢ small
and L large, the rescaled resonances become uniformly distributed in the
rescaled rectangles. We see that the structure of the set of resonances is
very different from the one observed in the periodic case (see Fig. 2). We
will now zoom in on the resonance even more so as to make this structure
clearer. Therefore, we consider the two-dimensional point process £} (E,w)

defined by

(1.16) & (B,w) = > Je

[} (]
%] 1, resonance of Hw,L

where z7, and y; are defined by (1.15).
We prove

Theorem 1.8. Fiz E € (—2,2) N X such that n(E) > 0. Then, the point
process &3 (E,w) converges weakly to a Poisson process in R x (0,1] with
intensity 1. That is, for any p > 0, if (In)i<n<p 7€sp. (Cp)i<n<p, are
disjoint intervals of the real line R resp. of [0, 1], then

P (Mn)
lim P |} w; : : = H e Hn

L—+o00

where iy, = |1,||Cy| for 1 <n <p.

This is the analogue of the celebrated result on the Poisson structure of the
eigenvalues for a random system (see e.g. [30, 29, 12]).
When considering the model for e = Z, Theorem 1.8 is Theorem 0.3.

In [20], we proved decorrelation estimates that can be used in the present
setting to prove

Theorem 1.9. Fiz E € (—2,2)NY and E' € (—2,2)NY such that E # FE',
n(E) > 0 and n(E") > 0. Then, the limits of the processes &3 (E,w) and
&) (E',w) are stochastically independent.
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Due to the rescaling, the above results give only a picture of the resonances
in a zone of the type

Earl [—5’1,5’1] _ [ean.(lJrs)p(E)L’ef2€n.p(E)L

for € > 0 arbitrarily small.

When L gets large, this rectangle is of a very small width and located very
close to the real axis. Theorems 1.7, 1.8 and 1.9 describe the resonances
lying closest to the real axis. As a comparison between points (1) and (2)
in Theorem 1.7 shows, they are the most numerous.

One can get a number of other statistics (e.g. the distribution of the spacings
between the resonances) using the techniques developed for the study of the
spectral statistics of the eigenvalues of a random system in the localized
phase (see [13, 12, 19]) combined with the analysis developed in section 6.

1.3.4. The description of the low lying resonances. It is natural to question
what happens deeper in the complex plane. To answer this question, fix an
increasing sequence of scales ¢ = ({1)7, such that

22 and 22

— = 0.
Tog L Lrtoo 0 L Lo

(1.17)

We first show that there are only few resonances below the line {Imz =
e~} namely

Theorem 1.10. Pick (1)1 a sequence of scales satisfying (1.17) and I as
above.
w almost surely, for L large, one has

(1.18) {z resonances of H, j, in {Rez el, Imz < e_zL}} =O0({y).

As we shall show now, after proper rescaling,the structure of theses reso-
nances is the same as that of the resonances closer to the real axis.

Fix E € I so that n(E) > 0. Recall that (27, (w)); be the resonances of H,, r.
We now rescale the resonances using the sequence (¢1,)r; this rescaling will
select resonances that are further away from the real axis. Define

ry =27, (W) =n(E)(Rez (w) — F) and
(1.19)

{ ] [ ] 1 [ ]
Yj = yl,zL(W) = ng [Im Zz,L(W)|-

Consider now the two-dimensional point process

(1.20) &8 (B w) = > Oat,, wie,)"

(] (]
%] 1, resonance of HW,L

We prove the following analogue of the results of Theorems 1.7, 1.8 and 1.9
for resonances lying further away from the real axis.

Theorem 1.11. Fiz E € (—2,2)NY and E' € (—2,2)NX such that E # F/,
n(E) > 0 and n(E") > 0. Fiz a sequence of scales (£1,)r satisfying (1.17).
Then, one has
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(1) for X € (0,1], w-almost surely
# {z resonances of HY | in R'(E,)\,EL,e,(S)}

lim lim lim =1

6—0t =0+ L—+o0 lred
where R*(E, \, L,e,0) is defined in Theorem 1.7;

(2) the point processes §7 ,(E,w) and £} ,(E',w) converge weakly to Pois-
son processes in R x (0,4+00) of intensity 1;

(3) the limits of the processes £} ,(E,w) and £} ,(E',w) are stochastically
independent. 7 7

Point (1) shows that, in (1.18), one actually has
{z resonances of HAL in {Rez e€l, Imz < e_zL}} =/,

Notice also that the effect of the scaling (1.19) is to select resonances that
live in the rectangle

jo 6;1 [_5—178—1] _; |:e—2n.(1+5)p(E)£L7e—25n.p(E)€L]

This rectangle is now much farther away from the real axis than the one
considered in section 1.3.3.

Modulo rescaling, the picture one gets for resonances in such rectangles is
the same one got before. This description is valid almost all the way from
distances to the real axis that are exponentially small in L up to distances
that are polynomially small (see (1.17)).

1.3.5. Deep resonances. One can also study the resonances that are even
further away from the real axis in a way similar to what was done in the
periodic case in section 1.2.4. Define the following random potentials on N

and Z
- _,for0<n<L
VwNL(n): oL rv=ns and
’ Ofor L+1<n
- o, <n<|[L/2
VNZ:@,L(H): Wy, for 0 < n < [L/2]

wr—p for [L/2] +1<n<L
Ofor L+1<n
where w = (wp )neny and @ = (&p )nen are i.i.d. and satisfy the assumptions

of the beginning of section 1.3.
Consider the operators

. ﬁﬁ L =—A+ f/ji] ; on ¢%(N) with Dirichlet boundary condition at 0,
° ﬁ%@’L =-A+ VWZ’@’L on (*(Z).
Clearly, the random operator ﬂ'ﬂ 1 (resp. ﬁf ;) has the same distribution
as H E]’ ; (resp. H f’ 1) Thus, for the low lying resonances, we are now going
to describe those of ]:IE’L (resp. ]:If’L) instead of those of HE,L (resp. Hf’L).

Remark 1.4. The reason for this change of operators is the reason why, in
the case of the periodic potential, we had to distinguish various auxiliary
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operators depending on the congruence of L modulo p, the period. It is to
give a meaning to the limiting operators when L — +oc.

Define the probability measure dN,(\) using its Borel transform by, for
Imz #£ 0,
AN, (\)

(1.22) = (0, (HY — E)~160).
R —Z

Consider the function
(1.23)

Ew(E):/M+e—iarccos(E/2>:/M+E/2+ (B2 —1
2 A\—E 2 \—E

where the determinations of z + arccos z and z — /22 — 1 are those de-
scribed after (1.5).

This random function =, is the analogue of =} in the periodic case. One
proves the analogue of Proposition 1.2

Proposition 1.6. If wy # 0, one has Z,(E) \E\N —woE72. Thus, w al-
—
ImEzg
most surely, Z,, does not vanish identically in {ImE < 0}.

Pick I € ¥ N (-2,2) compact. Then, w almost surely, the number of
zeros of 2, (counted with multiplicity) in I + i(—o0,e] is asymptotic to

E
/%dE |loge| as e — 0F; moreover, w almost surely, there exists €, > 0
P

such that all the zeroes of =, in I +i[—¢y,0) are simple.

It seems reasonable to believe that except for the zero at —ico, w almost
surely all the zeros of Z,, are simple; we do not prove it
For the “deep” resonances, we then prove

Theorem 1.12. Fiz I C ¥N(—2,2) a compact interval. There exists ¢ > 0
such that, with probability 1, for L sufficiently large, there exists ¢, > 0 such
that

(1) for each resonance of f[ﬂL (resp. ﬁuZJ,Q,L) inI+i(—o0,e , say

7cL]
E, there exists a unique zero of 2, (resp. Z,Z3), say E, such that
|E—B| <el;

(2) reciprocally, to each zero of =, (resp. Z,Z25) in I +1 (—oo,e*CL],

say E, one can associate a unique resonance of H. ; (resp. HZ . ),
say B, such that |E — E| < ek,

One can combine this result with the description of the asymptotic distri-
bution of the resonances given by Theorem 1.11 to obtain the asymptotic
distributions of the zeros of the function =, near a point E —ic when e — 0.
Indeed, let (z;(w)); be the zeros of =, in {Im F < 0}. Rescale the zeros:

21 (w) =n(F)|loge| - (Rez(w) — F) and

(1.24) log |Im z(w)|]

) =~
N T o p(E) log el
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and consider the two-dimensional point process & (F,w) defined by

(1.25) {e(B,w) = Z Oy, e mn.e)-

z1(w) zeros of 2y,
Then, one has

Corollary 1.1. Fix E € I such that n(E) > 0. Then, the point process
&(F,w) converges weakly to a Poisson process in R x R with intensity 1.

The function =, has been studied in [24, 25] where the average density of
its zeros was computed. Here, we obtain a more precise result.

1.3.6. The half-line random perturbation. Fix p € N*. On ¢*(Z), we now
consider the operator H® = —A + V,, where V,(n) = 0 for n > 0 and
Vio(n) = wy, for n < —1 and (wy,)n>0 are i.i.d. and have the same distribution
as above. Recall that ¥ is the almost sure spectrum of HZ (on (?(Z)). We
prove

Theorem 1.13. First, w almost surely, the resolvent of H® does not admit

an analytic continuation from the upper half-plane through (—2,2)NY to any
subset of the lower half plane. Nevertheless, w-almost surely, the spectrum

of HY in (—2,2) N Y is purely absolutely continuous.

Second, w almost surely, the resolvent of H® does admit a meromorphic
continuation from the upper half-plane through (—2,2) \ X to the lower half
plane; the poles of this continuation are exactly the zeros of the function

- dN,
E s 1—¢?F) )\7(2) when continued from the upper half-plane through
R A—

(—2,2) \ X to the lower half-plane.

[}
Third, w almost surely, the spectrum of HZ® in X\ [—2,2] is pure point
associated to exponentially decaying eigenfunctions; hence, the resolvent of

HS cannot be be continued through 3\ [—2,2].

Let us also note here that if 0 €suppg (where g is the density of the ran-
dom variables defining the random potential), then, by (1.10), one has
[—2,2] C X. In this case, there is no possibility to continue the resolvent of
HSP to the lower half plane passing through [—2, 2].

Comparing Theorem 1.13 to Theorem 1.5, we see that, as the operator H*,

[¢]
when continued through (—2,2) N %, the operator H® does not have any
resonances but for very different reasons.
When one does the continuation through (—2,2)\ X, one sees that the num-
ber of resonances is finite; “near” the real axis, the continuation of the

function E — 1 — ¢?(F) d)\L(EA) has non trivial imaginary part and near
oo it does not vanish. .

Theorem 1.13 also shows that the equation studied in [24, 25], i.e. the equa-
tion Z,(F) = 0, does not describe the resonances of HZ® as is claimed in
these papers: these resonances do not exist as there is no analytic contin-
uation of the resolvent of HZ® through (—2,2) N X! As is shown in Theo-
rem 1.12, the solutions to the equation Z,(F) = 0 give an approximation to

the resonances of H 517 1 (see Theorem 1.12).
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2. THE ANALYTIC CONTINUATION OF THE RESOLVENT

The proof of Theorem 1.1 follows standard ideas that were first applied in
the continuum setting i.e. for partial differential operators instead of finite
difference operators (see e.g. [36] and references therein).

The proof relies on the fact that the resolvent of free Laplace operator can
be continued holomorphically from C* to C\ ((—o0, —2] U [2, +00)) as an op-
erator valued function from lgomp to [2 .. This is an immediate consequence
of the fact that, by discrete Fourier transformation, —A is the Fourier mul-
tiplier by the function 6 — 2cos 6.

Indeed, for —A on ¢?(Z) and Im E > 0, one thus has, for (n,m) € Z (assume

n—m >0)

(2.1)

(6 (—A — E) 15 >—i/2ﬂ e = [ e
" "o Jy 2cos0—E T 2w sj=1 22 — Bz +1

- W (/2 VERE-1)""
et(n—m)o(E)

~ sin(4(E))

where E = 2cos 6(E) where the determination § = 6(E) is chosen so that
Imé > 0 and Re# € (—mx,0) for ImE > 0. The determination satisfies
0 (E) - 005,

The map F +— §(FE) can continued analytically from C* to the cut plane
C\ ((—o0, —2] U [2,400)) as shown in Figure 4.

E N 0

FIGURE 4. The mapping F — 0(E)

The continuation is one-to-one and onto from C\ ((—oo, —2] U [2,400)) to
(—m,0) +iR. It defines a determination of E — arccos(E/2) = 6(E).

Clearly, using (2.1), this continuation yields an analytic continuation of
RY == (-A — E)_ from {ImE > 0} to C\ ((—o0, —2] U[2,+00)) as an

operator from lcomp to 12 ..

Let us now turn to the half-line operator i.e. —A on N with Dirichlet
condition at 0. Pick E such that Im £ > 0 and set = 2cos f where the
determination # = (E) is chosen as above. If for v € CN bounded and
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n > —1, one sets v_1 =0 and

RY(E) W) = s 3 vy-sinl(n = )0(E)

(2.2) 7=
ey sin((n +1)0(E)) x—~ i;

e sin(0(E)) 2"

=0
Then, for Im E > 0, a direct computations shows that

(1) for v € £2(N), the vector Ry (FE)(v) is in the domain of the Dirichlet
Laplacian on ¢2(N) i.e. [RY(E)(v)]-1 = 0;
(2) for n > 0, one has

(2.3) (RS (B)(0)]nt1 + [Ry (B)(0)]a-1 — E[Ry (E)(v)]n = vp.
To prove this, let us just note that
2isin0(E)[RY (E)(0)]n = Y vj- @ 0E) 1 5™y omiln=)0(E)
(2.4) j=—1 j>n+l
_ Hn+2)0(E) Z vj - I0(E)
j=—1

(3) RY(E) defines a bounded map from ¢?(N) to itself;

Thus, R)(E) is the resolvent of the Dirichlet Laplacian on N at energy F
for Im E' > 0. Using the continuation of E — 0(FE), formula (2.2) yields an

analytic continuation of the resolvent RY(E) as an operator from lgomp to
l2

loc*

Remark 2.1. Note that the resolvent RY(E) at an energy F s.t. Im E < 0
is given by the formulae (2.2) or (2.4) where 0(FE) is replaced by —0(FE).

To deal with the perturbation V', we proceed in the same way on Z and on
N. Set VI = V1o, (seen as a function N or Z depending on the case).

Letting Ro(E) be either RZ(E) or RY(E), we compute
A+ VE_E=(-A—-E)1+Ry(E)VL) =1+ VERY(E))(-AL — E).

Thus, it suffices to check that the operator Ro(E)V! (resp. VIRy(E)) can
be analytically continued as an operator from lgomp to lgomp (resp. [2. to
I2.). This follows directly from the fact V1 is finite rank.

To complete the proof of Theorem 1.1, we just note that RO(E)VL (resp.
VERG(E)) being finite rank, (1 + Ro(E)VE) (resp. (1+ VERG(E)))) is not
invertible if and only if —1 if an eigenvalue of Ro(E)V* (resp. VERy(E)).
As E — Ro(E)V! (resp. E +— VIRy(E)) is analytic, this happens at a
discrete set of energies or at all energies in C\ ((—o0, —2] U [2,4+00)) (which
is connected). As we know that for Im £ > 0, —1 is not an eigenvalue of
Ro(E)VE (vesp. VERG(E)), the set of energies E for which —1 is not an
eigenvalue of Ro(E)VE (resp. VIRy(E)) is discrete.

This completes the proof of the first part of Theorem 1.1. To prove the
second part, we will first write a characteristic equation for resonances. The
bound on the number of resonances will then be obtained through a bound
on the number of solutions to this equation.
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2.1. A characteristic equation for resonances. The characteristic equa-
tion will take different forms depending on whether we deal with the half-line
or the full line operator. But in both cases, the coefficients of the character-
istic equation will be constructed from the spectral data (i.e. the eigenvalues
and eigenfunctions) of the operator Hj, (see Remark 1.3)

2.2. In the half-line case. We first consider HY on ¢?(N) and prove

Theorem 2.1. Consider the operator Hy, defined as HY restricted to [0, L]
with Dirichlet boundary conditions at L and define

e (M)o<j<r = (Nj(L))o<j<r are the Dirichlet eigenvalues of HY or-

dered so that \j < A\jy1;
o a? = a?(L) = |pj(L)|* where ¢; = (¢;(n))o<n<r is a normalized

eigenvector associated to ;.

Then, an energy E is a resonance of HE] if and only if

L N '
(2.5) Si(E) =Y A‘“J ===, B =2c0s0(E),
i=0 "

the determination of O(E) being chosen so that Im@(E) > 0 and Ref(FE) €
(=m,0) when ImE > 0.

Let us note that
L L
(26)  VO< <L, af(L)>0 and > al(L)=> lp;(L)] =1.
j=0 j=0

Proof of Theorem 2.1. By the proof of the first statement of Theorem 1.1
(see the beginning of section 2), we know that an energy F is a resonance if
and only if —1 if an eigenvalue of Ro(E)V¥ where Ry(E) is defined by (2.2).
Pick E an resonance and let u = (up)n>0 be a resonant state that is an
eigenvector of Ry(E)V! associated to the eigenvalue —1. As V¥ = 0 for
n > L+ 1, equation (2.4) yields that, for n > L+ 1, u,, = Be(E) for some
fixed B € C*. Asu = —Ro(E)V*Fu, for n > L+ 1, it satisfies u, 1+ un_1 =
FEuy,. Thus, ur41 = c0(E)
problem

ur, and by (2.3), u is a solution to the eigenvalues

Unt+1 + Up—1 + Vo, = Euy, Yn € 0, L]
u_1=0, wups1 =By

This can be equivalently be rewritten as

VW 1 0 0 U [
1 i 1 0
(2.7) S Sl =E
0 1 Vi 1
0 -~ 0 1 V4 e?®) ur, ur,

The matrix in (2.7) is the Dirichlet restriction of HY to [0, L] perturbed by
the rank one operator ¢??(¥)§; ® 6;. Thus, by rank one perturbation theory
(see e.g. [31]), an energy FE is a resonance if and only if if satisfies (2.5). O
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Let us now complete the proof of Theorem 1.1 for the operator on the half-
line. Let us first note that, for Im F > 0, the imaginary part of the left
hand side of (2.5) is positive by (2.8). On the other hand, the imaginary
part of the right hand side of (2.5) is equal to —e!™?(F) sin(Re§(E)) and,
thus, is negative (recall that Re(F) € (—m,0) (see fig. 1). Thus, as already
underlined, equation (2.5) has no solution in the upper half-plane or on the
interval (—2,2).

Clearly, equation (2.5) is equivalent to the following polynomial equation of

degree 2L + 2 in the variable z = ¢~ "0(¥)
L L
(28) H(Z2_2)\k2+1 Zag\] H z _2>‘k2+1) = 0.
k=0 =0  0<k<L
k#j

We are looking for the solutions to (2.8) in the upper half-plane. As the
polynomial in the right hand side of (2.8) has real coefficients, its zeros are
symmetric with respect to the real axis. Moreover, one notices that, by (2.6),
0 is a solution to (2.8). Hence, the number of solutions to (2.8) in the upper
half-plane is bounded by L. This completes the proof of Theorem 1.1.

2.3. On the whole line. Now, consider HZ on (*(Z). We prove
Theorem 2.2. Using the notations of Theorem 2.1, an energy E is a res-

onance of H% if and only if

|0 (L) @j(O)sDj(L)) _io(E)
+e =0
( 0)i (L) le;(0)

where det(-) denotes the determinant of a square matriz, E = 2cos0(FE) and

the determination of O(E) is chosen so that, when when ImE > 0, one has
ImO(E) > 0 and Ref(E) € (—m,0) .

(2.9) P

So, an energy F is a resonance of H % if and only if —e~ @)

spectrum of the 2 x 2 matrix

belongs to the

(2.10)

( (L) W@j(L))
10)p; (L) w3 (0)?

Proof of Theorem 2.2. The proof is the same as that of Theorem 2.1 except
that now F is a resonance is there exists u a non trivial solution to the
eigenvalues problem

{un+1 + Up—1 + Vyu, = Euy, Yn € [0, L]

)\_

up = ew(E)uo and w1 = eie(E)uL

This can be equivalently be rewritten as

Vo + cW(E) 1 0 e 0 U [
1 i 1 0
° t. . e E
0 1 Vi 1
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Thus, using rank one perturbations twice, we find that an energy FE is a
resonance if and only if

L 2 L 2
05\ 195 (0)] 05 N 19 (0)
ey IO (4 oy 10
j=0 7=0
20(E) 3 % 0); (L) (0)
0<j,j'<L )()\]l - E)
that is, if and only is (2.9) holds. This completes the proof of Theorem 2.2.

O

Let us now complete the proof of Theorem 1.1 for the operator on the full-
line. Let us first show that (2.9) has no solution in the upper half-plane.
Therefore, if —e~"?#) belongs to the spectrum of the matrix defined by (2.9)
and if u € C? is a normalized eigenvector associated to —e~(¥) one has

e (5i0) )

This is impossible in the upper half-plane and on (—2,2) as the two sides of
the equation have imaginary parts of opposite signs.
Note that

2

o—i0(E)

L

1) 3> (P @ o= (5 1)

=0

Note also that —e (%) is an eigenvalue of (2.9) is equivalent to

L 2 2
i) N 193 (D)) + 1w, (0)]
(2.12) 147y A

i (0)  ©j:(0) ‘2
@i(L) (L)

_p2i0(E) _
o< Vi =~ E)Ay — E)
As the eigenvalues of Hj, are simple, one computes
2
©;(0) %"(0)'
(L (L
(2.13) @i (L) ¢y (L)
o< Vi — E)Ay — E)
2
_ Z Z 0) ©;(0)
0<j<L Aj— Ajr — (L) (L)

Thus, equation (2.12) is equivalent to the followmg polynomial equation of
degree 2(L + 1) in the variable z = ¢~0(F)
L

L
(2.14) H(zQ—Q)\kz—i-l Zaj—i-bz H (22 =Mz +1) =0.
7=0

k=0 0<k<L
k#j
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where
& = (L) = 3 (15D + g O)P)
Ll e 9 (0)p (L)
(2.15) ‘2H<¢j<3m<m s )2 )H
RN
_2H<s0]j(0)
and

0;(0) @ (0)]?

@i(L) (L)

The sequence (aJZ)j also satisfies (2.6).
We are looking for the solutions to (2.14) in the upper half-plane. As the
polynomial in the right hand side of (2.14) has real coefficients, its zeros
are symmetric with respect to the real axis. Moreover, one notices that,
by (2.11), 0 is a solution to (2.14). Hence, the number of solutions to (2.14)
in the upper half-plane is bounded by L. This completes the proof of The-

orem 1.1.

3. GENERAL ESTIMATES ON RESONANCES

By Theorems 2.1 and 2.2, we want to solve equations (2.5) and (2.9) in
the lower half-plane. We first derive some general estimates for zones in the
lower half-plane free of solutions to equations (2.5) and (2.9) (i.e. resonant
free zones for the operators HY and H%) and later a result on the existence
of solutions to equations (2.5) and (2.9) (i.e. resonances for the operators
HY and HZ).

3.1. General estimates for resonant free regions. We keep the nota-
tions of Theorems 2.1 and 2.2. To simplify the notations in the theorems
of this section, we will write a; for either a? when solving (2.5) or aJZ when
solving (2.9). We will specify the superscript only when there is risk of con-
fusion.

We first prove

Theorem 3.1. Fiz 6 > 0. Then, there exists C > 0 (independent of V and
L) such that, for any L and j € {0,--- , L} such that =44+ < \j_1+)\; <
Nj+1+Aj <4 =06, equations (2.5) and (2.9) have no solution in the set

ReE € Aj + )\];1, Aj+ Aji1
0>C-05ImE > —a; d? |sin Re 6(E)]

where the map E — 0(F) is defined in section 2 and we have set

(3.2)  dj:=min(N\j41 —Aj, A\ —Aj_1,1)  and 05 := max |0'(E)|.
|E|<2-3

In Theorem 3.1 there are no conditions on the numbers (a;); or (d;); except

their being positive. In our application to resonances, this property holds

as we are dealing with the eigenvalues and values of the eigenfunctions at
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the boundary of some Dirichlet problem.
When a; < d?, one proves the existence of another resonant free region near
a energy \;, namely,

Theorem 3.2. Fiz § > 0. Pick j € {0,---,L} such that =4+ < \j_1 +
Aj < Ajy1+Aj <4—06. There ezists C > 0 (depending only on 6) such that,
for any L, if aj < d?/CQ, equations (2.5) and (2.9) have no solution in the
set

(3.3)

)\j + )\jfl

2

—Caj <ImE < —a; d?/C

A+ A1 A +)\j+1]
U E e C,; 2 7 2
—d;/C < ImE < —Ca,

E
'Re G[ 5

) A — caj] U [Aj + Cay, m}
Uj =< F e

ReEG[

Theorem 3.1 becomes optimal when a; < d?. In our application to reso-
nances, for periodic operators, one has a; < L~ and d; < L~ (see Theo-
rem 5.2) and for random operators, one has a; < e~ F and d; = L™ (see
Theorem 6.2 and (6.10)). Thus, in the random case, Theorem 3.1 will pro-
vide an optimal strip free of resonances whereas in the periodic case we will
use a much more precise computation (see Theorem 5.1) to obtain sharp
results.

Theorem 3.2 becomes optimal when

a; is small and d; is of order one. This }\‘j—l UJ" )\ i i+
will be sufficient to deal with the iso- ' ; o
lz?ted eigepvalues. It will z.ﬂsc? be suffi- 77777777 % R,
cient to give a sharp description of the ; @ 3
resonant free region for random poten-

tials. For the periodic potential, we will Dj

rely a much more precise computations
(see Theorem 5.1). FiGure 5. The
Note that Theorem 3.2 guarantees that, resonance free
if d; is not too small, outside R;, reso- zones U and Uj.
nances are quite far below the real axis.

Proof of Theorem 3.1. The basic idea of the proof is that, for E close to A;,
Sr(F) and the matrix I'f,(F) are either large or have a very small imaginary
part while, as —4 < X\;j_1+X; < A\jp1+A; < 4, e~9(E) has a large imaginary
part. Thus, (2.5) and (2.9) have no solution in this region.

We start with equation (2.5). Pick E € U; for some C large to be chosen
later on. Assume first that |E — \j| < a;d;(2 + Cod;)~" for Cp := 2¢'/C.
Recall that 0 < a;,d; < 1. Note that, for C sufficiently large, for £ € Uj,
one has

Im e_iG(E)‘ = ™O0E) | sinRe (E)| = ™IOE)=0ROED] | 6in Re 6(E)|

(3.4)
> 20E | ginRe §(E)| > e~/ | sin Re §(E)|
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and

(3.5)

e*“’(m‘ <1<el0,

One estimates

(3.6)
+Co—Y /S N WS

Thus, comparing (3.5) and (3.4), we see that equation (2.5) has no solution
in the set Uj N {’E — )\j‘ < ajdj(Q + Cdj)fl}.
Assume now that |E — A;| > a;d;(2 4+ Cod;)~!. Then, for E € Uj, one has

(3.7) Im E| < a;d;| sin(Re §(E))|.

1
20,C

Thus, for E € U; N {|E — \;| > a;d;(2 + Codj) ™1}, one computes

a; 4
Im Sy (E)| < |Im E 1
[Im Sp(E)| < [Im ‘<|)\j—E|2+|ImE|2+d§+‘ImE’2>

9 N2,

2 12 2
ajd; d;

IN

(14 M2 sin(Re6(E))| < ~e~Y/C]sin(Re 6(E))|
NG 2

provided C satisfies 8¢/ (1 4 €'/¢)? < g,C.

Hence, by (3.4), (2.5) has no solution in U; N {|E — \;| > a;d;(2+ Cod;) '}
if we choose C' large enough (independent of (a;); and (A;);). Thus, we have
proved that for some C' > 0 large enough (independent of (a;); and (\;);),
(2.5) has no solution in Uj.

Let us now turn to the case of equation (2.9). The basic ideas are the
same as for equation (2.5). Consider the matrix I'r,(E) defined by (2.10).
The summands in (2.10) are hermitian, of rank 1 and their norm is given
by (2.15).

Assume that E € Uj is a solution to (2.9). Pick u in C?, a normalized

o—i0(E)

eigenvector of 'z, (E') associated to the eigenvalue — . Define the vector

vj = <iﬂ((€))> Assume first that (vj,u) # 0. Proceeding as above, using
J
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> [vj|I* =2 and ||ul| = 1, if |[E—X;| > |(v;,u)>d;(4+Cod;) ™!, we compute

2
Im e B — 1m(T, (E = [ImE o]
‘ me ‘ Im(T' (E)u, u)| = [Im ’kZ:;) (A —Re E)2 4+ Im*FE

|(vj, u)]| 1
< |ImE +
(3.9) ] <|>\j —EP+mEP &+ [Im B2
. L (4 + Cod;)?[(vy, u)|?
_ | , E
< goc (v Pl sin(Re 0D =

< %e_l/c |sin(Re 6(E))|

if 32(1 + e/9)2e!/C < 0,C (we recall that Cy = 2¢1/).

Comparing (3.9) with (3.4), we see that equation (2.9) has no solution in
the set U; N {’E — )\j‘ > \(vj,u>\2dj(2 + Codj)fl}.

If B — Xl < [{og, 0)2d5(4 1 Cody) , as 32, Jusll? = 2 and ]l = 1, we

compute

‘e—iG(E)‘ = (CL(B)u,u)| > ‘(Ujv u)| Z | (vg, u)|

N B 2 B
2

R [0

g 0T Zmin -

Comparing this to (3.5) yields that equation (2.9) has no solution in the set
Uy B — | < [{oj, ) Pd; (2 + Cody) 1.

Thus, we have proved the statement of Theorem 3.1 for equation (2.9) when
(vj,uy # 0. It remains to study the case when (vj,u) = 0. In this case,
for £ € Uj, recalling (3.7) and following the computation done in (3.9), one
estimates

—zG(E)‘ 8|ImE|

] bt B e~ 1/C
< d2 Im B S 2 |sin(Re 0(E))|.

‘Ime

This can again be compared to (3.4); in this case, we see that equation (2.9)
has no solution in Uj.
Thus, the proof of Theorem 3.1 is complete. U

Proof of Theorem 3.2. Again, we start with the solutions to (2.5). For z €
Uj, we compute
L

—akImE
kzz(:) A\t — E)2 +Im?E
—a; ImFE —arImF
- ]2 =i Z : 2 25
()\j—E) +Im°F 0<k<L(Ak—ReE) +Im“F
k]

When —d?/C’ <ImFE < —Cayj, the second equality above and (2.6) yield,
for C sufficiently large,

a; ImFE 2
+ < Z.
~ImFE d?—i—ImQE_C

(3.10) 0 < ImSp(E) <
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On the other hand, for some K > 0, one has

‘Im e W0(E) ‘ > |ImO(Re E)| — Kd?/C.
Now, as, under the assumptions of Theorem 3.2, one has

(3.11) min ‘Im efie(E)‘

NiEAi ] A
J J J J+1
Ee[ RSN RS £3 ]

1 .
> 7 min (\/16 — (A + A% \/16 -+ Aj+1)2> :

we obtain that (2.5) has no solution in U; N {—d;/C < Im E < —Ca;}.
Pick now E € Uj such that —Ca; <ImE < —ajdi/C. Then, (3.5) and (2.6)
yield, for C' sufficiently large,

a;Ilm E Ca; - 1 1

Im S;(E) < - 4+ —.
m S )N02a§+1m2E+ d? _C+QC

The imaginary part of () is estimated as above. Thus, for C' sufficiently
large, (2.5) has no solution in U; N {~Ca; <TmE < —ajd?/C}.

The case of equation (2.9) is studied in exactly the same way except that,
as in the proof of Theorem 3.1, one has to replace the study of Si.(E) by
that of (I'r,(E)u,u) for u an eigenvector of I'y,(E) associated to —e (F).
This completes the proof of Theorem 3.2. O

3.2. The resonances near an “isolated” eigenvalue. We will now solve
equation (2.5) near a given \; under the additional assumptions that a; <
d?. By Theorems 3.1 and 3.2, we will do so in the rectangle R; (see Fig. 5).
Actually, we prove that, in R;, there is exactly one resonance and give an
asymptotic for this resonance in terms of a;, d; and A;. This result is going
to be applied to the case of random V and to that of isolated eigenvalues
(for any V).

Using the notations of section 3, for j € {0,--- , L}, we define

oN
Spji(E) = Z )\kiE and
(3.12) e
(R — L lok(L)]* @r(0)pr(L)
Prs(B) = g&; Ay — E (%(0)%@) |0 (0)? ) '
We prove

Theorem 3.3. Pick j € {0,---,L} such that —4 < X\j_1+Xj < A\jp1+A; <
4. There exists C > 1 (depending only on (Aj_1+X;)+4 and 4— (Njp1+2j))
such that, for any L, if a; < d?/C, equation (2.5) and (2.9) has ezxactly one
solution in the set

ReE € \; + Ca; [—-1,1]
(3.13) R; =< E € C; .

—Ca; <ImE < —a; d?/C
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Moreover, the solution to (2.5), say z]N, satisfies

ay

2
N =\ J Ng-1
(3.14) 4 =X+ g O ((a] a;") ) .

and the solution to (2.9), say ZJZ, satisfies

2=+ <<%> , (FL,j()\j) + e—ie(%'))*l <%)>
o ((afa)).

Note that, if a?d}Q is small, formula (3.14) gives the asymptotic of the width

of the solution z}\l, namely,

(3.15)

—a? -Im (e’w()‘i))

[SL,j()‘j) + Re (efiG()\j))]Q + Im? (6709()\]'))

(3.16) Imz; = (14 0(1)).
For H%, using the bounds (3.23) and (3.24), we see that the asymptotic of
the imaginary part of the solution z]Z satisfies

1
(3.17) —Eﬁ
This and (3.16) will be useful when a; < d? as will be the case for random
potentials. The case when a; and d; are of the same order of magnitude
requires more information. This is the case that we meet in the next section
when dealing with periodic potentials. _
The proof of Theorem 3.3 also yields the behavior of E +— Sp(E) + e~ (F)
and £ — det (PL(E) + e*w(E)) near their zeros in R; and, in particular

shows the following

VA Z 12
< Imzj < —C’aj dj.

Proposition 3.1. Fiz 6 > 0. Under the assumptions of Theorem 3.3, there
exists ¢ > 0 such that, for —4+06 < X\j_1+Xj < \jy1+A; <4—90, one has

—i0(E)
|SL(E) +e ‘ > e

inf min and
0<r<ca§d;1 \E—Z§|:T r
det (T1(E) + e 0(E)
inf min | ( (B) )‘ > c.
0<7"<ca§3dj_1 \E—ZJZ-:|:7" r

Proposition 3.1 is a consequence of the analogues of estimates (3.19) and (3.25)
on rectangles R; = Z; + ca;dj_l[—l,l] x [~1,1] for € {N,Z} and c suffi-
ciently small.

Proof of Theorem 3.3. Let us start with equation (2.5). To prove the state-
ment on equation (2.5), in R;, we compare the function E + Sg(E)+e~ )
to the function
- all ‘
Ew Spj(E) = —L— +81;(\) +e ).
Aj—FE
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Clearly, in C, the equation S 1,;(E) = 0 admits a unique solution given by
aj

Spj(Aj) +e )

For I/ € OR;, the boundary of R;, one has

Zj:)\j—F

a:
N —FE

1
>_7
- 2C

N
J

‘§L7j(E)‘ > % and

(3.18)
o—i0(E) _ —if(\)

<Ca) and  [Sp(E) - 515(\)] < Cabld;®.

Hence, as d;j < 1, one gets
S14(B) - Sp(B) - e7i%®)|

max - < ﬁl(?’(ll;ldj_2
E€OR; |SL;(E)|

Thus, by Rouché’s theorem, equation (2.5) has a unique solution in R;.

To obtain the asymptotics of the solution, it suffices to use Rouché’s theorem
again with the functions SLJ and S7(E) + ¢ "(®) on the smaller rectangle
R =%+ K(al;ld;lf[—l, 1] x [=1,1]. One then estimates

Spj(E) = Sp(E) — e ")
(3.19) max = <4CK™
E€OR; |SL.;(E)|
Thus, for K sufficiently large, this completes the proof of the statements on
the solutions to equation (2.5) contained in Theorem 3.3.

Let us turn to equation (2.9). On R;, we now compare I'(E) + e ) ¢

the matrix valued function

O

sy L i (D i (0)p;(L) ) 4 emiB0y)
B tu) = g (am T ) F T+

o matrix loi (L)P ¢j(0)¢;(L
Fhe mat (%(O)wj(L) 5 (O

i (L) 909 (L) _ 5 (af 0\ o
2 b b
i (0 (L) le;(0)] 0 0
where and a]Z is given by (2.15) and

J— <<Pj(L) —%‘(0))_

\/CTJZ, ©i(0)  p;(L)

Thus, I'z j(E) is unitarily equivalent to

~—

> is rank 1 and can be diagonalized

as

1 Z A
(3.20) M= \j—FE (ad 8) + PiTL (M) P + e~ ),
i —

As P/T'p, j(Aj)P; is real and the imaginary part of e~ %) does not vanish,
the matrix Mo := PiTz;(A;)Pj + e~ ) is invertible. By rank 1 pertur-

bation theory (see e.g. [35]), we know that M is invertible if and only if
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ajZ» [Mo_l] 11 TAj # E (where [M]1; is the upper right coefficient of the 2 x 2

matrix M ). In this case, one has

(3.21) Mt =Myt - i Mt (1 O> Mt
: - 70 -1 0
af [My ], + A - E 00

Hence, 0 is an eigenvalue of M if and only if

. —1
B =\ +d? [(p;rL,jw)P +e*wm) ]

(3.22) o <<%> , (FL,J ey ) < >>
Note that, as I'z ;(\;) is real symmetric and [Tz ;(\;)]| < , one has
oo (G-t G oy
and

(3.24) Im << (%) (o) + e 700) B (Ssoojj((g» >>

a]Z»d?Im (e‘ie()‘f))

14 [

Using (3.20), (3.21), (3.23) and (3.24),we see that, for ¥ € R, the bound-
ary of R;, I'z j(F) is invertible and that one has

H [005(B)]

‘gm and [T ;(E) — T ;(\)| < Cafd;?.

Hence, as d; < 1, taking (3.18) into account, one gets

1 [FLJ(E)} o (PL(E) + e_w(E)) '

In the same way, one proves

< 4C%a%d7?
EeaR 7

(3.25) max
EGaRJ'

1 [fLJ(E)} o (PL(E) + e*w(E)) H <K

where we recall that R; = Z; + K(al;ldj*l)Q[—l, 1] x [-1,1].
Thus, we can apply Rouché’s Theorem to compare the following two func-
tions on OR; and OR; (for K sufficiently large),

det (fL,j(E)> and det (FL(E) + e_ig(E))

as

det (fL,j(E)) — det (T(E) + e_w(E))‘
(det (Frs(m)) (

'1 — det ( [1 - [vaj(E)} o <PL(E) + ew(E))D ‘ .
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We then conclude as in the case of equation (2.5). This completes the proof
of Theorem 3.3. U

Combining Theorems 3.3, 3.1 and 3.2, we get a pretty clear picture of the
resonances near the Dirichlet eigenvalues in (—2,2) as long as the associated
a; and d; behave correctly. As said, this and the knowledge of the spectral
statistics for random operators will enable us to prove the results described
in section 1.3. For the periodic case, Theorems 3.3, 3.1 and 3.2 will prove
not too be sufficient. As we shall see, in this case, a; and d; are of the
same order of magnitude. Thus, neighboring Dirichlet eigenvalues have a
sizable effect on the location of resonances. Therefore, in the next section,
we compute the Dirichlet spectral data for the periodic potential.

4. THE DIRICHLET SPECTRAL DATA FOR PERIODIC POTENTIALS

As we did not find any suitable reference for this, we first derive some
estimates for the spectral data (i.e. the (a;); and (););) for the Dirichlet
restriction of a periodic operator to the interval [0, L] when L becomes large.
Consider a potential V' : N — R such that, for some p > 1, one has Vj, = Vj,4,,
for all £ > 0. We assume p to be minimal i.e. to be the period of V. In
our first result, we describe the spectrum of HZ = —A +V on (?(Z) and
HY = —A +V on ¢*(N) (with Dirichlet boundary conditions at 0). In
the second result we turn to Hy, the Dirichlet restriction H" to [0, L] and
described its spectral data.

We prove

Theorem 4.1. The spectrum of H”, say Y7, is a union of intervals that
consist in purely absolutely continuous spectrum.

The spectrum of HY is the union of Yz with at most finitely many simple
eigenvalues outside Xz, say, (vj)o<j<n. 2z consists of purely absolutely
continuous spectrum of HY and the eigenfunctions associated to (vj)o<j<n,
say (Vj)o<j<n, are exponentially decaying at infinity.

Except for the exponential decay of the eigenfunctions, the proof of the
statement for the periodic operator on Z and N is classical and can e.g. be
found in a more general setting in [37, chapters 2, 3 and 7] (see also [10, 33]).
The exponential decay is an immediate consequence of Floquet theory for
the periodic Hamiltonian on Z and the fact that the eigenvalues lie in gaps
of Ez.

For H” one can define its Bloch quasi-momentum (see the beginning of

[}
section 4.1) that we denote by 6,,; it is real analytic on Xz, , the interior of
Y. Moreover, on this set, its derivative can be expressed in terms of the
density of states defined in (1.2) as

(4.1) n(\) = %0;,(/\).
We prove

Theorem 4.2. There exits k real analytic functions in a neighborhood of

¥z, say (hi)o<k<p—1 such that, for L s.t. L = Np + k sufficiently large,
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[} [}
the eigenvalues of Hy, within Xz, say (\);, are the solutions (in Xz) to the
quantization conditions
he(N)  w

_ 7.
L& L-h '€

(4.2) Op,1.(N1) = Op(N) —

o
Moreover, there exits p + 1 real analytic functions in a neighborhood of ¥z,
~ o
say f and (fr)o<k<p—1, such that (fi)o<k<p—1 are positive on ¥z and such

(¢}
that the (normalized) eigenfunctions, say ¢, associated to A\ € Yz satisfy,
for L sufficiently large s.t. L=Np+k, 0<k<p-—1,

~ -1
_ ) (), T _ fov)
(M)MMW—fi«Hm_O - O = pES kD),

w1(L)i(0) = ™ @u(L)]|pu(0)] = e ER =10 oy (L) |21 (0).

Here the eigenfunctions are enumerated according to the quantization con-
dition (4.2).

Recall that EE]" (resp. ¥, ) denotes the spectrum of Hg' (resp. H, ). If A
1s an eigenvalue of Hy, outside ¥y, then, there exists ¢ > 0 such that, for
L = Np + k sufficiently large, there exists Ao € E; UX, \ ¥z s.t., one has
A= Aoo| < e, if ¢ is a normalized eigenfunction associated to X and Hp,
one has one of the following alternatives for L large

(1) if Ao € ¢ \ ;. one has

) lp(L)] = e and [p(0)] =< 1
(2) if Ao € X, \ X, one has
)
(

(4.4
(4.5 lp(L)| =1 and |p(0)] < e~
3) if Ao € B NE{, one has

(4.6) lp(L)| <1 and |e(0)] < 1.

For later use, let us define 0, 1, for and fi 1 by

- 1
Op,.(A) = Op(A) — Z’“&i, fe,L(N) = fe(N) (1 + %) ,

fo.L(A\) = fo(N) (1 + m)

(4.7)

L—k

where 0, hi, fo, fr and f are defined in Theorem 4.2.
As a consequence of Theorem 4.2, we obtain
Corollary 4.1. For X\ € ¥z, for L =k mod (p) sufficiently large, one has

(18) T () = g () = feln(h) =~ HOHR) = = s L (V).

)
9 D00 = mg () = HNn() = 2 M) = = fo.r (ML),

Here, 0p, fo and fi. are defined the functions defined in Theorem 4.2.
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Let us note here that Proposition 1.1 is an immediate consequence of The-
orems 5.1 and 5.2 and Corollary 4.1.

Proof of Corollary 4.1. To prove the first equalities in (4.8) and (4.9), it

suffices to prove that, for any x € C5°(Xz), one computes

(G0 XU Y30) = | XOVNT () = = [ x(6 () 105 ()

(4.10)
_ ! / X £V (N,
T JR
(o XCHS )60} = [ XOVANT ) = = [ 3065 () o6 )k
(4.11)
== [ xp0sa
T JR

the full statement then following by standard density argument. The op-

erator Hy converges to HOJr in norm resolvent sense. Thus, we know that

(60, X(Hy )do) = Llim (60, xX(Hp)dp). Now, by Theorem 4.2, as x is sup-
—+00

[¢]
ported in 37), using the Poisson formula, one computes

(80X (H1)00) = zx )les(0)

(s >>f0L< H(:5))
~ra s o (o (755 e (i (£5))

JEZ
=L [ A o ()80
JEZ

Thus, using the non stationary phase i.e. integrating by parts, one gets, for
any N > 2,

<505 X(HL)60> - %/ X ()\) f(],L ()\) HL,L(A)d)\'
(4.12) R N N
<> Onrlixllen (5L = k)™ < Cnrellxllen (L = k)~
j>1

Here, we have used the analyticity of the functions 6, ;, and fo 1.

To deal with H, , we recall the operator Hy, (that is unitarily equivalent

to Hy) defined in Remark 1.3. One has (dz, Hor) = (80, x(HL)d), thus,

as H, is the strong resolvent sense limit of Hy, one gets (0o, x(H,, )do) =
lim (0r, x(HL)dL)-

L—+-o00

Then, (4.10) and (4.11) and, thus, the first equalities in (4.8) and (4.9),

follow as 9;7 1> fo,o and fi 1 converge (locally uniformly on ¥z) respectively
to 0,,, fo and f, (see (4.7) and Theorem 4.2).

Let us now prove the second equalities in (4.8) and (4.9). Therefore, we
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use an almost analytic extension (see [28]) of x, say, @, that is, a function
X : C — C satisfying (
(1) for z € R, X(2) = x(2),
(2) supp(x) C {z € C; |In(z)[ <1},
(3) v e S({z € C; [m(z)| < 1)),
(

The family of functions x — 8—>_<(x +ay) - y]™" (for 0 < |y| < 1) is
Z

~— \_/\_/\_/

4
bounded in S(R) for any n € N.

Moreover, one has the following estimates: for n > 0, a« > 0, 8 > 0, there
exists Cy, o, > 0 such that

00 (1, OX
928 (!y\ : 8—(95 +zy)>'

<Cpap Sup sup|z
B'<n+B+2 z€R
o' <a
By the definition of x, one has that the right hand side of (4.13) is bounded
uniformly in F complex.
Let x € Ci°(R) and x be an almost analytic extension of x(z). Then, by [14]
and [18], we know that, for any n and w € €, the following formula hold,

(4.13)  sup sup|z
0<|y|<1z€eR

/aﬁ’

(4.14) X(HL) = o ! ‘;if() (z — Hy) 'dz A dZ

where Hy, = Hy, Hp, H0 or H, .

Using the geometric resolvent equation (see e.g. [17, Theorem 5.20]) and the
Combes-Thomas estimate (see e.g. [17, Theorem 11.2]), we know that for
some C' > 0, for Imz # 0,

(4.15) (<50, [ = 27" = (Hy = 2)7] b))
o [ — 27 — (= 2] )

—L|Imz|/C
- |Imz|e )
Plugging (4.15) into (4.14) and using (4.13), we get
Zx NeiOF = [ xNaNg | < G [ Jyl¥ e Cay < oy
R ly[<1

Thus, by (4.11) and (4.12), we obtain that, for x € C§°(Xz) and any N > 0,
there exists Cy > 0 such that

/Rx(/\)[fo,L(/\) L) = fo () (V)] dA

(4.16)

[ o 08 pvar = [ xang oy < eaz .
R R

Now, by (4.2) and (4.7), the function fo 10, ; — fof, admits an expansion
in inverse powers of L that is converging absolutely on compact subsets of
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e}
Y7, namely,

fo.r0y 1, — fob, = Z L Fay,.
k>1

Thus, (4.16) immediately yields that, for any k& > 1, one has o = 0 on Xy.
Hence, f07L9; = fo% on Yz. This completes the proof of Corollary 4.1. [J

4.1. The proof of Theorem 4.2. We will first describe some objects from
the spectral theory of H%, then use them to describe the spectral theory of
HY and finally prove Theorem 4.2.

4.1.1. The spectral theory of H”. This material is classical (see e.g. [37, 40]);
we only recall it for the readers convenience. For 0 < k < p — 1, define
T = Ti(E) to be a monodromy matrix for the periodic finite difference
operator H”, that is ,

~ ak b
Th(E) = Tipp-1k(E) = Trp1(E) - T (E) =: (aﬁfg) b&?@))

where
E-V: -1
ne = (77 ).

The coefficients of Tj,(E) are monic polynomials in the energy E: al;(E) has
degree p and bE(E) has degree p — 1. Clearly, det Th(E) = 1. As k > V}, is
p-periodic, so is k — Tj,(E). Moreover, for j < k, one has

(4.17) Ti(E) Ty i (E) = Thp-1,j4+p—1(E) Tj(E) = Ty, j(E) Tj(E).

Thus, the discriminant A(E) =trT(E) = af(E) + bf_,(E) is independent
of k, and so are p(E) and p~'(E), the eigenvalues of Ty, (E). One defines the
Bloch quasi-momentum E — 6,(E) by

(4.18) A(E) = p(E) + p~ ' (E) = 2cos(pb,(E)).

Consider %7 the set of solutions to |A(E)| = 2 where Ty(E) is not diagonal.
Then, from the upper half of the complex plane, one can continue F >
0,(E) analytically to the universal cover of C\ O%Z. Each of the points in
0%7 is a branch point of 0, of square root type. Moreover, for £ ¢ ox?,
there exists two linearly independent solutions to the eigenvalue equation
(A +V — E)u =0, say ¢4 (F), satistying, for n € Z

(4.19) pir(n+p, E) =By, (n, E).

Note that, as E is real, A(E) is real too. Thus, for E real, |A(E)| < 2 implies
that p~}(E) = p(E) and |A(E)| > 2 that p(E) is real. When |A(E)| < 2,
we will fix p(E) = %) and when |A(E)| > 2, we will fix p(E) so that
P(E)| < 1.

E belongs to the spectrum of HZ (i.e. —A + V on (*(Z)) if and only
if |A(E)| < 2 ie. when |[pi(E)| = |p—(E)| = 1. The spectrum ¥z =
{E; |A(E)| < 2} is purely absolutely continuous.




RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS 37

4.1.2. The spectral theory of HY. Let us now turn to the spectrum of the
operator on the half-lattice. For the operator H = HY (that is —A+V on
¢%(N) with Dirichlet boundary conditions at 0), E is in the spectrum if and

only if either |A(E)| < 2 or |A(E)| > 2 and [Tp(E)]" <(1)

> stays bounded as
n — 400 (or equivalently [T}, (E)|"Ti_1(E)--- To(E) <(1)> stays bounded as

n — 400).
When [A(E)| # 2 and a) ((E) # 0, one can diagonalize To(E) in the
following way

0 0 ~
az (G A Z ity <)

—ay 1(B) ay(E) = p~'(E)
(B ) k(B e )
0 pB) " \~a) (B) a)(B) - p(E)
Thus, using
pE) —ap(B) - apa(E) |
(4.21) ' b(E) ad(E) —lpl(E)‘ -

- n (h(E) t3(E)
(422 ()" = (8rs) #is)
where
to(E) == p"(E) (ag(E) — p"(E)) + p "(E) (ag(E) — p(E)) ,
1o (E) == (p™™(E) = p" E)) b(E),
WB) BB = (0 (B) - () ) (B)
toon(E) = p"(E) (p(E) —a)(E)) +p (E) (p 1 (E) — ap(E)) .

Clearly, the formulae (4.20), (4.22) and (4.23) stay valid even if agfl(E) = 0.
Thus, simple computations show that F is in the spectrum —A+V on £2(N)
with Dirichlet boundary conditions at 0 if and only if one of the following
conditions is satisfied:

(1) JA(E)| < 2: in this case, the set {E € R; |A(FE)| < 2} is contained
in the absolutely continuous spectrum.
(2) |A(E)| > 2 and

(4.24) ag_l(E) =0 and \ag(E)] < 1.

Note that, in case (2), [To(E)]" actually decays exponentially fast. In

1
(0
this case, E is an eigenvalue associated to the (non normalized) eigenfunction
(up)1eny where, for n >0 and k€ {0,--- ,p— 1},

(4.25)
s E) = (Tia(B)- 1) () () ) - [a8(B))" = au(E) )]
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writing

ap(E)  br(E)
4.26 T 1(E)---Ty(F) =: .
(4.26) k-1(E) - To(E) <ak_1<E) b1 (E)
It is well know that, for any p, the zeros of ag are simple (see e.g. [37, section
4]). Let E' be a root of a) ;| satisfying ag(E') = p(E') and |[A(E")| > 2.
Differentiating (4.21), we get

da® d(p —a
aam R ) + o) - o () D ey <o

On Xy, the spectrum of HOJr is purely absolutely continuous; it does not
contain any embedded eigenvalues.

Let us now turn to H, . Recalling (4.26) and using the representation (4.22),
we obtain that the eigenvalues of H, outside ¥y satisfy

(E) — a%(E) a)_,(E) ar(E)\ _
(4.28) (p b(E)  al(E) - 1(E)> (b:(E)> -0

As for Har , the eigenfunction associated to E and H, decays exponen-
tially fast. Indeed, the eigenvalues of H, in the region |A(E)| > 2 can
be analyzed as we analyzed those of Har i.e. they are the energies such
that [Ty (E)] ™ <§’
b];(E) = 0 and |b’;71(E)| < 1. In this case, E is an eigenvalue associ-
ated to the (non normalized) eigenfunction (u;)_;eny where, for n > 0 and

ke{o"" ’p_l}a

stays bounded; this yields the quantization conditions

(4.29) iy 4(E) = by(E) [th_1 (E)] -

Assume now that £’ is simultaneously an eigenvalue of H,  and Hg‘ . In this
case, one has a) _;(E') = 0, |a)(E")| < 1 and b)(E")ox(E') = ax(E)(p~ ' (E")—
p(E'")). So (4.28) (see also (4.27)) becomes

d(p—a) dao_1 /
(B r_L(E") ar(E)\ _
(4.30) ( dgfg(E) ag(E’CﬁE— pl(E’)> <b:(E/)> -

Hence, the analytic function E +— ay(E)(ap(E) — p(E)) + bx(E)a)_,(E) has

a root of order at least 2 at E’. It also implies that a;(E’) # 0. Indeed, if
0

ar(E') = 0, (4.30) implies by(E') = 0 as =2 (E') # 0.

Conversely, if E' € o(H) such that |A(E')| > 2 and E +— a;(E)(ad(E) —

p(E)) +br(E)ay_(E) has a root of order at least 2 at E’, then (4.30) holds

and F' is an eigenvalue of H, .

4.1.3. The Dirichlet eigenvalues for a periodic potential. Let us now turn
to the study of the eigenvalues and eigenvectors of Hy, i.e. to the proof of
Theorem 4.2. We first prove the statements for the eigenvalues and then, in
the next section, turn to the eigenvectors.
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Recall that L = Np + k. By definition, F is an eigenvalue of —A + V on
[0, L] with Dirichlet boundary conditions if and only if

0 = det (TL(E)TLI(E) - To(E) (é) ’ <(1)>>
= det (Tk(E) - To(B) - [To(B)Y <(1)> ’ <(1)>>

where L = Np + k and Tj,(E) is the monodromy matrix defined above.
Using the notations of sections 4.1.2 and 4.1.1, let first assume that E ¢ 0%7.
Then, Tj,(E) is diagonalizable and either of two things happen (see e.g. [37,
chapter 7]):

(1) cither |A(E)| # 2 and p(E) £ p~1(B),

(4.31)

(2) or |A(E)| =2 and Ty(E) = --- = Tp_1(E) = +1d.
In case (2), the quantization condition (4.31) becomes
(4.32) ar(E) = 0.

For case (1) i.e. when |A(E)| # 2, diagonalizing Tp(FE) using (4.20) yields
the following characteristic equations for the eigenvalues

(4.33)

[bp_1(B) = p~(B)] p™N(B) = [by_1(E) — p(E)] pN(E)  —bgi1(E) _0
ap_(E)(pN(E) — p™N(E)) ak+1(E) '
As
(139 a)(E) ~ p(E) = 5 (B) ~ B, (B)

if we define

ar(E) = ay(E)(ay(E) — p~H(E)) + b(E)ay_; (E)
and  Bi(E) := ay(E)(ay(E) — p(E)) + be(E)ap_ (E),
equation (4.33) can be rewritten as Byi1(E) = p?N(E)as,1(E), thus, as
a1 (B) ~ Bi1(E) = ax(E)(p(E) — p(B)), also as
PN (E)

makJrl(E)(P(E) - Pil(E))-

(4.35)

(4.36) Be1(E) =

If |A(E)| > 2, we note that the left hand side in (4.36) is the first equation
in (4.28) and that the right hand side in (4.36) is exponentially small for
large N. By (4.33) and (4.34), the product Sk is a monic polynomial
of the variable E. Thus, the solutions to (4.36) are exponentially close to
either an eigenvalue of Har or one of H, . One distinguishes between the
following cases:

(1) if F’ is an eigenvalue of HOJr but not of H,_, then E’ is a simple root of
the function E — S (E); one has to distinguish two cases depending
on whether ai(E’) vanishes or not. Assume first ai(E’) = 0; then,
by (4.25), we know that the eigenvector of Har actually satisfies the
Dirichlet boundary conditions at L; thus E = E’ and (4.25) gives a
(non normalized) eigenvector.
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Assume now that ai(E’) # 0; then, the unique solution to (4.36)
close to E’ satisfies

p2N E/)

B (E)

(2) if E' is an eigenvalue of H, but not of H, mutandi mutandis, the
analysis is the same.

(3) if £’ is an eigenvalue of both Hy and H i » then, we are in a resonant
tunneling situation. The analysis done in the appendix, section 7

shows that near E’, Hy has two eigenvalues, say F satisfying, for
some constant a > 0,

(437) E-F = aka (BN (p(E) — p7 (E)(1 + o(p™ (E))).

(4.38) Ey — E' =+apV(E)) (1+0 (Np(E)N)).

This completes the proof of the statements of Theorem 4.2 for the eigenvalues
in the region |A(E)| > 2.

We now study the eigenvalues in the region |A(E)| < 2. One can express

p(E) in terms of the Bloch quasi-momentum 6,(E) and use p~}(E) = p(E).
Thus, as L = Np + k, the characteristic equation (4.33) becomes

p2N(E) _ e2in€p(E)

1 (B)bi11(E) + ar1(E) [ap(E) — p(E)] . 2ihi(E)
L (B (E) + ar1(E) [af(E) — p(£)]

(4.39) a

0

= p_
0

ap_

Notice that as Im p(F) does not vanish on Xz,

e the function F — p(FE) is analytic,

e the functions E — a}(E), E + a}_|(E), E — ay(E) and E — by,(E)
are real analytic for any k,

° the.ftlllnction E — ag_l(E)bk(E) + ax(E) [ag(E) — p(E)] does not
vanish.

e}
Thus, the function E — hy(FE) is real analytic on ¥z. The quantization
condition (4.39) is thus equivalent to (4.2).
This completes the proof of the statement of Theorem 4.1 about the eigen-
values of Hy,. Let us now turn to the associated eigenfunctions.

4.1.4. The Dirichlet eigenfunctions for a periodic potential. Recall that we
assume L = Np + k. First, if (u{)fzo is an eigenfunction associated to the
eigenvalue \;, the eigenvalue equation reads

J J ) .
<u“5-1> =Ti(\;) < z;l ) for 0 <1 < L where uj ;= u’; =0.

g U4

To normalize the solution, we assume that ug = 1. The coefficients we want
to compute are

/L o\ L
(4.40)  py(L) = u] (Z | ) and  ;(0) = (Z | )
=0 =0

—~1/2
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Fix | = np + m. Thus, using the notations of section 4.1.3 and the diago-
nalization (4.20), one has

(;}i) = Trmn-1,0(A}) (%(M))n <é>

_ 1 am(A;) m(Aj) ) (P"(A) 0 1

o) —p T (N) (aml(]&) ﬁml(ij)>< 0 p‘"(&-)) (—1>

_ 1 ( am(N)p"(Ng) = Bim(Aj)p~ " (Ag) >
p(Aj) — p1(N) \am—1(A)p"(Nj) = B 1( )P (N)

where «,, and 3, are defined in (4.35). By definition, one has

am(E)  Bm(E) ) _ p(E) =) (E) p~H(E) —b)_4(E)
(am—l(E) /Bm—l(E)> mil,O(E) 21( i 0 ) >

E
_ E - V —1 iy — 1( ) ,Bm_l(E)
1 Ay — 2( ) /Bm—Q(E)
We start with the case (1) i.e. the case when |[A();)] < 2. As p~1(\;) =
p(Aj), we obtain that

. 2 Aj) 2n
o | (1= Re [225200)])
(A1) Bm(y) = am(y) - and 5 e = ) = O

As L = Np + k, using the quantization condition (4.39), we compute

2 2 = j2_ : 2
1= 2O [l =23 lam(h)
=0 m=0

k
am(Nj) on
—2)  |am(\) Re L2 0*N (A
mZO! (A7) amw)p ( )]
p—1
123 am()? (1—Re O‘”“J%?“(A»D
m=0 n=0 am(AJ)
1 -
—_ Npi(y) (1 - N—pfw))
where we have defined
p—1
(4.42) 1) =23 lan(B).
psz
and
(4.43)
fo 1 & 2y | @m(B) | Im (it (B)p(E))
JE) =+ 5y 2 lem(B)Re | 20| =2 )
1 Q¢ 2o | 0m(B) a1 (B)
_mémm(ﬁm Re PN
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In the computation of f , we have used the quantization condition (4.39).
am(E) o (E)
Oémfl(E) Oémfl(E)
the function E + |a,,(E)|? does not vanish on this set. Thus, the function

o
For 0 < m < p—1, as the matrix ( > is invertible on Xz,

E — f(F) does not vanish on ¥z. Note also that f and f are real analytic

on Xyz.
As L = Np + k, the characteristic equation for \;, that is, (4.31) reads

(4.44) arr1(A)pN () = Berr (M) N (N) = arg1(N)pN (N)).-

Hence, one computes

a1(Aj) — ap(Aj) w1 (X))
p(Aj) = p(Aj)) ek +1(X5)
0 )
= ei[Npep(/\J)*hk(Aj)]M
a1 ()]

(4.45) = V()

using (4.39). Plugging this and (4.41) into (4.40), recalling that ué =1, we
obtain (4.3) if, in addition to (4.42) and (4.43) we set

r=p®))
fo(E) = THE)

and

) fo(B) o, (B
e (E)(p(B) = B, (B) + b (), ()P

This completes the proof of the statements in Theorem 4.2 on the eigen-

o
functions of H, associated to eigenvalues in Yz.

Let us now turn to the eigenfunctions associated to eigenvalues Hy, in the
gaps of ¥z i.e. is the region |[A(E)| > 2. On R\ Xz, the eigenvalue E —
p(E) is real valued and so are all the functions (E +— o (E))o<k<p and
(B~ Br(E))o<k<p- As [p(E)| <1, for 0 <1 <p—1, (4.41) becomes

‘2 _ of(B)p™(E) + BH(E)p~*"(E) — 204(E) B (E)
(p(E) = p~(E))?

Let us now distinguish the same cases as for the eigenvalues i.e. when FE is
close to an eigenvalue of HJ or H, :

(4.46)

J
unp-l—l

(1) Pick E' an eigenvalue of Hj but not of H, and let E be close to

E'. Then, by definition ag_l(E’) = 0 = a)(E') — p(E'). Thus,

for 0 < m < p—1, one has 5,(E') = 0. As E satisfies (4.37),
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using (4.36), (4.46) becomes

p2n (E/)

- 2

) — P H(E))

_ B(E)
By (E7)

: am(E,) akJrl(E/)

2
[p(E) = pHE)] PPN UE) + 0PN (B))

where 0 <m<p—-1if0<n<N—-1land0<m<kifn=N.
As am(E) = Bn(E) = am(E)(p(E) — p~1(E)), one computes

(047) [udyen|
/ / 2
= ) o) = S (B)6* () + 0 ()
This yields
L 12 p—1 N—1
S|l =30 3 ) + o N ()
=0 m=0 n=0
p—1
= plz(E,) S a2, (E') + O(Np™ (E)).
m=0
Thus, by (4.46) and (4.35), as ag_l(E’) =0= ag(E’) — p(E"), we
obtain
j 2
= |
_ o (L= (E))a (B | g(E)  ap(E) |
=P (E) 1B (B) apn ()| O E)

m=0

(2) if E’ is an eigenvalue of H,  but not of H, ' then inverting the parts
of H, and Hy, we see that |¢;(0)| is of order 1. A precise asymptotic
can be computed but it won’t be needed.

(3) if B’ is an eigenvalue of Hy and of H,_, the double well analysis done
in section 7 shows that for normalized eigenvectors, say, (12 associ-
ated to the two eigenvalues of Hy, close to E’, the four coefficients
lo1.2(0)| and |p1,2(L)| are of order 1. Again precise asymptotics can
be computed but won’t be needed.

This completes the description of the eigenfunctions given by Theorem 4.2
and completes the proof of this result. O
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5. RESONANCES IN THE PERIODIC CASE

We are now in the state to prove the results stated in section 1.2. There-
fore, we first study the function F +— Sp(E) and E — I',(F) in the complex

strip I + i(—o00,0) for I C ¥z.
5.1. The matrix I';, in the periodic case. Using Theorem 4.2, we first

prove

Theorem 5.1. Fiz I C Yy a compact interval. There exists e > 0 such
that, for any N > 0, there exists Cy > 0 such that, for L sufficiently large
s.t L=k mod (p), one has

(5.1) sup ‘FL(E) - rgﬁ(E)‘ < COyLV.
ReEel
—er<Im E<O
where

(5.2) T0(E) = -0 <e"‘“L<E>fk<E> fk(E)fo(E)>

— sinug(B) \VAE) fo(B) e P fy(E)
/de_(A) 0
AN—F
i - ANg ()
. A—E

and ur,(E) := (L — k)8, .(E) (see (4.7)),
Deeper into the lower complex plane we obtain the following simpler estimate

Theorem 5.2. There exists C > 0 such that, for any € > 0 and for L > 1
sufficiently large s.t. L = Np + k, one has

ANE ()

A—F 0 2 —eL/C
5.3 su ' (F) — R AT < Ce “e &MY,
(5:3) fe b £(B) 0 /dNﬁL()\) -

In sections 5.2, the approximations (5.1) and (5.3) theorems will be used to
prove Theorems 1.2, 1.3 and 1.4.

Let us note that, as cot 2 =i+ O (e*QiImz), for € € (0,e1), the asymptotics
given by Theorems 5.1 and 5.2 coincide in the region {ReE € I, ImE €
(—er,—¢)}: indeed one has,

sup Op(E) (et B f(E) IEV(E)| o /e
__Rebel sinug(B) \V/fielE)fo(E) e ™ B fy(E) |~

Let us now turn to the proofs of Theorems 5.1 and 5.2.

5.1.1. The proof of Theorem 5.1. To prove Theorem 5.1, we split the sum
Sp(E) into two parts, one containing the Dirichlet eigenvalues “close” to
Re E, the second one containing those “far” from Re E. By “far”, we mean at
that the distance to Re F is lower bounded by a small constant independent
of L. The “close” eigenvalues are then described by Theorem 4.2. For the
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“far” eigenvalues, the strong resolvent convergence of Hj, to HS' , that of
Hy to H r (see Remark 1.3) and Combes-Thomas estimates enable us to
compute the limit and to show that the prelimit and the limit are O(L™°)
close to each other. For the “close” eigenvalues, the sum coming up in (2.10),
the definition of I'y, is a Riemann sum. We use the Poisson formula to obtain
a precise approximation.

As I is a compact interval in EIZ, we pick € > 0 such that, for ¥ € I, one has
[E — 6e,E + 6¢] C iz- Let x € Ci°(R) be a non-negative cut-off function
such that x =1 on [—4¢,4¢] and x = 0 outside [—5e, 5e]. For E € I, define
xe() =x(-— E).

We first give the asymptotic for the sum over the Dirichlet eigenvalues far
from Re E. We prove

Lemma 5.1. For any N > 1, there exists Cny > 0 such that, for L suffi-
ciently large such that L =k mod (p), one has

su 41_XReE( ) "P]( )‘2 W‘Pj(L) Y
(5.4 E%Z S (om e ) ~HE)

< CNLfN
where
AN (N
1 — Xper)(\) =~ 0
(5.5) M(E):= /R( N AN ()
0 [a-xmpm S

Proof of Lemma 5.1. Recall (see Theorems 2.1) that Hp is the operator
H{ restricted to [0, L] with Dirichlet boundary condition at L; as L = k
mod (p), it is unitarily equivalent to the operator H, restricted to [—L,0]
with Dirichlet boundary condition at —L (see Remark 1.3).

Pick x € C§° such that Y =1 on o(Hy ) Uo(H, ). First, we note that

L ] 2 +
> - XRBE)(AJ)% — /R(l - XReE)(A)diVO_ (g)

Jj=0

= (80, (X = xre 5) (HL)(Hy — E)™'80) — (00, (X — Xre ) (H{ ) (Hy — E)™'d0),
L 2 ‘

]201—x B )|§J(_)| A(l_XReE)(A)%

= (0r, (X — XRep)(HL)(Hy, — E) L) — (01, (X — Xre B)(Hy ) (H, — E)~'61),

D (1= Xrer)(\)ETE = (Or, (X — Xrer)(HL) (Hy — E)™'d).
j=0 J

By the definition of xRe , the function A = p(A) := (A= E) "1 (Y~ xRre £2)(A)
is C3° on R; moreover, its semi-norms (see (4.13)) are bounded uniformly in
E € C. Thus, there exists an almost analytic extension of (X — xrer)(*)(- —
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E)~L, say, ¢ such that, uniformly in E, one has (4.13).
In the same way as we obtained (4.15), we obtain

(5:6) | (on, [(FL =27 = (Hy = )7 o)
+ (0, [(Hp = 2)™" = (Hg = 2)""] &)
(B, (Hp — )7 167)| < e Hlimel/©
Plugging (5.6) into (4.14) and using (4.13), we get
L (0)12 +
Z(l - XReE)()‘j)‘)\(p;(i_O)E‘; - /R(l - XReE)()\)diVO_ (2) <COgL™%

J=0

This entails (5.4) and completes the proof of Lemma 5.1. O

Let us now estimate the part of ' (E) associate to the Dirichlet eigenvalues
close to Re E. Therefore, define

; o
i N~ XeeEG) [ Lo (D)2 ¢j(0)¢;(L)
P P vy <soj<o>soj<L> 61(0) >

Jj=1
We prove

Lemma 5.2. There exists € > 0 such that, for N > 1, there exists C such
that, for L sufficiently large such that L =k mod (p), one has

sup  [TX(E) —T9(E)+ M(E)| < OxL™N
Re el
—e<ImE<0

where M is defined in (5.5).
Clearly Lemmas 5.1 and 5.2 immediately yield Theorem 5.1.

Proof of Lemma 5.2. Recall (4.7). The quasi-momentum 6, defines a real
analytic one-to-one monotonic map from the interior of each band of spec-
trum onto the set (0,7), (—m,0) or (—7,7) (depending on the spectral band
containing I 4+ [—4e,4¢e] where € > 0 has been fixed above) (see e.g. [37]).
Moreover, the derivative 6” does not vanish in the interior of a spectral
band. Thus, for L sufﬁClently large, the derivative 6’ oL does not vanish on
I+ [—2¢,2¢] and 6, 1, is real analytic one-to-one on a complex neighborhood
of (I + [—3e,3¢]) + i[—3¢,3¢] (possibly at the expense of reducing ¢ some-
what).

By (2.10), (4.7) and Theorem 4.2, one may write

. . L : Z XRe E <9ﬂ1 (fk))M <9pi <L7T—Jk>>

1
JEL 9pL<L k> E

where

(5.9) For ) e (L—k)0 Fe.(N) fo.L (M)
- kL Or b/ Fr L (N fo,r

M(N) .—< (L=k)0p. LN\ /L OV fo. (V) fo,L( ) )
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The matrix M can also be assumed to be analytic in the rectangle (I +
[—3¢, 3¢]) + i[—3e, 3¢]. Thus, the Poisson formula tells us that

(5.10)
.
- P ()

vl / AT >XAR6E$)9P7L(A)M(A)CM
JEL

=> = /M]XEA)\dA

JEL

by the definition of xRe g; here, we have set

A
Mj,X(E’)"IB) — o 2ij(L—F) pL(ﬁ-‘rReE)ﬁ(ﬁ pL(IB+R‘e E)M(B+ReE).
Let us now study the individual terms in the last sum in (5.10). Therefore,
recall that in [—4e,4e], x is identically 1 and that A — 6, (A + Re E)) and
A= M()\) are analytic in (I + [—3e,3¢]) + i[—3¢, 3¢]; moreover, one has

~ an4 }9 (A+Re E) > ¢ for some 0 (depending only on I). Recall also that
&

Im E < 0. Consider x : R — [0, 1] smooth such that y =1 on [—2¢,2¢] and
X = 0 outside [—3¢, 3¢]; assume moreover that ||X'||c < 1.

In the complex plane, consider the paths vy : R — C defined by 74 () =
x £ 2iex(A). As —e <Im E < 0, we have

/ XE)\)\d)\—/ (BN 7 (N)dA,

/R M\ (B N N)dX\ = —2ime 2R (B)g | (E) M(E)

+ /RMLX(E’ A, 7= (A)dA.

We then estimate

e for j < 0, one has
/ i (B A 74 (N)dA = / i (B v (N) d)\—l—/ =5 (B A v (N))dA

0 (57 e—25\]|(L7k)> +0 ((Eilm(L _ k))—oo)

=0 ((e7H4L)™>).

The estimate of the first integral follows from the fact that, on the
support of X, one has Im#6, r(v4+(-) + ReE) < —§. The second
follows from a non-stationary phase argument as the integrand is the
product of a smooth function with an rapidly oscillatory function.
The phase function is complex but its real part is non positive as
Im#6, 1,(v+(-) + Re E) < 0 on the support of x. Note that the off-
diagonal terms of M (\) also carry a rapidly oscillating exponential
but it clearly does not suffices to counter the main one.
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e in the same way, for j > 0, one has

/ i (BN y— (A)dA = / (B v— (A)dA
+/Mj,X)~((E’)‘a7()‘))d)‘

O( —1,-20]51(L~ k)) O ((e7H5I1L) ™)
= O (e 151L) ™) .

Thus, we estimate

for 7 < 0: /

for 7 > 0: /
(5.12)

= —2ime 2RO B! () M(E) + O ((e715|L)™>).

Finally, the contour deformation along v, yields

X(A)

/R)\—z‘ImE

(5.11) V(BN =0 ((e751L) ),

(E A N)dA

M (XA + Re E)dA

X(A)

:/A

:/M
R

ilm E L
0.0 (P

0

(A +ReE) <f’8L f > (A+ReE)d\ + O (L™>)

)

0 —o
f07L()\)> dA+ 0 (L™%)
0

A\—E
-,

XReE()‘) dN]; ()\) —o0
A—E ( 0 angoy) TOUET)

by Corollary 4.1.

Plugging this, (5.11) and (5.12) into (5.10) and computing the geometric
sum immediately yields the following estimate (where the remainder term
is uniform on the rectangle I + i[—&,0))

TY(E) = -2 e 210Rbhr(Elg | (E) M(E)
7>0
XReE()\)

+
e \—F

_ —i(L—k)b,. 1 (E)
- sin((L — k)0p.1,
XRe E(A) (de_()\)
0

+
e \—F

This completes the proof of Lemma 5.2.

0 —o0
i) $O)

(de ()
0
(5.13)

5.1.2. The proof of Theorem 5.2. To prove (5.1), for Im E' < —¢, it suffices
to write

L
3 [0 (0)
N E

ANy (V)

g = %, [(H - E)™' -

(Hy — B)~'] éo)

R

= (do, (HL — E)~'or)(0r, (Hf — E)™" )
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and

L _
S LE IO (o b ) ) (o — ) ),
>

L
> e B8O 1, - 1))
=0

J

and use the Combes-Thomas estimate (5.6). This completes the proof of
Theorem 5.2. (]

5.2. The proofs of Theorems 1.2, 1.3 and 1.4. We will now use Theo-
rems 5.1 and 5.2 to prove Theorems 1.2, 1.3 and 1.4.

5.2.1. The proof of Theorem 1.2. The first statement of Theorem 1.2 is an
immediate consequence of the characteristic equations for the resonances (2.5)
and (2.9) and the description of the eigenvalues of Hj, given in Theorem 4.2.
When e = N i.e. for the operator on the half-line, if I C (—2,2) does not
meet Y, there exists C' > 0 s.t. for L sufficiently large dist(/,o(Hr)) >
1/C. Thus, on the set I — i[0,400), one has Im Sz (F) <Im E/C. As on
I, one has Im60,(E) > 1/C (see section 2), the characteristic equation (2.5)
admits a solution E such that Re E € I only if ImE < 1/C%. This com-
pletes the proof of point (1) of Theorem 1.2 for ¢ = N. For ¢ = Z i.e. to
study equation (2.9), one reasons in the same way except that one replaces
the study of Sp(E) by that of (I'y(F)u,u) for u an arbitrary vector in C?
of unit length. This completes the proof of point (1) of Theorem 1.2

Point (3a) is an immediate consequence of Theorems 3.3 and 3.2 and the
description of the eigenvalues of Hy, outside 7. Notice that in the present
case d; in Theorems 3.3 and 3.2 is bounded from below by a constant inde-
pendent of L and a; is exponentially small and described by Theorem 4.2.
Point (3b) is an immediate consequence of the description of the eigenvalues
of Hy, outside ¥z in case (3) of Theorem 5.2 and Theorem 3.1. Indeed,
in the present case d; and and aj are both of order 1; thus, Theorem 3.1

guarantees, around the common eigenvalue for H,  and H, + a rectangle of
width of order 1 free of resonances.
Let us now turn to the proof of point (2). Therefore, we first prove the
following corollary of Theorem 5.1

Corollary 5.1. Fix I C Xz compact. There exists ng > 0 such that, for L
sufficiently large, one has

. —i0(F)
Reler ‘SL (B) +e ‘ 27 and
ImE€[—no/L,0)

(5.14) ot (FL( )+ e_ie(E)>‘ > 1p.

min
ReEel
ImE€[—no/L,0)

Clearly, Corollary 5.1 implies that neither equation (2.5) nor equation (2.9)
can have a solution in I +i]—ng/L,0]. This proves point (2) of Theorem 1.2.
U
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Before proving Corollary 5.1, we first prove Propositions 1.2 and 1.3 as these
will be of use in the proof of Corollary 5.1.

5.2.2. The proof of Proposition 1.2. We will do the proofs for the function
Proposition 1.2 is an immediate consequence of the fact that, in the

‘ E 2
lower half-plane, the function E s —e trecos(B/2) — = /2 4 (i.e.

—_—
=
= .
k

the determination of it defined above) is equal to the Stieljes (or Borel)
transform of the spectral measure associated to the Dirichlet Laplacian on
N and the vector dg; this follows from a direct computation (see Remark 2.1
and (2.2) for n = 0). Now, the spectral measure dN,  is also the spectral
measure of a Schrodinger operator, say, Hi on N associated to dg: it suffices
to take the symmetric of 7.V with respect to 0. The equality of the Borel
transforms implies the equality of the measures but dg is cyclic for both
operators so the operators have equal spectral measures. This implies that
the two operators are equal and thus the symmetric of 7,V has to vanish
identically on N. As V' is periodic, V must vanish identically.

As for the second point, if the function =,  were to vanish to infinite order

dN, (A E | E2
at E = —ioo, as each of the terms / ﬂ and — — 4/ — — 1 admits an
R A—F 2 4

infinite asymptotic expansion in powers of E~1, these two expansions would
be equal. The n-th coefficient of these expansion are respectively the n-th
moments of the spectral measures of Hj and —AaL (associated to the cyclic
vector dp). So these moments would coincide and thus the spectral measures
would coincide. One then concludes as above. U

5.2.3. The proof of Proposition 1.3. On {Im E < 0}, define the functions

- . ; = ( ) 1 — —iarccos(F
+ . ; - ( ) 1 + —iarccos(FE
(5.16) 9o (E) =i+ ng( = ® <So (E) +e ( /2>) .

First, the analyticity of g, and gBL is clear; indeed, all the functions involved

are analytic and the functions na' and n, stay positive on Xz. Moreover,
these functions can be analytically continued through (—2,2)NYXz. By (1.4),
for E real, one has Im g, (E) =Im g (E) = Im e~#) which is positive (see
section 2). Thus, the functions E — g, (E) and E — gg (F) do not vanish
on I. Moreover, as

90 (E)gy (B) =1 _ 1 1

T B V) B 0 B 1) RS S W

this function has a positive imaginary part on I.

This proves the first two properties of ¢® stated in Proposition 1.3. By the
very definition of ¢* and g, , the last property is obvious in the case of the
half-line; for the full line i.e. if @ = Z, the last property is a consequence of
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the following computation

(B i 9(T+(E)9;Z(E_) -1 (90*(5;’) — )9 (B) — )
(5.18) 90 (EE + ngE) 90 (E) + g, (E)
_ SEE®
2i+E5(E)+ 5, (E)
This completes the proof of Proposition 1.3. O

5.2.4. The proof of Corollary 5.1. In view of Theorem 5.1, to obtain (5.14),
it suffices to prove that there exists ng > 0 such that, for L sufficiently large,
one has

0! (E) f,(F)e L (E) - 4
min p( )fk( Je _ dN,, () _ o—i0(E) > 10
Re E€l sinur,(F) R A—FE
Im Ee[—WO/Lvo)

where ur,(E) := (L — k)bp,.(E).
We compute

0, (E) fr(B)e e B) _/ ANy (N —ioe)
sinur,(E) R A—F

= 0,(E) fu(E) (cot ur(E) — g, (E))

(5.19)

where g, is defined in (5.15). Thus,

0,(E) fr(E)e e () [ AN, () 4 0E)

sinur (E) R A—FE

> |Cot ur(E) — g,;(E)‘

as, for n sufficiently small and L > 1, one has

: / /
0< o [BEVE] S max [6E)(E)] < +oo.
Im E€[—n/L,0) Im E€[—n/L,0)

Now, notice that, by Corollary 4.1, for £ € I, one has

(5.20) Im < divi ?) = —0,(E)fx(E) = —n (E).
R

Thus, as E —Im e ®F) is positive on I, the analytic function E — g5, (E)

has positive imaginary part larger than, say, 277 on I; hence, it has imaginary

part larger than, say, 77 in some neighborhood of I+ D(0, 1) (for sufficiently

small 79 > 0). Let M be the maximum modulus of this function on I +

D(0,mp). Thus, as Rrglin 07, . (E)| Z 1, one has

Eel
Im EE[—T’]Q/L7O)

max IIm cot ur,(E)| < (M? + 1)np.

Im E€[—no/L,0)
cot(ur (F))<2M

Possibly reducing 7y this guarantees that for Re E € I and Im E € [—n/L, 0),
one has

E
E

E)Y>2M —-M>M

either {Cot ur, )|
E)) < —0+17/2 < —ij/2.

(E) =9 (
or Im (cotur(E) — g (
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This completes the proof of the first lower bound in (5.14) in Corollary 5.1.
To prove the second bound in (5.14), using (5.2), we compute
det (T$H(E) + e~(P))
g (E)ng (E)

1

sin? ur (E)
Jr —
+ _ 9o (E)g, (E) —1

= (o () + 6 (2) (oot s ()~ L

(9 + () 90 (E) + g; (E)
where g; and g7 are defined by (5.15) and (5.16).
Using Proposition 1.3, one then concludes the non-vanishing of the function
E s det (TS$H(E) + e7*®)) in the complex rectangle {ReE € I, ImE €
[—10/L,0)} (for no sufficiently small) in the same way as above. This com-
pletes the proof of Corollary 5.1. O

(5.21) = (cotur(E) — g; (E)) (cot ur.(E) — gi (E)) —

5.2.5. The proof of Theorem 1.3. To solve (2.5) and (2.9), by Theorem 5.1,
we respectively first solve the equations
0,(E) fe(E)e e (®) :/ ANy (A) o~ i0(E)
(5.22) sinur,(E) R A—E
and  det (F%H(E) + eiie(E)> =0

in a rectangle I +1i[—n, —7n/L]. Indeed, in such a rectangle, by Theorem 5.1,
equations (2.5) and (2.9) are respectively equivalent to

0L(E) fu(B)e ™) 1 AN, (\)
(5.23) sinuy (F) " Jg A\—F
and  det (T5(E) + ¢ ®)) = 0 (17)

_ efiG(E) + 9] (Lfoo)

where the terms O (L~°°) are analytic in a rectangle I + i[—2n, —0) (where
I C I) and the bound O (L~>°) holds in the supremum norm.

Thanks to (5.19) and (5.21), for @ € {N,Z}, to solve the equations (5.22), it
suffices to solve

(5.24) cotur(E) = c*(E)
where we recall uy(E) := (L — k)6, (E) and, gJ and g, being respectively
defined in (5.16) and (5.15), and, as in section 1.2.3, one has set
o AN(E) := g, (E) in the case of the half-line,

g (g ()~ 1

90 (E) + g5, (E)
We want to solve (5.24) is a rectangle I +1i[—¢,0) for some & small but fixed.
Using Proposition 1.3, we pick € so small that, in the rectangle I +i[—e¢, 0],
the only zeros of ¢® — ¢ are those on the real line and Im¢® is positive in
I +i]—¢,0).
To solve (5.24), we change variables v = (L — k)6, 1.(E) that is, we write

_ p-1 u
T an

o Z(E): in the case of the line.
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As, for Lg sufficiently large, Lig{ Re 9117, 1.(E) > ¢, at the cost of possibly
0

E€I+i[—¢,0)
reducing ¢, this real analytic change of variables maps I + [—¢,¢] 4 i[—¢,0)
into, say, Dy, such that Iy, + i[-n(L — k),0] C Dy, (for some n > 0) where
I, = (L — k)6 (I +[—¢/2,£/2]); the inverse change of variable maps I, +
i[-n(L — k), 0] into some domain, say, Dy, such that I+ [—¢’, '] +i[—¢’,0] C

Dy, (for some 0 < & < ¢). Now, to find all the solutions to (5.24) in
I +i[—£',0), we solve the following equation in I, + i[—n(L — k), 0]

(525) cotu = C. o 9;’}/ <ﬁ>

As u > cotu is 7 periodic, we split I, + i[-n(L — k), 0] into vertical strips
of the type Im + [0, 7] +i[-n(L — k),0], I_ <1 <1y, (I_,1y) € Z*. Without
loss of generality, we may assume that I, = [I_,[4]m. To solve (5.25) on the
rectangle I+ [0, 7| +i[—n(L — k), 0], we shift u by I7 and solve the following
equation on [0, 7] + i[—n(L — k), 0]

-4l

(5.26) cotu =cj(u) where ¢ (-)=c"o 9;}; <L+— k> .

In proving Theorem 1.2, we have already shown that for some 1 > 0 (in-
dependent of L sufficiently large and [ < [ < 1), (5.26) does not have
a solution in [0,7] 4+ i[—7,0]. The cotangent is an analytic one-to-one
mapping from [0,7) + i(—00,0] to CT \ {i}. Thus, for L sufficiently large
and 0 sufficiently small, the cotangent defines a one-to-one mapping from
[0,7) 4+ i[-n(L — k),—n] onto T, = D(z4,r4) \ D(z_,r_), analytic in the
interior of [0, w)+i[—n(L—k), —7] and continuous up to the boundary where
we have defined

.6477(L_k) _|_ 1 ‘6477 — 1 26277 26277(L_k)

2y = g = r,=— =
+ edn(L—k) _ 1’ A1 Tt T e edn(L—k) — 1

Moreover, the boundaries {0} +i[—n(L — k), —7] and {7} +i[-n(L — k), —7]
are mapped onto the interval [z_ + ir_, z4 + iry].

Let Z* denote the finite set of zeros of E +— ¢*(E) —i in I. Then, by a
Taylor expansion near the zeros of ¢ — i, we know that, for n sufficiently
small, there exists gy > 0 and k > 1 such that, for L sufficiently large,

e for ¢ € (0,e0), there exists 0 < n_ such that, for I_ <1 < [, if
_ I _
VE e Z* |6} T ) — E| > ¢ then Vu € [0, 7] +i[—n(L — k), 0],

PL\ L —k
one has n_ < [Imc}, (u) — 1[;
o for u € [0,7] + i[-n(L — k),0] and E the point in Z* closest to
1 lm
PL\ L —k

, one has

_1 (Reu+In ~1 0 Imoul S
1

T E < =
GP»L< L—k > ‘JFL—/J ~ g

where k is the order of E as a zero of E — ¢*(E) — i.

(5.27) e < (1 —Imcfy(u)) - [

As a consequence of the above description of ¢} ;, we obtain
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Lemma 5.3. There exists 11 and n mall such that, for L sufficiently large,
foralll- <1 <1y, uw cf(u) maps the rectangle [0, 7] + i[-n(L — k), —17]]
into a compact subset of D(zy,r4) \ D(z—,7_) in such a way that

(5.28)

~ _ lm 7 K
sup ‘cotu—cl"L(u)‘ > <‘E—6 1 <—>'+—>
w€d([0,]+il—n(L—k), —ii) PENL—k)| " L—k

lm

where E is the zero of E c*(E) — i closest to 6;; <m

) and k is its
order.

Note that, under the assumptions of Lemma 5.3, (5.28) implies that
sup |cot u — fp(u)| 2 L*
u€d([0,]+i[—n(L—k),—1])

Thus, we can define the analytic mapping cot ™! ocyy on [0,7] +i[—n(L —

k), —n]; it maps the rectangle [0, 7]+ i[—n(L —k), — ] into a compact subset
of (0, 7)+i(—n(L—k), —7). The equation (5.26) on [0, 7|+i[—n(L—k), —7] is

thus, equivalent to the following fixed point equation on the same rectangle
(5.29) u=cot lo ()

We note that, for a € (0,1), for L sufficiently large, if for some E e Z°* of

~ I ~
multiplicity k, one has 'Hpi (L—jk> — E' < L™ then, equation (5.26) has
no solution in [0, 7] + i[—n(L — k), —7] outside of the set
ok I . 1
L—k),—1 ——) - E|+ =
R =[0,7]+1¢|—n(L—k), — Og[epL<L—k> ‘+L]

Indeed, for u € ([0, 7] 4+ i[-n(L — k), —7]) \ Ry, by (5.27), that is, for
O0<Reu<m

and

k ok
—a—logL< log[

I - 1
1 ~
oot <m) ‘E‘ +z] s fmus =

one has ‘cl’L(u) —il < L=k and |cotu —i| 2 Lok/2,

I ~
0, I - F

solve (5.29) on R; ;. We compute the derlvatlve of ¢} ; in the interior of Ry,

So, if for some E € Z°, one has < L™%, it suffices to

(coroct) 1 @b (%) 1

— (cot™ ocZL (u) = — — ! Z . -

du L=k, (CZL u)> 0, (91,7; (%))
1 ¢ob, ; <L+lk> 1 1

I —k Cl,L(u) —1 Cl.,L(u) +1 ‘ 9;,,L (Hl;i (zfr_l;;)> .

Thus, fixing a € (0,1),
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L I _
e if [ is such that, for some E € Z°, one has Hlji <L—j/<:> — E' <

L™, for u € Ry 1, we estimate

(5.30)
d 1 e 1 _1 lm 1 Imu|] 7t
au (0t odln) () Sﬂ[ep’L<L—k>_E'+L—k
< 1
(B e [ (BT
<L
~logL’

e if [ is such that, for all E € Z*, one has

lm .
—1 —«
HP’L<—L—I<:>_E'ZL ,

for u € [0, 7] +i[—n(L — k), —1], we estimate

4 (cot*1 octp) (u)| S b 01 Im — E|+ [fm uf] ™
5.3 du 1L ~NL—k || PP\L—k L—Fk
5.31
< : e
(L =) |63 (1%5) - E|

Hence, for L sufficiently large, cot™! ocl°, ;, 1s a contraction on R 7. Equa-
tion (5.29) thus admits a unique solution, say, iy ;, in the rectangle [0, 7] +
i[-n(L — k), —7]. This solution is a simple root of u + u — cot ™ ocpp(u).
Hence, 4] ; is the only solution to equation (5.26) in [0, 7| +i[—n(L—k), —7].
By (5.23), for L sufficiently large, for [ <1 <1, both the equations

SL097i <u+l7r> +6—i0(0;1L("Ltl§)) —0 and

L\ L~k

l > - u s
det (FL o Hp_i <12+_ ;;) + e—ZG(GPi( T ))) -0

(5.32)

can be rewritten as
(5.33) u = cot ! (fp(u)+ 0O (L™)) = cot Lo ¢ p(u) +0 (L™)

Thus, each of the equations in (5.32) admits a single solution in [0, 7] +
i[-n(L — k), —n] and this root is simple; moreover, this solution, say, u; 1,
satisfies ‘u;L — 1 L‘ = O (L™°); indeed, the bounds (5.30) and (5.31) guar-
antee that one can apply Rouché’s Theorem on the disk D(u} ., L7F) for
any k > 0.

Thus, we have proved the

Lemma 5.4. Pick I as above. Then, there exists 7 > 0 such that, for L
sufficiently large s.t. L = Np + k, the resonances in I + i[—n,0] are the
energies (2] )i_<i<1, defined by

. B uZL + I
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belonging to I + i[—n,0].

Let us complete the proof of Theorem 1.7 that is, prove that, for n suffi-

ciently small, for L sufficiently large such that L = k& mod (p), is the unique

Re (7 + 7)) Re(Z +27,))
2 ’ 2

resonance in

fined in (1.6).
Therefore, we first note that the Taylor expansion of 6 i, (4.1) and the

] +1i[—n,0]; recall that 2z} is de-

quantization condition (4.2) imply that

. 1 . log L\ ?
Z] _)\l—i_iﬂ'n()\l)Lul’L—i_O (( I > )

as Rew;r, € [0,7m) and —log L SImuwy;, S —1.

2
Moreover, as cf ,(u) = c* [)\l + ﬁ +0 <%>] using (1.6) and (5.34),

we compute

. log L'\ ”

_ 1 ° —1 ° 1 —1 ° 10gL
_wn()\l)L (uhL cot™ " oc [)\l—l—ﬂn()\l)Lcot oc <)\l 1 7 .

Thus, one has

1
2] — 3 = ——— (ul"L —cot™lo ar [COtil ocyp, (—imn(\)log L)])

L™ an(N)L
+0 <<1°§L>2> .

As w1, solves (5.33), using (5.30) and (5.31), we thus obtain that
1 log L'\ ?
S -7 =
Llog L L
< ‘ule‘JrlogL <IOgL>2 <1
Llog? L L

|2} — ‘ul'L —cot™? ocy, (—im n(A;) log L)| + <

~ LlogL

using again Rew; , € [0,7) and —log L SImu f, S —1.
Taking into account (1.7), this complete the proof of Theorem 1.3. U

5.2.6. The proofs of Propositions 1.4 and 1.5. Proposition 1.5 is an immedi-
ate consequence of Theorem 1.3, the definition of Z} (1.6) and the standard
asymptotics of cot near —ioco i.e. cotz =i + e 2% 4+ O (6_4”).

To prove Proposition 1.4, it suffices to notice that, under the assumptions
of Proposition 1.4, the bound (5.31) on the derivative of cot ' ocf, on the
the rectangle R; ;, becomes 7

o (cot och) (u)] < I
Thus, as a solution to (5.29), ul' ;, admits an asymptotic expansion in inverse
powers of L. Plugging this into (5.34) yields the asymptotic expansion
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for the resonance. Then, (1.8) follows from the computation of the first
terms. U

5.2.7. The proof of Theorem 1.4. Theorem 1.4 is an immediate consequence
of Theorem 5.2, the fact that the functions are analytic in the lower com-
plex half-plane and have only finitely many zeros there and the argument
principle. O

5.3. The half-line periodic perturbation: the proof of Theorem 1.5.
Using the same notations as above, we can write

o [ HY 50l
" __Q%M&M —A30>'

where —AJ is the Dirichlet Laplacian on ¢2(N).
Define the operators

D(E) = H_) — E = (5ol(=Ag — E)~"|0) [0-1){01]|
and

D(E) = —A§ — E — (6| (HZ; — E)~"(8o) [0-1){d1].
For ImE # 0, (6_1|(H—; — E)7}|6_1) and (§|(—=AJ — E)~![do) have a non
vanishing imaginary part of the same sign; hence, the complex number

((Gol(=AF = E)Hdo) ™" — (51 |(HZy — E)7H]o-1)
does not vanish. Thus, by rank one perturbation theory, (see e.g. [35]), we
thus know that I'(E) and I'(E) are invertible and that
(5.35) T"YE):=(H-,-E)!

[H — B) o 1){0[(H-y — E)7!|

T Gol—AF — By o)) — (51 |(H -y — B) 151

and

I Y(E):=(-Af -B)!
| = A7 = E) o) (61 (=AF — E)7'|
((O1|(H=) = E)7Yo-1) = (bl (=Ag — E)~Hdo))~

Thus, for Im F # 0, using Schur’s complement formula, we compute

—1
(5.36) (H® — E)~! = <I;(E()E) &g%) .

where ~* (E) is the adjoint of v (E) and
Y(E) = —[D(B)Ho-1){d|(—Ag — B)71.

_l’_

Now, when coming from Im E > 0 and passing through (—2,2) N Xz, the
complex numbers (§_1|(H_; — E)~Yd_1) and (&|(—AF — E)~1|do) keep
imaginary parts of the same positive sign; thus, the two operator-valued
functions E +— I'"}(E) and E + (H*® — E)~! can be analytically continued

through (—2,2) N Xz from the upper to the lower complex half-plane (as
operators respectively from ¢, (N) to ¢ _(N) and from (2 (Z) to 6% (Z)).

comp loc comp
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When coming from the upper half-plane and passing through (—2,2) \ Xy

and 7\ [~2, 2], (5.36) also provides an analytic continuation of (H>®—E)~1.
Definition (5.35) and formula (5.36) immediately show that the poles of these
continuations only occur at the zeros of the function

, AN (A

E s 1= (61| (H=,— B) ™ [6_1) (6| (— A — ) ]do) = 1_620<E>/ ANy ()
R A—F

when continued from the upper half-plane through the sets (—2,2)\ £z and

Y7\ [-2,2] (these sets are finite unions of intervals).
This completes the proof of Theorem 1.5. O

6. RESONANCES IN THE RANDOM CASE

As for the periodic potential, for the random potential, we start with a de-
scription of the function E +— I'r(E) (see (2.10)), that is, with a description
of the spectral data for the Dirichlet operator H,, 1.

6.1. The matrix I'; in the random case. We recall a number of results
on the Dirichlet eigenvalues of H,, ; that will be used in our analysis.
It is well known that, under our assumptions, in dimension one, the whole
spectrum of H, is in the localization region (see e.g. [26, 9, 6]) that is

Theorem 6.1. There exists p > 0 and « € (0,1) such that, one has

(6.1) sup E Z e!lr (s, (Hu,r, — E)716,)[" ¢ < o0
LENU{+OO} $EIIO Lﬂ
ye[0,L] ’
Im E#0
and
(6.2) sup E Z eV sup (0, f(Ha,1)dy)| p < 0.
LeNU{+oco} 2e[0.0] supp fCR
ye[0,L] ’ If1<1

where H, 4o := HY and [0,+00] = N. The supremum is taken over the
functions f that are Borelian and compactly supported.

As a consequence, one can define localization centers e.g. by means of the
following results

Lemma 6.1 ([12]). Fiz (I1)r, a sequence of scales i.e. lp, — +00 as L —
+o0. There exists p > 0 such that, for L sufficiently large, with probability
larger than 1 — et if

(1) ¢jw is a normalized eigenvector of Hy, 1, associated to Ej,, in ¥,
(2) zj(w) € [0, L] is a mazimum of x — |@j.(x)| in [0, L],

then, for x € [0, L], one has
(6.3) lpjw(@)] < VLe 2 erlo—a; (W)l
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This result can e.g. be applied for the scales {7, = 2log L. In this case, the
probability estimate of the bad sets (i.e. when the conclusions of Lemma 6.2
does not hold) is summable. The point z;(w) is a localization center for
Ej. or ;.. It is not defined uniquely, but, one easily shows that there
exists C' > 0 such that for any two localization centers, say, z and 2/,
one has |x — 2'| < Clog L (see [12]). To fix ideas, we set the localization
center associated to the eigenvalue Ej; . to be the left most maximum of
2 @il

We show

Lemma 6.2. For any p > 0, there exists C > 0 and Ly > 0 (depending
on a and p) such that, for L > Ly, for any sequence satisfying (1.17), with
probability at least 1 — L™P, there exists at most Cly eigenvalues having a
localization center in [0,¢5] UL — £r, L].

We will use the fact that we are dealing with one-dimensional systems to
improve upon the estimate (6.3). We prove

Theorem 6.2. For any 6 > 0 and p > 0, there exists C > 0 and Lo > 0
(depending on I, p and §) such that, for L > Lo, with probability at least
1—L7P, if Ej,, is an eigenvalue in X associated to the eigenfunction p;j,,
and the localization center x;, then,

o ifx;, €[0,L —ClogL], one has

log |1 (L
(6.4) — p(Ejw) —0 < Lelesel)] o —P(Ejw) +0.
L— Ljw
o ifxj, € [ClogL,L], one has
log [0, (0
(6.5) ol o< Ol g s
Jw

To analyze the resonances of Hﬂ ;. (resp. Hf 1), we shall use (6.4) (resp.
(6.4) and (6.5)).

We now use these estimates as the starting point of a short digression from
the main theme of this paper. Let us first state a corollary to Theorem 6.2,
we prove

Theorem 6.3. For any § > 0 and p > 0, there exists € > 0 such that, for L
sufficiently large (depending on p and §), with probability at least 1 — L™P,
if Ej. 1s an eigenvalue in ¥ associated to the eigenfunction yj,, and the
localization center x;,, then, for |z — xj7w| > 0L and 0 <z < L+1, one has

log(|¢jw(@)| + |pjwlz —1)])
|z — 2wl

(6.6)  —p(Ejw)—0< < —p(Ejw) + 0.
Compare (6.6) to (6.3). There are two improvements. First, the unknown
rate of decay p is replaced by the Lyapunov exponent p(FE;.) which was
expected to be correct decay rate. Indeed, for the one-dimensional dis-
crete Anderson model on the half-axis, it is well known (see e.g. [5, 6, 31])
that, w-almost surely, the spectrum is localized and the eigenfunctions de-
cay exponentially at infinity at a rate given by the Lyapunov exponent. In
Theorem 6.3, we state that, with a good probability, this is true for finite
volume restrictions.
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Second, in (6.6), we get both an upper and lower bound on the eigenfunc-
tion. This is more precise than (6.3).

To our knowledge, such a result was not known up to now. The strategy that
we use to prove this result can be applied in a more general one-dimensional
setting to obtain analogues of (6.6) (see [22]).

We complement this with the much simpler

Lemma 6.3. For any C > 0 and p > 0, there exists K > 0 and Ly > 0
(depending on I, p and §) such that, for L > Lo, with probability at least
1—L7P, if Ej,, is an eigenvalue in X associated to the eigenfunction p;j,
and the localization center x;, then,

e ifw;, € [L—ClogL, L], one has L% <|p;(L)|;
e if v, €[0,Clog L], one has L5 < |p;,(0)].

The proof of this result is obvious and only uses the fact that the matrices
in the cocycle defining the operator (see section 6.3) are bounded that is,
equivalently, that the solutions to the Schriodinger equation grow at most
exponentially at a rate controlled by the potential.

Let us return to the resonances in the random case and the description of
the function Sr. Recall that in (2.5), the values ();); are the eigenvalues
(Ejwlo<j<r of Hy 1 and the coefficients (a}); are defined in Theorem 2.1
and by (2.15). Thus, Theorem 6.2 describes the coefficients (a?); coming

into Sz, and I'z, (see (2.5) and (2.9)). Let us now state a few coilsequences
of Theorem 6.2.

Fix I a compact interval in ¥ the almost sure spectrum of H,. For e &
{N,Z}, define

]7w -

(6.7) d® = {L —Tjw for e = N,

min(z;,, L — z;,) for e =7.

Taking p > 2 in Theorem 6.2 and using Borel-Cantelli argument, we obtain
that

w almost surely, for 6 > 0 and L sufficiently large, if \; = Ej,, € I

log a%
(6.8) and d}, > Clog L then —2p(A\;) —¢6 < de j
J,w

< =2p(Aj) + 0.

This and the continuity of the Lyapunov exponent (see e.g. [5, 6, 31]) guar-
antees that

(6.9) w almost surely, for any § > 0 and L large,
one has — 2ne sup p(E)(1 + )L < inf logaj
Eel A€l

where 7, is defined in Theorem 1.6.

To use the analysis performed in section 3, we also need a description for
the (A;); i.e. the Dirichlet eigenvalues of H,, . Therefore, we will use the
results of [12], [20] and [19] (see also [13]).

We first recall the Minami estimate satisfied by H,, 1, (see e.g. [7] and refer-
ences therein): there exists C' > 0 such that, for I C R, one has

P (tr(17(He,r))) > 2) < E (0(1r(Ho,n)[tr(1r(Ho,z)) = 1])) < CJIP(L+1)
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By a simple covering argument, this entails the following estimate
P(3i#jst. [N — | <L77) <COL72,

Thus, for ¢ > 3, a Borel-Cantelli argument yields, that

(6.10)  w almost surely, for L sufficiently large, Izr;gl \i —Aj > L1

6.2. The proofs of the main results in the random case. We are now
going to prove the results stated in section 1.3.

6.2.1. The proof of Theorem 1.6. As for Theorem 1.2, this result follows
from Theorem 3.1. The point (1) is proved exactly as the point (1) in
Theorem 1.2. Point (2) follows immediately from Theorem 3.1 and (6.9).
This completes the proof of Theorem 1.6.

6.2.2. The proof of Theorem 1.7. Recall that x € (0,1). To prove (1) we
proceed as follows. The standard result guaranteeing the existence of the
density of states N (see e.g. [5, 6, 31]) imply that, w almost surely, one has

#{\ € I}
L]7+1 — /IdN(E).

This, in particular, shows that, if I C X is a compact interval, then, w almost
surely, for L sufficiently large I is covered by intervals of the form [A; 1, Aj]
and their number is of size < L (actually this holds for \; € I + [—¢,¢] if
e > 0 is chosen small enough). Moreover, the estimate (6.10) guarantees
that d; > L™ (for any ¢ > 3 fixed) for all A\; € I. Thus, Theorems 3.1, 3.2
and 3.3 and the estimate (6.8) guarantee that, w almost surely, all the res-
onances in the strip I —i[e”>",0) are described by Theorem 3.3. Indeed,
for such a resonance the imaginary part must be larger than —e~"; thus,
by Theorem 3.1, for every rectangle [(AyAj—1)/2, (A1)\j+1)/2] —i[e ",0)
containing a resonance, one has a; < e 1" L% Thus, a; K d? and one can
apply Theorem 3.3 to compute the resonance.

Let count the number of those resonances. Therefore, let £;, = 7L" where 7
is to be chosen. By (6.8) and (6.10), w almost surely, one has a; < d? for
all j such that \; € I as long as this Dirichlet eigenvalue is associated to
a localization center in [0, L — ¢ ] (actually it holds for \; € I + [—¢,¢] if
e > 0 is chosen small enough); thus, we can apply Theorems 3.3 and 3.2 to
each of the ();); that are associated to a localization center in [0,L — ¢.].
By formula (3.14), each of these eigenvalues gives rise to a single simple
resonance the imaginary part of which is of size < a;. Thus, it lies above
the line Imz > e = 7" for 7p = 1. Actually, the estimate (6.10)
guarantees that d; > L™ (for any ¢ > 3 fixed) and Theorem 3.2 shows that
these resonances are the only ones up to a line Imz > —L~9. Moreover, by
Lemma 6.2, we know there at most C¢;, eigenvalues A; that do not have
their localization center in [0, L — ¢1]. Thus, we obtain, w almost surely,

(6.11)

. 1 _LF
LETOO f# {z resonance of H,, 1 s.t. Rez €I, Imz > —e " } = /IdN(E).

Point (2) is proved in the same way. Pick A € (0,1). In addition to what
was used above, one uses the continuity of the density of states E +— n(FE)
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and Lyapunov exponent E +— p(E). Assume F is as in point (2). Then,
w almost surely, the reasoning done above shows that, for any n > 0, there
exists g9 > 0 such that, for e € (0,e9) and § € (0, ), for L sufficiently large
one has,

. €
4 A e.v of HE{L in £+ ()

that — eMP(EIOL < o2nep(E)A Ly, < _ o=nep(B)SL

[-1+n,1—n] such

<# {z resonance of HY, ; in R*(FE, A,L,s,&)}

€
N evof HY, in E +

< # - 2n(E)

that — eeP(E)L < eZeP(E)A L, < e Mep(E)SL

[—1 —n,1+ 7] such

Using Theorem 6.2 and the continuity of the Lyapunov exponent in con-
junction with the definition of a; (see (2.5) and (2.15)), we obtain that, w
almost surely, for any n > 0, there exists 9 > 0 such that, for £ € (0,&)
and § € (0,0p), for L sufficiently large one has,
. €
4 e.v ofHE],L 1nE+m[—1+77,1—77]

with localization center in I*(L,d, —7)

<# {z resonance of HY, ; in R*(FE, A,L,e,&)}

g
vof HY in E
<4 evorH,n +2n(E)

with localization center in I°(L,d,n)
where
IN(L, A, 6,m) = [LA] + [~L6(1 + n), L(1 + n)]
and

T2(L, A, 6,m) = ({%] + [=L6(1 4 n), Lé(1 + n))]])

U <[L (1 — %)] + [-Lo(1 +n)), Lé(1 + 77))]]) .

Now, using the exponential localization of the eigenfunctions, one has that,
w almost surely, for any 1 > 0, there exists 9 > 0 such that, for € € (0,¢9)
and ¢ € (0,0g), for L sufficiently large one has,

. €
(6.12) # {e.v of H 1\ s oyein B+ T0) [—142n,1— zn]}

< # {z resonance of HY, ; in R*(E, )\,L,a,é)}

. €
< # {e.v of HE{L,)\’M,%. in £+ 3n(E) [—1—2n,14+ 277]}

where Hy, 1 35,0 = (HEI,L
the edges.
This immediately yields point (2) for A € (0, 1) using the convergence of the

) with Dirichlet boundary conditions at
|72 (L,X,8,m)
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density of states measure for our random model. The case A = 1 is dealt
with in the same way.

As already said, point (3) is an “integrated” version of point (2). Using the
same ideas as above, partitioning I = U;I;D:OIp s.t. |Ip| ~ € centered in E,,
one proves

P
_ . €
pzz:o # {e.v of H, ,inE,+ WEP) [—1+4+2n,1— 277]}

< # {2 resonance of HJ j in I + [—67”, —efCL}}

P
. €
< Z# {e.v of H:,p,L,- in B, + (B [—1—2n,1+ 277]}
p=0 P
where
® H, . lis the operator HY restricted to
S 2L, (inf(cpL(B,), 1) — m)L] if 0 = N,
— to [2L", (inf(cp~ ' (Ep), 1)/2 = n) L] U [(1 — inf(cp™" (), 1)/2 +
n)L,L —2L"] if e = Z;
° H:p 1. is the operator HY restricted to

CLLR/2, (inf(ep (), 1) + L] if @ = N,
~ to [L7/2, (inf(cp (E), 1)/2+n) L] OL(1 —inf(ep (E), 1)/2—
n)L,L — L*/2] if e = Z;
In the computation above, we used the continuity of both, the density of
states E +— n(FE) and Lyapunov exponent E +— p(E). Thus, we obtain

# {z resonance of H}, ; in I + (—o00,e ]}
P
=L Zinf(CP_l(Ep)7 n(Ep)|Lp| + o(1)
p=0
+ # {z resonance of Hg, ; in I + (—oo, eiLﬂ}} .
The last term being controlled by Theorem 1.10, one obtains point (3) as
the Riemann sum in the right hand side above converges to the integral

in the right hand side of (1.14) as ¢ — 0. This completes the proof of
Theorem 1.7. U

6.2.3. The proof of Theorem 1.8. The proof of Theorem 1.8 relies on [12,
Theorem 1.13] which describes the local distribution of the eigenvalues and
localization centers (., xj,.,): namely, one has

(6.13)
( 71 3\
E,,e E+L T
#iny Y - Y=k
Tjw € LCy
p = \k
. — [l (,U'n) "
1 P ; : : — Hn
L—1>r-ir-loo i ’ ’ 1111 c k!
# n: Ejvw S E + L_llp — k
' Tjw € LCp P
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where fiy, := n(E)|L,||Cy| for 1 <n <p.

Recall that (sz (w)); are the resonances of H, 1. By the argument used in
the proof of Theorem 1.7, we know that, w almost surely, all the resonances
in Kp,:=[E—¢,E+e¢|+i [—efm, 0] are constructed from the (A},a3) by
formula (3.14). Thus, up to renumbering, the rescaled real and imaginary
parts (see (1.15)) become

zj = (Rezf () = E)L = (\j = E)L + O(Lay) = (Ejw — E)L + O(Le™™")

1 . log a} d3
yj = —g7 loglm 2 (w)| = ——7= + O(1/L) = p(E)=;= +o(1).

where \; = F; ,, and xj, is the associated localization center; here we used
the continuity of E — p(E).

On the other hand, for the resonances below the line in {Imz = —e %"},
one has y; < L"~1. So all these resonances are “pushed upwards” towards
the upper half-plane. Hence, the statement of Theorem 1.8 is an immediate
consequence of (6.13). O

6.2.4. The proof of Theorem 1.9. Using the computations of the previous
section, as E # E’, Theorem 1.9 is a direct consequence of [20, Theorem
1.2] (see also [12, Theorem 1.11]).

6.2.5. The proof of Theorem 1.10. Consider equations (2.5) and (2.9). By
Theorem 6.2 and Lemma 6.2, w almost surely, for L large, the number of
(a}); larger than e~ 1%L is bounded by Cf. Solving (2.5) and (2.9) in the

strip {Re E € I, Im E < —e~“L}, we can write

N
a.
SL(E) =S, (E)+S{(E) = > A.jEJr >
aN<e—10er, 77

and similarly 'z (E) = '/ (E) + I'f (E). One then has

(6.14) sup  ||SL(E)| + ITL(B)| < e .
Im E<—e~tL

a§l>e*1ML

The count of the number of resonances given by the proof of Theorems 2.1
and 2.2 then shows that the equations (2.5) and (2.9) where Sz, and I'f,
are respectively replaced by SZ and I’z have at most C¢p solutions in
the lower half plane. The equations where Sy and I';, are replaced by Sz
and I“LL we will call the +-equations. The analogue of Theorems 3.1, 3.2
and 3.3 for the +-equations and Theorem 6.2 show that the only solutions
to the 4-equations in the strip {Re E € I, —e %1/ <Im E < —e 36L/4}
are given by formulas (3.14) and (3.15) for the eigenvalues of the Dirich-
let problem associated to a localization center in [L — 207, L — (1, /2] if
e =Nandin [(1/2,20.| U[L — 20, L — £1,/2] if @ = Z. Thus, these zeros
are simple and separated by a distance at least L=* from each other (re-
call (6.10)). Moreover, we can cover the interval I by intervals of the type
(A 4+ Xj=1)/2, (Aj + Ajr1)/2], that is, one can write

j+

Aj+ A1 Aj A
1 I J J J J

(6.15) c | [ 5 ; 5

i=i~
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where A_j i~ € I, A\jyj+ € I, \j- € T and \j+ € [.

Consider now the line {Im £ = —e~*} and its intersection with the vertical
strip [(Aj + Xj—1)/2, (Aj + Aj1+1)/2] — iRT. Three thing may occur:

(1) either e~* < a;jdj?|sinf()\;)|/C (the constant C is defined in Theo-
rem 3.1), then, on the interval [(A; + Xj_1)/2, (Aj + Aj41)/2] — ie L, one
has

(616)  |SFE)+e P 21 and  det (TE(E) + e @)| 2 1

this follows from the proof of Theorem 3.1 (see in particular (3.5), (3.6), (3.7)
and (3.8)) for some fixed ¢ > 0; recall that, on the interval I + ie *%, one
has |sinf(F)| 2 1;

(2) either e *¢ > Ca; (the constant C is defined in Theorem 3.2), then, on
the interval [(A; + Aj—1)/2, (A; + Aj+1)/2] —ieF, one has again (6.16) for
a possibly different constant; this follows from he proof of Theorem 3.2 (see
in particular (3.10) and (3.11));

(3) if we are not in cases (1) or (2), then

the line {ImE = —e ‘*} may cross )\‘J-l Y, )}J )\‘J’”

R; (defined in Theorem 3.3; see also 1 1

Fig. 5); we change the line {ImE = — 7 R.
~ ! ]

—e*ZL} so as to enter U; until we reach CTT %j

the boundary of R; and then follow this - new path

boundary getting closer to the real axis, Y ‘

turni.ng around R; an_c} ﬁnally. reaching FI GURE ****** 6 The

the line {Im E' = —e~ "L} again on the new path

other side of R; and following it up to

the boundary of Uj (see Figure 6); on

this new line, the bound (6.16) again holds; moreover, this new line is closer
to the real axis than the line {Im F = —e~‘¢}.

Let us call C; the path obtained by gluing together the paths constructed in

points (1)-(3) for j~ < j < j* and the half-lines [)‘ri‘rfl’ Ar—z\rﬂ} -

At Ao At
2

ife=*%, +00) and [ 5 , —ife7*,400) (see (6.15)). One
can then apply Rouché’s Theorem to compare the + equations to the equa-
tions (2.5) and (2.9): by (6.14) and (6.16), on the line Cy, one has |5} | <

‘SZ‘ + efw‘ and

det (FL(E) + 649@)) — det (FJLF(E) + e*w(E)) (

1
< =
-2

det (FL(E) + e_iG(E)) ‘ .

Thus, the number of solutions to equations (2.5) and (2.9) below the line
Cy is bounded by C/r; as Cy lies above {Im E = —e~*.} in the half-plane
{Im E < —e~“L}, the equations (2.5) and (2.9) have at most C/y, solutions.
We have proved Theorem 1.10. O

6.2.6. The proof of Theorem 1.11. The first point in Theorem 1.11 is proved
in the same way as point (2) in Theorem 1.7 up to the change of scales, L
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being replaced by ¢r,. Pick scales (¢} ), satisfying (1.17) such that ¢, < ¢y,
One has

Lemma 6.4. Fiz two sequences (ar)r and (br)r such that ay, < by,. With
probability one, for L sufficiently large,

# {e.v. of Hy 0,20 /p 0 [aL +etL by — e*Z'L] }
< #{ew. of H, in [ar,br] with loc. cent. in [0,€r]}

< # {e.v. of Hy, 0,420, p 0 [aL — e_K/L, br, + e‘gi} }
where p is given by Lemma 6.1.

Proof. To prove Lemma 6.4, we apply Lemma 6.1 to L = {1, + ¢ (i.e. for
the operator H, restricted to the interval 0,47, + ¢;]) and i, = ¢}. The
probability of the bad set is the O (L~°°), thus, summable in L. Using the
localization estimate (6.3), one proves that
e cach eigenvalue of Hy 0,20, p is at a distance of at most e’z of an
eigenvalue of H,, ;, with loc. cent. in [0,¢.];
e cach eigenvalue of H,, ; with loc. cent. in [0,¢.] is at a distance of
at most e’z of an eigenvalue of Hy 0,100, /p

Lemma 6.4 follows. O

The first point in Theorem 1.11 is then point (2) of Theorem 1.7 for the
operator Hy, ¢, o0 s, and H, ¢, 1 9¢, /, and the fact that v, < L.

The proof of the second statement in Theorem 1.11 is very similar to that

of Theorem 1.8. Fix I a compact interval in §3 As (p, satisfies (1.17), one
can find ¢}, < £% also satisfying (1.17) such that e~z < e™* <« 7z, For
the same reasons as in the proof of Theorem 1.8, after rescaling, all the res-
onances in I —i(—o00,0) outside the strip I —1 {eiélL, eiélL/> are then pushed
to either 0 or ‘oo as L — +oo0.

On the other hand, the resonances in the strip I — i [e_yL,e_glLl> are de-

scribed by (3.14). The rescaled real and imaginary parts of the resonances
(see (1.19)) now become x; = (E;, — E)l +0o(1) and y; = p(E)dg—’L“ +o(1).
Now, to compute the limit of P(#{j; z; € I, y; € J} = k), using the ex-
ponential decay property (6.3), it suffices to use [12, Theorem 1.14]. Let us
note here that [12, condition (1.50)] on the scales (¢1)ris slightly stronger
than (1.17). That condition (1.17) suffices is a consequence of the stronger
localization property known in the present case (compare Theorem 6.2 to [12,
Assumption (Loc)]). This completes the proof of the second point in Theo-
rem 1.11. The final statement in 1.11 is proved in exactly the same way as
Theorem 1.9.

The proof of Theorem 1.11 is complete. O

6.2.7. The proofs of Proposition 1.6 and Theorem 1.12. Localization for the
operator HY can be described by the following

Lemma 6.5. There exists p > 0 and g > 0 such that, w almost surely, there
exists C,, > 0 s.t. for L sufficiently large, if



RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS 67
(1) ¢jw is a normalized eigenvector of Hy, 1, associated to Ej,, in ¥,
(2) zj(w) € N is a mazimum of v — |p;(x)| in N,
then, for x € N, one has
(6.17) |Pj(@)] < Cuoll + |y (w)|?) ¥ 2e Pl
Moreover, the mapping w — C,, is measurable and E(C,,) < 400.

This result for our model is a consequence of Theorem 6.1 (see e.g. [26, 9, (])
and [12, Theorem 6.1].
We thus obtain the following representation for the function =,

i 0 2 )
(6.18) EW(E) — Z ‘(‘037 ( )‘ + e*larccos(E/Q)
— B~ E

As HY satisfies a Dirichlet boundary condition at —1, one has

(6.19) Vi, 1000 >0 and Y |p;.(0))” = 1.
J

As E — —ioco, the representation (6.18) yields
2 (E) = —E? Z 0jw(0)2Ej + O (E~%) = —=E~%(d9, Hy do) + O (E7?)
J

=—wyE?+0(E™?).

This proves the first point in Proposition 1.6.

As a direct consequence of Theorem 6.1 and the computation leading to
Theorem 5.2 (see section 5.1.2), we obtain that there exists ¢ > 0 s.t. for L
sufficiently large, with probability at least 1 — e ¢~ one has

AN, (A _ s
(6.20) sup / N (60, (Hos — B)~160)| < e=F.
Im E<—e~¢L |JR A—FE
Taking
(6.21) L=L.~c loge|

for some sufficiently small ¢ > 0, this and Rouché’s Theorem implies that,
with probability 1—&3, the number of zeros of Z,, (counted with multiplicity)
in I 4 i(—o00,¢] is bounded
e from above by the number of resonances of H, 1. in I +i(—o0,e —
2
e7l;
e from below by the number of resonances of H,, r, in I +i(—00,e+
2
7).
where It =[a —¢e,b+¢e]and I =[a+e,b—¢]if [ = [a,b)].
Here, to apply Rouché’s Theorem, we apply the same strategy as in the
proof of Theorem 1.10 and construct a path bounding a region larger (resp.
smaller) than I} + i(—o00,e — &2] (vesp. I + i(—00,& + £2]) on which one
can guarantee ‘SL(E) + efie(E)‘ 2 1.
Now, we choose the constant ¢ (see (6.21)) to be so small that ¢ < %111[1 p(E).
€

Applying point (3) of Theorem 1.7 to H,, ;. with this constant ¢, we obtain
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that the number of resonances of H, . in I} +i(—o00,e — %] (resp. IS +
i(—00,e + €2]) is upper bounded (resp lower bounded) by

L. /mln(%, > n(E)dE (1+ 0(1))
1\1ogay/ E)dE (1+ 0(1))

—\1ogay/ "UE) i1+ 0(1)).

Hence, we obtain the second p01nt of Proposition 1.6. The last point of this
proposition is then an immediate consequence of the arguments developed
to obtain the second point if one takes into account the following facts:
e the minimal distance between the Dirichlet eigenvalues of Hfj 7 is
bounded from below by L~* (see (6.10)),
e the growth of the function E — Sy (E) + e~ ®() near its zeros (i.e.
the resonances) is well controlled by Proposition 3.1.

Indeed, this implies that the resonances of H! ; are simple in {1 —{—i[—e_‘/z, 0)
(one can choose larger rectangles) and that near each resonance one can ap-

ply Rouché’s Theorem to control the zero of =,. Note that this also yields
w-almost surely, there exists ¢, such that

(B

(6.22) min inf min > 1.
z zero of =, 0<r<ey(Im z)3/2 |E—z|=r r
z€l+i(—¢ew,0)
This completes the proof of Proposition 1.6. O

Theorem 1.12 is a consequence of the following

Theorem 6.4. There exists ¢ > 0 such that, w almost surely, for L > 1
sufficiently large one has

/d%(A) .
swp  [Prwa(B) = | 227y
ReEel _ 0 w
ImE<—e—¢L /]R \AN—F
dNo(N) | _ e
snatm) - [ T <o
where

o I'1wo(E) is the matriz I'r(E) (see (2.10)) constructed from the
Dirichlet data of —A + VwaL (see (1.21)) on [0, L];

o Srw(E) is the function SL( ) (see (2.10)) constructed from the
Dirichlet data of —A + VNL (see (1.21)) on [0, L];

Theorem 6.4 is proved exactly as Theorem 5.2 except that one uses the
localization estimates (6.2) instead of the Combes-Thomas estimates.

Theorem 1.12 is then an immediate consequence of the estimate (6.20).
Indeed, this implies that if z is a resonance for e.g. H f)V pin I+ ( o0 eCL]

then |2, (z)| < e °F. By the last point of Proposition 1.6, w almost surely,
we know that the multiplicity of the zeros of =, is bounded by N,,. Moreover,
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for the zeros of =, in I +i(—e,,0), we know the bound (6.22). This bound
and (6.20) imply that

max max < e oL,

z zero of 2y  |E—z|=e—cL

Eu(E) — (Sw,n(E) + e ?E)]
ze]—i—i(—aw,e’CL) ’: ’

This yields point (2) in Theorem 1.12 by an application of Rouché’s The-
orem. Point (1) is obtained in the same way using Proposition 3.1 that
gives

= —if
R @),
z resonance of HE,L |E—z|=e—¢L ‘Sw,L(E) + e_ZG(E)|
zEIJri(fsw,e*EL)

The case of H o1 18 dealt with in the same way.
This completes the proof of Theorem 1.12. O

6.3. Estimates on the growth of eigenfunctions. In the present section
we are going to prove Theorems 6.2 and 6.3. At the end of the section, we
also prove the simpler Lemma 6.2.

The proof of Theorem 6.2 relies on locally uniform estimates on the rate of
growth of the cocycle (1.12) attached to the Schrédinger operator that we
present now. Define

(623) TL(E,w) = T(E,wL)---T(E,wO)

T = (P79 )

We start with an upper bound on the large deviation of the growth rate of
the cocycle that is uniform in energy. Fix a > 1 and ¢ € (0,1). For one
part, the proof of Theorem 6.2 relies on the following

where

Lemma 6.6. Let I C R be a compact interval. For any § > 0, there exists
Ls > 0 and n > 0 such that, for L > Ls and any K > 0, one has

VO<k<K, VEelI, Vul|=1,
(6.24) P log || T (E; Tk(w))uH >1— Ke &+
L1 <p(E)+94

where we recall that T : Q — Q denotes the left shift (i.e. if w = (wp)n>0
then [T(w)]p, = wpt1 forn>0) and 7" =T 0--- 0T n times.

At the heart of this result is a large deviation principle for the growth rate
of the cocycle (see [5, section I and Theorem 6.1]). As it also serves in the
proof of Theorem 6.2, we recall it now. One has

Lemma 6.7. Let I C R be a compact interval. For any § > 0, there exists
Ls > 0 and n > 0 such that, for L > Lg, one has

log || T (E; w)ull
£+1 - p(E)

(6.25) sup P <
Eel
[luf=1

> 5) < e N(LA+1)
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While this result is not stated as is in [5], it can be obtained from [5, Lemma
6.2 and Theorem 6.1]. Indeed, by inspecting the proof of [5, Lemma 6.2 and
Theorem 6.1], it is clear that the quantities involved (in particular, the
principal eigenvalue of T'(z; E) = T'(z) in [5, Theorem 4.3]) are continuous
functions of the energy E. Thus, taking this into account, the proof of [5,
Theorem 6.1] yields, for our cocycle, a convergence that is locally uniform
in energy, that is, (6.25).

To prove Theorem 6.2, in addition to Lemma 6.6, we also need to guarantee
that the uniform lower bound on the growth rate of the cocycle. We need this
bound at least on the spectrum of H,, , with a good probability. Actually,
this is the best one can hope for: a uniform bound in the style of (6.24) will
not hold; it is the same phenomenon that bars the Lyapunov exponent from
being continuous versus to upper semi-continuous.

We prove

Lemma 6.8. Fir I a compact interval and § > 0. Picku € C? s.t. ||Jul| = 1.
For0<j<L,ifj<L-—1, define

log

T Gy (B 74 @)

L—j

+ R .
Ki(w,L,6,u) = E €I —v(E)| >0
and, if 1 < j, define
log || T (E,w)ul|
J
finally, define K} (w, L,6,u) =0 =Ky (w, L, 5, u).

Recall that (Ej.)o<j<r are the eigenvalues of H, 1, and let x;,, be the asso-

ciated localization centers.
For 0 < ¢ < L, define the sets

IC]»_(w,L,(S,u) = {E eI

A(E) >0}

dj s.t. L—xj,>/L and
QE(L,& d,u) = q w;

E;, € IC;;M (w, L,d,u)

and
dj s.t. xj > L and
OL(L,0,0,u) := : .
(L, 0, 6,u) w; E;. € IC;J_’w(w,L,cS, w)
Then, the sets Q?;(L,K, 0,u) are measurable and, for any § > 0, there exists
n >0 and £y > 0 such that, for L > £ > £y, one has

L+ 1)|I|e-n=1)
1—em ’

(6.26)  max (P(Q5(L, 4, 6,u),P(Q5(L, ¢, 6,u))) < (
Here, the constant n is the one given by (6.25).

First, let us explain the meaning of Lemma 6.8. As, by Lemma 6.6, we
already control the growth of the cocycle from above, we see that in the def-
initions of the set K (w, L,d,u) resp. IC;F (w, L,d,u), it would have sufficed
to require

log || Tj 1 (E, w)ull

J

YE) <=0
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resp.
-1 i+1
log HTL—(jH)(E’ 7 (w))uH
L-G+1)
Hence, what Lemma 6.8 measures is that the probability that the cocycle at
energy F, ., leading from a localization center x,,,, to either 0 or L decays
at a rate smaller than the rate predicted by the Lyapunov exponent.
The sets Qﬁ(L,K, 0,u) are the sets of bad configurations i.e. the events
when the rate of decay of the solution is far from the Lyapunov exponent.
Indeed, for w outside QE(L, ?,9) i.e. if the reverse of the inequalities defining
lei(w,L,&, w) hold, when j = z,,, and E = E, , then, we know that the
eigenfunction ¢, ., has to decay from the center of localization x,,, (which is

a local maximum of its modulus) towards the edges at a rate approximately
Y(Enw) (where ¢ measures the error). The eigenfunction being normalized,

—7(E) < 0.

at the localization center it is of size at least L~1/2. This will entail the
estimates (6.4) and (6.5) with a good probability.

There is a major difference in the uniformity in energy obtained in Lem-
mas 6.8 and 6.6. In Lemma 6.8, we do not get a lower bound on the decay
rate that is uniform all over I: it is merely uniform over the spectrum in-
side I (which is sufficient for our purpose as we shall see). The reason for
this difference in the uniformity between Lemma 6.6 and 6.8 is the same
that yields that the Lyapunov exponent E — ~(FE) is in general only upper
semi-continuous and not lower semi-continuous (in the present situation, it
actually is continuous).

We postpone the proofs of Lemmas 6.6 and 6.8 to the end of this section
and turn to the proofs of Theorems 6.2 and 6.3.

6.3.1. The proof of Theorem 6.2. By Lemma 6.6, as T1(F,w) € SL(2,R),

with probability at least 1 — K Le "L+ for L > Ls and any K > 0, one

also has

log | T (B; 7 (w))
L+1

Now pick £ = C'log L where C' > 0 is to be chosen later on. We know that,
with probability P satisfying

VO<k<K, VEeI, Vu|=1, U< pm) 40,

(6.27) P>1-— L%,
for L > Ls and any [ € [¢, L] and any k € [0, L], one also has
log || T, (B 7 (w))ul| _

I+1 -

Let ¢; ., be a normalized eigenfunction associated to the eigenvalue Ej;,, € I
with localization center x;,. By the definition of the localization center,
one has

(6.29)

L+1~ [\pjw(@jw—1)

628)  VEel, VYul|=1,

p(E) + 0.

2

2
1 A A
S 1 and S <S0],w(x],w + 1)>
L+1 Pjw(Tjw)

<1.
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By the eigenvalue equation, for = € [0, L], one has
(6.30)

( Pjw(T) >
pjw(—1)
Hence, by (6.24) and (6.28), with probability at least 1 — 2L%e~"" — L7P, if

|2 — x| > £, for xj, < x < L, one has
‘ < Spj,w(xj,w) ) H
Piw(Tjw — 1)

T,y TWa»))( Pl

<Fj,w(1'j,w 1)
(P]w

T, . (B;7%(w)) ( SDJ’W(IJ’W)1)> ”

Pjw(Tjw —

(2=

Ty o, (B 7% (w)) Pio(Tj0) ite >x;,,
’ Pjw(Tjw—1)

T (B (W) < %‘,w(xj,w)l)> if £ < 2.

Pjw(Tjw —

—(P(Bj ) +6) 2= 0
c " < o (p(Bu) o) e —a; |

vL+1 B
(6.31) < ‘

and, for 0 <z <z, one has

|22 -

(6.32 > o~ (P(Ejw)+d)z—zjw|

ef(p(Ej,w)‘i’é)'m*xj’w‘

vL+1

On the other hand, by the definition of the Dirichlet boundary conditions,
we know that

(29) =@ (g) wma (EY) =i (3).

Thus,

>

©j.0(0) T -1 (B3 w) (é) = <¢jf(§gf’i)1>>

Pjw(L) <(1)> =Ty -1 (B3 75T W) (%‘,w(l‘j,w + 1)) .

Pjuw(Tjw)

and

Thus, for w ¢ QE(L, 0, 0,uy)UQ5(L, ¢, 6, u_) where we have set u_ := <0>
and uy = (é), we know that

e B < |\ (B et ) uy |

and
B < |1, (B |
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Thus, we obtain that, for w ¢ QE(L,E, d,uy) UQ5(L,¢,6,u_), one has
~1

o 0= 1 ceon Q) (2|
< e (P(Bj0) =) (L =1)

and

(6.34) N <(1)> ' i (@jﬁzﬁf’i)l)) H

< e~ (P(Ejw)=0)(@jw—1),
The estimates given by Lemma 6.8 on the probability of QE(L, 0,0,uy) and
Q5(L,¢,6,u_) for £ = C'log L and the estimate (6.27) then imply that, with
a probability at least 1—4L%e~"=1) — =P the bounds (6.31), (6.32), (6.33)
and (6.34) hold. Thus, picking ¢ = Clog L for C' > 0 sufficiently large
(depending only on 7, thus, on 6 and p), these bounds hold with a probability
at least 1 — L™P. This complete the proof of Theorem 6.2. O

Remark 6.1. One may wonder whether the uniform growth estimate given
by Lemmas 6.6 and 6.8 is actually necessary in the proof of Theorem 6.2.
That it is is due to the fact that both the eigenvalue E; ., and the local-

<<Pjtij€;§'?i)1)>

Thus, (6.25) is not sufficient to estimate the second term in the left hand
sides of (6.31) and (6.32).

ization center z;,, (and, thus, the vector ) depend on w.

6.3.2. The proof of Theorem 6.3. To prove Theorem 6.3, we follow the strat-
egy that led to the proof of Theorem 6.2. First, note that (6.31) and (6.32)
provide the expected lower bounds on the eigenfunction with the right prob-
ability. As for the upper bound, by (6.30), using the conclusions of The-
orem 6.2 and the bounds given by Lemma 6.6, we know that, e.g. for
0<x< Tjw

H(@ﬁz_dll \

if (1+C)z<(C—1)zjyie 214+C) aj, <zjy — 2.
For x > x;,, one reasons similarly and, thus, completes the proof of Theo-
rem 6.3. U

<1> H (950 (0)] < P #9030l )~

(p(Ejw)=Co)z—zj,0]

Remark 6.2. Actually, as the proof shows, the results one obtains are more
precise than the claims made in Theorem 6.3 (see [22]).

6.3.3. The proof of Lemma 6.8. The proofs for the two sets Qﬁ;(L,K, 0, u)
are the same. We will only write out the one for Q5 (L, ¢, d,u). Let us first
address the measurability of Q5 (L,¢,6,u). The functions w — Ej . and
w — @j,, are continuous (as the eigenvalues and eigenvectors of finite dimen-
sional matrices depending continuously on the parameter w = (w;)o<j<r)
Thus, for fixed j, the sets {w; E; ., € K]i(w,L,é, w)} and {w; z;., > j} are
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open (we used the definition of z;, as the left most localization center (see
Theorem 6.2)). This yields the measurability of Q5 (L,¢,0,u).

Define K;(w, L,6,u) = Kj(w,L,é, u) UK, (w,L,0,u). Then, we claim that

L+1—¢

1
(6.35) L——HIQB(va"S’u) < Z <5j71Kj(w,L757u)(Hw7L)5j>
=0

where 1K (w,Lou) (H,,1,) denotes the spectral projector associated to H,, 1, on
the open set Kj(w, L, d,u). Indeed, if, for all j, one has £, ¢ K, ,(w, L, d,u)
then the left hand side of (6.35) vanishes and the right hand side is non neg-
ative. On the other hand, if, for some j, one has 0 < zj, < L — ¢ and
Ejw € Ky, ,(w,L,6,u) then, we compute

L—¢ L—¢
(01, lKj(w,L,5,u)(Hw7L)5l> = Z Z ’@k,w(l)fz 2 “Pj,w(wj,ww
=0 7=0 k s.t
Ek,weKj(vavévu)
1 1
>_— >

by the definition of ;.

An important fact is that, by construction (see Lemma 6.8), the set of
energies K;(w, L,d,u) does not depend on w;. Hence, denoting by ij(-)
the expectation with respect to w; and Ew]() the expectation with respect
to @; = (wk) k4, we compute

L-¢ L—t
E Z(éj,lKj(w,L,é,u)(Hw,L)6j> = ZEJJJ- (ij <<5j, 1Kj(w,L,6,u)(Hw,L)5j>>)
=0 =0

As wj is assumed to have a bounded compactly supported distribution and
as Kj(w, L, 6, u) does not depend on wj, a standard spectral averaging lemma
(see e.g. [35, Theorem 11.8]) yields

Eouj (<5ja 1Kj(w,L,5,u)(Hw,L)6j>) < |Kj(w’La5, u)|

where | - | denotes the Lebesgue measure. Thus, we obtain
L—¢ L—¢
E\ > (05 1k Low(Hor)ds) | < Q Boy (1K;(w, L, 6,u)])
=0 j=0
6.36 !
(6.36) L,

E(|Kj(w, L, 6,u)]) .

<
I
=)
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By Lemma 6.7 and the Fubini-Tonelli theorem, we know that
B . .00 = B ( [ 1 na(E)iE)

— | E (15 0 1sw(E)) dE

/1 < K (e, Loban) ))

log [|Tj 1 (Esw)ul
J

< |T|supP (
FEel

< |[I|le= =),

()] 2 9)

Taking the expectation of both sides of (6.35) and plugging this into (6.36),
we obtain

L=t —n(t—1)
- -1 N~ i (LA™
P55, 66:0) < (L4 DIl 3 e < S,

j=

In the same way, one obtains

(L +1)[I]e~ 1)
P(QL(L, 4, 6,u)) < = .
This completes the proof of Lemma 6.8. O

Remark 6.3. This proof can be seen as the analogue of the so-called Kotani
trick for products of finitely random matrices (see e.g. [9]).

6.3.4. The proof of Lemma 6.6. The basic idea of this proof is to use the
estimate (6.25), in particular, the exponentially small probability and some
perturbation theory for the cocycles so as to obtain a uniform estimate.
Let 7 be given by (6.25). Fix ' < /2 and write

(637) 1= UjEJ[Eja Ej+1] where e_”/(L'H)/Z < Ej+1 — E]’ < 26_77/(L+1);
thus, #J < e (L+1),

We now want to estimate what happens for E € [Ej, E;1]. Therefore,
using (1.12) and

(E— V() —01> _ (Ej ~ ) —01> _ (E— Ej)AT

where

we compute

L
(6.38) T(E,w) = T(Ej,w) + > (E — E;)'S,
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where

Sy = Z T, (EjaTL_nlw) X AT X Ty —py 1 (Ej, 7 w)
nip<ngz<---<ny

X AT x -+ x AT x TLfnlfl(EjaTnlw)

SP-0 (OESEE )

ni<ng<---<n; m=2
t ) (0)) (o)

Clearly, as the random variables have compact support, one has the uniform

bound

TL—nl—l(Eja Tnlw)

(6.39) sup ||TL(E;w)|| < e“F.
Eel
we)

Thus one has

(6.40) sup ||| < LleCL.
weN

Hence, for [y fixed, one computes

L L L
(6.41) |D (E—E)'S|| <Y (E-E) IS <> eIl <
I=lg I=lo I=lp

if 'ly > 2C and L is sufficiently large (depending only on n’ and C).

We now assume that [y satisfies 1'lp > 2C and pick 1 < [ < [p. Pick
dp € (0,1) small to be fixed later. Assume moreover that L is so that
6oL > Ls where Lgs is defined in Lemma 6.7. Then, by Lemma 6.7, for
m € {2,--- 1}, one has

(1) either ny,, — n,—1 < Ls; then, one has

s (Ej,T”’”’lw)H < (Clom=nn-),

m—Nm—1—1
(2) or ny, — nym—1 > Lg; then, by (6.25), with probability at least equal

to 1 — e Mm—nm-1)/2  gne has

| D1 =1 (B, 7" " )| < elmm=nm=1)(p(E;)+0),

Define

Gm,“' ny — {m € {27 T 7l}§nm — N1 = L5}

)

and

By = {27 T 7l} \ Gn17"'7nl'

By definition, one has

(6.42) Z (Mm—nm—1) <ILs and Z (Npm—"nm-1) > L—ILs.

MEDBn ... n MmEGn, ... n,

l
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Clearly, for any fixed sequence n; < no < -+- < ny,, the random variables

<Tn n 1,1(Ej,7'"m’w)) are independent. Hence, by (6.25), for
m me= 1<m/<m

a fixed (my,--- ,mg) € Gy, ... n,, One has

VI<E<K ~
N> 1 Mmy, — N, —
P <‘Tn (Ej,T"MW)H > e(p(Ej)w)(nmknmk_l)) < @M 2k=1"Tmy Tmg =1

my _nmkfl_1

Thus, for € € (0,1), one has

K

A(ma, - ,mi) € Gy .o gy St ank — Nypy—1 > €L
P Pt < Lle el

Vi<k<K, ||T,

(Ej,T"’”k_lw)H > o(P(B)+8) (g —nmy 1)

mk_nmkfl_l

Hence, with probability at least 1 — L'e™ ™ we know that

K
A(my, - ,mg) € Gpy ooy 8L ank —Nmp—1 > L —1Ls — €L
k=1

T

my _nmkfl_l(

Vi<k<K, (

Ej7 Tnmk _1(,«)) H S e(P(Ej)-i-(S)(nmk _nmkfl) .

Using estimates (6.42) and (6.39) for the remaining terms in the product
below, for any given m-uple (n1,--+ ,n,,), one obtains

l
P <H |’Tnm—nm,1—1(Ej7Tnmkilw)H < e(p(Ej)+5)(16)(LlL5)+C(€L+lL5)> > 1_Llef77€L.

m=1

Hence, with probability at least 1 — lgL e~ "L for 1 <1 < I, we estimate

l
(RS DI [ [ (ES—C L]

ni<nz<---<n;m=1
(6.43) < LLe(P(E)+0) (1) L4 Ce Lt (C—(p(E;)+6)(1-0)) L

< Llelp(BD)+0+(C=p(E;)=0)el L+C—(p(E;)+6) (1=2) Ll
< LI0(lPE)+5+(C—p(By)~ ) LHC—(p(E;)+6)(1-¢)]Lslo.

It remains now to choose the quantities 7/, Iy and € so that the following
requirements be satisfied

n,l(] > 2C, (C — p(EJ) — (5)6 < -, loLlO 6_775L677/(L+1) <1

(6.44) 4 10— (op(E;) +0)(1 — &) Lol _ Y
an L+1 - Z(p(Ej) + 5).

Fixing e small, picking 0 < 7' < ne/3 and setting Iy = L* where a € (0,1),
we see that all the conditions in (6.44) are satisfied for L sufficiently large.
Moreover, one has loL e=eLen’ (L+1) < g=nel/2,

Plugging this and the last estimate in (6.43) into (6.38), we obtain that, with
probability at least 1—e~"2/2 for any j € J (see (6.37)), for E € [Ej, Fj41],
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one has
lo

TH(F,w) —T,(E;,w)|| <1+ e_n/l(L"’l)Lle(P(Ej)‘f'zé)L
R S RIEEDY

<14 elP(E)+20)(L+D)

As p is continuous (see e.g. [5]), one gets that, for any § > 0, for L sufficiently
large, with probability at least 1 — e~"L/2 one has, for any E € I,

HTL(E, W)H < e(p(E)+25)(L+1) )
Hence, as T1,(F,w) € SL(2,R), one has HTEI(E,w)H < elPE)FO)(LAL)
Using the fact that the probability measure on {2 is invariant under the shift

(it is a product measure), we obtain (6.24). This completes the proof of
Lemma 6.6. U

6.3.5. The proof of Lemma 6.2. Assume the realization w is such that the
conclusions of Lemma 6.1 hold in [ for the scales [}, = 2log L. Fix o > 0 and
let £1, ., be the set of indices of the eigenvalues (Ej,)o<;<r, of H, 1, having a
localization center in [L — {1, L]. Fix C' > a > 0 and consider the projector
on the sites in [L — Clp, L] ie. g = 1_cy, 1]
Consider the following Gram matrices

G(glaw) = (((‘P]}UJ? (pj,w>))(n,m)65L,w><5L,w = ldy
where N = #&r ., and

Gr(rw) = ((Mowjw, ewjw)) mm)eer . xEr o
By definition, the rank of G (&) is bounded by C'¢1,. Moreover, as by (6.3)
one has [|(1 — Il¢)p; 0|l < Lie™P1C | one has
| Idn — GH(€L7U.})H < L¥ae=rnCtr < L¥a=Cr,

Thus, picking Cn > ¢ + 2 yields that, for L sufficiently large, Gri(€r) is
invertible and its rank, IV, is bounded by that of Il i.e. by Cfy. This yields
#Er, < Clr, and the proof of Lemma 6.2 is complete. O

6.4. The half-line random perturbation: the proof of Theorem 1.13.
Using the same notations as above, we can write

H>® — ( H;,—l |51><50|>
do) (01 —AF
where
e —A[ is the Dirichlet Laplacian on ¢2(N),
e H, ;=-A+V,on ??({n < —1}) with Dirichlet boundary condi-
tions at 0.

Define the operators
Ty(B) = =Af = E = (0-1|(H, _y — B)"*0-1) [0) (],
Lo (E) = H,_y = E = (5-1/(=Af = E)~[8-1) [d0) {do]-
For Im E # 0, the numbers (§_1|(H_, _,—E)~'|6_1) and (o] (—AF —F)~1d0)

have non vanishing imaginary parts of the same sign; hence, the complex

number ((6—1|(H, 4 —E)7Y0-1)) "= {o|(=AF — E)71|dp) does not vanish.
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Thus, by rank one perturbation theory, (see e.g. [35]), we thus know that
I',(E) and T, (E) are invertible and that

IoHE) = (-A7 - B)7
(6.46) . (=AF — E)~Héo)(dol(=Ag — E)~'|
((0-1|(Hg—y = B)~Ho-1)) " = (dol (=Ag — E)~do)
LHE) = (Hy, —B)™

(6.47) ((Hy oy = E)Ho-a) (6| (Hy y — E)7
((ol(=Ag = E)~00) =" = (6-1|(Hy _y — B)Hd-1)

Thus, for Im F # 0, using Schur’s complement formula, we compute

o - (2 )

w
where ~* (E) is the adjoint of v (E) and

Y(E) = —|(H, 1 — E)0-1)(d0|T5H (B)]

w,

Thus, considering the lower right coefficient of this matrix, we see that,

when coming from upper half-plane through (-2,2) %, E — (HP — E)~!

can be continued meromorphically to the lower half plane (as an operator
from ¢2,,,(Z) to €3, (Z)) only if E — I';'(E) can be meromorphically (as

an operator from Egomp(N) to /2 _(N)).
As E — (—Ag —E) ™! can be analytically continued (see section 2), by (6.46),
the meromorphic continuation of E +— T';'(E) will exist if and only if the

complex valued map

1
(01| (Hy g = E)7H0-1)) = = (S0l (—A§ — E)~"]do)

Ew— g,(E) =

can be meromorphically continued from the upper half-plane through (—2,2)N
gﬁ. Fix w s.t. the spectrum of H, _; be equal to ¥ and pure point (this set of
w is of probability 1). As §_1 is a cyclic vector for H w.—1- for E an eigenvalue
of H;_l, one then has

(6.49) lim ((6_1|(H_, E—ig) o))"t =o0.

e—0+ w,—1

Hence, if the analytic continuation of g,, would exist, on (—2,2)NY, it would
be equal to
1

(dol(—Ag — E —i0)~1|do)"

This in turn would imply that the same equality holds on the whole upper
half-plane, thus, in view of the definition of g,,, that (6.49) holds on the whole
upper half plane: this is absurd! Thus, we have proved that, w almost surely,
E — (HZ — E)~! does not admit a meromorphic continuation through

(—2,2)N %

gw(E + iO) = -
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[¢]
Let us now prove that the spectral measure of HZ® in (—2,2) N X is purely
absolutely continuous. Therefore, it suffices (see e.g. [37, section 2.5] and [35,

Theorem 11.6]) to prove that, for all E € (—2,2) N %, one has

limsup | (6o, (HY® — FE — is)fl&)){ + [(6-1,(HY — E — i6)715,1>‘ < +00.

e—0t

Using (6.46), (6.47) and (6.48), for Im E # 0, we compute
(650) (5.1, (HX — E)'6_,)

B (0-1|(H, _y — E)'[0-1)
1= (6ol(—=A§ — E)"1do) - (0_1|(Hyy_y — E)~Yo1)’

forn>1,m <0,

(6.51) (0, (HZ — E)™'0pn)
_ —{0nl(Hy 1 = B)HI- 1) G0l (A — E)"|0m)
1= (dol(=Ag — E)~!do) - (6-1|(Hg,_y — E)~H|0-1)

w,

and

(6.52) (b0, (HY — E) ")
_ (0ol (=Ag — E)~"do)
1— (do|(=Ag — E)~1bo) - (6-1[(H,,_; — E)~Y6-1)

Thus, to prove the absolute continuity of the spectral measure of H° in

(—2,2) N X, it suffices to prove that, for £ € (—2,2) N 3, one has

1
lim sup — ; .
=0t Q (O l(H,_ — B —ie) 10-1) " — (Gol(—Ag — B — ie)1|d)

) <

e the signs of the imaginary parts of —((0_1|(H,, _,—E—ie)~'|6_1))""
and (0o|(—=Af — E —ig)~1|dp) are the same (negative if Im E < 0
and positive if Im E > 0),

o for £ € (-2,2), (6|(—AJ — E — ie)"1|&) has a finite limit when
e— 0T,

e for Re FF € (—2,2), the imaginary part of (§|(—Ag — E — ig)~!{dp)
does not vanish in the limit & — 0T.

1
((Gol(—AF — E —ie)~100)) " = (0_1|(H, , — E—ig)"1é_1)

_l’_

This is the case as

So, we have proved the part of Theorem 1.13 concerning the absence of

o
analytic continuation of the resolvent of HZ° through (—2,2) N'Y and the
nature of its spectrum in this set.
Let us now turn to the continuation through (—2,2) \ X. As the spectrum
of H, _, outside X is discrete, the representation (6.48) immediately shows

,—
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that the resolvent (H® — E)~! can be continued through (—2,2) \ ¥, the
poles of the continuation being given by the zeros of the function

' dNy (A
B > 1= ol (= B) 6o} 61|11y~ ) or) = 1) [ L)
’ R AN—F
Let us now prove the last part of Theorem 1.13. The proof relies again
on (6.48). We pick g € (0,a/2) where « is determined by Theorem 6.1 for
H _,. Then, for n > 1 and m < 0, using the Cauchy-Schwartz inequality,

for Tm E =% 0, we compute
653) E (|0 (B ~ B)'6,0)[)

< (0l(-a = )15 5 (|-l - By o)

26
1

1= (dol(=A§ — E)~!do) - (0-1|(Hg, _y — E)~H|0-1)

-E

For J C (—2,2) \ ¥ a compact interval, we know that, for n > 1 and m <0,
e sup [(5o|(=Af — E) o) < e ™ by the Combes-Thomas esti-

Im E#0
mates;

28
o sup E <‘<5_n\(H;_1 - E)_1\5_1>‘ ) < e8P by the character-
Im E#0 '
ization (6.1) of localization in ¥ for H_ .

It suffices now to estimate the last term in (6.53) using a standard decom-
position of rank one perturbations (see e.g. [35, 2]), one write

1 w_l—b

1= (0ol(=Ag — E) 7o) - (0_1|(H, _, — E)7o_1)  w-1—a

where a and b only depend on (w_y),>2. Thus, as (w_y),>1 have a bounded
density, for Im £ # 0, one has

2
1

1— (6ol (=AF — E)"!do) - (0-1|(H, 1 — E)~16-1)

28
w_1 — b
<t (o (1221)

< Cp < +0o0.
Thus, we have proved that, for J C ¥\ [-2,2] a compact interval, for
B € (0,a/2) and some p > 0, for n > 1 and m < 0, one has

E

sup E <{<5,n, (HX — E)—15m>|5> < C’ge_ﬁ(m_")_
Im E#0
Re Eel

In the same way, using (6.50) and (6.52), one proves that
sup E <|<507 (HSO - E)7150>‘ﬁ + |<5—17 (Hf)o - E)715—1>‘B> < +0o0

Im E£0
Re Fel
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Thus, we have proved that, for some p > 0, one has

sup sup E Zeﬁ(m_") ‘(5,n,(H£°—E)_15m>‘ﬁ < ~00.
Im E#0 meZ nez

Re Fel
Hence, we know that the spectrum of H® in ¥\ [-2,2] (as J can be taken
arbitrary contained in this set) is pure point associated to exponentially
decaying eigenfunctions (see e.g. [2, 1, 3]). This completes the proof of
Theorem 1.13.

7. APPENDIX

In this section we study the eigenvalues and eigenvectors of Hy, (see Re-
mark 1.3) near an energy E’ that is an eigenvalue of both Har and H, (see
the ends of sections 4.1.3 and 4.1.4). We keep the notations of sections 4.1.3
and 4.1.4.

Let ot € (*(N) (resp. ¢~ € (*(Z_)) be normalized eigenvectors of H
(resp. H, ) associated to E_. Thus, by (4.25) and (4.29), we can pick, for
n>0and!l € {0,---,p—1},

(7.1) Lp;‘;p_H = ca;(E")p"(E") and Oyt = c b (Ep™(E).

Assume L = Np + k and, for [ € {0,--- , L}, define =% € £2([0, L]) by
+.L

+7L +7L +
2 =Y, Y =@ =@ =0 and
(72) 1 1 L+1 1

_7L R - _7L — _7L R B
2 =Y P =Pry1 =% — 0.
Thus, one has

L _ ol L

+ @510, Hpe ot = Ep=t 407, 16
and (pP" o7") = O(NpV(E)).

Recall that ag(E") # 0 # bi(E') (see sections 4.1.3 and 4.1.4); thus, by (7.1),
one has

(3

(7.4) 0”1l = |p(EN" < oLl

Moreover, as Hj, converges to HSL in strong resolvent sense, for ¢ > 0 suf-
ficiently small, for L sufficiently large, H; has no spectrum in the compact
E'+[—2¢,¢/2]U[e/2,2¢]. Let II, be the spectral projector onto the interval

1
[e/2,e/2] that is I, := — (Hy, — z)"'dz. By (7.3), one computes
2T |Z—E’|:6

+
(1— 1)t = %/ e U (H — ) 16odz
z—FE'|=¢

Thus, one gets

(7.5) (1 =T |+ (1 =T || < [(ENY.
Define
e R I S R S
[iasxaald| [TLe=X
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The Gram matrix of (YH¥, ¥ %) then reads Id+O(Np"™(E)). Orthonor-
malizing (Y%, xF) into (x ™%, x %) and, computing the matrix elements
of II,(Hy, — E') in this basis, we obtain

+ 4,L + +.L
SDL+1<5LaSD ) SDL+1<50,80 ’ >>+O N22N(E
(SD_L_1<5L’SD_’L> 01160, p7) (V" (B))

—ar®) (] §)+ 0w o)

Thus, we obtain that the eigenvalues of Hj near E’ are given by E’ &+
ap™ (E)+O(N?p?N (E)) and the eigenvectors by %(QO—F’LZEQD_’L)—}—O(pN(E)).
In particular, their components at 0 and L are asymptotic to non vanishing
constants.
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