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Abstract

We study the problem of estimating a mean pattern from a set of similar curves in the
setting where the variability in the data is due to random geometric deformations and additive
noise. This problem requires to define non-Euclidean distances by using the action of a Lie
group on an infinite dimensional space of curves. This approach leads to the construction
of estimators based on the notion of Fréchet mean that is a generalization of the standard
notion of averaging to non-Euclidean spaces. A recent research direction in nonparametric
statistics is the study of the properties of the Fréchet mean in deformable models, and the
development of consistent estimators of a mean pattern. Using such models, we show the
links that exist between minimax theory in nonparametric statistics and the problem of
estimating a mean pattern from a sequence of curves.
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1 Introduction

1.1 Fréchet means

The Fréchet mean [Fré48| is an extension of the usual Euclidean mean to non-linear spaces
endowed with non-Euclidean metrics. If Yq,...,Y; denote i.i.d. random variables with values
in a metric space M with metric dyg, then the empirical Fréchet mean Y o of the sample



Yi,..., Y is defined as a minimizer (not necessarily unique) of

J

- 1
Y € argmin — Y di,(y,Y;).
yeM J Z M J

j=1

For random variables belonging to a nonlinear manifold, a well-known example is the computation
of the mean of a set of planar shapes in the Kendall’s shape space [Ken84| that leads to the
Procrustean means studied in [Goo91|. A detailed study of some properties of the Fréchet
mean in finite dimensional Riemannian manifolds (such as consistency and uniqueness) has been
performed in [Afs11, BP03, BP05, Hucll|. However, there is not so much work on the properties
of the Fréchet mean in infinite dimensional and non-Euclidean spaces of curves or images. In
this paper, we are concerned by the nonparametric estimation of a mean pattern (belonging to
a non-linear space) from a set of similar curves in the setting where the variability in the data is
due to random geometric deformations and additive noise.

More precisely, let us consider noisy realizations of J curves fi,..., f7 : [0,1] — R sampled
at n equispaced points ty = %,E =1,...,n,
Yij=fijte) +e;, €=1,...,n, and j=1,...,J, (1.1)

where the € ;’s are independent and identically distributed (i.i.d) Gaussian variables with zero
expectation and variance o2 > 0. In many applications, the observed curves have a similar
structure that may lead to the assumption that the f;’s are random elements varying around
the same mean pattern f : [0,1] — R (also called reference template). However, due to additive
noise and geometric variability in the data, this mean pattern is typically unknown and has
to be estimated. In this setting, a widely used approach is Grenander’s pattern theory [Gre93,
GMO07, TY05, TY11| that models geometric variability by the action of a Lie group on an infinite
dimensional space of curves (or images).

When the curves f; in (1.1) exhibit a large source of geometric variations in time, this may
significantly complicates the construction of a consistent estimator of a mean pattern. In what
follows, we consider the simple model of randomly shifted curves that is commonly used in many
applied areas such as neurosciences [TIR11] or biology [Rgn01]. In such a framework, we have

fi(t) = f(t—07), forallt € [0,1] and j =1,...,J, (1.2)

where f :[0,1] — R is an unknown curve that can be extended outside [0, 1] by 1-periodicity.
The shifts 07’s are supposed to be 1.i.d. real random variables (independent of the ¢/ ;’s) that are
sampled from an unknown distribution P, on R. In model (1.2), the shifts 67 represent a source
of geometric variability in time.

1.2 Model and objectives

The main goal of this paper is to construct nonparametric estimators of the mean pattern f from
the data
Yoj=f(te—07)+ey (=1,....,n, and j=1,...,J, (1.3)



in the setting where both the number J of curves and the number n of design points are allowed
to vary and to tend towards infinity.

In the sequel of the paper, it will be assumed that the random shifts are sampled from an
unknown density g with respect to the Lebesgue measure df (namely dP,(0) = g(6)df). Note
that since f is assumed to be 1-periodic, one may restrict to the case where the density ¢ has a
compact support 1ncluded in the interval [—3, 3]. Under the assumption (1.2), the (standard)

Euclidean mean Y, = 7 Z =1 Y, ; of the data is generally not a consistent estimator of the mean
pattern f at t = t;. Indeed, the law of large numbers implies that

lim V' = lim — : :
Jim fim thg 07) /ftg 0)do a.s.

Thus, under mild assumptions on f, one has limy_,o, Y* # f(t;) a.s. .

To build a consistent estimator of f in model (1.3), we propose to use a notion of empirical
Fréchet mean in an infinite dimensional space. Recently, some properties of Fréchet means in
randomly shifted curves models have been investigated in [BG10| and [BC11]. However, studying
the rate of convergence and the minimax properties of such estimators in the double asymptotic
setting min(n, J) — +oo has not been considered so far.

Note that model (1.3) is clearly not identifiable as for any 6 € [ 3 %] one may replace f(-)
by f(-) = f(-— ) and 07 by 0; = 07 — 6 without changing model (1.3). Therefore, estimation of
f is only feasible up to a time shift. Thus, we propose to consider the problem of estimating its
equivalence class [f] (or orbit) under the action of shifts. More precisely, let L2..([0,1]) be the
space of squared integrable functions on [0, 1] that can be extended outside [0, 1] by 1-periodicity.
Let S; be the one-dimensional torus. We recall that any element 7 = 7(6) € S; can be identified
with an element ¢ in the interval [—1,1[. For f € L2..([0,1]), we define its equivalence class by
the action of a time shift as

[f]=A{f", T €51},
where for 7 = 7(0) € S1 (with 6 € [—3,3[), f7(t) = f(t—0) for all t € [0,1]. Let f,h €
L2..(10,1]), we define the distance between [f], [h] € L2,.([0,1])/S; as

1/2
= 1 — — 2 . .
=, [ 156-0) - o) (14)

272

In the setting of Grenander’s pattern theory, (L2,([0,1])/S1, d) represents an infinite dimensional

and non-linear set of curves, and S; is a Lie group modeling geometric variability in the data.

1.3 Main contributions

Let us assume that F C L;er([O, 1]) represents some smoothness class of functions (e.g a Sobolev
ball). Suppose also that the unknown density g of the random shifts in (1.2) belongs to some
set G of probability density functions on [ %, 2] Let fn J be some estimator of f based on the

random variables Y7 ; given by (1.3) taking its values in L2_ ([0,1]). For some f € F, the risk of



the estimator fn J is defined by

Ry(fass £) = B (@((fusl: 1))

where the above expectation E¢ is taken with respect to the distribution of the Yy ;’s in (1.3) and
under the assumption that the shifts are i.i.d. random variables sampled from the density g. We
propose to investigate the optimality of an estimator by introducing the following minimax risk

R (F,G) = inf sup sup Ry(fn.r, f),
fn,J 9€g feF

where the above infimum is taken over the set of all possible estimators in model (1.3).
For f e L2..([0,1]), let us denote its Fourier coefficients by ¢, = fol ft)e 2mHat |k € 7.
Suppose that F is a Sobolev ball of non-constant functions with degree of smoothness s > 1/2,

namely

F=WiAc)= {f € L;er([O7 1]);2 (1 +15]*) |ex|* < A2, with |e1| > c*}
kEZ

for some positive reals A and c,.
Moreover, let G* be a set of probability densities having a compact support of size smaller
than x with 0 < k < 1/8 defined as

1/2
gt .= {g: [—l 1} — R*; / g(0)df =1, and supp(g) = [—n/?,n/?]} .

1/2
Suppose also that the following condition holds
J = n®, forsome 0 < a < 1/6,

where the notation J =< n® means that there exists two positive constants co > ¢; > 0 such that
cin® < J < ¢con® for any choices of J and n.

Then, under such assumptions, the main contribution of the paper is to show that one can
construct an estimator fn, 7 based on a smoothed Fréchet mean of discretely sampled curves that
satisfies

lim sup r;}, sup  sup Rg(fnJ, f) < Cy
min(n,J)—400 9EG" fFEW,(A,cx)

2. The rate of convergence

where Cy > 0 is a constant that only depends on A, s, K, ¢, and o
Tr,J 18 given by

—1 __2s
rpg =n" 4+ (nJ) 2,

The two terms in the rate r,, ; have different interpretations. The second term (n.J )7% is the
usual nonparametric rate for estimating the function f (over a Sobolev ball) in model (1.3) that
we would obtain if the true shifts 67, ..., 0% were known.

The first term n~! in the rate Tn,s can be interpreted as follows. As shown later in the
paper, the computation of a Fréchet mean of curves is a two step procedure. It consists in



building estimators 672 of the unknown shifts and, then, in aligning the observed curves. For

1/2
0 = (01,...,05) € R/, let us define the Euclidean norm ||f|| = <Z}]:1 |9j|2> . One of the

contributions of this paper is to show that an estimation of the vector
1 J
_ _ _
00= (07 -0y, ..., 05—0;) €R’, where 0, = 329; ,
j=1

is feasible at the rate n~! for the normalized quadratic risk %EHéo — 6%)|? and that this allows
to build a consistent Fréchet mean. If the number J of curves was fixed, n~! would correspond
to the usual semi-parametric rate for estimating the shifts in model (1.3) in the setting where
the 9; are non-random parameters, see [BLV10, GLMO07, Vim10] for further details. Here, this
rate of convergence has been obtained in the double asymptotic setting min(n,.J) — +o00. This
setting significantly complicates the estimation of the vector #° € R” since its dimension J is
increasing with the sample size n.J. Hence, in the case of min(n, J) — +oo, estimating the shifts
at the rate n~! is not a standard semi-parametric problem and we had to impose the constraint
J = n® (with 0 < @ < 1/6) to obtain this result. The term n~! in the rate r, s is thus the
price to pay for not knowing the random shifts in (1.3) that need to be estimated to compute a
Fréchet mean.

1.4 Organization of the paper

In Section 2, we define a notion of smoothed Fréchet means of curves. We also discuss the
connection between this approach and the well known problems of curve registration and image
warping. In Section 3, we discuss the rate of converge of the estimators of the shifts. We also
build a Fréchet mean using model selection techniques and we derive an upper bound on its rate
of convergence. In Section 4, we derive a lower bound on the minimax risk and we give some
sufficient conditions to obtain a smoothed Fréchet mean converging at an optimal rate in the
minimax sense. In Section 5, we discuss the main results of the paper and their connections with
the nonparametric literature on deformable models. Some numerical experiments on simulated
data are presented in Section 6. The proof of the main results are gathered in a technical
Appendix.

2 Smoothed Fréchet means of curves

Let f1,..., f be a set of functions in L2.,.([0,1]). We define the Fréchet mean [f] of [f1],.. ., [f/]
as

J

_ 1
[f] € gmi = A1, 1)-
g T2 P

It can be easily checked that a representant f € L;er([O, 1]) of the class [f] is given by the
following two steps procedure:



1. Computation of shifts to align the curves
2

. . 1 L 1<
(01,...,0;) € argmin 72/0 fj(t+ej)—j§:fj/(t+ej,) dt. (2.1)
=

2. Averaging after an alignment step : f(t) = %ijl fit+6;), t €0,1].

Let us now explain how the above two steps procedure can be used to define an estimator of
f in model (1.3). Let

t) = 27kt ¢ e [0,1 }

fou= s re )

be the standard Fourier basis. For legibility, we assume that n = 2N > 4 is even and we split
the data into two samples as follows,

Yq(g) = YQQJ and Y'q(;) = YQq—Lj ,q=1,...,N

forj=1,...,J, and
t‘(IO) = t2q and t((ll) :t2q71 yq = 1"“’N'

For any z € C, we denote by Z its complex conjugate. Then, we define the following empirical
Fourier coefficients

N

A(0) 1 © . L0y _ 0, 1 © N N o

Ckv] - NZY;LJ ¢k(tq )_ k,j+ Nzl@j’ _E§k<5?.]_1’ VA
q=1

(1) 1 ¢ W, O w, 1 o N N

%o = w2V ) mau TR —y ki st

where

) = th(p Yo(td)), p e {0,1},

and the zli Pls are 1.i.d. complex Gaussian variables with zero expectation and variance o
Then, we define estimators of the unknown random shifts 67 as

(01,...,0y) € argmin M, (01,...,05) (2.2)
(61,00)€[-4.3]
where
2
1 d 0) i27ko); d (0) i2nko
M, (61,...,0; jz > e e Z%,el ko) (2.3)
=1 || <ko T

with some positive integer kg that will be discussed later. The smoothed Fréchet mean of f is
then defined as

J
m 1 1z7r
0= 32 | 5™
j=1

k‘|>—‘

J
Z J(t+46,), t0,1],



where the integer m € {1,..., N/2} is a frequency cut-off parameter that will be discussed later
and f](m) ) = Xjki<m é,(igqﬁk(t) Note that the estimators éj of the shifts have been computed

using only half of the data and that the curves f;m) are calculated using the other half of the

data. By splitting the data in such a way, the random variables éj and f](m) are independent
conditionally to (07,...,0%).

Note also that thls two step procedure does not require the use of a reference template
to Compute estimators 6,...,0; of the random shifts. Indeed, one can interpret the term
5 Zj’:l fj (t+0;)in (2.1) as a template that is automatically estimated. In statistics, estimating
a mean pattern from set of curves that differ by a time transformation is usually referred to as
the curve registration problem. It has received a lot of attention over the last two decades, see
e.g. |Big06, Rgn01, TIR11| and references therein. Hence, there exists a connection between
our approach and the well known problems of curve registration and its generalization to higher
dimensions (image warping), see e.g. [GMO01]|. However, studying the minimax properties of an
estimator of a mean pattern in curve registration models has not been investigated so far.

3 Upper bound on the risk

3.1 Consistent estimation of the unknown shifts

Note that, due to identifiability issues in model (1.3), the minimization (2.2) is not well defined.
Indeed, for any (01,...,07) that minimizes (2.3), one has that for any 6 such that (6,46, ...,0,+

é) € [ ;, 2] this vector is also a minimizer of M,,. Choosing identifiability conditions amounts

to impose constraints on the minimization of the criterion

2

J
1 o127 (0,07 1 2k (0. —6%,
M(6y,...,0; ng E 2mk (6 91)_35 Cre (03 =05) ) (3.1)

j=1 |k\§k0 j'=1

where ¢, k € Z, are the Fourier coefficients of the mean pattern f. The criterion (3.1) can be

interpreted as a version without noise of the criterion (2.3) when replacing cé) by cre —i2mko0;.

Obviously, the criterion (3.1) admits a minimum at 6* = (67,...,0%) such that M(6*) = 0.
However, this minimizer over [—%, %]J is clearly not unique. To impose uniqueness of some
minimum of M over a restricted set, let us introduce the following identifiability conditions:

Assumption 1. The distribution g of the random shifts has a compact support included in
[—kK/2,k/2] for some 0 < Kk < 1/8.

Assumption 2. The mean pattern f in model (1.3) is such that ¢y = fol f(z)e ™ dy £ 0.

Assumption 1 means that the support of the density g of the random shifts should be suffi-
ciently small. This implies that the shifted curves f (t—H;f) are somehow concentrated around the
unknown mean pattern f. Such an assumption of concentration of the data around a reference
shape has been used in various papers to prove the uniqueness and the consistency of Fréchet
means for random variables lying in a Riemannian manifold, see [Afs11, BP03, BP05, Hucll|.



Assumption 2 is an identifiability condition to avoid the case where the function f is constant
over [0, 1] which would make impossible the estimation of the unobserved random shifts.
For 0 < k < 1/8, let us define the constrained set

J
O = (01,...,0;) € [-r/2,5/2)7, > 0, =0

j=1
Let
1 J
—329;, j=1,...,J, and 8° = (69,...,69).

Thanks to Proposition 4.1 in [BC11|, we have
Proposition 3.1. Suppose that Assumptions 1 and 2 hold. Then, for any (61,...,07) € O,

M(61,...,05) —M(@,....0%9) >C(f,r) Zw

where O(f, k) = 4n%|c1|? cos(4nk) > 0.
Therefore, over the constrained set O, the criterion (3.1) has a unique minimum at #° such
that M (0°) = 0. Let us now consider the estimators
0°=(09,...,6%) € argmin M, (61,...,6;). (3.2)
(01,.-,05)€O
The following Theorem shows that, under appropriate assumptions, the vector 60 is a consistent
estimator of §°.

Theorem 3.1. Suppose that Assumptions 1 and 2 hold. Let J > 2 and s > 2, then there exits
a constant C' > 0 that only depends on A, s, k, ¢, and o such that, for any f € Ws(A, c.), we

have 3/
1 ~0 012 < C k:o kg J3
ngHH - 67| < - 1+W 1+ 12 . (3.3)

Inequality (3.3) shows that the quality of the estimation of the random shifts depends on
the ratio between n and J. In particular, it suggests that the quality of this estimation should
deteriorate if the number J of curves increases and n remains fixed. This shows that estimating
the vector 8° € R is not a standard parametric problem, since the dimension .J is is allowed to
grow to infinity in our setting. To the contrary, if J is not too large with respect to n, then an
estimation of the shifts is feasible at the usual parametric rate n~!'. More precisely, by Theorem
3.1, we immediately have the following result:

Corollary 3.1. Suppose that the assumptions of Theorem 3.1 are satisfied. If ko > 1 is a fived
integer and J =< n® for some 0 < a < 1/6, then there exits C1 > 0 that only depends on A, s,
o2, k and ko such that
(&Y
o

Therefore, under the additional assumption that J =< n®, for some 0 < a < 1/6, the vector
6° converges to A9 at the rate n~! for the normalized Euclidean norm.

1
_E9 90 90 2
B0 — 0°)? <



3.2 Estimation of the mean pattern

For p € {0,1}, let Y(?) = (Y( ))1§q§N, 1<j<J. Thanks to the estimator §° of the random shifts,

we can align the data Y(!) in order to estimate the mean pattern f in (1.3). Let m; < N/2 be
F(m)

some positive integer. For any m € {1,...,my}, we recall that the estimator f, J 1s given by
f(m) LS 2, g
fay =53 f7+6), teo].
=1

To simplify the notations, we omit the dependency on kg, n and J of the above estimators
and we write f(™) = fr(f]) We denote by E) the expectation according to the distribution of

Y. By construction, we recall that Y(© and Y1) are independent. Thus, note that f(m) is a
biased estimator of f with respect to E) since

J
STAME+8Y), te o],

B [f ()] = ) = -
j=1

where we have set

A =3 alent), je{l,....J}.

k| <m

The idea of the procedure is that if the estimators é? of the shifts behave well then d?([f], [f(™V)])

is small and estimating f amounts to estimate f("1).
To choose an estimator of f("1) among the f(™)’s, we take a model selection approach. Before
describing the procedure, let us compute the quadratic risk of an estimator f (m),

=0 [ [ 7m0 - s ] = [ |7 - o] B

This risk is a sum of two non-negative terms. The first one is a bias term that is small when m
is close to mj while the second one is a variance term that is small when m is close to zero. The
aim is to find a trade-off between these two terms thanks to the data only. More precisely, we
choose some m € {1,...,m;} such that

1, . 2 2
m € argmin {/ ‘f(ml)(t) — @) dt+ nw} (3.4)
me{l,...,ml} 0 NJ

where 17 > 1 is some constant. In the sequel, the estimator that we finally consider is fn = f (1)
Such a procedure is well known and we refer to Chapter 4 of [Mas07| for more details. In
particular, the estimator f, ; satisfies the following inequality

g0 [ [ 70 - e o]

< cof, =[] (f’”“ sl o] « 55
< <, gin, {[ 1o -l a EREL ey



where C(n) > 0 only depends on 7. It is known that an optimal choice for 7 is a difficult problem
from a theoretical point of view. However, in practice, taking some 7 slightly greater than 2 leads
to a procedure that behaves well as we discuss in Section 6.

3.3 Convergence rates over Sobolev balls

Let us denote by |z| the largest integer smaller than x € R. We now focus on the performances
of our estimation procedure from the minimax point of view and with respect to the distance d
defined in (1.4). Note that, in the subsection 3.2, we only use truncated Fourier series expansion
for building the estimators f(™). In practice, we could use other bases of L;er([O, 1]) as we
would still have a result like (3.5). In particular, the following theorem would remain true
by combining model selection techniques with bases like piecewise polynomials or orthonormal

wavelets to approximate a function.

Theorem 3.2. Assume that nJ > max{21J, (402)?5"1/c?} where 0 < ¢ < 1 is such that
J < en® for some o> 0. Take my = [N/2] —1 and let s > 3/2 and A > 0. Then, the estimator
fn,g defined by the procedure (3.4) is such that

sup  sup  Rg(fus f) < C(Ima| ™ +mpn 2!
9EG" feWs(A,cy)

1 A s
# B (16° - ) + (nry 55 )

for some C > 0 that only depends on A, s, 02, k, ko, n and c.

Therefore, using the results of Corollary 3.1 on the convergence rate of 6° to 6°, we finally
obtain the following result.

Corollary 3.2. Suppose that the assumptions of Theorem 3.1 and Theorem 3.2 are satisfied. If
ko > 1 is a fized integer and J =< n® for some 0 < o < 1/6, then there exits C' > 0 that only
depends on A, s, 02, K, ko, 0, ¢x and ¢ such that

sup  sup Ry(fa f) < (n7l 4 ()T )
9EG" FEW,(A,ch)

4 A lower bound on the risk

The following theorem gives a lower bound on the risk over the Sobolev ball T, (A, cy).

Theorem 4.1. Let us recall that

R g(Wi(A, e.),GF) = inf sup  sup  Ry(fur, f)-
In, g 9€G" feW (A cs)

There exists a constant C > 0 that only depends on A, s , ¢y and o such that

lim inf (nJ)%Rn,J(WS(Aa cx),G") > C .

min(n,J)—+oc0

10



Therefore, under the assumption that 2as < 1, the smoothed Fréchet mean converges at the
2s
optimal rate (n.J) 2s+1 as shown by the following corollary.

Corollary 4.1. Suppose that the assumptions of Corollary 3.2 hold and assume that 2as < 1.
Then, there exists a constant C' > 0 that only depends on A, s, 0%, k, ko, 1, ¢« and ¢ such that

sup sup [EY (d2([fn 71, [f])) <C'(nJd)” e (4.1)
9EG® FEW(Ayex)
Note that inequality (4.1) is a direct consequence of Corollary 3.2 and the fact that n=! =
2s
O<(nJ)_23+1> in the settings 2as < 1 and J < n®.

5 Discussion

2s ~
As explained previously, the rate of convergence r, ; = n~! 4+ (nJ)” =+ of the estimator fr,g
2s
is the sum of two terms having different interpretations. The term (n.J) 2s+T is the usual
nonparametric rate that would be obtained if the random shifts 07,...,0% were known. To

interpret the second term n~!, let us mention the following result that has been obtained in
[BC11].

Proposition 5.1. Suppose that the function f is continuously diﬁerentiable. Assume that the
density g € G~ with limg_, .5 g(0) = limgy_,,. /o g(#) = 0 and that f 1/2 ((% log 9(9))29(9)d9 <
+00. Let (0y,...,05) denote any estimator of the true shifts (6%, ... ,0%) computed from the Yy ;’s
in model (1.3). Then,

2

1< o
1 . (5.1)
Jg n Jo 1F/(8)2dt + 02 [175, (G 1og g(0))” g(0)do

Proposition (5.1) shows that it is not possible to build consistent estimators of the shifts by
considering only the asymptotic setting where the number of curves J tends towards infinity.

Indeed Inequality (5.1) implies that liminf;_, o E9 (% Z;‘]:l(éj - 9}7)2) > 0 for any estimators

(91, .. ,é 7). We recall that, under the assumptions of Corollary 3.1, one has

J
1 A C
g | — 0 _ o2 ~1
S| <D 107 -6 | <
j=1
The above inequality shows that, in the setting where n and J are both allowed to increase, the
estimation of the unknown shifts 90 = 9* — 7 7{1 1 Hm is feasible at the rate n ™! By Proposition
5.1, this rate of convergence Cannot be 1mproved. We thus interpret the term n~! appearing in
the rate r,, s of the smoothed Fréchet mean [f,, ;] as the price to pay for having to estimate the

shifts to compute such estimators.

11



To conclude this discussion, we would like to mention the results that have been obtained
in [BG10] in an asymptotic setting where only the number J of curves is let going to infinity.
Consider the following model of randomly shifted curves with additive white noise

dYj(t) = f(t — 07)dt + edW;(t), t € [0,1], j=1,...,J with 07 ~q g, (5.2)

where the W;’s are independent Brownian motions with € > 0 being the level of additive noise.
In model (5.2), the expectation of each observed curve dYj is equal to the convolution of f by
the density g since

B £t 07)] = [ £t~ 0)9(0)db = f xg00)

Therefore, in the ideal situation where g is assumed to be known, it has been shown in [BG10]
that estimating f in the asymptotic setting J — +o00 (with € > 0 being fixed) is a deconvolution
problem. Indeed, suppose that, for some v > 1/2,

1
= [ 9@ s =< b, ke,
0

with g being known. Then, one can construct an estimator fj by a deconvolution procedure
such that
sup Eg/ 1F3) — fO))Pdt < CJ~ 2S+V+1
FEWS(A)
for some C' > 0 that only depends on A, s and e and where W;(A) is Sobolev ball of degree
s > 1/2. Moreover, this rate of convergence is optimal since the results in [BG10| show that if
s > 2v + 1, then there exists a constant C’ > 0 that only depends on A, s and € such that

lim inf J25+2541 inf sup R(fr, f) >
oo fr fews(4)

where the above infimum is taken over the set of all estimators f; of f in model (5.2). Hence,

Jg=4J ~2:241 s the minimax rate of convergence over Sobolev balls in model (5.2) in the case
of known ¢. This rate is of polynomial order of the number of curves J, and it deteriorates
as the smoothness v of the convolution kernel g increases. This phenomenon is a well-known
fact in deconvolution problems, see e.g [Fan91, PV99|. Hence, depending on g being known or
not and the choice of the asymptotic setting, there exists a significant difference in the rates
of convergence that can be achieved in a randomly shifted curves model. Our setting yields

to the rate r, ; = n~ ! + (nJ)fﬁi1 (in the case where J =< n® with a < 1/6) that is clearly
faster than the rate rjy = J =Ty Nevertheless, the arguments in [BG10| also suggest that
a smoothed Fréchet mean in (5.2) is not a consistent estimator of f if one only lets Jgoing to
infinity. Therefore, the number n of design points is clearly of primary importance to obtain
consistent estimators of a mean pattern when using Fréchet means of curves.
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6 Numerical experiments

The goal of this section is to study the performances of the estimator fn, 7. The factors in the
simulations are the number J of curves and the number n of design points. As a mean pattern f
to recover, we consider the two test functions displayed in Figure 1. Then, for each combination

1

09r

081

0.6

05

041

031

0.2

0.1

Figure 1: Two test functions f. (a) MixtGauss: a mixture of three Gaussians. (b)
HeaviSine: a piecewise smooth curve with a discontinuity.

of n and J, we generate M = 100 repetitions of model (1.3) of J curves with shifts sampled from
the uniform distribution on [—k, x| with x = 1/16. The level of the additive Gaussian noise is
measured as the root of the signal-to-noise ratio (rsnr) defined as

1 1/2 1
rsnr = <$/0 (f(t) — f)2dt> where f:/o f(t)dt,

that is fixed to rsnr = 0.5 in all the simulations. For each repetition p € {1,...,M}, we
compute the estimator fn Jp using a gradient descent algorithm to minimize the criterion (3.2)
for estimating the shifts. For all values of n and J, we took kg = 5 in (2.3). The frequency
cut-off 7 is chosen using (3.4) with n = 2.5.

To analyze the numerical performances of this estimator, we have considered the following
ideal estimator that uses the knowledge of the true random shifts 67 , (sampled from the p-th
replication)

J

~(m 1 . iorkO*

oy = 37 | 5 20 e | enlt), t e [0,1].
j=1

[k|<m

The frequency cut-off m, for the above ideal estimator is chosen using a model selection procedure
based on the knowledge of the true shifts i.e.

1
My € argmin {/
me{l,...,m1} 0

(m1) CONNE (2m + 1)0”
fn%],lp (t) - fn,J7p(t) dt + UT

13



with n = 2.5.
Then, we define the relative empirical error between the two estimators as

1,
21 2o & Unsal: 11D
R(n,J) = —21

1 &
=S (R 1)
p=1

In Figure 2, we display the ratio R(n,.J) for various values of n and J and for the two test
functions displayed in Figure 1. It can be seen that the function J — R(n,J) is increasing.
This means that the numerical performances of the estimator fn, J deteriorate as the number
J of curves increases and the number n remains fixed. This is clearly due to the fact that the
estimation of the shifts becomes less precise when the dimension J increases. These numerical
results are thus consistent with inequality (3.3) in Theorem 3.1 and our discussion on the rate of
convergence of fn, s in Section 3. On th opposite, the function n — R(n,J) is decreasing and it
confirms that the number n of design points is a key parameter to obtain consistent estimators
of a mean pattern f with Fréchet means of curves.

2 10 20 30 40 50

20

6 70 80 90
[ ] ﬂ

50

100

250

1

(a) (b)

Figure 2: Relative empirical error R(n,J) for various values of n (vertical axis) and
J (horizontal axis) over M = 100 replications: (a) MixtGauss, (b) HeaviSine.

A Proof of the main results

Throughout the proofs, we repeatedly use the following lemma which follows immediately from
Lemma 1.10 in [Tsy09].

Lemma A.1. If f € W,(A,c,) then there exists a constant Ag > 0 only depending on A and s
such that

max |E]E;p) _Cke—i27rk‘9;| S AON_S+1/2, p c {0,1},

14



oralll <j<.J.
f J

A.1 Proof of Theorem 3.1

For legibility, we will write E = [E9, i.e. we omit the dependency on g of the expectation. The
proof is divided in several lemmas. Let || - || denote the standard Euclidean norm in R”. First,

we derive upper bounds on the second, fourth and sixth moments of ||§° — 69]|.

Lemma A.2. Let N > 2, J > 1 and 1 < ky < N/2. We assume that Assumptions 1 and 2
are satisfied and we suppose that s > 3/2. Then, we have the following upper bounds, for any

fe WS(A,C*),
R k1/2
SE (1167 6°)?) < &1 28
1 o
£ (160 - 6°1") < & @
and

1_ (i k2 g2
E (]16° - 6°)°) < G50,

where C1, Cy and Cs are positive constants that only depend on A, s, ¢y, 02 and k.
Proof. Let f € W,(A,c.). Since §° = (69, ... ,639) is a minimizer of M,,, it follows that

M (%) — M(6°) < 2 sup | My (8) — M(8)).
0cO,

Therefore, by Proposition 3.1, we get

1
—E||6° — 6% < 207 (¢, k)E <sup |M,, () — M(H)\) ,
J 0cO,

1
~ZE[6° — 6°||* < 4C%(cy, k) JE <sup | M, () — M(9)|2> ,
J 0O,

and

1. .
LE6° — 601 < 8C~%(cu, n) IR <p (M, (0) - M<e>|3) |
J 0cO,,

where we have set C(c,, k) = 4m2c? cos(87k).
Let 0 € O,; and note that M, (f) can be decomposed as

My (0) = M(0) + Q(0) + L(0),

where
2

J J

22k7r0 _(0)  2ikn0.,
Z Z -2
J=1|k|<ko Jj'=1

%IH
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J J
1 0 1 0 ikl
Q(Q) — N7 Z Z]E)7; 2ikm0; j Z Z](g,;/BQZk 0,
J=1|k|<ko Jj'=1
and
2 ¢ (0) 1<~ 0 RN L(0)
L(a) — R N 0'62ik7r9j - 0 2@kﬂ9 . e2ikmd; _ — '/622‘]‘37"91'/
J\/ﬁjzukgm v Jj;l . Jg -

Using Lemma A.1, it follows that, for any 6 € ©,

J J
IM(0) — M(9) < 5 Z Z Cke—Zzlmrej )e2zk7r€j - Z(El(ﬁo;'/ — cpe 2ik Gj,)ezzkﬂgj,
: |k“<k‘0 j’:l
|ij|+ Z| /| + 2[cx|
< 24NN <4\ck! + 2A0N_5+1/2>
|k|<ko
<

BAGN*T2(2ko + 1)V? | Y7 x| + 445 (2k0 + N>
|k|<ko

Hence, there exists a positive constant C' that only depends on A and s such that

sup |M(0) — M(0)| < CkY/*N—s+1/2 (A.8)
€O,

Now, note that Q(6) < ]‘\’[—ZZ with Z = Z\k|<k0 ] 1 ‘zk]/a‘ for any 6 € O,. Thus, it
follows that

E sup |Q(0)] < 0*(2ko + 1)N 1. (A.9)
€O,
and
E sup |Q(0)* < 20 (2ko + 1)°N 2. (A.10)
€O,

By Jensen’s Inequality, we get EZ3/2 < (EZ2)3/4 and, since EZ? < 2.J2(2ky + 1)2, we obtain

E sup |Q(0)/2 < 81/4 “/ (2ko + 1)3/2, (A.11)
€O,

Finally, using EZ3 < 6.J3(2ko + 1)3, we have
6

E sup |Q(0)> < 6F(2k0 +1)3. (A.12)
€O,

16



By Cauchy-Schwarz’s Inequality

L(0) <24/ M(0)\/Q() . (A.13)
Thanks to Lemma A.1, we get
_ 1 J 012
VOEEDIDS \5;7;( < 3 e+ AN 2k + 1)
|k|<ko j=1 |k|<Eo

Thus, it follows from (A.9), (A.10), (A.11) and (A.13) that there exists a positive constant C’,
only depending on A, s and o2, such that

E sup |L(0)] < C'ky/*N~—/? (A.14)
€O,
E sup |L(6)]* < C"koN ! (A.15)
0cO,
and
E sup L) < CPKPN32 (A.16)
€0y

Since s > 3/2, we obtain, by Inequalities (A.8), (A.9) and (A.14),
E <sup | M, (0) — M<9>|> < Ciky* N2,
0€O
by Inequalities (A.8), (A.10) and (A.15),
E<wMMM®—MWW>§%%N*,
0€O
and by Inequalities (A.8), (A.12) and (A.16),
B sup |84,(0) - MO)F) < C3R N2
0€O,

where C7, Cf and C% are positive constants that only depend on A, s and o2, Combined
with Inequalities (A.4), (A.5) and (A.6), the announced result follows from the above upper
bounds. O

In order to prove Theorem 3.1, we divide the rest of the proof in the three following steps.
In the sequel of this section, we always assume that the hypotheses of Theorem 3.1 are satisfied
and we use the decomposition of M, (#) as defined in (A.7).

Step 1 : there exists some positive constant C} that only depends on ¢, such that

S0 671 < 1 (nIITML O] + 0T sup [V20) — M@, 18~ ) (1)
0l
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where V and V? denote the gradient and the Hessian operators, respectively, and where we have
set

U, = {a € O, such that [|§ — 6°|| < [|6° — aou}
and, for any J x J matrix B, the operator norm ||B||,, is defined by

1BY]

[ Bllop =
P eerivioy 19

Step 2 : there exists some positive constant Cy that only depends on A, s and o2 such that

3
nJE||V M, (0°)| < Cs (1 + @> . (A.18)
n

Step 3 : there exists some positive constant Cy that only depends on A, s, &, ¢, and o such
that

2 2 2 PN 2 k‘5 k3/2J3
nJE <sup V20, (8) — V2M(6°)|,, 116° — 6°|] > < Cs <1 + 1—0/2> J R (A.19)
0cUy, n n

The result announced in Theorem 3.1 follows from Inequalities (A.17), (A.18) and (A.19).

A.1.1 Proof of Step 1

The gradients of M(6), Q(0) and L(#) follows from easy computations. We have, for any
1<t<J,

J
_ 4 0 o
a%M(H) - J—Z 3" kR |ic ezt | 3 a0 ekt | | (A.20)
¢ Ik|<ko j=1
4w Oy ! (0) 2ikm6;
50 Q( )= N2 Z ER | iz, ,e2Fmle 2y, e (A.21)
! Ik <ko =Lt
and
0 (07 4 _(0) 2ik70, 0) o 2ik0 o2ikmt);
%L(e) = 2\/_ Z kS eszw@g Z Ck. ;€ J 4 Z Z ik
¢ J k| <ko J=1,j#t J=Li#t
(A.22)
Similarly, we can compute the Hessians of these functions as follows, for 1 < £,¢' < J, if £ # /',
* Z 298 20k (6, —6)
PR [ (O~ ] , (A.23)
8941894 ‘k|<k0
0? Q(0) = Z 2R [ 0) 22k7r(¢94/€g):| (A.24)
’ o NJ2 '
00400, NJ H<ho
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and

62 I 0) _ 87‘(‘2 Z ]{?2% |:C](€0zlzl(€0) 622k”(9£’_92) + EéozzlgogleZikﬂ(Gg—Gy) (A25)
00400, J2/ N k<ko L7k,
and, if £ =/¢'
0?7 87T 29 m (0) 2iko)
895393 Z E*R (¢, ,e%ikmoc Z clw : (A.26)
Ik\<ko j=1,j#t
o kQ 2ikm6, (0) 21197r6 A27
90,00, J2 Z e Z 4o (A.27)
|k[<ko j=Lj#L

and

0?2 293 o2ik0 d (0) 2ikn6,
a0, " = JQ\/— IR L DI

k| <ko J=1,5#t
J
1y liog 21k, Z éff} o2k . (A.28)
i=Lj#t

Using the fact that 6° € O, is a minimizer of M,, so VMn(éO) = 0, a Taylor expansion of
0 — VM, (0) with an integral form of the remainder term leads to

0=VM,(0° + / VM, (6(t))(0° — 6°)dt (A.29)

where, for any ¢ € [0, 1], we have set
0(t) =60 +1(0° —6°) e U, .

Thus, we have
VM (6°)(6° — 6°) = =V M, (6°) — / 1 (V2M,(0(t)) — V2M(6°)) (0° — 6°)dt . (A.30)
0

It follows from similar computations as we did for M that
872 1
2 0y _ 2| .12
VM (") = — > el <IJ—311J>
k| <ko

where [ is the J x J identity matrix and 1; denotes the J x J matrix with all entries equal to
one. Therefore, using the fact that ijl <9? — 9?) = 0, we obtain

2

M(99)(0° — %12 64 2 .12 40 _ 012
IV2M(6°)(6° - 6°))* = 7 > Kl | | |
|k|<ko
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and it shows that there exists a constant C' > 0 that only depends on ¢, such that
IV (0°)(6° — 6°))° = C H90 0°|* . (A.31)
Then, Inequality (A.17) follows from (A.30) and (A.31).

A.1.2 Proof of Step 2
By using Lemma A.1, for any 1 < k < kg and 1 < /¢ < J, we can expand

(0) 22k7r90

* ; 0
—_— eszﬂ(G —07) _i_ak,ZeszﬂGZ

Cy
with |ay ¢ < AgN—5tY2 Because, for any j, H? — 07 = 07 does not depend on j, we have
J .
R z'ége%k”@f Zq&o’;emkw@ < AOJN_S+1/2(2!ck! +A0N_5+1/2) .
j=1
Thus, by Equation (A.20) and using Cauchy-Schwarz’s Inequality, we obtain

2

J

‘%M(eo) < J Qko—i—l Z E* | R iékoze%kﬁz Zé@emkﬂeﬁ

‘ |k|<ko j=1
327 2 Ar—2s+1 2 2 2 r—2s+1
< T(2k0+1)AON_ TN R (4ep]” + AFN T

|k|<ko
- 6472 (2% +1)A2N*23+1(A2+A2k3N*25+1)
= J2 0 0 0ro :

Thus, there exists a positive constant C' that only depends on A and s such that
nJ||VM(0°)|? < Cko (14 kjn =2 +1) n=25%2 (A.32)

We now focus on V@Q and, by (A.21), we can obtain

J 2 1672 (0) J (0) 0 i
2 . 2ik769 2ikm0%
ZE&& T N2 422’“5%2%46@ DI ST
=1 \k|<k0 j=1,j4L
167%( J
2 2
< NQ—ﬂZ DK D IR
0=1 |k|<ko ]:Lj#
3271'204/<:8’
< - Y
= N2J
Hence, we get
1287204k
nJE|VQ(0°)|* < TO . (A.33)
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Finally, we deal with VL. Equation (A.22) and Lemma A.1l imply

167 2 |, (0) 2ikr6 L0 ik, _(0) 2ikno, L ) 2kt
8«% - JAN D KE |z ekt (Y g et | — g e D Ayt
lkl<ko =Lt J=TaA
2
167T o? 2 d 7(0) (2ik0;
< > X & + 7))
k| <ko i=Lj#t
167202 9 4 (0|2 _(0)]?
< oy 2 F{U-0 Y | +J‘Cu‘
|k|<ko J=1j#t
- 167ra w2 | L 4 _(0)]2 <327T202 2 2 g2 251
< SR G|l ) =T X # (- gy )
j=1

|| <ko |k <ko
This last inequality leads to
nJE|VL(6°)|* < 64?02 (A® + 2A7) (1 + kgn~2T1) . (A.34)

By combining Inequalities (A.32), (A.33) and (A.34), we then obtain Inequality (A.18).

A.1.3 Proof of Step 3

We introduce the Frobenius norm || B||r defined, for any J x J matrix B = [By p]i<¢ o<y, as

1Bllr =

ZBM.

0,0'=1

We also recall the classical inequalities

J
1Bl < Bl and 1Bl < mp 3 B - (4.3

In order to prove Inequality (A.19), we use the following decomposition

IV2M(0) = VM ()5, < 4 (IV2M(0) - VM (0)[|%
+IIVEM(0) — VAM(0°)]5,
+HIV2QO)IIF + IV LO)F) - (A.36)

We now deal with each term in the above inequality. Hereafter, ¢ and ¢’ always denote two
integers in {1,...,J}.
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First, let us consider £ # ¢, by (A.23) and Lemma A.1, we get

2

82 M 9 32

647 (0) ~(0) 2 2ikm (0% —0% 2imk(0,—0
O g 1O = T | 3w | (el i) ko
00,00, 00,00, J Pl
2
At o7 e g
< GJZ Z 2 é]goz,lgo;/_ \ckPeQ’k’r(Ge'_GU
[k|<ko
2
25674 s 25
< B S k2 (Aol Vo 4 a3V -2)

|k|<ko
In the case of ¢ = ¢/, (A.26) and Lemma A.1 lead to

64mt J
S LD

|k|<ko  j=1,j7#¢

92 92 2

aegaagM (0) - aegaegM ()

—(0) 2 2ikm (0% —67)
CreCr,j — lkl”e o

25674
J2

5 1 (Ao ->+1 4 43y-4)
|| <ko

Therefore, the above inequalities and (A.1) imply that there exists some positive constant Cpy
that only depends on A, s, k and o2 such that

B 5 k6+1/2J
nJE (9815) HVQM(H) - VZM(G)HF 16° — 90H2> < CMW . (A.37)
ElUk

Secondly, using the fact that 2(1 — cos(t)) < ¢? for any t € R, if £ # ¢, then we have

il » 0 872 920 1290 [ 2ikm(0,—69469,—6,/
‘WM(H)_ 6,00, 1) = = D Koy 2R | POt 000 ]
|k|<ko
167
S TR > kel | 160 — 67 + 65 — 0|
|k[<ko
and if ¢ = ¢ then we obtain
2 52 {72 J o
56,06, 0) ~ Gg,a0, M) = Tz | 2 FlalPR | D (2hmOmti=0itd) — 1)
o o k| <ko J=1,j7¢
1674 J
< | X Hlal | X 106 -0+ 6P
|k|<ko j=1,j#¢
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Therefore, by (A.35) and under the condition s > 2, we get

J

2 2 0 32t A2 0 02
IVM(0) = V2 M@)oy < g max > |00~ 07— 0; + 0]
J=1,j#L
647T4A
< 16 —6°)> .

Thus, by definition of U, and by (A.3), we know that there exists some C, > 0 that only
depends on A, s, o and & such that

p n(64m* A%)? -

nJE (p V2 (8) — V20 (0°)]2,16° - 9°||2) < SR (100 - 6°)°)
0y, J

kS22

/
< Cu nl/2

(A.38)

Next, we deal with the term relative to |[V2Q(8)[%. Let us begin by noting that ||§° —#°]|> <
4Jk%. Thus, we have

E <sup 192Q6)214° - eOu?) < 4JK°E <sup Hv%z(ew%) . (A.39)
e, 0cly
If we take ¢ # ¢’ then, using (A.24), we get

2

647 5
< N2 J4 Zk‘ /M’

|k|<ko

32
‘aeyaagqxe)

and if ¢ = ¢’ then, by (A.27), we have

02 ?
570

647 2/_(0) d (0) 2irk6;
< mgr | 2 M| X A

|k|<ko J=Lj#L

2
J

4
< 2| X REDIE)

J=13#L \|k|<ko
Hence, Cauchy-Schwarz Inequality leads to the following upper bound

J

12874 J
(SUP HV2Q( )H%) NQ—J?,EZ Z Z kz‘ MH M'

OEUs (=1 0=1,0'40 \|k|<ko

IN

1287* 2)_(0)2 21,(0) 2
< N2J3 Z Z Z k |Z/M| B Z k |Zk‘75’|
=1 0'=1,0'+£0 k| <ko |k|<ko
512710tk
< — .
- N2J
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Combining this bound with (A.39) gives us some Cg > 0 that only depends on s and o2 such
that
2 21190 _ p0y2 ko
nJE esublt) IV=Q8)]|7]|0" — 0" ) < Cq . (A.40)
€Uy

n

Finally, we focus on the term concerning ||[V?L(6)||%. By Cauchy-Schwarz Inequality and
(A.2), we have

B (sup IVLOP - 0°)7) < \/E(sup w22l )y (160 - 011)

oeld,, octt,,
ko J?
< \/E <sup HVQL(G)H‘}U) Cr2 (A.41)
0y, n
Using Lemma A.1 and (A.25), if £ # ¢/ we obtain
2 2 4 ?

Y G4 FONONREONO)

‘894/8%“9) < N ( Z K’ ( Ch 0%k 1 Cr, 0%k 0
k| <ko

IN

2
G4 st/ 0) (0)
TN <g<:ko g <‘ck’ + AN 2) <‘z“‘ + ‘ZW )

and, by (A.28), if £ =/, we get

? 6474 0 ! 0 0 ! 0 i
e DR NN D D T I Y]
|k|<ko =157 j=1,j7#L

2
647 s 4
Iy (Z K2 ((Clg—i-AoN +1/2) (Jz,g?g+ > Z,g?;))) .
|k|<ko J=1j#¢t

IN

82
—L
‘aegaeg (©)

IN
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Hence, we upper bound the expectation in (A.41),

B (sup 2L

e,
J J 2
409678 _ 0 0
N Y2 <|Ck|+AON 5“/2) YEVIED DN
=1 \|k|<ko =140
924 2
J
+ Z Z k2 (yckHAoN*S“/?) (‘ ‘+‘ZM‘>
O=1,040 \|k|<ko
J 2
409678
< WE J Z K’ (’Ck‘—i-AoN erl/z)Z‘
|k|<ko J=1
4 J
_ O
F7 0| 20 R (lenl + AoN 1) 12,\
=1\ |k|<ko
J 4
4 x 409678
2 3 k2<]ck\+A0N s+1/2)Zyz(
|k|<ko j=1
2 2
4 x 409678 _ 2
< —= | X B (lewl + AN =2) ) B (3 Z|le
|k|<ko |k|<ko j=1
2
168 x 409678 0% J2 k2 2
< N;T o 0 Z k4 <‘ck‘+AON78+1/2)
|k| <Ko

Therefore, there exists some constant C' > 0 that only depends on A, s and o? such that

k2 J2 K5\ 2
E (sup IVZL(6 )II%) < CL 0 <1+ n2301> : (A.42)

0l

Using (A.41) and (A.42), we know that there exists some constant C7, > 0 that only depends on
¢y, K, A, s and o? such that

2 2 1190 012 kg/z‘]g kg
E L . < 1 . A.4
nJ (&‘i”v QI 9H>—CL Vi (+n25_1) e

Finally, we use (A.37), (A.38), (A.40) and (A.43) with (A.36) to get (A.19).
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A.2 Proof of Theorem 3.2
Let us assume that f € WS(A, ¢x). We upper bound the distance between f and fn J
2 ; _ : _
ELlnd) = [ -0 st >1
2 (m1 mi) 2
< 2d([f), () + 2 1f — faa(t)| dt

Taking the expectation according to the distribution of Y1) on both side and using (3.5) leads
to

ED |d((f], [fas))|

0.2
< 2 2o | [ - o) dt+2(m+})}
J 2
< st g {8 S 2 b,

m<|k|<my

Let 65 = (67 +--- +0%)/J, we recall that §° = 6* — 6;. We begin by upper bounding the
first term. Thanks to Jensen’s inequality, we obtain

FL < [ ie-o - o] a

2
J

. ~ 1 . -
< Z |ck? + Z cpe” 2Tkl 5 —1217;6217%6].
|k|>m1 |k|<ma =
J o
< D el 2Ty 1) ik As)
|k|>m \k|§m1 j=1
Since f € WS(A’ C*)a we easily upper bound the bias part
D lenf? < A (A.46)

|k“>m1
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To deal with the other part, we split it into two sums,

J
1 Z ik, (1) 2ixké0|?
5 cpe — G € i
=1
2 < —2inkd 2ink(60—07)|% | 2 2imk(60—60%) (1) 2inkdO|?
< jZ‘cke I —cre i —1—3 ‘cke 1 =g e J
=1 =1
o J R J
< 2|3§| Z ‘1 _ 2imk(07-67) 2 4 % Z ‘ES; _ ckefzz‘nke; 2
=1 =1
822k [? 0 00)2 2 \7—2s+1
= T >, <91 - 91) + 245N (A.A47)

j=1
where the last inequality follows from Lemma A.1 and from 2(1 —cost) < t2, ¢ € R. Combining
(A.45), (A.46) and (A.47), we get, for any g € G",

g |:d2([f]a [f(ml)])} < A|m1|725 + 2Ag(2m1 + 1)N72s+1

J
872 [ S0 Kl | B %Z(ég—egf . (AA48)
j=1

|k|<ma

—2irkd; (1)

We now focus on the second term in (A.44). Let oy j = cpe Cy,; - Using Jensen’s

inequality and Lemma A.1, for any m € {1,...,my}, we have
2

7 )
Z % Z E}g;@zmk@? < Z Z ‘cke’%ke? + Qg
j=1

m<|k|<mq m<|k|[<my  j=1

J
23l 2 S S ol

|k|>m m<|k|<mq j=1
< 24Am7% 4+ 4A3m1N72s+1.

o\ /@stD)
-[2)
c

where ¢ is the constant such that J < en®. Note that such a choice is allowed because it is such
that m, € {1,...,m1} since n > 21, s > 3/2, a € (0,1/6] and ¢ € (0,1). In particular, such a

‘ 2

<l

IN

Let us consider m, such that
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choice leads to the following upper bound

J
. 1 _(1) 2irk@? 2(m + 1)o°
LS TP DI b D BL S L e & A
m<|k|<m; Jj=1
< 4AZmy N4 E +2  min Am™% 4 m_a2
B 0T NJ me{l,...,m1} NJ
2
< 4A%m1N72s+1 + 2L +9 éc2s/(2s+1) + 20,2023/(2s+1) (nJ)—ZS/(Qs-l-l)
NJ 2
< 4AZm N2y (1 + (A + 402)c>/ <25+1>> (nJ)~2s/@s40) (A.49)

Putting (A.48) and (A.49) in (A.44) leads to, for any g € G~,
Ry(furs ) < Alma| ™2 +442((1 + C(n))my + 1)N -2+

J
+872 | S Kl | B %]Zl(é;?—a;?)z

|k|<ma

+C(77) (1 + (A + 40’2)028/(28+1)> (nJ)—Zs/(23+1) ’

that completes the proof using the fact that m; = [ N/2| — 1.

A.3 Proof of Theorem 4.1

The arguments that we use to derive this result are based on Assouad’s cube Lemma (see e.g.
[Tsy09]). This Lemma is classically used in nonparametric statistics to derive lower bounds on
a risk. We will show that one can construct a set of functions Fy C W(A, ¢,) such that there
exists a constant C' > 0 (only depending on A, s, ¢, and ¢?) such that, for any large enough n
and J,

R (We(A, ), G%) > inf sup sup Rp,(fa.s, f) > C(nJ) =51 (A.50)
fn,J geg,i fe}—()

where fn, 7 denote some estimator of f. For the sake of legibility, we assume in the sequel that
ce = 1. Let

Fo=23 fu: (0,1 = R fu(t) = Hns Y wpdk(t), wip € {=1,1}, w_p =wy ¢

keKn,J

where K, ;j = {k€Z, 0<|k| <Dy s}, pin,s is a positive real and D, ; is a positive integer
that will be specified below. Let us introduce the notation = {—1,1}""7 and note that any
function f,, € Fg is parametrized by a unique element w € 2. Under the condition

P, g = cD;?ffl, with ¢ < A, (A.51)

it can easily be checked that Fy C WS(A, ¢«). In what follows, D,, s is chosen as the largest integer

1
smaller that (n.J)2+1. Hereafter, Ef, will denote the expectation with respect to the distribution
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Pf, of the random vector (Y ;)1<i<ni<j<j € R™ in model (1.3) under the hypothesis that
f = fu and the assumption that the shifts are i.i.d. random variables with density g € G*. Note
that for any g € G*

sup Ry(fussf) — supE[mf ( / st~ 6 —f<t>|2dt)]

fe]-'o fe]-'o 00,1
> in / Furt —6) — fult 2dt>]
2 9e[ou< | "
> inf ~ —22k7r0 o ‘ ’
S DR | 3 e
w | n,J

where ¢, = fol fn J( )qﬁk( )dt is the k-th Fourier coefficient of fn J- Now, we consider, for k € K,, 5
and 6 € [0,1],

Wy 9 € argmin ]éke_%k”e — VHn,gv| -

ve{-1,1}
We have the inequality
|V g0k — /Engwi| < [ére” 2 0 — fi iy o] + |ére ™2 — | fin jwy|
< 2lepe 2R Jwyl

that implies

sup Rg(fAn7J,f > Hin, J Z Z |:06h[10f:1] <|U7k70 - wk|2>] .

Forw € Q and k € K, 7, we define w®) e Q such that, for any £ # k, wék) = wy and wlik) = —wy.
Then, it follows that

sup Ry(fuss ) = “"J Y R (A.52)

feFo keKn J weQwp=1

where we have set

— k9 3 ~ _ 2 g . ~ 2
Ry = Ej, Lél[gl} <|Wk,9 wy| )} T E,m Léﬁ)fl} (|wk,6‘|‘wk| )} :

)

Let 6* = (07,...,0%), we introduce the notation EY" to denote expectation with respect to the
distribution PY’ of the random vector (Yo j)i<e<ni<j<Jg € R™ in model (1.1) conditionally to
07, ...,0%. Hence, using these notations, we have

Ry = / Ry(0")g(0) - g(65)db; ... 6 (A.53)

where

* _mo* | N2 0 : ~ 2
Rk(é? ) = Ew [Gelr[%]f (]wkﬂ wk] >] +Ew(k) [Gér[%]fl] <]wk79 —i—wk] >] .

)
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Now, note that for any 0 < § < 1,

Ry(6*) = EY | inf (m —w 12)+ inf (\w +w \2) dP?“*(k)(Y)
k Y loelo,1] k.6 F 0€[0,1] k.6 k dP?”

v

g dP? ) o [ Po)

where Y € R™ is the random vector obtained from the concatenation of the observations from
model (1.3) under the hypothesis f = f,, and conditionally to 07,...,0%. Because w, = 1, we
know that

ap?”

w®)
) y)
J n
= ©xp T 952 Z |fw(k)(t£—9j)| —|fw(tﬁ—9j)| +2Yy; (fw(tﬁ—aj)—fw(k)(tf—ej))

J
= exp —% Z | Fuo (te — 07) = fu(te — 0% + 2e0j (fulte — 05) — fom(te — 07))

J
1
= op | —55 Z Afin, 7| Pr(te — 9;)!2 + 4\ /Hin, g€e j Ok (te — 07)

P
Therefore, log < w(®) (Y)) is a random variable that is normally distributed with mean — OQ—QnJ Hn,.J

and variance %nJ fn,g. Now, since D,y is the largest integer smaller than (nJ )Tlﬂ, it follows
from equation (A.51) that 0 < nJpu, ; < 2A, for any large enough n and J. Thus, there exists
0 < <1 and a constant c¢; > 0 (only depending on A, 02 and §) such that

dP fu*(k)
dlpe* ( ) > o > Cs.-

Combining this inequality with (A.52), (A.53) and (A.54) lead to

) 46111
sup Ry(fn,7,f) > ’?{‘L Z Z c5 > 0cspin,gDn. . (A.55)
JeFo KEK . 5 weQg—=1

1
Since fin,; = cD;?f_l and Dy, j < (nJ)2s+1, it follows that

_9g __2s
fn,gDn.g =D, 7 > c(nJ) 2+,

which combined with (A.55) proves inequality (A.50) and completes the proof of Theorem 4.1.
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