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Abstract

We consider the Laplacian operator Hyp = —A perturbed by a non-positive potential V', which
is periodic in two directions, and decays in the remaining one. We are interested in the charac-
terization and decay properties of the guided states, defined as the eigenfunctions of the reduced
operators in the Bloch-Floquet-Gelfand transform of Hop + V in the periodic variables. If V' is suf-
ficiently small and decreases fast enough in the infinite direction, we prove that, generically, these
guided states are characterized by quasi-momenta belonging to some one-dimensional compact real
analytic submanifold of the Brillouin zone. Moreover they decay faster than any polynomial func-
tion in the infinite direction.
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1 Introduction

A better understanding of the mechanisms of radio wave propagation in complex environments is
required for the development of efficient wireless communication systems. This can be achieved by
investigating the corresponding Maxwell equations where the source is a time periodic current density
localized in the wires feeding the antenna, i(t,z) = e “%ig(x) , with frequency w > 0. Of course
these equations can not be solved explicitely in a rich scattering environment but they are the source
of interesting mathematical problems. However there is only a very few number of theoretical results
available describing radio waves in “realistic” propagation media. In the particular case of a periodic
environment (for simplicity the medium is assumed to be periodic in, say, two out of the three directions,
in order to model an idealized infinitely extended building) the problem is to determine the steady-
state solutions u(z,t) = e “ug(z) associated to the solution ug to the equation (H — kZ)ug = io.
Here H denotes the selfadjoint Maxwell operator under study and ko = w/e¢, where c is the celerity of
the propagation medium. If ip is nonzero and k3 is a nonnegative number, it turns out that there is
no ug satisfying the above equation in L?(R3) in the general case. A potential outgoing solution can
nevertheless be defined from the limit of the resolvent operator (H — k3 F i) "lip as € | 0. Similar
problems have been studied in various contexts, in [20] for both acoustic and electromagnetic waves, in
[9], [10], [11]-[12] and [14] for the Schrédinger equation, and in [13] for the Maxwell equations.

The study carried out this article has some connection with [3], [4] and [5]. Actually, the model we had
in mind when starting this work was inspired from [6], where numerous numerical simulations of the
scattering of electromagnetic waves in an infinitely extended and periodic building in two orthogonal
directions are performed. However, in order to avoid numerous technical difficulties appearing in the
treatment of the Maxwell operator, we consider in this paper the Schrédinger equation rather than the
Maxwell equations.



The method used in [9], [10], [11]-[12], [13], [14] and [20] takes advantage of the periodicity of the system
to decompose the corresponding partial differential operator H into a direct integral |, s H (k¢)dky, where
B is the Brillouin zone and k; denotes the quasi-momentum associated to the Bloch-Floquet-Gelfand
transform. In all the above mentioned papers, a Limiting Absorption Principle (LAP for short) for either
H or H(ky), ke € B, is established in order to derive absolutely continuous properties of the spectrum.
Convenient assumptions made on the periodic potential function V' describing the physical properties of
the model under study then guarantee that the operator I'(k, E+ic) = V(H (k) — EFie) ! is compact
for all ky € B and € > 0. Here E is k3 in the case of the Maxwell equation while E denotes the energy
of the system for the Schrodinger equation. The next step of the proof involves relating the LAP to the
existence of lim, o fB %dke for suitable functions f, where h(E =+ ie, ky) denotes the Fredholm
determinant of I'(ky, E'+ie). This indicates that the derivation of a LAP for these models is intricately
tied to the characterization of C(F) = {k, € B, h(k¢, E) = 0} (the so-called Fermi variety in [17], by
analogy to a similar -but slightly different- quantity in solid state physics) which is generally a rather
non trivial problem. The alternative to investigating the structure of C(E) in the process of establishing
a LAP, is to assume exponential decay for V' in the transversal (i.e. non periodic) direction, see [11]-[12],
[13], [14]. Furthermore the resolvent can be extended to a meromorphic function on the half lower or
upper planes in this framework. In this paper we develop a completely different approach based on the
actual characterization of C(E), which turns out to be a real analytic manifold. The key advantage is
that C(FE) is thus parametrizable. Based on standard computations, involving an appropriate change
of variables in the above mentioned integrals when ky is in a neighborhood of C(FE), this would allow us
to derive a LAP for external potentials decreasing polynomially fast in the transversal direction. For
the sake of brevity we shall nevertheless not mention the details of the related proof here.

Another benefit of determining the underlying structure of C(E) is a better characterization of guided
states occuring in this system, i.e. of the eigenfunctions of H(k,) with energy E, for some k; € B.
Indeed we prove in this framework that guided states correspond to quasi-momenta k; satisfying either
k, € C(E) or |k¢| = E'/2. The terminology used here is justified by the fact that these eigenfunctions
exhibit decay properties in the transversal direction. This will be made precise for both k, € C(FE)
and |k, = E'Y2, although the existence of guided states is only guaranteed for k, € C(E) in the
general framework examined in this article. Nevertheless, the non existence of guided states associated
to |ke| = E'/2 can be proven for a wide class of suitable periodic potential functions V we shall
fully describe. In this specific case, the guided states of the corresponding Hamiltonian are therefore
characterized by quasi-momenta k; € C(E). Notice that the terminology used in both mathematics and
physics literature to classify waves depends quite strongly on the authors and the scientific communities
they belong to. As a matter of fact the term “surface state” is employed in [3], [5] and [20], while “guided
wave” is used in [21], and [2] refers to both “surface” and “guided” waves, depending upon the context.

1.1 Settings and notations

Let ay, ag be two independent vectors in R? generating a lattice £ := > j=2,3 Laj. We define the basic
period cell (or Seitz zone) as

S=R/L={x R’ x,= Y sja;, —1/2<s;<1/2. (1.1)
j=2,3
Similarly, the dual basis bs, b3 being defined by

<bi7aj> = (27T)6i,ja ’La.j = 2537 (12)



where (.,.) stands for the usual Euclidian scalar product in R?, the basic period cell for the dual basis
{b1, ba} (or Brillouin zone) is

B:=qki €R’ ko= Y tb;, —1/2<t;<1/23. (1.3)
j=2,3

Evidently B = R?/L* where L+ := > j—2.3 Zbj is the reciprocal lattice.
For the sake of simplicity we assume in what follows that

<a2; a3> = 05
and hence

a.:

J
.|2’

b, =2
! 7T|aJ

J=2,3 (1.4)
Let V be a real-valued function on R? obeying
V(z1,x¢+a;) = V(z1,x0), #1 €R, x¢ = (z2,23) € R?, j =2,3, (1.5)

plus some technical additional conditions that will be mentioned further. We are interested in the
spectral properties of the self-adjoint realization of the operator —A + V acting in L(R?).
For all k, € B we consider the operator Hy(k/) := —A in H := L?(R x S), with the boundary conditions

o1, %0+ a;) = 02 oz, %), jp(x1, %0+ aj) = R0 ;0(21, %), 7= 2,3, (1.6)

for all z; € R and x,, with x; and x¢ 4+ a; in S, the notation 9; being understood as the derivative
w.r.t. the coordinate s; such that x, = ZFZ 38ja;. Its domain is

dom Hy(k¢) = {p € H*(R x S) fulfilling (1.6)} (1.7)

where H?(R x S§) denotes the usual second order Sobolev space.
Let us now consider the Bloch-Floquet-Gelfand transform ¢ : L?(R3) — ng Hdky, defined on C§°(R3)
by
(Up) (e, w1, %) =[BT/ Y e MRy, %, + Ry) (1.8)
Ro,eL
and extended as a unitary operator on L?(R3).
In light of (1.8) and the identity UL?(R?) = [ Hdky, it turns out that

U-A+ VU = /@ H(kg)dky, (1.9)
B

where H(ky) := Ho(k) + V acts in H.

Let p(Ho(ke)) be the resolvent set of Hy(ke), and o(Hp(ke)) denote its spectrum. For all k, € B,
let Ro(ke,z) := (Ho(ke) — 2)7Y, 2 € p(Ho(ke)) := C\o(Ho(ke)), and R(ke,z) = (H(ke) — 2)71,
z € p(H(k¢)), be the resolvent operators associated to Hy(ke) and H(ky) respectively. For all z €
p(Hy(ke)) N p(H (ke)) we have

[VI*2Ro(ke, 2) = (1 + €[V]*2 Ro(ke, 2)[VY2)|VV2R(ky, 2), (1.10)

by combining the first resolvent equation R(ky, z) = Ro(ke, z) — Ro(ke, 2)V R(ke, z), with the obvious
decomposition V = ¢|V|/2|V /2] ¢(x) being the sign of V(x), x := (z1,%,) € R x S. Henceforth

R(ky, z) = Ro(ke, z) — Ro(ke, 2)e|VV2(1 + €| VY2 Ry (ke, 2)|V V) HV|Y2 Ry (ke 2), (1.11)



provided 1 + €|V ['/2Ry(ke, 2)|V|'/? is boundedly invertible.
For the sake of simplicity we assume that V(x) := —gW (x)? for x € R x S, some coupling constant
g € (0,+00) and some potential W (x) > 0. Hence we have

Ry(ke,2) := R(ky, 2) = Ro(ke, 2) + gRo(ke, 2)W (1 — gTk,(2)) ' W Ry (ke, 2), (1.12)

from (1.11), where
Tk, (2) :== WRy(ke, 2)W, (1.13)

is the integral operator in H with kernel (see [14])

eV z2—|Ko+ke|?|z1—y1] (

e (%, 2) == 1BW (X)W (y) ol (Ketkexeye), (1.14)
: i TR
with 5]
= 1.1
.y (L15)

the sign of the imaginary part of the square root of any complex number being chosen nonnegative.
In (1.14) and in what follows, [k¢| denotes the Euclidian norm of k, € R?, i.e. |ke|* = 33,_, 5 k7 for
ko = (k2, k3).

1.2 Statement of the main results

In this paper we essentially aim for examining the existence of guided states generated by a perturbation
of the form —gW?2 for g > 0. Borrowing the usual definition from [21], a guided state for the energy
E is any nonzero function u € H satisfying the identity H(k¢)u = Eu for some ky, € B. As follows
from (1.12), the problem of the existence of guided states in this system is thus tied to the one of the
invertibility of the family of operators {1 — gI'k,(E)}k,es in B(L2(R x §)).

As a matter of fact, we shall consider in this framework energies E € (0, E5), 6 > 0, where

2
1
T —2 min [b; [, (1.16)

Es:= — min|a;[ 2= —
5= T min el = gy i

The main result of this article is the following actual characterization of the subset
Cy(E) :={ke € B, |k¢|* # F and 1 — gT'y,(F) is singular},

for g sufficiently small.

Theorem 1.1. Let § > 0, E € (0, E5) , and let W € L (R x S) satisfy

1

W(x1,%x¢) = O (4(1 IR NNCERSYE

) for some € > 0. (1.17)

Then there exists go = go(0, W) > 0 such that for all g € (0,go), the set C4(E) is a one-dimensional
compact real analytic manifold contained in an annulus Q4(E) centered at the origin, with smaller and
bigger radius of size EY/? + ¢4 g2, the two constants c+ > 0 being independent of g. Namely, Cy(E) is
a closed and simple (i.e. with no double point) curve which is not homotopic to a point in Q4(E).

Theorem 1.1 allows for a better characterization of guided states occuring in this system. This can be
seen from the coming result, which, first, establishes a link between C,4(E) and potential guided states,
and, second, describes their rate of decay in the orthogonal direction to the periodic “longitudinal”



plane carrying x,. Its statement actually involves the following family of “weighted” subspaces of
H=L*RxS):
He={veH, 1+22)%weH}, 7>0.

Although these functional spaces are not the sharpest ones required for the following claim to hold,
their use in this framework is justified by the fact that they allow for a more simple derivation of the
result.

Theorem 1.2. Let E, go and W be the same as in Theorem 1.1. Then for every g € (0,g0), any
guided state with energy E belongs to NpyenHm, and is associated to a quasi-momentum ky verifying
either kg € Cy(E) or |k¢| = E'/2. Moreover, for each k; € C,(E), there exists at least one guided state
with energy E associated to ky.

Although the existence of guided states associated to quasi-momenta k; satisfying |k¢| = E'/? cannot
be ruled out in the general situation examined in Theorem 1.2, this is no longer the case when the
potential function W is sufficiently smooth w.r.t. x4, and vanishes in a half-space parallel to the
longitudinal direction. This and Theorem 1.2 entails the following:

Corollary 1.1. Let E and W be as in Theorem 1.1, and assume moreover that :
(i) x¢ > W(z1,%x0) € CHS) for a.e. x1 € R, and vanishes in a neighborhood of the boundary OS;
(i) W(x1,%¢) =0 for a.e. (x1,%¢) €I xS, where I is any unbounded subinterval of R.

Then there exists go > 0 such that for all g € (0, o), the quasi-momentum k; of any guided state with
energy E, belongs to Cy4(E).

Actually, this result can be generalized, at the expense of greater technical difficulties, to a wider class
of potentials W than the one considered in this statement.

Notice that the generality of the results of Theorems 1.1-1.2 and Corollary 1.1 is not substantially
restricted by the assumption E € (0, E5). Indeed this purely technical hypothesis allows for a clearer
statement (see Remark 2.1) and it can be checked from the following sections of this paper that these
claims, subject to slight modifications, remain essentially true when dealing with E outside (0, Ej).

1.3 Outline

The contents of this paper is as follows. In Section 2, we collect basic properties of the Hilbert-Schmidt
operators I'y, (E +ie), for k, € B\ {|k¢|> = E} and € € R, needed in the proofs of the following sections,
and explain the link between Q4 (E) and the problem of the invertibility of 1 — gI'x,(E). Section 3 is
devoted to the study of the invertibility of 1—¢Tk,(E) for sufficiently small g > 0, and contains the proof
of Theorem 1.1. Section 4 deals with the characterization of guided states occuring in this framework,
and their decay properties in the direction orthogonal to x,. It provides the proofs of Theorem 1.2 and
Corollary 1.1. The paper concludes with two appendices in Section 4.3. The first appendix, Appendix
A, contains the proof of the Hilbert-Schmidt properties of the operators I'y, (F + ic), stated in Lemma
2.2. The second appendix, Appendix B, is dedicated to the derivation of a LAP for Hy(ke, F =+ ie),
e > 0 and ky € B, needed in the proof of Theorem 1.2.

2 Basic properties of I'y,(E +ic), k, € By, ¢ € R

We set
Bi = {k, € B, +([k¢|*> — E) > 0}, Bg := By UB}, (2.1)

and we assume in the foregoing, without restricting the generality of this text, that

[Wlls = 1. (2.2)



2.1 Notations and summability result
Forallke=>,_,3t;bj€ Band Ky =3, , n;b; € L1, (1.3)-(1.4) entails

ke + K> = D (n+t)bs[°, t; € (—1/2,1/2], n; € Z, j =2,3. (2.3)

=23
Thus for all 6 > 0 and E € (0, E5) we have

E — |k + K¢|? < —0E;, ko € B, K, € £2\{0}, (2.4)
according to (1.16). Further, in light of (1.14) we define for all k, € B, K, € £+ and € € R,

pke+ Ko, E4ie) = (E— |ke+ K> +ie)'/?
= prlke+ Ky, E+ie) +iprke + Ko, E + i), (2.5)
where
(pr(ke + Ko, B+ i), pr(ke + Ke, E +ic)) € R x RT, (2.6)

in such a way that

Tk, (Xa vy, E+ iE)
= BWEW(y) >

K, eLt

e~ P1(ke+ Ky, Etie)|z1—yi|

“ip(k, + Ky, E +i¢)

oPR(K+ Ky, Etic) |z —y1| i (ke + Ko xo—ye) (2_7)

Actually (pr(ke + K¢, E + i€),pr(ke + K¢, E + i€)) is uniquely defined from (2.5)-(2.6) for every
(ke, Ko, ) ¢ By x{0}x{0}. Indeed, since arg 1/Z is taken in [0, 7) for any complex number z = |z[e!*'8
with arg z € [0, 27), we get, from (2.4)-(2.5),

(E — ke + Ko|?)? +2)1/2 — (B — |ko + Kg|2)>1/2

p[(kg+Kg,E+i€): ( 5

(2.8)

for every (k¢, Ky, ) € B; x L+ x R. This and (2.4) yields pr(k¢ + K¢, E + i) > 0 for (k¢, Ky, ¢) ¢
By x {0} x {0}, and hence

€
2pi(ke + Ko, E + 1)

However, if (k¢, Ky, €) € By x {0} x {0}, we have pr(ke, E) = 0 from (2.8), which shows that pr(ke, E)
cannot be defined by (2.9). In this case we set

pr(ke+ Ky, E +ie) = , (ke Ky ) € (BE x L5 x R)\(Bg x {0} x {0}). (2.9)

p(ke, E) = pr(ke, B) := (F — |ke|*)/? > 0, k; € By, (2.10)
Notice from (2.8)-(2.10) that we have:

{ lim. o p(ke + K¢, E£ic) = plke + K¢, E) i (ke, Ky) € (B x L) U (Bg x £L2\{0})

limeyo p(ke, B + ie) = +p(ke, E) if k€ By (2.11)

Remark 2.1. The condition E € (0, Es) ensuring (2.4) for every k, € B and K, € L\{0}, we have
pr(ke + Ky, E) > 0 except for Ky = 0 according to (2.8).The picture is quite similar for E > Ej in the
sense that there exists only a finite set Kg of “singular” values Ky € L such that E — |k, + Ky|? >0
for some k, € B. This can be seen directly from (1.3) and the identity L+ = Zj:2’3 Zb; through
elementary computations. Therefore, the case E > FEjs can actually be handled in the same way as
E € (0, E5), at the expense of inessential greater technical difficulties, upon substituting Kg for {0} in
the following computations'.

1Such as the occurence of several connex components in Cy(E).



For further reference we now establish the following

Lemma 2.1. Let E € (0, E5) for 6 > 0. Then for every j > 2 there exists a constant a,(5) € R,
depending only on § and w, such that we have

1 1
> oy )
Koo\ (0} pr(ke + Ko, E +ig)n Koo\ (0} p1(ke + Ky, E)r

for allk, € Bg, E € (0,E5) and € € R.
Proof. For every Ky =}, _, 3n;b; € L+\{0} we get from (2.3)-(2.4) and (2.8) that
prlke + Ky, E)® = —(E — [k + Ko[?) > > (il —1/2)° b, - E.
j=2,3 s.t. n;#0

Henceforth we have

1/2
prke + Ko, B)> [ (1+8) > @l -12-1|  EY/? Kye£h\{o}, (2.12)
J=2,3 s.t. n;#0
by (1.16), since E € (0, E). This, combined with the estimate
pr(ke + Ky, E+ic) > pr(ke + Ko, E), (ke, Ky, ) € BE x L1 xR, (2.13)
which immediately follows from (2.8) and (2.10), proves the result. O

2.2 Hilbert-Schmidt properties

In view of collecting some Hilbert-Schmidt properties of the operators I'y, (E +i¢), kg € B and € € R,
needed in the proofs of the following sections, let

Pk[ = <-7<Pk[>?-[$0k[;kl e B, (214)
denote the projection operator onto the linear space spanned by the normalized function (we use (2.2))
O, (x) := W (x)elkex) x e R x S. (2.15)

From (2.5)-(2.7) and (2.14)-(2.15) then follows for every k, € B that

er (E + iE) = Akg (E + iE)Pke + Ckg (E + iE), (2.16)
where )
A (B +i) = — B (2.17)
ka = BT |
and Cx,(E + ie) is the integral operator with kernel
) ) eilkexe—yr)
1o (%9, B+ i) 1= i (%, B + i) — BW ()W (y) (2.13)

—ip(ke, E + i)’
Lemma 2.2. Assume (1.17). Then for every E € (0, Es), with § > 0, it holds true that:

(a) Cx,(E +ie) and Tk, (E + ie) are Hilbert-Schmidt operators for every ko € Bg and ¢ € R;
(b) Cy,(E +ie)* = C,(E —ig) and 'y, (E +ie)* = Tk, (E —ie) for all (ks e) € (By x R*)U (B x R);



c) There exists a constant ¢ > 0 depending only on § and W satisfyin
(c) pending only ying
ICx, (E +i€)||us < ¢, (keye) € Bp xR,
where ||.|| s stands for the Hilbert-Schmidt norm in R x S.
(d) 1im8¢0 Fk[ (E + iE) = Fk[ (E) if kg € BE and limgio Fk[ (E + iE) = Fk[ (E) if kg € BE,
e) limg o'k, (E —ie) = Iy, (F) — 20(E if kg € B, where CONE) denotes the integral operator
U ‘ ‘ k¢ E ky
with kernel

ip(ke,E)|z1—y1| |
¢ el<keﬁxe*w>

(B 5 v) =
Ckg ( ) X, y) . ﬂW(X)W(Y) _1p(ké, E) ’
the limits in (d) and (e) being taken in the Hilbert-Schmidt norm sense.

The proof of this lemma being quite tedious, it is postponed to Appendix A in Section A.
The operator Ay, (E + ie)Pg, being normal from (2.14)-(2.15) and (2.17), with spectrum equal to
{0, Ax,(E +ig)}, it 2follows readily from (2.16) and Lemma 2.2(c) that:

o(Ty, (E +ie)) € 2B(0,¢) U B(Ay, (E +i¢),¢), ke € Bg, E € (0,Es), € €R. (2.19)
Moreover 'y, (E) being selfadjoint for k, € B by Lemma 2.2(b), then (2.19) yields:

0Tk, (E)) C [—¢,+c] U [Ax, (E) — ¢, Ak, (E) + ], ke € Bf, E € (0, E;). (2.20)

2.3 Spectral properties

Since I'g, (E + i) is compact for every ky € Bg by Lemma 2.2(a), its spectrum o(I'y, (F + i€)) consists
of at most a countable number of eigenvalues with finite multiplicity possibly excepting zero. In
what follows we denote by A; (ke, E + ie), A2(ke, E + ig), ... these nonzero eigenvalues arranged in non
increasing order of magnitude

|)‘1(k27E+1€)| > |>\2(k€7E+1€)| g <

and call Py (ke, E + i), Pa(ke, E + i), . .. the associated eigenprojections.
Fix s > sg, where s := 3 + /5. For all g € (0,57 'c™!), we then introduce Q,(F), the layer invariant
by rotation cited in Theorem 1.1, that is defined by

Qy(E) := {k¢ € B, p1(ke, E) € (4-9,9+9)}, (2:21)
with 4 _q
0-=q-(s) = ——F and g+ = q:(s) := =5, (2.22)

and then state the following

Proposition 2.1. Let E and W be as in Theorem 1.1 and let g € (0,57 c™1) where s > sg is fized.
Then there exists €9 = €0(g) > 0 such that for all € € (—e9,€0), we have:

(a) If ke € BE\Qy(E) then 1 € p(gl'k, (E +ie)) and ||(1 — gk, (E +ie)) || < 2s(s — 1);
(b) If ke € Qy(E) then:

2We use the following result (see e.g. [16][Problem V-4.8]): Let T be normal and A € B(H), where H is an Hilbert
space. Let d(¢) = dist(¢, o(T")). Then d(¢) > ||Al| implies ¢ € p(T'+ A) and [|(T'+ A — O~ < 1/(d(C) — |IA]).
3For all zgp € C and r > 0, B(z0,7) denotes the closure of the ball B(zg,r) = {z € C, |z — 20| < r}.



(i) A\ (ke, E+1ic) € B(Ax,(E +ig),c), and is a simple eigenvalue;
(i) \j(ke, E +ie) € B(0,¢) for all j > 2;
(i4i) B(0,c) N B(Ay,(E +ie),c) = 0.
Moreover it holds true that:
(c) Fghi(ke, E) > F1+1/(s(s — 1)) if ke € B, is such that Fpr(ke, E) < Fqig.
Proof. (a) Every k, € Bg\,(FE) satisfying one of the three following inequalities |k¢|*> — E > ¢2 ¢°,
|E — |k¢|?| < ¢2g? or E—|k¢|* > ¢2 g°, we treat each corresponding case separately. If [k¢|? — E > ¢2 g°

it holds true that |p(ke, B +ie)| = ((|ke|? — E)? + %)% > ¢, g, whence g|Ay,(F+ie)| < (s —2)/(s—1)
for every € € R, by using (2.17). As a consequence we have

1
dist(1, o(gAk, (E +ie)Px,)) > 1 ko € Bf, s.t. pr(ke, E) > g9, € €R. (2.23)

Similarly for |E — |[k¢|?| < ¢ g? we get |p(ke, E +i¢)| < (g% g* + £%)'/* for each £ € R. Since ¢_ < s/
(s +1+v)B where v :=1/(2(s — 1)), it is true that |p(ke, E +i€)| < s/(s+ 1 + v)gB, and hence that
glAk, (E +ig)| > 1+ (1 +v)/s, provided |e| < & := g>((s/(s + 1+ v))*B* — ¢*)"/2. As a consequence

we have
1+v

dist(1, o (g, (E + ie) B,)) > B = ke’ < g2 g% € € (=£,8). (2.24)

Last, in the case where E — |ky|?> > ¢% g2, we see for every e € R that |p(ks, E + ic)| > ¢_g and
Ipr(ke, E+ie)| < (Je]/2)"/?, according to (2.8). From this, (2.17) and the identity |Re (Ay,(E +i¢)) | =
Blpr(ke, E+ie)|/|p(ke, E+ie)|2 then follows that g|Re (Ax, (E +i¢)) | < gB8le|'?/(¢* ¢%) < (s—1—v)/s
provided || < € := ¢?872¢* ((s — 1 — v)/s)?. This immediately entails

1
+V,E

dist(1, o(gAk,(E + ie)Px,)) > — |ke|? > 2 g%, e € (—4,8). (2.25)

Now gAy, (E+ie) Pk, being normal, with g[|Cy, (£ +ie)|| g3 < 1/s from Lemma 2.2(c), we may deduce
from (2.23)-(2.25) that 1 € p(¢9k, (E+ie)) and [|(1 — gLy, (E+ie)) g < 2s(s—1) if || < min(E, &).
(b) For all (kg,e) € Q,(E) x R it holds true that |p(ke, E +i¢)| = (([ke|? — B)? +e%)V/* < g g+ |e|'/2.
This, combined with (2.17), (2.22), and the fact that g € (0,1/(sc)) with s > s, yields

9 — 1 2
Ak, (E +ie)| > r = S(;_l)c>4c, ke € Qy(E), || < &:=¢> <—g) , (2.26)

by direct computations, and proves (iii). Further, we fix ro € (2¢,7/2) and consider the circle C,, =
Cro(ke, B, €) := {Ax,(E +ie) + rpel?, 0 € [0,27)}, so that we have
dist(Cry, o(Ak, (E +i€)Py,)) > 1o, ke € Qy(E), € € (—¢,8). (2.27)
As rg > ¢, we deduce from (2.27) and Lemma 2.2(c) that C,, C p(Tk,(E + ig)), with
1

[(z =Tk, (E+ ig))_lHB(H) < — z €Cry, ke € ﬁg(E), g € (—¢,8). (2.28)

This together with (2.27) involves

1 1
— / (T, (E +ie) — 2)"tdz — — (Ax,(E 4 i) Py, — 2)"'dz
2T Je 2im Jo
"o o B(L2(R?))
1 . _ . . _
< 5 [(Cx, (E + ie) — 2) ' Cu, (E + ie) (Ak, (E + ie) P, — 2) ' |g0yds
< - <1, ke € Qu(E), € € (—¢,8). (2.29)



Since Ak, (E + ie) is the only eigenvalue of Ay, (F + ie) Py, lying in the circle C,,, and that it is non
degenerate, (2.29) then entails (see [16][Theorem 1.6.32])

1 —
dim rank (E/ Tk, (E +ig) — z)ldz> =1, ki € Qy(E), € € (—¢,¢).
Cro

Therefore A1 (£ + ie) is simple, and it is the only eigenvalue of 'k, (E +i¢) lying in the disk B(Ay,(E +
i€),19). Evidently (i) and (ii) follow from this, (2.19), and the imbedding B(Ak,(E+ie), ¢) C B(Ak,(E+
iE), 7“0).

(c) For every k, € B, we have p(ke, E) = ip;(k¢, E), whence +gA(ke, E) < £1+1/(s — 1) from (2.22)
and the assumption Fps(ke, F) > Fq1g. Bearing in mind Lemma 2.2(c), the result follows immediately

from this, (2.14)-(2.17), and the minimax principle, since I'g, (E) is selfadjoint in H for every k, € B},
by Lemma 2.2(b). O

Remark 2.2. Notice that Proposition 2.1(a),(c) actually hold true for every s > 2;
Bearing in mind that ge < 1, Proposition 2.1(a),(b) immediately entails the
Corollary 2.1. Under the assumptions of Proposition 2.1, the following equivalence holds true:

(1€o(gl'x, (E)), ke € Bg) <= (ke € Q4(F) and ghi(ke, E) =1).

2.4 Analyticity results

Fix (ng,n3) € Z? and K, = Zj:2 4njb; € L+, For the purpose in hand we need to extend analytically

the function k, — |ky + Ky|?, defined in B (interior of B), into B +iR2. For every (tj r,tj1) € (—1/
2,1/2) xR, j = 2,3, we thus define ke, p 1= 3, _» 5 t;,rbj and ke := 3, _, 5t 1b;, in such a way that

fic, (ko) = (ke +Ko)> = Y ((ti,r +ny)* = 651 + 20(tm + ny)t; 1) [by ], (2.30)
j=2,3
is an analytic function in k; := kg + ike s € B+ iR2. Therefore, (ke, z) — z — fk,(k¢) is analytic in
(B+iR?) x C. Further, bearing in mind that [k z|? = Y jmastirlbil? < lker + K> =30, 5 4(tjr+
n;)%|b;|? for every k¢ g € B, and noticing that
Re (2 — fx, (ko)) = Re (2) = ([ke.rl” = [ket|?) = Re(2) = Y ((tj.r +m5)* — 3 )bs[%,
j=2,3
we introduce the set
D= {(k¢,2) € (B+iR?) x C, [kyr|> > Re(2) + ke |?}.

Then, the mapping ¢ — /¢ being holomorphic on {¢ € C, Re(¢) < 0}, (k¢, 2) — plke + Ky, 2) :=
V7 — fk,(k¢) is non vanishing and analytic in D for every K, € L. As a consequence (ky,2)
kot K, (X, Y, 2) = %ei<kf+Kf’xf_YE> is thus holomorphic in D for every K, € £+ and
every (x,y) € (R x 8)2. Moreover, since |k, k,(X,y,2)| < e Pr&etKe2)lzi=ul/n (k, 4 Ky, 2) from
(2.3)-(2.4), with, due to (2.8),
1/2
pr(ke + Ky, 2) = Tm (p(ke + Kp,2)) 2 | Y (Ing| = 1/2)°b; | = [Re(2) ||,
j=2,3

for each K¢y = 37, _,3m;b; € L1 such that (n2,n3) € (Z*)?, we deduce from (1.13)-(1.15) that
(ke, 2) = Yk, (2,%,y) is analytic in D for every (x,y) € (R x §). This entails the
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Lemma 2.3. If two out of the three variables (ko, ks, z) € D are fized then I'x,(z) is a Kato analytic
family of type (A) in the remaining variable.

In Lemma 2.3 we used the obvious notation ky = (ka, k3)T e C?.

Lemma 2.4. Let I, g and € be as in Proposition 2.1. Then (k¢ €) — Ai(ke, E + i) and (ke,e) —
Py (k¢, E +i€) are real analytic in Qg(E) x (—¢€o,€0), and continuous in Qq(E) x [—¢eo, €0].

Proof. For all € € (0,min(E, Es — E,q%g%)) we consider the set Qg(FE,¢€) (resp. Q4(E,€)) of pairs
(k¢, z) in the Cartesian product of B +iR2? and (E —€¢,E +¢€) +i(—ep,ep), satisfying the condition
29® < |kerl® — kesl? — E < ¢3g° (vesp. ¢2g° < |ker|® — [kei|* — E < ¢3¢°%). It is clear that
Q,(E,e) C D since ke r|? — |ke1|?> > E+¢%g? > E+ ¢ > Re(z) for each (k¢, 2) € Q,(E,€). Further
A1 (kg, ) being simple for every (k¢, z) € Q4(F, €) by Proposition 2.1(b)(i), we may deduce from Lemma
2.3 that \; is analytic in each variable ko, k3 or z separately, when the two other complex variables are
fixed. Separate analyticity implies joint analyticity by Hartogs’ theorem (see e.g. [15][Theorem 2.2.8])
and (kg,z) — Ai(ke, 2) is thus analytic in Q4(E,€). Similarly, the continuity of (k¢,z) — A1 (ke, 2)
in Q,(E, €) follows from Proposition 2.1(b)(i) and [16][Chap. 11-§5.7]. The case of P is treated in a
similar way. Indeed, arguing as before, we see that P; is an analytic function in each variable ko, k3
or z separately, when the two other variables are fixed, whence (ky, z) — Pj(ky, z) is weakly analytic
on Q4(E,€e) by Hartogs’ theorem. Since any weakly analytic vector-valued function on Q4(FE,¢€) is
extendable to an analytic function in the usual sense in a neighborhood of Q4(FE,€) according to
[19][Proposition 7.6], the proof is now complete. O

3 On the invertibility of 1 — gI'y,(E), k, € Bg
3.1 The equation g\ (k,, F) — 1 = 0: proof of Theorem 1.1
In light of Corollary 2.1, we are left with the task of studying the set
C,(E) = {ki € 2, (E), ghi(ke, E)—1=0}. (3.1)
To this purpose we start by describing the behavior of Ay (k¢, F) w.r.t. k.

Proposition 3.1. Let E, W, s and g be as in Proposition 2.1. Then the mappings k¢ — M(ke, E)
and k¢ — Py (k¢, E) are both continuous in Qg4(E), and real analytic in Qg4(E). Moreover there are two
constants go = go(0,s, W) > 0 and s = »(d,s, W) > 0, such that we have

>

§=2,3

oA
SR 2 > 0. ki € 9(E). E€ (0.5, g€ (0.0
J

The proof of Proposition 3.1 being rather technical and lengthy, it is postponed to §3.2 below. Armed
with Proposition 3.1 we may now complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let us first show that C,(E) # ). To see this we consider any continuous
curve C in BE joining two points k}t belonging to each of the two connex components of the boundary
0Q4(E). Since k¢ — Ai(ke, E) is continuous in C from the first part of Proposition 3.1, then the
intermediate value theorem combined with Proposition 2.1(c) entails that there is at least one k, €
C N Q,(E) satistying A\ (k;, E) = 1. Hence k; € Cy(E).

Next, k; +— Ai(ke, E) being a real analytic submersion from Q,4(E) into R, according to Proposition
3.1, the closed set C4(E) is thus necessarily a real analytic submanifold with no endpoint. In other
words, Cg4(E) is a closed, regular, analytic curve in Q4 (E).

11



Further, if C,(E) were homotopic to a point in Q4(E), then the mapping ky — A1 (ke, E) would admit
an extremum in the compact set A,(E) enclosed by C4(E), and its gradient would thus vanish in at
least one point of Ay(E). This claim being in contradiction to Proposition 3.1, C4(E) is thus not
homotopic to a point in 4(E). This completes the proof.

3.2 Proof of Proposition 3.1
Since k¢ — A1 (ke, E) is analytic in Q4(F) by Lemma 2.4, we have

o\ 0 .
N, ) = / Ve (v, B ()i (y)dxdy, ke € Q,(E), j = 2,3,
ij (RxS)2 8/@

from the Feynman-Hellmann formula, where ¢; = v (k¢, E) denotes a H-normalized and real valued
eigenfunction of 'y, (E) associated to Ai(k¢, F). From this and (2.4)-(2.8) then follows that

oM / ki + K;
—(ke, E) = -— W(x)W ——— —(pke + K¢, FE — +1
8kj( 0, ) (RXS)25 x)W(y) KZL ke +K4,E)3(p( ¢+ K¢, E)|zy —y1| +1)
eEL
xefp(keJeryEHIl*yl\ei(szrKeyxz*YZ)wl (x)11 (y)dxdy, (3.2)

for all k; € Q4(F) and j = 2, 3, where we used the identity

G_P(krf‘KbE”Zl—yl‘ (ko +K %o —ye)
L OO ) e e (9 )y
K[ELJ‘ X ’

= (D, (E)1, mi001)n — (Y91, Di, (E)h1) 3 = 0.

The strategy consists of splitting the sum in the r.h.s. of (3.2) into two parts, Sy and S,, corresponding
respectively to K, = 0 and Ky # 0. We shall treat Sy and S, separately.

Let us start dealing with S.. First, by performing the change of variable v = y; — z; in the following
integral, we notice for m = 0,1, and a.e. y; € R, that

/ o1 — yr|"e PRl (0 30y (21, x0)day = (frn * W (L x0)01 (-, %0)) (41)
R

where fi,(u) = |u[me PketKeB)lul 1y R Since f,,, € LY(R) with || fin 1) = 2p(ke + K¢, E) =™+,
this yields

and hence

< 2UWCxe) ey l191 o xe) |z )
- p(ke + Ky, E)m+1 ’

/ |.T1 _ yl|mefp(kz+szE)|I1*y1\W(X)Q/Jl (X)dxl
R

L2(R)

‘/]RZ w1 — yy| e PO TR BN =nlyy ()W ()b (x)2)1 (y) darrdys

2
pke+ K¢, E

GE W (., x0)[|Lee @) IW (-, yo) llnee ) 1901 (5 Xe) |2 @) 1901 (5 o) L2 ry -

Thus, by integrating the above inequality w.r.t. x, and y, over S and using the normalization condition
l1]]% =1, we find out that

/ |1 — g Mo PRFRERI W () W (y )by (x)ahr (y)e! (e Rexe Y0 dxdy
(RxS)?

2 2
plke + Ky, E)m+1 ||W||L°¢(R7L2(s)).

(3.3)
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Further, since |k; + K| < (p(k; + Ky, E)2 + E)Y/2 < p(k,+ Ky, E) + EY/? for all K, € £+, E € (0, Es)
and j = 2,3, it follows from (3.3) and Lemma 2.1 that

18] < 46(as(0) + @a(§) B ) IW e () = 046, W), (3.9

We turn now to estimating Sp, which is brought into the form

k; .
f— J W (x)W i(ke,xe—ye) dxd
0 Bp(klaE>3 </(RX$)2 )W (y)r(z1,y1)e Y1 (x)¢1 (y)dxdy
_/ W ()W (y)e! ey (x)o1 (y)dxdy | (3.5)
(RxS8)?
where
k(xy,y1) =1 — e PReBloi—ul (e, B)|z) — gy |ePkeB)lzi—unl, (3.6)
Bearing in mind (2.2) and (2.15), we may express the second term in the r.h.s. of (3.5) as
/ W)W (y)e!®exe =y (x)n (y)dxdy = [{gu,,11)[*. (3.7)
(RxS)?
The benefits of (3.7) is the following lower estimate:
4(s— 1)\ 2
>(1- ke € Q,(F). .
ol 2 (1-30=3))  keeny(®) (3.5

Indeed, we know from (2.29) that the spectral projection P; = (.,11)v1 satisfies ||P1 — Py, ||p) < ¢/
(ro —¢) for any ky € Q4(F) and rg € (2¢,r/2), with r = s(s — 2)/(s — 1)c. Taking ro = ¢+ r/4 we
obtain

[1P1 = Pie, || <

4(8: D ca,m). (3.9)

s(s —2)
MOI‘GOVGI‘, since |<90k(7’¢}1>|2 = <1/}1790kz><50k27’¢}1> - <1/}15Pk11/}1> =1+ <’l/)17 (Pki, - Pl)w1>a we get that
{1, ¥1)|? > 1 — || P, — P1|B(3), which, together with (3.9), entails (3.8).

Let us now study the first term in the r.h.s. of (3.5). Taking into account that 1 —e™™ € [0, u] for every
u >0, we get that |k(x1,91)| < p(ke, E)(|z1| + |y1]) for all (x1,y1) € R?, and hence

/( o WO (o, ) 0 () )y
RxS)2

according to (2.2). Finally, putting (3.2), (3.4)-(3.7) and (3.10) together, we find out that

N k; k)]
—(k¢, B — 2 <2p——L—||W (6, W
'akj ( £ ) + ﬂp(ke,E)3 |<5071/)1>| = ﬂp(kg,E)Q || ”7‘[1 +o ( ) )7
for all k, € Qg4(F). This, combined with (2.21)-(2.22) and (3.8), yields
2! LA
S B) = Eon(s,W,9) - 0.0.1), ke € 9, (E),
where 5 )
_ -2 4(s —1) s
W,g) =871 (2 1- —2 Wls,9- 3.11
oo Wg)i= 57 (223) (1= 202 o (20} W g (3.11)
As a consequence we have 2?22 ‘gi; (kg,E)‘ > B Ykelg300(s, W, g) — 20.(6,W). So, for all k, €
Q,(E), we have Z?:z ‘gz; (kg,E)‘ > Sglg*QUO(s, W, g) — 20.(0, W) since |k¢| > g_g > ((s —1)/s)Bg

according to (2.21)-(2.22). This and (3.11) entails Proposition 3.1.
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4 Characterization of the guided states: proofs of Theorem 1.2

We proceed with a succession of six lemmas, the first five listed leading to the conclusion of Theorem
1.2, while the last one involves Corollary 1.1.

4.1 Quasi-momentum k, associated to guided states

We first collect the following preliminary result that will be needed in the proof of Lemma 4.2.

Lemma 4.1. Let E, g and W be as in Theorem 1.1. Then any guided state u with energy E, associated
to k¢ € Bg, verifies u = gRy(ke, E £10)W?2u and, consequently, Wu # 0.

Proof. The guided state u being solution to the equation (Ho (k) — (E % ig))u = (gW?2 Fie)u for every
e € Ry, we have
u = gRo(ke, E & ie)W?u FicRo(ke, E £ ic)u, € > 0. (4.12)

If k, € B} we obtain the desired result directly from Proposition B.1 (a) and (b), by taking the
limit in (4.12) as € | 0. Doing the same for k, € By after noticing that W?2u € Hs., we find that
u=gRo(E +i0)u in H_3_, weakly. Further, u being in H, the equality holds true in H and the proof
is complete. O

Notice from Proposition B.1 that Lemma 4.1 simply reads u = gRo(ke, E)u for k, € B},
Armed with Lemma 4.1 we may now characterize the quasi-momenta corresponding to actual guided
states.

Lemma 4.2. Let E, g and W be the same as in Theorem 1.1, and assume that there exists a guided
state with energy E associated to kg € B. Then we have either k, € C4(E) or |ko| = E'/2.

Proof. Let u denote a guided state associated to ky € Bg. Then v = Wu is solution to the equation
(1 —gT,(E +i0))v =0, (4.13)

according to (1.13) and Lemma 4.1. From this and the first part of Lemma 2.2(d) then follows that
(1 — gI'w,(E))v = 0 if k, € Bf. Similarly, putting (4. 13) and the second claim of Lemma 2.2 (d)

together with Lemma 2.2 (e) for ky € By, we see that C Jp =0 as Ik, (E +i0)v = Tk, (E — i0)v, and
hence that (1 — gI'k,(E))v = 0. Since v € H\{0} by Lemma 4.1, we thus have 1 € o(¢T',(E)), and the
result follows directly from this and Corollary 2.1. |

4.2 Existence and decay properties of the guided states
In light of Lemma 4.2 we examine separately the two cases k; € C4(E) and k¢ € B\Bg.

4.2.1 Guided states associated to k; € C,(E)
The case of ky € C4(E) is treated by the following:

Lemma 4.3. Let E, g and W be as in Theorem 1.1. Then for all k; € C4(E) there exists at least one
guided state with energy E associated to ky. Moreover it belongs to NyenHom

Proof. Let k; € Cy(E). The spectrum of I'y, (E) being pure point by Lemma 2.2(a), it follows from the
very definition of C4(E) that there exists v € H\{0} satistying (1—g¢T'k,(E))v = 0. This entails that v =
gW Ry(ke, E)Ww according to (1.13) and Proposition B.1, and shows that Ro(ke, E)Wwv # 0. Further,
by left multiplying the preceeding equality by W, we deduce from (1.13) that (1—gW?Ro(k¢, E))Wv =
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0. From this and the obvious identity (H (k¢) — E)Ro(ke, E)Wv = (1—gW?2Ro(ke, E))Wwv then follows
that
(H(ke) — E)Ro(k¢e, E)YWov = 0.

Hence Ro(k¢, E)Wwo is a guided state with energy E associated to kg, which proves the first part of the
result.

To show the second part of the statement, we consider a guided state u € H,, 7 > 0, associated to k; €
C4(E). Since u is solution to the equation v = gRo(ke, E)W?u by Lemma 4.1, and f = W?u € Hazycrr
according to (1.17), we deduce from Lemma B.2 that u = gRo(ke, E)f € H23 (R x S), where we
used the notation H>? (R x S) := H2(R x S, (1 4 23)?/2dx) for o € R. Any guided state associated to
k, and taken in H, thus belongs to Hsycy-. From this and the fact that u € H = Hg then follows that
u € H, for any v > 0. This terminates the proof. O

4.2.2 Guided states associated to k, € B\Bg

We now examine the case where |ky|?> = E. We first establish two lemmas, both refering to the notations
introduced in §B.1, and then derive the claim of Theorem 1.2 in this particular case.

Lemma 4.4. Let E, g and W be the same as_in_ in Theorem 1. 1 Then any guided state uw € H,, 7 > 0,
with energy . E and associated to kg, verifies W2y (0,ky) = (VV2 )'(0,k¢) = 0. Moreover the mapping
E— & 2W2y (¢, k) belongs to HTTT(R) N LL _(R).

loc

Proof. The guided state u being solution to the equation (Ho(ke) — E)u = gW?2u, we get that
W2u(é,ke) = g~ €%a(E, ke), ae. € €R, (4.14)

directly from (B.46). Further, V/[}\Q/u(.,kg) € H3+<+t7(R), since this is the Fourier transform over R,
according to (B.44)-(B.45), of the L**T¢F7(R)-function a1 — (W?u)(21,.), ¢(ke))12(s). Hence we

have %(.,ke) € C(R) and consequently

W2u(E, ko) = W2u(0,ke) + E(W2u) (0, ke) + EGe, (€), € €R, (4.15)

for some (x, € C°(R) satisfying limg_,0 Ck, () = 0. From (4.14), the square integrability of a(., k) over
R, and the continuity of £ — W2u (£, k¢) at 0 then follows that

W2 (Okg_hm—/ W 2u( gkgdg_glhi% / £20(¢,ky)dé = 0.

This and (4.15) immediately yield

— h
(P20 (0.k) =~ im 5 [ (€l + G €)= 0

Finally the last part of the claim is obtained from the two above identities by applying [7][Corollary
3.1] (see also [1][Lemma B.2]) to W2u(., ky). O

Lemma 4.5. Assume that E, g and W are the same as in Theorem 1.1. Then every guided state
u € H-, 7 >0, with energy E associated to kg verifies:

u = gRo(ke, E+i0)W?u € Hijerr
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Proof. Let us first prove that u = gRg(ke, E i0)W?2u. With reference to (4.12) (which still holds true
for |k¢|? = E) and Proposition B.1(b), it is enough to show that lim. o Ro(ke, E & ic)W?u exists in the
weak topology of H. In view of (B.48) this can be achieved by establishing for every v € H that

2 2 2 _
S0 o IR +|ke+Kz| —FEFie &+ |ke+ K

Actually, due to (2.4) and (B.47), only the case k; = 0 has to be examined. This can be done by
noticing that

€. R
ZESE e g | veteh
and then invoking the second statement of Lemma 4.4 in order to apply the dominated convergence
theorem to the integral [;((&* Fie)™! — &2 YWV 2u(€, ke )B(E, ke )dE.

The second part of the proof involves showing that Ro(ke, E + 10)W2u € Hiterr- To do that we
decompose w = W2u into the sum w = w; + ws, where w; verifies

W2u(e. k) W2u(& k)| |ﬁﬂ(§,ke)

(. ke) = w(., ko) = W2u(., k) and @1 (., ke + K¢) =0, K, € £2\{0}.

Arguing as in the first part of the proof, we find that lim. g Ro(ke, E £ ic)w1 = Ro(ke, E £ i10)wy =
Ro(ke, E)w; in H weakly, with, according to (B.44)-(B.45),

1 L W€, k
(Ro ke, B £ 10)w) (@1, %0) = oirsrirs (/Relgm#(g) T

Since 1 — [ eifwlf_Qﬁ_/\Q/u(E,kg)d«E € L2 (R) from the second claim of Lemma 4.4, we de-
duce from the above identity that Ro(ke, E 4+ i0)w; € Hitetrr. To prove that Ro(ke, E £ i0)wy =
Ro(ke, E)ws € Hiqerr, we notice from (2.4) that

E+k+K>—E>&+06E5 >c(+1), £€R, Ky € L5\{0},

where ¢ = min(1, §E5) > 0, then we refer to (B.46)-(B.47) and find that

lwall3, = [I(Ho(ke) — E)Ro(ke, E)wsll3
W2u(€, ke + Ky) |2
D S R e e ey =
K,c2T\ (0} 2+ ke + K> —F)
> A=A+ 1)Ro(ke, B)ws|l3,-
Henceforth we have
| Ro(ke, E)wsli2rxs) < llwalln < &l|Wully, (4.16)

for some constant ¢ > 0 independent of u, according to (B.47). Further, W2u being in Hzycir, we
have W2u(.,k,) € H3*<F7(R), whence

1

S — i€217172y, i(ke,x0)
(2m)1/2[S[1/2 (/Re w u(f,ke)d€> e € Hatetr,

w1 (1'1; Xl) =

and consequently wy = W?2u — wy € Hsyeyr. Finally, arguing as in the proof of Lemma B.2 and using
(4.16), we obtain that Ro(ke, E)ws € Hayetr- O

Any guided state u being in H, the claim of Theorem 1.2 follows by successively applying Lemma 4.5
to u.
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4.3 Proof of Corollary 1.1

We now establish the coming lemma, which, together with Theorem 1.2, entails Corollary 1.1.

Lemma 4.6. Let E and W be the same as in Corollary 1.1. Then for every ky; € B such that
lk¢| = EY/2, we have ker(H (k;) — E) = {0}.

Proof. Let uw € D(H(ky)) = D(Ho(ke)) be solution to the eigenvalue equation
H(kp)u = (A — gW?u = Eu. (4.17)

With reference to (B.44), the set {¢(ke+K¢)}k,eoo is an orthonormal basis of L?(S), so u decomposes
as

:L'l,Xg Z uk[JrK[ :L'1 (ke JrKg;Xg), (4.18)
K,eLt

where ux, 1k, (1) fs 21, %) (ke + Kp; x¢)dxe. From this and (4.17) then follows that

—uﬁlJrK[ (.T1) + (|kg + I<g|2 — E)ukHKe (,7:1) — g(W2u)k€+Ke (,7:1) =0, 1 €R, Ky € ct. (4.19)

Further we have W2(z1,%) = EK'eLL( )k, (21)p(Kp;x¢) for ace. (21,%,) € R x S, from where we
get that

(W2 u)iepsxc, (1) = / W (a1, %) (e, xe) (e + Ko xe)dxc
S

= Z (WQ)K2($1)/’u(l‘l,X@)(p(Kz;Xg)(p(kg-i—Kg;Xg)ng

KjcLt S

= [SI7V2 > (WK (21 )ui,+k, -k, (1), (4.20)
K eL+

by using the fact that p(K})o(k, +Kp) = |S|72p(k, + K, — K}). From (4.20) then follows for a.e.
z1 € R that

1/2 1/2

Yo WPk, (@) | <ISITVEL DD W)k, (a)] Y luerk, (@)

K,eLt KieLt K,eLt

In light of (ii) we may deduce from this that there is a constant ¢(W,S) > 0, depending only on W and
|S|, such that

Yo W Pu)igrk IEem < W87 D Jukri IEa)- (4.21)
K[Ellj‘ K[Ellj‘

This boils down to the fact that

|8|1/2

WHU — AW || rxs), 21 €R, Ky € LT,

W)k, ()] <

where Ay denotes the Laplace operator w.r.t. to xy, as can be seen by noticing that Ayp(K,) =
—|K¢[?p(Ky), and integrating by parts in the following integral:

(W), (z1) = /SW(%,X@)QWU — Ap)2p(Ky; x¢)day
W /;;mﬂ = A WA, x)dxy.
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Further, for all K, € £+ it follows from (i) that (W?)k, (z1) = [¢ W (21,%¢)?0(Kg; x¢)dx, = 0 for a.e.
x1 € I, which, together with (4.20), entails (W?u)x,+x,(z1) = 0. In light of (4.19) for K, = 0, this
yields —uy (1) = 0 for a.e. @1 € I, hence u,(v1) = 0 since uk, is square integrable in I, and finally

uk,(x1) =0, a.e. 1 € R. (4.22)

by applying Cauchy’s theorem.

The next step of the proof involves multiplying (4.19) by uk,+xk,(z1) for each K, € £+, integrating the
result w.r.t. 1 over R, and then performing an integration by parts in the first integral in the Lh.s. of
the obtained equality. We find that

e, +x¢, IP2r) + (ke + Kel* — E)|Jus 1k, 72 () — (W01, 1K, )12 @) = 0, VK, € L*

Summing up the above identity over K, € £1\{0}, we deduce from (2.4) and (4.21)-(4.22) that

S (ke o) + (0Fs — g, 8)) un s, [Ba(s) ) < 0.
K,eL£+\{0}

As a consequence we have uy, 1k, = 0 in L2(R) for every K, € £+\{0}, provided g € (0,0Es/c(W,S)).
From this, (4.18) and (4.22) then follows that u = 0, which proves the result. O

A Appendix A: Proof of Lemma 2.2

We prove the statements (a), (b) and (c¢) of Lemma 2.2 successively, the claims (d) and (e) being treated
simultaneously.

(a) Fix € in R. We first prove the result for Ty, (E + i) and k, € B}, the cases of k; € By and
Cx,(F + i) being treated in a similar way. To do that we refer to (2.4)-(2.5), and write

|, (x,y, E + ie)|? = BQW(X)QW(y)QQ(,Z (x,y, FE + ig), (A.23)
where
el(P(ke+Ky, E+ie)—p(ke+Kj, E+ie)) [x1—y1|

Ck (X;ya E+ 15) = - ' e‘<K€_K27xti—}’e>- (A24)
¢ K, K,eLt pke + K¢, E+ie)pk, + K, E +ic)

In light of (2.12)-(2.13), and since p;(k¢ + K¢, E) > 0 for every (ko, K¢) € BE x £+ from (2.8), the
. o~ (Pr(kp+ Ky, Etic)+pr(kp+Kj, Etie))|zr —y1 | . .
series ZKZ’K%GCL b1 (ke 7K, EFi)pr (ky +K EFie) converges for every 1 # y; in R, hence the series

in the r.h.s. of (A.24) is normally convergent on § x S. Bearing in mind that

/ei<Kf*K21’w dx, = |S|6(K¢, K}), K¢, K) € £F, (A.25)
S

this entails
e—2p1(ke+Ky, E+tie)|z1—y1]

Ip(ke + Ky, E + i€)|?

| Gy Bt ipdxdye = ISP 3 ISP L), (A26)
SxS

K,eLt

Further, we have (x,(x,y, F +ic) € Ry for all x,y € R x S, from (A.23), hence

/S s e, (%, 3, B + ie) Pdxedye < B2ISPW (21, ) [Foe () W (01, e () S (@1, 91), (A.27)
X
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for each 21 # y; in R, by (A.26). Moreover the mapping y1 — fo(21,y1) is integrable on R for every
z1 in R, with

1
c(z1,91)dy1 < — = a3(d, €), A28
/]Rf (1'1 yl) Y1 KEL p](kg-i-Kg,E—f—lE)s 043( 5) ( )
£

the series in the r.h.s. of (A.28) being convergent according to (2.13) and Lemma 2.1. Henceforth
Je IW (W1, ) 5y f= (@1, y1)dyr < (W[ < sy @3(d, €) for all 21 € R, whence

/]R ® ||W(z1,.)|\%w(s)|\W(y1,.)H%w(s)fg(zl,yl)dscldyl < HWH%OO(]RXS)|‘WH%2(R,L°°(S))O‘3(575)'
X
From this and (A.27) then follows that
/(R 5 e, (%, 5, B + i) Pdxdy < B2SP[WIIEa (g 1 () IV [ x5y @3(6, €), (A.29)
X 2

by the Tonelli-Fubini theorem.
(b) The second part of the result boils down to the fact that

Vi, (X, Y, E +i¢) = Y, (v, %, E — ie), (kp,e) € (By x R\ )U(BE xR), x,y e Rx S,

as p(ky + Ky, E + i) = —p(ky + Ky, E — i¢) for every K, € £+ by (2.5) and (2.8)-(2.9).
(c) In light of (2.7) and (2.18), ck,(x,y, E + ic) decomposes into the sum

ok, (x,y, B +1ie) == Z cf(jg)(x,y,E + ie), (A.30)
j=1,2
h
where " elp(ke, Et+ie)|zi—y1| _ ik ve) A
E +ie) := Hexemye 31
cke (Xaya + 15) ﬂW(X)W(y> —ip(kg, E + 1&_) € ) ( 3 )
and

elp(ke+ Ky, Etie)|z1—y1 |

“ip(ke + Ko, E + ie)

cl(i) (x,y,E +ie) := W (x)W(y) Z oi(ke+Ke,xi—yo) (A.32)

KoeL£L+-\{0}
Let Cl(j[ ) (E +ig), j = 1,2, denote the integral operator with kernel cl(i) (x,y, E +ie). We shall compute
the Hilbert-Schmidt norm of each Cl((]g ) (E +ig), j = 1,2, successively. First, we have

5 |eiP(k£7E+i5)\$1—y1| _ 1|2
Ip(ke, E 4 ie)|?

|C§<Ig)(xvva+iE)|2 = BPW (x)*W(y) , X,y ER xS,

by (A.31), whence |cf(1[) (x,y, E+ie)|? < B2W (x)?W (y)?|z1 —y1|? from (2.8) together with the inequality
|e* —1| < |z|, which holds true for all complex number z such that Re (z) < 0. This entails |c§(1€) (x,y,E+
ie)|? < 28°W (x)*W (y)? (23 + y?) for all x and y in R x S, and hence
| ey B i) axdy < 48w, (A3)
(RxS8)?

by recalling (2.2). Further, arguing in the same way as in the derivation of (A.29), we deduce from
(A.32) that

2 .
/(R 5 el (x, 5, E + ie) Pdxdy < B2(SP[W 122z 1 ) W 2o sy 3(6),
X 2
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where a3(9) is the constant defined in Lemma 2.1. Now (c) follows from this, (A.30) and (A.33).
(d) & (e) In light of (A.31) we may write for every ky € Bg and € € R,

e (x,y, E + i) — ) (x,y, E)? = B2W (x)?W (y)?¢) (x,y, E +ie), x,y €eRx S, (A.34)
with, due to (A.25),
/ Gy Erie)dxedy, =[S Y Jdi ik, (21,41, B + i), (A.35)
s2 K.e£1\{0}

where we have set for each K, € £\ {0},
elp(ket+Ke, Etie)[zi—y1]  o—pr(ke+Ke, E)|z1—y1]

—ip(ke + K¢, E+1ie)  pr(ke + Ky, E)

dic,+K, (21,91, E + ie) = (A.36)

Let us decompose dx,+x,(21,y1, F + ig) into the sum 2?21 dg)JrK[ (1,91, F + i), with

e~ Pr(ke+Ky, E+ic) |z —y1| (eipR(ke-‘rKe,E-HE)\m—yﬂ —1)

ay E+i =
ko+Kg (:Cla Y1, + 15) 71p(kl ¥ I{[7 E ¥ 15) 3

e~ P1(ket+ K, Etie)lzi—uy1| _ g—pr(ke+Ke, E)|z1—y1]

d? FE+i =
k,+K (1'15 Y1, + 15) _1p(ké + Kg, B + 1&_) 5

1 1
d(3) E+i — —p1(ke+Ke,BE)|z1—y1] — ,
k[+K[(£C1;yla +15) € *lp(k€+Kl;E+1€) pl(ke+K[,E)

and notice for every (ky, K¢) € (Bf x L) U (By x (£+\{0})) and ¢ € R, that we have

lel

. >1/2 . (A37)

prke + Kp, E) = [pke + K¢, B)| < pr(ke + K¢, E +ie) < pr(ke + Ky, E) + (

from (2.8), and consequently

le]

k K/, F +ie) — plk K/ P <——
Ip(ke + Ky, E +ic) — p(ke + Ko, )|_2p1(k¢+Kg,E)’

(A.38)

since (p(ke+ Ky, E+1ie) —plke + Ky, E)) (p(ke + Ko, E+i€) + p(ke + Ky, E)) = ic. Thus, by using that
|sinu| < wforu >0 (resp. e ™ —e™¥ < (v—wu)e " for v > u) in the estimation of d1(<1g)+Kg (1,91, F+1ie)

resp. a? x1,y1, F +1i€)), we deduce from (A.37)-(A.38) for every €, 1 and y; in R, that
k+K,

— 1
d E i < o~ P1(ke+Ke E)|z1—y1] |$1 yl' . A.39
| ko+K, (951’91, + 1€)| >~ € pl(kl ¥ Ke,E)Q + 2p[(kl ¥ Kg,E)B |5| ( )

Fix z; in R. The series ZngLi\{o} |dk,+k, (71,1, E + i€)|? is normally convergent for each y; € R.
This comes from Lemma 2.1 and (A.39). So we get that

. . 3ar (6
/ G (x,y, B + ie)dx,dy = > / |die, 15, (21,91, B + ie)[Pdyr < #62,
SX(RxS) K,eL\{0} R
from (A.35) and (A.39). In light of (A.34)-(A.35), this yields
. 3ar7(8 1/2
|Gie (B + i) = G (B)lars < (#) olel, ke € B, €R, (A.40)
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where ¢ := BIS|[|W L mxs)|W L2 (R L (s)), by straightforward computations. Arguing in the same
way, we get moreover that

' 3 1/2
168 (5 +ie) — O (Bllus < (5oprs ) okl la e BE, e R (A1)

Notice from (2.10)-(2.11) that the picture is quite different for k, € By. Indeed, in this case it holds
true that p(ke, E) > 0 by (2.10), and, for every £ > 0,

1/2

(p(ke, E)* + )2 + p(ky, E)Q)
2

(p(ke, B)* + £2)V/2 — p(ky, E)? ) e
2 b

pr(ke, E+ic) = j:<

3

pr(ke, E+ie) = (

by (2.8)-(2.9). As a consequence we have
Ip(ke, E +ic) Fplke, B)| < e'/?) k€ By, e €R™. (A.42)

Therefore, |c§(02 (E tie,x,y) F Cf{o@) (E,x,y)| being of the form W (x)W (y)|éx,(E + ic,x1,y1)|, with
ék,(E £ie,z1,11) = 2?21 ég[) (E +ie,x1,91), and
ip(ke,Etie)|z1—y1| _ sipr(ke,Etic)|zi—y1|
(4 _ e e
Ck[ ( IEaxlayl) *lp(ke,E i 15) )
elpr(ke, Bfie)|li—y1| _ oFip(ke, E)|z1—y1|

—ip(ke, E + ig) ’

B (4 —  tin(ke,E)|z1—y1] 1 — 1
o, (B ie,z1,y1) © (ip(ke,E:I:is) —ip(ky, E) )’

51((25)(E + isv:rlvyl)

we then derive from (A.42) for every k, € By, ¢ € R} and x,y € R x S, that

1/2
O)(F+i ) (g < W)W (y) | 24221 — 1 °
|ck[ ( 1€, X, y) + ck[ ( » X, y)' = 6 (X) (y) |$1 y1| + p(ke,E) p(ke,E) .

Taking account of (2.2), this entails
W13, 1 1 _

2¢)'/2, k R}
p(kg,E)+p(kg,E)2 (2)"%, ky € B, e € R,

by direct computations. Now the result follows immediately from this and (A.40)-(A.41).

100 (B +ic) 7 OO (E) s < 55| (2

B Appendix B: LAP for Hy(k/), k, € B

B.1 Spectral decomposition and generalized Fourier coefficients
For each (£, ky) € R x B and K, € L+, we introduce

(&, ke + Ky x) := ek + Kp;x), x = (21,%0) €ER x S, (B.43)

_1
(2m)1/2
where

o(ke + K xg) : ellketKexe) v, e S, (B.44)

= |S[1/2
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then we define the generalized Fourier coefficient of any v € H as

ué ke+Ky) = Xl_i}iloo@, o(& ke + Ke))rz((—x,x)x8)
N (27r (2n)i2 Xlﬁoo/ T (e, ), (ke + Kz dar (B.45)

For every ky € B fixed, the set {¢(&, ke + Ky), K, € L+, € € R} is a complete system of generalized
eigenfunctions of Hy(ky), in the sense that:

(a) Fiep:ur (U(. ke + Ki))g,ept is a unitary transform from H onto Py, 1 L*(R);

(b) f(Ho(kg))u(f,kg + K@) = f()\(f,kg + Kg))a(f, k, + Kg) for any (f,k@) ceRxBand K, € EL, and
any borelian function f : R — R, where we have set

A& ke +Ky) ==+ [k + K. (B.46)

Notice from (a) that the following Parseval equality

= 35 [ ke + K Pas. ke € B, e, (B.47)

KeeLt

holds true, and from (b) that we have

Z (& ke + Ko)v(€, ke + Ky)

<R0(ké’ § ke+Kz) — 2z

d¢, ke € B, u,v € H, (B.48)
K,eL+

for each z € C with Im (z) # 0.

Actually (B.48) is the starting point in the derivation of the LAP for Hy(k,), k¢ € Bg, stated in
Proposition B.1. Its proof relies on the following a priori Holder estimates of the generalized Fourier
coefficients (B.45) of suitably decreasing functions.

Lemma B.1. Assume o > 1/2. Then, for every u € Hy := {v € H, (1 +22)7/2v € H}, it holds true
that:

(a) [u(&, ke + Ko)| < collullze, for all (£,ke) € R x B and K, € L+, where we have set c, =
(2#)71/2 (f]R(l + z%)*(ydxl)l/2;

(b) For each o € [0,1] N [0,0 — 1/2) there exists a constant cyo > 0 depending only on S, o and «,
such that for all £, € R, ky € B and Ky € L1, we have:

[a(é, ke + Ko) — (€ ke + Ko)| < coalé — &Y ul|n, -

Proof. The first claim follows readily from (B.43)-(B.45) and the Cauchy-Schwarz inequality. Further,
as

1 1
emilm _ gmitlen / %(e_im(tf+(l_t)£/))dt = —iz (& — fl)/ e~ (tEH(1-0E") g
0 0

we have |e~671 — ¢=1€'71| < |z||¢ — €|, whence

o761 — o€ | < gl efemin — e < 91y e — €|, a € [0, 1], (B.49)
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Moreover, since (e71%1 — e~ €71y (x) = (1 4+ 23)~7/2 (e~ 1 — e=1€'71)(1 4 22)7/24(x), it follows from

(B.49) that
lemi&z1 e i€ zl|2d i 1 Ne 29 1z
< ([ an ) ([t xotan )

—a dx
<2 (/R m) € — &1 fulr %) 20 ), X0 €S, @ € [0,0 — 1/2).
1

From this and (B.43)-(B.45) then follows that

/(e*iEzl — e €Yy (2, x0)day | <
R

~ ., 217a d 1/2 ,
e+ Ko - a(€ ke + Kol < o ([ )l €1l

by integrating over S. This terminates the proof. |

B.2 LAP for k, e B

For every k, € Band o > 1/2, u — (0, k¢) is a continuous linear form on #,, according to (B.43)-(B.45)
and Lemma B.1(a), hence

NH, (ko) = {u € Hy, (0, k) = (2#)71/2|8|71/2/ o~ ikexe) () dx = 03,
RxS
is a closed hyperplane of H,. Hence we may not regard its (topological) dual set N'H,(k¢)" as a
subspace of H! = H_,, in the main result of Appendix B:

Proposition B.1. Let E € (0, Es) where 6 > 0.

(a) For all k, € Bf, there exists Ro(ks, E) = Ro(ke, E £10) := lime_0 Ro(ke, E + i) in the B(H)
norm sense. If ky € By (resp. ke € B\Bg) there is Ro(k¢, E +£10) := lim. o Ro(ke, E £ i€) in the
B(Hy,H_o) norm sense (resp. the BINH,(ke), NH,(ke)") norm sense) provided o > 1/2 (resp.
o>1).

(b) For all k, € B}, we have lim.|geRo(ke, E £ i) = 0 in the B(H) norm sense. If k, € B\BL, then
for every w € H it holds true that lim. o eRo(ke, E £ic)u =0 in H weakly.

Proof. We prove the successively the claims (a) and (b).
(a) For k, € B, the result follows readily from the first resolvent formula, since o(Ho(k)) =
[[ke|?, +00). Therefore it is sufficient to examine the case k, € B\B},. We shall actually prove that
the function z + Ro(ky, 2) is uniformly continuous in C* N Kg, for some appropriate compact neigh-
borhood Kz of E in C, where C* := {¢ € C, £Im(¢) > 0}. To this purpose we fix u,v € H, set
h(& ke +Ky) == a(€, ke + Ko)o(€, ke + Ky) for all K, € £+, and, with reference to (B.46) and (B.46),
introduce the integrals
rK (Z) — h(f,k@ + K@)
‘ AME ke + Ky) —

Let Kg:={2€C, |Re(z) — E| < d and |Im(z)| < 1} where

do= 5E5/2 if ky GB\BE
=\ min((E — [ke[?)/4,6E5/2) if ky € By

d¢, z € C*. (B.50)
z

We have [A(&, ke + K¢) — z| > 2d for every £ € R, K, € £L\{0} and z € Kg by (2.4), hence

Yk (2) =k, (2)] < M, 2,2 € Kg, (B.51)

4d?
K.e£\{0}
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from (B.47). Thus we are left with the task of examining the behaviour for z € C* N Kg of

“+oo
ro(z) = Z r0,¢(z) where ro ¢(2) ::/ %d& C=+,—.

(=+,— 0

We treat the the two cases k; € Bz and k, € B\Bg separately.
1. We start with k, € Bg. Setting & = &o(ke) = (E — |ke|?)'/?, we introduce a function y €
CH(Ry;[0,1]) verifying

[ 1 g e (& —2d)2, (&8 + 2d) V]
YO =10 i € e RO - 3d)1/2, (€2 + 3d)1/2),

and decompose 7o ¢(2), ¢ = +, —, into the sum:

[T = x(@)h(¢E k) 0 V(E)h(CE k)
rocl) = /0 ME ke) — 2 de + /0 A& k) — 2 dg
= ac(z) +be(2). (B.52)

Taking into account that |£2 — (2 — |ke|?)| > d > 0 for every £ € supp(1 — x) and z € Kg, we deduce
from (B.47) that

2=z
l0c(") — ac(2)l < Em Pl 2,2 € K, ¢ =+, (B.53)

Further, the remaining term b¢(z) is brought into the form

XA2)R(CA?, k)
2\1/2 ’

be(z) = /1 %d)\ where g¢(\) :=

and [ := (&2 —3d, &3 +3d), by performing the change of variable A = £ in the second integral of (B.51).
Bearing in mind that I is at distance d > 0 from 0, and then applying Lemma B.1(b), we get that g is
Holder continuous in I. Namely, o being fixed in [0,1] N (0,0 — 1/2), we may find a constant A, > 0,
independent of u and v, such that we have

19¢(X) = 9V < AglN = A [[ullag, 0], AN €T, ¢ =+, -,

It follows from this, the identities g¢(§2 + 3d) = 0, and the Plemelj-Privalov theorem (see [18][Part
1, Chap. 2, §22]) that b is extendable to an a-Holder continuous function, also denoted by b, in
VE:= {2z € CE, Re(z) € T}: there exists ¢ € CO((V*)?; R, ) satisfying

Ibc(=)) — be()] < ez, )12 — 2l ol 22" € V. (B.54)
Now, putting (B.48) and (B.50)-(B.54) together, we end up getting that
[{(Ro(ke, ") = Rolke, 2))u, v)u| < Ol — 2[*||ull, [vll,, 22" € CENKE,
for some constant C' independent of u and v, since C* N K is a compact subset of V. This yields
[Ro(ke, 2') — Ro(ke, 2)|| B, 10y < Cl2" — 2], 2,2 € CEtNKg,

hence the result.
2. Let us now consider the case where k; € B\Bgr. We define ac and b¢ as in (B.52), where x €
CH(R4;10,1]) satisfies
1 e[,
X(&) = { 0 if £ € Ry\(0,(3d)1/2).
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As [€2— (2 — E)| > d > 0 for every £ € supp(1 — x) and z € Kg by standard computations, it is easy to
check that (B.53) still holds true for [ky|* = E. Similarly, we find that be(2) = [; g¢(A)/(A—(z — E))dA
where I = (0, 3d) and g¢()) is unchanged. The next step of the proof involves choosing « € [0,1] N (1/
2,0 — 1/2) and recalling that %(0,£) = ©(0,£) = 0, in such a way that

|h(C()‘)1/2’k5)| S Cg,aHUHHUHUHHU)‘aa A€ R-i—a C - +a )

according to Lemma B.1(b). From this then follows that § — g¢(§,ke), ¢ = +, —, can be extended to
an (o — 1/2)-Holder continuous function in I, verifying g¢(3d) = 0. Arguing as before we thus get that

| Ro(ke, 2') — Ro(ke, 2) || BOVH. (ko) N (k) < CJ27— 2|72, 2,2 € CEN K,

for some constant C' > 0, which yields the result.

(b) The claim (b) is an immediate consequence of (a) for k, € B. If ky € B\B}, the result follows
from the dominated convergence theorem as we have lim._0eh(&, ke)/ (A&, ke) — E — i) = 0 for
a.e. & € R, and |eh(&,ko)|/INE ko) — E —ie)] < |h(&, ke)| for all € € R and ae. ¢ € R, with
Je 1€ ke)ldE < [Jullalv]l2 O
Remark B.1. The result of Proposition B.1(a) for ko € Bg can be recovered from the reasonning
developped in [1][54] (see also [8], [22] and [23]) but this would require that the estimate (B.55) in
Lemma B.2 be generalized to the case of kg € By. The derivation of this particular result being quite
tricky we prefer to apply the above method essentially based on the Plemelj-Privalov theorem, which is
a very powerful tool in this framework.

B.3 More on Ry(ky, z) for (ks z) € B}, x C such that |Re(2) | < |k¢|?

In view of characterizing the rate of decay of guided states associated to k; € C,(F) in the direction
orthogonal to x1 (see Theorem 1.2 and the proof of Lemma 4.3), we need the following result about
the resolvent of Hy(k) for k, € Bf:

Lemma B.2. Letk; € B}, and z € C be such that |Re (2) | < |k¢|> and [Im (2) | < 1. Then Ro(ke, z)v €
H> (R x 8) := H2(R x S; (1 + 22)7/2dx) for every v € Hy, 0 > 0, and it holds true that

cillvla, < |IRo(ke, 2)v[|m2.0®mxs) < c2llvl|a,, (B.55)

where ¢1 > 0 and c2 > 0 are two constants independent of v and Im (2).

Proof. Bearing in mind that the domain of Hy(k) is a subset of H?(R x S) according to (1.7) and that
o(Ho(ke)) = [|ke|?, +00), we may write

el lull3, < (Ho(ko)u, wy = —(Au,u)pz = [ Va3, < [|Aullaefuln,
for every u € dom Hy(ky), from where we get that
[kelllullae < [Vulla < el = | Aul 2. (B.56)

Next, setting ¢ := (|k¢|?—|Re (2)|)/(1+|k¢|?) > 0, in such a way that we have e = (1—¢)|ke|? —|Re (2) |,
and then noticing from (B.56) that

I(Ho(ke) — 2)ulln [[(Ho(ke) — Re (2))ull#
ellAully + (1 = e)|Aulls — [Re (2) [[|ull

ellAully + (1 —€)[kel” — [Re (2) )l|ull,

(AVARAVARLVS

25



we find that ||(Ho(ke) — 2)ully > e(||Aull + ||ull3). This entails
Cillullu2rxs) < [[(Ho(ke) — 2)ull% < Collullgzmxs), v € dom Ho(ke), (B.57)

for some constants C; > 0 and Cy > 0 depending only on |k¢| and |Re () |. Further, since (1+22)7/?u €
dom Hy (k) for all u € dom Hy(ke), and [|u|mz.e@mxs) is equivalent to [|(1+23)7/2ul|g2zxs), it follows
from (B.57) that |lullgz.c(rxs) is equivalent to ||(Ho(ke) — 2)(1 4+ 23)7/%ull3. As ||(Ho(ke) — 2)(1 +
22)7/%u)|3 is easily seen to be equivalent to ||(Ho(ke) — 2)ul|#,, we finally obtain the result from this
by taking u = Ry(ky, 2)v. O

We now conclude Appendix B with the two following comments.

(a) It is not hard to see that a LAP for Hy = [, Ho(ke), similar to the one stated in [1], can
be obtained from Proposition B.1 and Lemma B.2, by “integrating” the above results w.r.t. kg
over B. The technical difficulty arising in this method when |k;| = E'/? is easily overcomed by
the change of the integration variables (£, k) into spherical coordinates, in a neighborhood of the
sphere S(0, EY/?) C R x S.

(b) Furthermore, the results of Theorem 1.1 allow for the derivation of a LAP for the perturbed
operator H, under slightly less rectrictive conditions than in [11]-[12] or [14]. Nevertheless, as
already mentioned in the introduction, the proof of this result is left to the reader in order to avoid
the inadequate expense of the size of this paper.
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