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Nearly forty years after the admirable paper[1l] in which Reatto and Chester suggested a
ground state wave function for liquid *He capturing long-range correlations related to the zero-
point motion of compressional waves (longitudinal phonons), we investigate the possibility of
mimicking their approach in the case of solid *He. Starting from elasticity theory, via a
“quantization” procedure, we propose a way to describe correlations among particles related
to transverse long wavelength oscillations of the crystal lattice. The idea of exploring new
kinds of long range correlations in variational models arises from the evidence that some
correlations are missing even in the most accurate models, like the Shadow Wave Function,
which are not able to describe the long distance behavior of the one-body density matrix
in the solid phase computed in a perfect crystal: no variational model of the ground state is
known which is able to reproduce qualitatively the long range behavior of this function, which
turns out to be an exponential decaying function of the distance when computed via exact
finite temperature and zero temperature Path Integral methods. In this paper we derive a
functional form for the contribution of the zero—point motion of transverse phonons to the
ground state microscopic wave function. Such an approach opens many possibilities of defining
variational models, and we propose a first attempt, consisting in a modified Shadow Wave
Function.

Keywords: Quantum solids; long range correlations, supersolidity

1. Introduction

Quantum solids provide a very interesting research field both from a theoretical
and from an experimental point of view; they are characterized by a large zero
point motion, letting the atoms explore a sizable region in the unit cell of the
crystal lattice. This allows quantum statistics to enter the game, giving rise to a
scenario suitable for investigating quantum coherence effects in spatially localized
Systems.

4He at very low temperature, a quite unique pure quantum system, as the exter-
nal pressure exceeds about 25 atm becomes a typical example of a quantum solid
and a microscopic understanding of the correlations governing its behavior deserves
naturally strong interest. Recently Non Classical Rotational Inertia (NCRI) effects
have been detected in bulk and confined crystalline *He, a signal that coherence
phenomena take place in the system. The experimental findings about the solid
phase of “He, in connection with the controversial topic of a possible supersolid
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state of matter (i.e. superfluidity taking place in the crystalline phase) can be
found in many excellent reviews[2-6].

From the theoretical side, the strong correlations among Helium atoms make
Quantum Monte Carlo (QMC) methods the most powerful technique to study the
behavior of such a system. Since “He atoms obey Bose statistics, QMC are able
to provide exact estimations of equilibrium properties, relying on imaginary time
Schrodinger equation. As far as coherence phenomena are concerned, it has been
possible to show that in a crystalline commensurate sample of “He Bose Einstein
Condensation (BEC) does not take place, a result that had been initially obtained
at finite temperature|[7, 8] and, afterwords, has been confirmed also at 7' = 0 K[5, 9],
preventing the possibility of a phase transition in the perfect crystal taking place
at T'< 0.2 K.

The formalism of exact Path Integral QMC methods, both a finite and at zero
temperature, is made of multidimensional integrals involving propagators and this
prevents the possibility of keeping under control the physical correlations under-
lying the observed properties. Nevertheless, among the several interesting features
of QMC, during last decades such methods have provided the possibility to build
up and test variational approximations for the Ground State wave function, com-
paring their predictions with exact ones. This opens the possibility to put on a
firm ground the microscopic comprehension of the behavior of the system: an ac-
curate variational model explicitly contains the physical interatomic correlations
underlying the rich phenomenology of *He systems.

The simplest way to build up a variational model of solid Helium is to correct a
traditional Jastrow correlation term ¢ (R):

osR)= ] ew(—ull@-7)), R=(,....7) (1)
1<i<j<N

via an harmonic particle-site interaction introducing a priori a crystal lattice {Ez },

obtaining the Jastrow-Nosanow wave function[10-12]:

N
Yun(R) = 65(R) [T exo (—alfi - &) (2)
i=1

This model has the disadvantage that it breaks Bose symmetry, preventing auto-
matically the possibility of describing coherence phenomena. One possible way to
recover the Bose symmetry is provided by the Shadow Wave Function (SWF)[13],
where the Jastrow term is improved via an harmonic coupling of Helium atoms
positions, the real variables, with additional shadow variables S = (31,...,5n),
which are subsequently integrated over:

N
Van(R) = 65(R) [ a5 [ exp (—elfs = 5i) 610(8) 3)
=1

The label in ¢, means that the pseudopotential u(r) among real variables is
different from the one among shadows. The SWF is Bose symmetric and transla-
tionally invariant, features shared by the exact Ground State wave function[14],
and describes the solid phase as a result of a spontaneous translational symmetry
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breaking mechanism: when the density is above a certain value the many—body
correlations present in the SWF become so strong that the solid phase is stable
and its energy is below the energy of the metastable liquid phase. SWF still provide
the most accurate variational description of liquid and solid *He with an accurate
prediction of freezing and melting densities[15]: the energy per particle obtained
with a fully optimized SWF turns out to be no more than 3% above the one com-
puted with “exact” QMC methods and with an almost constant gap in a wide
density range, leading to a very accurate equation of state.

Although SWF has been able to provide an extremely accurate description of
many properties of liquid and solid Helium systems[16-24], in the solid phase it
predicts[25, 26] Bose Einstein Condensation (BEC) which, for a perfect crystal at
T = 0 K, is not confirmed by exact calculations[5, 9]. This suggests that some
important physical correlations are not present at the SWEF level of the theory.
As suggested also in Ref.[8], we argue that such correlations are long-range, consis-
tently with the behavior of the exact One Body Density Matrix (OBDM) p (F—7"),
which remains non—zero for distances much larger than the lattice spacing, before
decaying exponentially as |7 — 7/| — oo.

In a admirable paper about liquid *He [1], Reatto and Chester performed an hy-
drodynamic analysis of large scale dynamics of Helium, relying on a “quantization”
of classical sound field, and provided a mathematical model describing zero—point
motion of density fluctuations: compressional waves (longitudinal phonons). Such
a zero—point dynamics corresponds to collective motions of the atoms in the Bose
fluid, resulting in a long-range two—body interparticle correlation of the form:

1
A S I
r2 4+ a2

(4)

Uly (T)

Such a correlation has been shown to improve the variational description, in partic-
ular correcting the small wave vector limit of the static structure factor (see Fig.1),
but still is not able to account for the suppression of the condensate fraction in the
crystalline phase[l, 27].

The aim of this work is to improve the variational model for the wave function in
the solid phase, where also transverse phonons exist and the exact ground state has
to contain their zero-point motion, resulting in additional long-range correlations.
Our idea has been to mimic the procedure in [1] in the solid phase, relying on
elasticity theory. Starting from continuum mechanics, we have defined a quantum
mechanical operator which adds the zero-point motion of transverse modes to a
given wave function. Under a “small currents” approximation we have obtained
a possible form for the resulting long-range interatomic correlations and inserted
them into a SWEF-like model. From variational calculations we realized that our
correction makes the condensate fraction decrease with respect to SWF results, but
it is still non vanishing, making interesting in the future to study different ways of
exploiting the “quantum elasticity” approach we have here introduced.

This paper is structured as follows: in the next section, after a review of Reatto—
Chester approach, we will present the methodology of “quantization” of transverse
dynamics in an elastic continuum, providing a new Shadow Wave function contain-
ing zero point motion of transverse phonons; in Sec. I1I, we will present variational
Monte Carlo calculations relying on the new wave function and discuss possible
future perspectives.
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2. Methodology

2.1. Reatto—Chester theory

As a first step, we find useful to briefly sketch the derivation of the result (4), which
will provide a guide for our analysis. The idea is to start from an “hydrodynamic
Hamiltonian” in the local density variable p(7,t) of the fluid, at lowest order in
deviations from global thermal equilibrium:

1

ST} AT = gmp [ OF + 5 [ = 6)

In (5) ¥(,t) is the velocity field of the continuum and the prefactor of the poten-

tial energy derives from standard equilibrium thermodynamic relations between
g% and the isothermal compressibility Kr. The linearized form of the continuity
equation in wave vector space:

8pgft) = ipq - Tg(t) (6)

where it is transparent that we are dealing with longitudinal dynamics, together
with (5), makes straightforward to obtain an Hamiltonian describing a gas of har-
monic oscillators for the degrees of freedom {pz}, Fourier components of the local
density. Interpreting (5) as a quantum Hamiltonian, {pz} playing the role of posi-
tion operators (one for each wave vector), we get immediately a ground state wave
function of the form:

ms logl®
o ({pg}) x e 2nn 2¢Ta (7)

s being the longitudinal sound velocity. The link with many body physics arises
naturally from the definition of the density fluctuation operator:

N
pg= e (8)
i=1

which maps (7) into a simple multiplication operator in the Hilbert space of the
Helium sample: the strategy is to apply such an operator to a given model of
the ground state wave function of the Helium system in order to “correct” it by
“adding” the zero—point motion of longitudinal phonons. Performing the sum over
the wave vectors in the continuum limit via the introduction of a suitable ultraviolet
cutoff we get a two—body Jastrow wave function with a pseudopotential precisely
of the form (4).

Such a term has been proved to improve the variational SWF description, the
most important novelty being the accuracy of the low wave vector limit of the static
structure factor of the system (see Fig.1); despite that, exact analytical results
indicate that BEC survives in the model [1], so one has to look for other motivations
to explain the vanishing BEC fraction resulting from exact calculations.
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2.2. Elasticity and transverse modes

Here we try to devise an analogous strategy for transverse modes in the crystalline
phase, starting from classical elasticity theory (for a general review many excellent
textbooks exist, for example Ref. [28]). Let’s start considering an elastic medium
described in terms of a displacement field (7, t), a dynamical variable physically
representing deformations with respect to a given equilibrium configuration; in
the language of continuum mechanics, deformations give rise to a stress field in
the sample generating internal forces described by the stress tensor T, 5(7,t). The
equations of motion of the medium, in the infinitesimal deformations regime, may
be written as:

Pua(t) o= a7 t) .
g ZTHQ( ) (9)

B=1
where g(f',t) represents external fields, volume forces acting on the system. In
the linear approximation, under the assumption of homogeneity and isotropy, !
symmetry arguments lead to the following constitutive equation:

(10)

Taﬁ(ﬁ t) - Aéa,ﬁﬁ p ﬁ(f; t) + m (aua(’l", t) n auﬁ(?", t))

org Org,

A and p being phenomenological constants, the Lamé coefficients. Putting together
(9) and (10) we arrive to the famous Navier equation for elastic media:

O?uq (7, t)

= ’ 2ua 7?7
= A+ ) (V-a1) +M§5Tf2’f)+ba(m) (11)

87“5 51

Focusing on the dynamics of transverse displacement fields, defined by:

0 ua(r7 t) azuoz (7“, t)
5 (13)
ot? = org

which, if we are allowed to consider, at first order, the medium as incompressible
p = cost, is simply a D’Alembert equation describing waves propagating at velocity

vp = \/%. The transverse contribution to the elastic energy of the continuum

1To be precise, the crystalline structure hcp of Helium samples at T = 0 and P ~ 25 bars is not isotropic;
nevertheless we are making a “coarse—grained” large scale description, and, at a preliminary level, we make
an isotropy hypothesis, but a generalization could be straightforward.
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medium may be written as follows:

2y ey L Jidq 1 o
5({15},{%})—;2( % +ould g i) (14)
q

where

-, a'lj'l?,t 1 Y s
J(7t) =p UL > T (15)

is the local current density and iz and fq are the Fourier component of the dis-
placement field and of the local current respectively, with

G jg(t) = 0= G- iig(t) (16)

to fulfill the transversality condition.

In (14) the local current plays the role of the linear momentum in the harmonic
oscillators, of “mass” p and “elastic constant”u|g]?. Now, in classical mechanics,
minimum energy would naturally correspond to vanishing of the currents, but, from
a quantum point of view, we may expect a zero—point motion governed by a “wave
function” either in the “displacement field variable” or in the “current variable”.
It is evident now that our result is completely analogous to the hydrodynamic one
discussed above, the only difference being that now the basic dynamical degree of
freedom is the displacement field. While @(7,t) has no natural counterpart in a
many body microscopic theory, the local current has a well known expression, so
that we are induced to use the “momentum representation”. In the basic harmonic
oscillator with Hamiltonian:

2
p L o
— + -k 17
2m - 2 (17)
the ground state in momentum representation is given by:
co(p) o e~ T (18)

so that we are induced to write the ground state of (14) in “current representation”
in the following way:

JgJ-q

— oh ol 1)

U <{f§ ) xexp | —

How can we use now (19) to “correct” a given variational model for a collection
of N bosons in the crystalline phase?

In order to clarify the problem we face, let’s consider for a while the simple
one—dimensional Hamiltonian (17), and suppose we have constructed two different
“variational models”, pretending not to know the exact ground state:
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d1(x) x 1 ¢o(z) x §(x) (20)

Of course both ¢1(x) and ¢2(z) do not describe the correct zero—point motion,
the first one because it is “too delocalized”, lacking confinement, while the latter
because it is “frozen”, and has to be somehow delocalized. How can we correct?
The idea is the following: the classical variables x and p display simple oscillatory
dynamics and then we are induced to “quantize” their zero point motion via ex-
pressions of the form e % and e %", precisely as it has been done for the local
density in the description of longitudinal motion, but what does it mean? In the
quantum mechanics formalism, we define two operators of the form:

Ay x e Ay oc e (21)

acting on (20). It is easy to check that what we obtain is:

A (z) oce™™ Avo() < do(w)  Asdi(z) ox di(x)  Asga(w) o™ (22)

We observe that A; provides the desired result when it acts on ¢1(x), but it doesn’t
have any effect on ¢2(x); on the other hand the role of Ay is completely the opposite.
So, in some sense, if we use the operator A, we have to act on a function which is
“too localized” so that it may suitably “add” zero—point motion.

Now, keeping these observations in mind, let’s come back to solid Helium: in a
many—body first principles quantum model, we may define the local current density
operator of the system, whose Fourier components are defined by:

Iy 1 .0 i 4 . 0
]q‘: %Z <<_Zha_f;> e qr +e qri <_Zha_7:;>> (23)

T 7 7 7\ ¢
Jg =Ji— <@ ‘J¢j> 7 (24)

and from (23) it is possible to construct the operator:

T exp vzmTi ¥>0 (25)

which plays the same role as Ay defined above. The similarity to the hydrodynamic
approach is transparent. We have learned that we may hope that J could provide
the desired result only if we apply it to a model wave function which is somehow
“too localized”. So, as a preliminary step, a natural idea appears to be that of
trying to act on an element of the Hilbert space of the system of the Hartree form:

URL: http://mc.manuscriptcentral.com/tandf/tmph
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B, oory Toy) o€ €7 20t o= R (26)

where {R},} are sites of a crystal lattice. The technical difficulty of applying (25)
is formidable, and we decide to work at first order in the exponent, relying on the
following expression:

N

PV h2 R, 3 o 82
(it ==z 2 |7 Y (00— 2R) =)D

or; o0r
i,l=1 a,f=1 %, LB

which holds for any element f(71,...,7ny) such that the r.h.s. of (27) does make
sense. The derivation of (27), though a bit lengthy, is a straightforward application
of the definitions (23) and (24). Performing the second derivative appearing in (27)
when f is ¢ defined in (26), and remembering the definition of the cross product
it is quite simple to show that:

%WW —iZ#(@xm—m)-(qX<ﬁ—éz>) 0

il=1 ¢
(28)
G being the versor in the direction of ¢.
Our “small currents” approximation strategy works as follows:
G

p 5 7 J-q _

NEES H—’YZT p=(1—(.)p=e o (29)
d

so that we obtain the following function:

<j¢> (P, TN) X € il ol —Rul? 7 i S (xR (ax (- )

(30)
It is evident that the last term in the exponential introduces a long-range correla-
tion depending on transverse oscillations of atoms around the lattice positions. The
expression (30) suggests the following picture: as in the Gaussian model (26) the
atoms are still localized around the lattice sites but transverse vibrations of differ-
ent atoms are no more independent; the new pseudopotential favor a cooperative
motion, and this is what we expected from the approach we have followed. (30)
is our main result: the Hartree wave function, ¢, has been improved with a new
microscopic term which describes the coupling between transverse vibrations; We
argue that in an accurate model of a quantum solid, long range correlation of the
form appearing in (30) should be present. The main difficulty is that we should be
able to recover the Bose symmetry. In the following we will present a first attempt
to pursue this aim relying on the observation that (26) is formally equivalent to
the kernel which, in the SWF picture, localizes the variables to the shadow ones;
we are thus induced to substitute it with (30) “inventing” a model of the form:
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Figure 1. Static structure factor S(¢) in the liquid phase at the equilibrium density with (filled circles)
and without (open circles) the contribution of the zero point motion of longitudinal phonons; error bars
are lower than the symbol size. Experimental data[29] (crosses) at low wave vectors are also shown.

N S oo N e T EimF) o SN\ A (o
U (R) ¢T(R)/d56—2“am—5k O SHNEDI e (@) (T =50) (% (7 Sl))tbs(S)
(31)

in which, of course, all the parameters and the pseudopotentials have to be varia-
tionally optimized. To take into account the fact that short range correlation in the
SWEF model have been already optimized, we have introduced also a cut—off in the
g summation in the new term, limiting it to introduce only long range correlations,
similarly to what was done in Ref.[1].

3. Results for a first variational implementation

Now that we have built up a theoretical ground to face the topic of long range
zero—point transverse modes, the next step is the characterization of the properties
of such a wave function. Before considering the solid phase we will present some
results in the liquid phase obtained using only the long range term arising from
longitudinal phonons. In this case the SWF turns out to be

e—Bldl

T,Z)tr(R) X QST(R) /dS@_ Zszl U(|Fk_§k‘)€’\ﬂ 251:1 Zg‘ E

e—iq (5, =5)

¢s(S) . (32)

In (32) the cut—off in the ¢ summation has been explicitly written, and this intro-
duces the variational parameter 3. In the liquid phase, we have considered N = 256
particles in a cubic box at the equilibrium density p = 0.0218A73, and as func-
tional form we employed the one fully-optimized in Ref.[15]. In the optimization
of the variational parameters connected with the long range term arising from lon-
gitudinal phonons we found 3 = 4 A and 3, = 0.012 A~!. The long-range term
provides only a 1% gain in the total energy, as found also previously in Ref.[15],
and, as expected, it reproduces the correct linear behavior at small wave vectors
of the static structure factor; this is shown in Fig. 1.

We have studied the role of the long-range corrections in the solid phase by con-
sidering N = 180 and N = 360 particles in a simulation box chosen to fit a regular

URL: http://mc.manuscriptcentral.com/tandf/tmph
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ig Figure 2. Static structure factor in the solid phase at p = 0.0294A—3 along different crystalline axis with

(filled symbols) and without (open symbols) the contribution of the zero point motion of longitudinal and
;2 transverse phonons; error bars are lower than the symbol size
22
23 hep crystal at p = 0.0294A 3. In the ground state variational SWF we have con-
24 sidered long-range correlations related to zero—point motion of both longitudinal
25 and transverse phonons. The optimization of the variational parameters turned out
g? to be quite difficult: by following the steepest descendant direction of the energy
28 as function of the variational parameters we arrived to a set of parameters corre-
29 sponding to an unstable crystalline phase. This suggested us to follow a different
30 procedure: we have fixed the standard variational parameters in the SWF for the
31 solid phase to those optimized in Ref.[30]; the parameter related to the long-range
32 term of the longitudinal phonons has been simply rescaled with respect to the value
33 in the liquid phase according to the change in the sound velocity: from s ~ 248m/s
34 to s ~ 471m/s which gives v, = 0.0228 Ao_l; note, in fact, that the multiplicative
gg constant in the exponent of (7) is proportional to the sound velocity s. We have
37 then optimized the parameter v, controlling the intensity of the transverse phonon
38 term. No sharp minimum was found, but for values of 7 in the range [0,0.016] A~2
39 the energy shows a shallow valley with an almost constant value; we decided to fix
40 7 =0.016 A=2. The crystal described by the new SWF is slightly stiffer than that
41 described by a SWF without the correlations related to the zero—point motion of
42 phonons; this can be inferred from the increased height of the Bragg’s peaks in the
43 static structure factor S(q), plotted in Fig. 2.
44 We have computed also the one-body density matrix p; along the first neigh-
jg bor direction in order to explore the effects of the long-range corrections on the
47 off-diagonal properties. It is noteworthy that, by including the zero point motion
48 of phonons (longitudinal and transverse), the long distance tail of p; is found de-
49 pressed with respect to the SWF without long—range correlations. The condensate
50 fraction reduces from ng = (9.8 4 1.5) x 1075 to ng = (4.2 £ 0.6) x 107%; the con-
51 tribution of the transverse phonons is about 2.5 times larger than the longitudinal
52 one, and this was measured by computing p; by considering separately the two
53 long-range terms. Our results for p; are reported in Fig. 3. Despite the quantita-
o4 tive change in the condensate fraction, no qualitative changes in p;(r) were found:
gg we were not able to capture the exponential decay of the exact OBDM][5, 7, 8|.
57 We argue that the weakness of our first variational attempt to include correla-
58 tions related the zero point motion of transverse phonons is connected with the
59 use of shadow variables to define equilibrium positions of the lattice in (31); this
60
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Figure 3. One-body density matrix p1 () computed along the first neighbor direction in an hcp “he crystal

at p = 0.0294A—3 with (filled symbols) and without (open symbols) the contribution of the zero point
motion of longitudinal and transverse phonons.

N
o

is correct only on average. Recently a very interesting Bose symmetric Jastrow-
Nosanow wave function, not cumbersome from the numerical point of view, has
been introduced[31], of the form:

N
vpan(R) = 6, (R [[ D g (I = Bil) . (33)
I=1 =1

where g can be a Gaussian or another one-body localization factor. A symmetric
Bose model that could be able to better exploit the physics contained in (30)
could be built inserting the long-range correlations in (33), where the equilibrium
positions of the lattice appear explicitly without breaking the Bose symmetry. We
plan to investigate such a possibility in the future.

4. Conclusions

Quantum simulation methods have been of the greatest importance in the study
of quantum liquids and solids. Notwithstanding the presence of exact simulation
methods for the calculation of ground state properties, the variational method, the
first historically introduced, continues to attract special interest. It is in fact the
only method able to make evident the microscopic structure of the wave function:
the role of different correlations on observable properties of the system. Our main
result is that, in the solid phase, we are able to deduce a functional form for
additional long range correlations related to the zero—point motion of transverse
phonons. This has been obtained via an analysis of classical elasticity theory which
provides an elastic energy offering the possibility of “quantization” in suitable
variables, mimicking the approach of Reatto and Chester in the liquid phase[1]. This
opens many possibilities of defining variational models which contain contribution
from correlations among transverse vibrations of the lattice; we propose a first
attempt, consisting in a modified Shadow Wave Function. The crystal described
by this new variational model of solid *He turns out to be slightly stiffer with higher
Bragg’s peaks in the static structure factor and with a lower tail in the one-body
density matrix, but no qualitative change is found for the long-range behavior of
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p1- As discussed in the text, we plan to further investigate new variational models
with long range correlations coming from the zero—point motion of longitudinal
and transverse phonons.
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