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ABSTRACT

The paper considers a Direct Method for the evaluation of the maximum load corresponding
to pre-assigned limits on the nonlinear behaviour of the matrix and fibres in a laminate
structure. This is achieved by combining a consistent micro-macro model for linear behaviour
with an extension of the Linear Matching Method (LMM), previously extensively applied to
Direct Methods in plasticity. The method is developed with assumptions that allow the
methodology to be displayed in its simplest form. Applications to examples of laminate
elements and a laminate plate containing a hole are described, assuming a matrix with a limit

on ductility.

Keywords: Composite materials; Micromechanics, Limit analysis; Linear Matching Method.

1. Introduction

This paper is concerned with methods for assessing the load bearing capacity of composite
laminate structures, corresponding to appropriately defined micro failure criteria. The
conventional approach to the assessment of the maximum load on a structure first requires the
formulation of constitutive equations for a material element, incorporating an understanding

of deformation and failure modes within the composite microstructure. This is then followed



by a conventional step by step analysis to failure. The relationship between the critical micro
structural failure mechanism and the allowable maximum load is understood through the
structure of the constitutive relationships and detail can become lost. The work of this paper
falls within the general field of Direct Methods [1], by which we mean computational or
analytic methods that allow the direct evaluation of the load or load range corresponding to a
pre assigned material or design constraint, such as a yield condition or a critical strain. In the
case of laminates such Direct Methods may be applied to a constitutive model (see [22, 23])
although the behaviour of laminates may not be well described by elastic-perfect plasticity.
Here we explore the possibility of developing a method whereby the maximum permissible
load may be related directly to a particular strain condition or failure mode at any point in the
structure, in any layer of the laminate and at any point in the microstructure, taking into
account nonlinear behaviour of the composite material constituents. Such a proposal requires
a degree of complexity which we wish to avoid in this first attempt. We combine a
kinematically consistent micromechanics model with significant elements of classical
laminate theory [25] and a simple description of micro failure. This first step then allows the

methodology of such a Direct Method to be displayed in its simplest form.

The history of the development of laminate failure criteria is well known. Since the work of
Hill [2,3] and Tsai-Wu [4] a range of empirical and micromechanical failure criteria have
been proposed which mathematically combine lamina mechanical properties into an assumed
homogeneous laminate to attain idealized uniform strength and stiffness throughout the
structure. Failure theories, based on a micromechanics approach, were first developed by
Hashin and Rotem [5,6]. Their method can be viewed as a macro approach based on micro
mechanical issues that consider a failure criterion on the basis of observed failure modes.
Another step forward was made by Chang, Scott and Springer [7, 8] by introducing other

possibilities of failure: matrix cracking, fibre-matrix interface shearing, fibre breakage and



material property degradation. Other researchers [9-13] treated the failure of the matrix and of
the fibre separately, making some simplified assumptions. These authors employ a Mohr-
Coulomb yield criterion for the matrix and assume that final failure is determined by the
failure of the fibres. Mayes and Hansen [14] introduced a theory in which micro-level
stresses, evaluated considering constitutive behaviour of the components, are applied to
different failure theories for both the fibres and matrix. This approach includes the effect of
changes in the constitutive properties of the components. For instance, similar methods were
used to predict non linear stress-strain relations and failure modes formetal and polymeric
matrix composites. Since then a number of developments have taken place and the subject
remains one of active research. It should be emphasised that the work in this paper is not
concerned with the micromechanics of failure, rather the development of the structure of
computational method that is capable of taking such micro failure mechanisms into account
and directly relating them to the maximum load bearing capacity of a structure. Keeping in
mind the needs to first display a simple theory, we restrict attention to non-linear behaviour of
a ductile matrix, assuming failure occurs at a critical micro strain. This is described in detail
in Section (3). To develop a complete method, capable of comparison with experimental data,
it is necessary to incorporate into the theoretical structure described here a set of possible
failure modes of both matrix and fibres and this awaits further development. This is discussed

furtherin the conclusions.

The Linear Matching Method (LMM), the method applied here, consists, essentially, of a
programming method that allows a direct evaluation of the load corresponding to predefined
kinematic restraints [15-21], following an iterative process. The primary area of application
has been the evaluation of limits appropriate for metallic structures subjected to severe
thermo-mechanical loads. Methods have been developed for the life assessment of power

plant at high temperature and an entire set of such methods now form part of the UK Life



Assessment Method R5 [17,18 ]. The work in this paper is a first attempt to develop an

appropriate method of this type for composite materials.

The elements are as follows. A structure is subjected to a load distribution AF, where F, is a
chosen load distribution on S, , part of the surface S , and A is a scalar multiplier. The

objective of the method is to evaluate the value of A so that the strain field in the
microstructure corresponds to a prescribed design condition, while all other conditions of the
continuum problem are satisfied: equilibrium, compatibility and consistency with the material
behaviour. LMM is applicable to material behaviour where a convex strain potential exists,
implying that a deformation theory of inelastic behaviour must be adopted. A summary of
the theoretical basis of the method, as required for this application, is given in the Appendix.
For the case discussed here, the material behaviour is‘assumed to be either linearly elastic or
elastic perfectly plastic, without unloading: The method is an iterative process where each
iteration contains four stages. The process begins with the generation of a kinematically
admissible strain field, conventionally by solving a linearly elastic problem for an arbitrary A .
This strain field is then scaled so'that the design constraint is satisfied. The process then

consists of the following stages;

Stagel: A matching linear material is defined by choosing linear moduli (which are spatially
varying) so that the linear material and the actual material give the same stress state for this
initial strain field. The solution of the resulting linear problem produces a new strain field
which reduced the potential energy of the structure. This is discussed in detail in the

Appendix.

Stage 2: The new strain field will generally not satisfy the design constraint and is scaled by a

factor, to ensure that the design constraint is re-imposed.



Stage 3: The load parameter A is now changed so that the potential energy is a minimum for

the new scaled strain field, amongst all such scaled strain fields.

Stage 4: a lower static load factor is calculated that measures the degree of deviation of the
equilibrium stress field in the linear solution from the actual material behaviour. The
difference between the load factors evaluated in Stage 3 and Stage 4 indicates the deviation

from convergence.

For the material assumptions adopted here, the specific form of this process is-discussed in
detail in the following sections. A consistent relationship between stresses and strains in
microstructure (i.e. the fibres and the matrix) and the ply stresses and strains is described.
This allows the design constraint to be assigned to the properties of the materials of the
microstructure. Conventional laminate theory then relates the ply stresses to those of the
laminate. Although in this application no softening behaviour is allowed, in a recent study
such methods have been applied to portal frames with softening elements, with the objective
of evaluating the maximum loads associated with differing design limits [20, 21]. Hence the
method described here is the first step towards evaluation of a maximum load where softening

effects occur in the microstructure. Such possibilities are discussed further in the Conclusions.

The outline of the paper is as follows. The constitutive assumptions of the interaction between
the fibre and matrix are discussed in Section 2 and a simplified scheme of the failure modes
for continuous fibre composite is reported. In Section 3 the micromechanics model for the
evaluation of the stress and the strain at the micro level is presented. Section 4 concerns the
application of the LMM for the evaluation of the peak load where a design failure criteria
associated with the fibres and the matrix are taken into account. Numerical applications are

reported in Section 5, followed by Conclusions in Section 6.



2. Constitutive assumptions of matrix and fibre

Perfect adhesion between fibre and interface is assumed. Interfacial damage (in
particular, debonding) and fibre buckling are neglected. We concentrate on two possible
failure modes, cracking or strain exhaustion within the matrix, characterised by a maximum
effective strain, and the failure of the fibres. The methodology is, however, capable of
incorporating a much wider range of possible local failure modes. The local constitutive

models for the matrix and fibres are illustrated in Figure 1 and described in the following.
2.1Fibre: elastic-brittle behaviour

In the following the superscripts f and m refer to the fibres and the matrix in a layer

of a unidirectional composite laminate. The 1 direction is in the direction of the fibre. The
fibre reinforcement is considered to be longitudinally continuous, isotropic, elastic and
perfectly brittle, with tensile behaviour limited by a maximum principal strain failure

criterion. The fibre fails when the:maximum longitudinal strain reaches a critical value, i.e.

-gi<gl <¢, M
where &/ denotes the axial strain in the fibre. & and e‘f denote failure values in compression
and tension.
2.2 Matrix: nonlinear behaviour.

We concentrate on non-linear properties appropriate for epoxy resins. For simplicity
we ignore the pressure dependence of the yield condition and assume that the matrix satisfies
a von Mises yield criterion. Hence, the matrix failure depends on the deviatoric stress and is
independent of the applied hydrostatic (or mean) stress. The material is assumed to be elastic-

perfectly-plastic with uniaxial yield stress ¢, and satisfies the von Mises yield condition:

srm

rm m m 1 m
flo,)=0(0;")-0,=0, where 6, =0} -0,"d; and 0, :Eakk (2)



. . _ 3 om om .
where o;" is the deviatoric component of stress and &(c;") =, }EO'U. " o, " is the von Mises

effective stress . Plastic strains at yield are given by the Prandl-Reuss associated flow rule:

" =ao" and &) =0 (3a)
where ¢ denotes a scalar multiplier. We assume a deformation theory where total plastic

strain is obtained at constant stress at yield;

gé)m — ao_l;m (3b)

The total strain tensor may be written as the sum of a deviatoric part eym and a volumetric

parte :
1w Ou o
rm.__ pm m __ Y kk m __ m
i =25 % +er" g = and &'=¢; +€,0, “4)
m m

where G, is the elastic shear modulus of the matrix and K, is the elastic bulk modulus.

. . . —( 2 rmoomo .
Hence the effective strain of the matrix 8(€ij’” ) = Eeij g, Isrelated to the effective stress,

by, E= l[— + 205}5 (5)
Note that for a known @ the non-linear behaviour of the matrix may be represented by a

linear relationship;

=—+2 (6)

with a spatially varying shear modulus Gm and a constant elastic bulk modulus K, . This

form provides the basis of the application of the LMM in this case.

3. The Micromechanics model

In the application of the LMM only linear analysis is required where Gm (and

associated Young’s modulus Em) replaces the non-linear properties of the matrix. In classical



theory, the relationships for overall linear ply properties are given by the Halphen-Tsai [24]
equations in terms of the elastic properties of the fibres and matrix. These semi empirical
relationships provide a close fit to both experimental data and the predictions of Eshelby
theory, [24,25]. However they do not correspond to a consistent micromechanical model; it is
not possible to find a consistent set of relations that allow the behaviour at the micro level to
be evaluated from behaviour of the ply. As a result we adopt a simpler and less exact model,
consistent with a set of micro mechanical assumptions. This allows the evaluation of

micromechanical properties from macro properties and vice versa.

In the following, as before, quantities with a superscript, either f or m, refer to values
in the fibre and matrix. Quantities with no such superscript refer to ply quantities. Consider
the behaviour of a single ply, where the direction 1 corresponds to the direction of the fibres
and 2 is in the plane of the ply. The most prominent assumptions are: fibre and matrix are
uniformly distributed through the thickness of the ply and the ply is in a plane stress
condition; strains in the fibre direction are the same in the fibres and in the matrix. Moreover,
the same transverse stress, 0, , and shearing stresses, 7,,, are assumed to be applied to both
the fibre and the matrix so that equilibrium of adjacent elements in the composite material
must occur.

These assumptions are summarized as follow:
81:'91’”:81][’ Gzzo-énzo-zf’ 7"12:7'-1’;:7:1]; (7
By considering Egs. (7), standard arguments lead to the well-know relationships for ply

elastic properties [25] as follows:

v, (-v.)]"
E=EV,+(0-V.)E , E = —f+—f} (8)
R ! ? {Ef E,
v, (1-v,)]"
: - Vv Vv
Gu:{G_J;“LT,f} Va Vv %:E_Zl



where V. denotes the fibre volume fraction and v denotes Poisson’s ratio. Hence for ply

stresses and strains,

E E
—1{51 +V21€2}’ o, :—2{82 +V12€1} 9)

o, =
l_V12V21 1_V12V21

Assuming Egs. (7), the strain ¢ in the matrix can be written as follows:

—ef =g, = (o7 —v, 07 )= (o7 -v,0,). 10)

m m

Hence, from (10):
O-lm =Emgl +Vmo-2' (11)

The same consideration can be done for the strain g, :

el =Ei(oz"’ ~v,o7) (12)

m

Substituting (11) into Eq. (12) and considering the assumption Eq. (7), relation (12) can be
written as follows:

ey :@02 - V& (13)

m

For y/, considering the hypothesis of Eq. (7), the following is true:

m ol
Yo = G_ T (14)

m

The same consideration may be applied to the fibres. The stress and strain in the matrix and
fibres in terms of the ply stresses and strains are summarized in Table 1.

The equations in Table 1 allow the evaluation of stresses and strains in the fibres and
matrix from the ply stresses and strains by assumptions that are consistent with the evaluation
of ply elastic properties from those of the constituent parts, equations (9). These relationships
are only valid for linear constitutive behaviour. The remainder of the laminate analysis
follows classical laminate analysis, where the linear relationships for each ply are transformed

onto a common set of axes and incorporated into the laminate kinematic conditions (see, for



10

example Hull and Clyne [25]). Hence the primary analysis procedure is identical to
procedures already incorporated into commercial FE systems (in the case of the results of this

paper, into ADINA). This is a common and important property of all LMM procedures.

STRESS IN MATRIX STRESS IN FIBRE
c" | [Ee +v, o, o’ | [Ee+v,0,
o, "= o, o, "= o,
m f
T L T Th L T
STRAIN IN MATRIX STRAIN IN FIBER
e" ) & ) €
m 1 - m ! 1 - V;
gzm = E, 0, —V,& 82f = B 0,=V,;&
Y2 1 712f ! 1
— T -
G 12
L m i i G f |

Table.1 Stress-strain relations in fibre and matrix.

4. Linear Matching Method (LMM) for the evaluation of the peak load

The LMM consists of the evaluation a sequence of linear solutions with a spatially varying
shear modulus Gm in the matrix. At each iteration, kinematic and static bounds to the load

parameter A are evaluated which become equal at convergence. In summary, the matching

process is shown<n Figure (2) for the matrix material behaviour in Figure (1a). Ateach

iteration, the modulus G**' is evaluated so that the current computed matrix stresses ,u&fl are

brought onto the yield surface at a fixed scaled strain distribution e’ (Fig. 2). The scaling
factor 1 is chosen so that the design criterion is satisfied at the micro scale. The ply and

laminate properties are then computed at each point of the body of volume V, in practice at
each Gauss point (GP) of each finite element (FE) of the discretized domain V.
4.1 Iterative procedure

The iterative process begins with an initial arbitrary value of the load A°F, and linear elastic

material properties. A sequence of linear analyses is then conducted where the fibres retain
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their elastic properties but the matrix shear modulus é,’; is iteratively changed. There are three

aspects to this process: the scaling of the current strain solution so that the design criterion is

satisfied; the evaluation of a new load parameter and the determination of a new shear

modulus G/*' distribution. These are discussed in turn in the following.

o oy
Oy |7 T i
| i
: ; 4
1 3G, ' ‘K., = const
) 1 I A
" £ z e
(a) —_— (b) ek
Se Es

Figure 1 Constitutive properties of the matrix and fibres.

4.2 The Scaling Factor u

The objective is to evaluate the maximum load without failure on the micro scale so that, in

the matrix, £ < ¢, and in the fibres - €5 < el < 8; throughout the structure. These

conditions are regarded as design criteria. Hence for the current k™ solution, for which the

—=mk

strain values & ‘and £ that do not generally satisfy the design restrictions, scaling factors

M, and My may be defined as follows so that the scaled strain fields satisfy each of the

Figure 2 Definition of matching linear modulus for the matrix
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£ N gj'c

ﬂm =T /N ’ ﬂ T and /Llc = (15)
max(g ) ! max‘glf ’ ! minie‘lf )

where the maximum and minimum are evaluated over all plies, and a value only accepted if it
is positive. The choice of x as the minimum of g, ’ ,u; and 4 ensures the design condition
is satisfied. In the numerical examples only yielding of the matrix is observed, hence the
scaling parameter ¢/ = .

4.3 Evaluation of the Load Parameter A

Corresponding to this scaled solution, a corresponding load is evaluated by the following

kinematic relationship:
1% Sp

where o represents the stress components. that correspond to the scaled strains &' via the

material properties of the matrix and fibres. The integral over the volume represents
summation over the matrix andfibres for all plies, and integration over the laminate. Equation
(16) is derived, in general terms,in the appendix and ensures that the scaled strain field lies at
the minimum of the total potential energy of the structure amongst all such scaled strain
fields.

At each iteration a corresponding static approximation to the maximum load can be

found by scaling the stresses o, , where o is in equilibrium with loads A\ F, , so that for
the largest possible value of 1= 14, the scaled stresses lie on or below the stress-strain
relation of Fig. (1a), i.e. ok <ot (ue") (17)

As the stresses o] are in equilibrium with A, F;, the scaled stresses are in equilibrium with
A%, F,, given by,

gy = By (18)
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The values of A, and A, converges to the exact solution when all conditions of the

problem are satisfied: equilibrium, compatibility, consistency with the material behaviour and

the design criterion.

4.4 Evaluation of G**!
For the deviatoric components of the matrix stresses it is sufficient to consider the effective

values. Two differing expressions correspond to the two regions as shown in Figure (1),

Emc — 3Gmlu5mk for ﬂgmc <ém

—= mc

c" =0, for E"<ue™ <e, (19)
Where G,, is the matrix elastic shear modulus. Ateach iteration the matching shear modulus

G**! is updated so that stress 4G associated with #€° coincides with & as shown in

m

Figure 2,
~k+l
Gm _Gm ﬂgmk Sé\m
Oy AT (20)
m 3ﬂgmk ,Ll =C,

A new linear solution with the load /1];<INF and the new matching linear material with shear
moduli distribution é,’;ﬂ (Egs. 20) is performed. Expressions for the Young’s modulus

E*“*'and Poisson ratio 7**' consistent with G:*' and the elastic bulk modulus K, are then

given by;.

R I A S R -
E, 3G, 9K E, |6G, 9K

Hence from (21) at the k+1 iteration:

EM = 1/(% + %} gl = E,f;“[6 élkﬂ - —911{ J (22)
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4.5 Summary of the iterative process
The iterative procedure has been implemented within a finite element scheme where each

element contains Z ply layers, L=1to Z. This consists of the following major steps.

1. Initialization: Specify elastic parameters of the constituents -fibre and matrix-
E,.G,.v, and E,,G,,v, . The elastic parameters of each ply E{",E;,G,v,; are evaluated
through eqgs. (8), leading to the elastic properties of the laminate. Here L indicates the number
of the ply layer, L=1... Z.

2. First iteration: Setk=1 and A\ = A"

v = Agy = 1. The value of the first kinematic multiplier

is arbitrary as the resulting micro strains are scaled to satisfy the design criterion.

3. Perform a linear analysis with a load A, F' and the ply elastic parameters
El.E,,.G},;.v};; where the suffix j indicates the Gauss points (GP) in the model.

4. kth iteration. Results of the (k- I)th linear solution are expressed in terms of ply

(k-

stresses and strains O'J.L(k'l)and e‘jL(k_l) , and nodal displacements u; Y where the load is

applied and where i denotes the nodes. Evaluate the ply stresses and strains and hence the
micro stresses-and strains of the matrix and the fibres using the relations summarized in Table
1 at each/layer, for each element and at each GP.

5. Scaling. Perform linear scaling ( by ) so that constraints are satisfied at each GP and

ply layer.

6. Linear Matching . Apply the matching process of the LMM considering the scaled
strains ue; to find the new linear parameters: (EIL )i,(ﬁf )I; ,(éfz)i,(f/'é )]; , Eq. (8), again at
each Gauss point and layer.

7. Evaluate the kinematic and static approximations through (16) and (18): Ay, A%, .
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8. Check for convergence, i.e ‘ﬂ';m, - /llgT‘ <TOLERANCE .

The process continues until convergence occurs. In the numerical examples convergence
occurs after less than eight iterations.

5. Numerical applications

As a first attempt to apply this method we take the simplifying assumption that the composite

fails by yielding strain exhaustion of the matrix. At point 5 of the iterative procedure in

Section 4.5, the scaling factor is £ = 1, . Hence it is assumed that the design limit is

dominated by the ductility of the matrix.

The examples concern multilayer laminate plates with symmetric layups under
conditions of plane stress. The constituent material properties and parameters, typical of a
Glass-Epoxy system, are shown in Table 2. All the FE analyses were performed with the
ADINA code [26,27], interfaced with a FORTRAN main program which controls the
iterative procedure. In the first example, triangular elements with one Gauss point each are
utilized. In the subsequent composite plate, model isoparametric 4 noded elements with 4

Gauss points were adopted.

Fibre Matrix Ply
E, =74 E, =10 E, =35.62,FE,=15.28
G, =308 G,=37 K,=11.11 G, =5.70
v, =02 v, =035 Vi, =0.29
Vy=04 oy =01 £ =0.06

Table 2. Material properties GPa (Glass-Epoxy).

5.1 Example 1: Laminate Elements

Consider a 4-layered square plate of side L and area A, with material parameters given in
Table 2. The first example concerns the behaviour of a four layer symmetric [+45/-45]s

laminate. Figure 3(a) shows the element structure and boundary conditions. Figure 3(b) shows
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the kinematic and static multipliers as a function of the number of iterations. In a single

iteration A, and A, converge to the maximum load factor.

<
~ A
45°
—45°
a) 45°
L=10cm -
o0 =0.1GPa 45
< 2 v
25 0.028
o A /ﬂKIN
2 /’L 0.027 ¢
KIN . /13
s £ 0.026 | T
B ~
0.025 4
0.5 /’lST
0 0.024
1 > 3 4 1 12 14 16 18 2 22
(b) iterations (c) iterations

Figure 3 Laminate with [+45/-45]s lay-up, under uniform uniaxial tension. (a)Element
structure, (b) convergence for properties of Table (2), (c) Convergence for stiffened fibres.

The first static bound Ay, (eq. 17) represents the elastic limit when yield initially
occurs in the matrix; a comparison between the first static bound Ay, and the converged

maximum load factor 4"** shows how much the load can be increased beyond first yield

before the matrix exhausts its ductility. In this case the first static bound Ay, =1.090is very
close to the max load A*** =1.147 and hence the first yield load is almost coincident with the

ductility exhaustion load due the fact that the load is mainly carried by the fibres. It is useful
to consider a further case where a simple analytic result exists. The fibres are made

considerably stiffer than the matrix in such a way the entire load is carried by the fibre

(E, =740GPa, E, =0.1GPa, 0, =0.0239GPa). For this case the analytic solution

provides 4 =0.0276. In Fig.3(c) the results of the procedure shows that for the first iteration

the kinematic and static bound coincide giving the exact value. These solutions are typical of
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the behaviour of the method when applied at the laminate element level. Convergence occurs
at the first iteration, with the kinematic load factor reducing and the static load factor

increasing to the converged value.

5.2 Example 2: Laminate Structure

Figure 4(a) shows a plate with a hole of radius 5cm. Due to symmetry only a quarter.of the
plate need be studied. The material axes 1-2 coincide with y-z axes. The FE model of the plate
consists of 1000 multilayer shell elements with 4 nodes and 4 Gauss points per.element
(Figure 8). The simplest layup [0°/0°] is considered with, again, the material characteristics in
Table.2. The initial applied load is given as a distributed load of 1 GPa. Hence values of A
correspond to applied stress levels in GPa.

The interest in this problem arises from the characteristic that the load applied in the
central section of the plate edge must be transferred to the fibres at the hole edges through

shear stresses transmitted through the matrix. Table 3 compares the elastic limit

Lay-up [0,0] First yield Ay, A >
P 0.356 1.865 « >

1 4<“— O-l
7, 0.0577 0.0577 T,

Table 3. Comparison between stresses first yield A, and A*** for material

element of plate under tension and shear in GPa.

and the maximum load for a material element under stress in the direction of the fibre and
subject to shear , emphasising the weakness of the composite under pure shear. If the
restriction on the ductility of the matrix is removed, the ultimate load is given by shearing in
the matrix along lines parallel to the plate edges tangential to the edges of the hole. Hence, the

maximum possible load 4

ult *

without constraint on the strain in the matrix , is given by

=0.346

ult

54, =307, =10V30,, ie. A
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Mg
07
06
- | . 05 1 /ﬂ’KlN
04
~— — 03
W=1 -
—| Zz T Ocm] — 02
— > 1 01 -
— y L-30 I 0 .\ /1?7 .
<« =shem — 1 . 5. 7
-— L s iterations
(a) (b)
1
Ly
Engineering shear strain y
=
[— 001000 V
L 0.00000 * w
—-0411000
= -0.02000
C 003000 :
004000 % v
F-U-U‘SUOD r L

(c)

Figure 4. Plate with hole. (a) Uniform plate of [0,0] laminate with central hole and
uniform tension,(b) convergence of kinematic and static load factors, (c) Distribution of
engineering shear strain in laminate. The star indicates the position of maximum strain.

The results in term of kinematic and static load factors are shown in Fig. 4(b). Note

that the kinematic result does not monotonically decrease but the difference between the two

estimates monotonically reduces. The value of the elastic limit, the first static bound Ay, =

0.125 =0.361 4, is about 50% of the converged maximum load A"** =0.233 = 0.673 4

ult
carried by the plate. This result means that the load can be increased significantly beyond the
first yield value before the ductility exhaustion of the matrix occurs and provides a more

meaningful limit than the ultimate load.
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The significance of this example is its ability to show the usefulness of the procedure

to deal with the effect of the ductility of the matrix on the maximum load. The total

engineering shear strain ¥ plot in Fig.4(c) provides a visualisation of the deformation pattern.

The maximum value of ¥ occurs at the edge of the hole. If we assume that the strain in the

matrix is dominated by shear strain, then the total strain at initial yield is given by;

y=0.6y,+04y,, y,=7,/37, y,=1,/30.8, hence y =0.0101
Similarly the shear strain at the maximum load A"** is given by 7, =0.6323. Hence the

region where the strain in the matrix exceeds the elastic limit and is less-than the limit value is
given by elements coloured mid to dark green and blue. Over most of this region the shear

strain is significantly less than the ultimate value. The limit value 7, =0.63231is achieved

only within a very limited region. Hence this solution demonstrates that insight into the
behaviour can be gained from this method in a direct and informative manner that is distinct
from that given by other analysis methods.
6. Conclusions

The method described in this paper is a first attempt to develop a Direct Method for
composite materials and structures, based upon a micromechanics of failure. The objective is
to seek the maximum load corresponding to a set of micromechanics material and kinematic
assumptions. Here the micromechanical model is merely an adaption of classical laminate
analysis where the Halphen-Tsai relationships are replaced by relationships that correspond to
well defined micro mechanics assumptions, allowing the matrix and fibre stresses to be
evaluated from ply stresses and strains and vice versa. Through the solution of a sequence of
linear matching problems with an appropriate kinematic load factor, an iterative process
converges to a solution for the maximum load where a design limit, expressed as a constraint

on the matrix and ply properties, is satisfied. A static load factor gives a measure of the
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deviation from the converged solution. The method is first applied at the laminate element
level and convergence occurs in very few iterations. The method is then applied to a plate
problem under tension with a central hole. In this case the solution converged in seven
iterations. The solution to this problem demonstrates the ability of the method to define a

useful and meaningful design limit, within the constraints of the mechanics model.

Despite the simplicity of both the model and the examples, the solutions here
presented demonstrate the potential of such methods in design. The methodology itself is not
overly constrained by the details of either a consistent micromechanical model or the design
criterion. The essential theoretical structure does, however, place restrictions on the model.
Deformation theory is assumed. Hence any failure criterion must be expressible in terms of
the strain field and independent of precise details of the previous strain rate history. Any
design constraint may be introduced provided it may be satisfied by linear scaling of the
micro kinematic solutions. These properties are not regarded as overly restrictive when
considering the failure modes discussed in the literature. Hence the method, here applied in
very simple circumstances, is capable of being developed into a method where matrix
cracking and fibre failure may be incorporated. For realistic modelling of the maximum
attainable load, local softening will occur, particularly when interfacial failure between matrix
and fibre is taken‘into account. Indeed, in the numerical example discussed in Section (5) final
failure may be expected to occur because of matrix cracking emanating from the stress
concentrations at the hole edge, resulting in loss of strength in the matrix. Exploration of such
methods where softening behaviour is allowed has been theoretically explored and applied to
portal frames, producing convergent solutions [18]. When softening is included, the search
for strain fields that satisfy the design criterion by scaling needs to be augmented with tests
for stability [18] as unstable solutions, corresponding to a reducing load can occur. Such

solutions corresponding to a strain rate field that deviate from the class of scaled strain fields.
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With this extension, stable solutions were obtained with conditions of extreme softening. An
exploration of such a methodology and comparisons with experimental data for laminates
await further developments, but the results of this paper demonstrate that relatively simple
direct methods of this type have the potential for delivering analysis methods for direct use in

design.

7. Acknowledgements

0O.B. would like to acknowledge support from the University ‘Mediterranea’ of Reggio
Calabria to visit the University of Oxford during which period this research was conducted.
A. R. S. P. wishes to acknowledge the support of a Leverhulme Foundation Emeritus

Fellowship.

8. References

1) Maier, G., Pastor, J., Ponter, A.R.S. and Weichert, D., “Direct Methods for Limit and
Shakedown Analysis”, In Comprehensive Structural Integrity — Vol.3 Ed. R de Borst
& H.A. Mang, Elsevier Science, Oxford, 48 pages

2) Hill, R. A theory of the yielding and plastic flow of anisotropic metals. Proc. R. Soc.
Lond. A 193: 282-287, 1948.

3) Hill, R. A self-consistent mechanics of composite materials. J. Mech. Phys. Solids
13:213-222, 1965.

4) Tsai; S.W.and Wu, E. M., A general theory of strength for anisotropic materials,
Journal of Composite Materials, 5: 58-80, 1971.

5) Hashin, Z. and Rotem, A. A Fatigue Failure Criterion for Fiber Reinforced Materials,
Journal of Composite Materials, 7:448—464, 1973.

6) Hashin, Z. Failure Criteria for Unidirectional Fiber Composites, Journal of Applied
Mechanics, 47: 329-334, 1980.

7) Chang, F.K., Scott, R.A. and Springer, G.S., Failure of Composite Laminates
Containing Pin Loaded Holes — Method of Solution, Journal of Composite
Materials,18: 255-278, 1984.



8)

9)

10)

11)

12)

13)

14)

15)

16)

17)

18)

19)

22

Chang, F.K., Scott, R.A. and Springer, G.S. Failure Strength of Nonlinearly Elastic
Composite Laminates Containing Pin Loaded Holes — Method of Solution, Journal
of Composite Materials, 18: 464-477, 1984.

Aboudi, J., Micromechanical Analysis of the Strength of Unidirectional Fiber
Composites. Composite, Science and Technology, 33:79-96, 1988.

Rahaman, S and Pecknold D.A. Micromechanics-based Analysis of Fiber reinforced
Laminated composites, Civil Engineering Studies, UILU_ENG-92-2012, Department
of Civil Engineering, University of Illinois, Urbana-Champaign, 1992.

Chandler, H.D., Campbell, .M.D. and Stone, M.A. An Assessment of ~ Failure
Criteria for Fiber Reinforced Composite Laminates, International Journal of Fatigue,
17(7): 513-518, 1995.

Kwon, Y.W., Berner J.M., Micromechanics model for Damage and Failure Analysis
of Laminated Fibrous Composites, Engineering Fracture mechanics, 52 ( 2), 231-242,
1995.

Kolakowski Z., On some aspects of the modified Tsai-Wu criterion in thin walled
composite structure, Thin-Walled Structures 41: 357-374, 2003.

Mayes J.S. and Hansen A.C., “A comparison of multi-continuum theory based on
failure simulation with experimental results”, Composite Science and Technology, 64
(3-4), 517-527, 2004.

Ponter A.R.S. and Engelhardt M, “Shakedown Limits for a General Yield Condition:
Implementation and Examples for a Von Mises Yield Condition”, European Journal of
Mechanics, A/Solids, 19(3): 423-446, 2000.

Ponter A.R.S:; Fuschi P. and Engelhardt M., Limit Analysis for a General Class of
Yield Conditions, European Journal of Mechanics, A/Solids, 19(3), 401-422, 2000.

Chen H: F.;Ponter A. R. S. and Ainsworth R. A., (2006), “The linear matching
method applied to the high temperature life assessment of structures. Part 1.
Assessments involving constant residual stress fields”, Int. Jn. of Pressure Vessels and
Piping, 83, 123-135.

Chen H. F., Ponter A. R. S. and Ainsworth R. A., (2006), “The linear matching
method applied to the high temperature life assessment of structures. Part 2.
Assessments beyond shakedown involving changing residual stress fields”, Int. Jn. of
Pressure Vessels and Piping, 83, 136-147

Barrera O., Cocks A. C. F. and Ponter A. R. S. Evaluation of the Convergence
Properties of the Linear Matching Method for Computing the Collapse of Structural
Components, European Journal of Mechanics A/Solids 28: 655-667, 2009.



23

20) O. Barrera, A.R.S. Ponter, and A.C.F. Cocks, Application of the Linear Matching
Method to materials that exhibit softening, XX conference AIMETA, Ancona, 2009.

21) O. Barrera, A.R.S. Ponter, and A.C.F. Cocks, Extension of the Linear Matching
Method applied to frame structures made of a material that exhibit softening, to
appear, European Journal of Mechanics, A/Solids.

22)  A. A. Pisano, P. Fuschi, A numerical approach for limit analysis of orthotropic
composite laminates, International Journal for Numerical Methods in Engineering; 70,
71-93, 2007.

23)  P. Fuschi, A. A. Pisano, O. Barrera. Limit analysis of orthotropic laminates by Linear
Matching Method, in D. Weichert, A.R.S. Ponter Eds.), Limit States of Materials and
Structures- Direct Methods, Springer, Wien, 197-220, 2009.

24)  HalpinJ. C. and Kardos J., The Halpin-Tsai Equations: A Review, Polymer
Engineering and Science, 16(5): 344-352, 1976.

25)  Hull D. and Clyne T.W., An Introduction to Composite Materials, Cambridge
University Press, 2" Ed., 1996.

26) ADINA R & D, Inc. Theory and Modelling Guide, Adina R & D: Watertown, MA,
U.S.A., 2002.

27) K.J. Bathe, Finite Element Procedures, Prentice Hall, Englewood Cliffs, NJ, 1996.

Appendix — The Linear Matching Method for Strain Potential Material

Consider a material described by a convex strain potential (¢, ) :

_E)Q(g,.j)
A VI

g

Q(e;) = [o,de; (Al)
0

Consider a body with volume V and surface S, subject to a load AF, applied over S, part of
S and displacement u, = 0 over the remainder of S, S, . Here F; is a prescribed load
distribution and A is a positive scalar multiplier. Consider a class of kinematically

admissible (KA) strains &} that satisfy compatibility with corresponding displacements

c _
u; =0 on S§,.
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The solution to the stated problem is given by the minimum of the total potential energy

PE (8;,/1) of the body with respect to &,

ij

PE(g°,1) = j Q(eH)dV - A j Fugds (A2)
Vv N

i

The objective of the Linear Matching Method is to obtain a solution (8;,1) so that

c

U,anda

€; satisfies a design constraint, expressed as a limit to the magnitude of &

corresponding value of A, i.e. a solution (¢;,4) that minimises PE(€;,4) subjected to the

design constraint.

The objective is achieved in a four stage iterative process. In the first stage the value of

PE(g;;,A) is reduced for constant 4. In the second stage the resulting strain field is scaled so

the design constraint is satisfied. In the third stage A is adjusted so that PE (8;,1) isata

minimum value for the new scaledstrain field amongst all such scaled strain fields. In the
fourth stage a lower static value of A is evaluate as a measure of the deviation from

convergence.

Stage 1: In the first stage we assume we possess a KA strain distribution 8,.]; that satisfies the

design constraint and a corresponding A*. A linear material is now defined so that the actual

material and this linear material yield the same stress for 6‘; = 81.]; ,l.e.

k
k =M= £t (A3)

ij k rs ' rs
aeij

where L.

ijrs

is the tensor of linear coefficients, which satisfies the usual symmetry conditions.

In addition, if 8§His an arbitrary strain, the following inequality must always be satisfied,
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Q' (g™ -Q" ()2 Q(e;") - Q(e;) (A4)

where superscript Lrefers to the linear material. When the potentials can be expressed in
terms of effective strains, inequality (A4) implies that the effective stress-effective strain

curve for the non-linear material has a reducing slope for increasing strain. This condition'is

satisfied for the chosen material model discussed in the text. Hence for constant A*,
inequality (A4) gives the following relationship between the potential energies for the two

materials;

PE"(e;", A)-PE" (e, A') 2 PE(g;" . }') - PE(g; . A) (A5)

ij

If 8;;” is now chosen as the solution of the linear problem, i.e. PE" (8U ,AY) is minimised by

e =&l then, PE"(e/"", )< PE"(g},A) and hence,

y

PE(e;" , X) < PE(g}, ') (A6)

ij o

Stage 2: This new KA strain field &; = 85“ has reduced the potential energy but may not

satisfy the design constraint. We assume that a value of a scalar #*"' = 1 may be found so

k+1

that the design constraint is satisfied by u 8!;“. The value of A is now adjusted so that for

k+1 Lk+1 k+1 : : sl : k+1
M 8 and /1 the potent1al energy 1s at a mmimum amongst the class of strains M gij

and hence the first variation is zero;

k+1

OPE(uel™, 1) = j a o 5g“ldv A = [Fquds =0 (A7)
N

ij 0

t

J.O'U uedv

and hence; A = VJ.F—’““CLS’ (A8)
y
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where o, denotes the stress corresponding to ,us;“ given by (A1). The new values A*' and

e now enter into Stage 1.

The linear solution o-**

; satisfies equilibrium internally and with load A but will generally

not equal the stress o7 in the actual material corresponding to £:'. However it is possible to

)

k+1 Lk+1

find a lower value of A° = 4 so that A, = A min{——-— where the minimum is sought

ij ij
over the entire volume V . It may be shown that A, < A" and convergence has occurred when

A=A

st

In summary, the Linear Matching Method for this class of problems consists of a procedure
for reducing the potential energy of a structure composed of a non linear material through the
solution of a linear problem where the linear properties are matched to those of the non-linear
material for an initial strain field. This is coupled with the assertion of a design restriction
expressed in terms of the strain field and attainable through scaling. The evaluation of a load
corresponding to such a'scaled strain field ensures that the potential energy is a local
minimum amongst the scaled strain fields. In the application to composites, the theory applies
provided the relationship between laminate stresses, ply stresses and micro stresses conform
to conditions of equilibrium and compatibility for the class of matching linear problems

solved in the iterative process.



