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Abstract

In this article, we state the Bohr-Sommerfeld conditions around a
global minimum of the principal symbol of a self-adjoint semiclassi-
cal Toeplitz operator on a compact connected Kéahler surface, using
an argument of normal form which is obtained thanks to Fourier inte-
gral operators. These conditions give an asymptotic expansion of the
eigenvalues of the operator in a neighbourhood of fixed size of the sin-
gularity. We also recover the usual Bohr-Sommerfeld conditions away
from the critical point. We end by investigating an example on the
two-dimensional torus.
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1 Introduction

Let M be a compact, connected Kéhler manifold of complex dimension 1,
with fundamental 2-form w. Assume M is endowed with a prequantum
line bundle L. Let K be another holomorphic line bundle and define the
quantum Hilbert space M, as the space of holomorphic sections of LF @ K,
for every positive integer k. The operators acting on Hj, that we consider are
Berezin-Toeplitz operators ([5, 4, 6, 19], and many others). The semiclassical
parameter is k, and the semiclassical limit is & — 40c0. Formally, k is the
inverse of Planck’s constant h.

Our aim is to understand the spectrum of a given self-adjoint Toeplitz
operator, in the semiclassical limit. In the setting of (A-)pseudodifferential
operators, the similar study was done by Colin de Verdiere in [13]. In his ar-
ticle [¢], Charles obtained the description of the intersection of the spectrum
of a self-adjoint Toeplitz operator with an interval of regular values of its
principal symbol, in the semiclassical limit: the eigenvalues are selected by
an integrality condition for some geometric quantities (actions) associated
to the symbol of the operator (these are the Bohr-Sommerfeld conditions).

In this article, we extend these conditions around a global minimum
of the principal symbol; since we work with only one degree of liberty, we
expect to have a very precise description of the eigenvalues near the critical
point.

1.1 Main theorem

Let A be a self-adjoint Toeplitz operator on M; its normalized symbol
aog + hay + ... is real-valued. Assume that its principal symbol ag admits

a global minimum at mg € M, with ag(mg) = 0. Denote by )\](Cl) < )\](€2) <

. < )\,(cj ) < ... the eigenvalues of Ay. Our main result is the following
theorem.

Theorem (Theorem 6.2). There exist Eg > 0, a sequence g(., k) of functions
of C*(R,R) which admits an asymptotic expansion of the form g(.,k) =
> oe>0 k~Lgy in the C™ topology, and a positive integer ko such that for every
integer N > 1 and for every E < E, there exists a constant Cy > 0 such
that for k > kq:

(W <Bor B <E)= |\ - EY| <onk N

; 1
E,(j)zg<k1 <j+2>,k>, jEN.

This allows to compute asymptotic expansions to all order for eigenvalues
of Ay, lower than EY, except that so far, we do not know who are the gy,
¢ > 0, or how to compute them. In fact, g(.,k) is constructed as the local
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inverse of a sequence f(.,k) which also admits an asymptotic expansion
Fok) =m0 kE~* f, in the C™ topology, and the first terms fo, f1 are related
to geometric quantities (actions) associated to Ay.

1.2 Link with the usual Bohr-Sommerfeld conditions

Let I be a set of regular values of the principal symbol ag; for every E in
I, the level set I' := ay Y(E) is diffeomorphic to S*. Fix an orientation on
I'g depending continuously on E. Define the principal action co € C*°(I) in
such a way that the parallel transport in L along I'g is the multiplication
by exp(ico(E)). Of course, co(FE) is defined up to an integer multiple of 2,
but we can always choose a determination of ¢y that is smooth on I.

Let (9, ) be a half-form bundle, that is a line bundle § — M together
with an isomorphism of line bundles ¢ : 2 — AZ0T*M. It is known that
for any connected compact Kéhler manifold of complex dimension 1, such
a couple exists. Introduce the hermitian holomorphic line bundle L; such
that K = L1 ® 0. For E in I, define the subprincipal form kg as the 1-form
on I'g such that

kE(Xag) = —a1

where X, stands for the Hamiltonian vector field associated to ag. Denote
by jg the embedding I'; — M, and introduce the connection V¥ on Jplt —
I'g defined by

V= vl 4+ “kp,
{2

with V&L the connection induced by the Chern connection of L; on JpL.
Define the subprincipal action c; € C*°([I) like the principal action, replacing
L by L; endowed with this connection.
Finally, define an index e from the half-form bundle § as follows: the
map
op: 0y > T'TE®C, ur jpo(u)

is an isomorphism of line bundles. The set

{u € 6pipp(u®?) > 0}

has one or two connected components. In the first case, we set eg = 1, and
in the second case e = 0. In fact, e€g is a constant ep = ¢ for F in I.
If we define carefully ¢y and ¢y, the following result holds.

Proposition (Proposition 6.4). Set I =]0, E°[. Then

1 1
— - 1
fo= 27T00, fi 27761 ( )

on I.

Thus, we recover the regular Bohr-Sommerfeld conditions away from the
minimum.



1.3 Structure of the article

The paper is organized as follows: we start by recalling some properties of
Toeplitz operators on a compact manifold. Then, we briefly explain how to
adapt the theory in the case where the phase space is the whole complex
plane. The fourth section is devoted to the construction of Fourier integral
operators that we use to construct our microlocal normal form in the follow-
ing part. In section 6, we state the Bohr-Sommerfeld conditions and some
consequences. In the last section, we investigate an example to give some
numerical evidence of our results.

2 Preliminaries and notations

First, we introduce the notations and conventions that we will adopt through
this whole article. They are already written in [¢] for instance, but we recall
them here for the sake of completeness.

2.1 Quantum spaces

Let M be a connected compact Kéhler manifold, with fundamental 2-form
w € Q2(M,R). Assume M is endowed with a prequantum bundle L — M,
that is a Hermitian holomorphic line bundle whose Chern connection V has
curvature %w. Let K — M be a Hermitian holomorphic line bundle. For
every positive integer k, define the quantum space Hy, as:

Hp=H' (M, LF @ K) = {holomorphic sections of L* ® K} .

The space Hy, is a subspace of the space L?(M, L* ® K) of sections of finite
L?-norm, where the scalar product is given by

<907 1/}> = /M hk(@? WMM

with hj the hermitian product on L* ® K induced by those of L and K,
and pps the Liouville measure on M. Since M is compact, Hy is finite
dimensional, and is thus given a Hilbert space structure with this scalar
product.

2.2 Geometric notations

Unless otherwise mentioned, “smooth” will always mean C*°, and a section
of a line bundle will always be assumed to be smooth. The space of sections
of a bundle E — M will be denoted by I'(M, E).

Let Lp — P and Ly — N be two prequantum bundles over Kéahler
manifolds, whose fundamental 2-forms are denoted by wp and wy. Denote
by p1 and ps the projections of P x N on each factor, and LpX Ly = pjLp®



psLy; then, if P x N is endowed with the symplectic form pjwp + pwn,
LpX Ly — P x N is a prequantum bundle.

Let P°P be the manifold P endowed with the symplectic form —wp and
the (almost) complex structure opposed to the one of P, and let L;l be
the inverse (dual) bundle of Lp with induced hermitian and holomorphic
structure and connection; then L;l — PP is a prequantum bundle. If k
is a positive integer, we can identify the Schwartz kernel of an operator
T : T(P,L%) — T(N,L%) to a section of LK K Lp¥ — N x P via the
following formula:

Ts@) = [ T.y)-s@ur(),

where up is the Liouville measure on the manifold P.

2.3 Admissible and negligible sequences

Let M be a compact connected Kéhler manifold. Let (si)r>1 be a sequence
such that for each k, s;, belongs to T'(M, LF @ K). We say that (sg)i>1 is

e admissible if for every positive integer £, for every vector fields X1,..., Xy
on M, and for every compact set C' C M, there exist a constant ¢ > 0
and an integer N such that

VmeC ||Vx,...Vx,se(m)| < ck?,

e negligible if for every positive integers ¢ and N, for every vector fields
X1,...,Xy on M, and for every compact set C C M, there exists a
constant ¢ > 0 such that

YmeC ||Vx,...Vx,se(m)|| <ck™V.

We say that (si)i>1 is negligible over an open set U C M if the previous es-
timates hold for every compact subset of U. We denote by O(k~°°) any neg-
ligible sequence or the set of negligible sequences. The microsupport MS(sy)
of an admissible sequence (si)r>1 is the complement of the set of points of
M which admit a neighbourhood where (si)r>1 is negligible. Finally, we say
that two admissible sequences (tx)r>1 and (sg)x>1 are microlocally equal on
an open set U if MS(ty — s;) NU = ); the symbol ~ will indicate microlocal
equivalence. We can then define, via the sequences of their Schwartz kernels,
admissible and smoothing operators, and the microsupport and microlocal
equality of operators.

2.4 Toeplitz operators

Let II;, be the orthogonal projector of L?(M, L* @ K) onto Hy. A Toeplitz
operator is any sequence (T} : Hp — Hp)r>1 of operators of the form

Ty, = My iy + Ry (2)

3]



where f(., k) is a sequence of C*° (M) with an asymptotic expansion f(., k) =
2050 k¢ f, for the C* topology, My ) is the operator of multiplication by
f(.,k) and Ry, is a smoothing operator. They are the semiclassical analogue
of the Toeplitz operators studied by Boutet de Monvel and Guillemin in [5].

We recall the following essential theorem about Toeplitz operators, which

is a consequence of the works of Boutet de Monvel and Guillemin [5] (see
also [3, 6, 17]).

Theorem 2.1. The set T of Toeplitz operators is a star algebra whose
identity is (Ilg)g>1. The contravariant symbol map

Teont : T — COO(M)HHH

sending Ty into the formal series > ~q i fy is well defined, onto, and its
kernel is the ideal consisting of O(k™°°) Toeplitz operators. More precisely,
for any integer ¢,

| T%|| = O(k™%) if and only if oeont(Tk) = O(KY).

We will mainly work with the normalized symbol

h
Onorm = (Id + 2A> Ocont

where A is the holomorphic Laplacian acting on C°°(M); unless otherwise
mentioned, when we talk about a subprincipal symbol, this refers to the
normalized symbol. This symbol has the good property that, if T and S
are Toeplitz operators with respective principal symbols ¢y and sg, then

h
Unorm(TkSk) =toso + Z {to, S()} + O(hQ).
Finally, we will need to apply functional calculus to Toeplitz operators.

Proposition 2.2 ([6]). Let Ty, be a self-adjoint Toeplitz operator with symbol
> >0 Bty and g be a function of C®(R,C). Then g(Ty) is a Toeplitz operator
with principal symbol g(to).

3 Toeplitz operators on the complex plane

3.1 Bargmann spaces

We consider the Kihler manifold C ~ R? with coordinates (z,¢), standard
complex structure and symplectic form wg = dé Adz. Let Ly = R? x C — R?
be the trivial fiber bundle with standard hermitian metric g and connection

V0 with 1-form %o, where a,(v) = Swo(u,v); endow Lo with the unique



holomorphic structure compatible with hg and V. For every positive integer
k, the quantum space that we consider is

My = H(R?, Lg) N L*(R?, Lg);

this means that in this case, we make the arbitrary choice that the auxil-
iary line bundle K is the trivial bundle with flat connection. These spaces

coincide with Bargmann spaces [1, 2], which are spaces of square integrable
functions with respect to a Gaussian weight. More precisely, we choose the
r—i€

holomorphic coordinate z = 7 and note
By, = {fwk; f:C—C holomorphic,/2 | (2) 2 exp(—k|z|?) dA\(2) < —i—oo}
R

with ¢ : C — C,z — exp (—%]2]2), Y its k-th tensor power, and A the
Lebesgue measure on R2. It is easily shown that for k > 1, ’Hg is precisely By.
Sometimes, we will use the identification of the section fi to the function
f in abusive notations, such as talking about the operator % action on By,
etc. It is standard that By is closed in L? (R2 exp(—k|z|?)dA(z)), and is
thus a Hilbert space; moreover, we know an orthonormal basis of By.

Proposition 3.1. The family (pn k)nen, where @, ;(2) = \/% 2k s
an orthonormal basis of By,.

We denote by Hg the orthogonal projector from L?(R2, L’g) onto B.

3.2 Admissible and negligible sequences

Since we will only deal with C* sections, we can adopt the same definitions
for admissible and negligible sequences as in the previous section.

3.3 Toeplitz operators

To consider Toeplitz operators acting on Bargmann spaces without raising
technical issues, we could only work with operators with compactly sup-
ported kernels. However, we would miss the simple case of the harmonic
oscillator. So we need to introduce symbol classes, very similar to the ones
used when dealing with h-pseudodifferential operators (see for instance [15]).
The proofs of the results of this part are collected in the appendix.

Let d be a positive integer. For u in C?, set m(u) = (1+ ||u||2)%
For every integer j, we define the symbol class S]C-l as the set of sequences
of functions of C*°(C?) which admit an asymptotic expansion of the form
a(., k) =Y y>0 k~‘as in the sense that

e VleEN Va,BeN2 3Cpa5>0 02020, < Cpopmd,



e VL € N* Va,3 € N 3Cp, >0
CL@”gkamj.

020 (a = S5 ktar)| <

Set S% = Ujez S]d. Now, let a(.,k) be a symbol in S}, and consider the
operator
Ar, = Op(a(., k) = IR M, gy 1T (3)

acting on the subspace

S = {cp €By; VjeN sup (|<p(z)|(1 + ]z\Q)j/2> < —I—OO}
zeC

of By. As shown in [2], &, corresponds to the Schwartz space via a particular
unitary mapping between L2(R) and By, the Bargmann transform. It is
easily seen that Ay sends & into &; it is even continuous &5 — S;. Note
that if 7 = 0, then Aj is bounded By — Bk, and its norm is lower than
sup |a(., k)|

Let t be the section of Ly — R? with constant value 1. Let Fy be the
section of Lo X Ly ! given by

1 _ _
Fo(z1, 22) = exp <_2 (1212 + [z2l? = 22122)> Hz1) @ ¢ (22),

or equivalently, if u = (x,£) where z = %(x — &),

Fo(u,v) = exp (—i”u o2 - ;wo(u,v)> Hu) @ 1 ().

Adapting the result of section 1.c of [1], with the good normalization for the
weight defining our Bargmann spaces, we have the following:

Proposition 3.2. H% admits a Schwartz kernel given by %Fé“

In the rest of the paper, we will use the same letter to designate an
operator and its Schwartz kernel. This proposition allows us to compute the
Schwartz kernel of any Toeplitz operator.

Lemma 3.3. Let a(., k) be a symbol in S}; then A = Op(a(.,k)) admits a
Schwartz kernel given by

k

k _ -
Ap(z1,22) = —exp | —= (|,21|2 + |22|2 — 2z122) a(z1, 22, k)
27 2 (4)

+ Ry exp (—C’k|21 - 22|2) )

where a(., ., k) belongs to 832, Ry is negligible and C is some positive constant.
Moreover, one has

a(z,z, k) = (exp (k_lA) a) (z,k) (5)

8



where A = 8%8% is the holomorphic Laplacian acting on C®(C?), in the
sense that the asymptotic expansion of a(.,.,k) is obtained by applying the
formal asymptotic expansion of the operator exp (k_lA) to the asymptotic
expansion of a(., k).

This leads us to the following definition.

Definition 3.4. A Toeplitz operator is an operator from & to & of the
form
) My iy 1T + Sk, (6)

where a(., k) is a symbol in S! and the kernel of Sy satisfies

Sk (21, 22) = Ri(z1, 22) exp (fC'k:|zl — z2|2) (7)

with Ry negligible and C' some positive constant. As in the compact case,
Teont (Ak) = Dp>0 itay is called the contravariant symbol of A,. We denote
by 7; the set of Toeplitz operators with contravariant symbol belonging to
St

J

In fact, lemma 3.3 defines the covariant symbol of Ay:

Ucov(Ak)(Z) = Z ﬁe&z(z, Z).

>0
The following lemma gives an important property of the latter.

Lemma 3.5. If the covariant symbol of Ay wvanishes, then the Schwartz
kernel of Ay is of the form (7).

As a corollary of lemmas 3.3 and 3.5, we obtain the stability under
composition of the set of Toeplitz operators.

Corollary 3.6. Let Ay € T; and By, € Ty be two Toeplitz operators. Then
Cy = ApBy, belongs to Tjyj; more precisely, its contravariant symbol is
given by

Teni(Ci)(2) = (exp <_h65183) oo AR) ()i Bi) 2 ,

z2 |z1=22=2
(8)
in the same sense as in lemma 3.3.

Define the normalized symbol as in the compact case:

Onorm = (Id + ZA> Ocont -

From formula (8), we find that onerm (AxBg) = aobo + 2 {ao, bo} + O(h?), as
expected.



Definition 3.7. A Toeplitz operator A;, € 7; is said to be elliptic at infinity
if there exists some ¢ > 0 such that for z in C, |Geont (Ar)(2)| = ¢(1 + |2|?)%.

Adapting proposition 12 of [6] and theorem 39 of [12], one can show the
following:

Proposition 3.8 (Functional calculus). If Ay belongs to T; for some j > 1,
is essentially self-adjoint and elliptic at infinity and if n : R — R is a
compactly supported C* function, then n(Ay) belongs to Tj: for every j' < 0.

4 Fourier integral operators

The aim of this section is to construct microlocally unitary operators be-
tween M, and By, given a local symplectomorphism y from M to R%. In
[0], Boutet de Monvel and Guillemin introduced Fourier integral operators
in the homogeneous Toeplitz setting. In the semiclassical Toeplitz theory,
such operators between compact manifolds have been used by Charles [7, 9],
but some difficulties arise when dealing with a non compact manifold. Nev-
ertheless, the ideas, based on Lagrangian sections, are very similar.

Let x : Q1 € M — Qo C R? be a symplectomorphism between the open
sets 21 and . Then the graph

Ay = {(u, x(uw);u e U} CQ xQ

of x is a Lagrangian submanifold of the product M x C°P. As in the previous
section, let ¢ be the section of Ly — R? with constant value 1. By definition
of the connection on Lg, we have VOt = %a ® t, where « is the primitive of
wo given by o, (v) = Fwo(u, v). The following lemma is elementary.

Lemma 4.1. Taking Q21 smaller if necessary, we can find a local gauge s of
L — Qq such that Vs = %X*a ® s.

We consider the section t5, of L X Ly L over A, given by

ta, (u, x(u) = s(u) @t (x(u)).

Thanks to proposition 2.1 of [7], we can build a local section E of LKLy L
Q1 x QF such that

e Fisequal toty on Ay,

e for every holomorphic vector field Z on 3 x Q57 the covariant deriva-
tive of E with respect to Z is zero modulo a section vanishing to
infinite order along A,,

10



and this section is unique modulo a section vanishing to infinite order along
A,. Furthermore, we can always assume that ||E| < 1 outside A, and we
will make this assumption until the end of this article.

We consider a sequence of functions of C*(Q; x Q57), which admits an
asymptotic expansion ), k~%ay for the C* topology whose coefficients are
all supported in a fixed (i_ndependent of k) compact set C' C Qq x Qy. Let
S be the local section of (LF ® K) K Ly* given by

Sk(u,v) = %Ek(u, v)a(u,v, k),

and consider the operator Sy defined on I'(C, LIS) by

(Se0)(w) = [ Su(u,0)6(0) dA).

which makes sense since S(.,.) vanishes outside 21 x .
Proposition 4.2. The operator Ry, = SpI1) maps By, into T'(M, LF @ K).

Proof. We must show that if ¢ is a smooth square integrable section of
LE — C, then SpIYy is a smooth section of LF® K — M. It is enough to
show that the Schwartz kernel of Skﬂg and its derivatives with respect to
the first variable are rapidly decreasing in the second variable. Let Rj be
this kernel; one has

Ry (u,v) :/ S (u, w) .19 (w, v)dw,
p2(C)

with ps the projection from M x C to C. So

k

2
Ri(u,v) = (%) /pQ(C) fu,v,w, k) E* (u, w).t*(w) @ t 7% (v)dw

with f(u,v,w, k) = a(u,w, k) exp (—%Hw — ]2 — %wo(w,v)). This implies
the estimate

k

2 k
IR0l < () [ lalww ke (<5 o - ol ) B, w) do.
™ p2(C) 4

Since ||E|| <1 and af(., ., k) is bounded by some constant c; > 0, this yields

E\?2 k )
IRewo)l < (55) @ [ e (=5lw—ol?) du.
7? P2 (C) 4

Using [|w — v[|* > [|v]|*> = 2|Jw||||v]|, we obtain

et < (o) evesn (<Eo) [ eso (Efolon) aw
, < | = xXp | —— Xp | = .
b 27 REXP\ Ty p2(C) P2

11



Finally, an upper bound for the integral that appears in this inequality is
7r? exp (%rHvH) where p2(C) is included in the closed ball of radius  and
centered at the origin. This allows us to conclude that

kN2, koo kr
<|=— —— — .
[ B (u, v)[| < (27r) CETT exp( Al + 5 HUH)

The same kind of estimates hold for the successive derivatives of Rj, with
respect to u; we prove them by differentiating under the integral sign. [J

Unfortunately, Ry has no reason to map holomorphic sections to holo-
morphic sections; to fix this problem, we set Tj, = Il Ry; defined in this way,
T}, is an operator from By to Hy.

Proposition 4.3. The Schwartz kernel of T}, reads

k
Tk(ua ’U) = ?Ek(u7 U)b(u7 v, k) + O(kioo) (9)
7r
with b(.,.,k) a sequence of smooth functions which admits an asymptotic
expansion b(., ., k) = > p>0 k~b, for the C* topology satisfying

bo(u, x(u), k) = p(u)ao(u, x(u), k)

where u is a smooth, nowhere vanishing function which depends only on the
section E.

The proof is the same as the proof of proposition 4.2 of [7]; it is based
on an application of the stationary phase lemma.

An operator Vi : Br — Hji admitting a Schwartz kernel of the form of
equation (9) and satisfying IT;ViII9 = V; will be called a Fourier integral
operator associated to the sequence b(., ., k); let us denote by FZ(x) the set
of such operators. We define the full symbol map

o FI(x) = C®(M)[[A]], Vi > hbe(u, x(u)).
>0

One can show that its kernel consists of smoothing operators. In the same
way, we define FZ(x~!) : Hx — Bg. The following property is another
application of the stationary phase lemma.

Proposition 4.4. Let R, € FZ(x) and Sy, € FI(x~') with respective prin-
cipal symbols ro(u, x(u)) and so(v,x *(v)). Then there exists a smooth
nowhere vanishing function v : R?> — R such that for every Toeplitz op-
erator Ty, on M with principal symbol tog, SpTi Ry is a Toeplitz operator on
R? with principal symbol equal to

v(v)so(v, X" (v)to(x " (v)ro(x " (v),v)

on Qo.

12



To conclude this section, we prove that we can find microlocally unitary
operators mapping By to Hy in the following sense.

Proposition 4.5. There exists a Fourier integral operator Uy : B — Hy
such that

o U;:Uk NH% on QQ,
o UUl ~ 1l on €y,

reducing 01 and o if necessary, where we recall that the symbol ~ stands
for microlocal equality.

Proof. Start from a Fourier integral operator Sy associated to s(.,., k) with
principal symbol so(v, x "' (v)) never vanishing on Q1 x Q. The first step
is to construct an operator with the first property; we do it by induc-
tion, correcting S by Toeplitz operators. More precisely, let P, be a
Toeplitz operator on R?, and denote by py its principal symbol. Set U, ,50) =
Sy Py; then U,E,O)*UIEO) is a Toeplitz operator on R?, with principal symbol
v(v) |po(v))? 1so (x " H(v),v) |2. Since v(v) and s¢(s, x "1 (v)) vanish in no point
v, one can choose pg such that this principal symbol is equal to 1. Doing so,
U ,go)*U,go) has the same principal symbol as H%, so there exists a Toeplitz

operator R,(CO) such that

v U ~ 11 4 kR

on {)o. From now on, when there is no ambiguity, the equality between
operators will mean microlocal equality on 5. Let n € N and assume that

there exists an operator U,gn) : By, — Hj and a Toeplitz operator R,gn) (with
principal symbol r,) such that

oy U =1 + kIR

Let T} be a Toeplitz operator on R? with principal symbol ¢y, and set
U = U (09 + k=(+DT; ). One has

U,ﬁ”“)*U,i”“) — 110 4 (v D) (TJ: X ngn) + Tk) + k_(n+2)R](€n+1)

with R,(:H) a Toeplitz operator. This implies that if we choose tg such that
2R(ty) = —ry, then

U]En—o—l)*Ulgn—l—l) _ Hg + k_(n+2)R,(€n+1).

So we can construct the operators Uén) by induction; it remains to apply

Borel’s summation lemma to find the desired operator Uy.

13



Composing such a Uy by Uy, on the left and U} on the right gives:
(UU)? ~ UpUy on Q.

Since U,Uj; is an elliptic Toeplitz operator on §; (its principal symbol van-
ishes nowhere), it has a microlocal inverse at each point of £1; so the pre-
ceding equation yields UpU; ~ 11}, on €. O

Of course, such operators satisfy the analogue of Egorov’s theorem:

Proposition 4.6. If Uy is as above, then, for every Toeplitz operator Ty on
M with principal symbol to, Sy, = U;Ti Uy is a Toeplitz operator on R? with
principal symbol equal to too x~t on Q.

For a proof, see [12, theorem 47]. The action of a Fourier integral opera-
tor at the subprincipal level is much more complicated to compute. Denote
by oo(Uy) the principal symbol of Uy, and by ~ the 1-form on A, such that

1
vHem(C©K) g (Uy) = —® o0(Uk)

endowing C with the trivial connection and K with the one inherited from
L, and 0. Now, notice that the symplectomorphism x brings the complex
structure of C°? to a positive complex structure j on M. Introduce the sec-
tion ¥ of Hom(Q10(C), ;*(M))a, — Ay such that for all o € ALO(TQ5F)*
and B € ALO(TQy)*, ) )

W(a) A B = (x"a) A B.
This map is well-defined because the sesquilinear pairing A}’O(Tle)* X
AT, )" — C, (o, B) = (a A B)/wr, is non-degenerate. Let & be the

1-form on A, such that
VU =W

where V is the connection induced by the Chern connections of 2%°(C) and
Q29(M). In [9, Theorem 3.3], Charles derived the following formula.

Theorem 4.7. With the same notations as in the previous proposition and
denoting by t1 the subprincipal symbol of Ty, the subprincipal symbol s1 of
Sy 1s given by:

s10) = 1(m) + (ma ~ 58mas (X (), (0 X)) )

for u € R? and m = x~1(u).
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5 Microlocal normal form

5.1 The local model

Our local model will be the realization of the quantum harmonic oscillator in
the Bargmann representation: Q = % (z% + %), with domain C[z] which
is dense is Bi. The following lemma is easily shown.

Lemma 5.1. Qp is an essentially self-adjoint Toeplitz operator with nor-
malized symbol qy. Moreover, the spectrum of Qy is

Sp(Qr) = {k‘_l (n—l— ;) ,n € N}.

5.2 A symplectic Morse lemma

Let (NV,w) be a two-dimensional symplectic manifold and f a function of
C>®(N,R). Assume f admits an elliptic critical point at ng € N, with
f(ng) = 0. Replacing f by —f if necessary, we can assume that this critical
point is a local minimum for f. Define

@:R—=R% (2,8 — %(12 +&%).
The following theorem is well-known.

Theorem 5.2. There exist a local symplectomorphism x : (N,ng) — (R?,0)
and a function g in C*°(R,R) satisfying g(0) =0 and ¢'(0) > 0, such that
fox'=goq

where Yt is defined.

It can be viewed as a consequence of the isochore Morse lemma [I1] or
of Eliasson’s symplectic normal form theorem [16], but this case is in fact
easier than these two results.

5.3 Semiclassical normal form

We consider a self-adjoint Toeplitz operator A on M; its normalized symbol
a(.,h) =ap+ hay + ...

is real-valued. Assume that the principal symbol ag admits a non-degenerate
local minimum at my € M. Assume also that ag(mg) = 0, so that ag takes
positive values on a neighbourhood of mg. Hence, thanks to theorem 5.2,
we get a neighbourhood Q of mg in M, a neighbourhood €5 of 0 in R?, a
local symplectomorphism x : 7 — 9 and a function gy of C*°(R,R) with
g0(0) =0 and ¢{,(0) > 0, such that:

apox ' = gooqo

on {29. We denote by fy the local inverse of gg. Our goal is to show:
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Theorem 5.3. There exist a Fourier integral operator Uy : By — Hy and
a sequence f(., k) of functions of C*°(R,R) which admits an asymptotic ex-
pansion in the C* topology of the form f(.,k) =3 40 k=t f,, such that:

o UpU; ~1IY on Qo,
o UU; ~ 1l on €y,
° U]:f(Ak,k)Uk ~ Qk on QQ.

Proof. We consider an operator U, ,EO) satisfying the two first points (see the

previous section). We will construct the operator that we seek by successive
perturbations by unitary Toeplitz operators on B;. More precisely, we show
by induction that for every positive integer n, there exist an operator U én) :
By, — H, satisfying the two first points, a sequence £ (., k) of functions
of C®(R,R) of the form f™ (., k) = 7 k~‘fs, with f, smooth, and a
Toeplitz operator R,(Cn) acting on By such that

Ukn)*f(n) (A, k‘)Ukn) = Qi+ k_(”+1)R,(§") on Q.

The first step is as follows: by the results of the previous section, the op-

erator U, ,50)* fo(AR)U. ]go) is a Toeplitz operator on By, whose principal symbol

is equal to fooagox~' = go on Q. Hence, there exists a Toeplitz operator
R,(CO) on By, such that

U fo(ARUY = Qi+ k'R,
We look for U,il) of the form U,go)Pk with Py a unitary Toeplitz operator
on Bj,. Moreover, we choose f(U(. k) = fo+ k161 o fo with 6; a smooth
function that remains to determine. Expanding, we get
U fO (AR, k) UY = PrUlY* fo (AU Ptk PEU (010 £0) (AU Py
which yields
U F O (A, UL = Py (Q+ ' RY) Ptk PEUS (010 fo) (Ax) UL P
Consequently, we wish to have

Py (Qk: + k_lRi(cO)) Pe+ k7 PEUY (601 0 £0)(AR) ULV Py = Qr, + k2R

where R,(Cl) is a Toeplitz operator; this amounts, remembering that Py is
unitary, to

QP+ k' (RY Pe+ UL (010 fo) (AU Py ) = PuQi + kPR,
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which we can rewrite
Q. Pl + k71 (R P+ U (01 0 fo) (AU P ) = k2P Ry,

This will be true if and only if the subprincipal symbol of the operator on
the left of the equality vanishes, that is to say

1

- {q0,p0} +po(ro +6010q0) =0
where py and r¢ stand for the respective principal symbols of Py and R,(fo).
Set po = exp(iwp) with ¢ a smooth, real-valued function (since Py is uni-
tary). The previous equation then becomes

{¢0,q0} =10+ 01 0 qo.

This equation is standard and it is well-known that it can be solved. We
recall a method from [16] to find #; and g smooth such that it is satisfied,
since we will need to know how to construct these in part 6.2. Consider the
functions:

1 27
Fla,§) = =5 [ ool (@.9) di

and | gen
ol &) =~ [t 1ol (0. 8))

where gi)fm stands for the Hamiltonian flow of qg taken at time ¢:
Zo(x, €) = (xcost+Esint, —wsint + £ cost).

Since we integrate on a compact set and the flow ¢’ is smooth with respect
to (z,€), both F and g are smooth. By construction, we have {F, go} = 0.
But we have the easy lemma

Lemma 5.4. Let f be a function of C*°(R?,R) such that {f,qo} = 0. Then
the function g such that

f=g0
belongs to C*°(R, R).

So there exists a function 6; of C*°(R,R) such that F' = 6; o qp. Inte-
grating by parts, it is easy to show that

{v0,q00} =610q0+ 10

The next steps are practically the same; indeed, let n > 1 and assume
that we have found U,gn) and f(" (., k) satisfying the desired properties.

We now look for U,gnH) of the form U kn) (I1Y + k~"V}) with Vj, a Toeplitz
operator on By such that Hg + k7"V} is unitary. Furthermore, we write
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fODCE) = fM( k) + k=D, o fo with 6,,1 an unknown smooth

function. We want the existence of a Toeplitz operator R,(JLH) such that

U P (A, U (T + 5"V) = (kW) (@i + k=2 RD)
which gives, expanding,

O + k- "QpVi + kD) (ngm U™ (@1 0 fo)(Ak)U,E”)) — Ou O,
+ k*(n+2)R’(€n+1) + k—(2n+1)Vle(€n+1).

Thus, we wish that
Qe Vil + K71 (R + UL (B0 0 fo)(ADULY) = 0;

this will be verified if and only if

1
g{CIo,UO} +7+ 010 =0

which is treated as before.
We conclude thanks to Borel’s summation lemma (applied to both f(., k)
and U, k) L]

6 Bohr-Sommerfeld conditions

Let Ag be a self-adjoint Toeplitz operator on M as in the previous section.
Moreover, assume that ag(mg) is a global minimum of the principal symbol
ag, and that mg is the unique point of M with this property. This implies
that there exists £ > 0 such that for every E < E°, the level set ay ' (F) is
connected and contained in €);.

The maximum norm || Ag||c of Ax tends to the L*™-norm ||ag||c of ag
as k goes to infinity [3]; hence, for k large enough, the spectrum of Ay is
included in the set [—E', E'], where B! = |ag]|oo + 1.

6.1 Statement of the result

Before stating the Bohr-Sommerfeld conditions, it is convenient to show
that the sequence f(.,k) can be inverted, and that its inverse still has a
good asymptotic expansion.

Lemma 6.1. For k large enough, the function f(.,k) that appears in the-
orem 6.2 is a bijection from [—El,EO] to its image; more precisely, it is
strictly increasing. Moreover, the inverse sequence g(., k) admits an asymp-
totic expansion in the C* topology of the form g(. k) = S0k fgr +
O(k=°°), uniformly on [—E', E°]. -
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Proof. The first assertion follows from the mean value inequality

Vk>1 VE EBe|-ELEY|  |f(Ek)-f(E k) > Cnt G RIE-El

and the fact that f'(., k) is bounded below by some positive constant. This
implies that for k sufficiently large, f(., k) is strictly monotone on [—E*, E%];
since f4(0) > 0, f(.,k) is in fact strictly increasing. For the second part,
the proof is once again based on Borel’s summation lemma; it is done by
induction thanks to Taylor’s formula with integral remainder. O

We can therefore introduce the sequences
C) Y I P ,

for k large enough and for j such that k! (j + %) belongs to the set

[f(—=EL k), f(E,k)]. Since g(.,k) is also strictly increasing, the E,gj) are
ordered: A '
vieN, EY <EUTY

We can be more precise; fix j € N and write

EY = go (k:1 (j + ;)) +k g <k1 (j + ;)) +O0(k™?).

Then, applying Taylor’s formula with integral remainder, we get

j _ o1 .

EY) = go(0) +k! <g1(0) + <] + 2) g[’)(O)> + O(k™?). (11)
—

One must be careful with this estimate: the O(k~2) remainder is no longer

uniform with respect to j. Denote by )\l(€1) < Al(f) < ... < )\,(j) < ... the

eigenvalues of Aj. The main result of this section is the following theorem.

Theorem 6.2. There exists a positive integer kg > 1 such that for every
integer N > 1 and for every E < E°, there exist a constant Cx > 0 such
that for k > kq:

(W <Eor B <E)= |\ - BY| <Ok (12)
Moreover, for k large enough, all the eigenvalues of Ay, smaller than E° are

stmple. In particular, we obtain an asymptotic expansion to every order for
the eigenvalues of Ay, smaller than E°.

We will need the following lemma, based on the min-max principle.
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Lemma 6.3 ([!1, lemma 3.3]). Let A and B be two self-adjoint operators
acting, respectively, on the Hilbert spaces H' and H, both bounded from
below. Denote by HIA the spectral projection of A on I and by A\ < N3t <

. < )\3-4 < ... the increasing sequence of eigenvalues below the essential
spectrum of A; if there is a finite number jm(w of such eigenvalues, extend
the sequence for j > jmaz by setting )\A = \A., where N2, is the infimum of
the essential spectrum of A. Introduce the same notations for B. Suppose
that there exist a bounded operator U : H — H', an interval I = (—oo, E],
and constants C > 0, ¢ € (0,1) such that UIP(H) C Dom(A) and

|wrav-Bnf| <c

and
HU*UH? - H?H <ec.

Then, for all j such that /\JB < E, one has

Cc
Afg()\f+0)(1—l—l_c>.

Proof of theorem 6.2. Fix E in [—E', E°]. Let J be an open neighbourhood
of [~ FE', E] such that the open set ag ' (J) is contained in 1, and let n : R —
R be a smooth function equal to 1 on [—El, E] and 0 outside [J. Consider
the Toeplitz operator Ry, = n(Ay) and set By = (f(Ak, k) — UnQrU}) Ry.
By the choice of Ry, the microsupport of By is a subset of €2;. Moreover,
f(Ag, k) is microlocally equal to UpQrU}: on 1. These two facts imply that
By, is negligible; since M is compact, this yields that for every N > 1, there
exists a positive constant C'y such that

|Bi| < Cnk™N.

Now, let HJ;(;?’E k)) be the spectral projection associated to f(Ag, k) and corre-

sponding to the eigenvalues smaller than f(FE, k). If (A, ¢) is an eigencouple
for Ay with A\ < E, then Ry = n(A)p = ¢. This implies that for every ¢

Hé(ﬁ%kk)) (Hi), Rp¢ = ¢, and consequently

H(f(Alw k) — UpQrUy) <}4]Ek)H<CNk N

Similarly, there exists ¢y > 0 such that

o — o TG | < et

So lemma 6.3 shows that if f(/\,(cj), k) < f(E, k), the inequality
.1 enk™ () _
kot )<y — Nk N
<]+2>_<+1—0Nk—1\’><f(’“’)+CN )
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holds. So for k large enough (independently of E), we have k™! (j + %) <

F(E.K).

Now, let p be a smooth function equal to 1 on [fo(—FE%), fo(E)] and
vanishing outside an open neighbourhood K of [fo(—E?'), fo(E)] such that
q Y(K) ¢ Q. Thanks to proposition 3.8, we can consider the Toeplitz
operator S = p(Qk), and set C, = (Uy f(Ag, k)Ur — Q) Sk. Since Sy
belongs to every 7T;, 7 < 0, C}, belongs to 7p and is thus a bounded operator
B — Bj. Moreover, by construction, it is negligible. Hence there exists a
positive constant C'y such that

ICk[l < Ok~

modifying Cy if necessary, we can assume that Cy is equal to Cy. So, in-
troducing the spectral projection 19 ZHER corresponding to the eigenvalues

of Qf smaller than f(FE, k), the inequality

| r (A U = Q115 | < Ok
holds. Similarly, we have
| (Uit =) 12 | < e

Hence, applying again lemma 6.3, we obtain that

—-N
) < cnk ( -1 ( 1) —N>
fO k) < <1+ 1—cNk_N) k J+ 5 + Cnk

as soon as k™1 (j+ 1) < f(B,k). This shows that if f(\{",k) < f(E, k),
then .
SO0~ (545 )| < o

for some positive constant C,. Exchanging the roles of Q) and Ay, and
using lemma 6.1, this gives formula (12).

Using this result and the fact that there exists ¢ > 0 such that for j € N,
E(j +1) E(] ) is equivalent to ck™!, we obtain that the )\2) are simple for k
large enough O

6.2 Computation of the principal and subprincipal terms

In order to exploit these results, it remains to compute a few first terms in
the asymptotic expansion of the sequence f(.,k). What we can do is relate
the principal and subprincipal terms to the actions introduced in section
1.2.
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Proposition 6.4. Set I =|0, E°[. Then

1

1
fo= 5 G0 fi= 2.1 (13)

on I.

Proof. Let us first compute fy. Fix a level E in I. Let %6 be the 1-form
describing locally the Chern connection on L; then cy(FE) is given by

C()(E): . ,8

1

Using the relation ag o Y™ = g © qo, we can then write

() = [ s

where Cp is the circle centered at the origin and with radius 1/2fo(F). Using
Stokes’ formula and the fact that y is a symplectomorphism, this yields that
co(F) is the area of the disk bounded by Cg, that is, if the orientation that
we chose is the one giving the positive area (and this is what we will assume
in the rest of this section)

co(E) =2mfo(E). (14)

Now, turn back to the proof of our normal form theorem 5.3, where f;
is constructed from the subprincipal symbol rg of U,EO)* f (Ak,k:)U,go). By
uniqueness of fi, instead of starting from any operator U, ,EO), we can choose
one with symbol u ® v, where u is constant and v is a square root of W.

Doing so, we can compute ry thanks to theorem 4.7:
_ -1 / -1y X -1
ro=(a1ox )( fooaoox ") —vy-1() (Xfyeay © X

where v is the local connection 1-form associated to V1. We have f; =
01 o fo with 6; such that for all (z,€) in R?
Orow) (r.8) =~ [ 1o (0. 8))
) o B qo \*"»
where gZ)ZO stands for the Hamiltonian flow of go. Since go = fy o ago x !,
this implies that for (x,¢) in R?

1 21

(fl o ag OX_l) (z,8) = “or /i (a1 fo o ao) (X_l ( fm(%ﬁ))) dt

+% /027r Uy (6 (6)) (Xooao (X (B4 (2, 9))) ) .
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So, for m # mg in 21, we have
21

(roao)(m) = =5 [ (a1 fyoan) (x ! (65, (clm)) )

+% /027r Y1ty (etm) (Koo (X7 (@5, (x(m)))) ) dt;

thus, if E = ag(m),
f(E) = - / T s o (X (7 (o, 0cm))) )
D [ (3 (e o))

But y " 'o QSZO o x is the Hamiltonian flow of gy o x = fo o ag, so

I t
a7 b ) (K By )

_féQ(f) /027r ai (qﬁ}ooao (m)) dt.

Therefore, if Tg is the period of the flow ¢f10 along I'g, we have Ty = 27 f{(E)
for E close to 0, and a change of variable gives

_ 1 2 tfo
fi(E) = 27Tf6(E)/o o8B (X fuoao (¢fooa0 (m))) dt

fi(E) =

o [ (B ) a

which yields, since the Hamiltonian vector field associated to fg o ag is
tfL(E
X fyoao = (f§ 0 ag)X4,, and hence ¢f0?3(ao)(m) = ¢t (m):

e 5, Vet ()Xol ) a
_217T/0TE al( Zo(m)> dt

= K
frE B

fi(E) =

and by linearity of v
A = 5 [ v (Yol o) a5 [ i
=Jrp”
The right term of this equality is precisely equal to ¢;(E); so we have on
c1 =27 fy. (15)
O
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To conclude, we can show that € = 1 on I, so the result of theorem
6.2 matches the usual Bohr-Sommerfeld conditions on the set I of regular
values.

6.3 First terms of the asymptotic expansion of the eigenval-
ues

Theorem 6.2 and formula (11) give an asymptotic expansion for the eigen-
values of A, smaller than E°. Fix j € N; for k large enough, one has

; 1
A =k (510)+ (54 5

5) 96(0)) + 02,

We can be more precise, since we know the value of g;(0): by definition of
g(., k), we have g1 = —(f1040)g(, and the computation made in the previous
part leads to f1(0) = —a1(0)f;(0); consequently, g1(0) = a1(0) and

j o1 _
)\,(j) =kt <a1(0) + (j + 2) 96(0)> +O(k 2). (16)
But ¢((0) = %; moreover, it is standard that the principal action cq is

smooth even at the critical value E = 0. Hence, thanks to formula (14), one
has

. om (j+ 1
A = k1 a1 (0) + ( J +O(k72). (17)
(0)
In particular, the gap between two consecutive eigenvalues is given by
; o2kt
)\(.7+1) _ A(J) _ O k72 . 18
k k 66(0) + ( ) ( )

7 An example on the torus

The aim of this section is to give numerical evidence for our results by
investigating the case of a particular Toeplitz operator on the torus T of
real dimension 2. One can find the details of the quantization of T in [10],
where the authors investigate some conjectures on knot states; let us briefly
recall its main ingredients.

7.1 The setting

Endow R? with the linear symplectic form wy and consider a lattice A with
symplectic volume 4m. The Heisenberg group H = R? x U(1) with product

(z,u).(y,v) = (ac + Y, uv exp (;wo(x, y)))
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acts on the trivial bundle Ly — R?, with action given by the same formula.
This action preserves the prequantum data, and the lattice A injects into
H; therefore, the fiber bundle Ly reduces to a prequantum bundle L over
T = R2/A. The action extends to the fiber bundle L§ by

ik
(CC, u)(y, U) = <$ +vy, ukv €Xp <2w0(:c, y)))
and naturally induces an action
T A — End (T (R LE)), wes T

The Hilbert space Hy, = H°(M, L¥) can naturally be identified to the space
Ha i of holomorphic sections of L’(‘j — R? which are invariant under the
action of A, endowed with the hermitian product

(0. 0) = [ ¢ lunl

where D is the fundamental domain of the lattice. Furthermore, A/2k acts
on Hp . Let e and f be generators of A satisfying wo(e, f) = 4m; one can
show that there exists an orthonormal basis (1¢),cz /2kz. of Ha g such that

T:/de)g = wgdjf

+ 19
Tf/2k¢€ = 1[)[-&-1 ( )

V0 € 7.)2KZ {

with w = exp (%) The sections 1y can be expressed in terms of © functions.

Set My = T:/2k and Ly = TJ’I/%. Let (g,p) be coordinates on R2?
associated to the basis (e, f) and [g,p] be the equivalence class of (q,p).
Both M and Lj are Toeplitz operators, with respective principal symbols
[q,p] — exp(2imp) and [q, p] — exp(2imq), and vanishing subprincipal sym-
bols. Consequently

Ap =My + M '+ L+ L;*
is a Toeplitz operator on T with principal symbol

aop(q,p) = 2 (cos(2mp) + cos(27q)) (20)

and vanishing subprincipal symbol. Its matrix in the basis (v¢)scz/21z 18

200 1 0 ... 0 1
Lo 0
0

0
0 RIS
1 0 0 1 2091



where

Qp = COS (677)
= )

The principal symbol ag is known as Harper’s Hamiltonian. It admits a
global minimum at my = [1/2,1/2], with ag (mg) = —4. Figure 1 is a
contour plot of this function on the fundamental domain. In figure 2, we
derived numerically the spectrum of Ai. Figure 3 shows the modulus of the
eigenfunction associated to the eigenvalue closest to a prescribed level E.

In this situation, we can express ¢;(0), and so, by equation (17), the first
eigenvalues of Ag. Indeed, the symplectic form on T is w = 4nwdp A dg and
the hessian of ag at mg = [1/2,1/2] is given by:

d2a0(m0) = 87['212

so it is easy to obtain
c(0) = 1.

Consequently, the first eigenvalues are given by:
; 1
A = —4 4 27k <j + 5) +O(k72). (21)

This is exactly what our simulations show; we plotted the eigenvalues located
in a window of length 207k~ around the minimum (so we expect to see
about ten eigenvalues) and the result can be seen in figure 4.

7.2 Figures

Figure 1: A few level sets of ag
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Figure 2: Ordered eigenvalues of A, k = 50
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Figure 3: E = a0(0.7,0.6), k = 500
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Figure 4: Eigenvalues in [—4, —4 + 207k~ !]; in red squares, the eigenvalues
of Aj, obtained numerically; in blue diamonds, the theoretical eigenvalues
up to order k=2 (i.e. forgetting the O(k~2) in formula (21))
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A Appendix: proofs of the results of part 3.3

Proof of lemma 3.3. A first expression for this Schwartz kernel is

Ap(z1,22) = /(CHk(ZhZS)Q(ZB;k)Hk(Z?nZZ) dA(z3)
which is equal to
k\? k _ _
<277> /(Cexp (2 (]21|2 + |zo| + 2|23)* — 22173 — 22322)> a(z3, k) dA(z3).

(22)
This can be written

2
Ag(z1,22) = <2k;r> /Cexp(ikgb(zl,zg,z;g))a(zg,k:) dA(z3)

with the phase ¢ given by
) _ _
(21, 22,23) = 3 (|Zl|2 + |zo|® + 2|23)% — 22173 — 22322> )

It is more convenient to use real variables: let u; = (x;,&;) be the point of
R? corresponding to z; = % (xj —i&;). The phase ¢ reads

P(ur, ug, ug) = <||U1 — ug||? + [lug — uz||® + 2iwo(u1 — ug, U3)> :

v
4
Using the identity
1
et = usll” + flus = wa® = 5 (Jhus = wa® + 1120 = w1 = wsl?)
we can rewrite ¢ as

7
d(u1,u2,u3) = g”ul — ug||? + @(u1, ug, u3)

with

~.

1 .
o(uy, ug, ug) = — (2HQU3 — Uy — U2H2 + 2iwo(u1 — uz,u3)> .

o

So we have Ay (ui,u2) = exp (—% lu; — U2||2) I (uy,ug) with

k

2
I (uy,ug) = <27r> /R2 exp(ikp(u1, ue, ug))a(us, k) dA(us);

a change of variable finally gives

I (uy,ug) = (2]{7;)2 /R? exp(iky(ui, uz,u3)) a <U3 + (u1 —;—u2> ,k:) d\(us),
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with
1 9 . )
w(ul,ug,ug) = 5 (Hu?,H + ZWQ(ul — UQ,Ug) + zwg(ul,ug)) .

To evaluate this integral, we cannot directly use the stationary phase lemma
because a(., k) may not be compactly supported; we have to adapt it. In
order to do so, we start by computing the critical locus

Cy = {(ul,UQ,U3) € C3;du3¢(u1,u2,u;),) =0 and () (u1,ug, ug) = 0}
of ¢. It is clear that 3(¢)(u1,u2,uz) = 0 if and only if uz = 0; moreover,
the derivative of 1 with respect to ug is given by

. 1
dugw(UhUQa US) — Z<U3, > - 5&)0(’114 — Uug, ')?
hence Cy, is the set of (u,u,0), u € R% Now, consider y € C*(R?,RT) equal
to 1 in the set {||x3|| < d} for some 6 > 0 and with compact support, and
2
decompose Ij, as I, = (%) (Jx + Ki), with

U1 + u2

Jg(u1,uz) = /]1&2 exp(iky(uy, ug,us3)) a <U3 + ( 5 ) ,k) X(us) dA(us)

and Kj(uj,uz) equal to the same integral replacing x by 1 — x. First, we
show that K is negligible. Choose R > 0 and consider the points (uq,us)
belonging to the ball of R* centered at the origin and of radius R. Writing
the integral in K} in polar coordinates, we have

2 “+o00
K (u1, uz) = /0 /5 exp (k¥ (p, 0)) A(p, 0, k) dp df

where ¥(p, 0) = ¥(u1,us, (pcosh, psinf)) and

Ul + u2

Alp,0,k)=pa ((pcosﬁ,psin@) + ( ) ,k) (1 — x(pcosb, psinb)).

Performing successive integration by parts, it is easy to prove that for every
positive integer N

2 +o00
Ky (un, us) = kN / / exp (ikW(p, 8)) DN A(p, 6, k)dp do
0 1)

where D is the differential operator acting on C*([d, +00[x[0,27]) given

~1
by Df = ia% <<%‘£> f). Furthermore, using the facts that %—‘i(p, 0) =
ip—(x1 —x2)sin @+ 5 (y1 — y2) cos 6, DV A is equal to a linear combination
oP¥ 914

of terms of the form 3 o5 Op

and a(., k) belongs to S}, we have the estimate

“+o00 ) N —+00 k. 9
/ exp (k¥ (p,0)) D™ A(p, 6, k)dp SCN/ exp { —5p” | w(p,0) dp
4 d
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with
Ul + U2

2>j2

for some Cy > 0 and j1,j2 € Z. If jo < 0, this last integral can be bounded
by f6+oo Ph €xXp (‘%PQ) dp = O(k_l/z); if jo > 0, we have

w(p,0) = p' (1 + ’p(cos 6,sin6) +

2\ J2 .
(1 + ‘p(cos 6,sin ) + w > < (1 + | + |R|2)]2

and hence
oo k - +oo k '
/5 exp <—2p2> w(p,0) dp < CN/5 exp (_2p2) 073 dp = O(k71/2).

This shows that K}, < exk~Y on the ball of radius R for some cn > 0. We
treat the derivatives of K} in the same way.

It remains to estimate Ji. Since the second derivative of 1) with respect
to ug is equal to ¢Id, and since

) 1
lur,uz,us) = gllur — ol = Swo(ur, u)
1
t1 (i(§1 — &) + 223) Opy v (u1, u2, u3)
1
t1 (i(xo — x1) + 2€3) Oc, (w1, ug, us),

the stationary phase lemma [18, section 7.7] gives

Jp(u1,u2) = 2%Texp (;Hul —ug® - ;wo(ul,uQ)) a(u,u, k) + O(k™),
where a(., ., k) belongs to 8]2; the coefficients ay(uy,u9, k) of its asymptotic
expansion, which we do not write here, are linear combinations of derivatives
of the a,,, m > 0, evaluated at % However, the values of af(., ., k) along
the diagonal of C? can be easily computed, because a number of terms
vanish: for z in C, we have

—¢
a(z,z, k) = (Z %A%) (z,k) = (exp k:_lAa) (z,k).

>0

Putting this together with the fact that Kj is negligible, we obtain the
result. O

Proof of lemma 3.5. Formula (22) shows that the kernel Ay is a holomor-
phic section of L§ X Ly"; differentiating equation (4), this implies that the
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sequences of functions z € C — g—g(z,z, k) and z € C — g—i(z,z,k) are

negligible. Hence, we have for ¢ > 0 and z € C

%(z, z)=0= gaé(z, z).

21 22

Thanks to these holomorphy conditions, the fact that @, vanishes on the
diagonal implies that it vanishes to all order along the diagonal. We can
easily adapt lemma 1 of [(] to show that this yields the negligibility of

exp (—% |21 — 22|2> a(z1, 22, k). Injecting this in formula (4) gives the result.
O

Proof of corollary 3.6. The kernel of C}, reads

C’k(zl,zQ) = /C’Ak(zl,Z;),)Bk(Zg,Zg) d)\<23)

Using the representations of Ay and By given by lemma 3.3, this yields

2
Ck(z1,22) = <2k;r> /(cexp (ikd(21, 22, 23)) a(z1, 23, k)b(23, 22, k) dA(23)

b
+ Ry, exp (—Ck:]zl - lez) ,

with C' > 0, Ry negligible and

) _ _
¢(Zl,22,23) = 5 (|Zl|2 + |22|2 + 2|23|2 — 22123 — 22’322) .

Using the same technique as in the proof of lemma 3.3, we show that

k

k _ -
Ci(z1,29) = Py exp (—2 (|z1]2 + ]zz|2 — 22122)) é(z1, 22, k)

+R), exp (—C'k!zl — 22\2)

with C" > 0, R}, negligible, and ¢&(.,., k) € 8]2 - Now, consider the func-
tion ¢(.,k) defined by ¢é(z,k) = é(z,2,k) for z in C, and put ¢(., k) =
(exp (—k71A)¢) (., k). Then c(., k) belongs to S}H’ and, by lemma 3.3,
the Toeplitz operator Dy = Op(c(., k)) admits a Schwartz kernel of the form

k k B ~
Dy(z1,22) = %exp (—2 (]21\2 + |22]2 — 22122)) d(z1, 29, k)
+R] exp (—C”k!zl - z2]2) ;

where d(.,., k) belongs to SJ?, . is negligible, C” is a positive constant

and for every z in C, d(z,2,k) = &z, 2,k). Lemma 3.5 yields that Cj, =
Dy + R} exp (—C""k|z1 — 22|?) for some C" > 0 and R}’ negligible.
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It remains to compute the contravariant symbol of C. For z in C, put
a(z,w, k) = a(z,z +w, k) and b(z,w, k) = b(z + w, z, k). One has

v —1 ¥
¢ = (exp (k Aw) ab) o0
with A, the holomorphic laplacian with respect to w; using lemma 3.5, we

find
0 0

iz, k) = 1= ) du, k)b
(k) = (exp (K7 o alw i) )
up to a negligible term. Now, since c(.,k) = (exp (—=k~1A)¢) (., k), this
yields

c(z, k) = (exp (—kz 881“'*)81;) a(u, k)b(v, k)>|u—v—z
up to a negligible term, which was to be proved. O
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