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Sharp oracle inequalities for high-dimensional matrix
prediction

Stéphane Gaiffas®? and Guillaume Lecué®?

March 25, 2011

Abstract

We observe (X;,Y;)"; where the Y;’s are real valued outputs and the X;’s are
m x T matrices. We observe a new entry X and we want to predict the output
Y associated with it. We focus on the high-dimensional setting, where mT > n.
This includes the matrix completion problem with noise, as well as other prob-
lems. We consider linear prediction procedures based on different penalizations,
involving a mixture of several norms: the nuclear norm, the Frobenius norm and
the ¢/1-norm. For these procedures, we prove sharp oracle inequalities, using a
statistical learning theory point of view. A surprising fact in our results is that
the rates of convergence do not depend on m and 7" directly. The analysis is con-
ducted without the usually considered incoherency condition on the unknown
matrix or restricted isometry condition on the sampling operator. Moreover, our
results are the first to give for this problem an analysis of penalization (such
nuclear norm penalization) as a regularization algorithm: our oracle inequalities
prove that these procedures have a prediction accuracy close to the deterministic
oracle one, given that the reguralization parameters are well-chosen.

Keywords. High-dimensional matrix ; Matrix completion ; Oracle inequalities ;
Schatten norms ; Nuclear norm ; Empirical risk minimization ; Empirical process
theory ; Sparsity

1 Introduction

1.1 The model and some basic definitions

Let (X,Y) and D, = (X;,Y;)~; be n + 1 iid random variables with values in
My x R, where M, 7 is the set of matrices with m rows and 7' columns with
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entries in R. Based on the observations D,,, we have in mind to predict the real-
valued output Y by a linear transform of the input variable X. We focus on the
high-dimensional setting, where m7T" > n. We use a “statistical learning theory
point of view”: we do not assume that E(Y|X) has a particular structure, such as
E(Y|X) = (X, Ao) for some Ay € M,,, 1, where (-,-) is the standard Euclidean inner
product given for any A, B € M,, 1 by

(A,B) :=tr(A"B). (1)

The statistical performance of a linear predictor (X, A) for some A € M, r is mea-
sured by the quadratic risk

R(A) == E[(Y — (X, 4))’]. (2)

If 4, € M, 1 is a statistic constructed from the observations D,,, then its risk is
given by the conditional expectation

R(An) = E[(Y - <X, An>)2|Dn]

A natural candidate for the prediction of Y using D, is the empirical risk minimiza-
tion procedure, namely any element in M,, 7 minimizing the empirical risk R, (-)
defined for all A € M,,, 7 by

n

Ro(4) = = 3" (¥i - (X, )2

i=1

It is well-known that the excess risk of this procedure is of order mT'/n. In the high
dimensional setting, this rate is not going to zero. So, if X +— (Ap, X) is the best
linear prediction of Y by X, we need to know more about Ag in order to construct
algorithms with a small risk. In particular, we need to know that Ag has a “low-
dimensional structure”. In this setup, this is usually done by assuming that Ag is low
rank. A first idea is then to minimize R,, and to penalize matrices with a large rank.
Namely, one can consider

A, € argmin {Rn(A) + Arank(A)}, (3)
AEMNL,T

for some regularization parameter A > 0. But A +— rank(A) is far from being a
convex function, thus minimizing (3) is very difficult in practice, see [18] for instance
on this problem. Convex relaxation of (3) leads to the following convex minimization
problem

A, € argmin {R,(A) + A[|A]s, }, (4)
AEMm,T
where || - ||s, is the 1-Schatten norm, also known as nuclear norm or trace norm.

This comes from the fact that the nuclear norm is the convex envelope of the rank



on the unit ball of the spectral norm, see [17]. For any matrix A € M, 7, we denote
by s1(A),. .., Srank(4)(A4) its nonincreasing sequence of singular values. For every
p € [1,00], the p-Schatten norm of A is given by

rank(A)

4l = (3 sar)”. 5

j=1

In particular, the ||-||s, -norm is the operator norm or spectral norm. The ||-||s,-norm
is the Frobenius norm, which satisfies

1A%, = > A7, = (A, 4).
ij

1.2 Motivations

A particular case of the matrix prediction problem described in Section 1.1 is the
problem of (noisy) matriz completion, see [39, 40], which became very popular because
of the buzz surrounding the Netflix prize!. In this problem, it is assumed that X is
uniformly distributed over the set {epq:1 <p <m,1 < q<T}, where ey, € My, 1
is such that (epq)i; =0 when i # g or j # p and (epq)pq = 1. f E(Y|X) = (4g, X)
for some Ay € M, 1, then the Y; are n noisy observations of the entries of Ag, and
the aim is to denoise the observed entries and to fill the non-observed ones.

First motivation. Quite surprisingly, for matrix completion without noise (Y; =
(Xi, Ao)), it is proved in [13] and [14] (see also [20], [33]) that nuclear norm minimiza-
tion is able, with a large probability (of order 1 — (m A T)~3) to recover exactly Ag
when n > cr(m + T)(logn)®, where r is the rank of Ag. This result is proved under
a so-called incoherency assumption on Ag. This assumption requires, roughly, that
the left and right singular vectors of Ag are well-spread on the unit sphere. Using
this incoherency assumption [12], [22] give results concerning the problem of matrix
completion with noise. However, recalling that this assumption was introduced in
order to prove exact completion, and since in the noisy case it is obvious that exact
completion is impossible, a natural goal is then to obtain results for noisy matrix
completion without the incoherency assumption. This is a first motivation of this
work: we derive oracle inequalities without any assumption on Ay, not even that it is
low-rank. More than that, we don’t need to assume that E(Y|X) = (X, Ag) for some
Ap, since we use a statistical learning point-of-view in the statement of our results.
More precisely, we construct procedures A, satisfying sharp oracle inequalities of the
form

R(A) < inf {B(A) +ra(4) (6)

that hold with a large probability, where r,(A) is a residue related to the penalty
used in the definition of A,, that we want as small as possible. By “sharp” we mean

"http://www.netflixprize.com/



that in the right hand side of (6), the constant in front of the infimum of R(A)
is equal to one. As shown below, considering the prediction problem (6) allows to
remove assumptions which are usually mandotary for exact reconstruction, like the
incoherency assumption.

A surprising fact in our results is that, for penalization procedures that involve
the 1-Schatten norm (and also for penalizations involving other norms), the residue
rn(+) does not depend on m and T directly: it only depends on the 1-Schatten norm
of Ag, see Section 2 for details. This was not, as far as we know, previously noticed
in literature (all the upper bounds obtained for ||A, — Angz depend directly on
m and T and on ||Ap||s, or on its rank and on || Ayl|s.., see the references above
and below). This fact points out an interesting difference between nuclear-norm
penalization (also called “Matrix Lasso”) and the Lasso for vectors. In [35], which
is a work close to ours, upper bounds for p-Schatten penalization procedures for
0 < p <1 are given in the same setting as ours, including in particular the matrix
completion problem. The results are stated without the incoherency assumption for
matrix completion. But for this problem, the upper bounds are given using the
empirical norm || A, — Ag|2 = 21 (X;, A, — Ag)?/n only. An upper bound using
this empirical norm gives information only about the denoising part and not about
the filling part of the matrix completion problem. Our results have the form (6),
which entails when E(Y|X) = (X, Ag) for some Ay € M,,, v that

E(X, A, — Ap)? < inf {E(X,A— Ao)> +ra(A)},

AEMmyT

and taking Ag in the infimum leads to the upper bound
E<X, An - A0>2 < Tn(AO)'

Note that E(X, A, — Ag)? = || A, — Aolg,/(mT) in the uniform matrix completion
problem (see Example 1 below).

Second motivation. In the setting considered here, an assumption called Restricted
Isometry (RI) on the sampling operator

£alA) = Z=((X1, ). (X, )
has been introduced in [34] and used in a series of papers, see [35], [11], [29, 30].
This assumption is the matrix version of the restricted isometry assumption for vec-
tors introduced in [15]. Note that in the high-dimensional setting (m1" > n), this
assumption is not satisfied in the matrix completion problem, see [35] for instance,
which provides results with and without this assumption. The RI assumption is very
restrictive and is, up to now, only satisfied by some special random matrices (cf.
[37, 21, 28, 27] and references therein). However, after the submission of this paper
was submitted a preprint [31] introducing the Restricted Strong Convexity (RSC) as-
sumption, which is satisfied with a large probability even in the matrix completion



problem, on a restricted class of matrices with small “spikiness” (consisting of ma-
trices such that the ratio between the /o, and S norms is small enough). A second
motivation for this work is that our results do not require any RI or RSC assumption.
Our assumptions on X are very mild, see Section 2, and are satisfied in the matrix
completion problem, as well as other problems, such as the multi-task learning, see
Section 2 below.

Third motivation. Our results are the first to give an analysis of nuclear-norm
penalization (and of other penalizations as well, see below) as a regularization algo-
rithm. Indeed, an oracle inequality of the form (6) proves that these penalization
procedures have a prediction accuracy close to the deterministic oracle one, given
that the reguralization parameters are well-chosen.

Fourth motivation. We give oracle inequalities for penalization procedures in-
volving a mixture of several norms: | - ||s,, || - H252 and the ¢1-norm || - ||;. Indeed,
if E(Y|X) = (X, Ao), the matrix Ap may enjoy the following properties: low-rank,
many zeros entries or well-spread eigenvalues. As far as we know, no result for pe-
nalization using several norms was previously given in literature for high-dimensional
matrix prediction.

Procedures based on 1-Schatten norm penalization have been considered by many
authors recently, with applications to multi-task learning and collaborative filtering.
The first studies are probably the ones given in [39, 40], using the hinge loss for
binary classification. In [6], it is proved, together with some other asymptotic results,
that under some condition on the X, the nuclear norm penalization can consistently
recover rank(Ap) when n — +oo. Let us recall also the references we mentioned
above and close other ones [17, 34], [11, 10, 13, 12, 14], [23, 22], [35], [20], [33, 34],
[29, 30], [4, 3, 5], [1], and let us cite also two very recent preprints [31], [24], which
were submitted after this paper. A precise comparison with some of these references
is given in Section 2.4 below.

1.3 The procedures studied in this work

If E(Y|X) = (X, Ag) where Ap is low rank, in the sense that rank(Ay) < n, nuclear
norm penalization (4) is likely to enjoy some good prediction performances. But, if
we know more about the properties of Ag, then some additional penalization can be
considered. For instance, if we know that the non-zero singular values of Ay are “well-
spread” (that is almost equal) then it may be interesting to use the “regularization
effect” of a penalty based on the S3 norm in the same spirit as a “ridge” penalty for
vectors or functions. Moreover, if we know that many entries of Ag are close or equal
to zero, then using also a f;-penalization on the entries

A ||AlL = Z | Ap,ql (7)
1<p<m
1<¢<T



may improve even further the prediction. As a consequence, we consider in this paper
a penalization that uses a mixture of several norms: for Ai, As, A3 > 0, we consider

peny, y, x5 (4) = Al Alls, + A2l AlIZ, + As[[ Al (8)

and we will study the prediction properties of

~

Ap(M, A2, A3) € argmin {Rn(A) +pen>\17/\27)\3(A)}. 9)
AEMm,T

Of course, if more is known on the structure of Ag, other penalty functions can be
considered.

We obtain sharp oracle inequalities for the procedure fln()\l, A2, A3) for any val-
ues of A, A2, A3 > 0 (excepted for (A, A2, A\3) = (0,0,0) which provides the well-
studied empirical risk minimization procedure). In particular, depending on the “a
priori” knowledge that we have on Ay we will consider different values for the triple
(A, A2, A3). If Ay is only known to be low-rank, one should choose A\; > 0 and
Ao = A3 = 0. If Agy is known to be low-rank with many zero entries, one should
choose A1, A3 > 0 and Ay = 0. If Ay is known to be low-rank with well-spread non-
zero singular values, one should choose A\, Ao > 0 and A3 = 0. Finally, one should
choose A1, A2, A3 > 0 when a significant part of the entries of Ag are zero, that Ay is
low rank and that the non-zero singular values of Ag are well-spread.

Remark 1. We propose in Section 2 below several oracle inequalities for procedures
involving the low-rank inducing Si-norm, and mixtures of it with the Sy and {1-
norms on the entries. These results garantee the statistical performance of each of
these procedures with mixed norm. However, the theory proposed here is too general
to prove that one of the mized penalizations improves upon the pure S1 penalization
on some restricted class of matriz. Such results (that are of different nature) deserves
another work, to be considered later on.

2 Results

We will use the following notation: for a matrix A € M, 7, vec(A) denotes the vector
of R™T obtained by stacking its columns into a single vector. Note that this is an
isometry between (M, 1, || -|ls,) and (R™, |+ |gpr) since (A, B) = (vec A, vec B). We
introduce also the (o, norm || Al|o = maxp 4 |Ap4|. Let us recall that for o > 1, the 1),-
norm of a random variable Z is given by || Z||y, := inf{c > 0 : Elexp(|Z|*/c*))] < 2}
(cf. [25], p. 10) and a similar norm can be defined for 0 < a < 1.

2.1 Assumptions and examples

The first assumption concerns the “covariate” matrix X.



Assumption 1 (Matrix X). There are positive constants bx oo, bx .. and bx 2 such
that || X||s.. < bx.co; [[ Xl < bx e, and || X||s, < bx2 almost surely. Moreover, we
assume that the “covariance matrix”

3 := Efvec X (vec X) ']
s tnwvertible.

This assumption is very mild. It is met in the matrix completion and the multitask-
learning problems, defined below.

Example 1 (Uniform matriz completion). The matriz X is uniformly distributed
over the set {epq : 1 < p < m,1 < q < T} (see Section (1.2)), so in this case
Y = (mT) ' ur (where Iz stands for the indentity matriz on R™ ) and bxo =
bX,oo = bX,Zoo =1

Example 2 ( Weighted matriz completion). The distribution of X is such that P(X =

€p,q) = Tp,q Where (T q)1<p<m,1<q<T @5 a family of positive numbers such that Zlépﬁm,léqST Tpg =
1. In this situation X is invertible and again bx 2 = bx oo = bx ., = 1.

Example 3 (Multitask-learning, or “column-masks”). The distribution of X is uni-
form over a set of matrices with only one non-zero column (all the columns have the
same probability to be non-zero). The distribution is such that the j-th column takes
values in a set {xjs:s=1,...,k;}, each vector having the same probability. So, in
this case X is equal to T~ times the mT x mT block matriz with T diagonal blocks
of size m x m made of the T matrices k:;l Zfil mj7sx;-|:s forj=1,...,T.

If we assume that the smallest singular values of the matrices k;l Zfil xj7sx;‘|:s €
M for j =1,...,T are larger than a constant owmin (note that this implies kj >
m), then ¥ has its smallest singular value larger than ominT ™1, so it is invertible.
Moreover, if the vectors x; are normalized in l3, then one can take bx oo = bx o =

bX,Q =1.

The next assumption deals with the regression function of Y given X. It is
standard in regression analysis.

Assumption 2 (Noise). There are positive constants by, by,cc, by, by,2 such that
1Y = E(VIX) ]y € bysss VI, € byoos E[(Y — E(Y[X))?X] < 83,, almost
surely and EY? < b%,.

In particular, any model Y = (Ag, X) + ¢ where ||Ao|ls.. < +o0 and ¢ is a
centered sub-gaussian noise satisfies Assumption 2. Note that in the matrix comple-
tion problem, if 02 = E(£?), the signal-to-noise ratio is given by E({X, 4¢)?)/0? =
| 4o||3,/(0?*mT), so that o has to scale like 1/(mT) for the signal-to-noise ratio to
have a reasonable value.

Note that by using the whole strength of Talagrand’s concentration inequality on
product spaces for ¥, (0 < a < 1) random variables obtained in [2], other type of
tail decay of the noise could be considered (yet leading to slower decay of the residual
term) depending on this assumption.



2.2 Main results

In this section we state our main results. We give sharp oracle inequalities for the
penalized empirical risk minimization procedure

1 n
A, € argmin { =) (V; — (X;, A))? + pen(A) ¢, 10
Ae%m,T{n;< (X;, 4))? + pen(4) } (10)

where pen(A) is a penalty function which will be either a pure || - ||, penalization, or

a “matrix elastic-net” penalization |- ||s, +]| - ||3, or other penalty functions involving
the || - |1 norm.

Theorem 1 (Pure || - ||s, penalization). There is an absolute constant ¢ > 0 for
which the following holds. Let Assumptions 1 and 2 hold, and let x > 0 be some fixed
confidence level. Consider any

A, € argmin {Rn(A) + )\n,:vHAH31}7
AeM, T

for
N (x 4 logn)logn
=c
n,r XY \/ﬁ )
where cx)y = c(1+ bg(’g +bybx + b%wl + b%’,oo + b%;}Q + b%(,oo)' Then one has, with a
probability larger than 1 — 5e™%, that

A,) < inf A) + Mpo(1+ A .
R( )—Aeﬁm,T{R( )+ Ane(L+ | Alls,) }

When there is an underlying model, namely if E(Y'|X) = (X, Ap) for some matrix
Ap, an immediate corollary of Theorem 1 is that for any x > 0, we have

(x 4+ logn)logn
vn

with a probability larger than 1 — 5e¢™*. The rate obtained here involves the nuclear
norm of Ay and not the rank. In particular, this rate is not deteriorated if Ag is of full
rank but close to a low rank matrix, and it is also still meaningful when m+7T is large
compared to n. This is not the case for rates of the form rank(Ag)(m+1')/n, obtained
before the submission of this paper for the same procedure, see [22] and [35], which
are obtained under stronger assumptions. However, high-dimension matrix recovery
is a very active field of research, and two preprints were submitted only very recently
(at the time of the revision of this paper), where one can find results that don’t need
rank constraints, see [31] and [24]. Theorem 1 and these results are compared in
Section 2.4.

Concerning the optimality of Theorem 1, the following lower bound can be proved
by using the classical tools of [43]. Consider the model

E(X, A, — Ag)? < exy (1+ [[Aolls,)

Y = (Ag, X) + ¢ (11)



where ( is a standard Gaussian variable and X is distributed like the m x T diagonal
matrix diagley, ..., enar] Where €1, ..., enar are i.i.d. Rademacher variables. Then,
there exists absolute constants cg, ¢; > 0 such that the following holds. Let n,m,T €
N—{0} and R > 0. Assume that mAT > /n. For any procedure A constructed from
n observations in the model (11) (and denote by IP’%: the probability distribution of
such a sample), there exists Ay € RB(S1) such that with P%g—probability greater
than cq,

coom AT
i)

This shows that, up to some logarithmic factor, the residual term obtained in Theo-
rem 1 is optimal. The only point is that the Sy norm of the design in (11) is not nicely
upper bounded (|| X||s, = mAT a.s.) as it is required in Assumption 1. Nevertheless,
the assumption || X||s, < bx2 a.s. is mostly technical: it comes from the fact that
we use the weak inclusion B(S1) C B(S2) for the computation of the complexity of
B(S1) w.r.t. the norm coming out of our method (cf. Subsection 3.5 below). This
inclusion is clearly a source of looseness and we believe that Theorem 1 is also valid
if we only assume that || X||s.. < bx o a.s. in place of || X||s, < bx 2 a.s..

We now state three sharp oracle inequalities for procedures of the form (10) where
the penalty function is a mixture of norms.

R(A) — R(Ap) > coaR\/:L log (

Theorem 2 (Matrix Elastic-Net). There is an absolute constant ¢ > 0 for which
the following holds. Let Assumptions 1 and 2 hold. Fiz any x > 0, r1,79 > 0, and
consider

A, € argmin {Rn(A) + Mz (ri]|Alls, + TQHAH%Q)},
AEMmJ“

where

N logn(l+(:c+logn)logn)
n,x — CX)Y \/’TL - TQ\/H )

where cxy = C(1+b§<’2+bx725y +b%/,w1 +b%/,oo+b%/,2)' Then one has, with a probability
larger than 1 — 5e™ ", that

R(A,) < inf {R(A) + Aoo(1+ 1] Alls, +72llAlE,)}-
AeM,. T

Theorem 2 guarantees the performances of the Matrix Elastic-net estimator (mix-
ture of the Sj-norm and the Sy-norm to the square). The use of this algorithm is
particularly relevant for matrices with a spectra spread out on the few first singular
values, namely for matrices with a singular value decomposition of the form

Udiag[al,...,ar,erJrl,...,em/\T]VT, (12)

where U and V are orthonormal matrices, where (ai,...,a,) is well-spread (roughly
speaking, the a;’s are of the same order) and where the ¢; are small compared to the
a;.



Theorem 3 (|| - ||s, + || - |1 penalization). There is an absolute constant ¢ > 0 for
which the following holds. Let Assumptions 1 and 2 hold. Fiz any x,r1,r3 > 0, and
consider X

A, € argmin {R,(A) + Ao (r1]|Alls, + 73]|Al]1) }

AGMmﬁT
for
1 log(mT)\ (z + logn)(logn)®/?
Anyg = — A )
’ Xy <7‘1 3 ) \/ﬁ

where cxy = c(1+ b%(ﬂ + bx by + bQYﬂZu + b%”,oo + b%,72 + b%(,oo + bgf,ﬂoo)‘ Then one
has, with a probability larger than 1 — 5e~*, that

R(A,) < inf {R(A) + Auo(1+ il Alls, + 73] All1) }-
AGMm,T

Theorem 3 guarantees the statistical performances of a mixture of the Sij-norm
and the £;-norm. This mixed penalization shall improve upon the pure S; penal-
ization when the underlying matrix contains many zeros. Note that, in the matrix
completion case, the term \/logmT can be removed from the regularization (and
thus the residual) term thanks to the second statement of Proposition 1 below, see
Section 3.5.

Theorem 4 (|- ||s, +1- I3, +1I- |1 penalization). There is an absolute constant ¢ > 0
for which the following holds. Let Assumptions 1 and 2 hold. Fix any x,r1,79,73 > 0,
and consider

Ay € argmin {Ro(A) + Mo (ril|Alls, +rall A, + 7]l Al1) §
AEMm,T

for

(logn)3/? /1 log(mT) x+logn
o o ey L (L )
Y Vn 1 3 * r2v/1

where cxy = c(1+b§(,2+bx72by+b§/7w1 +b%’w+b§/’2). Then one has, with a probability
larger than 1 — 5e™*, that

R(A,) < inf {R(A) + Ao (1 + 71| Alls, + 2l Allg, + r3llAlh))}-
AEMm,T

It is interesting to note that the techniques used in this paper allow to handle very
general penalty functions as long as the set {A € M, 7 : pen(A) < r} is convex for
any r > 0. The parameters 1,72 and r3 in the above procedures are completely free
and can depend on n,m and T. Intuitively, it is clear that ro should be smaller than
r1 since the || - ||s, term is used for “regularization” of the non-zero singular values
only, while the term || - ||, makes A, of low rank, as for the elastic-net for vectors

10



(see [45]). Indeed, for the |- [|s, + || - [|3, penalization, any choice of r; and ry such
that ro = r1logn/+/n leads to a residual term smaller than

(logn)? N logn (logn)?
vn

Note that the rate related to || A||s, is (up to logarithms) 1/4/n while the rate related
to || Al|%, is 1/n. The choice of r3 depends on the number of zeros in the matrix. Note
that in the || - ||s, + || - [}1 case, any choice 1 < rs < r; entails a residue smaller than

exy(1+a+logn)( lAlls, + JAIZ, )-

n

. (x + logn)logn
XY Jn

which makes again the residue independent of m and T

(14 [[Allsy + | A1),

2.3 Why we don’t need the incoherency assumption

So far, results obtained in the matrix completion problem require a model of the
form E(Y|X) = (X, Ap) for some Ay € M,, 1, where A satisfies the incoherency
assumption (see Section 1.2). The incoherency assumption is natural and somehow
mandatory when one wants to reconstruct ezactly Ay from non-noisy observations
(that is for the model Y = (X, Ap) in Example 1 above). In this paper, we don’t
need this assumption, since we don’t consider the problem of exact reconstruction.
Instead, we give upper bounds on the prediction error E(Y — </1n, X))? with a residue
of the form ¢/y/n. Let us recall a simple example given in [13] where the incoherency
assymption is not satisfied, and where exact reconstruction typically fails. Assume
that Y = (X, Ap), where X is the design of the matrix completion problem, and
where Ap is a matrix with every entries equal to 0 excepted for the top-left one,
which is equal to (Ag)1,1. If each X is different from e; 1, then every observed output
is zero: Y1 = --- =Y, = 0. Note that this happens with probability 1 — (mT)~",
which is very large. In this situation, it is obviously impossible to recover Ag, namely
to find back the unobserved top-left entry: in this case we have A, = 0 whatever
the penalization is, so we predict Y by 0 whatever the input X. The aim of the
incoherency assumption is to exclude such situations. The risk of this prediction is
R(0) = EY? = E(A4, X)? = (Ao)il/(mT) # 0 whereas the best possible risk is 0.
This does not contradict our oracle inequalities, since 1/(mT) < 1/4/n in the high-
dimensional setting considered here. Actually, in this scaling 1/(mT) is very close to
0 (the risk of the oracle), so predicting Y by 0 is almost as good as predicting Y by
the oracle (X, Ap), and actually, for the matrix completion design, this is not very
bad to say that eq; is close to the null matrix.

2.4 Comparison with recent results

In this section we compare Theorem 1 (and only this theorem since other papers
consider Si-penalization only) with the results from recent papers: [35], which was
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submitted a year before our paper and [31], [24], which are preprints submitted after
this paper, the latter being submited at the time of the revision. In order to compare
our results with these close references, we assume that E(Y|X) = (A4p, X) for some
matrix Ag, and that m = T for simplicity.

In [31], the problem of matrix completion with noise is considered, where the
distribution of X can be different from the uniform law on the entries of the matrix
(note that our paper includes this case as well, since there is barely no restriction
on the distribution of X, see Assumption 1 above). In this case the authors propose
to replace the nuclear norm by a weighted nuclear norm (which depends on the
distribution of X). Two upper bounds are proposed for this algorithm, assuming
that Ag belongs to a Sg-Schatten ball for 0 < ¢ <1 (see Corollaries 1 and 2 herein),
and that the “spikiness” of Ap, namely the ratio between the f,,-norm and fo-norm
of its entries, is smaller than some constant . For ¢ = 0, assuming that Ay belongs
to a g-Schatten ball with radius r simply means that the rank of Ag is smaller than r.
In this case, the authors prove that (using our notations):

~ I
E(X, A, — Ag)? < c;o2 08 (13)
n

with a probability larger than 1 — ¢ exp(—c3logm), where A, is a weighted nuclear-
norm penalized estimator with an additional weighted £,.-constraint, where the weights
involve directly the distribution of X. When Ay is not exactly low-rank, but is known
to belong to the 1-Schatten ball with radius p, the authors prove that

E(X, A, — Ag)? < cpay Tml#. (14)

Theorem 1 improves these results at several levels. Indeed, let us recall that Theo-
rem 1 entails that, for every ||Ag|ls, < p and every z > 0:

(x +logn)logn
Vn

with a probability larger than 1 — e™*. From a practical point of view, we use a
purely data-driven procedure: we don’t need to know the distribution of X for the
computation of A,, while A, needs to know it (this problem is also present in the
very recent preprint [24]). From a theoretical point of view, (15) is strictly better
than (14) since the rate is faster by a factor y/m, which is a large quantity in this
problem, and since we do not need the spikiness assumption. Moreover, note that the
spikiness constant may be close to m for a spiky matrix (with large isolated entries).
So, Theorem 1 proves in particular that the spikiness assumption is not necessary.
Finally, (15) is also better than (13) when Ay has rank r, since m/n > 1/y/n when
n < m? (which is true in the high-dimensional scaling we are interested in) and since
again, the spikiness constant a, may be large.

In an interesting paper [24], which was submitted at the time of the revision
of this paper, the authors consider a simplified estimator: they assume that the

E(X, A, — Ag)? < c(p+1) (15)

12



distribution of X is known, so instead of minimizing the empirical risk R, (A), they
minimize E(X, A)s, =2 ,_;(Xi, A)/n. In the matrix completion problem, this leads
to an estimator with a particularly simple form, giving rise to the optimal rates for
this problem, which were actually previously unknown. Indeed, they prove that the
correct rate of convergence is 1/y/mn (up to logarithms), while the rate in (15) is
1/y/n. When the distribution of X is known, this is a strong improvement of our
results. However, note that the question of whether the rate 1/y/mn is achievable in
our more realistic setting, where the distribution of X is unknown is still open, and
currently investigated.

3 Proof of the main results

3.1 Some definitions and notations

Here we gather some definitions used throughout the proof of the Theorems. For any
r,r1,72,73 > 0, we consider the ball

Brirypors = {A € M | Alls, +ral|All5, + 73l All < 7}, (16)

and we denote by B,.1 = B;1,00 the nuclear norm ball, by B, r, = By, r0 the
matriz elastic-net ball. In what follows, B, will be either B, 1, By ro, Brryre,rs OF
B, ;1 0,5, depending on the penalization. We consider an oracle matrix in B, given
by:

A € argmin E(Y — (X, A))?

AeB;,
and the following excess loss function over B, defined for any A € B, by
La(X,Y) = (V = (X, A)? = (¥ = (X, A2, (17)
Define also the class of excess loss functions
Ly:={L,a:A€ B}, (18)
and its localized set at level A > 0:
Loxi={Lra: AE B EL 4 <A} (19)
The star-shaped-hull at 0 of £, is given by
V, i=star(L,,0) ={aly,a: A€ B, and 0 < a <1}
and its localized set at level A > 0

Voo == {g € V; : Eg < A}. (20)
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3.2 Scheme of proof of Theorems 1, 2, 3, and 4

The proof of Theorems 1 to 4 rely on the recently developed isomorphic penalization
method, introduced by P. Bartlett, S. Mendelson and J. Neeman: it has improved
several results on penalized empirical risk minimization procedures for the Lasso [9]
and for regularization in reproducing kernel Hilbert spaces [26], see also [7]. This
approach relies on a sharp analysis of the complexity of the set V, ). Indeed, an
important quantity appearing in statistical learning theory is the maximal deviation
of the empirical distribution around its mean uniformly over a class of functions. If
V' is a class of functions, we define the supremum of the deviation of the empirical
mean around its expectation over V by

1 n
IPa = Plly = sup |~ 37 (X, i) ~ BA(X, Y)].
hev T i

For the analysis given below, we will need strong deviation results for || P, — P||y
compared with its mean and precise upper bounds for E||P, — P||y. The former
is achieved using a new version (see Theorem 4 in [2]) of Talagrand’s concentration
inequality (see [41]) since the class of excess losses V. ) is not bounded but ¢ (sub-
exponential). The latter is obtained using the generic-chaining mechanism developed
in [42].

Before going into the details of the proofs, let us described the general scheme.
The isomorphic penalization method is described in details in Section 3.7 below. It
requires the following steps:

1. the first step (cf. Lemma 5 from Section 3.3 below) is to study the Bernstein
property (cf. [8]) of the problem. This is a geometric property (naturally satis-
fied by convex sets such as the balls By ,, r, r,) at the heart of the concentration
properties of P,L, 4 around PL, 4 for every r > 0 and A € M, 7;

2. the second step deals with the complexity of the models B, , r, for every
radius 7 > 0. This complexity is “adapted” to the learning problem, that is, it
is measured through the fixed point

X () = inf ()\ > 0:E||P = Pyly,, < )\/8>,

also called Rademacher complezity after symmetrization of the process. An
upper bound of such quantities is usually obtained using a chaining technique
(cf. Section 3.5);

3. the third step is to apply a general result from [7], [26] and [9] (cf. Theorem 11
in Section 3.7 below) in order to derive a first version of the oracle inequalities.
Note that the penalizations obtained at these stage are not yet the correct ones,
because of some residual terms coming out of this method.

4. the final step is to remove these extra terms from the penalty function (cf. Sec-
tion 3.8).
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3.3 On the importance of convexity

An important parameter driving the quality of concentration of || P, — P||y around
its expectation is the so-called Bernstein’s parameter (cf. Definition 2.6 in [§]). We
are studying this parameter in our context without introducing its general definition.

For every matrix A € M,, 1, we consider the random variable fj := (X, A) and
the following subset of Lo(PP):

Cr:={fa:A€B,}, (21)
where B, = By, ry.r5 18 given by (16). Because of the convexity of the norms || - ||,
| - lls, and || - ||1, the set C, is convex, for any r,ry,re,73 > 0. Now, consider the
following minimum

fF € argminE(Y — f)? (22)
fec,

and
Cr ;= min (beoOL,bXQ L,bx’gmi>, (23)
1 V 72 r3
with the convention 1/0 = +o0.

Lemma 5 (Bernstein’s parameter). Let assumptions 1 and 2 hold. There is a unique
[ satisfying (22) and a unique A} € B, such that f = fax almost surely. Moreover,
any A € B, satisfies

EL,. 4 > B(X,A— A}

and the class L, satisfies the following Bernstein’s condition: for every A € B,
EL} 4 < A(byo + (by,co + Cr)?)ELy 4.

Proof. By convexity of C, and classical analysis in Hilbert spaces, we have (Y — f¥, f—
52 <0 for any f € C,. Thus, we have, for any f € C,

1Y = fI2, = IY = £, = 20 = £Y = )+ 1 = f5, 2 IF = 1L, (249

In particular, the minimum is unique. Moreover, C, is a closed set and since X is
invertible under Assumption 1, there is a unique Ay € B, such that f = fa:. By
the trace duality formula and Assumption 1, we have, for any A € B, ;| 75 ry:

r r
[fal < [ XllsollAllsy < bxo0r— [Fal < XI5 [l Alls, < bx2/

67
r
and [fa| < | X[ [[AllL < bxteo
almost surely, so that |fa| < C, for any A € B, a.s.. Moreover, for any A € B,:

Loa =20V —E(Y|X))(X, A7 — A) + 2E(Y|X) — (A+ A%, X))(X, A — A). (25)
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Thus, using Assumption 2, we obtain

EL? , =E[4(Y —E(Y]X))*(X, A — A7) + 2E(Y|X) — (X, A+ A;)*(X, A — A5)?]
<4E[(X,A— ADE[(Y — E(Y]X))?*|X]] 4 4(by,ec + Cp)*E(X, A — A%)?
< 4By 5 + (byoo + Cr))E(X, A — A7)?,

which concludes the proof using (24). O

3.4 The isomorphic property of the excess loss functions class

The isomorphic property of a class of functions has been introduced in [8] and is a
consequence of Talagrand’s concentration inequality (cf. [41]) applied to a localization
of the class together with the Bernstein property (given here in Lemma 5 above). We
recall here the argument in our special case. Note that we use here a new version of
Talagrand’s inequality (see Theorem 4 in [2]) since the class of excess losses is not
bounded but only v (sub-exponential).

Theorem 6. There exists an absolute constant ¢ > 0 such that the following holds.
Let Assumptions 1 and 2 hold. Let r > 0 and A(r) > 0 be such that

A(r)
El|lP, — PHVT,A(T) = 8

Then, with probability larger than 1 — 4e™%: for all A € B,
1
ipnﬁr,A - Pn(T, :L‘) < PET,A < 2Pn£r,A + ,On(r, l’),

where

9 rxlogn
pn(r, @) = c(A(r) + [by,py + by, + by2 + ] ( ng ))
and C, has been introduced in (23).
Proof. We follow the line of the proof of Theorem 2.2 in [26]. Let A > 0 and = > 0.
Thanks to Theorem 4 from [2], with probability larger than 1 — 4 exp(—z),

x x
1P = Pall < 2EIP = Ball + ooy /2 +eabaVe) S (20
where, by using the Bernstein’s properties of £, (cf. Lemma 5)

o*(V;.,) := sup Var(g) < sup (E(aﬁ,,,A)Q :0<a<1,Ae B, E(aL, 4) < )\)
gevr,)\

< sup (40632 + (byoo + Cr)2)E(0Lra) 10 < 0 < LA € Br,E(aly) <))
AT + (byo + Cr)?)N, (27)
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and using Pisier’s inequality (cf. [44]):

bn(Ven) i= H max sup g(X;,Y;)

<lognH sup g(X,Y)‘

1< 7'<ng€V N 9EV, 1
= lognH sup (a(QY — (X, A+ ADN(X,Ar—A):0<a<l Ac Br) .
1
4(logn)(by,p, + by,co + Cr)Cr, (28)

where we used decomposition (25) and Assumption 2 together with the uniform bound
(A, X)| < C, holding for all A € B,.

Moreover, for any A > 0, V,.) is star-shaped so G : A = E|P — Py|ly, /) is
non-increasing. Since G(A(r)) < 1/8 and p,(r,x) > A(r), we have

E[|P — P, ”V o (ryz) — < pu(r,2)/8,

which yields, in Equation (26) together with the variance control of Equation (27)
and the control of Equation (28), that there exists an event g of probability measure
greater than 1 — 4 exp(—z) such that, on Qy,

nT r,T)T
PPl . < Pn(4 ) 4 e1(byo + bya + C) Pn(n)

zlogn

+ 2 (bY,v,Z)l + bY,oo + CT)CT‘

_ pulr2) )
2

in view of the definition of p,(r,z). In particular, on €, for every A € B, such that
PL, 4 < pp(r,x), we have |PLy g — Py Ly Al < pn(r,x)/2. Now, take A € B, such that
PLy g = B> pn(r,z) and set g = pn(r,z)Lr 4/B. Since g € V,., (1), Equation (29)
yields, on Qo, |Pg — Phg| < pp(r,x)/2 and so (1/2)P,Lra < PLya < (3/2)PLy 4
which concludes the proof. O

A function 7 — A(r) such that E[| P, — P|lv, ,,, < A(r)/8 is called an isomorphic
function and is directly connected to the choice of the penalization used in the proce-
dure which was introduced in Section 2. The computation of this function is related
to the complexity of Schatten balls, computed in the next section.

3.5 Complexity of Schatten balls

The generic chaining technique (see [42]) is a powerful technique for the control of
the supremum of empirical processes. For a subgaussian process, such a control is
achieved using the 5 functional recalled in the next definition.

Definition 7 (Definition 1.2.5, [42]). Let (F,d) be a metric space. We say that
(F});>0 is an admissible sequence of partitions of F if |Fo| = 1 and |Fj| < 2% for all
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j > 1. The vo functional is defined by

v2o(F,d) = inf sup > 27/%d(f, F}),
(F5); fEFjZ; !

where the infimum is taken over all admissible sequence (Fj);>1 of F, and where
d(f, Fj) = infeer, d(f, 9)-

A classical upper bound on the 7, functional is the Dudley’s entropy integral:

o0
n(Fd) <o [ Viog N(Rd e)de, (30)
0

where N (B, | - ||,¢) is the minimal number of balls with respect to the metric d of
radius € needed to cover B. There is in general a logarithmic loss between the o
function and the Dudley entropy integrals. This gap is illustrated in Theorem 8
below. Let (E,|| - ||) be a Banach space. We denote by B(E) its unit ball. We say
that (E, || -||) is 2-convex if there exists some p > 0 such that for all z,y € B(FE), we
have

o+ yll <2 - 2plle — yl*

In the case of 2-convex bodies, the following theorem gives an upper bound on the v,
functional that can improve the one given by Dudley’s entropy integral.

Theorem 8 (Theorem 3.1.3, [42]). For any p > 0, there exists c(p) > 0 such that if
(E,||-1]) is a 2-convex Banach space and || - | is another norm on E, then

(BE)-5) < o) [ logNBE) |- . )de)

The generic chaining technique provides the following upper bound on Gaussian
processes.

Theorem 9 (Theorem 1.2.6, [42]). There is an absolute constant ¢ > 0 such that the
following holds. If (Z¢)tcr is a subgaussian process for some metric d (i.e. ||Zy —
Zgllyy < cod(f,g) for all f,g € F) and if fo € F, then one has

Esup|Zf — Zy,| < ev2(F, d).
fer

The pseudo-metric used to measure the complexity of the excess loss classes is
empirical, and defined for any A € M,,, 7 by

Al = max |(X;, 4)1. (31)

This pseudo-metric comes out of the so-called L, ,-method of M. Rudelson intro-
duced in [36] and first used in learning theory in [26]. We denote by B(S)) the unit
ball of the Banach space S, of matrices in M,, 7 endowed with the Schatten norm
| -1ls,- We denote also by By the unit ball of M, 7 endowed with the £1-norm || - |;.
In the following, we compute the complexity of the balls B(S1), B(S2) and B; with
respect to the empirical pseudo-metric || - ||oo -
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Proposition 1. There exists an absolute constant ¢ > 0 such that the following holds.
Assume that || Xi|| sy, | Xilloo <1 for alli=1,...,n. Then, we have

V2(rB(S1); [ - [loon) < 22(rB(S2); || - [loon) < crlogn

and

Y2 (rB1, || - loom) < er(logn)®2\/log(mT).
Moreover, if we assume that X1, ..., X, have been obtained in the matriz completion
model then

Y2(rBu, | - [lse,n) < er(logn)®?.

Proof. The first inequality is obvious since B(S1) C B(S2). By using Dual Sudakov’s
inequality (cf. Theorem 1, [32]), we have for all € > 0,

El|Glloon 2
log N(B(S2), [ - lloo,ns €) < CO(U) ’

where G is a m x T matrix with i.i.d. standard Gaussian random variables for entries.
A Gaussian maximal inequality and the fact that | X;||s, < 1 for alli =1,...,n
provides E|G|lcon = Emax;—1__» [{(G,X;)| < c1v/logn, since (G, X;) is a Gaussian
variable with variance || X;||s, < 1, hence

cologn
log N(B(S2), | ooy ) < 22"

Denote by By, the unit ball of (M, 7, |- [|oo,n) in V;, = span(X7, ..., X,,), the linear
subspace of M, 7 spanned by Xji,..., X,. The volumetric argument provides
log N(B(S52), || - [[oc,n: €) < log N(B(S2), || - lloo,ns 1) 4 10g N (1 Boo,n, €Boon)

cologn 3n
< 2 + nlog <?)

for any 9 > € > 0. Thus, for n, = y/logn/n, we have, for all 0 < € < n,

3
log N (B(S2), | - lln.ns €) < esnlog (<2*).
Since B(S2) is the unit ball of a Hilbert space, it is 2-convex. We can thus apply
Theorem 8 to obtain the following upper bound

Y2(rB(52), ] - |loon) < carlogn.

Now, we prove an upper bound on the complexity of By with respect to || - ||oo,n-
Recall that vec : M, 7 — R™T concatenates the columns of a matrix into a single
vector of size mT. Obviously, vec is an isometry between (M, r, |- ||s,) and (R™T |
|2), since (A, B) = (vec(A), vec(B)). Using this mapping, we see that, for any € > 0,

N<B17 H : HOO,na 6) = N(brlnT7 | ' ‘0077176)
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where b7 is the unit ball of /""" and | - | is the pseudo norm on R™T defined
for any € R™ by |2|oon = maxi<i<n |(yi, z)| where y; = vec(X;) fori =1,...,n.
Note that y1,...,y, € W57, where b3'" is the unit ball of /5'". We use the Carl-
Maurey’s empirical method (or “probabilistic method”) to compute the covering

number N(b7T,| - |oon,€) for “large scales” of € and the volumetric argument for
“small scales”. Let us begin with the Carl-Maurey’s argument. Let z € b*T and Z
be a random variable with values in {+eq,...,tey,r,0} - where (eq,...,enr) is the

canonical basis of R™T - defined by P[Z = 0] =1 — |z|; and for all i = 1,...,mT,
P[Z = sign(z;)e;] = |zi.

Note that EZ = z. Let s € N — {0} to be defined later and take s i.i.d. copies of
Z denoted by Z1,...,Zs. By the Giné-Zinn symmetrization argument and the fact
that Rademacher processes are upper bounded by Gaussian processes, we have

logn
<c &

oco,n S

(32)

1< 1o
E’f 7 — EZ‘ < E‘f 7.
8; i oo,n_co S;gz i

where the last inequality follows by a Gaussian maximal inequality and the fact that
lyila < 1. Take s € N to be the smallest integer such that € > ¢14/(logn)/s. Then,
the set

1 S
{gZzi:21,...,25e{iel,...,:temT,O}} (33)
i=1

is an e-net of b7 with respect to | - |oo . Indeed, thanks to (32) there exists w € Q
such that [s71>°% | Z;(w) — Z|oo,n < €. This implies that there exists an element in
the set (33) which is e-close to z. Since the cardinality of the set introduced in (33)
is, according to [16] (see p. 85) at most

<2mT+s—1> - (e(2mT—i—s—1)>s
s - s ’

we obtain for any € > 7, := ((logn)(log mT)/n) /2 that

e(2mT + s — 1)) < co(logn)log(mT)

1og N0, | - |oom, €) < slog ( - ,

S €

and a volumetric argument gives

3
log N |- e, €) < camlog (=)

for any 0 < € < 1n,. Now we use the upper bound (30) and compute the Dudley’s
entropy integral to obtain

72(rBu, || - o) < car(log n)*/2/log(mT).
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For the “matrix completion case”, we have
N(bTTv ‘ ) |OO,TL7 6) < N( I 6bgo)

where N (b7, eb) is the minimal number of balls bl needed to cover b}'. We use the
following proposition from [38] to compute N (b7, ebl).
Proposition 2 (Theorem 1, [38]). For any € > 0, we have
0 ife>1
log N(bY, eby,) ~ { e log (ene) ifn ! <e<1
nlog (1/(en)) if0<e<n !

Then the result follows from (30) and the computation of the Dudley’s entropy
integral using Proposition 2. O

3.6 Computation of the isomorphic function

Introduce the ellipsoid
D:={A€ M, 7:E(X, A)?<1}.

A consequence of Equation (24) in Lemma 5 is the following inclusion, of importance
in what follows. Indeed, since B, is convex and symmetrical, one has:

{Ae B, :EL, 4 <A} CA+ K, ), (34)
where L, 4 is given by (17), and where
K, = 2B, NVAD.

Hence, the complexity of {A € My, 1 : L, a4 € L} (recall that £,  is given by (19))
will be smaller than the complexity of B, and v/AD. This will be of importance in
the analysis below. The next result provides an upper bound on the complexity of
V. x, where we recall that

Virni={al,a:0<a<1,A€ B, E(al, a) <A}

The embedding (34) allows to derive corollaries that provide the shape of the penalty
functions considered in Theorems 1 to 4. Let us introduce, for some set K C M,, 7
the functional

Un(K) = (Ena(K, || - lln,00)?) /2. (35)

Proposition 3. There exists two absolute constants ¢y and co such that the following
holds. Let Assumptions 1 and 2 hold. For any r > 0 and A > 0, we have

E|P = Pallv,, < e1 )27 ¢n(r, 271 N),
>0
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where

R(A% Un (K, 5)?
) | ooty
n n

A
ﬁbn(ra )\) = C2 (Un(Kr,A)\/; + Un(Kr,A)
for K, = 2B, NVAD.

Proof. Recall that L, ) is given by (19). Using the Giné-Zinn symmetrization [19]
and the inclusion of (34), one has, for any » > 0 and A > 0,

2
E||P — Pz, , <EE.— sup

n
o < E &L (X, Y3)|s
N A€ A*+K, »

=1

where €1, ..., €, are n i.i.d Rademacher variables. Introduce the Rademacher process
Za =Y 1" &Ly A(X;,Y;), and note that for any A, A’ € AF + K, x:

n

Ec|Za— Za* =) (Xi, A= A)2(2Y; — (X;, A+ A))

=1
- A4 A
= (2R ok i — (X, AY) — (X, — A%))?
420 A = A (3 1) = (X0 =5 = A7)
<S4 = A2 oo (Do(¥ = (Xi AP+ sup D O(X A)?),
i=1 A€Krx =

where we recall that [|A|nc0 = max;=1 . n|[(X;, A)|. So, using the generic chaining
mechanism (cf. Theorem (9)), we obtain

c " i n 1/2
ElIP = Pall,s € SE[12(Koa, |- lnoo) (D0 = (X0 A+ sup 7 (Xi, 4)?) |
i—1 AEKT’)\ i=1
< Bl - o) (R +E sup L 370x,47)
>~ \/ﬁ A9 s r AGKnA n g )

Using (35) and Theorem 1.2 from [21], we obtain:

1 r )\ Un Kr 2
E sup *Z(XuA)Q <\ + cmax (\/EUH(KM),(A) )

AeK, 3 N S n n

and so, we arrive at

EHP - PTLHET,A < CQZ)n(Tv )‘)7

where
o)1= Do) (g PNnlIEa) | OBy 2
x 2
< C(Un(Kr,A)\/er Un(Kr0) R(:r) N Un(f:;r,x) )
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We conclude with the peeling argument provided in Lemma 4.6 of [26]:

EHP_PHHVT,A §0227iEHP_PnH£T72i+1>\' O
i>0
Now, we can derive the following corollary. It gives several upper bounds for

E||P — Py|lv, ,, depending on what B, is (i.e. which penalty function is used).

Corollary 1 (|| - ||s, penalization). Let Assumptions 1 and 2 hold and assume that
B, = By1,0,0 forr >0, see (16). Then, we have

)\1(7")
8

E||P — PRHVT,M(T) <

for any r > 0, where

b% 5% (logn)? n bx 2byr logn>

Proof. If B, = rB(S1), we have using the embedding K, » C 2B, and Proposition 1
that U, (K, \) < cbx arlogn, so

Ai(r) = c(

R(A7) + ngTz(logn)Z) =: cpn,1(r, )
n AT

A
On(r,N) < C(bX’g’l“ log n\/7 + bxorlogn
n
Hence, using Proposition 3 we obtain

B[P = Pallv,, <€) 27 n1(r,2771N) < cpa(r,N),
>0

where we used the fact that the sum is comparable to its first term because of the
exponential decay of the summands. Thus, one has E||P — Py, , < A/8 when
A > ¢¢n1(r,N). In particular, since R(A}) < EY? < b2 (see Assumption 2), for
values of A\ such that

A>c

<b§(,27“2 (logn)? n bx 2byrlog n)
n vn ’

we have E||P — Py, , < A/8, which proves the Corollary. O

Corollary 2 (||-||s, +1 - ||1 penalization). Let Assumptions 1 and 2 hold and assume
that By = By y, 0.0 for r,71,73 >0, see (16). Then, we have

< )‘7"1»077”3 (T)

7>\r-1,0,r3(7“) - 8

E|[P = Pullv,

for any r > 0, where

3/2

1 log(mT) b§(72r2(logn)2 1 log(mT)\ bx 2byr(logn)
) e[ T B 0Tt

Tl 7’3 1 T3

23



Proof. The proof follows the same steps as the proof of Corollary 1. O

Corollary 3 (||-||s, + |- |, penalization). Let Assumptions 1 and 2 hold and assume
that B, = By, ry0 forr,ri,m2 >0, see (16). Then, we have

< Ary o (1)

7>\7‘1,7‘2 (r) — 8

E|[P — Py,

for any r > 0, where

bg(vgr(log n)2 n bx 2byrlog n)

Aryra (1) = c( ron rivn

Proof. Use the inclusion

B, C \|—B(S2) N —B(Sy)
T2 1

to obtain using Proposition 1 that

A Ax b2 ,r(logn)?
Pn(r,A) SC(bX,Q\/Tlogn\/>+bX’2rlogn R(A7) 4 X2 (logn) )
T2 n 71

n Ton

The remaining of the proof is the same as the one of Corollary 1 so it is omitted. O

Corollary 4 (|| - ||ls, + || - [|Z, + || - [l1 penalization). Let Assumptions 1 and 2 hold
and assume that By = By vy rs for r,r1,1m2,73 > 0, see (16). Then, we have

< A""1 12,73 (T)

WAry,rg,rg (1) — 8

E|[P = Pallv,

for any r > 0, where

b2 ™ 10 n 2 1 1 T b b 1 3/2
Arirars (1) =€ M + <7 A og(m )) x,2byr(logn)

NG

Proof. The proof follows the same steps as the proof of Corollary 3. O

Ton T1 T3

The main difference between Ai(7), Arry.0.05(7) and Apy ro (7), Aryro s () is that
Ariro(r) and Ay, ro () are linear in = while A (r) and A, o, () are quadratic. The
analysis of the isomorphic functions with quadratic terms will require an extra argu-
ment in the proof, in order to remove them from the penality (see below).

Remark 2 (Localization does not work here). Note that, in Corollaries 1 to 2, we
don’t use the fact that K, C VAD, that is, we don’t use the localization argument
which usually allows to derive fast rates in statistical learning theory. Indeed, for
the matriz completion problem, one has E(X, A — A%)? = L||A — Ax||3,, so when
E(X,A — A%? < X, we only know that A € A + VmTAB(S2), leading to a term
of order mT'/n (up to logarithms) in the isomorphic function. This term is way too
large, since one has typically in matriz completion problems that mT > n.
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3.7 Isomorphic penalization method

We introduce the isomorphic penalization method developed by P. Bartlett, S. Mendel-
son and J. Neeman in the following general setup. Let (Z,0z,v) be a measurable
space endowed with the probability measure v. We consider Z, 21, Zs, ..., Z, i.i.d.
random variables having v for common probability distribution. We are given a class
F of functions on a measurable space (X,0x), a loss function and a risk function

Q:ZxF—-R; R(f)=EQ(Zf).

For the problem we have in mind, we will use Q((X,Y), A) = (Y — (X, A))? for every
Ae Mm,T'

Now, we go into the core of the isomorphic penalization method. We are given a
model F' C F and a family {F, : r > 0} of subsets of F. We consider the following
definition.

Definition 10 (Definition 2.4, [26]). Let p, be a non-negative function defined on
Ry x R (which may depend on the sample). We say that the family {F, : r > 0} of
subsets of F' is an ordered, parameterized hierarchy of F with isomorphic function py,
when the following conditions are satisfied:

1. {F, : > 0} is non-decreasing (that is s <t = Fs C F});

2. for any r > 0, there exists a unique element f¥ € F, such that R(f}) =
inf(R(f) : f € F,); we consider the excess loss function associated with the
class F,

the map r — R(f}) is continuous;
for every ro > 0, Ny>po Fr = Fpy;

UTEOFT = F;

S & L

for every r > 0 and u > 0, with probability at least 1 — exp(—u)
(1/2)Pn£7‘,f - Pn(T, U) < P["r,f < 2Pn£r,f + pn(ra ’LL), (37)

for any f € F, and P,Lry = (1/n) Y 1) Ly 1(Z;).

In the context of learning theory, ordered, parametrized hierarchy of a set F
with isomorphic function p, provides a very general framework for the construction
of penalized empirical risk minimization procedure. The following result from [26]
proves that the isomorphic function is a “correct penalty function”.

Theorem 11 (Theorem 2.5, [26]). There exists absolute positive constants ¢ and ca
such that the following holds. Let {F, : r > 0} be an ordered, parameterized hierarchy
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of F with isomorphic function p,. Let u > 0. With probability at least 1 — exp(—u)
any penalized empirical risk minimization procedure

f € axgoin (Ba() + expa(2(r(f) +1),00r(F) + 1)), (39)
fer
where r(f) = inf(r > 0: f € F,) and R,(f) = (1/n) >, Q(Z;, f) is the empirical
risk of f, satisfies

R(f) < inf (B(f) + e200(2r(F) + 1), 00:() + 1.w)))
where for allr > 1 and z > 0,

R(f5)
pn(0, z + log(m?/6))

0(r,z) = x + In(7?/6) 4+ 2In (1—1— —i—logr).

3.8 End of the proof of Theorems 1 and 2

First, we need to prove that the family of models {B, : » > 0} is an ordered,
parametrized hierarchy of M,, 7. First, fourth and fifth points of Definition 10 are
easy to check. The second point follows from Lemma 5. For the third point, we
consider 0 < g <r <s, f:=q/r and a :=r/s. Since aA} € B,, we have

0 < R(A7)—R(A7) < R(aA})—R(A7) < (a*=1)|[(X, ADZ2+2(1—a) [V ]|2][ (X, Al 2.

As s — r, the right hand side goes to zero (because (X, A¥) is uniformly bounded
in Ly for s € [r,r +1]). So r — R(A}) is upper semi-continuous on (0,00). The
continuity at » = 0 follows the same line. In the other direction,

0 < R(A7)—R(A7) < R(BAD)~R(A7) < (B°-1)|[(X, A |72 +2(1-B) Y [l2[(X, A7) 2

and the right hand side tends to zero for the same reason as before.

Now, we turn to the sixth point of Definition 10. That is the computation of the
isomorphic function p,, associated with the family {B, : » > 0}. Using Theorem 6 we
obtain that, with a probability larger than 1 — 4e™%:

1
§Pn['7',A - Pn(r, f) < P‘CT‘,A < 2f)n»CT,A + pn(rax) VA € Br»

where

xzlogn
pn(r,z) = c[)\(r) + (b'Y + C’T)2< ng )},
where by, := by, + by,oo + by,2, where C, and A(r) are defined depending on the
considered penalization (see (23) and Corollaries 1 to 4). Now, we apply Theorem 11
to the hierarchy F,. = B, for r > 0. First of all, note that, for every x > 0 and r» > 1

EV? +1 )
ogr
(0,7 + log(n2/6))

O(r,z) = x + In(7?/6) 4+ 21n (1 +

<z + c(logn + loglog ),
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s0 pn(2(r +1),0(r + 1,2)) < pl,(r, z), with:

(x 4 logn + loglogr) logn

P(r, @) = e[ A2(r + 1)) + (by + Cr)? -

From now on, the analysis depends on the penalization, so we consider them sepa-
rately.

3.8.1 The || |s, case

Recall that in this case

b§(72r2(log n)? n bx 2byrlog n)

M) = e
(r)=c n Vn
and C, = bx o7, see (23). An easy computation gives pl,(r,z) < py,.1(r, x) where

(r +1)%(z + logn V loglog ) logn
n

pni(r,x) = cxy V ppa(r, o),
where cxy = ¢(1+ b%m +bybx + b?wl + b%/,oo + b%/Q + b§(’w) and where

(r.2) (r+1)(x 4 logn)logn
T, T)i=c .
Pn1\T, X,Y \/ﬁ

Note that py, 1(r,z) is the penalty we want (the one considered in Theorem 1). Let
us introduce for short r(A) = ||Al|s, and the following functionals:

A1(A) = R(A) +pen(A4), A,1(A) =R, (A)+ peny(A),
Ay (4) = R(A) + pény(A),  An(A) = Ra(A) + pény(A),

where pen;(A) := p,1(r(A),x) and where pén;(A) := pp1(r(A),z) is a penaliza-
tion that satisfies that, if A € argminy A, 1(A), then we have R(A) < infa A;(A)
with a probability larger than 1 — 4e™*. Recall that we want to prove that if
A € argminy A, 1(A), then we have R(A) < infa A;(A) with a probability larger

than 1 — 5e™*. This will follow if we prove
igf Ai(A) < iI}lf Ai(A)  and (39)
argmin A, 1(A) C argmin A, 1(A), (40)
A A
so we focus on the proof of these two facts. First of all, let us prove that if p,, 1(r, x) >
Pn1(r, ) then both r and pj, 1(r, ) cannot be small.

If logn < loglogr we have r > €™ and py,1(z,7) > cx ye"(logn)?/y/n. If logn >
loglogr and pp,1(r, ) > pp1(r, x), then

(r+1)%*(x +logn)logn - (r +1)(z + logn) logn
n vn ’

27



sor > /n—1and py1(r,z) > cX7y(logn)2. Hence, we proved that if g, 1(r,z) >
pna(ryz), then 7 > 1 and p,1(r,z) > cxy(logn)?. Note also that pyi(r,z) >
2(x 4 logn)logn//n since r > 1.

Let us turn to the proof of (39). Let A’ be such that A;(A’) > Aj(A’). Then
peén, (A’) > pen, (4'), ie pp1(r(A4"),z) > pp1(r(A’),z), so that r(A") > 1, p,1(r(4"),z) >
cx,y(logn)? and p,1(r(A4’),z) > 2cxy(z + logn)logn/y/n. On the other hand, we
have inf4 A1 (A) < b2 +pen;(0) = b2 +p,.1(0,z). But p,1(r(A),x) > exy(logn)? >
202 and p,1(r(A4'),z) > 2pn1(0,z) since r(A’) > 1, so that b3 + p,1(0,z) <
Pn1(r(A4’),z) and then

lgf Al(A) < pn(’l“(A/),:L') <Ay (A/)

Hence, we proved that if A’ is such that Aj(A’) < infy Aj(A), we have Aj(4’) <
A1(A"), so infy Aj(A) < Aj(A') < Ai(A') <infaAj(A), which proves (39).

The proof of (40) is almost the same. Let A’ be such that A, 1(A’) > A,1(A"),
so as before we have r(A’) > 1, p,1(r(4'),z) > cxy(logn)? and p,1(r(4),z) >
2cx,y (z+logn)logn/y/n. This time we have inf 4 Ay, 1(A) <n 130 V24p,1(0,2),
so we use some concentration for the sum of the Yf’s. Indeed, we have, as a conse-
quence of Theorem 4 from [2], that

1 & Y2
> VP <EY?+ ¢ E(YH)Z + ¢ lognw
n n

=1

(41)

with a probability larger than 1 — e™®. But then, it is easy to infer that for n large
enough, the right hand side of (41) is smaller than p,, 1(r(A’), z)/2, so that we have,
on an event of probability larger than 1 — e~ that

iI}lf Ap1(A) < :L;Yf + pn1(0,2) < ppa(r(A),z) < Ap1(4).

So, we proved that if A, 1(A’) < A, 1(A’), then A’ ¢ argmin 4 A, 1(A), or equivalently

that argminy A, 1(A) C {A: Ay 1(A) < Ap1(A)}. But A, i (A) < Ay, i(A) for any A
(since pp1(r, z) < pp,i(r,x)), so (40) follows. This concludes the proof of Theorem 1.

3.8.2 The ||-||s; + | |1 case

Recall that in this case

A(r) = c[(l A log(mT))zbgg,gr?(log n)? . (l N log(mT)) bx 2byr(log n)3/2)
n "3 n 1 T3 Vn ’
and that | ; )
C) = min (bX,oo*, bezoo7>7
1 T3
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see (23). An easy computation gives that p),(r,z) < pn2(r, x), where

~ 1 /log(mT)\2(r + 1)?(x + logn Vloglog ) logn
pn2(r, ) == cxy (771 A - ) o

\ pn72(7’, .Z'),

where cxy = c¢(1+ bgc,z + bx2by + b%,,% + b%/po + b%Q + b_%{’oo + b?)(,ﬁoo) and

oglm r x + logn)(log n)3/
Pra(r, @) ::cX,y(TlA log( T>)< +1)( +1¢% )(logn)?’?

1 T3
Note that py, 2(r, x) is the penalization we want (the one considered in Theorem 3).
Introducing r(A) = r1||A||ls, + 73]| A1, the remaining of the proof follows the lines of
the pure || - ||s, case, so it is omitted.

3.8.3 The |- |5, +| - [%, case

This is easier than what we did for the || - ||s, case, since we only have a loglogr term
to remove from the penalization. Recall that

b% or(logn)? L bxabyr 1ogn)

ron rivn

) r [r [r
C, = min <bx,oo—,bx,2 7) <bxz24/—,
71 T2 T2

so that pf,(r,x) < pp3(r,z) where

A(r) = c(

and

.3 (T, ) (T+1)logn<1 " (a:+logn\/loglogr)logn)
n3(r,x) =c — 7
Pn,3 XY N " rovn

where cxy = ¢(1 + b?XJ + bx 2by + bgfwl + b%,m + b%,’Q). This is almost the penalty
we want, up to the loglogr term, so we consider.

B (r+1)logn/1  (z+logn)logn
pn3(r,z) = cxy NG (7"1 + o/t )7

Let us introduce for short
r(A) == r1||A|ls, + 12| A|E, =inf (r >0: A€ B,)
and the following functionals:

A3(A) = R(A) + penz(A), Ap3(A) = R,(A) + peng(A),
A3(A) = R(A) + peng(A), An3(A) = Rn(A) + péng(A),
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where pens(A) := pp 3(r(A), z) and where péng(A) := p,, 3(r(A),z). We only need to
prove that

inf Az(A) < inf A3(4)  and (42)
argmin A, 3(A) C argmin A, 3(A). (43)
A A
Obviously, if py 3(r,x) > pp3(r,x), then r > €", so following the arguments we used

for the S} penalty, it is easy to prove both (42) and (43). This concludes the proof
of Theorem 2.

3.8.4 The |- |ls + - [IZ, + - ]1 case

Recall that in this case

Viarllogn)® | (i A log(mT)> bx 2byr(logn)¥/ 2]
Vi '

C, = min (bX,ooiy bx24/ L7 bX,KOOL) <bx2y/ i, (44)
™ T9 rs3 9

see (23). An easy computation gives that p),(r,z) < pn4(r, ), where

A(r) = c[

Ton T1 T3

and that

_ (r + 1)(log n)3/? < 1 log(mT') = x+logn Vlog logr)
, L) 1= — A
Pnalr, @) = cxy NG 1"1 s rav/n

where cxy = ¢(1 + b?Xﬂ + bx 2by + b%’,du + b?,,oo + b%,’z). The penalization we want is

(r+1)(logn)3? /1 log(mT) x+logn
n 9 = —_ /\ )
Pnalr, @) = exy vn <7°1 3 " rav/n )

so introducing r(A) = ri[|Alls, + rol|All%, + r3l|Al1 and following the lines of the
proof of the S7 + S5 case to remove the loglogr term, it is easy to conclude the proof
of Theorem 4.
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