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INTRODUCTION

This article is part of the authors’ program whose purpose is to prove the following conjecture
on Resolution of Singularities of threefolds in mixed characteristic. The conjecture is a special case
of Grothendieck’s Resolution conjecture for quasi-excellent schemes.

CONJECTURE 0.1 Let C be an integral reqular excellent curve with function field F'. Let S/F
be a reduced algebraic projective surface and X be a flat projective C'-scheme with generic fiber
Xr = S. There exists a birational projective C-morphism w: Y — X such that

(i) Y is everywhere reqular.

(ii) 71 (RegX) — RegX is an isomorphism.

Let us point out that the equicharacteristic techniques designed in [CP1] extend to the situation
described in the above conjecture. In particular, [CP1] theorem 3.3 extends and reduces conjecture
0.1 to the following variant:

CONJECTURE 0.2 Let A be an excellent DVR with quotient field F' and residue characteristic
p > 0. Let (S,M,k) be a regular local ring of dimension three dominating A, essentially of finite
type over A with K := QF(S) of transcendence degree two over F. Let finally L/ K be a finite field
extension and v be a valuation of L. Assume:
(i) L/K is cyclic Galois or purely inseparable of degree p.
(ii) v has rank one and is centered in S.

Then there exists a regular local ring T essentially of finite type over A with QF(T) = L such
that v is centered in T .

Applying embedded resolution techniques for surfaces, it can be assumed that such a v is
centered in a local model of L of the form B = (S[X]/(h)),x) with h monic of degree p; more
precisely, h = XP — g?P='X — f f,g € M and (g = 0 if charA = 0). In particular the Local Uni-
formization statement of conjecture 0.2 only involves certain hypersurface singularities (SpecB, ),
of multiplicity m(x) < p = chark, and embedded in an excellent fourfold (Z = SpecS[X],z). We
prove here:

MAIN THEOREM 0.3 Let (R, M, k = k(z) := &) be an excellent regular local ring of dimension
four, (Z,x) := (SpecR, M) and (X,z) := (SpecR/(h),z) be a reduced hypersurface. Assume that
the multiplicity m(z) of (X,z) satisfies m(x) < p := chark(z). Let v be a valuation of K(X)
centered at x. Then there exists a finite sequence of local blowing ups

(X,:L“) = (XU’xO) A (lexl) o (X’mxn)7
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where x; € X;, 0 < i < n is the center of v, each blowing up center Y; C X; is permissible at x; (in
Hironaka’s sense), such that x,, is regular.

The proof of theorem 0.3 builds upon classical Resolution of Singularities techniques. We use
systematically the Hironaka characteristic polyhedron and Hironaka’s invariants: the multiplicity
m(x) and 7-number 7(z) for the hypersurface singularity (X, x) := (SpecR/(h),x).

Since we are working without any ground field (at least when R is not equicharacteristic), the
Tschirnhausen trick (killing the degree (m(z) — 1)-term in the equation) cannot be directly applied
even though m(z) < p. Rather, we use it for the initial face of the Hironaka polyhedron (theorem
I1.5) to define well behaved invariants. The pair (m(z),7(x)) is then further on completed to a
6-tuple ¢(z) defined in IV.2.

The main technical part is concentrated in section VI. We consider projections to a two di-
mensional space to define a refined invariant in sections VI.8 and VI.4.1. Controlling the trans-
formation law for this refined invariant under blowing up is much harder but leads essentially to
the same formulae as for the characteristic polygon of a surface singularity. The proof of the Main
Theorem follows rather easily from these computations (section VI.4.5).

It is worth pointing out that these techniques are global in nature and it is to be expected
that theorem 0.3 can be extended to a global version, i.e. without refering to a given valuation v
and using global blowing up centers. We use the valuation only at a few specific places (mostly in
section V) to make the argument quicker.

This article is organized as follows: section I states the reduction of the Main Theorem to the
case 7(z) = 1, immediate from [CJS]. This means that the initial form in, (h) can be written

ing(h) = A\Y™®) X € k(z),\ # 0, y a regular parameter of R, Y := in,(y).

Section II first recollects known material from [H1][H2] about characteristic polyhedra and asso-
ciated invariants (definition I1.2). Special coordinates (z,u) := (z,u1,u2,us) on R are said to be
fully prepared if they compute the Hironaka characteristic polyhedron A(h;u) and if the d-initial
ing(h) of h is Tschirnhausen transformed, i.e. has no term of degree m(z) — 1 (theorem II.5 and
definition I1.5.3). The form ins(h) is defined in IT.2(iii) and is the sum of the initial forms of all
those terms in h contributing to the face of minimal order at x of A(h;u). In such special coordi-
nates, invariants dy, da, ds, €(x) (each of them is a nonnegative rational number) can be computed
from the polyhedron A(h;u) and the J-initial ins(h) (definition I1.7). Theorem II.9 proves the
Main Theorem when e(x) = 0, in which case only combinatorial blowing ups are used.
When €(x) > 0, some preparations are required in order to get the locus

Yi={ye X: m(y) =m(z), 7(y) =7(x), €(y) > 0}

Zariski closed and of dimension at most one (theorems II.10 and I1.11). Section III prepares
SpecR and constructs an equicharacteristic p normal crossings divisor

E C div(ujugug) C SpecR
which contains ¥ (E = E,, in proposition I1I1.1).
Section IV then provides some further invariants build up from the ideal of coefficients of

ing(h) once this preparation is achieved: a refined directrix V C< Uy, Uy, Us > (definition IV.1)
and associated refined numerical invariant ¢(z) (definition IV.2):

uz) = (m(z), =7(x), e(x), —p(x), —t(x), —e(x)).
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Section V introduces the notion of e-permissible blowing up centers (definition V.1). For
curves, being e-permissible is stronger than being Hironaka permissible (proposition V.2); blowing
up along an e-permissible center does not increase the invariant ¢(z) (proposition V.3). Fur-
thermore, ¢(z) can be decreased by blowing up along e-permissible centers except possibly when
V =< Uz > and (either div(us) C E or E C div(ujusz)) (propositions V.4 and V.5).

Section VI proves the same result in these remaining cases (theorem VI.1), thus concluding
the proof of the Main Theorem. We now project to the (u1,us)-space and define well prepared
coordinates by minimizing the induced image of A(h;u) by this projection (this requires choosing
special coordinates (z,us)). There are further associated invariants (u, z), C(u, 2), y(u, z) defined
in VI.4.1. The behaviour of these invariants by blowing up e-permissible curves and closed points
are studied respectively in propositions VI.4.2 and VI.4.3. Section VI.4.5 contains the proof of
theorem VI.1 and is basically a consequence of the former computations.

The notation and assumption in the Main Theorem will be kept all along this article. The
proof will be made by induction on the multiplicity m(z) = ord,(h) of x € X. Since it is assumed
that m(xz) < p, (X, z) is already regular if p = 2, so we assume p > 3 from now on. The formal

~

completion of R with respect to 9 is denoted by R.

I BASIC INVARIANTS

Two basic invariants are attached to the hypersurface singularity (X,z) = (SpecR/(h),z).
The first invariant is its multiplicity m(z) (or m for short) of (X, z). The second invariant is 7(z)
(or 7 for short), which is the dimension of the smallest k(x)-vector subspace 7 of zm% such that
ing(h) € k(x)[7T] [H1, Ch.2, Lemma 10]. This vector space is called the directriz of in,(h).

Proving the Main Theorem in the cases dim(Z) — 7(z) € {0, 1,2}, i.e. 7(z) € {2,3,4} is done

in [CJS]. So from now on, we assume that 7(z) = 1. Equivalently:

ing(h) =AY"™, A€ k(x),A # 0, y a regular parameter of R, Y = in,(y).

II CHARACTERISTIC POLYHEDRON

DEFINITION II.1

(i) An F-subset A C Rff_ is a closed complex subset of Ri such that v € A implies v + Ri C A.
(i) A point v € A is called a vertex if there is a positive linear form L on R? (i.e. has strictly
positive coefficients) such that

{v} = AN {A € RY|L(A) = 1}.

(iii) The essential boundary OA of an F-subset A is the subset of A consisting of those v € A such
that v & v' + RL with v € A unless v' = v. We write AT = A — OA.

For the next definition and proposition, we will forget the hypothesis dim(R) = 4: we will
have to use the notions defined there for different regular rings of dimension at most three. Given

ar.s.p. (y,ur,us,...,uq) =: (y,u) of a regular local ring R and f € R, there exists a finite sum
expansion
=Y Caplu?, beN, Ac N, (1)
Ab



where each C4 4 is a unit in R. This follows easily from the facts that R is Noetherian and the map

RCR faithfully flat. We regard u as “fixed” parameters and y as “varying”, which is reflected in
the indexing below. Assume furthermore that

heM, h&(u,...,ug). (2)

We let R := R/(u1,. .., uq), h € R be the image of h and “ord” be the valuation of the discrete
valuation ring R. We extend our conventions by letting now

m :=ordh > 1. (3)

Assumption (2) and notation (3) are maintained all along this article. Our original concern
is for 7(z) = 1, say iny(h) = AY™, 0 # A € k(z) which fits into these conventions provided
Y =in.(y).

DEFINITION I1.2
(i) The polyhedron A(h;u;y) C Réo is defined as the smallest F-subset containing all points of

A
S(h) = {v:|0<b<m}.
m [R—
The characteristic polyhedron A(h;u) C Rgo is defined by the formula

Alhiu):= () Alhug), (4)

(y,ut,...,uq)

where the intersection runs over all 7.5.p’s of}?i of the form (y,u1,...,uq).

(ii) For v € OA(h;u;y), the v-initial of h is defined as

iny(h) ==Y CapY'U* € kU, Y] = k[U1, Uy, ..., Ua, Y],
Ab

where Cap, € k is the residue of Cay and the sum ranges over such (A,b) that

A
Cap#0, (b<m,A=0)or (b<mandv= b).
m—
(iii) For A € N9 let |A| :==ay + -+ aq. We put
[ 4]
O(hyu,y) :=ming ——: Cup Z0,b<m .
m—20b ’

This is in fact an invariant of the polyhedron A(h;u;y) since
d(h,u,y) =min{|v| : ve Alh;u;y)}.
The §-initial of h is defined as

inguy(h) =Y CapY'U* € k(2)[U,Y] = k(2)[U1, Us, ..., Ua, Y],
A,b



where the sum ranges over such (A,b) that

A
Cap#0, (b<m,A=0)or (b<m and n”l—‘b = d(h,u,y)).

(iv) More generally, let
L: (x1,22,...,2q) — L(x1,22,...,2q) = Mx1 + XoZo + ... + AaZd, A1, A2,..., g € Q>o,
be a nonzero nonnegative linear form on R%. We define
l(h,u,y) :=min{L(A)|A € A(h;u;y)} > 0.
We define a monomial valuation vy, p .,y on R by setting
Iy = ({y"u?[U(h, u,y)b + L(A) > A}) C R,

for X =0 and vp puy(g9) = min{\ € Q|g € I\} for any nonzero g € R.

PROPOSITION I1.3 Let L be a nonzero nonnegative linear form as above, and let
I:={il\ >0}, I':={i|\; =0} ={1,...,d}\].

(R) of R w.r.t. vp huy is given by

The graded algebra gr,
(i) if Ik, u,y) # 0, then

grUL,h,u,y(R) = ( i [Yv {Ui}iel]5

Y, {uitier)
(i) if l(h,u,y) =0, then
R
grvL,h,u?y(R) = W

ier)

{Ui}ier]-

In particular, we have gr (R) ~ k[Y,Uy,Us,...,Uy| whenever L is positive.

VL, ,h,u,y

The above proposition is obvious. One also checks easily the following:

REMARK I1.3.1 Let v be a vertex of A(h,u,y). We have:
(i) in, (h) is independent of the presentation I1.1 (1),
(i) in () # ine (1),
(iii) L being a positive linear form L on R? such that {v} = AN{A € R4 L(A) =1}, (c¢f. I1.1(ii)),
then
in,(h) = iny, ,, (k) €gr,, , . (R)=k(2)[U1,Us,...,Us, Y]

When there is no ambiguity, we will write grs(R) and ins(h) € grs(R) instead of respectively
8y, ., (B) and ing, , . (h), where L(z1,z2,...,%a) = 1 + 22 + ... + Z4q.

REMARK II1.4 With notations as above, we have:
§(h,u,y) € 5N and §(h,u,y) > 1 if (m = ord,(h) and < in,(h) >=< (ing(y))™ >).

ASSUMPTIONS II.4.1 We now apply these constructions to the case R := Oz, dim(R) =
4; the element h € R verifies assumptions I1.1(2)(3) with m = ord,(h) < p = chark(z) and
<ing(h) >=< Y™ >. In addition, X = Spec(R/(h)) is reduced.
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THEOREM I1.5 Given (y,u1,us,us) =: (y,u) as above, there exists z € R, z =y mod(uy, uz,us)
such that

A(hyu, z) = A(h,u) # @, (1)

in&u,z(h) = Z CA’beUA. (2)
Abb#Em(x)—1

Proof. Suppose A(h,u) = &, then, in ﬁ, we should have h = vz, ~ invertible in Rand z € R
a local parameter: h should be nonreduced in R. By excellence, h should be nonreduced in R, in
contradiction with the hypothesis X reduced.
Since A(h,u) # &, A(h,u) may be defined by a finite number n of inequalities L;(z1, z2, x3) >
1,1 <i < n, with Lj(z1, 22, 23) = a; 121 + a;202 + a; 323, 4i1,0;2,0;3 € Q>0, L; # 0. In a few
words:
A(h,u) = {(z1, 22, 23)| Li(z1,22,23) = 1, 1 <7 < n}.

We choose Lq(x1,x9,23) = ﬁ(ml + x9 + x3), with 6(h,u) := min{|v| : v € A(h,u)}.
Suppose (1) does not hold for (y,w). Then, with notations as in I1.2(iv), some L;, 1 <i < n
satisfies

Li(A(h,u,y)) = [l;(h,u,y),c0[Z [1,+o0] & [;(h,u,y) < 1.

We skip the index i of L; and of [;(h, u,y) to simplify the notations. Following II.2(iv), we define
the initial form of h with respect to L,u,y: in the case I(h,u,y) > 0

mL%ﬂm::§:€ZﬁﬁUA€ngyﬂﬂ, (3)
Ab

with bl(h,u,y) + L(A) = ml(h,u,y), Cayp € m In the case I(h,u,y) = 0, we have

inL,u,y(h) = ZCA,bybUA € grL,u,y(R)a L(A) = 07 C'A,byb €
Ab

(4)

(ui)ai>0 ‘
Claim IIL.5.1 In (3) (resp. (4)), there exists A with C'4,,—1 # 0 € (u)% (resp. Cam—1ym~t #
wey)

Indeed, in the face with equation L(x1,x2,x3) = l(h,u,y) of A(h,u,y) there is at least a vertex
v which is solvable [H2,(3.8)]. Then in, (k) is collinear to an m**-power: C, ,,—1 & M since m < p
and the claim is proved. Take A = v and let

1
—y+—C;t Cam_1u™ € R. 5
Y1 y+m o,mzA: Am—1U (5)

Note that, for any A with C4 -1 # 0, A € A(h,u,y). So, for any i, 1 < i < n, and any A with
Cam-1#0, L(A) > l(h,u,y). So if in the expansion of I1.2(1) we set

1
Y=y — E 0,;1 ;CA,m—luA7
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we get a new expansion

h=> Dapyju?, Dap € R*U{0}, bEN, Ac N, (6)
Ab

and Dayp #0 = L(A)+bl(h,u,y) > m. So
lh,u,y1) = U(h,u,y), 1 <i<n.

Suppose l(h> u, yl) = l(h7 u, y) Then ,UL,U,yl (y) = UL,U,y1 (yl) = l(h7 u, y)7

. . 1 .
Yi=inpuy (y) =Y1 - mL,u,yl(ECo,rln > Cam-ru®), Y1 = inguy, (1),
A

np u,y, (h) = Z Ny, (DA,b)Ylb(inL,U,yl (UA))a (7)
Ab,L(A)+1(h,u,y)b=l(h,u,y)m

: . . |
gy, (h) = > L g, (Cap) (V1 = 02, (—Com Y Cam—1u™)’, (8)
Ab, L(A)+1(h,u,y)b=L(h,u,y)m A
where (7) is the expansion of (8). In (7), the terms with b = m — 1 are all zero; in (6), D m—1 # 0
implies L(A) + l(h,u,y1)b > ml(h,u,y;). By the claim, [(h,u,y1) = 1: a contradiction, hence
l(h,u,y1) > U(h,u,y).
Note that (5) is independent of the linear form L, so
Li(h,u,y1) > Li(h,u,y), for all i 1 <i < n.
By induction on the I;(h, u,y)’s, we get (1). If (1) holds but not (2) for h,u,y, we make the change
of variable (3) and get (2).

PROPOSITION I1.5.2 With notations as above, assume furthermore that (z,u) and (z',u’)
satisfy (1) of the previous theorem. Then 6(h,u,z) = dé(h,u’,2").

Proof. This is obvious if u; = u}, 1 < i < 3. On the other hand, the condition
ins(h) # NZ — ®(Uy, Uz, Us))™ for every ® € k(z)[Uy, Us, Us] 9)
is preserved if z = 2’ since §(h,u,z) > 1 (remark I1.4). In particular we have
d(h,u,z) =d8(h,u',2) < §(h,u',2")

and we conclude by symmetry that 6(h,u, z) = §(h,u’, 2").

DEFINITION I1.5.3 When z € R is such that (1) (resp. (2) holds), we say that (z,u) is prepared

(resp. d-prepared). If both of (1) and (2) hold for z € R, we say that (z,u) is fully prepared. If there

is no ambiguity on u = (u1,uz,ugz), we simply say that z is prepared, 0-prepared, or fully-prepared.
If (z,u) is prepared, the invariant §(h,u, z) will be henceforth denoted by 6(x).

THEOREM I1.6 Let (y,u1,u2,u3) =: (y,u) be as before and E be a normal crossings divisor
E Cdiv(ujugus) C Spec(R). For a component div(u;) of E, we define

di(uu y) = inf{[Ei’(l’l,xg,ﬂfg) € A(h’v u, y)}7
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di(u) := inf{z;|(z1, z2,23) € A(h,u)}.

(i) Let z € R be such that (z,u) = (z,u1,us,us) is prepared. Then
di(u) 2 1< V(z,u;) is a permissible blowing up center of Spec(R/(h)). (1)

(i) We have d;(u) > 0 if and only if Y; := V (h,u;)req S a regqular surface.

(iii) Assume that d;(u) > 0. Then d;(u) = 6(n;), where n; € Z is the generic point of Y; =
V(h,ui)rea as above; in particular, d;(u) is independent of the choice of a prepared (z,u) =
(z,u1,us,us) containing u;.

Proof of (ii). Take z € R such that A(h,u) = A(h,u, z), so h = z™mod(u;) iff d;(u) > 0 iff
Y =V (z,u;) = V(h,u;)prea. We get

di(u) > 0 < (V(h,u;))req is regular at .

Proof of (i). In that hypersurface case, Y := V(z,u;) € SpecR permissible means h € (z, u;)™
which is equivalent to d;(u) > 1.

Proof of (iii). Let n be the generic point of Y = V(h,u;)req = V(2z,u;). The following
equivalence is straightforward

di(u) =1 < V(z,u;) is a permissible center of Spec(R/(h)) and 7(n) = 2.
If 0 < d;(u) < 1, we obviously have d;(u) = d;(u,y) for every r.s.p. (y,u1,us,us) (with

<ing(h) >=< Y™ >).
We turn to the case:

di(u) > 1< V(z,u;) is a permissible center of Spec(R/(h)) and 7(n;) = 1.

We claim that d;(u) = §(n;). As V(z,u;) = V(h, u;)red, this will prove the invariance of d;(u).
We take i = 1 and write 7 for n; in the following lemma.

LEMMA 11.6.1 Let (y,u1,u2,us) be as above and assume that di(u,y) > 1. Then

dl(ua y) = 6(h7u1ay>7 (1)

where the right hand side is computed w.r.t. the datum (h) C Ry, If furthermore (y,u) is
prepared, then

dy(u) = 6(n). (2)
Proof. By II.1 (1), we have a finite expansion

h:ZC’A,bybuA, CA,bERX, beN, AeN?
Ab

that we rewrite as:

h = Z( Z Capud?ul®) y'ul', A= (ay,a2,a3) € N3

ay,b az,as



2“3

As di(u,y) > 1, we have b+ a1 > m for all b < m. Note that every >°, . Capus*us® is invertible
in Ry, = Oz, Then §(h,u1,y) = inf{5|b < m} = dy(u,y): this is (1).

Now suppose that y, w1, us, us is prepared. We claim that y,u; is prepared w.r.t. the datum
(h) C R(y,ul)- If not, then

m&(h) = Z Z CA bug u3 ucll1 € gré(R(yyul))’

a1+bdi=dim az,a3

is proportional to an m'-power. So there exists some a; with

a1 + (m —1)d; = dym, and Z Capus?us® # 0,

az,a3

so there exists some A with a1 +( —1)d; = dlm and Cy -1 # 0. Then, as in I1.5(5), we change
the variable y by y1 =y + CO m2on Cam— (u? € R, we get a new expansion

h=> Dapyju?, Dap € R*U{0}, bEN, Ac N
Ab

I (h(le) + b > m for each linear form L; such that

Now D4 # 0 implies
A(h,u) = {(z1, 22, 23)|Li(x1, 22, 23) = 1, 1 <@ < n}.

This holds in particular for the linear form L(xy,x2,x3) = d x1. Since y is supposed to be nonpre-

pared for wuy, the unique vertex dq(uy,y) of A(h,uy,y) C R* does not belong to A(h,ui,y;). We
get dy(u1,y1) > di(u,y), a contradiction with the fact that A(h, u,y) was minimal.

DEFINITION and NOTATION I1.7 Given (y,uy,us,us) =: (y,u), h reduced, with assump-
tions I11.1(2)(3) and a normal crossings divisor E C div(ujugus) C Spec(R), we let d; = d;(u)
for each irreducible component div(u;) of E. We let d; :== 0 whenever div(u;) is not an irreducible
component of E.

We define e(z, E) € Qx¢ (or e(z) for short) by:

e(x,B)=0d(x)— > d;

div(u;)CE

These invariants appear in [CP2] Ch.1 (II.3.3) in an equal characteristic context. The following
remarks are obvious from the definitions.

REMARK II.8 We have

(i) e, E) € N,
(i) if e(z, E) =0, A(h,u) has only one vertex: the point v = (dy,ds,ds).

THEOREM 1I1.9 Given (y,u1,us,u3) =: (y,u) and a divisor E Cdiv(ujusus) C Spec(R) as
above, assume that e(z, E) = 0. There exists a finite sequence of local blowing ups

(X7‘T) = (X[),Ilfo) — (lexl) s (Xn7xn)7

where vg = x, x; € X;, 0 < i < n is the center of v, each blowing up center Y; C X; is permissible
in Hironaka’s sense, such that m(x,) < m(z).



Proof. See the connection with [CP2] Ch.1 (I1.4.6). Let z € R be such that A(h,u,z) =
A(h,u). Then 0(x) = 32, ;<3di- Let T C {1,2,3} satisfy the two following conditions:
P (for permissibility): >, .7 d; > 1,
M (for maximality): |Z| minimal for P, i.e. the dimension of V(z, < u;,7 € Z >) is maximal for P.

Note that Z C {1,2,3} is not unique in general. Then we choose Z with PM and we blow up
Z along V(z,< u;,i € T >). Let e: Z' — Z denote this blowing up, X’ be the strict transform
of X, 2’ € X' be a point above x, E/ C Z’ be the reduced inverse image of FE.

We claim that for either (m(x'), —7(z")) <iex (m(z), —7(x)) or

((m(z"),7(2")) = (m(x),7(x)) = (m(x),1) and e(z’) = 0 and 6(2") < §(x)).

Since 6(h,u,y) € -5N, a descending induction on d(z) reduces to m(z’) < m(z) or (m(z') =
m(x), 7(z") > 2). As stated in section I, this completes the proof.

Proof of the claim. We only treat the case Z = {1, 2, 3}, the other cases being similar, if somewhat
simpler. By PM, Z = {1, 2,3} means

di>0,di+dj<lwheni7éj,1§i,j<3. (1)

By [H3, thm.3, p.331], if m(z’) = m(x), then 2’ lies on the strict transform of z = 0. The
variables w1, us, u3 play symmetric roles; so after reordering, it can be assumed that 2’ belongs to
the affine chart SpecR[z/u1,u2/u1,us/u1] C Z'. Let

(2 ul, uy, us) = (2/ug, u, ug /ur, us/uy).

Let
h=Comz" + E C’A,bzbu‘fluz‘”u;:,“?’,

[A]

5@ Th=m

be an expansion II.1(1) of h with (z,u) fully prepared (theorem IL.5 and definition 11.5.3),

W= hjul* = Comz'™ + Z C’A,bz/bugm_b)((S(x)_l)uéwuga‘3 + R} (2)

| Al
o(x)

+b=m

where h) € Ig(z)+ = (/™ by (OO g < <),

Since e(x) = 0, C4 invertible in (2) implies ay = (m — b)da, az = (m — b)ds. Note also that
d(x)—1=dy+dy+ds—1<dy by (1). Asdy+ds < 1and dy +ds < 1, m(z’) = m(z) implies 2’ =
(2, ul, uh,ul). The coordinate change (z,u1,us,us) — (2, u},ub, us) is a monomial substitution,
so A(h/,u/,2") is again minimal. With natural notations, we get (d},d5,d5) = (6(x) — 1,ds,ds),
e(2’) =0 and

§(z")=d} +dy+dy =d(x) —1+dy +ds < (x)
provided < ing (h') >=< Z'* >, ie. 7(z/) = 7(z) = 1.

THEOREM I1.10 Given (y,u1,uz,u3) =: (y,u) and a divisor E Cdiv(uiugus) C Spec(R) as
above, assume that E is equicharacteristic p = chark(z) and

Then the set {y € X|m(y) = m(x),e(y) > 0 and 7(y) = 1} is locally closed.
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Proof. It is well known that the set
{y € XIm(y) = m(x),7(y) 22} CF

is locally closed. Suppose €(z) = 0 for some closed point € E. We choose a r.s.p. (z,uy,us, us)
of R at x which is fully prepared. There is a finite expansion

h=Comz"+ Z Capz™ Puf ug 2z (1)

4]
3@ 2b

with each C4  invertible in R and a; > bd;), i = 1,2,3. Since €(z) = 0, there exists C4 ; such that
a; =bd;), i =1,2,3, with b > 2 by full preparedness. Then the locus

{y € XIm(y) = m(z),e(y) =0 or 7(y) > 2}

contains the intersection of Sing,,,(,)(X) with the complement of the hypersurface V(Ca ).

THEOREM I1.11 With assumptions as in I1.10, assume furthermore e(x) > 0 and let F' be an
irreducible component of E with x € F. Then

dim({y € X|m(y) = m(z),e(y) >0 and 7(y) =1} N F) < 1.

Proof. Say div(uy) is the given component. If d; < 1, then dim({y € X|m(y) = m(z)}NF) < 1
and the result is clear.

Assume now d; > 1 and pick a fully prepared (y,u;) w.r.t. to datum h C R, ,,. There exists
a nonempty Zariski open set {2 C F' such that for y € Q there is an expansion

h=n02"+ > wz™
1<i<m

with a; > idy, v; € Ox,y for i > 1. By definition of d;, some i > 2 satisfies (a; = id; and v; & (u1)).
By full preparedness, we have v, € (uy) if a1 = dy. Let €' be the intersection of Q with complement
of the proper closed subset V' (7;), so

Q' € {y € X|m(y) = m(x),e(y) = 0}.

Assume finally d; = 1. The same construction now yields

Q' C {y € X|m(y) = m(z), 7(y) > 2}.

IIT1 CONSTRUCTION OF THE DIVISOR E.

In this section, we reach the assumptions of I1.10. We show they are stable under a class of
local permissible blowing ups which we will prove ahead are sufficient to prove theorem 0.3. We
stick to assumptions 11.4.1.

PROPOSITION III.1 With assumptions as above, there exists a finite sequence of local blowing
ups
(Z,.CU) = (ZO’$O) N (Z]_,.CU]_) A — (Zna$n)7
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where xg = x, x; € X; (X; denoting the strict transform of X ), 0 <1 < n, is the center of v, each
blowing up center Y; C X; is permissible for X; in Hironaka’s sense, such that one the following
properties holds:

(i) (m(n), —7(20)) <iex (m(), —7(z)), or

(ii) (m(zy,), —7(x,)) = (m(x),—7(x)) and there exists a (reduced) normal crossings divisor E, C
(Zn, ) of equicharacteristic p = chark(x,,) = chark(x) such that

an (En)J—Crn (Xn)Teda (1)

Sp 1= Sing,, 5,y C En, (2)
where Cy,, denotes the tangent cone and Sing,,, . (Xn) is the stalk at x,, of the set of multiplicity
m(x).

Proof. We begin with the following lemma.
LEMMA II1.2 With assumptions as above, assume furthermore that there exists a normal cross-

ings divisor E C (Z,x) such that
Cr(E)LCL(X)red- (1)

Then for any local blowing up :
e (Z/a$/) - (Z,l')

of center Y C X, permissible for (X,x) and at normal crossing with E, we have (m(z"),7(z")) <
(m(z),7(x)), where &’ € X' is the center of v; if equality holds, then

Ca:’ (E’)J—Cx’ (X/)redu

where E' := 77 (E)cq, X' the strict transform of X.

Proof. The normal crossing assumption implies that we can choose a r.s.p. (vi,ve,vs,v4) of
R := Oz, such that Y = V(vy,..,v.) and E C div(vy---vg). By permissibility, we have h €
(v1,...,v.)™®) . Assumption (1) means that < in,(h) >=< Z¢ >, where Z ¢< in,(v;), div(u;) C
E >. Changing generators of the ideal of Y, we relabel parameters as (z, uy, us, ug) with

E =div(uy - - ug) C div(ugugus), I1(Y) = (2,{u;, i € A}) for some A C {1,2,3}. (2)

If m(z’) = m(x), 2’ belongs to the strict transform of div(z) by (1). Let i € A such that u;
generates the ideal of the exceptional divisor of 7 in a neighbourhood of " and let 2/ = z/u;. A

local equation for (X', z') is b’ := h/uzn(w), where
n = yz’m(x) mod (u;, {ug, k & A}),

and Wi
#edvi T ()
C div(u; x | H ” H ug),
Jj#i,JEA kZA

which proves the lemma.
Proof of IIL.1. If Sing,, ., (X) = {z}, take E = div(ujuguz) with coordinates as in (2) above.

If dim(Sing,,,)(X)) > 1, then any regular closed set Y C S := Sy is permissible for X. In any
case, we have (m(z,,), —7(x,)) < (m(z), —7(z)) since centers are permissible.

Let (C,x) be any curve contained in S. Since it is assumed that v has rank one, x,, does not
belong to the strict transform C,, of C' in X,, for n >> 0 if we take Y; = {z;}, the center of v in
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X; for ¢ > 0. In particular, it can be assumed that the strict transform S, of S in X,, has pure
dimension two. Take n = 0 in what follows.

We now apply classical embedded resolution theorems for S with dim(S) = 2 ([CJS] for suit-
able generality). This involves blowing up closed points or regular curves on the successive strict
transforms of S. By blowing up finitely closed many points as before, it can be assumed that
every blown up curve is equicharacteristic p = chark(z). We reach the following situation: the
strict transform S,, of S at z, is empty or an irreducible surface with normal crossings with the
(equicharacteristic) reduced exceptional divisor E,, of (Z,,z,) — (Z,z). If S itself is equicharac-
teristic, enlarge F, to E, US. Otherwise, we blow up finitely many times irreducible components
of SN E, (i.e. equicharacteristic curves) to get x,, € S,. This is possible again because v has rank
one.

IV REFINED DIRECTRIX, TRANSVERSENESS, ENCOMBREMENT

Assume that the conclusion of proposition ITI.1 (ii) holds. We will perform local blowing ups
which are permissible in Hironaka’s sense, with center Y,, having normal crossing with F,,. Take
n = 0 in what follows, F = Ey, and consider a local blowing up :

m: (22" — (Z,2)
of center Y C X, permissible for (X, z) and at normal crossing with E. We assume that
(m(2'),7(2")) = (m(z),7(x)),
where ' € X’ is the center of v. By lemma III.2, we have
Co (E") LCo (X ) e,

where E' := 771 (E),cq, X' the strict transform of X in Z’.

DEFINITION and NOTATION IV.1 Let (z,u) be fully prepared with E Cdiv(ujususg) C
Spec(R) as above. Let

Fi=ing(h)=2Z"+ > Z™F;(U1,Us,Us) € grs(R) = k(x)[Z, Uy, Uz, Us),

2<j<m

where Z = ins(z), U; = ins(u;), 1 <@ < 3 (notations of 11.3.1). Each F} is zero or homogeneous
of degree jo(x); we have F; = 0 if jo(z) & N.

We define the refined tangent ideal of X at x as the ideal

L:=(z, [] U™%F’, 1<j<m)Ck(z)[Z,U1,Us,Us).
div(u;)CE

We define the refined directriz of X at x as the smallest vector subspace V C< Uy, Us, Uz >
such that

oty |
{U; F 1< <m, div(y) C E} C k(z)[V].
Let p(x) := dim(V).
REMARK 1V.1.1 The following holds:
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(i) Ui[jdﬂ divides Fj, 2 < j <m, for 1 <i <3 such that div(u;) C E.
(ii) I, and V do not depend upon choices of z,u satisfying the assumptions.
(iii) the polynomials

UM AR 1< <m, 1<i<3
are zero or homogeneous of degree mle(x).

Statement (i) is a consequence of the definition of d;. For (ii), suppose (z’,u’) is fully prepared,
where E C div(ujubuf). Let

/ / / .
Uj = a1,;Up + Gz Uy + a3 jUsz + bjz, CLL]‘,bj S R, 1<1,5 <3,

for some matrix (a; ;) € GL(3, R). Since 7(z) = 1, we have

1
degU; = degUJ/- = m <degZ =1

in grs. Computing w.r.t. the r.s.p. (z,u'), we get

1n6(h):Zm+ Z Zm_]F]/(U{7UéaU?/)) Ggr5(R):k(w)[Z,U{,UQ,Ué],

2<j<m

with Fj(U7,Us, Us) = F;(M.(U], U5, U3)), M being the residue of M in GL(3, k(z)). Since (z',u’)
is fully prepared, no term in Z™~1 occurs in ing(h) € k(x)[Z',U],Us,Uj] and this implies that
<ing(Z) >=<ins(Z") >.

Statement (iii) immediately follows from definition II.7.

DEFINITION IV.2 Let E be a fized normal crossings divisor and (z,u) be fully prepared (always
with the condition E C div(ujugus) C Spec(R)) as above.

We call “transverseness” index of x, denoted by t(x), the mazimal dimension of a subspace of
V which is transverse to < U;, div(u;) C E >. This is independent of the choice of a fully prepared
r.s.p. (z,u) by remark IV.1.1(ii).

We call “encombrement” of x, denoted by e(x), the minimum number of U;’s among all possible
fully prepared (z,u) necessary to write a basis of V.

We define an invariant

(x) = (m(z), —7(2), e(z), —p(x), —t(x), —e(z)) € N x {—4, -3, -2, —1} x Q¢ x {3, -2, —1,0}.

For convenience, we extend the definition when 7(x) > 2 by letting «(z) = (m(x),—7(z),0,0,0),
theorem 0.3 being already proved in this special case (section I). Note that e(x) € ﬁN, so any
decreasing sequence of values (for the lexicographical ordering) taken by v is finite.

EXAMPLES 1V.2.1 Assume p > 5.
(i) h = 23 + u3(uy + uz +uz)?, E=div(uy).

Then §(z) = 3, di(z) = 3,V =<U1 +Us+Us >, p(z) =1, t(z) = 1, e(x) = 1: take the r.s.p.
(Z, Uy, Uy -+ U9 + us, U3).
(ii) h = 23 + uf(us +ug +u3)?, E = div(ujugus).

Then §(z) = 3, di(z) = 3, do(x) = d3(2) =0, V =< Uy + Uz + Us >, p(z) = 1, t(z) = 0,
e(x) = 3: the only choice allowed upon (uq,us,us) is permuting or multiplying by a unit in R.
(iii) h = 2% + u?(u? +ud), E = div(u).
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Then 6(z) = 3, di(x) = 2,V =< Uy, Uz >, p(z) =2, t(z) =1, e(x) = 2.
(iv) h = 23 +u2(u? +u3), E = div(ujus).
Then §(z) = 5, di(z) = 2, da(z) =0, V =< Uy, Uz >, p(z) =2, t(z) =0, e(z) = 2.

REMARK 1V.2.2 The French “encombrement” was proposed by J. Giraud twenty years ago
(English: “cumbersomeness index” roughly).

V PERMISSIBLE BLOWING UPS, BEHAVIOUR OF THE INVARIANTS

We stick to the assumptions of the previous section and assume furthermore that e(z) > 0.

DEFINITION V.1 An e-permissible center (permissible center for short) Y at x is one of the
following:

(1) either Y := {z} = V(z,u1, us, us),

(ii) or'Y =V (z,u1,u2) with (z,u) fully prepared,

di + ds + E(SL‘) >1 (1)
and
l(h,u,z) =m, (2)
where L denotes the linear form L(z1,x2,x3) = #—:5(1‘) (definition 11.2).

PROPOSITION V.2 An e-permissible center at x is permissible in Hironaka’s sense.

Proof. Indeed, we have just to look at the case of a curve V(z,uy,us). In that latter case, as
dy + do + €(x) > 1, we have
ord, (h) = v hu,-(h) =m,

where 7 is the generic point of V(z,u,uz), so
ord, (h) =m,

which means exactly that V(z,u1,us) is permissible in Hironaka’s sense.

PROPOSITION V.3 Let 7 : Z' — Z be the blowing up along an e-permissible center Y at x,
X' be the strict transform of X (with transformed equation h' at the center ' € X' of v). We
have:

(i) v(z") < o(z) (definition IV.2). If equality holds (in which case we say that x’ is “very near” x),
then E' := w71 (E)cq is transverse to the directriz T' of X' at .

(i) if Y = {x} and (m(2'), —7(2"),e(z")) = (m(x), —7(z),e(x)), then x’ lies on

Projk(x)[Z, Uy, Uz, Us]/(Z,V) C Proj(gron(R)) = P,

with notations as in IV.1. The refined directriz V' at o' satisfies V' = U~V mod < U > where
U = in, (u), u an equation of the exceptional divisor of m.

Proof. First assume that Y = {z}. By [H3, thm.3, p.331], if m(z’) = m(x), then 2’ lies on the
strict transform of z = 0. The variables w1, us, us play symmetric roles; so after reordering, it can
be assumed that z’ belongs to the affine chart SpecR|[z/uy, us/u1,us/ui] C Z'. Let

(2 ul, uh,ul) = (2 ur, ur, ue /ug, us/uy).
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We can choose a r.s.p. at 2’ in the following way: if 2’ is the origin, take (z/,u}, ub, us); if 2’
belongs to the strict transform of, say div(us), we can take (2, u}, uy, vs) with vy = > A ub®, A\, €
R a unit or zero (the sum is finite) whose residue ), A\, Us" € k(x)[Us] is an irreducible polynomial;
in the general case uy(z')uj(az’) # 0, we take (2',uf, v2,v3) where v. =3, , )\a,bvcugaugb, c=2,3
(sums are finite), Ay p.c € R a unit or zero, and

<Y Nabel2"Us’, ¢ =1,2>C k(x)[Us, Us]
a,b

is a maximal ideal. Let

F.=2m+ Z Zm_lea(Lj)Ug(Q’j)Ug(?)’j)G]’(Ul,U2,U3) =

2<j<m

Z™+ Y ZmIF(Uy, Up, Us) = ing(h) € grs(R) = k(x)[Z, Uy, Uy, Us, (1)
2<jsm
with a(i,j) > jd;, 2 < j <m, 1<i<3, G € k(z)[Uy, Uz, Us] homogeneous, G = 0 or deg(G;) =
Jo(z) — (a(1,4) +a(2,7) + a(3, 7)) and G not divisible by U;, 1 <i < 3.
Let h' := h/u" define the strict transform of h. We define the linear form

!

L' (2}, x5, 25) := 5(33)7_1

with associated valuation v' := vy s 4, (definition I1.2). We have
invf(h/) _ M Z Z/mfjU{j(é(m)*l)u/2a(27j)uéa(37j)Gj(1’ u/27 ué) c grv/(R’), (2)
2€j<m

where gr,,(R') = R'/(#',u})[Z’,U{]. Here, the meaning of G, (1, u, uj) is given by the inclusion
k(z) = R/M — R'/(u)) — R/ (2, u).

By (2), ) = §(z)—1 is the minimum value of the first coordinate of points in A(h, u}, ve, v3, ).
Since z is d-prepared, no vertex of A(h/,u},va,vs,2") with first coordinate equal to z = §(z) — 1
is solvable. We get

dy(z') = 6(x) - 1,

and for at least one vertex (z} = d(z) — 1, x4, x%), we have

dos 1 a(2,5) /a(g’j)G‘ 1.uh !
o + oy < min{ = ZC Ugj it ’u2’u3)),2<j<m}.

In case z’ belongs to the strict transform of some div(u;), i = 2,3, we have d;(z’) = d;(z) for
ui(z') = 0 by IL.6(iii). This leads to:

7

1a(2,j)—jd2, s a(3,5)—jds ro
Ordﬂf/ (UQ U’S GJ (17 u27 U3))

€(z") < min{

; ,2<j <m} <e(x) 3)

with the convention: ord,(u.*) = 0 when a € Q1 and u}(z') # 0, ord, (u.") = a when u/(z’) = 0.
This proves (—7(z'),e(z')) < (—7(z), e(x)).
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Assume that (—7(2’),e(2")) = (=7(z),€(x)). Then

ord, H u;*m!(a(ivj)*jdi)Fj(l’ u/2’ ué)mTl = deg H Ui—m!(a(i,j)_jdi)FjT
div(u;)CE div(u;)CE

for each j with F; # 0. By [H3, Theorems 2 and 3|, this means that 2’ lies on
PI‘OJ]C(x)[Z, Ul, UQ, U3]/(Z, V) C PI‘OJk(.%‘) [Z, Ul, UQ, Ug] = Pi(m) (4)

This proves the first assertion of (ii) in this case. All other assertions are easy consequences of (3)
and of its explicitation (4).

Assume now that uf(z")uj(z") # 0. If 2 is rational over z, i.e. uh(a’') = X € k(x),us(2’) =
i € k(x), we have

!

Iw'E(Z/ﬂG](l’Vv?_Av‘/?)_M)J 72<]<m) mod (U{)v (5)

where I,/ is the refined tangent ideal of =’ (cf. IV.1(ii)). This proves the last assertion of (ii) in
this case. Finally, if 2’ is not rational over x, then dim(V) = 1. We get

V =< alU; +bUs + cUs >, a,b,c € k(z), (b,c) # (0,0).
If b # 0, we take vg := a + bub, + cuhymod(u;) and we get by IV.1.1
I = (2, ;") mod (1), (6)

which proves the last assertion of (ii) in this case. All other assertions are easy as in the previous
case.

We now consider blowing up along a curve Y = V(z,u1, u2).

By [H3, thm.3, p.331], if m(z’) = m(z), then 2’ lies on the strict transform of z = 0. The
variables u1, us play symmetric roles; so after reordering, it can be assumed that x’ belongs to the
affine chart SpecR[z/u1,u2/uy,us] C Z'. Let

(2 ul, uh, uy) = (2/ug, ur, us /ug, us).

We can choose a r.s.p. at 2’ in the following way: if 2’ is the origin, take (2/,uf,ub, u%);
otherwise take (2, u}, vz, u3) where v, = 3, Au3”, \q € R a unit or zero (the sum is finite) whose
residue ), A\ Us" € k(x)[Us] is an irreducible polynomial.

With notations (1), since V(z,u1,us) is e-permissible, we have

a(3,j) :jdg, Gj S k‘(.T)[Ul,UQ]
Let A’ := h/u" define the strict transform of h. Equation (2) gets replaced by

inv/(h’) _ FOZ/m + Z Z/m—jU{j(é(z)—l—da)u/Qazugjdsrj c grv/(R') _ R,/(Z/, u'l)[Z', Uﬂ? (2*)
2<j<m

with I'; € R'/(2,u}) whose residue in R'/(2,u}, uf) is G;(1,ub) for 2 < j < m, Ty a unit.
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By (2%), 0(xz)—1—d3 is the minimum value of the first coordinate of points in A(h/, u}, ve, us, 2').
As in (1) there is no 2™ ", each vertex of A(K,u}, vq, u}, z') with first coordinate equal to é(z) —
1 — d3 is not solvable. Then

d1($/) = 5(%) —1- d3,

and for at least one vertex (x} = §(z) — 1 — ds3, 2%, x%), we have

ord, (ub™ ut ™G (1, ub))

zh + 2% < min{ .
J

, 2<j <m}.
By theorem II.6(iii), we have ds(z’) = ds. If ub(x’) # 0, this gives

ordy (u5™ ™" Gy (1, up))
J
If uf(2") = 0, we also have dy(z’) = dy by I1.6(iii). This leads to:

€(z") < min{

, 2<j<m} <e(x).

ordy (uy" Py ™ MGy (1, uh))

J

e(z") < inh{ ,2<j<m} <e(r)

with the convention: ord,: (u;*) = 0 when a € Q1 and u/(z’) # 0, ord, (u,") = a when u}(z") = 0.
If e(2’) = €(x), then

<.

ord, H u;_m!(a(i’j)_jdi)Gj (1’ uIQ)L“ = deg H Ui—m!(a(i,j)—jdi)GjT
div(u;)CE div(u;)CE

for each j with G; # 0. By [H3, Theorems 2 and 3], this means that 2’ lies on
Projk(x)[Z,Uy,Us|/(Z,V) C Projk(x)[Z,Uy, Us], (4%)

where the latter is identified with 7=!(z) C Z’. The proof now runs parallel to the case Y = {z}.

PROPOSITION V.4 With assumption as in V.3, assume e(x) = 3 and Y = {x}. Then x’ is
not very near x, i.e. v(z') < i(x) (definition IV.2).

Proof. If p(x) = 3, this follows from V.3(ii), since Projk(x)[Z,U1,Us,Us]/(Z,V) = @.
When p(z) = 2, we have t(z) < 2 necessarily: otherwise we should have

E C diV(Ul), YV =<U,,U;s > mod (Ul)
By a linear change on the free variables (us,ug), we would get
V =< Uy, Us >,

i.e. e(z) = 2, a contradiction.
When p(z) = 2, t(z) = 1, we can choose parameters such that

E = div(uluQ), V=<Us,aU; +U; >, a € k(l’)X
By proposition V.3(ii), we have
V' =< Us, V4 > mod (U}),
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with E' = div(u}), V§ = in, (a + uz/u1), where a € R is a preimage of a. Then p(z’) > t(z') > 2.
When p(x) = 2, t(x) = 0, then, up to a permutation on uy, uz, us, we have E = div(ujugus)
and
V=<U +aUsy, Uz +Us,>, a € k(z)*, B € k(x).

By proposition V.3(ii), we can take 7~ !(z) = div(uz) locally at 2/, and 1.5.p.
(Zlv v/17 ul27 Ué) = (Z/'u,27 UI/UQ + a, uz, U3/U2 + b)a

where a,b € R are preimages of «, #. In particular we get £ C div(ubuj). On the other hand, we
have
V' =< V], V4§ > mod (U)),

and this proves that ¢(z’) > 1.
When p(z) = 1, then e(z) = 3 implies E = div(ujusus) (so t(x) = 0) and
V=< alU, + Uy + Us, >, a,f € k(z)*

up to renumbering parameters. By proposition V.3(ii), we can choose E’ C div(uju}), say 7= 1(x) =
div(uq) locally at 2’ and r.s.p.

(2',ul, vh,v8) = (2/ur, uy, vy, a + bus /uy + us/uq),

at ', where a,b € R are preimages of «, 5. Since V§ € V& < U; >, we get t(z') > 1.

PROPOSITION V.5 Let x satisfy the conclusion of proposition I11.1(ii) and assume e(x) = 2.
There exists a finite sequence of local blowing ups

(Z’:E) =: (ZOa'TO) — (Zla‘rl) o (men>v (1)
where xo = x, x; € X; (X; denoting the strict transform of X ), 0 <1i < n, is the center of v, each
blowing up center is Y; = {x;} such that o(z") < v(x).

Proof. First assume that p(x) = 1. Then ¢(z) = 0, div(ugus) C E and we have V =< alU; + Us >,
a € k(x)* after possibly renumbering parameters. If 2’ does not belong to the strict transform of
div(us), we can take 7~ 1(x) = div(us) locally at z’, and r.s.p.

(zlv Ullau/Za Ué) = (Z/UQ,Ui,UQ, a+ u3/u2)7

where a € R is a preimage of . In particular we get E' C div(ujub), with v} = w3 /uz. On the
other hand, we have
V' =< V4 > mod (U3),

whence t(z') > 1, so «(2") < ¢(x). Assume now that 2’ belongs to the strict transform of div(us).
We can take 7~ !(z) = div(uy) locally at 2/, and r.s.p.
(2, uy, up, ug) = (2/ur, s, up/ug, us/uy).
We get E = div(ujubuf) and
V' =< aUj+ Uj > mod (U7).

If o(2

) = u(x), then V' =< aU} + U > and iterate. Since the valuation v has rank one, say
v(ug) < nv(u

1) for some n > 0, the process stops after iterating n times.
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Assume that p(x) = 2. Then V =< U, Us > after possibly renumbering parameters. We can
take 7! (z) = div(uy) locally at 2’ and 1.5.p.

(2! ul, uh,ul) = (z/ur, ur, ug /ug, us/uy).
We get div(u}) C E" and
V' =< U}, Ul > mod (U7),
hence < U} + aoU7, U + azU; >C V' for some ag, a3 € k(z). If o(z') = t(x), then equality holds;
moreover «; = 0 whenever div(u;) C E, i =2 or i = 3.
Iterating, there exists a regular formal curve Y C X passing through all points z,z; :=
'y, xpn, taking Y; = {z;} for each i > 0. By standard arguments, ¥ C Sing,,,)(X). Our

assumptions (beginning of section IV) force YCE , say Y C div(usz). One concludes as in the case
p(z) =1.

VI PROOF OF THE MAIN THEOREM.

By theorem IIL.9, a reduction in m = m(z) can be achieved when €(z, E) = 0 for some normal
crossings divisor F C div(ujusus). The previous section (propositions V.4 and V.5) reduces
theorem 0.3 to the only case e(x) > 0, e(x) = 1. There remains to prove the following:

THEOREM VI.1 Let x satisfy the conclusion of proposition I11.1 (i) (w.r.t. E C div(ujusug))
and assume €(x) > 0, e(x) = 1. There exists a finite sequence of local blowing ups

(Z,x) =: (Zo,w0) —— (Z1,31) — -+ — (Zp,an), (1)

where xg = x, x; € X; (X; denoting the strict transform of X ), 0 < i < n, is the center of v, each
blowing up center Y; C X; is permissible in Hironaka’s sense, such that

(i) t(xy) < t(x), and

(ii) x,, satisfies the conclusion of proposition II1.1 (i) (w.r.t. the strict transform E,, of E in Z,)
if (m(xy),7(xy)) = (m(z),7(x)) and e(x,) > 0).

The proof is long, needing new invariants and the control of their behavior under permissible
blowing ups. There are two different cases:
(i) t(x) =0, e(z) =1,
(ii) t(z) = e(z) = 1.
In both cases, we choose the indices so that V =< Uz >. We assume that
(P1) (z,u) is fully prepared, and
(P2) E C div(ujugus).

VI.2 A new invariant B, preparation of the free variable (case (ii)).

Let us remind the convention d;(xz) = 0 for div(u;) ¢ E, 1 < i < 3. In particular, d3(z) =0
in case (ii). For B € Q, define the monomial valuation vg by
1
€(z) +ds + 7d1§d2

vp(2) =1, vp(uz) = =: Bug(u1) = Bup(uz).

We choose B € N U {+00} maximal such that, up to the multiplication by an element of k(x)*,
in,, (h) takes the following form:

iy, (h) = 2™+ Y Z"0;(Uy,Us, Us),

1<i<m
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with
degy, (P5) < j(ds +€(x)), 1 <j<m,

®;(Ur,Us,Us) = delUngUgdB(AjUge(I) + Pj(Uy,Us,Us)) (1)

with A; € k(z) and (jd1, jdz, je(x)) € N whenever equality holds; furthermore, equality holds for
some j, 2 < < m.

Note that we necessarily have ®;(Uy,Us, Us) # )\jUge(m) for some j if B < 400, since B is
taken to be maximal. Moreover, since (z,u) is fully prepared and V =< Us >, we necessarily have
B > 1 and degy, (1) < d3 + €(x).

This construction builds up a face of A(h,u, z) with equation

T+ X2 N T3 _1
B(6($)+d3)+d1+d2 (E(x)_‘l_dg_}_%) )

for some B which contains the point x := (dy,ds, €(x) + d3) and at least another point.
Let p be the projection

p:R3— {x} — {x3=0}.

For analytic computations, note that if M = 2™ Ju{*u5?u3* is a monomial appearing with nonzero

coefficient in some expansion I1.1(1) of h and j > 1, then M defines the point xj;:

M = Zm_jUCILlUgQ’UJgas — XM = (%7 %a %) S A(h7u7 Z)a
and
() = (bt g @)
X = ) az /*
P ! d3 + €(x) — 4 2 d3 + €(x) — 4

Then B + dy + dz is the minimum value z; + z2 for points in p(A(h,u, z) N {x3 < e(x) +ds}).
We define A (h;uq,ug;u3) C (Ry)? by the formula

(d1,d2) + Ag(h;uy, ug;us) := p(A(h,u, 2) N {x3 < e(x) + ds}).

The main idea is that Ay (h; u1, ug; ug) acts as the characteristic polyhedron of a surface singularity
and in the following, we mimic [CJS],[2], all these following Hironaka.

In case (ii) (div(us) ¢ E), we will require two extra conditions (to be achieved in VI.3 below
by possibly changing u3):
(P3) there is no homogeneous P € k(x)[Uy,Us|, P # 0, such that

iny, () = 27"+ 0 2 UI U (Us + P(UL, Un)P), (3)

2<ism

with the convention \; = 0 when (jd, jdz,je(z)) & N3;
(P4) if B < 400, let xo = (d1 + A(1), 5 + d2) be the vertex of Aa(h;uq,us;us) with minimal first
coordinate. Then Xo does not vanish by changing us to uz + ’yu?ug, v € R, v invertible.

PROPOSITION V1.3 With assumptions as above, there exist (z,uy,us,us), z,us € R such that
(P1)(P2) and (P3)(P4) (in case (ii) with B < oo) are satisfied.
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Proof. The conditions (P1)(P2) can be achieved easily. If (P3) or (P4) is not achieved, we make a
translation on ug: we replace uz by uz + Y., o0 Var,asU7 U5%, Yay.an € R, (a1,a2) € p(A(h,u,2) N
{z3 < €(x) 4+ d3}). To achieve (P3), we take

> T Ui US? o= P(Uy, V),

ai,a2

P(Uy,Us) as in (3), which makes B increase if (P3) is not achieved. To achieve (P4) we change ugs
to us 4+ yufus as in (P4)), which makes (A(1), 8) strictly increase for the lexicographical ordering .

In both cases, this translation makes Ay (h;uy,us;ug) smaller. These translations may spoil
(P1), so each must be followed by a translation on z to get again (P1). This translation makes
As(h;uy,u9; uz) not bigger. The process may be infinite, but since Ag(h;uy, us; uz) gets smaller at
each step, this converges to some z,us € R.

DEFINITION VI1.3.1 With assumptions as above, a r.8.p. (z,u1,us,u3), z,us € R such that
(P1)(P2) and (P3)(P4) (in case (ii) with B < 0o) are satisfied is said to be well prepared. For such
(z,u1,us,us), the number B defined above is denoted by B(z,u1,us,us) or B(x) for short, even if
it may depend on the choice of (z,uy,us, us).

VI.4. We begin the proof of Theorem VI.1 by the special case B(x) = oc.

When B(z,uy,us,us3) = 0o, A(h,u, z) has only one vertex with coordinates (dy, ds, €(z) + d3).
Since €(z) > 0, we have div(us) ¢ E, hence t(z) = 1 (case (ii)) and £ C div(ujuz), d3 = 0. The
proof is a variation of that of theorem I1.9, checking carefully the algebraicity of the blowing up
centers.

It has been assumed from section IV on that Sing,,(X) C E, so €(z, E) < 1 necessarily since
V(z,us3) C Sing,, (X) otherwise.

By blowing up the surfaces V(z,u;), div(u;) C E, it can be assumed w.l.o.g. that d; < 1.
Similarly, it can be assumed that d; + da < 1 by blowing up V(z, u1, us).

Assume that V(z,u;,u3) C Sing,,(X) C E, ie. d;+¢€(x) > 1, ¢ =1o0r i = 2. Then
C; :=V(z,u;,us3) is a formal irreducible component of Sing,, (X). By excellence, its Zariski closure
C; is a curve on X. On the other hand, C; is contained in V(z,u;), so C; itself is a curve on X.
By blowing up C;, we may assume that d; + e(z) < 1,7 =1,2.

At this point, we have reached the situation of theorem I1.9(1) and the proof therein extends
without changes: we eventually get reduction in (m(x),7(x)) by blowing up closed points. We
observe that theorem VI.1 can also be phrased as follows in this case: E, can be enlarged to a
new normal crossings divisor F), such that e(x,, F),) = 0.

From now on, we assume that

e(r) =1, B(zr) < 0. (Hyp)

DEFINITION VI1.4.1 (New invariants) We define Ay, by: (di + A1, + da) is the vertex of
minimal first coordinate of

p(A(ha U, Z) N {LL'3 < E(LE') + d3})
We define As by: do + Ag is the minimal second coordinate of the points of

p(A(h,u, z) N{zs < e(z) + ds}).
We define C(u, z) (or C(x) for short) by;
C(u,z) = B(u,z) — Ay — As.
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Finally, we define y(u,z) (or y(x) for short) as follows:
(i) v(u, z) := [B(u,2)] =0 if (E Cdiv(uy) and t(x) =1);
(ii) y(u, z) == [B(u, 2)] =0 if (E Cdiv(uius) and t(z) =0);
(iii) y(u,z) =14 [C(u,2)] = 1 otherwise, i.e if (E = div(ujuz) and t(z) =1 ) or if (E =
div(uyugus) and t(x) =0).

PROPOSITION VI.4.2 (Behaviour of the new invariants under blowing up along an e-permissi-
ble curve). Assume that (Hyp) is true, (z,u) is well prepared and let

Ci = V(z,uj,u3), i=1ori=2.

Assume that C; is e-permissible in X = Spec(ﬁ/(h)), for some i, i =1,2, then:

(i) e(x) +ds +di > 1,

(ii) C; is algebraic, i.e., if in achieving (P3)(P4), we get z,usz € ]%, then there exists a curve in
Spec R whose formal completion is V(z,u;, us).

(iii) let m; - (Z',2") — (Z,x) be the blowing up along C;, X' C Z' the strict transform of X and
x' € X' the center of v, with t(z") = «(x). Then:

() if i =1 and x’ is the point of Z' with parameters

(2", uy, ug, uy) = (2/u1, w1, uz, us/us),
these are well-prepared parameters and
Ba’) = B(x), Ax(2') = Ax(x) — 1, Ax(2') = Az(2),
dy(2") = di(z) + e(x) + ds(x) — 1, da(2') = da(2), d3(2) = d3();
(v) if i =2 and 2’ is the point of Z' with parameters
(2 ul, uh, uy) = (2/ug, uq, uz, us/uz),
these are well-prepared parameters and
B(x') = B(x) — 1, Ai(z") = Ai(z), Az(2') = Az(z) — 1,
do(2') = dy(z) + €(z) + d3(z) — 1, dy(2') = dy(z).

Proof of (i). Condition (i) is equivalent to h € (z,us,u;)™.

Proof of (ii)(iii). Let us note that (ii) is clear when div(us) C E, because in that case, we do not
make (P3)(P4), z,u1,us € R. When div(us) ¢ E, we will prove that

(ii)” C; is the only analytic branch in div(u;) N Sing,,(X)N{y € X : €(y) > 0} not contained in

div(“j% J=12,5#1.
By I1.10 I1.11, this will prove (ii). We compute 7; : X' C Z/ — X’ C Z’'. By symmetry, we
suppose ¢ = 1. Let us expand:

— m—j, a1, a2, a:
h = E Cam—j2" 7 ultug?us™,

A,m—7,0<j<m

Cam—j € R, Cam—j invertible or zero, Ca pm—j # 0= a1 + as +ag > jé(x), a; = jd;, i =1,2,3,
Co,o invertible.
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Since h = 62" mod(u1, uz,us), 6 € R aunit, X’NSpecR[u1/z,us/z] C Z' does not contain the
point (z,u1/z,uz,uz/z). Assume now that 2’ belongs to the affine chart SpecR|[z/us,u1/us] C Z’.
Let

(z/vu/l)u/% ué) = (Z/u3’ul/u37u27u3)'

We have 4
h' i=wu3™h = ZC’Am iz Ju‘flugmg‘”*%‘], (1)
h' = Comz'™ + Z VU ’Jdl jd2u g(ditds+e()=1) 16dulo It (2 vy, ug,uz3), (2)
2<j<m

where, v; € R, ~y; invertible or zero, 7; = 0 when one exponent is not integer,

Vi = Cjdy jda,j(ds+e(x)),m—j modulo M
when +; is invertible and It (2/,u}, u2,u3) is generated by

z'erl, P 1 “ubus,

with 1 < j<m,a > jdi,b> jda,c > j(di+ds+e(z)—1), a+b+c > j(di+da+dy +ds+e(z)—1).

Note that (2) implies d3(z’) > di + ds + €(z) — 1, in fact there is equality. Otherwise, by
[H2], there would exist t = 2z’ +~yu§, e > dy +d3 + €(x) — 1, v € R, ord,,y > d;, i = 1,2, with
B = Cy,ot™ modulo I (¢, u}, us,ug). As IT(2',ul, us,u3) = I'T(t,u}, uz,u3) and, in (2), there is no
term in 2/™~1, this is impossible. As d;(z') = dq(x) and da(2') = da(z), by (2), we get e(x’) = 0:
there is no a’ very near x in this chart. This gives the first statement in (iv). This gives also (ii)’,
because if there was a curve in div(uz) N Sing,,(X) N{y € X : €(y) > 0}, the strict transform of
this curve would have a non empty intersection with our affine chart and there would exist in this
chart some z’ with e(z’) > 1.

Proof of (iwv). Now 2’ € SpecR[z/u1,us/ui] C Z' is the point with parameters (2, u], u5, us) =
(z/u1,u1,uz,us/uy). Then, using the notations of (1),

—m ym—j a1+a3 —J, as_ 1Q3
b i=ui™h = E Cam—jz Uy Ug’us

A(KW,u', 2") is obtained as follows: take the convex hull of the set {(a+c—1,b,¢)|(a,b,c) € A(h,u,z)}
and add R, then

AN W', 2") c{(a+c—1,b0)|(a,b,c) € D(A(h,u,2))},
in(h’,A')u/,Z/ _ 70077”2/771 + Z )\ Z/m JU/a1+a3 ]U/UQUICLS’
2<j<m,A/jEI(A (R u,2"))
where the A\; 4 € k(x) are defined by:

il’l(h, A)u,z _ CO,mZm + Z )\j7AZm—lea1+a3—jU2a2 Uz,
2<j<m, 2 €9(A(h,u,2))

Let M’ be the set of monomials M’ = 2/™7uf* T 74,92¢1% which appear with a non zero
coefficient in the expansion of 1/, let M be the set of monomials M = z™ Juf*ui?uz® which
appear with a non zero coefficient in the expansion of h:

ar +asz —j a;

di(x") = inhpp e ( ) =di +d3+e(x) —1,d;(2") = inhpprep (— ; ) =d;, i=2,3.
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As 2’ is very near z, €(x) = €(2'), 6(2’') = di(2’) + d2(2’) + d3(z’) 4+ €(z). The only point on the
first side of A(h/,u/,2’) is
(di(2"),d2(2), d3(z) + €(x))

let p’ be the projection on 23 = 0 from this vertex. A monomial M’ defines a point (‘“fm —1,% 43)
that we call also M’, when a3 < d3(x) + €(z),

) = (o) + e LBy TR
= X 5 xz a )
p ! d3(z) + e(z) — 2 ds(x) + e(x) — %

IR @) e VIS
as d3($)+5(1)_a]*-3 - d:;)(z)—‘,—e(l‘)—aji? - an y . ( )

Qg (z) 2 —dy(z)
M) = (dy(z) + —2 cdo(z) + ——2
P =)+ g - = PO L v - =)

We get

P (AR 2"y N {zs < ds(z) + e(x)}) — (di(2'),d2(2)),

i.e. the polyhedron p'(A(R/, v/, 2")N{xs < d3(x)+€(x)}) translated by the vector —(dy(z'), d2(x")),
from

p(A(h,u,z) N {xs < d3(z) + €(z)}) — (di(x), d2(x))

by making an horizontal translation of —1. This gives the other assertions of (iv). Mutatis mutandis,
we get (v).

PROPOSITION VI.4.3 (Behaviour of the new invariants under blowing up a closed point).
Assume that (Hyp) is true and (z,u) is well prepared. Let m; : (Z',2") — (Z,z) be the blowing up
along x, X' C Z' the strict transform of X and ' € X' the center of v, with «(z’) = (x). Then
(i) ' belongs to the strict transform of V(z,u3),

(i1) if ' € SpecR[z/uy,us/u1,us/ui] C Z' is the point

(2',uy, uh, uy) = (2/ur, ur, ua /u, ug/ur),
these parameters are well-prepared and
B(x') < B(z), A1(z") = B(x) — 1, Ax(2’) = Az(x), C(u/,2") < C(u,2),

di(2") = di(z) + do(z) + d3(x) + e(z) — 1, da(z') = da(x), d3(z’) = d3();

(111) if ' € SpecR[z/uy,uz/u1,us/ui] C Z' and x' # (2, ul, ub, ufy), then

C(u,z)
2

Blz') <1+ { J , Ai(2)) =d(z) — 1,

di(z") = dy(z) + do(x) + d3(z) + () — 1, do(z') = 0, ds(z’) = ds(x),

where |.| denotes lower integral part. If moreover (E C div(ujus) and 0 < ((x)), then 5(z') < [(x).
We have



More precisely: if (x' is not rational over x and y(z) = 3), then y(z') < y(x); if (v(z') =~v(z) =2
and x' is not rational over xz), then f(x) = 2, div(ug) ¢ E and f(z') < f(x) = 2;
(i) if 2’ € SpecR[z/ua,u1 fus, us/uz| C Z' is the point with parameters

(2! ul, uh, ul) = (2 ug, uy Jug, ug, us/uz),

these are well prepared parameters and
Ba') = Bx) + Ai(z) — 1, Ai(a’) = Ai(z), Az(2) = B(z) - 1,

da(2") = dy () + do(z) + ds3(z) + e(z) — 1, di(z') = di(x),

1) < (), O, #) < 2D,

Proof. (i) is a consequence of V.3(ii) and V.3(3).
Proof of (ii). Write

h = Z CAym_bzm_bu‘fluémug?’, Cam—b € R* or Cg pm—p =0,
where the sum runs along b < m, A =0 when b =0, and A = (a1, a2,a3) € bA(h,u,z). Then

ro_ . —myp _m—j ai+as+az—j, saz ;as
o=y h—g Cam—j;z Uy Uy U

and A(R/,u',2") is obtained as follows: take the convex hull of the set
{(a+b+c—1,b,c) + R %(a,b,¢) € A(h,u,z)}.

Let M’ be the set of monomials M’ = 2™ 7yt T2 H987740 924293 \which appear with a non zero

coefficient in the expansion of /', let M be the set of monomials M = z™Juf*ui?uz® which

appear with a non zero coefficient in the expansion of h:

ay+az+az—j
J

dl(l'/) = iIlfMleM/( ) =dy +dy +ds+ E(Iﬁ) —1,

dz(m’) = infM/eM/(—.) = dz(x), 1= 2,3

As ' is very near to z, e(x) = €(2’), §(2') = di(2) + da2(2) + d3(z) + €(z). The only point on the
first side of A(h/,u/,2’) is

(di(z'),da(x), d3(z) + €(x)).

Let p’ be the projection on x3 = 0 from this vertex. A monomial M’ corresponds to a point

X (% — 1,9, %), When a3 < d3(z) + €(z),

. , a1 gy (af) 2 — dy(x)
p(M') = (dy(2') + NS ,dz(x)+d3(x)+€(x)_é)7

g J

)
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‘”]ﬂflfdl(x’) _ L—di(a)

as d3(z)te(z)—=2  da(x)te(z)—

— 1 and by VI.3(2)

So we get
PI(AN W', 2") N {as < ds(z) + e(2)}) — (di(a'), d2(a”))

from

P(A(h, u, 2) N {as < ds(x) + €(x)}) — (di(x), da(2))

as follows: take the convex hull of the set
{(a+b—1,b) + R.*|(a,b) € p(A(h,u,2) N {as < ds(x) + e(x)}) — (di(x), d2(x))}.

These are the usual transformation laws of the characteristic polyhedra of surfaces see the
appendix of H. Hironaka in [3]. To get the other assertions of (ii), the proof runs along the same
lines as V1.4.2(1).

Proof of (iv). Mutatis mutandis, we get all assertions of (iv), except the last line that we prove
now. In fact, we get

P'(AW, ', 2') N {xs < d3(x) + €(z)}) — (di ("), da(a"))

from

p(A(h,u,z) N {zz < ds(z) + €(z)}) — (di (), d2(x))

as follows: take the convex hull of the set {(a,a+b—1) + R ?|(a,b) € p(A(h,u,2) N {xs < ds(z)+
e(x)}) — (di(x), d2(x))}. We get Ay(2') = A1 (), B(2') = B(x) + A1(x) — 1 and Ay(z) = d(z) — 1.
Let us denote by (ag,32) and (as, 83) with as < as, the coordinates of the (maybe equal)
vertices of the first side of p(A(h,u, z) N {3 < ds(x) + e(x)}) — (d1(z), d2(x)).
Then (ag,as + B2 — 1) = (e, B(x) — 1) is the vertex of smaller second coordinate of

P (AW, 2" N {xs < ds(x) +e(x)}) — (di(2),da(2)).
Note that (A;(x), A1(z) + B(z) — 1) is the vertex of smaller first coordinate of
P (AW W, 2" N {xs < ds(x) + e(x)}) — (di(2),da(2)).

All this leads to:
Aq(z") = Ai(z), As(2’) = B(x) — 1,

C(u',2") < B(a") — Ag(a”) = Ar(z) + B(z) — 1 — (B(x) — 1) = B(z) — (B(x) — Ai(x)),
Cu',2") <ag—A1(2') = ag — A1 (x) < ag + B2 — A1 (z) = B(z) — A1 ().

Then either B(x) — A;(z) < B(;), then C(u/,2") < @ by the last inequality; or B(x) — Ay (z) >
B (;) , then C'(v/, 2") < @ by the first of the two inequalities just above. The inequality v(z’) < ()

is left to the reader.
Proof of (iii). Recall the notations and assumptions of VI.2(1). We write
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®; (U1, Us, Us) = UP" U3 U3% (U3 + 3 0p D0yl ™=, (U, n)) - (1)
i€Qt

with \; € k(z), A\; = 0 if (jd, jdz, je(z)) € N3. In this expansion, we take:
Qi,j € k(2)[U1,Us], Qij =0o0r (U1 [Qi; and Uz Qi ),

Qi; = 0 when (jdi + a(i, j), jds + b(i, ), jds + je(z) — i) & N°.

Note that at least one Q; ;, 2 < j < m is nonzero and at least one \j/, 2 < j/ < m is nonzero.

By definition of C(u, z), when Q; ; # 0, deg(Q; ;) < iC(u, z), where deg is the usual homo-
geneous degree. When @Q; ; # 0, let us denote d(7,j) =deg(Q; ;). Then we have, with natural
notations, the relation:

vp (™) = v (U UL D UL TQ, (U, Us))

je(@)vp(ug) = (je(x) — i)vp(us) + (ali, j) + b(i, ) + d(i, j))vp(u1)

B (U3)
B )

je(@)vp(us) = (je(z) — i)vp(us) + (a(i, j) + (i, j) + d(i, j))

which leads to:

Then, in the expansion of Uge(z)+jd3_iUf(i’j)Ug(i’j)Qi,j(Ul, Us), the monomial with non zero
coefficient and minimal exponent in Uj is

U{l(i7j) USB_a(i7j) Uge(w)-i‘jds—i

which gives the point (cf. VI.2(2))

y a(?j) —d, ; iB*;(l}j) —d, )
1+ - - -, d2 + - - -
d3 + 6(33) — ]7613-}—];(1)—1 d3 + E(ZU) — 7]d3+];(z)_l

in p(A(h,u,z) N{zs < e(x) +ds}). As

a(i,j) d .o .
' 1 a(i,j) — jdi
dy + I —— N TV At
_ jdstje(x)—i ’
d3 + €(x) — ?

we deduce that

N i
Ai(u, z) = inf{a(z"])i]1 |2 <j<m(x),0<i<je(x),je(x)+jds—i € Nyie Q,Q;; #0}. (3)

Similarly,
—Jjdy |

As(u, z) = inf{b(i’j)i 2<j<m(x),0 <i<je(z),je(x)+jds—i e Nyie Q,Q;; #0} (4)
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and, finally, by (2), when Q; ; # 0,

(B B a(i,j).— jdq - b(i,j)'_ jdl) < iC(u, z) (5)

] 7

d(i,j) =i

Since z’ € SpecR|[z/u1,us/u1,us/u1] C Z', ' is not the origin
(Z/7U/1,U/27U,3) = (2/u1,u1,uz/us,uz/uy),
and 2’ belongs to the strict transform of V(z,us) then 2/(z') = v} (2’) = us(z’) = 0. We complete

(2, u),ub) to ars.p. (2,u),v ul) at ' where

v =ub" + Z patty ") pta =0 or pg € R*,

0<asn—1

for some irreducible polynomial

P=U"+ Y MUs" " €k(@)Us).

0<asn—1

The following lemma will end the proof of VI.4.3(iii).
LEMMA VI.4.4 With hypotheses and notations as in VI.4.3(iii), let d := [k(z') : k(z)]. We
have:
(i) (') = B(u, z) = 1;
(i) if div(us) C E, then

(#i) in general,

s < 1+ [C52 )
() if (E Cdiv(u1), 0 < B(x) and x’ is rational over x), then

') < B(x).

Proof. As x’ is very near to x, we have e(x) = e(2’), 6(2') = di(2') + da(2) + d3(2’) + €(x). As 2’
is on the strict transform of div(us) and not on the strict transform of div(us), we get:

do(2') =0, ds(z') = d3(x).
With notations as in the proof of VI.4.3(ii):
h = Z C’Am_bzm_bu?lug?ugs, Cam—b € R* or Cg pm—p =0,
where the sum runs along b < m, A =0 when b =0, A = (a1, as,a3) € bA(h,u, z),
h' i=u;™h = Z C’A,m_jz/m_ju‘f1+a2+a3_ju/2a2uéa3.
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Up to multiplying h by an unit, we may assume Cj,, = 1 € k(x). Then, with the notations of
I1.2, we have
(5(.’1)) =dy +ds +ds+ 6(.’15),

insu-(h) = 2"+ > 2" UM U3RULT e k(a), (1)

2<j<m

pj = 0 whenever (jdy, jds,jds + je(z)) € N3, p; = C; idy jds,jds+je(z),m—j € k(x) otherwise. This
leads to

/ m ym—j 7 j(d1+da+dz+e(x)—1) /Jd2 1 jds+je(x) ’
W =Comz " + E z Cjd, jda,jds+je(z),m—5U1 Up™ Uz +hy (2)
2<j<m

where b} € {z’mfju’la(j),j € Nya(j) > j(di +da+ds+e(x)—1) = j(6(x) —1)}. As a consequence,
(0(x) = 1,0,d3(x) + €(x))

is the vertex of smallest first coordinate of A(h/, u},v’, uf,t) and is not solvable. In the preparation,
we may replace 2’ by t = 2/ + Au}® with a > §(h) — 1, but, this cannot erase the vertex (§(z) —
1,0,ds(x) 4 €(x)). We get

dy(z') = 6(x) —

Let us study the projection of A(h/, u}, o', ub,t) N{ah < ds+e(z’)} on z% = 0, in particular we
are interested in the vertex of smallest first coordinate of this projection. Let w be the monomial
valuation on R’ := Ox/ ,+ defined by

1
w(Z) =1, w(uy) = ’
S R P

_ _ .
w0) = B 2) (@) +d) 4 ds T s Bluz)— 1)
There is an expansion
ing(W)=2"+ > 2" UL, U4) € gr,(R) = R/ (<, b, ub)[Z', UL, U3,
2€jsm

where .
(I)/‘(U{,Ug) )\ U/]((S(m) 1) /J ZU/]G(:E)+]d3+

e(x)+jds—1i a(%,7)+b(2,5)+d(i,5)+je(x)+jds—i— b(z,])
Z U/J()J3 U/(J)(J)(J)J()Js i Qw(luz)

0<i<je(w),je(w)+jds—i€EN,i€Q

where d(i, j) = deg(Q; ;)u is the image of uj in (z”fﬁ’) = k(x)[ub)] @) v’ being the image of v’
yUL,Ug
in (zfﬁ) Let us recall that
o / / I?”
lnw(h‘) € grw(R) = @ I+a
reQxo

with I, = {a € R'|lw(a) > r}, I} ={a € R'|w(a) > r}. By VL.4.3(2), in,(h') =

7m 4 Z M= JU/](J(JC) 1)[)\ U/Je(ac)JrJdg U/Js(w)+3d3 ZU/Z(B(u ,2)—1) b(l’j)Q”(l Uz)] (3)

2<j<m
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This means that

1 1

/
+
(Bu,2) — )(e(0) +ds) +da + 2 ' () + ds + iitey

I
Ty =1

is the defining equation of a face of A(h/,u}, v, uj).
VI.4.4.1 When div(us) C E, then div(us) C E’, we have just to make (P2) in the preparation,
we may replace 2’ by t = 2/ +r, r € R and, as 7™ 1 does not appear in (2), w(r) > 1,
w(t) = w(z’) = 1. This means that

1 1

xh +
(B(u,2) = 1)(e(x) +ds) +dr+d2" " e(z) +dz + Bet

r_
Ty =1

is the defining equation of a face of A(h/,u), v’ ub, t). By VI.2(2),
Ay (uh, v uh, t) = B(u,z) — 1 and B(z') = inf{ord, (Q; ;(1,u}))/id}.

By VI1.4.3(5), f(2') < C(u, z)/d and this gives VI.4.4 in the case div(us) C E.

VI.4.4.2 From now on, div(us) ¢ E, in particular ds(x) = 0. Then, to get (P1),...,(P4), we may

replace 2’ by t = 2’ +r, r € R’ and, as 7™~ qoes not appear in (2), w(r) > 1, w(t) = w(z’) = 1.

We possibly have to make the projection of A(h/, u), v, uf, t)N{xh < ds+€e(2’)} on x4 = 0 smaller
by changing u} to v3 = u} + Au}” with a > B(u,z) — 1 and A € R/, X not divisible by u}.

Assume that a > B(u, z)—1 (this is always the case when B(u, z) ¢ N). Then in,, (v3) =in,, (u}),
we get Aj(uj, v, ul,t) = B(u,z) — 1 and

B(a') = inf{ordy(Qi (1, up))/id}.

By V1.4.3(5), B(z') < C(u,z)/d

which gives VI.4.4 in this case.

V1.4.4.3 From now on,
B(u,z) € N, a = B(u,z) — 1.

If there exists a couple (7, jo) such that in (3) above
)‘jo =0 and Qi,jo 7é 0,
then the translations ¢t = 2’ 4+ r and vz = v} + Au}” will not modify the term
Uéjoe(x) ) U{zo(B(u,z) 1)u,2 (7o jO)QiO,jO (17 U/Q)
with 4 := min{i : Q; j, # 0}. More precisely, in the expansion

inw(h’) —Tm 4 Z Tm—jU{j((s(:C)*l)[AvaBje(m) + Mi’jUéje(x)fiU{i(B(u,z)fl) % ‘/,e(i’j)]7
2€jsm

i j € %’ e(i,j) € N, we will have

—b(i0,J0)

v e(io,j0)
Ug Qio,jo(lvué) = Hig,jo X e
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Then _
ﬁ($/) < ordyr (Qio,jo (17 U/Q))/Zdv
which, by VI.4.3(5), gives
Al(x,) = B(u>z) - 17 ,8(.213,) < C(“a Z)/d

and implies VI.4.4 in this case.

V1.4.4.4 From now on, we assume the implication:

Qw;éO:>)\];é0
In particular, we have je(x) € N, j5(z) € N and all the indices ¢ in (2)(3) are integers. Let us define

Fj c gy g (R) = k(l‘)[Ul, UQ, U3, Z]

by
Fj = )\jUBJE(m) + Z Ugje(z)_iUla(i’j)Ugb(id)QiJ(Ul,U2)~
1<i<je(x)—1
R’ R
F! RY= ——[U,UZ | = ————[U,, U5, T
jegrw( ) (Ull,ué,zl)[ 1»%3» ] (u/hug,z/)[ 1»%3» ]
by

F]’ _ )\jUéje(z) n Z Uéje(m)—iU{i(B(u,z)—l)@b(iaJ)Qi’j(17;é)’

1<i<je(a) -1
so (3) can be rewritten:
in, (b)) =T7@ + Y pr@-igC@-Vp (3)
2<j<m(x)
The preceeding remarks rewrite je(x) ¢ N = F; = 0, F] = 0. Let

mle(x) mle(x)

Gj = Fjje(m) , G = F[ 7@ 2< j<m, je(x) €N,

degu, (G;) = mle(z) or G; =0, and degy, (G}) = mle(z) or G = 0.
Let M1, 2 € k‘(l‘), j17j27 2 < jlaj2 < m, let

G =mGj, + p2Gj, = umge(gC)Usm!e(w) + Z U™ <@ =g, s Ot Q, (U, Uy),

1<i<mle(z)—1

where @; = 0 or @; neither divisible by U; nor by Us. Let us denote d(i) :=deg(Q;). Assume that
for some i, Q); # 0, then, by VI1.4.3(5),

di) = i(B - 2 0y o, ). (4)

Assume that not all G;’s are collinear in the k(x)-vector space gr, . (R). Then there is some
G # 0 as above with A = 0. Let

G =Gy, + peGj, = Z U@ =g s Oyt 0 Q, (U, Us),

1<i<mle(z)—1
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with some @; # 0. Let i := min{i : Q;, # 0}. Let

mle(z)—iyrri(B(u,z)—1—5b(%)
G'=\G, +uGl = S oy PR Qi1 ).

1<i<mle(z)—1

Replacing U3 by Vs, we get

. ; _1—b(3
G/ — Mng'l + MQG;'Q — Vsm!é(ﬂ?)*’LOU]/-ZO(B(U,Z) lu/2 (ZO)Q»L'O<1,U/2) +Hl, degVSHI < m‘ﬁ(f]f) _ 7;0-

Then
Aq(z") = B(u,2) — 1, B(2') < C(u,2)/d

which implies V1.4.4 in this case.

VI1.4.4.5 From now on, we assume that all G;’s are collinear in the k(z)-vector space gr, (R).
By (P3) for (z,u), any G; # 0 is not collinear to a (m!e(x))"-power, any F; # 0 is not collinear
to a (je(z))™-power. Take some F; # 0, and let

je(z) =p°q, (p.q) = 1. (5)

Let v3 = u} + M} ?, with a > B(u,2) — 1 and A € R/, A not divisible by u}. Let

Te B e e ordu (V). o i min, (20 (Qii (L b))
A S m = k’(.’I))[UQ]U/, b= Ordv/()\), ﬁO = mlnz( ;

) < C(u,z)/d.
When b < 3y, we have
Ai(2') = B(u,z) — 1, B(z') =b< C(u, 2)/d.
When b > (§y, we have
Ai(2’) = B(u,z) = 1, B(2’) = Bo < C(u, 2)/d.
When b = 3y and there exists 7 < p® such that Q; ; # 0, say 7 is the smallest such i, we get

FJI _ )\J‘/}’]S(I) + nge(l‘)—ioU{iO(B(uaz)fl)ui/Qb(iO“j)

Qio,j (1, uh) + Hj, degy, H} < je(x) — io,
< Ordv’(Qio,j(lvué))

Ai(a) = Blu,2) — 1, B(a') o

) < C(u, z)/d.
When b = 3y and for ¢ < p°® Q; ; = 0, then
Fy = MV @) 4 VI g BTN e, 1 < ) —
Ai(2') = B(u,z) — 1, B(z') < b=y < C(u,z2)/d.
When b = 3y and for ¢ < p°® Q;; = 0 and Aj_1U{l(pe’j)U§(pe’j)Qpe7j is a (p®)"-power, then
_ a 67 : b e’ ; ea Eb e
)\j 1U1(p J)UQ(P ])Qpe,j — Uf U%’ g 7
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with a > A;(x), b > Ay(x) and By := deg(Qo) < C(u, 2). Let W3 := Us + ULULQq, we get

F; = )\ngjé(m) + Z ngﬁ(w)*iUlao(ivj)U2bo(iaj)QO,i7j (U1, Us),

14pe<i<je(a)—1

ao(i,j) 2 ’iAl (33), bo(l,]) 2 iAQ(ﬂZ), Clo(l,j) = deg(Qg,m) < ZC(U, Z), or Qgﬂ"j = O
Let ws € R such that in,, (ws) = W3, then, with w} = ws/uy, W5 =in,, (w5):

= W'Je(z) + degyy; < je(x) —p°.

Let vz = wh + /\’u’la/, with @’ > B(u,z) — 1 and X € R’, X' not divisible by u}. Then we conclude
as above:
Ai(2') = B(u,z) =1, B(z') < b=y < C(u,z2)/d.

VI.4.4.6 From now on, we assume V1.4.4.2,V1.4.4.3,V1.4.4.4 V1.4.4.5 and for i < p°® Q;; =0
and )\j_1U1a(pe’”U§(pe’J)Qpe,j is NOT a (p®)®™-power (c.f.(5)). In particular e > 1. Let us recall
the following elementary lemma [CP2, I1.5.3.2].
Lemma V1.4.4.7 Let F(Uy,Us) € k(x)[Uy, Us| be a homogeneous polynomial of degree dy = 0, and
a,b € N be such that UPUYF(Uy,Us) & (k(x)[Uy, Us))P.

Let x' € Speck(m)[%] be a closed point with ideal (v := P(1, g—f)), P € k(z)[Uy,Us] a nonzero
homogeneous irreducible polynomial of degree d := [k(x') : k(x)], unitary in Us.

Let A € T" := k(z)[Uy, %](Uhv) be such that U4 (resp. UTPT0u) divides AP in T' if
P # Uy (resp. P =1Usy). There exists an integer ¢ > 0 such that

Uy
U

JeR(1, 22) 1 4 = pethrde( 2

Ua+b+d0
( U1 Ul

)P yv mod(UpPHAFITY),

with vy invertible in T'. We have the following estimates for c:
(i) if P # Us (resp. P =1Us), then c <14 % (resp. ¢ < dy);
(i1) if P # Us, then ¢ < p(1 + Lde) (equwalently for every N € N such that z—g < N, we have

¢ < Np);
(i) if do > 1 and b= 0, then ¢ <

Let f < e be the integer defined by:
)\j_lUf(pe’j)Ug(pe’j)QpeJ = Qgh, Qo is not a p™ — power.

Let
Qo =: (UU3F (U1, Uy)),

with p"a = a(p®,j), p"b = b(p®, 5), pdo = d(p°, j), where dy :=deg(Qp). In particular,
do < p"C(u, 2).
Then,

F = )\j(vgje(as) + Vsje(ac)—pc)\ (U/p °(B(u,z)— 1) b(lo,])

: Qig.i(1,ub) + X7 ) + degy, < je(z) — p°).
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By lemma VL4.4.7, (a5 Qs (L) + 3 ) = (v/*)®") % (0), so

Al (ZE/) = B('LL, Z) - ]-7 peﬂ(x/) < phc‘

Furthermore, by (i) above, ¢ < 1+ %0, S0:

d <=hC(u, “C(u,
pl) <M1+ @) <t 4 pp CE) e POUE)
d d d
~N 1 Clu,z)
< =

By (ii),

p°B(a") < p"p(1+ BZ(C)ZJ) <p M+ {pe—h;l(u,z)J), Bx') <1+ {C(Z’ Z)J :

which is VI.4.4(iii). Now VI.4.4(iv) is a consequence of (iii) above.
VI.4.5 Proof of Theorem VI.1: some cases with y(u, z) = 1.

The strategy to make the proof is to make a list of different subcases covering this case, from
the easiest to the most difficult and to prove them up to the former ones.

All cases ( f(u,z) < 1 and div(ujug) ¢ E) are covered by VI.4.5.3 below. All cases with
(Y(u,z) < 1 and div(ujug) C E) are dealt with in VI.4.5.6. This includes in particular all
remaining cases with 3(u, z) < 1 since C(u, z) < [(u, z) for div(ujuz) C E (see definition VI.4.1).

LEMMA VI1.4.5.1 With assumptions as in V1.4.3, assume furthermore that
Ai(u,2) <1, Blu,z) < 1. (1)
There exist well prepared parameters (z',u') at ' such that

(Al(ul,zl),ﬂ(u’,z/)) <lex (Al(u’ Z)vﬂ(u) Z))? and ﬂ(u/,z/) <L

Proof. This is a direct consequence of lemma VI1.4.4.
LEMMA VI1.4.5.2 With assumptions as in VI.4.3, assume furthermore that
Blu,z) <1,A1(u,2z) =1, (di(x) +ds(xz) +e(x) =1 or ECdiv(uius)). (2)

Then Cy := V(z,uy,u3) is an e-permissible algebraic curve on X.

Let 7 : (Z',2") — (Z,x) be the blowing up along C1, X' C Z' the strict transform of X and
' € X' the center of v and assume v(x') = v(x). Then (2',u') = (z/u1,u1,u2,us/u1) are well
prepared parameters at ' and we have

(Ar(v',2"), Bu', 2)) = (Au(u, 2) — 1, B(u, 2)).

Proof. This follows from proposition VI.4.2.
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REMARK VI1.4.5.3 Lemmas VI.4.5.1 VI1.4.5.2 prove theorem VI.1 when (Hyp) is true and
Blu,z) <1,A1(u,z) > 1,(ds(x) + e(z) > 1 or E C div(ujug)). (3)

Indeed, ds(z) + e(z) = d3(z’) + e(2’) if v(a’) = () after blowing up. If E C div(ujus), then
E' C div(ujub), so condition (3) remains stable after blowing up. A descending induction on
A1 (u, 2) ends the proof.

VI.4.5.4 Proof of Theorem VI.1 in the case C(u, z) = 0.
In that special case, we have 3(u, z) = Aa(u,z). When As(u, z) < 1 and A;(u,z) < 1, VI.4.5.1

gives the result. Let us see the other cases:

Aq(u,z) =21 or As(u, z) > 1. (1)

Case 1. d3(z)+e(x) > 1. We may assume As(u, z) > 1 by symmetry on uy, ue. Then C := (z, uz, us)
is an e-permissible algebraic curve by proposition VI.4.2 and we get

Ai(2)) = Ay (), As(2)) = Ax(z) — 1, C(W/,2") =0

after blowing up along C if «(z’) = ¢(z). A descending induction on As(x) and VI.4.5.2 give the
result. From now on, we assume

ds(z) +e(z) < 1. (2)

Case 2. ds(x) + d;(x) +e(x) <1,i=1and i = 2. We blow up {x} in this case. By proposition
VI.4.3(ii) or (iv), we have

dz(x') = d3(z), do(z') = do(x), di(2') = dy(z) + do(x) + d3(z) + €(z) — 1 < di(z), C(u',2") =0,

§(z") = dy(2') + da(2) + d3(2) + e(2”) < ()

if 1(z') = «(z) and 2’ is the origin of a chart. Otherwise, lemma VI.4.4(ii)(iii) gives VI.4.5.2(2)
at 2’ for some well prepared r.s.p. (2/,u/).

Case 3. ds(z)+€(z) <1, ds(z)+d;(x) +€e(x) > 1forsomei=1ori=2 Aj(x) >1,j=1,2. We
choose an e-permissible blowing up center Y as follows:

if V(z,u;,us), for i = 1,2 are e-permissible, then Y := (z, u;, ug) with
(Ai(2),di(z)) > (Ai(2),dir(z)), {i,7'} ={1,2};

if V(z,u;,us) is e-permissible for a unique i € {1,2}, then Y := (2, u;, us);
if V(z,u;,us) is not e-permissible for i € {1,2}, then Y := {x}.

Let n(x) := 2 if (A1(z),d1(z)) = (Az(z),da2(x)), n(z) := 1 otherwise. If t(z') = (), we claim
that 2’ satisfies VI.4.6.3(2) or falls into cases 1,2 above, or there is a well prepared r.s.p. (z/,u’)
at 2’ with C'(v/,2") = 0 and

(max;—1 2{A4;(z)}, max;—1 2{di(x) },n(z)) <jex (max;—1 2{A;(z")}, max;—1 2{d;(z")},n(z")). (3)

Note that this ends the proof of the case C(u, z) = 0, since (3) can repeat but finitely many
times. To prove the claim, first assume that Y = (z,uq, u3). By proposition VI.4.2, we have

Al(ﬂfl) = Al(x) — 1, Ag(l‘/) = Ag(l‘), dl(x/) = dl(a:) + dg(l’) + E(SU) —-1< dl(l‘), dg(.CU/) = dg(ﬂ?)
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and the result is clear. The case Y = (z,uz,u3) is similar.

Assume now that Y = {z}. By symmetry on wuj,us, we assume Ap(x) > 1. If 2/ €
SpecR[z/uy,uz/ut,us/ui] C Z’ and z’ is the point with parameters (z/uq, u1, us/u1, us/uy) (origin
of the first chart), we get

Aq(z) = Ar(2)+As(2)—1, Ax(2') = As(x), di(2') = di(x)+do(x)+d3(x)+e(x)—1, da(z") = do(z).
Since Az(x) > 1 and V (2, us2,us) is not e-permissible, we have
da(z) + ds(z) + e(z) <1, di(x) + ds(x) + €(x) > 1 and A;(z) < 1.

We get dy(x) > do(x) and di(z') = di(z) + do(x) + ds(x)e(x) — 1 < di(x), A1(2’) < Ai(x) <
As(z") = Ag(x) which proves the claim.

If 2’ € SpecR[z/u1,u2/u1,us/us] C Z' and z’ is not the above point, we have VI.4.5.2(2) at
a’ for some well prepared r.s.p. (2/,u) at 2’ by lemma VI.4.4(ii)(iii).

If 2’ € SpecR[z/ug, u1 /us, us/us] C Z’' and 2’ is the point with parameters (z/ug, u1 /uz, ug, usg/uz)j
(origin of the second chart), we get

As(2) = Ar(z)+As(2)—1, A1(2') = AL(), do(2') = di(2)+do(x)+d3(x)+e(x)—1, di(2) = dyi(2).

We have A;(z) < 1: otherwise, as V' (z, u1, u3) is not e-permissible, this would imply dy (z)+ds(x)+
e(x) < 1, da(z) + ds(x) + e(x) > 1, hence V(z,ug,us) e-permissible since Ay > 1: a contradiction.
We now get A;(z) < 1 < Asz(x) and As(z') = Aj(z) + As(x) — 1 < As(x) which completes the
proof of the claim.

VI.4.5.5 Proof of Theorem VI.1 in the case C(u,2) < 1, div(ujug) C E

We perform the sequence of local blowing ups
(Z,.’L') = (Z(),l‘o) — (thl) e (Znaxn) — ey

where xg = z, z; € X; (X; denoting the strict transform of X'), 0 < ¢ < n, is the center of v, each
blowing up center is Y; = {x;}.

If «(z1) = (), and is not the origin of a chart (viz. case 3 in VI.4.5.4), then x; verifies the
assumptions of VI.4.5.1 by lemma VI.4.4(iii).

Assume now that «(z;) = «(z) and z; is the origin of a chart for all ¢« > 0. By VI.4.3(ii)(iv),
x; verifies the assumptions of VI.4.5.5 and C(z;+1) < C(z;) for all ¢« > 0. It is then a very well
known fact that C'(z;) = 0 for ¢ >> 0, i.e. the assumptions of VI.4.5.4 are satisfied.

VI1.4.5.6 End of the proof of Theorem VI.1. As our invariants C(u, z), f(u, z) are discrete, the
next lemma shows that we will reach one of the cases (ii) f(u, z) < 1 or (iii) C(u, z) < 1. This ends
the proof of theorem VI.1 (see comments right after VI.4.5.).

LEMMA V1.4.5.7. With assumptions as in VI.4.3, consider the sequence of local blowing ups
(Z,.’L') = (Z(),$0) — (2173;1) — e (Zn7$n) — ey

where xg = x, x; € X; (X; denoting the strict transform of X ), 0 < i < n, is the center of v, each
blowing up center is Y; = {x;}.

Assume that v(x;) = () for all i > 0. There exists some i > 0 and a well prepared r.s.p.
(zi,u1,i,u24,us) at x; (w.r.t. the reduced inverse image of E in Z;) such that one of the following
holds:
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(7;) 7(ui7 Zl) < 7(“7 z);
(7’7’) ﬁ(uhzi) < 1;
Proof. This breaks up in three cases:

Case 1. for all © > 0, the point x; is the origin of one of the two charts of VI.4.3, i.e. we are always
in one of the cases VI.4.3(ii)(iv). Then C(u;, z;) = 0 for i >> 0 (see VI1.4.5.5 above).

Case 2. for all i@ > 0, (z; is rational over = and belongs to the first chart), i.e. z; is a ratio-
nal point not on the strict transform of div(uq). By VI.4.3(ii)(iii), =1 has a r.s.p. of the form
(z/u1,uy,us/uy + p1,us/uy) for some py € R. A well prepared r.s.p. is of the form

Z/u1 4+ Aqug, u, ug/ug + p, us/ug + pour, Av, p, pe € R,

with pg = 0 if div(ug) C E. Then there exists a regular formal curve C of the form C = V (Z, uz, u3)
on Spec(R/(h), transverse to E; for all i > 0, U3 = us if div(us) C E, whose strict transform goes
through all points z;, i > 0. Necessarily C C Sing,,(X), so we may assume that C C div(u;) C E
for j = 2 or j = 3. In particular, we may take @; = wu; for j = 2 or j = 3. This implies that
v(uj) > v(u}) = nv(u;) for all n > 1: a contradiction, since our given valuation v has rank one.

Case 3. E C div(ujus) and we are not in case 2, i.e. there exists iy > 0 such that either x; 11 is
not rational over x;, or E; 41 has one more component than E;,), io minimal. Suppose 3(x;,) > 1.
If z;,41 is not rational over x;,, we get

B(z) = B(wiy) > B(Tig+1)

by VI.4.3(ii)(iii) and VI.4.4(iii): note that C(u, z) < ((u, ) since div(uz) ¢ E and
x
1+ {5—‘ < z for every x > 1.

If E;,+1 has one more component than Fj;,, we have

C(Uio+1,zi0+1) < 6(210) < ﬁ(;)

by VI.4.3(ii)(iii) (iv). This gives VI.4.5.7(iii) if 1 < B(z) < 2.
Now, y(zig+1) = 1 + |C(wig+1, zig+1) |, v(x) = [B(x)], so we get VI.4.5.7(i) if G(z) > 2.
Assume that
B(zi,) = B(w) = 2. (1)

Since y(x) = 2, we get VI.4.5.7(i) unless y(x;) = 2 for i > 0 by proposition VI.4.3.
Let ¢; > 79 be the largest index such that E; has as many components as E;; for ¢op < < 7;.
We may assume i; < +00 by case 1 and we have

V(xld) =2=1+ Lc(uilﬂzil )J

By VI1.4.4(iii), we get 5(x;,+1) < 2. Now the point z;,+; falls into case 2 above or into case 3 with
(1) not satisfied. This concludes the proof in case 3.

The end of the proof of VI.4.5.7 is just a logical game: we reach the assumption E C div(ujus)
for some point z;, ¢ > 0 provided we are not in case 1.
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