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AN INVERSE ANISOTROPIC CONDUCTIVITY PROBLEM INDUCED BY
TWISTING A HOMOGENEOUS CYLINDRICAL DOMAIN

MOURAD CHOULLI{ AND ERIC SOCCORSI}

ABSTRACT. We consider the inverse problem of determining the unknown function o : R — R from the DN
map associated with the operator div(A(z’,a(x3))V-) acting in the infinite straight cylindrical waveguide
Q = w x R, where w is a bounded domain of R2. Here A = (A;;(z)), =z = (z/,z3) € £, is a matrix-valued
metric on §2 obtained by straightening a twisted waveguide. This inverse anisotropic conductivity problem
remains generally open, unless the unknown function « is assumed to be constant. In this case we prove
Lipschitz stability in the determination of a from the corresponding DN map. The same result remains valid
upon substituting a suitable approximation of the DN map, provided the function « is sufficiently close to
some a priori fixed constant.

Key words: Dirichlet Laplacian, twisted infinite cylindrical domain, inverse anisotropic conductivity prob-
lem, DN map, stability estimate.
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1. INTRODUCTION

In the present paper we consider an inverse conductivity problem in an anisotropic medium arising from
the twisting of a homogeneous infinite straight cylindrical waveguide. Generically the inverse conductivity
problem in an arbitrary domain  C R™, n > 1, is to determine a symmetric, positive definite matrix
A = A(x), x € Q, representing the conductivity tensor of €, from the Dirichlet-to-Neumann (abbreviated to
DN in the following) map associated with A:

At uppg = AVu - v.

Here u is the solution to the elliptic equation div(AVu) = 0 in 2 and v denotes the unit outward normal
vector to the boundary 0€ of €.

If A is isotropic (i.e. A is the identity matrix of R™ up to some multiplicative scalar -unknown- function
of z € Q) Sylvester and Uhlmann [SyU] proved that the conductivity is uniquenely determined from the
knowledge of A 4. Similar results were derived by Lionheart in [L] upon substituting a suitable given matrix
Ap(z) for the identity. For a conductivity of the form A(x) = Ag(x,a(x)) where Ag is given and « is an
unknown scalar function, Alessandrini and Gaburro [AG1, AG2] obtained uniqueness and stability under
the monotonicity assumption

(1.1) O Ao(z,t) >cl, z€Q, teR.
1



2 MOURAD CHOULLI AND ERIC SOCCORSI

Here c is some positive constant and I stands for the identity of R™. The case A(z) = Ag(a(x)) was treated
earlier by Alessandrini in [A] under the same kind of monotonicity condition.

All the above mentioned results were obtained in a bounded domain of R™. In this paper we will rather
consider an infinite cylindrical straight waveguide Q = w x R, where w is a bounded domain of R2. To the
variable twisting angle § € C1(R) we then associate the twisted waveguide

Qo = {(Ry(zg) 2, 3); @' = (w1,22) € w, 3 € R},

where Re denotes the rotation in R? of angle ¢ € R. Twisted waveguides modeled by €y exhibit interesting
propagation properties such as the occurence of propagating modes with phase velocities slower than those
of similar modes in a straight waveguide. This explains why these peculiar structures are at the center of
the attention of many theoretical and applied physicists (see e.g. [Ka, DR, KF, NZG, Sh, Wi, YM]). From a
mathematical viewpoint twisted waveguides are the source of challenging spectral and PDE problems, some
of them having been extensively studied in the mathematical literature (see e.g. [BK, EKK, KK, KS, KZ1,
KZ2]). Moreover the cylindrical geometry is well suited to the construction of complex geometrical optics
solutions [DKSU, CKS], which motivates for the analysis of inverse problems occuring in waveguides.

We consider the following boundary value problem (abbreviated to BVP) for the Laplacian in Qg:
v(y) = 9(y), y € 0.
Upon straightening Qp, (1.2) may be brought into an equivalent BVP stated in 2. This can be seen by

introducing
Re 0
T, = (Of 1),

putting u(z) = v(Ty(z,) (2’ 23)), © = (2',23) € Q, and performing the change of variable y = Ty(,.,)(z', x3).
We get using direct calculation that u is solution to the following elliptic BVP in the divergence form

{ div(Ag(2', a(z3))Vu) =0, z € Q,
u(z) = f(z), € 09,

where a = 0, f(x) = g(Th(z,) (2, x3)) for x € 0, and the matrix Ay is given by

(1.3)

1+ x%tQ —zoxqt?  —xot
Ag(2',t) = | —moxit? 14232 a9t |, 2’ €w, teR.
—wgt $1t 1

At this point it is worth stressing out that the BVP (1.3) is stated on the straight waveguide Q and not on
the twisted waveguide Qy itself. Nevertheless we notice that the geometry of Q2 is expressed in (1.3) through
the metric A = (4;;(x)) = Ao(a, a(z3)).

The problem we examine in this paper is to know whether the unknown function o can be determined
from the DN map

Ay f—= AVu - v.

This is the same kind of inverse anisotropic conductivity problem, but stated here in the unbounded straight
waveguide €, as the one studied in [A, AG1, AG2, GL] in a bounded domain. However, it turns out that the
usual monotonicity assumption (1.1) on the conductivity, which is essential to the identification of A from
the DN map in this approach, is not verified in our framework (since the matrix d; Ap(z’,t) has a negative
eigenvalue |2/|?t — /|2/|*t2 + |2/|2, see (3.15)). This explains why the inverse problem associated with (1.3)
is still open for general unknown functions a € C'(R). However, if « is sufficiently close to some a priori fixed
constant we prove in Theorem 3.1 that this unknown function may well be determined from the knowledge of
some suitable approximation of the DN map (see (3.17)). Moreover, in the particular case where « is known
to be constant so the conductivity matrix A is invariant w.r.t. the infinite variable zs, the original problem
is equivalent to some inverse anisotropic conductivity problem stated in w. The corresponding conductivity
matrix satisfies a weak monotonicity condition in this case implying Lipschitz stability in the determination
of a from A, (see Theorem 4.1).
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The problem under investigation in this paper is a special case of the anisotropic Calderén problem, which
consists in determining the geometric structure of a smooth Riemanniann manifold with boundary from the
Cauchy data of harmonic functions. Actually, the DN mapping being invariant under diffeomorphisms
which preserve the boundary, it is well known that there is an obstruction to uniqueness in this problem.
Nevertheless, in dimensions greater than or equal to three, it was proved by Lee and Uhlmann [LeU] that
compact real-analytic manifolds are uniquely defined by the DN map up to diffeomorphisms preserving the
boundary. A similar result was obtained in [GS] by Guillarmou and S& Barreto for Einstein metrics that are
real-analytic in the interior. The case of non-analytic simple manifolds was treated in [DKSU] by means of
Carleman estimates with limiting weights. Recently, Dos Santos Ferreira, Kurylev, Lassas and Salo proved in
[DKLS] that the boundary measurements in an infinite cylinder uniquely determine the transversal metric.
We point out that in dimension two, there is an additional obstruction to uniqueness for the anisotropic
Calderén problem, arising from the conformal invariance of the associated Laplace-Beltrami operator. See
[SU, S, LUJ and references therein for a detailed study of this case, and [ALP] for a specific treatment of the
same inverse problem in the plane. Finally, we refer to [IUY1, IUY2] for inverse anisotropic conductivity
problems with partial Cauchy data.

The paper is organized as follows. Section 2 gathers the definition and the main properties of A,. In
the first part of section 3 we adapt the method developed by Alessandrini and Gaburro in [AG1, AG2] to
determine the conductivity in a bounded anisotropic medium from the DN map, to the particular framework
of an infinite cylindrical waveguide under consideration in this text. Although this technique does not allow
for the identification of general unknown functions «, we prove stability in the determination of o from some
suitable approximation of the DN map, provided « is sufficiently close to some arbitrarily fixed constant.
The case of constant unknown functions is examined in section 4 and we prove Lipschitz stability in the
determination of « from the knowledge of A, in this case. Finally, for the sake of completness, we gather
several properties (which are not directly useful for the analysis of the inverse problem under study) of the
DN map A, in Appendix.

Acknowledgments. We are strongly indebted to the unknown referee of this paper for numerous remarks
which have been helpful to us in improving this text. We also want to thank Giinther Uhlmann for valuable
suggestions and comments during the completion of this work.

2. THE DN mMAP A,

Solution to the BVP (1.3). As we are dealing with an infinitely extended domain €, we start by defining
the Sobolev spaces on 952 required by our analysis. Let s be either 1/2 or 3/2. Since the trace operator

7 O (R, H* /2 (w)) — L*(R, H* (0w))
G [teR= Gt )00]
extends to a bounded operator, still denoted by 7, from L?(R, H**t'/?(w)) into L*(R, H*(dw)), we put
(2.1) H*(0Q) = {g € L*(R, H*(0w)); there exists G € H*T'/2(Q) such that 71G = g} .
The space H*(0%) is Hilbertian (e.g. [Sc, p. 398]) for the quotient norm
(2.2) gl 7. (90 = min {|\G||Hs+1,2(9); G € H*"Y2(Q) is such that 7G = g} .
For the sake of simplicity we write G = ¢g on 92 instead of 7G = ¢ in the sequel.

Remark 2.1. The definition in [LM, Chap. 1] of fractional Sobolev spaces H*(9f)), s € Q, on compact
manifolds without boundary, may as well be adapted to the manifold 9 = dw x R and it is not hard to
check that the two spaces H*(9) and H?*(02) then coincide both algebraically and topologically in this
case.

Remark 2.2. There is a minimizer to (2.2) for any arbitrary g € H*(0Q) with s € {1/2,3/2}. Indeed, the
mapping 7 is continuous from H*+/2(Q) into L*(R, H**/?(w)) so its kernel is closed in H**/2(Q). Then
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{G € H*t1/2(Q), 7G = g} is a closed affine subset of H5+1/2(Q). This yields the existence of a minimizer
to (2.2) since there is always an element of minimal norm in a closed convex subset of an Hilbert space.

As a direct consequence of (2.1)-(2.2) and Remark 2.2 we have the following extension lemma:

Lemma 2.1. Let g € H*(dQ) for s € {1/2,3/2}. Then there exists G € H*/2(Q) such that G = g on 9
and

Gl ers+1r2(0) = 91l 77+ (o0 -

The main ingredient in the analysis of the BVP (1.3) is the uniform ellipticity of A, where A denotes
either A(2’,t) or Ag(2’, a(x3)), as defined in section 1. Indeed, for all ( € R3 we have

A D C= G+ G + G — 21 (s + 2t (s + (226 — 21(2)?
=G +G+ (Gt —210))?, 2/ = (11,22) Ew, t R,

by straightforward computations, which entails that A(x’,¢)¢ - ¢ = 0 if and only if { = 0. Since @ x [t, ] is
compact for all real numbers ¢t < £, there is thus A > 1, depending on w, t and ¢, such that we have

(2.3) AHCPR < A, )¢ - ¢ < A¢P foralla’ € w, t € [t,1], ¢ € R,

We turn now to studying the direct problem associated with (1.3). We pick f € H'/2(8Q) and F € H()
such that F' = f on 9Q. In light of (2.3) and the Lax-Milgram lemma, there exists a unique v € H}(Q)
solving the variational problem

(2.4) / AVv - Vwdzr = — / AVF - Vwdz, for all w € Hy ().
Q Q

Hence u = v + F' is the unique weak solution to the BVP (1.3). That is, u satisfies the first equation in
(1.3) in the distributional sense and the second equation in the trace sense. By taking w = v in (2.4), we
get |v]| 1) < C||F| (o) from (2.3) and Poincaré’s inequality', whence

lull 1) < CIF | 10,

where C' denotes some generic positive constant depending on w. Finally, by choosing F € H!(f) in
accordance with Lemma 2.1 so that [|F'|| z1(0) = [|f]l 71/2(9q), We find out that

(2.5) lullirca) < Cllflnon-
Definition of the DN map. Let us first introduce the following H (div)-type space,
H(diva,Q) = {P € L*(Q)?; div(AP) € L*(Q)},

and prove that P € C§°(Q) — AP - v € C*(0Q) may be extended to a bounded operator from H(div 4, (2)
into the space H~1/2(0Q) dual of H'/2(09Q).

Proposition 2.1. Let P € H(div4,Q). Then AP -v e H=Y/2(9Q) and we have

(2.6) IAP - V]l g-1/2 (96 < C (1PNl 220 + [[div(AP) || 12(0),
for some constant C' = C(w, ) > 0. In addition, the identity
(2.7) (AP -v,g) = / Gdiv(AP)dx + / AVG - Pdz,

Q Q

holds for g € ﬁl/Q(aﬂ) and G € HY(Q) such that G = g on 0S). Here {-,-) denotes the duality pairing
between H'/2(0Q) and its dual H=/2(05).

IWhich holds true for § since w is bounded.
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Proof. We first consider the case of P € C§°(Q)3. Fix g € HY/2(9Q) and choose G € H'(Q) such that G = ¢
on Jf). Since P has a compact support, we have

AVG - Pdx + / gAP - vdo,
oN

(2.8) /( Gliv(AP)dz = - /

Q

by Green’s formula, whence
|| 94 vdo] < CIGln o) (1P 2oy + [AN(AP) 1200
o0

Taking the infimum over {G € H'(Q), G = g on 90} in the right hand side of above estimate, we find that
(2.6) holds true for every P € C5°(Q)3.

Further, we pick P € H(div, ). The set C5°(Q)? being dense in H(div 4, ), as can be seen by mimicking
the proof of [GR, Theorem 2.4], we may find a sequence (Py)x in C5°(2)? converging to P in H(diva, ).
Moreover, (AP -v);, being a Cauchy sequence in H~1/2(9€2) by (2.6), then (AP -v); admits a limit, denoted
by AP v, in H-1/2 (09). Now (2.7) follows readily from this and (2.8). O

Let u be the H!(2)-solution to (1.3). Applying Proposition 2.1 to P = Vu, we deduce from (2.5) that
Ay : f—= AVu-v

is well defined as a bounded operator from HY/2(99) into H~1/2(9Q). Moreover the following identity
(2.9) (Aof,g) = / AVu - VGdz,
Q

holds for all g € HY/2(8) and G € H'(Q) such that G = g on 9.
Further, by taking G = v in (2.9), where v is the solution to (1.3) with f replaced by g, we find out that

(Aaf,g) = / AV Vode = / Vu- AV,
Q Q

entailing
(2.10) (Aaf.g) = (f, Aag), for all f,g € H'/*(99).
This proves that Az}ﬁl/z(asl) = A, where /2 (09) is identified with a subspace of its bidual space.

Finally, for i = 1,2, we put 4; = A(2’,a;(23)) and A; = A,,, and let u; € H*(Q) denote a weak solution
to the equation

div(A4;Vu;) = 01in .

0 and g = ug—; we get

Applying (2.9) to f = Ui"a

Es%
(Ayug,ug) = /§2A1Vu1 - Vugdx and (Aqug, uq) = /QAQVUQ - Vuidz,

which yields

(2.11) (A1 — Ag)ug,ug) = /(A1 — A2)Vuy - Vugdz,

Q

by (2.10).
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3. CAN WE DETERMINE THE UNKNOWN FUNCTION « FROM A,7

In this section we examine the inverse problem of identifying « from the knowledge of A,.

Analysis of the problem for general unknown functions. Let v be a nonempty open subset of dw.
We put I' = v x (—=2L, 2L) for some fixed L > 0, and define the functional space

(3.1) HY?(09) = {f € H/?(09); suppf C I'}.

For a; € Wh*°(R), i = 1,2, put M = max;—1 2 ||ai[|wr.®). We note A; = A(2’, a;(x3)) and A; = A, .
In light of (2.11), we have

(32) <(A1 - AQ)Ul, U2> == /Q(Al - AQ)VUl . V’LLQdSC,

for any function u; € H'(Q) which is a weak solution to the equation
div(4;Vu;) =0in Q, i =1,2.

Putting QF = w x (=L, L) and assuming that

(3.3) ag(z3) = as(zs), |zs3| > L,

we may rewrite (3.2) as

(34) <(A1 — Ag)ul,UQ> = /QL (A1 — Ag)Vul . VUQd.T

The following analysis is essentially based on the method built in [AG2] for bounded domains, that will
be adapted to the case of the infinite waveguide 2 under consideration. To this purpose we set

I, = {z €I dist(z,0T) > p} and U, = {z € R?; dist(z,T',) < p/4},

for all p € (0, po], where pg is some characteristic constant depending only on w and L, which is defined in
[AG2]. Upon eventually shortening py, we can assume without loss of generality that I'g = o x [-L,L] C T,
for some vy € 7. In view of [AG2], we thus may find a Lipschitz domain 2, satisfying simultaneously:

QCQ, T'ocoNnQ, €I and dist(z,09Q,) > p/2 for all z € U,,.

Moreover we know from [AG1, Section 3] that there is a unitary C'* vector field 7, defined in some suitable
neighborhood of w x (—2L,2L), which is non tangential to 9§ and points to the exterior of Q. For 2° € T,
we pick 79 > 0 sufficiently small so the point z, = 2° 4+ 7(z%) obeys C7 < dist(z,,09) < 7 for every
7 € (0,70], by [AG1, Lemma 3.3]. Here 79 and C' are two positive constants depending only on Q, and A, ¢
and t are the same as in (2.3).

In light of [HK], the operator div(4;V-), ¢ = 1,2, has a Dirichlet Green function G; = G;(z,y) on Q,.
More specifically, G;(x) = G;(x, z;) is the solution to the BVP

(3.5) div(4;VG;) = =d(x — 2;) in 2'(Q,)
' G;=0 on 051,

and we will see in the coming lemma that the claim of [AG2, Corollary 3.4] remains essentially unchanged
for the unbounded domain €2, arising in this framework.

i=1,2,

Lemma 3.1. There are two constants 1o = 70(Q,p) > 0 and C = C(Q, A\, t,t) such that the restriction
Gi(.,2z:) to Q, i =1,2, belongs to H*(RY), and satisfies

(36) ||Gi(',Z7-)HHl(Q) §0771/2, 0<7‘§7‘0.

Proof. Let the space Y>'(Q) = {u € L%(Q); Vu € L?(Q)?} be endowed with the norm [[v]ly21(q) =
vl Loy + Vvl 2(0)s and choose 10 = 7(€2, p) so small relative to p that dist(z,,0Q,) > 7 for all 7 € (0, 70].
Since the ball B, 3(z;) centered at z; with radius 7/3, is embedded in €2, \ , we have

(3.7) I1Gi( z0)ly21(0) < NGl 20)lly21@0\B. a2y < CT 2, 0 <7 <7,

directly from [HK, Formula (4.45)]. Here C is some positive constant depending only on Q, A, £ and {.
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Finally, since the Poincaré inequality holds in € because w is bounded, we may deduce (3.6) from (3.7). O

Further, as a Green function is a Levi function?, it behaves locally like a parametrix. Hence, by applying
[M, Formula (8.4)], G; can be brought into the form

-1

(3.8) Gi(z) = C(det (A;(2,)))"1/2 (Ai(zr) Nz — 27) - (. — 27)) 4 Ri(z), i =1,2,

where A;(z;) is a shorthand for A(z],a;((z7)3)), C > 0 is a constant, and the reminder R; obeys the
conditions

J(ro,a) € Ry x (0,1), |Ri(z)| + |2 — 2| [VR| < Clz — 2|71, 2 € Q,, |2 — 27| < 1o
On the other hand it holds true for i = 1,2, that div(A4;VG;) = 0 in the weak sense in €2, so (3.4) entails

<(A1 — Ag)Gl, G2> = / (A1 — AQ)VGl . VGQd.T
QL

Taking into account that Gi‘BQ € HY/2(99), this yields

< ”Al; - Ag””Gl”ﬁl/Z(a(z)||G2||1§1/2(3Q)7

/ (A1 — AQ)VGl . VGQdZL'
QL

where Al is the restriction of A; to the closed subspace f[ll/ 2(69), and consequently

(3.9) < ClIAL = MG @ 1G] () -

/ (A1 — AQ)VGl . VGQd.T
QL

The next step involves picking z° € I'g such that |oy (29) — a2 (29)| = [|a1 —az|| Lo 1,1)- We may actually
assume without loss of generality that a1 (29) — aa(29)] = a1(29) — as(29), hence
(3.10) o (25) — aa(2Y) = |lar — asl|pe(—1.1)-

Let us next decompose the left hand side of (3.9) into the sum

(3.11) / (Al—AQ)VGl-VG2d$ :/ (Al—AQ)VG1VG2d$+/ (Al—AQ)VGl'VGle',
QL Q

LAB(zr,p) QL\B(2r,p)

where, as previously stated, z; = % + 70(2) for some 7 € R%.. Recalling (3.8) we see that the first term in
the right hand side of (3.11) is lower bounded by

A (z7) ! (Aa(@) — Ao (@) As(zr) Mo —2r) (@ —20) ) o o |—t+2ag,
/mzﬂp)nm (A1 ()1 (3 — 2 )Y (Aa(zr) 1 - (z — 2,))*? /flLﬂB(zT,p) o= =] ’

where ¢ is a positive constant depending only on M and w. From this and the Lipschitz continuity of
x + A;(x), i = 1,2, then follows upon writing A;(x°) instead of A((z°), a;(23)), that

/ (A1 — AQ)VGl . VG2d$
QLNB(zr,p)

/ (Ar(2%) ") = As(a®)7") (@ — 27) - (z — 27)
Bzt (A1(z:) Nz — 20) - (& — 2.))% (A2 (z0) Mo — 27) - (z — 7))

(3.12) - 0/ o = 2|7 |z — 2P 4 2% — 2, [*) do.
2 B(r,p)

> dx

2Let E = Yi<ii<m Yij (z)@fj be an elliptic operator acting in a subdomain of R™, m > 3, and let 8(z) = (8;(%))1<i,j<m
- 2—m

be the inverse matrix to a(z) = (ouj(2))i<ij<m. Then H(z,y) = |Sm=1 = det(a(y)| "2 [By)(z —y) - (. —y)] "2 s

solution to the equation 37, ;,, o; (y)@fjH(-, y) = 0, and is called a parametrix of E. With reference to [M], any function

L = L(z,y) which is smooth outside z # y and satisfies (L — H)(x,y) = O(|z — y|>T*~1%I=™) for some A > 0 and any
a € N™ |a| <2, is a Levi function.
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On the other hand, since ‘fQL\B(zT ) (A1 — A2)V Gy - VGadz| is majorized by, say, ¢, and

IAT = A3 Gl |Gl ) < CTTHIAT = Asl,
by Lemma 3.1, we deduce from (3.11)-(3.12) that
(Ar(2®) 7' = Ap(a®)7Y) (@ = 27) - (2 — 27)
/B<Z,,p>mm (A1 (20) "Mz — 2,) - (& — 2:) Y% (An(zr) (@ = 2) - (2 — 2,))*/?
(3.13) < C(r'te 41+ YA — AL

dx

The main ingredient in the analysis developed in [AG2] is the ellipticity condition [AG2, Formula (2.5)]
imposed on 9, A(z’,t), implying
A5 = Ap(@®) ) (@ — 20) - (& — 20)
(3.14) / — ( 373 ) - 373 dx
Ber 00 (Ay(o) 2z — 27) - (2 — 20)) (Ax () L& — 27) - (2 — 27))
> Cot a1 (a) — az(a9)),
for some constant Cy > 0. This, (3.10) and (3.13) finally lead to the desired stability estimate:
lon — @allp(—r,0) < CIAT — AS .

Unfortunately, it turns out that [AG2, Formula (2.5)] is not fulfilled by 0;A(2’,t) in this framework. This
can be seen from the following explicit expression

(3.15) M2/ 1) =0, Ma(2/,t) = |22t — /]2 [42 4 [27)2, A3(2',t) = |2/ 2t + /|2/ |42 + |2'|2,

of the eigenvalues of 9;A(z',t), showing that the spectrum of 9;A(z’,¢) has a negative component for z’ €
Ow. Moreover, due to the occurence of this negative eigenvalue, the weak monotonicity assumption [AGI,
Formula (5.7)] is not satisfied by the conductivity matrix under consideration either. Therefore, the approach
developed in [AG2] does not apply to the inverse problem of determining « from the knowledge of A, which
remains open in the general case.

Nevertheless, we will see in section 4 that this is not the case for constant unknown functions anymore.
But, prior to examining this peculiar framework, we will now deduce from the above reasoning, upon substi-
tuting a suitable matrix A® for A, that unknown functions o which are close to some a priori fixed constant
value may well be identified from the associated DN map.

The case of unknown functions close to a constant value. Put

1+ x% —ToT1 —T2
A2/ t) =t | —aom1 1+22 a1 |, 2’ cw, tER,
—x2 X1 1

so we have A®(z/,t) = tA*(2/, 1).
We denote by A? the DN map A, where A®(2’, a(x3)) is substituted for A(2’, a(x3)). Then, by arguing
as in the derivation of (2.11), we obtain that

(3.16) (Ao — A2)u,u®) = /Q(A(x’, a(zs)) — A% (2, a(x3))Vu - Vu'de,
for all u,u® € H'(Q) satisfying div(A(z', a(z3))Vu) = div(A®(2', a(x3))Vu®) = 0 in the weak sense in Q.
By direct calculation we notice from the definitions of A and A® that
Az, t) — A%(2',t) = (1 = t) (Bg — tB1(2")), (2',t) € w x R,
where By stands for the identity matrix of R and
x% —xox1 0

Bi(@')= | —z221 2} 0], 2 cw.
0 0 0
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Assume that a € L*®(R), |l — 1||pem) < M. Given f (resp., g) in HY2(0Q), we call u (resp., u®)
the solution to (1.3) (resp., (1.3) where (A®,g) is substituted to (A, f)). Applying (3.16), we get that
(Ao — AL f9)] < (M w)lla — 1|lsollull g1 (o) l|u®|| 71 (), where C = C(M,w) is some positive constant
depending only on M and w. Therefore we have [((Aa = A2)f, 9)| < Clla = ool fll g1/200) 191l 1/2(50)> Y
(2.5), hence

(3.17) [Aa — < Clla = 1| oo,

||$(H1/2(BQ) H-1/2(09))
showing that A® is a suitable approximation of A, provided « is sufficiently close to 1.3
Actually, the main benefit of dealing with A?, instead of A, in the inverse problem of determining a from
A, boils down to the following identity
0 A (2! t) = A% (2',1) = A(2',1), for all 2’ € w and t € R,

ensuring that the ellipticity condition [AG2, Formula (2.5)] required by the method presented in [AG2], is
verified by A°®. Now, in light of the reasoning developed in the first part of this section, which is borrowed
from the proof of [AG2, Theorem 2.2], we derive the:

Theorem 3.1. For L > 0,t >0 and M > 0 fized, let o; € WH°(R), i = 1,2, obey (3.3) and fulfill a; >t
and [|a|lw1.o®) < M. Then there exists a constant C > 0 depending only on w, M and L, such that we
have

lar = azll ey < CIAS)T = (A2 | g m1r2(00) 7-172(00))

where (AS,)" = (A;i)lﬁé/z(aﬁ) fori=1,2, the space ﬁé/Q(ﬁﬂ) being the same as in (3.1).

(63

4. THE CASE OF CONSTANT UNKNOWN FUNCTIONS

In this section we address the case of affine twisting functions 6, that is constant functions «, by means
of the partial Fourier transform F,, with respect to the variable x3. This is suggested by the translational
invariance of the system under consideration in the infinite direction x3, arising from the fact that the matrix
A(2’, a(x3)) appearing in (1.3) does not depend on xg in this peculiar case.

In the sequel, we note £ the Fourier variable associated with 3 and we write w instead of F,,w for every
function w = w(a’, x3):
(') = (Fayw)(@',§), 2’ €w, {ER.
The first step of the method is to re-express the system (1.3) in the Fourier plane {(2/,¢), 2’ € w,£ € R}.
Rewriting the BVP in the Fourier variables. We start with two useful technical lemmas.
Lemma 4.1. For every w € HY(Q) the identity @U = Oz, W holds for j =1,2.
Proof. Fix j =1,2. For every ¢ € C§°(w) and ¢ € S(R), we have

/ (/ Dz, w(x’, x3)1) (:Es d:cg) dz’ —/w x3) (/ Oz, w(x’, x3) (x’)dx') dzs,

from Fubini’s theorem. By integrating by parts in the last integral, we obtain

/ Oz, w(x, w3)p(a’)da’ = — / w(a', x3)0,, p(x')da’, a.e. x3 € R,

so we get

/ (/ O, w(a z3)1) (-T3)dl'3)d '= —/R{/J\(ZB </ww ', 3)0 (x’)dx’) dis
_/wa””‘p(””/) (/ wla', $3)$(w3)dx3) da'.

3Note that 1 can be replaced by any constant 1 # 0 upon substituting A®(uz’, ﬁ) for A®(z’,t) in the above reasoning, since
A(z,t) = A(ux’, ﬁ)
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Further, the operator F,, being selfadjoint in L2 it is true that

(R),
/ w(a', z3)(ws)ds = / w(z', E)Y(€)dE, ae. 1’ € w,
R R

/ (/ e (%)d%) W= /w O, (") ( /R @<w’,£)w(s)d£) da’
- /w #(@) ( /]R O, 0(", £>w(§)d§> da’

by integrating by parts. From the density of C§°(w) in L?(w), the above identity entails that
[ sl a)ilendns = [ 0,0 (e, ae.a’ e

for every 1 € S(R). From this, the selfadjointness of F,, and the density of S(R) in L?(R), then follows
that 0., w = 0, w. O

whence

Lemma 4.2. Let C = (Ci)1<k,i<3 € W (w)3*3 be such that (Cr(2'))1<k.1<3 18 symmetric for all 2’ € w.
Then every w € H(2) obeying

(4.1) / CVw - Vudr =0 for all v € Hy(Q),
Q
satisfies the equation
(4.2) —divy (C (2 )V @) + P(2,€) - Varlb + g2/, )@ = 0 in D' (1),
with

Ca') = (Cij(2"))1<i,j<2

Pt = -ize (1))

(@', €) = —itdiv, (G2070) 4 @Cale), (9 €
Moreover, if w € H?() is solution to (4.1) then (4.2) holds for a.e. (2',&) € €.
Proof. Choose v = ¢ ® ¢ in (4.1), with ¢ € C§°(w) and ¢ € S(R), so we have:

(4.3) Z /C’kl )0z, w(z', x3) Il(cp@i/))(:c x3)dx’dxs = 0.

k,1=1,2,3
For 1 < k,l < 2, we notice that

/ Cri(2") 0y, (', xg)amk(tpéaz/})(x x3)dx'drs = /

(4.4) /

directly from Lemma 4.1. Further, the identity

)0z, p(x (/ g w(’ x3)¢(x3)dx3) dx’

Cri(x
Cr(x") 0y, wW(a",€) 0y, (0 @ ) (2, &)da’ dE,
35\

</ Oy w(x’, z3) (zg)dz3> da’

Csl (/ Oz, w(z’, x3)( EW( 3)d$3) da’,

2

/Q Con ()i, w(a’, 23)0, (p @ D)0, w3)da dars = / Cay (o)

holds for [ = 1,2, so we have

(4.5) /Q ot (2)0a, (2 7)0s, (0 @ D) (& 5 )da’ s = /Q Cot (27) (—i€)D B(, €) (0 @ ) (&, €)da .
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Next, since

/Ckg )0 w (2, :I:g)@zk(@@w)(x x3)da’ dxs = /Ckg Ox, 0(x (/ Opsw(x’, 3)1) (xg)dx3>d’

/ Crs(2") 0, p(2") (/ w(z', x3)y ($3)d9€3) da’,
R
for each k = 1,2, with

/R (2!, 25) (5)dis = — /R (e 23) (1€ (as)ds = — /R (€)@ (2!, ) (€)de,
then
A Cs(2") 0w (', 23) 00, (0 @ 12)(:5’, x3)da’ drz = /Q Cr3(2)(i€)W (', €)0p, (¢ @ ) (2, &)da’ dE.

Integrating by parts in the right hand side of the above identity we get
[ Cual@or (s’ 2010, (00 D)@' ma)do'das = | Chala!)(i€)0n, B, €)@ ), €)'
Q Q
(4.6) + / Or Cra (') (—i€)(a €) (0 © ) (o', ) .
Q

Further, bearing in mind that d,,(p ® ¥) = ¢ ® (fzé\)dj and noticing that

[ syl 20) Ci(aa)doa =~ [ wia’ oa) (P U(aa)dos = [ B O(-iPw(E)de,
R R R
we find out that
(4.7) /Q Cs3(2" )0y, w(x, 23) 00, (0 @ J)(z/, x3)dr'dxs = /Q Cs3(2")(—i&)*w(z’, &) (p @ Y)(a, &)da' dE.
Finally, putting (4.3)-(4.7) together, we end up getting that
(=div, (C(2' )V @) + P2/, &) - Varlo + q(z/, €)@, ®) = 0, ® € C°(w) @ CF(R),

where (-,-) denotes the duality pairing between C5°(§2) and D’(2). From this and the density of C§°(w) ®
C§°(R) in C§°(€2) then follows that

—div, (C(2') V@) + P2/, €) - Voo + q(2', €)@ = 0 in D'(Q),
which completes the proof. |

Let a € R be fixed. We assume in the remaining of this section that «(z3) = a for all 23 € R. For
notational simplicity we write A,(z') instead of A(z’, a(x3)). With the help of Lemma 4.2 we will first
re-express (1.3) in the Fourier plane.

For g € H'(R) N L'(R) such that [ g(z3)dzs = 1 and for h € H'/?(dw), we consider the H'(Q)-solution
u to (1.3), with

f(@' x3) = g(z3)h(2), 2’ € Ow, w3 € R,
Since u is solution to (4.1) with C = A, € W1>°(w)3*3, we deduce from Lemma 4.2 that u € L*(R; H*(w))
is solution to the system

(4.8) —divy (Au(2)Voti(2,€)) — 2iaéx’t -V + 20 =0 in D'(Q),
' u(-,&) =9 f on dw, for all £ € R,

where

1+ an —xox1a>
rox1a® 1+ x%aQ

2t = (a9, m1) and A,(a)) = < 2

We turn now to examining (4.8).
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Analysis of the variational problem associated with (4.8). Let us consider the bilinear form

Ael(v,w), (9, 4)] = /

w

A,V - Vdr' — 2a§/ 't Vwedz' + 52/ vpda’

+/ AVw - Vpda! + 2a£/ '+ Voydr' + 52/ wipdx’, (v,w), (p,%) € H,
defined on the Hilbert space H = H}(w) x Hj(w) endowed with the norm
1/2
(v, w)llze = (IV0ll72() + IVl Z2())

Taking into account that

2a¢ /

where § = max, ¢, |2| < 00, it is easy to see that
(4.9) Ae(v,w), (v,w)] = (1 = a?6?)]| (v, w)|3-

Let us fix ap > 0 so small that « = 1 — a3é* > 0. In light of the above estimate, the bilinear form A is
a-elliptic for every ¢ € R, provided we have |a| < ag. For each ® € C(R;H’) and every £ € R, there is thus
a unique (v(§),w(§)) € H satisfying

(4.10) Ae[(v(€), w(&)), (@, )] = (2(E), (. 1)) forall (p,9) € H,
by Lax-Milgram’s lemma. From this then follows that
Aety[(w(€+n) = v(&), w(§ +n) —w(§)), (¥, ¥)]

for each £, € R and (p, 1) € H. Further, by noticing through elementary computations that

Ae iy l(0,), (2, 9)] = Acanl(v,w), (9,)] — 2an / 2 (Vi — $V)de’ + (26 + 1) / (vp + wip)da,

w w

Ag(2')C- ¢ > [C]?, for all ¢ € R? and 2/ € w,
and that

:C'l-va‘dac' < a2(52/ |VU|2d:C'+§2/w2d:E', (v,w) € H,

for every (v,w), (p,¥) € H, we deduce from (4.11) and Poincaré’s inequality that there exists a constant
C = C(&w,ap) > 0 satisfying
Ae[(v(§), w(§)), (v(€ +n) — v(&), w(€ +n) — w(§))]
= Aei[(v(€), w(§)), ((€ +n) = v(&), w(€ +n) — w(§))]
(4.12) < Cnlll(v(&), wE)llall(w(§ +n) = v(€), w(& +n) — w(&))lln,
for all £ € R and n € [—1,1]. In light of (4.9), (4.11) written with (¢, ¥) = (v(§+n) —v(E),w({ +n) —w(E))
and (4.12), we thus find out that
af[(v(€ +n) — v(§), w(€ +n) —w(&))llx < Clnlll(v(§), w(&))llx + D€ +n) — PE)l%-
This proves that (v, w) € C(R;H). Moreover, we obtain

(4.13) 1(0(&), w2 < (/)| @(E)llwrs & €R,
directly from (4.9)-(4.10). Further, it is easy to check for ® € C1(R;H’) that (v/(£),w’(€¢)) € C(R,H) is the
solution to the variational problem

Ael((v'(£),w'(€)), (0, )] = (20 (£), (0, ¥)) + (2(E), (¢,4)) for all (p,¢) €H,

where

(o(€), (¢, ) = 2a / 2 (PVaw(E) — YV ao(E))de’ — 28 / (0(E)p + w(€))da’.

w w

Using (4.13) and noting (¢) = (1 + [£|?)'/2, we deduce from the above estimate that
1("(€), ' ()l < CUENRE e + 12/(E)ll), € ER,
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for some constant C' = C(ag,w) > 0. Similarly, if ® € C?(R;H’) then the same reasoning shows that
(v,w) € C*(R,H) verifies
1" (&), w” ()l < CUEZNPE) I2r + (N (E) 3w + 12" (E)]l2r), € €R.

Summing up we obtain the:

Proposition 4.1. Let ag € (0, (max,e, |2'|)"Y/2), pick a € [~ao,a0] and assume that a(x3) = a for all
x3 € R. Then for every ® € H*(R,H') such that (£)>77®U) € L>(R,H’), j = 0,1, the variational problem
(4.10) admits a unique solution (v,w) € H*(R;H) satisfying

2
(4.14) 1@, w0) ) < C( D IO 0D 2 ),
7=0

for some constant C = C(w, ag) > 0. The above assumptions on ® are actually satisfied whenever ® = 7 for
some W € H?(R;H') such that x39 € H*(R;H') and 239 € L*(R;H'). Moreover, the estimate (4.14) reads

(4.15) 0,0 2wy < O(Z @22 e )
7=0

in this case.

Armed with Proposition 4.1 we may now tackle the analysis of the solution to (4.8).

Some useful properties of the solution to (4.8). Pick F € H'(w) such that F = f on dw and
[ F| 1 (w) < C@)If1l 17200~ Let @ (vesp., @) denote the real (resp., imaginary) part of & = @ — G(§)F =
u" +iu'. Since the Fourier transform 4 of the H'(2)-solution u to (1.3) is actually solution to (4.8), we get
by direct calculation that (%", %) is solution to the variational problem (4.10), with

(4.16) (@(8), (. ) = —A(@ F.5'F), (0. 9)],

and where g" (resp., g°) stands for the real (resp., imaginary) part of g. In light of (4.16) we check out using
elementary computations that

(4.17) 2@l < CE)*Ig (§)|||f||H1/2(6w)
(4.18) 12" @)l < CUET 1+ NFEODNN 1200
(4.19) 12"l < C((&)? |§"(€)I+< >| O+ [GEODNS N 12 (00),

for some constant C' = C(ag,w) > 0. Therefore we have (€02 ¢ L*R) for j = 0,1,2, provided
(£)477g7 € L*(R), which is actually the case if 239 € H*7/(R). From this and Proposition 4.1 then follows
the:

Corollary 4.1. Let a and « be the same as in Proposition 4.1 and assume that g € H*(R) verifies x3g €
Hg(R), xgg € HQ(R and [, g(xs)dxs = 1. Then we have u € H*(R; H'(w)), u € L'(R; H'(w)) and

U= fR L x3)drs € Hl( ) is the variational solution to the BVP
{ divy (AuVoU) =0 inw
U=f on Jw.
In view of (4.8) and (4.10), we deduce from (4.17)-(4.19) that
Idiver (AaVar@(- €)lle2) < CEOFENNS 2 (00)
19edivar (AaVarii(-€)) | p2@w) < C(E°F O]+ TEN I Fll /(o)
102 diver (AaVar@i(- €)) 2 < CUE°1FE] + (E°[F )] + (TN I fll /20

for some positive constant C' depending only on ap and w. This combined with Corollary 4.1 yields the:
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Proposition 4.2. Let a and « be as in Proposition 4.1. Let g € HS(R) verify x3g € H®(R), 239 €
H*(R) and [, g(x3)des = 1. Then we have AVt - v(z') € H*(R; H1/?(0w)) and thus A,Vu - v(z) €
LY(R; H'/2(0w)), with

AV U -v(2') = AVar@i(-,0) - v(a) = / A Vu(-, z3) - v(z)des € HY?(0w).
R

In light of Proposition 4.2 it is natural to define the two following DN maps:
Ao f € HY?(0w) = [23 = AaVu(-,z3) - v(- 23)] € LY(R; H~Y2(dw))
Ao : f e H2(0w) — A VU - v(z') € HV?(0w).
These two operators are bounded, and they satisfy the estimate

(4.20) A1 = Aol @ (rrir2 0wy, mH-1/2(00)) < 1M1 — A2||$(Hl/z(BMLLI(R;Hﬂ/z(aw))),

where, for simplicity, we write A; (resp., /~\]) for Aq; (resp., Kaj), ji=1,2.
Finally, since the matrix 9, A(2’,a) has two eigenvalues \g = 0 and \; = |2/|?,
result by mimicking the proof of [AG1, Claim, page 169].

we derive the following

Theorem 4.1. Let ag be the same as in Proposition 4.1, let a; € R, j = 1,2, and assume that oj(z3) = a;
for all x3 € R. Then there exists a constant C' > 0, depending only on ag and w, such that the following
stability estimate

|a’1 - a2| < CHAl - A2Hf(Hl/z(aw),Ll(R;H*l/Z(aw)))’

holds true whenever |ay|, |az| < ag.

APPENDIX A. RESTRICTION TO H3/2(0%))

In this subsection we exhibit sufficient conditions on w and « ensuring that the restriction of A, to
H3/2(99) is a bounded operator into L2(R; H/2(Ow)). We assume for this purpose that Q5 = w x (—1,1)
has H2-regularity property. That is, for every F' € L*(Q) and any matrix-valued function C' = (Cy;(x))1<s,j<3
with coefficients in W1°(€;) verifying the ellipticity condition

Ja >0, C(z)¢-€ > al¢?, forall € € R3, z € Q,

the following BVP
div(CVw) =F in 4,
w=0 on 0¥,
has a unique solution w € H?(Q;) obeying

w20,y < Cla, M)||Fl|L2(0,),

for some constant C(a, M) > 0 depending only on a, M = maxi<; j<3 ||Cij|w1.=0,) and w.
Notice that ©; has HZ2-regularity property if and only if this is the case for , = w x (—a,a) and some
a > 0. Moreover we recall from [Gr] that ; has H?-regularity property provided w is convex.

We turn now to establishing the following result, which is our main tool for the analysis of the restriction
of A, to H3/2(09).

Theorem A.l. Assume that o € C%1(R) and that Qi has H?-regularity property. Then for any f €
H?3/2(09), the BVP (1.3) admits a unique solution u € H?*(Q). Moreover there is a constant C' > 0,
depending only on ||al|cor(ry and w, such that we have:

(A1) lullz2() < Cllfls200)-
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Proof. Since f € H3/? (09) we may choose F' € H?(2) in accordance with Lemma 2.1 so that F' = f on 99
and

(A.2) |1 Fl| 20 = ||f||f13/2(a§z)-

We put ¥ = div(AVF). By the ellipticity condition (2.3) we have a unique ug € H} () satisfying simulta-
neously

(A.3) / AVug - Vudz = / Vodz, for allv € H} (Q),
Q Q

and

(A.4) luoll 51y < Coll¥ |2,

for some constant Cy > 0 depending on w and M = |[a|co.1 (r).
Further, there exists &, € C§°(—(n + 1),n + 1) such that &, = 1 in [-n,n], ||, |lcc < K and || ||cc < &

for all n > 1, by [Ho, Theorem 1.4.1 and Eq. (1.4.2)] and estimate (1.4.2) [Ho, p. 25], where & is a constant
which is independent of n.
Thus, we get for any v € Hj(Q2) and n > 1 that

/ AV (& up) - Vodr = / AVug - V(&uv)da — / (AVug - V&, )vdx + / (AVE,, - Vv)uodz,
Q Q Q Q

by direct calculation. An integration by parts in the last term of this identity providing

/(Aan - Vo)ugdr = — / (AVE,, - Vug)vdr — / div(AVE, Jugvd,
Q Q Q
we find out that

/AV(Enuo)-Vvdx:/AVUO-V(«Env)da@—/(AVuo-Vﬁn)vdx—/(AVEn-Vuo)vdac—/ div(AVE, Juguda.
Q Q Q Q Q

Since A is symmetric, it follows from this and (A.3) that
/ AV (& ug) - Vodr = / Ve, vdr — 2 / (AVE,, - Vug)vdx — / div(AVE, Jugvdz, for all v € HY ().
Q Q Q Q
Therefore, bearing in mind that Q, = w x (—a,a) for any a > 0, the &,ug € Hg(,41) is thus solution to
the variational problem
(A.5) / AV (& u0) - Vodr = / udz, for all v € H} (i),
Qi1 Qnt1
with
U = WE, — 2AVE, - Vug — div(AVE, Jug.

The next step of the proof is to make the change of variables (2, z3) € Q41— (2/,y3) = (2, 1/(n+1)z3) €
Q4 in (A.5). Putting
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and

[N

(@' y3) =1/(n+ 1) Jns1 A(@', (n + 1)y3) Jns1,

(y3) = &ul(n + 1)ys),

(@',y3) = uo(a’, (n + 1)ys),

n(2',y3) = Ea((n + 1)ys)uo(a’, (n + 1)ys),

div(P(z',y3)) = Oz, Pr(2',y3) + Ouy Po(2',y3) + 1/(n + 1)y, P3 (2, y3),

(2’ ys3) =1/(n+1) [‘I’(w’a (n+ 1D)ys) — 2Ju1A(@', (n + 1)y3) Jn1VE(ys) - Vu(a', ys)

— div (A, (0 + 1)ys) Jus1 VE@)) (e, ys) |

for (2,y3) € Q1, we find out by direct computations that w,, € Hg (1) is solution to

IS v

g

/ AVw, - Vudx = / Yodz, for allv € H&(Ql).
Q1 1951

Since [|¥]|r2(0,) < (n+1)73/2C(w, M)||¥|| 12(0) by (A.4), where C' = C(w, M) denotes some generic positive
constant depending only on w and M, it holds true that ||w,z2,) < (n + 1)73/2C(w, M)||¥||z2(0). Here
we used the estimate |[wn || g2(0,) < Clw, M)||¥||12(q,), arising from the H2-regularity property imposed on
Q7. As a consequence we have

(A.6) 1€nuoll a2 ) < Clw, M)[[¥]|2(q)-

Therefore, upon eventually extracting a subsequence of (£, ug),, we may assume that it converges weakly to
@ in H%(Q). On the other hand (£,ug), converges to ug in L?*(Q2). Thus by the uniqueness of the limit, we

have ug = u € H?(Q) so (§,ug)n converges weakly to ug in H?(). Further, the norm || - || g2 being lower
semi-continuous, we have
(A7) [woll 2 () < Timinf [[€ruol| 20y < Clw, M)[[W]| 20,

by (A.6). Bearing in mind that ||W||.2q) < C(w, M)||F||g2(q), (A.2) and (A.7) then yield
ol < Cleos M1 o

Now the desired result follows from this by taking into account that u = ug + F € H?() is the unique
solution to (1.3). O

For all Q and « fulfilling the assumptions of Theorem A.1, the mapping
Ao i f € HY2(0Q) = d,u € LA(R; HY?(0w)),

where u denotes the unique H?(f2)-solution to (1.3), is well defined by Theorem A.l. Further, since
Cs°(R; H?(w)) is dense in H?(£2), then the trace operator

7w e HX(Q) — d,w € L*(R; H/?(8w)),

is easily seen to be bounded. From this and (A.1) then follows that ||A,]| < C as a linear bounded operator
from H?/2(9€2) into L?(R; H'/?(dw)), where the constant C > 0 depends only on w and [|er||co.1 ().

APPENDIX B. LINKING A, TO THE DN MAP ASSOCIATED WITH §)g

In this subsection we define the DN map Ag associated with the BVP (1.2), which is stated on the twisted
domain 2y, and establish the link between 7\9 and A, where we recall that o = 6’. It turns out that /~\9
is not physically relevant? for the analysis of the inverse problem under consideration in this text, but since
the BVP (1.3) was derived from (1.2), it is plainly natural to link the operator A, we used in the preceding
sections to /~X9.

4Since Ay is defined from the Neumann observation on 82y of the solution to (1.2) then the variable twisting angle § € C'(R)
should necessarily be known everywhere.
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We start by defining the trace space for functions in H'(Qg). We set for all L > 0,
Qg - {(Re(m)z/aiEB); x = (1‘1,1'2) Cw, I3 € (7L5L)} - {SC € Qg, |:L'3| < L}

and
Ty = {(Rous)2’, 23); ' = (21,22) € Ow, 3 € [-L, L]} = {z € 9Qy, |z3] < L}.
For every u € H'(Qp) we have ujqr € H'(Qf) hence ujpqr € H'Y?(0Qk). Thus, putting
H'?(Tf) = {h = girx in L*(T); g € H'/?(094)},
it holds true that upz € HY2(I'E). Here the space HY/2(I'k) is equipped with its natural quotient norm
HhHHlﬂ(rg) = inf{HQHHlﬂ(aszg); grk = h}.
Further we define
loc

Hy/2(090) = {h € L}, (09); hype € HY(TF) for all L > 0},

and then introduce the subspace HY/2(9Qy) = {h € H1/2(899); there exists v € H' () such that vjpq, =

loc

h} of H1/2(899). Here and henceforth vjpn, = h means that the identity Vs = h|F5 holds in the trace

loc

sense for every L > 0. It is not hard to see that HY 2(09Q4) is a Banach space for the quotient norm:
7l 717200,y = mE{ IVl 1 (0); vio0y = Y-
We introduce the mapping
Iy : Ca(0Q9) — C§(0)
g f=gope,
where, for the sake of shortness, we note @g(x) = Ty(g,) (', x3) for = € Q. Pick g in C}(99¢) and choose
v € C§(R?) such that vjpq, = g. Since v, € H'(Q) we get that g € H/2(9Qp). Moreover for all
v € H'(Qp) obeying vjpq, = g the function u = v|g, o ¢g belongs to H'(Q) by [Bre, Proposition 9.6], and
1169l 717250y < lullm @) < Cw, 010l (0p)-
As a consequence we have

(B-l) HIOg”ﬁl/Z(aQ) < C(wve)ngHﬁl/?(aQe) for any g € 05(899)'

Let us now consider g € H'/2(9Q4) and v € H* () such that v|y, = g. For any sequence (v, ), € C3(R?)
such that v, |, — v in H'(Qg) as n — +oo, it is clear that

llg — gnHﬁl/z(aQe) <|lv— UnHHl(Qg)a

provided g, = vn|a0,. Hence (gn), converges to g in ﬁ1/2(899).
For all n > 1, put f,, = Iggn = gn © pg and u, = vy, 0 @y. Since f,, = un|pq, we see that

”fn - fm”ﬁl/Q(aQ) < Hun - um”Hl(Q) < C(w,@)”vn - vaHl(Qe)'

Therefore (f,)n is a Cauchy sequence in ﬁl/Q(aQ) and f = lim, f, € I;TZQ(@Q). Set f = Ipg. Then, in
view of (B.1), Iy extends to a bounded operator, still denoted by Iy, from H/2(9Qg) into H'/?(99).
Arguing as above, we thus find out that the mapping
Jo : C3(99) — C5(090)
fr=g9=[fo,
where g = 5!, extends to a bounded operator, which is still called Jp, from H'/2(9Q) into H'/2(9).

Evidently, IpJof = f for all f € C(0Q) and Jplpg = g for all g € C}(9%). Therefore we have Jp = I;l
from the density of C3(99) (resp., C§(99)) in H/2(9Q) (resp., H?(9Qy)).
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Next, by reasoning in the same way as in the derivation of (1.3), we prove with the help of the Lax-
Milgram lemma that the BVP (1.2) has a unique solution v € H () for every g € HY/2(9Qg). Moreover
the operator

Mg : g Oyv
is well defined as a bounded operator from 1711/2(6(29) into its dual space H~1/2 (09Qp). Similarly to Ag, it
can be checked that K@ is characterized by the following identity

(Aog,h) = [ Vv-VHdy,
Qg

which holds true for all h € HY/2(9Qy) and all H € H*(Qy) such that H\9q, = h. By performing the change
of variable y = g (z) in the last integral, we thus get that

(Agg, h) = / AVu -V (H o pg)dz,
Q
where u denotes the solution to the BVP (1.3) with f = Iyg. Therefore we have
(Aog, h) = (Ao Iog, Toh),
which means that /~\9 = I5 Ao/ 1y, or equivalently that Ag = J§/~\9J9, where Ay stands for A,,.
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