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RECOVERING THE TWISTING FUNCTION IN A TWISTED WAVEGUIDE
FROM THE DN MAP

MOURAD CHOULLI{ AND ERIC SOCCORSI}

ABSTRACT. We consider the inverse problem of determining the twisting function in a infinite cylindrical
twisted waveguide from the corresponding DN map. This problem, which is naturally linked to some
inverse anisotropic conductivity problem in a straight waveguide, remains generally open, unless the twisting
function is assumed to be affine. Namely we prove Lipschitz stability in the determination of affine twisting
functions from the DN map. This result still holds true upon substituting a suitable approximation of the
DN map, provided the first derivative of the twisting is sufficiently close to some a priori fixed constant.

Key words: Dirichlet Laplacian, twisted infinite cylindrical waveguide, twisting function, DN map, stability

estimate.

AMS subject classifications: 35R30.

CONTENTS
1. Introduction 1
2. The DN map 3
3. Can we determine the twisting function from the DN map? 7
4. The case of affine twisting functions 10
5. The DN map for the original problem 15
References 16

1. INTRODUCTION

Let w be a bounded domain of R2. To @ = w x R and § € C*(R) we associate the infinite twisted

cylindrical domain
Qg = {(Roug)2’, 3); @' = (w1,72) € w, x3 € R},

where Re denotes the rotation in R? of angle ¢ € R. Twisted waveguides modeled by g exhibit interesting
propagation properties such as the occurence of propagating waveguide modes with phase velocities slower
than those of similar modes in a straight waveguide. This explains why twisted waveguides are at the center
of the attention of many theoretical and applied physicists (see e.g. [Ka, DR, KF, NZG, Sh, Wi, YM]).
Moreover, it turns out that they are the source of challenging spectral and PDE problems, some of them
having been extensively studied in the mathematical literature (see e.g. [BK, EKK, KK, KS, KZ1, KZ2]).

Nevertheless, the inverse problem of identifying the twisting function from the Dirichlet-to-Neumann (DN
in short) map, has, to our knowledge, not been examined in this framework yet. The study of this open
problem is actually the main purpose of the present article. Namely, we consider in this paper the following
boundary value problem for the Laplacian in the twisted waveguide g,

(1.1) { Av(y) =0, y € Qo,
' v(y) = 9(y). y € 0,
and we address the problem of recovering the twisting function 6 (actually its first derivative) from the DN

map

(1.2) Ao g Voly) - v(y),
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where v denotes the outer unit normal to 0€2yp. More specifically, our aim is the stability issue for the problem
of determining 6 from Ay.

The DN map Kg acts on functional spaces depending on #. Therefore it is not well suited to the analysis
of this inverse problem. This difficulty may be overcome by turning (1.1)-(1.2) into an equivalent system
associated to some #-independent DN map. To this purpose we introduce

Re 0
T5<0E 1>

and put u(r) = v(Th,) (2", 23)), x = (2',23) € Q. By performing the change of variable y = Ty, (7', 73)
in (1.1), we find by direct calculation that u is the solution to the following boundary value problem with
an elliptic operator in the divergence form

{ div(A(2', 0 (z3))Vu) =0, z € Q,

(1.3) (@) = f(z), = € I,

where, f(z) = g(Ty(zy)(2',23)), v € 0Q, and the matrix A is given by

1+ x%tQ —zoxqt?  —xot
Al t) = | —wozit? 14232 a1t |, 2 €w, tER.
71‘215 SClt 1

Moreover, it is proved in section 5 that we have
(1.4) Vo(y) - v(y) = A&, 0 (x3))Vu(x) - v(x), y = Touy) (@', 23), © = (2',23) € Q,

in a formal sense. The above identity indicates that recovering 6 from Ag given by (1.2) is the same as
determining @ from the following ‘DN map

Ag: f— AVu-v.

The major part of our work will therefore be devoted to studying Ay in view of establishing stability in the
identification of 6 from Ag. In light of (1.3)-(1.4) we notice that this is the same kind of inverse anisotropic
conductivity problem, but stated here in an unbounded domain, as the one studied in a bounded domain
by Alessandrini [A] and Alessandrini and Gaburro [AG1], [AG2] (see also Gaburro and Lionheart [GL]).
However, it turns out that the usual monotonicity assumption on the conductivity, which is essential to the
identification of A from the DN map in this approach, is not fulfilled by the matrix A under consideration.
This is the main reason why the inverse problem associated to (1.3) remains open for general twisting
functions § € C'(R). However, in this paper we are able to prove Lipschitz stability in the determination
of 6 from the DN map when 0 is an affine function. Moreover, if 6 is sufficiently close to some arbitrarily
fixed constant, we prove that the original DN map can be appropriately approximated by a DN map whose
conductivity satisfies the monotonicity assumption.

The paper is organized as follows. Section 2 contains the definition and the main properties of Ay, needed
in the proofs of the coming sections. The first part of section 3 explains why the approach developped
by Alessandrini and Gaburro in [AG1] and [AG2] does not apply to the problem under consideration.
Nevertheless, we prove in the second part of section 3 that twisting functions close enough to some arbitrarily
fixed constant may actually be identified by solving an inverse conductivity problem which satisfies the above
mentioned monotonicity condition. Further, the particular case of affine twisting functions is examined in
section 4. This is by means of the Fourier transform with respect to the variable 3, in order to bring the
original problem into some anisotropic conductivity problem stated in w. The corresponding conductivity
matrix satisfies a weak monotonicity condition, allowing to claim stability in the determination of the twisting
function from some suitable DN map. Finally, the original DN map /~X9 is rigorously defined and linked to
Ag in section 5.

11t is worth mentioning that the Neumann data measurements required by the definition of Ay are taken on the boundary
of the straight waveguide 2 where the twisting function 6 is not directly accessible.
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2. THE DN MAP

Solution to the boundary value problem (1.3). As we are dealing with an infinitely extended domain
Q, we start by defining the Sobolev spaces on 9f) that are needed in our analysis. To this end, for s = 1/2
or s = 3/2, we see that the trace operator

7: O (R, H*TV2(w)) — L*(R, H* (dw))
G [te R G(t, ')\aw]
extends to a bounded operator, still denoted by 7, from L?(R, H**'/2(w)) into L?(R, H*(dw)). Let
H*(09Q) = {g € L*(R, H*(dw)); there exists G € H*"'/2(Q) such that 7G = g}.
H #(09) is a Banach space for the quotient norm:
191l - o0y = WGl rro1/2(05 G € H*T?(Q) s such that 7G' = g}.

For the sake of clarity we write G = g on 02 instead of TG = g in the sequel.
Let us now establish the following useful extension lemma from the above definitions.

Lemma 2.1. Let g € H*(9Q) for s = 3/2 or s = 1/2. Then there exists G € HTY/2(Q) such that G = g
on 0§ and
(2.1) Gl rs+1r2(0) < 2019l 72 (502)-

Let us now make the following remark on the uniform ellipticity of A, where A denotes either A(z/,t) or
A(2',0(x3)), as defined in the previous section. For all ( € R3, 2’ € w and t € R, we have

A - =G+ G+ G — 2tea(iGs + 2tw1(als + 2 (226 — 21(2)?
=G+ G+ (Gt —210))?%, @ = (v1,712) €w, t ER,

by a straightforward computation. For every 2’ € w and ¢ € R, this entails that A(z’,¢)¢ - ( = 0 if and only
if ¢ = 0. Therefore, since @ x [t, t] is compact for all real numbers ¢ < ¢, there exists A > 1, depending on w,
t and ¢, such that we have

(2.2) AHCPE < A(! 8)¢- ¢ < A¢P for alla’ € w, t € [t,1], ¢ € R,
In order to define the DN map associated to the boundary value problem (1.3), we first need to solve this

later. To this end, pick f € HY/2(09) and F € H'(Q) such that F' = f on Q. In light of (2.2) and the
Lax-Milgram lemma, there is a unique v € H}(2) solving the variational problem

(2.3) / AVv - Vwdx = —/ AVF - Vuwdz, for all w € H ().
Q Q

Hence u = v + F is the unique weak solution to the boundary value problem (1.3). That is, u satisfies the
first equation in (1.3) in the distributional sense and the second equation in the trace sense. By taking w = v
in (2.3), we get ||v]|g1(0) < C||F| 1 (o) from (2.2) and Poincaré’s inequality?, whence

lull @) < ClIF (o),

where C' denotes some generic positive constant depending on w. Finally, by choosing F € H() in
accordance with Lemma 2.1 so that [ F|[ 1) < 2 f[|71/2(5q), we find out that

(2.4) lull @) < Cllfll 1200y

Definition of the DN map. Prior to defining the DN map we introduce the following H (div)-type space,
H(diva, Q) = {P € L*(Q)?; div(AP) € L*(Q)},

and prove that the operator P € C§° Q) — AP -v € C*(99) can be extended to a bounded operator from

H(div4,9) into the space H~1/2(9Q) dual of H'/2(9Q).

2Which holds true for §2 since w is bounded.
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Proposition 2.1. Let P € H(diva,Q). Then AP -v e H=Y/2(8Q) and we have
(2.5) JAP vl 71200 < CUIPllzae) + I4v(AP) | 120)).
for some constant C' = C(w,8) > 0. In addition, the following identity
(2.6) (AP -v,g) = / Gdiv(AP)dx + / AVG - Pdz,
Q Q
holds true for any g € HY2(8Q) and G € HY(Q) such that G = g on Q. Here (-,-) denotes the duality
pairing between H'/?(0Q) and its dual H='/?(09).

Proof. We first consider the case of P € C°(Q)3. Fix g € H/2(9Q) and choose G € H(2) such that G = g
on Jf). Since P has a compact support, we have

(2.7) / Gdiv(AP)dx = —/ AVG - Pdx +/ gAP - vdo,
Q Q a0

from Green’s formula, whence
| / gAP - vdo| < C|IGlls @) (IPlao) + |4iv(AP)| 2oy ).
o0

By taking the infimum over {G € H'(Q), G = g on 9Q} in the right hand side of above estimate, we find
that (2.5) holds true for every P € C5°(Q)3.

Further, pick P € H(div4, ). The set C5°(Q)? being dense in H (div 4, 2), as can be seen by mimmicking
the proof of Theorem 2.4 in [GR], we may find a sequence (P)x in C5°(Q)? converging to P in H(div, ).
Moreover, due to (2.5), (AP - v)j is a Cauchy sequence in H~1/2(99). Therefore (AP - v)j, has a limit in
H~1/2(99), which is denoted by AP - v, and (2.6) follows readily from (2.7). O

Let u denote the H'(Q)-solution to (1.3). By applying Proposition 2.1 to P = Vu, we deduce from (2.4)
that

Ag : f — AVu - v
is well defined as a bounded operator from H/2(99) into H~1/2(9%)). Moreover the following identity

(2.8) (Mo f,g9) = /QAV’U, -VGdz,

holds true for all g € HY/2(8Q) and G € H(Q) such that G = g on €.
Further, by taking G = v in (2.8), where v is the solution to (1.3) with f replaced by g, we find out that

(Ao f,g) = / AVu - Vudr = / Vu - AVudz.
Q Q

Therefore we have obtained that
(2.9) (Mof,g) = (f, Nag), for all f, g € HY?(H).

This proves that A;’ﬁlﬂ(ag) = Ay, where ﬁl/Q(aQ) is identified with a subspace of its bidual space.

Finally, for i = 1,2, put A; = A(z’,0;(z3)) and A; = Ag,, and let u; € H'(Q), i = 1,2, be a weak solution
to the equation
div(A4;Vu;) = 01in .
By applying (2.8) to f = ui|aQ and g = U3,Z—|6Q, 1 =1,2, we get that
<A1U1,U2> == / A1Vu1 . V’LLQdSC and <A2’LL2,’LL1> = / AQV’LLQ . Vuldx
Q Q
In light of (2.9), this yields:

(2.10) <(A1 — Ag)ul,UQ> = /Q(Al — Ag)Vul . VUQd.T
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Restriction of the DN map. We turn now to establishing some useful smoothness property for the
restriction of Ag to H3/2(9€). We assume for this purpose that Q; = w x (-1, 1) has H?-regularity property,
ie. that for every F € L?(2) and any matrix-valued function C' = (Cy;(x))1<;,j<3 with coefficients in
W1oo(Qy) satisfying the ellipticity condition
Ja >0, C(z)¢- &> al¢]?, forall ¢ € C3, 2 € O,

the following boundary value problem

div(CVw) =F in Qy,

w=0 on 0%,

has a unique solution w € H?(Q;) obeying
lwll 201y < Cloy, M)||F | 2(0y)-

Here C(a, M) > 0 is a constant depending only on o, M = maxi<; j<3 ||Cij|lw1.(0,) and w.

Notice that ©; has H?-regularity property if and only if this is the case for Q, = w x (—a, a) and some
a > 0. Moreover we recall from [Gr] that ; has H?-regularity property provided w is convex.

Having said that we may now prove the following claim, which is a cornerstone in the derivation of
smoothness properties for the restriction of Ag to H3/2(9Q).

Theorem 2.1. Assume that 0 € CYY(R) and that Qy has H?-regularity property. Then for any f €
H?3/2(09), the boundary value problem (1.3) admits a unique solution u € H?(Q). Moreover there is a
constant C > 0, depending only on ||0||c1.1 () and w, such that we have:

(2.11) lall sz < Ol 7ss2 o0

Proof. Since f € H3/? (09) we may choose F' € H?(2) in accordance with Lemma 2.1 so that F' = f on 99
and

(2.12) 1E N2 (0) < 211l 737200 -

Put ¥ = div(AVF). Then, due to (2.2) there is a unique uy € Hj (2) satisfying simultaneously

(2.13) / AVug - Vude = / Uudz, for allv € H}(Q),
Q Q

and

(2.14) luoll 1 (@) < Coll ¥l 2(0),

for some constant Cy > 0 depending on w and M = ||0||c1.1(w)-
Further, let &, € C§°(—(n+1),n+1),n > 1, be such that &, = 1in [-n,n], ||, |lcc < 1/2and ||!||cc <1/
2. Then for every v € HJ(£2), we get by direct calculation that

/Q AV (Eau0) - Vodz = /Q AVug - V(Epv)dz — /

(AVug - V&, )ude + / (AVE, - Vv)updz.
Q

Q
An integration by parts in the last term of the right hand side of the above identity providing

/(Aan - Vo)ugdr = — / (AVE,, - Vug)vdr — / div(AVE, Jugude,

Q Q Q

we find out that

/AV(«Enuo)-Vudm:/AVuo-V(«Env)dac—/(AVuo-Vﬁn)vdx—/(AVEn-VuO)vdac—/ div(AVE, Juguda.
Q Q Q Q Q

Since A is symmetric, it follows from this and (2.13) that

/ AV (&nup) - Voda = / U vdr — 2 / (AVE,, - Vug)vdx — / div(AVE, Jugvdz, for all v € H& Q).
Q Q Q Q
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Therefore, by recalling that €, = w x (—a,a) for any a > 0, the function &,ug € H}(Qn41) is solution to
the variational problem

(2.15) / AV (& u0) - Vodr = / Tvdz, for all v € HE (Qpy1),
Qn+1

Qi1
with
U = WE, — 2AVE, - Vug — div(AVE, Jug.
The next step of the proof is to make the change of variables (', x3) € Q41— (2/,y3) = (2/,1/(n+1)x3) €
2 in (2.15). To this end, we set

10 0
Jo=01 0o |, n>1,
0 0 1/n

and for all (2/,y3) € Q1, we introduce the following notations:
Az’ ys) = 1/(n+ 1) Jn1 A2, (n + 1)y3) Jni1,
§(ys) = &nl((n + 1)ys),
u(r’,y3) = uo(2’, (n + 1)y3),
wy(2',y3) = Ea((n + 1)ys)uo(a’, (n + 1)ys),
div(P(z',y3)) = 82y Pr(', y3) + Ouy Pa(2', y3) + 1/ (0 + 1)8y, Pa (2, y3),

V(' y3) =1/(n+1) [‘I’(fclv (n+1)ys) = 2Jn11 A", (0 + 1)ys) Jnt1VE(y3) - Vu(a', ys)

— div(A(2', (n + 1)y3) Jnt-1VE(y3) ) u(a’, ys)} .

By performing the above mentioned change of variables, we find out that w, € H}(Q1) is the solution of the
variational problem

/ AVw, - Vudx = / Yodz, for allv € H&(Ql).
Q1 1951

As Q; has H2-regularity property by assumption, we get by straightforward computations that ||w, || "2(0) <
C(M,w)||¥[|z2(q,)- On the other hand, since ||¥||z2(q,) < (n+ 1)’3/20(M,w)||\P|\Lz(Q) from (2.14), it holds
true that |[wn| 2, < (0 +1)732C(M,w)||¥| 120y, Whence

(2.16) 1€nuoll2(0) < C(M,w)[[¥]|L2(0),

by (2.14). Therefore, upon eventually extracting a subsequence of (&,u0),, we may assume that it converges
weakly to @ in H?(2). On the other hand since (&,up), converges to ug in L?(Q2) then ug € H?(Q) and
(énuo)n thus converges weakly to ug in H?(Q2). Further, the norm | - || g2() being lower semi-continuous,
we have

[woll 2 () < T inf [[€uuol| 2 () < C(M, )| W] 20,

from (2.16). Bearing in mind that ||¥||.2q) < C(M,w)||F||g2q) and ||F| g2) < 2Hf||ﬁ3/2(ag)a it follows
from the above inequality and from (2.12) that

luoll 2y < COL) 1l 7072 00,
As a consequence u = ug + F € H?(£2) is the unique solution to (1.3). Moreover it satisfies
ullg2(0) < CM, )£l 75/2 (50
which completes the proof. O
For all 2 and 6 obeying the assumptions of Theorem 2.1, the mapping
Ag : f € H¥?(00Q) — d,u € L*(R; HY/?(0w)),
where u denotes the unique H?({2)-solution to (1.3), is thus well defined by Theorem 2.1.



TWISTING FUNCTION FROM THE DN MAP 7

Further, by using that C§°(R; H%(w)) is dense in H?(f2), we find out that the trace operator
7w e HX(Q) — d,w e L2(R; H/?(8w)),
is bounded. From this and (2.11) then follows that |[|Ag|| < C(M,w) as a linear bounded operator from
H3/2(09) into L2(R; HY/2(0w)).
3. CAN WE DETERMINE THE TWISTING FUNCTION FROM THE DN MAP?

Analysis of the problem for general twisting functions. In view of examining the problem of the
identification of 6 from Ay we consider a nonempty open subset v of dw and we put I' = v x (—2L,2L) for
some fixed L > 0. Next we introduce the two following functional spaces

(3.1) H(09) = {f € HY*(0%); suppf € '},
and?®
(3.2) W(R) = {0 € W22 (R); 6' € WH(R)}.

Further, for i = 1,2, we pick 6; € W(R) and set A; = A(z', 0}(x3)), Ai = Ag,. In light of (2.10), we have
(33) <(A1 — Ag)ul,UQ> = /(Al — Ag)Vul . V’LLQd.Z‘,
Q

for any function u; € H(Q), i = 1,2, which is a weak solution to the equation div(A4;Vu;) = 0 in Q.
Assuming that

(34) 01 ($3) = 92($3), |.Z‘3| > L,

we may rewrite (3.3) as

(35) <(A1 — Ag)ul,UQ> = / (Al — Ag)Vul . V’LLQd.Z‘,
QL

with QF = w x (=L, L).
Our analysis is essentially based on the method built in [AG2] for bounded domains. We shall now adapt
it to the case of the infinite waveguide 2. To this purpose we put

I, = {z €I dist(z,0T) > p} and U, = {z € R?; dist(z,T,) < p/4},

for all p € (0, pg], where pg is some characteristic constant defined in [AG2] which depends only on w and L.
Upon eventually shortening pg, we may assume without loss of generality that T'o = o x [-L,L] C T',, for
some g € 7. Then, in view of [AG2], we can find a Lipschitz domain €, satisfying simultaneously:

QCQ, I'oCconQ, €I and dist(z,08,) > p/2 for all z € U,,.

Moreover we know from [AG1][Section 3] that there exists a unitary C° vector field 7, defined in some
suitable neighborhood of dw x (—2L, 2L), which is non tangential to 902 and points to the exterior of 2. For
2% € T, the point z; = 29 + 77 obeys O7 < dist(2,,9Q) < 7 for all 0 < 7 < 79, according to [AG1][Lemma
3.3], where C' and 7, are two positive constants depending only on Q, X, ¢ and ¢.

In light of [HK], the operator div(A4;V-), ¢ = 1,2, has a Dirichlet Green function G; = G;(z,y) on Q,.
More specifically, G;(x) = G;(x, z;), i = 1,2, is the solution to the boundary value problem:

{ le(AZVGz) = *5(50 - Z‘r) in -@/(Qp)a

(3.6) G, =0 on 01,.

Let us prove now that the claim of [AG2][Corollary 3.4] remains essentially unchanged for the unbounded
domain €2, arising in this framework.

3We may choose W(R) = {6 € D'(R); 0 € WL (R)} as well.
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Lemma 3.1. There exist two constants 7o = 70(2,p) > 0 and C = C(, A\, t,t) such that the restriction
Gi(.,27) to Q, i =1,2, belongs to H*(R)), and satisfies

(37) ||Gi(-,z7)|\H1(Q) SCT_l/Q, O<T§TQ.

Proof. Choose 19 = 10(£2, p) so small relative to p that dist(z,,99,) > 7 for all 7 € (0,7]. Since the ball
centered at z, with radius 7/3, noted B /3(2,), is embedded in 2, \ 2, we have

(3.8) G- z)[lyv2a () < Gl 20)ly2a@\B, 5(20)) < Cr='2 0< 1 <1,

directly from [HK][Formula (4.45)]. Here C is some positive constant depending only on €, A, ¢ and ¢, and
the space

Y21(Q) = {u € L5(Q); Vu € L*(Q)%},

is endowed with the norm ||’l}Hy2,1(Q) = ||’UHL6(Q) + HV’UHL2(Q)3.
Finally, © having the Poincaré inequality property since w is bounded, we may actually deduce (3.7) from
(3.8). O

Now, as a Green function is a Levi function, it behaves locally like a parametrix. Hence, by applying
[M][Formula (8.4)], G;, i = 1,2, can be brought into the form

(3.9) Gi(z) = C(det (Ai(2:)) V2 (Alzr) M@ — 2) - (w — 27)) /2

where C' > 0 is a constant and the reminder R; obeys the condition:

J(ro,a) € R x (0,1), |Ri(z)| + |2 — 2| [VR| < Clz — 2|71, 2 € Q,, |2 — 27| < 1o

+ Ri(ac),

Since
in the weak sense, we may apply (3.5), getting:

<(A1 — Ag)Gl, G2> = / (A1 — AQ)VGl . VGQd.T
QL

Moreover, taking into account that Gi|6§2 € H/? (09), we deduce from the above identity that

/QL (A1 = A2)VG - VGoda < AT = A3 |[1G1 | 17200 G2l 5172 062y

where Al i = 1,2, is the restriction of A; to the closed subspace ﬁll/ 2 (09)). As a consequence we have

(3.10) /QL(Al — A9)VG1 - VGadr < C|AT = A3 ||Gh | (o |Gall o)
Now, pick 2 € Ty such that |07 (2§) —05(28)| = [|0] — 05| L (—1,1). Actually, we may assume without loss

of generality that we have |0 (z3) — 05(2%)| = 0} (2) — 05(2%). In view of (3.9) and [AG2][Formula (4.2)],
the main term in the left hand side of (3.10) has the following expression
/ (AN ("), t0) = A7), 80)] (@ = 2r) - (x = 20)
':L"
Bz [Po(w = 27) - (@ — 2)] [Qo(w — 27) - (2 — 2,)]

with tg = 0 (29), so = 05(2%), Po = A7Y(2L,t9) and Qo = A~1(z.,s0), 2, being the same as in above, i.e.
z; = a2° 4+ 70 for some 7 € R%. The main ingredient in the analysis developped in [AG2] is the ellipticity
condition [AG2][Formula (2.5)] imposed on 9;A(z’,t). Indeed, this assumption entails

/ [A=1((2°),t0) — A~((2°),50)] (& — 2,) - (x — 27)
Blerp)n@ [Po( — 20) - (2 — 20) 2 [Qol@ — 27) - (& — 2)]/?

for some constant C' > 0, which leads ultimately to the desired result.

(3.11)

dx > C7(to — so),
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Unfortunately, the ellipticity condition [AG2][Formula (2.5)] is not fulfilled by 9 A(z’, t) in this framework.
This can be seen from the following explicit expression

A =0,

Ao = [o/ [t = /[ P+ [P,

Az = |2/ 2t + /2! |42 + |2 |2,
of the eigenvalues of 9, A(z’, t), showing that the spectrum of 9; A(z’, t) has a negative component for 2’ € dw.
Moreover, it can be noticed that, due to the occurence of this negative eigenvalue, the weak monotonicity
assumption [AG1][Formula (5.7)] is not satisfied by the conductivity matrix under consideration either.
Therefore, the approach developped in [AG2] does not apply to the problem under study. This explains why
the determination of the twisting function from the corresponding DN map remains an open problem in the
general case.

Nevertheless, we shall see in the following section that this is not the case for affine twisting functions
anymore. But, prior to examining this peculiar framework, we shall now deduce from the above reasoning,
upon preliminarily substituting a suitable matrix A* for A, that twisting functions which are close to some
a priori fixed constant value may well be identified from the DN map.

The case of twisting functions close to a constant value. Put

1+ x% —ToT1 —T2
A (@' t) =t | —aom1 1+23 a1 |, 2 cw, tER,
— X9 X1 1

and denote by Aj the DN map Ay where A*(2',0'(x3)) is substituted for A(z’,6(z3)). Then, by arguing as
in the derivation of (2.10), we obtain that

(3.12) ((Ag — Ap)u,u*) = /Q(A(ac’,@’(m)) — A*(2',0'(x3))Vu - Vu*dz,

for all u,u* € H'(Q) satisfying div(A(z/, 0’ (z3))Vu) = div(A*(2/, 6 (z3))Vu*) = 0 in the weak sense in (2.
For f (resp. g) in H'/2(9Q) let u (resp. u*) be the solution to (1.3) (resp (1.3) where (A*, g) is substituted
to (4, f)). Applying (3.12) we thus get that |((Ag — A})f,g)| < |0’ — 1||OOHUHH1(Q)||U | 1 (q2), which entails
(Ao = Ag) [, 9)| < CllO" = Ulool[ £l /2000 191 711/2(002) Py (2-4), where €' = C(w) is some positive constant.
As a consequence we have

(3.13) Ao — A;|‘g(ﬁﬂﬂ(ag)ﬁlﬂ(agz)) < 0" = Lo,

showing that A} is a suitable approximation of Ag provided ¢’ is sufficiently close *to 1.
Actually, the main benefit of dealing with A} instead of Ay in the inverse problem of determining ¢’ from
Ay, boils down to the fact that
O A* (2! t) = A" (2',1) = A(2',1), for all 2’ € w and t € R,

so the ellipticity condition [AG2][Formula (2.5)] required by the method developped in [AG2], is fulfilled by
A*. In light of the reasoning developped in the first part of this section, we thus derive the following result
by repeating the arguments used in the proof of [AG2][Theorem 2.2]:

Theorem 3.1. Let L > 0 and M > 0. Assume that 0; € W(R) obey (3.4) for i = 1,2, the space W(R)
being the same as in (3.2), and that

1031|100 (r) < M.
Then there exists a constant C = C(M,w, L) > 0 such that we have

||9I1 — 05 ||L°°(]R<) < CH(AZI)F - (AZQ)FHg(ﬁflﬂ(aQ) H/2(0Q))°

where (A5 )" = (A}) =1,2, and Hl/ (09) is defined in (3.1).

| iy 2(90)"

4Note that 1 can be replaced by any constant p by only substituting pA* for the matrix A* in the above reasoning.
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4. THE CASE OF AFFINE TWISTING FUNCTIONS

In this section we address the case of affine twisting functions by means of the partial Fourier transform
Fz, with respect to the variable x3. This is suggested by the translational invariance of the system under
consideration in the infinite direction z3, arising from the fact that the matrix A(a’,6’(x3)) appearing in
(1.3) is independent of x3 in this peculiar case.

In the sequel, we note £ the Fourier variable associated to x3 and we write @ instead of F,,w for every
function w = w(a’, x3):

W', €) = (Faw)(@/,), o €w, EER.
The first step of the method is to re-express the system (1.3) in the Fourier plane {(2/,¢), 2/ € w, & € R}.

Rewriting the boundary value problem in the Fourier domain. We start with the two following
useful technical lemmas.

Lemma 4.1. For every w € HY(Q) it holds true that m =0,,w, j=1,2.
Proof. Fix j = 1,2. For every ¢ € C§°(w) and ¢ € S(R), we have

/ </ O (', 23)b(x3) dz3> da’ —/w 23) (/a (@, ) (:C/)dz/) ds,

from Fubini’s theorem. By integrating by parts in the last integral, we obtain

/ Oz, w(z’, x3)p(a")da’ = — / w(x', x3)0,, p(x)da’, ae. x5 € R,

so we get

/ (/ Oy, w(2, 3) (:cg)d:cg) de’ = f/RiZ(xg) </w w(z/,xg)azjcp(x/)dx/) dzs
f/wazjw(x’) </ w(z', :cg)i(:cg)d:cg) dz’

it holds true that

(R),
/ w(a', x3)(ws)ds = / w(z', )Y(€)dE, ae. 1’ € w,
R R

/ (/ e (%)d%) W= /w O, p(2") ( /R zﬁ(w’,f)w(s)dg) da’
- / o(z") (/ 8Ij@(x’,§)¢(§)d§> d’

by integrating by parts. From the density of C§°(w) in L*(w), the above identity entails that

Further, the operator F,, being selfadjoint in L2

whence

/8 (2!, x3)th(2s)des = /8 ( P(€)dE, ae. 7' € w,
for every 1 € S(R). From this, the selfadjointness of F,, and the density of S(R) in L?(R), then follows
that 0,,w = 0, w. O

Lemma 4.2. Let C = (Cr)1<ki<3 € W (w)3*3 be such that (Cii(a'))1<k.i<3 is symmetric for any ¥’ € w.
Then every w € HY() obeying

(4.1) CVw - Vudr =0 for all v € Hy(Q),
Q

satisfies the equation

(4.2) —divy (C (2 )V @) 4+ P(z,€) - Vo + gz, )@ = 0 in D' (),
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where

C(2') = (Cij(a")1<ij<o
P, = -ize ()
o', €) = =itaiv, (270) + € Canla).

Moreover, if w € H?() is solution to (4.1) then the identity (4.2) holds true for a.e. (x',&) € Q.

Proof. Choose v = ¢ ® 1 in (4.1), where ¢ € C§°(w) and ¢ € S(R), so we have:

(4.3) / Cri(2') 0y, w(a', 23)0y, (¢ @ ) (2, 3)da’ das = 0.
k,i=1,2,3

For 1 < k,l < 2, we notice that

/QCkl(z')(?mlw(:c',xg)azk(w(%@)(z',zg)d:c'dzg /Ckl( "0y, (2’ </ Oy w(a’ SCg)’l/)(SCg)d:Cg) dz’

(4.4) / Cha(a) Oy @(z',€) Dy, (10 © ) (2!, €)' dE,

directly from Lemma 4.1. Further, for all [ = 1, 2, it holds true that

/Cgl(x')amlw(x',xg)azs(@®1Z)(:E',x3)d:z:'dm3 = / Cs;(z")p (/ Oy w (', 3)1) :I:g)d:l:g) da’.
Q

/031 (/ Oz, w(z’, x3)( §)¢( 3)d$3> dx’
Therefore we have

(4.5) /ngsl(w')axlUJ(fEC%)azg(w ©V)(2, w5)da’ duy = /Qng(x')(*ié)az@(x’,f)(w ®1)(a’, §)da’de.

Next, for k = 1,2, we may write that

/C’ks(:c’)(?mw(x’,zg)axk(go@@)(z”%)dz’dzg /Ckg O, 0(x </ Opw(, 23) :cg)d:cg>d
Q
/Cks )0, (0 )(/ w(z', x3)9 ($3)d9€3) dx’,
R

/R wla', z5) (z3)dzs = — / w(e!,25) i€)d (ws)dwrs = — / (i€)(’, € E)de,

with

hence
/QCks(x’)azgww’,zs)axk(@@)@(z’,:ca)dw’dxg:/QCks( NG W (!, €) D, (¢ @ V) (2!, )da’ dé.

By integrating by parts in the right hand side of the above identity we obtain that

| Gual@)0ns 0’ 20)02, (00 D))’ dos = [ Cuala) (=160, )i © w)(o' o'
(4.6) + [ 20 Cuale!) (i) €)@ ), )/
Finally, bearing in mind that d,,(p ® ¥) = ¢ ® (fzf\)z/i and noticing that

/ Oy (e, 25) (—H) (s )dirs = — / wia, z5)( )2 (e3)des = — / D' €)(—i€)*P(€)de,
R R R
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we find out that

-~

(@7) /Q Chs (2)0a, (', 73)D, (0 @ D) (&, w3) 'y = /Q Ch (27) (—i€) 2B (2, €) (0 @ 1) (& €)' dE.

Now, putting (4.3)-(4.7) together, we end up getting that

(—divy (C(2" ) Vpw) + Pz, &) - Vi + q(2',&)w, @) =0, ® € C°(w) @ C°(R),

where (-,-) denotes the duality pairing between C5°(£2) and D’(2). From this and the density of C§°(w) ®
C(R) in C§°(R2) then follows that

—divz/(é(x’)vm/@) + P(2',€) - Vi + q(2', &)@ =0 in D'(Q),
which completes the proof. O

In the remaining of this section we assume that (x3) = axs+b, where a and b are two fixed real numbers.
With the help of Lemma 4.2 we may re-express (1.3) in the Fourier plane. For the sake of simplicity, we
shall write A,(2’) instead of A(z2’,0(x3)), as we have ¢/ (x3) = a for all 23 € R.

For g € H'(R) N LY(R) such that [ g(z3)dzs = 1 and for h € HY/?(dw), we consider the H*()-solution
u to (1.3), with:

f(@' x3) = g(x3)h(z'), 2’ € Ow, 13 € R.
Since u is solution to (4.1) with C = A, € W1 (w)?*3, we deduce from Lemma 4.2 that 4 € L*(R; H'(w))
is solution to the system

(48) ~divys (Ag (¢ )V ti(a!, €)) — 2iaéa’ Vi + =0 in D'(Q),
' u(-,&) =g(&)f on dw, for all € € R,
where
1L e N 1+ -T%a2 —$2.T1a2
'~ = (—xo,x1) and A,(z") = <_$2$1a2 1+ 2202

We turn now to examining the variational problem associated to (4.8).

Analysis of the variational problem associated to (4.8). Let us consider the bilinear form

Ael(v,w), (9, 4)] = /

w

A,V - Vdz' — 2a§/ 't Vweds' + 52/ vpda’

+/Zan-dex’—i-Qaf/x’L-Vm/Jdac'—i—fQ/wwdx’, (v,w), (p,7) € H,

defined on the Hilbert space H = H{(w) x Hj(w) endowed with the norm

1/2
(v, w)llee = (IV0l|72(0) + IVl Za())

Taking into account that

2a¢ /

where § = max,¢,, |2'], it is easy to see that
(4.9) Ae[(v,w), (v,w)] = (1= a?6%)||(v,w) 13-

Let us fix ag > 0 so small that « = 1 — ad? > 0. Then, due to the above estimate, the bilinear form Ay is
a-elliptic for every & € R, provided we have |a| < ag. For each ® € C(R;H’) and every £ € R, there is thus
a unique (v(§),w(§)) € H satisfying

(4.10) Ae[(v(§), w(§)), (¢, ¥)] = (B(E), (¢, ¢)) for all (o, ) € H,

Ag(2')C- ¢ > [¢]?, for all ¢ € R? and 2/ € w,
and that

:c'l-va‘dac' < a2(52/ |VU|2dac'+§2/w2dx', (v,w) € H,
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by Lax-Milgram’s lemma. From this then follows that

Aenl(0(€ + 1) = v(§), w(€ +n) —w(§)), (¢, V)]
(4.11) = Ae[(v(&), w(§)), (¢, V)] = Acn[(v(§), w(&)), (9, )] + (D(§ + 1) — (E), (¢, 9)),

for each £, € R and (p, ) € H. Further, by noticing through elementary computations that

Ae iy l(0,), (2, 9)] = Acanl(v,w), (9,9)] — 2an / 2 (Vi — $V)de’ + (26 + 1) / (vp + wip)da,

w w

for every (v, w), (¢,%) € H, we deduce from (4.11) and Poincaré’s inequality that there is a constant C' =
C(&, w,ap) > 0 satistying

Ael(v(8), (&), (v(€ +n) — v(&), w(€ + 1) — w(£))]
= Agql(v(§), w(€)), (v(€ 4+ 1) — v(&), w(€ + 1) — w(§))]
(4.12) < COlll(0(&), w(E)llall(v(§ +n) = v(€), w(& +n) — w(&))lln,

for all £ € R and n € [—1,1]. In light of (4.9), (4.11) written with (¢, ¢) = (v(§ +n) —v(&), w( +n) —w(E))
and (4.12), we thus find out that

all(v(§ +n) —v(§), w(§ +n) —w&))n < Clnlll(v(E), w(&))ll + |2+ 1) — (&) [l7-
This proves that (v, w) € C(R;H). Moreover, we obtain

(4.13) 1(0(€), w(&))llr < (/)@ )]2, & €R,

directly from (4.9)-(4.10). Further, it is easy to check for ® € C1(R;H') that (v/(£),w’(¢)) € C(R,H) is the
solution to the variational problem

Ae[(V'(€),w'(€)), (0, 9)] = (R0 (£), (0, 9)) + ('), (¢, ) for all (p,v) € H,

where we have set

(o(€), (¢, ) = 2a / 2 (Vi w(E) — PV ao(E))de’ + 26 / (0(E)p + w(€))da’.

w

Using (4.13) and putting (¢) = (1 + [£]?)'/2, we deduce from the above estimate that

1" (&), w' (€Dl < CUDNRE) I3 + 127 (E)ll3wr), € ER,

for some constant C' = C(ag,w) > 0. Similarly, if ® € C*(R;H’) then the same reasoning shows that(v, w) €
C*(R,H) and

10" (&), w" () ln < CUE NPl + (VNP ()2 + 112" (E)l3r), £ €R.
Hence we have obtained the:

Proposition 4.1. For every ® € H>(R,H') such that (£)>~7®W) ¢ L2(R,H'), j = 0,1, the variational
problem (4.10) admits a unique solution (v,w) € H?(R;H) satisfying

2
(4.14) I, Wl < (3 NE 2D g,

Jj=0

for some constant C = C(w, ap) > 0. The above assumptions on ® are actually satisfied whenever ® = 7 for
some W € H?(R; H') such that x39 € H(R;H') and 239 € L*(R; H'). Moreover, the estimate (4.14) reads

2
(4.15) 1@, w) L2y < O Neh @l mrscaner).

Jj=0

in this case.
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Armed with Proposition 4.1 we may now tackle the analysis of the solution to (4.8).

Some useful properties of the solution to (4.8) and consequences. Pick F € H!(w) such that
F = fondwand [|[F| 1w < CW)fllg/20w)- Let u” (resp. u') denote the real (resp. imaginary) part of
u=u—g(&)F =u" +iu’. Since the Fourier transform @ of the H'(Q)-solution u to (1.3) is actually solution
to (4.8), we get by direct calculation that (u”,u’) is solution to the variational problem (4.10), where

(4.16) (D(8), (9, 0)) = AT F.9'F), (¢, 9)],

and g" (resp. g') stands for the real (resp. imaginary) part of §g. Further, in light of (4.16) we check out
using elementary computations that

(4.17) 1)l < CEZFENNF a2 ow)
(4.18) 12" @)l < CUET 1+ ONGEODNS N 1200
(4.19) 127l < CUE* G O]+ (O +1FEN NS 1117200

for some constant C' = C(ag,w) > 0. Therefore we have (£)/®(2~7) ¢ L*(R) for j = 0,1,2, provided
(£)477g7 € L?(R), this later condition being ensured by the assumption 249 € H*7J(R). From this and
Proposition 4.1 then follows the:

Corollary 4.1. Assume that g € H*(R) is such that x3g € H*(R), 239 € H*(R) and [; g(x3)dxs = 1. Then
it holds true that u € H*(R; H'(w)). Moreover we have u € L'(R; H' (w)) and U = 1u(-,0) = [, u(-, x3)dxs €
H'(w) is the variational solution to the following boundary value problem

divy (AuVoU) =0 inw
U=f on Jw.

In view of (4.8) and (4.10), we deduce from (4.17)-(4.19) that

ldivar (Aa Vo, €)) 2y < CEOMGON Sl m1/2(00)

|10edivar (AaVart(:, 6)) |2y < CUE°1F (O] + (O FEONIF 117200

108 diver (Aa V(- €)) L2 < C((E°1GE)] + (€17 () + (&) 1T NIl /200
for some positive constant C' depending only on ag and w. This combined with Corollary 4.1 yields:
Proposition 4.2. Let g € H(R) be such that x3g € H*(R), 239 € H*(R) and [; g(x3)dxs = 1. Then we
have AqV o - v(z') € H2(R; HY/2(0w)) and thus AqVu - v(x) € L*(R; HY/2(0w)), with

AV U - v(z) = AV (-, 0) - v(z') = / AgVu(-, z3) - v(z)des € H™Y?(0w).
R

In light of Proposition 4.2 we now introduce the two following DN maps:
Ao f € HY?(0w) = A,Vu(-, x3) -v(z) € LY(R; H~Y?(dw))
Ao i f € HY?(0w) = AV U - v(2') € HV?(0w).
These two operators are bounded, and they satisfy the estimate

(4.20) A1 = Aol (/2 (au), 172 (0)) < 1M1 — A2||$(Hm(aw)yLl(R;Hq/Z(aw))),

where, for the sake of simplicity, we write A; (resp. KJ) for A,; (resp. /N\aj), j=1,2.

Finally, the last step in the analysis of the case of affine twisting functions involves noticing by direct
calculation that the matrix 9, A(z’,a) has two eigenvalues \g = 0 and A\; = |2/|?. Hence, by mimmicking
the proof of [AG1][CLAIM, page 169], we obtain the:
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Theorem 4.1. Let ag > 0 and let g be the same as in Proposition 4.2. Assume moreover that 1 — a6 > 0.
Then there exists a constant C' > 0, depending only on ag and w, such that the following stability estimate

|a1 - a’2| < C”Al - A2H_%(H1/2(6w),L1(R;H*l/z(aw)))’

holds true whenever
la1], laz] < ap.
5. THE DN MAP FOR THE ORIGINAL PROBLEM
We start by defining the trace space for functions in H'(€g). To this purpose we set for all L > 0,
Qg = {(Rg(ms)l'l,xg); v = (v1,22) €Ew, 23 € (=L, L)}

and
Fg = {(RQ(ZS)x’,xg); ' = (z1,22) € Ow, z3 € [—L, L]}
Given L > 0 it is obvious that u € H'(Q}) for every u € H'(Qy) hence Ujpr € HY2(00k). Putting
H'2(T§) = {h = grz in LX(TF); g € H'*(094)},
we thus have upr € HY2(TE). Here H'/2(T}) is equipped with its natural quotient norm
7l 172 zy = mf{llgll g1/2002); 9oz = h}-
Further we introduce

Hy/2(0909) = {h € L}, (09); hype € HY(TF) for all L > 0},

loc loc

and define the following subspace of Hllo/f (09):
ﬁl/Q(an) ={he H1/2(8Qg); there exists v € H' () such that vjga, = h}.

loc
Here and henceforth v|5q, = h means that the identity UL = h|F5 holds in the trace sense for every L > 0.

It is not hard to see that H'/2(9%y) is a Banach space for the quotient norm:
17l 717200,y = E{ VI 1 (20)5 vj00, = Y-
Let us now consider the mapping
Iy : CLO0y) —s CLORQ)
g f=gowe,
where, for the sake of shortness, we note ¢g(z) = Tp(y,) (2, x3) for z € Q. Pick g in C§(0%%) and choose
v € C§(R?) such that vjpn, = g. Since v, € H* () we get that g € H'/2(99y) from the above identity.

Moreover for all v € H' () obeying vjpq, = g the function u = v|g, 0wy € H'(Q) by [Bre][Proposition 9.6],
and

o9l 7372000 < Nl ey < Cla, Dol -
As a consequence we have

(5.1) HIOng]l/z(aQ) < C(wﬂe)HngIl/?(aQe) for any g € C&(GQG)-

Let us now consider g € H'/2(9Q4) and v € H' () such that v|y, = g. For any sequence (vy,),, € C3(R?)
such that v, |, — v in H'(Qg) as n — +oo, it is clear that

llg — gnHﬁlm(an) <|lv— UnHHl(Qg)a

provided g, = vn90,. Hence (gn)n converges to g in HY2(00).
For all n > 1, put f,, = Iggn = gn © pg and u,, = vy, 0 @y. Since f,, = un|pq, we see that

| fr — meﬁlﬂ(aQ) < Jun — um”Hl(Q) < C(w,0)||lvn — vaHl(Qe)-
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Therefore (f,)n is a Cauchy sequence in H/2(99Q) hence f = lim, f,, € HY/2(89). Set f = Isg. Then, in
view of (5.1), Iy extends to a bounded operator, still denoted by Iy, from H'/2(99y) into H'/?(9Q).
Arguing as above, we find out that the mapping

p: CLOQ) —s CLO0y)
fr=g=fos,

where 19 = ¢, !, extends to a bounded operator, which is still called Jp, from H'Y/2(5Q) into H/2(0%).

Evidently, we have Iy Jpf = f for all f € C3(09) and Jplgg = g for all g € C}(9Qyp). Therefore Jp = I, ",
by density of C3(9Q) (resp. C§(9Qy)) in HY2(0Q) (resp. H'/?(9Qy)).

Next, by reasoning in the same way as in the derivation of (1.3), we prove with the help of the Lax-
Mﬂgram lemma that the boundary value problem (1.1) has a unique solution v € H(Qg) for every g €
HY/2 (0). Moreover the operator Ag is well defined as a bounded operator from H'/2(9€2) into its dual
space H-1/2 (0€Qp). Similarly to Ag, it can be checked that Ay is characterized by the following identity

(Aog,h) = | Vv-VHdy,
Qg

which holds true for all h € H'/2(9Q4) and all H € H'(Qg) such that Hsq, = h. By performing the change
of variable y = @g(x) in the last integral, we thus get that

(Agg, h) = / AVu -V (H o pg)dz,
Q
where u is the solution to the boundary value problem (1.3) with f = Iyg. Therefore we have

(Rog, h) = (Aolpg, Ioh),
which means that /~\9 = I;Agly, or equivalently that Ay = Jg/~\9J9.
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