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RECOVERING THE TWISTING FUNCTION IN A TWISTED WAVEGUIDE
FROM THE DN MAP

MOURAD CHOULLI{ AND ERIC SOCCORSI}

ABSTRACT. We consider the determination of the twisting function in a twisted waveguide from the corre-
sponding DN map. We relate this problem to an inverse anisotropic conductivity problem in a waveguide.
‘We show that this later is still an open problem. In the special case of an affine twisting function, we prove
a stability estimate for a reduced DN map.
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1. INTRODUCTION

Let w be a bounded domain of R? and 2 = w x R. The rotation in R? of angle £ € R is denoted by Re.
To 6 € C*(R) we associate
Qg = {(Ro(eg)2’, 3); @' = (w1,72) € w, x3 € R},
Consider the following BVP for the laplacian in the twisted waveguide $2:
(1.1) { Av(y) =0 in Qp,
v(y) =g(y) on 9.

We are concerned by the problem of recovering the twisting function 6 from the Dirichlet-to-Neumann
(DN in short) map

Ag: g — B(y)Vo(y) - v(y),

where
L 0 —y20'(y3)
B(y)=10 1 10(ys)
0 0 1

Our aim is the stability issue for the problem of determining 6 from Ag. As one can see, it is not convenient
to work directly with Ay because it acts on function spaces depending on . To overcome this difficulty, we
will transform our original problem into a problem having a DN map acting on function spaces not depending
on 6.

Set
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and u(z) = v(Ty(zy)(2',23)), = (2/,23) € Q. By straightforward computations we prove that u is the
solution a BVP for an elliptic operator in the divergence form. Namely, we have

{ div(A(2/,6'(z3))Vu) =0 in ©Q,
u(z) = f(x) on 09.

Here, f(z) = g(Th(aq) (2’ 23)), v € 0, and the matrix A is given as follows:

(1.2)

1+ x%tQ —zox1t?  —xot
Al t) = | —xazit? 14232 a1t |, 2 €w, tER.
71‘215 SClt 1

Moreover,

B(y)Vo(y) - v(y) = A@@’,0'(x3)) Vu(z) - v(z).
This identity explain the choice of the boundary operator B for v. It is the one who gives the "right”
Neumann condition for w. N

The last identity says that, at least formally, recovering 6 from Ay is the same as recovering 6 from the following
DN map

Ao : f— AVu-v.

The major part of our work will be concentrated on studying the properties of the DN map Ag. The rest is
devoted to the stability of the determination of 6 from Ag. Surprisingly, our inverse problem corresponds to an
anisotropic conductivity problem in an unbounded domain having exactly the same form to the one already studied
by Alessandrini [A] and Alessandrini and Gaburo [AG1], [AG2] in the case of a bounded domain (see also Gaburo and
Lionheart [GL]). However, the monotonicity assumption on A is no longer valid in our case. Therefore, the problem
in its full generality is still open. In the present work, we establish a Lipschitz stability estimate in the case of affine
twisting functions and for a reduced DN map.

This paper is organized as follows. In section 2, we give the precise definition of the DN map Ay and its regularity
properties. We explain in section 3 why the results by Alessandrini and Gaburo in [AG1] and [AG2] cannot be
adapted to our problem. We also show in this section that if the twisting function is close to a constant, then
our original inverse problem is close, in some sense, to an inverse conductivity problem for which the Alessandrini’s
monotonicity assumption holds. The particular case of affine twisting functions is studied in section 4. Taking the
Fourier transform with respect to the variable x3, we show that the original problem can be converted to a classical
anisotropic conductivity problem on w. We prove a stability estimate for a reduced DN map using that A satisfies a
weaker form of the monotonicity assumption. Section 5 is devoted to the definition of the original DN map Ap and
the relationship between /~\9 and Ay.

2. THE DN maAP
We start with following extension lemma.

Lemma 2.1. (extension lemma) Let g € H*TY2(R; H*(dw)), s = 3/2 or s = 1/2. Then there exists G €
HHY2(R; HY2(w)) such that G(t) = g(t) on 8w and
(2.1) ||G||H5+1/2(R;H5+1/2(w)) < C(w)HgHHS+1/2(]R;HS(6w))7

where C(w) is a constant depending only on w.

Proof. We give the proof for s = 3/2. The proof for s = 1/2 is similar. Let us first assume that g € C§°(R; H*/?(dw)).
Following [LM], for each h € H?(dw), the BVP

AH=0 in w,
(22) { H=nh on Ow

has a unique solution H € H?(w) and there exists a constant C(w), depending only on w, such that
(2.3) 1 H 2wy < CW)Ihll gs/2(aw)-

Let G(t), t € R, be the solution of (2.2) corresponding to h = ¢(t). Using that G(t) — G(s), s, t € R, is the solution
of the BVP (2.2) with h = g(t) — g(s), we obtain from estimate (2.3)

1G(t) — G(S)HHZ(w) < Cw)llg(t) = 9(3)|‘H3/2(aw)-
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Therefore G € C(R; H*(w)) and, again from estimate (2.3),
(2.4) G2 @ m2(w)) < CW)I9ll L2 ;372 (0w))-
Next, Let K(t) be the solution of the BVP (2.2) corresponding to h = ¢'(t). As previously K € C(R; H*(w)). Then,
since L(t,s) = G(t+s) — G(t) — sK(t), t, s € R, is the solution of (2.3) with h = g(t + s) — g(s) — sg’(t), we have
from estimate (2.3)
IG(t) = G(s) = sKt)l| 2y < C@)llg(t + 5) = g(5) = 59" (O)| 3/2 (o) -
Hence, G € C'(R; H*(w)), G' = K and
(2.5) HG/||L2(R;H2(u)) < C(W)||9/||L2(R;H3/2(aw))-
Repeating the above argument to G’ in place of G, we find G € C*(R; H*(w)) and

(2.6) 1G" Nl 2k 2 () < Cg" N p2(mr3/2(00)-
It follows from (2.4), (2.5) and (2.6),

(2.7) Gl 2 2 (wyy < CW)9l 2w 372 (00)) -

Now, let g € H*(R; H*(0w)) and (g») a sequence in C§°(R; H?(0w)) converging to g in H*(R; H?(dw)). By
uniqueness, the extension (constructed as before) corresponding to gn — gm is equal G, — G, where G, (resp. Gp)
is the extension of g, (resp. gm). Therefore, we can apply (2.7). We find

G — Gm”H?(R;H2(w)) < CW)llgn — gmHHz(R;H:"/Z(Bw))‘
Consequently, (G,) is a Cauchy sequence in H?(R; H*(w)). Let G € H?(R; H?*(w)) be the limit of the sequence (G,)
in H*(R; H?(w)). Using the continuity of the trace operator
W e H*(R; H*(w)) = Wiaq € H*(R; H(0w)),

we deduce that G is an extension of g. Since we have estimate (2.7) for gn, for each n, we can pass to the limit as n
goes to infinity. The resulting estimate is exactly (2.1). d

Let s = 3/2 or s = 1/2. Since the trace operator w € H*""/?(w) — wjp, € H*(Ow) is bounded, then so is the
following one

G e H2 R, H 2 (W) = Gloq € HTY2(R; H (w)).
Therefore,
|||9|HH5+1/2(R;Hs(w)) = inf{”G”Hs+1/2(R;HS+1/2(w))5 G = g on 00}

is a norm on HS‘H/Q(R; H?®(w)), equivalent to the original one. In the sequel, we use indifferently one of these two
equivalent norms, each of them is denoted by the same symbol.

We need to make some assumptions insuring the uniform ellipticity of A. Here and henceforth, A is A(z',t) or
A(z’,0(x3)), as it was defined in the previous section. For ¢ € R®, we have

A £)C- ¢ = (T 4 (3 + G5 — 2twalis + 2tw1Gals + 7 (2261 — 71(2)°
=+ G+ (G A+t — 11G))”

Let t < t be given. Since A(x’,t)¢ - ¢ = 0 if and only if ¢ = 0, for any 2’ € w, t € R, a compactness argument shows
that there exist A > 1, depending on w, t and ? such that

(2.8) AHCP < A 6)¢- ¢ < N¢P for all 2’ € w, t € [t,1], ¢ € R®.

In order to define the DN map associated to the boundary value problem (1.2), we need first to solve this later.
To this end, pick f € H'(R; H/?(dw)) and F € H*(Q) such that F = f on 99, where we identified H'(R, H*(w))
by H'(Q). Note that a such F exists by the previous lemma. From the Lax-Milgram lemma, there exists a unique
v € Hg(9) solving the variational problem

(2.9) / AVv - Vw = f/ AVF - Vw, for all w € Hy(Q).
Q Q
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Hence v = v + F' is the unique weak solution of the boundary value problem (1.2). That is, it satisfies the first
equation in (1.2) in the distributional sense and the second equation in the trace sense. Moreover, taking w = v in
(2.9), we obtain with the help of Poincaré’s inequality (which is valid for  because w is bounded)

vlla1@) < CIEN a1 (o)
and then

lullrr @) < ClE | (o)-
But F can be arbitrarily chosen in H'(Q) such that F = f in Q. Consequently,
(2.10) lullzr @) < ClFNl e mir2(aw))-

Let us introduce the following H (div)-type space. Set
H(diva,Q) = {P € L*(Q)*; div(AP) € L*(Q)}.

Next, as usual the dual space of H*(R; H/?(dw)) is denoted by H'(R; H'/?(dw)).
Proposition 2.1. Let P € H(diva,Q). Then AP -v e H *(R; H Y/?(dw)) and
(2.11) AP - vl g1 211720y < C(IPllL2q) + div (AP)|[z2(qy) "
In addition, the following identity holds

(2.12) (AP -v,g) = / Gdiv(AP)dz + / AVG - Pdz,
o o

for any g € HY(R; H?(8w)) and G € H*(Q) such that G = g on 8Q. Here, (-,-) is the duality pairing between
HY(R; HY?(0w)) and its dual H™*(R; H~Y/?(dw)).

Proof. Consider first the case P € C2(Q)%. Fix g € H'(R; H/?(dw)) and let G € H'(Q) be arbitrary chosen such
that G = g on 9€). Since P has a compact support, we can use Green’s formula. We have

(2.13) / Gdiv (AP)dz = — / AVG - Pdz + / gAP - v.
Q Q o0

Hence
‘/ QAP'VdU‘ < C||G||H1(Q)(HPHL2(Q) + [|div (AP)HLZ(Q))-
9

Taking the infimum with respect to those G € H'(Q) satisfying G = g on 99, we deduce (2.11).

Now a slight modification of the proof of Theorem 2.4 in [GR] shows that C5°(Q)? is dense in H(diva, ). Let
then P € H(diva, Q) and (Py) a sequence in C2°(Q)® converging to P in H(diva, ). From (2.11), we obtain that
(AP, - v) is a Cauchy sequence in H~'(R; H '/?(dw)). Therefore (AP - v) has a limit, denoted by AP - v, in
HY(R; H-Y?(0w)).

We complete the proof by noting that (2.12) is an immediate consequence of (2.13). O

For simplicity, v will always denote the solution of (1.2). Applying the previous proposition to P = Vu, we obtain,
in view of (2.10), that

No: f— AVu-v
is well defined as a bounded operator from H'(R; H'/?(dw)) into H*(R; H~/?(dw)) and we have the following

formula
(2.14) (of.g) = [ AVu-VG,
Q

for any g € H'(R; H'/?(0w)) and G € H' () such that G = g on Q.
In (2.14), if we choose G = v, v being the solution of (1.2) when f is replaced by g, then we have

<Aef,g>:/AvU-W:/w-Aw.
Q Q
Therefore,

(2.15) (Aof,g) = (f,Nog), for all f,g € H'(R; H'?(8w)).

!This means that the operator P € C§°(2) — AP - v € C°°(99) can be extended to a bounded operator from H(div 4, ©2)
into H=(R; H~1/2(dw)).
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This means that AZ)‘HI(R_HI/Q(M) = Ag when H'(R; H'/?(dw)) is identified to a subspace of its bidual space.

For i =1,2,let A; = A(z',0i(x3)) and set A; = Ag,. Let u; € Hl(Q)7 i = 1,2 be a weak solution of
div (AZVuZ) =0in Q.

and g = us—; yields

An application of (2.14) with f = ui|69

|oa
<A1U1,u2> = / Ai1Vu - VU/Q7
Q

<A2U2,u1> = / AsVus - Vug.
Q
In view of (2.15), these two identities imply the following one

(2.16) <(A1 —_ Ag)ul,UQ> = / (Al — Ag)vul . VUQ.

Q

Next, let us discuss a regularity property of Ag when it is restricted to H?(R; H*/?(dw)). We will say that
O = w x (—1,1) has H?-regularity property if for any matrix-valued function C' = (C;;(x)) with coefficients in
W (Q1) satisfying an ellipticity condition

C(z)E-€>al¢)?, forallCe C? z e
and f € L*(Q), the BVP
div(CVw) = f in Q,
w =0 on 0Q;.
has a unique solution w € H?(Q;) such that, if

HZ.I%.XHCUHWL“(QQ <M

then
lwll a2,y < Cla, M) fllz2(oy)-

Here C(a, M) is a constant depending only on a, M and w.

Note that if w is convex then € has H2-regularity property (e.g. [Gr]) and €y has H?-regularity property if and
only if Q, = w x (—a,a) has H*regularity property for an arbitrary a > 0.

Henceforth, we frequently identify H?(Q) by H?(R; H?(w)).
Theorem 2.1. Assume that 6 € CY'(R) and Qi has H?-regularity property. Then for any f € H*(R; H3/2(8w)),
the BVP (1.2) has a unique solution uw € H*(Q). Moreover if ||0]|c1.1wy < M, for some M > 0, then
(2.17) ||U||H2(Q) < CHf||H2(R;H2/3(8w))'

Here, C' is a constant depending only on M and w.

Proof. Fix M > 0. Let 6 € C"'(R), [|0llc1azy < M and f € H*(R; H?/?(dw)). From Lemma 2.1, we know that
there exists F' € H*(R; H*%(w)) such that F = f on dQ and

(2.18) 1F 12 0) < CI 2 @smrsr2ouy) -
Set
¥ = div (AVF),
We already know that there exists uo € H{(2) such that
(2.19) / AVuo - Vv = / o, for all v € H)(Q).
Q Q
and
(2.20) luo |l 1 (o) < Co(wW) 1] L2(q)-

For each integer n > 1, let &, € C°]—(n+1),n+1[ such that &, = 1 in a neighborhood of [-n, n] and |¢’|, |£”]| < d,
where d is an universal constant. If v € H}(Q), we have

AV (&nu) - Vo = AVug - V(Eqv) — AVugo - VEpv + AVE, - Voug.
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Hence,
/ AV (&nu) - Vo = / AVug - V(Epv) — / AVug - VEuu +/ AVE, - Voug.
Q Q Q Q
We integrate by parts the last term in the right hand side of the above identity. We obtain

/ AV, - Voug = —/ AV, - Vuov — / div (AVEn ) uov.
Q Q Q

Therefore,

/QAV(fnu) - Vo = /QAVU() -V (&nv) — /Q AVug - VE,v — /Q AVEy - Vuov — /Qdiv (AVER)ugv.

In combination with (2.19) and using that A is symmetric, this last identity implies

/QAV({nu) Vo = /Q e v — Q/QAV«ﬁn -Vupv — /Qdiv (AVE, ) uov.

In particular, &,uo € Hg(Qn+1) is the solution of the following variational problem

(2.21) / AV (Enuo) - Vo = / o, for all v € Hy(Qnt1),
Qg1 Qpt1

where Q, = w X (—n,n) and )
U = WUE, — 2AVE, - Vug — div (AVER )uo.
We are now going to make a change of variables in (2.21). To this end, we need to introduce some notations
Jn = diag(1,1,1/n),
A=1/(n+ 1) Jnr1 A, (n + 1)yz) Jnt1, ys € (=1,1)
E(ys) = &nl((n+ Dys), ys € (=1,1),
a(z’,ys) = uo(a’, (n +1)ys), ys € (—1,1),
wn(z',y3) = &n((n + Dys)uo(z’, (n + 1)ys), ys € (=1,1),
div (P(a',y3)) = Or, Pr(2",y3) + Ony Pa(a’, ys) +1/(n + 1)y, Ps(a”, ys),
V(z',ys) =1/(n+1) [‘1’(1"7 (n+ Dys) = 2Jnt1 A2, (0 + 1)ys) Jnt1VE(ys) - V(' ys)—

m (Jn+1A(ml7 (n + l)yS)VE(yS))E(mlv y3)] .

Making the change of variables (z’,z3) € Qni1 — (2',y3) = (2/,1/(n + 1)z3) € Q1 in (2.21), we obtain that
wn, € Ha (£21) is the solution of the variational problem

I

/ AVuw, - Vv :/ Yo, for all v € Hy ().
Q1 Q1

As Q is assumed to have H?-regularity property, we obtain by straightforward computations
lwnllr2(0,) < C(M,w)[¥] L2 (0,)-

On the other hand, we prove
1T 20,y < (n+ )70, |20

Therefore,

(2.22) lwnll20,) < (n+1)720(M, )| ¥] 2(0)-
Returning to £, uo, we easily obtain from (2.20) and (2.22) that

(2.23) 1€nuoll 2 () < C(M,w)[[¥]] L2 (q)-

Hence, substracting a subsequence if necessary, we assume that &,u converges weakly, in H2(€), to & € H?*(Q2). Or
Enup converges to ug in L? (92). Consequently, up € H? (©2) and &ruo converges weakly, in H? (Q), to uo. As the norm
| - lzr2() is lower semi-continuous, we have from (2.23)

luoll g2y < limninf l€nuoll g2 o) < C(M,w) (1] L2 (q)-
But, [|¥][r2(q) < C(M,w)||Fll2) and ||Fllg2) < C(W)IIfll 2 @;03/2(ow)- Therefore
luoll a2y < C(M, )| fll g2 (rs 11372 (00 -
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Consequently, u = uo + F € H?*(Q) is the unique solution of (1.2) and
ullz@) < CM, W) fll g2 13/2(50)) -
The proof is then complete. O

Let us recall that the trace operator 7 : w € H?*(w) — d,w € HY?(dw) is bounded. Proceeding in a similar
manner as in Lemma 2.1 and using that C2°(R; H?(w)) is dense in H?(£2), we prove that the trace operator

Frwe HX(Q) = d,w € H*(R; H?(0w))

is bounded and ||7|| < |7l
To 6 satisfying assumptions of Theorem 2.1, we associate the corresponding DN map Ay defined as follows :

Ao : f e H*(R; H?(0w)) — d,u € H*(R; H?(8w)).
Then Ay is bounded and estimate (2.17) imply [|Ag|| < C(M,w).

3. THE DETERMINATION OF THE TWISTING FUNCTION FROM THE DN MAP: AN OPEN PROBLEM
Let v be a nonempty open subset of dw. Fix L > 0 and introduce the following notations : QF = w x (—L, L),
F=vyx (_L7 L)7
H{(R; H'Y?(0w)) = {f € H'(R; H"?(9w)); suppf C T'}.
and
W(R) = {0 € W2 (R); 0 € WH™(R)}.2
For i =1,2, let A; = A(x',0i(x3)), with 8; € W(R), and set A; = Ag,. From (2.15), we know that
(3.1) (A1 — A2)ur,uz) = /(Al — A2)Vui - Vug
Q
for any u; € H! (), where u; is a weak solution of
div (AZVuZ) =0in Q.
Let us assume that 6, = 03 if |x3] > L. Then (3.1) becomes
(3.2) (A1 — A2)ur,u2) = / (A1 — A2)Vur - Vue.
Qr,
For 0 < p < po, po is some constant depending only on w (see [AG2] for details), let
', ={z €T; dist(z,T) > p},
U, = {z € R?; dist(z,T,) < p/4}.
As it is said in [AG2], one can construct a Lipschitz domain 2, satisfying
QcQb, aFnolccr,
dist(x,@Q,I;) > p/2 for all z € U,,.
We shall consider 7, an unitary C* vector field, defined near 92, which is non tangential to dw (a such vector field
was constructed in [AGI]).

Let 2° € T, and set z; = 2° + 70. From Theorem 3.3 in [AG2], for i = 1,2, G; € H'(Q}) the solution of the
following boundary value problem

div(A;VGs) = —6(z — 2-)  in QF,
Gi=0 on 89,’;7

has the form
(3.3) Gi(z) = O(det (Ai(2:)) " (A(zr) M@ — 20) - (x — 21))
where C' is a constant and the reminder R; satisfies

|Ri(2)| + |z — 27| [VRi| < Cla — 2|

e + Rl(x)7

for every x € Qﬁ, | — z7| < ro, for some ro. Here C' is a constant and 0 < a < 1.

2We can also take W(R) = {# € D'(R); 8 € WH>(R)}.
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Since Gijwx{+r} = 0, the zero extension in 2, denoted by G, belongs to H'(Q) and satisfies in the weak sense
div (4;VG;) =0 in Q.
It follows from (3.2)
(A1 — A2)G1,Go) = / (A — A2)VG) - VGada.

Qr,

Since é'|aﬂ € HE(R; HY?(w)),

[ (4= 42V - Gads < AT = ASIC s s 20 |Gl a2 0
Qr
Here, for i = 1,2, Al is the restriction of A; to the closed subspace Hp(R; H1/2(8w)). Therefore
(3.9 [ (41 = 42)VGy - VGada < CIAT = ALNIGalns o |Gl o

L

Fix T € Ow and let 2§ € [—L, L] such that |0 (23) — 05(28)| = |01 — 05| Lo (—1,1). Without loss of generality, we
assume that |07 (z3) — 05 (x3)| = 07 (x3) — 05(x3). In view of (3.3), it is shown in [AG2] that the main term of the left
hand side of inequality (3.4) is the following one

/ [AN@ o) — A7 @, 50)] (& — 2r) - (z — zr)
ser e [Po( — ) (@ — e[ [Qo(z — 2r) - (& — 2|
Here to = 07 (23), s = 05(x3), Po = A7 (Z,, o) and Qo = A™(Z., 50).

The main ingredient of the approach in [AG2] is an ellipticity condition for 8;A(z’,¢). This condition allows the
authors in [AG2] to establish an estimate of the the form
[ (A (@ o) — A&, 50)] (& — 21) - (2 — )

s 0 [Po(z — ) (@ — o) [Qo(z — 2r) - (& — )

This last estimate leads immediately to the desired estimate. Unfortunately, the ellipticity condition of 8;A(x’,t) is
no longer valid in our case. Worst, 9;A(z’,t) has a negative eigenvalue. Precisely, the eigenvalues of 9, A(x’,t) are
the following

dx,

(3.5) x> C1" % (to — 50).

A =0
A2 = |x'|2t — V2|22 + |22,
| t 4+ |x’|4t2+|x/|2
In other words, even the weak monotonicity assumption is not satisfied. In conclusion, the approach in [AG2]
cannot be adapted to our problem. Therefore, the determination of the twisting function from the corresponding DN
map is still an open problem in the general case. In the next section, we consider the particular case of an affine

twisting function. But for the moment, let us show that when the twisting function is close to a constant, the original
inverse problem is close, in some sense, to an inverse problem for which we prove a stability estimate. Let

1+ x% —XoT1 —To2
A2 t) =t | —woz1 1427 a1 |, 2’ €w, tER.
—T2 X1 1

Denote by Aj the DN map when A(z’,0(x3)) is changed to A*(z',0(x3)). Then, similarly to (2.16), we prove

(3.6) {((Ag — Ay)u,u") = /(A(l'l, 0(x3)) — A* (2", 0(x3))Vu - Vu*,

Q

for any u and u* € H'(Q) satisfying respectively, in the weak sense,
div (A(2",0(23))Vu) = 0, in Q
div (A% (2", 0(z3))Vu*) =0, in Q
Assume that [0’ — 1]|c < 13, With the help of identity (3.6), a straightforward computation gives

||A0 - A;||£(H*1(R,H*l/Z(Bw)),Hl(R,Hl/z(aw))) < 0”0/ - 1”007

3Note that 1 can be replaced by any constant.
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where C' = C(w) is a constant.

Therefore, if 6" is sufficiently close to 1, we may replace our original inverse problem by the one consisting in the
determination of 0" from Aj.

Now since 9;A*(x',t) = A*(x,1) = A(z, 1), the ellipticity condition required in [AG2] is satisfied. Proceeding as
before, we are able to prove the following theorem, where (A})" is defined similarly to Af.

Theorem 3.1. Let 61, 02 € W(R) be such that 01 = 05, for |zs| > L, and

01 llw.co s [102]lwroe )y < M,
where M is a given constant. Then, we find a constant C = C(M,w, L) such that

* [ * A\
||9/1 - ‘%HL”(R) < CH(AGI) - (A92) HL(H*l(R,H*l/z(aw)),Hl(R,Hl/z(c’?w)))‘

4. THE CASE OF AFFINE TWISTING FUNCTIONS

In this section we discuss the particular case of affine twisting functions. In the sequel, if w is a function of variables
(z',x3), @ will denote its Fourier transform with respect to the variable z3. @ will be a function of variables (z, €).

Lemma 4.1. Let w € H'(Q). Then 8/35]\111 =0.,;u, j=1,2.

Proof. Let ¢ € C§°(w) and ¢ € S(R). From Fubini’s theorem, we have

/np(x')dm'/Razjw(x',xg)QZ(xg)dxg:/RQZ(xg,)dxg,/8zjw(x',x3)<p(x')dx'.

But,
/ 0w, w(a’, x3)p(a’)da’ = 7/ w(z', 23)0x; o(')da’ ae. x3 € R.
Hence, . .
/ "da' /8 w(z,x3)(xs)das = /@(mg)dmg/w(m',mg)axjw(m')dm'.
Therefore, ) ’

/w "da' /8 w(z, w3)(xs)das = /8% / (2, 23) P (z3)dzs.

As the Fourier transform is a self-adjoint operator, we have

/]R w(a’, xg)i(xg)dxg:/R@(x’,gw(g)dg ae 1 €w

and then
Ndz' | 8. /7 )d O 0 w(x', d
/wgo(x) T /R sw( xg) x3)drs = / ;P /w(m &Y(€)de

/ p(a’)da’ / B, A(e, E)(€)de.

/8x]w z', x3) (acg Ydxs = /8x]w L)Y (E)dE ae. e w.

From this, we deduce

Then, we easily conclude that 8 W = Oz Jw O
Lemma 4.2. Let C = (Cji(x')) € WHo(w)**3, with (Ci;(2')) symmetric for any 2’ € w, and w € H'(Q) satisfying
(4.1) / CVw-Vo=0 forallv e Hy(S).

Q

Then
div (C(2' )V @) + P(x',€) - Vo @ + q(a’, €)@ = 0 in D' (),



10 MOURAD CHOULLI AND ERIC SOCCORSI

where,

C(a') = (Cij(z"))1<ij<2

P(a/,€) = —i2 (g;;

e Cs1
Q(m7§) - _ng“)ac’ <CB2

If in addition w € H?(QQ), then

(4.2) div (C(&")V o @(a', €)) + P(a',€) - V(2

&) +q(@

=)

Ei%) — E20s55(2).

(', €) =0 ae (z',€) € Q.

Proof. Take v=¢ ® ¥ in (4. 1)7 where ¢ € C§°(w) and ¥ € S(R), we obtain

(4.3)

/ Cri(z

kl=1,2,3
If k # 3 and | # 3, we have

/ Ckl(ml)axlu(x/7 xS)aﬂ% (‘P ® {[)\) (x/7 xS)dx/de =
Q

Applying Lemma 4.1, we obtain
(4.4) / Cra(z") 0w (2, 23) 00, (0 @ V) (', z3)de' dws =

For [ # 3,

[ e sl 2000, (0 D) w2l s = [ Costa )t
Q w
/031

As before, we easily deduce
(4.5)
For k #3

u(x 7m3)ax,(¢ ® 15)(3:'7 x3)dx'drs = 0.

/C’kl(m')amw(m')dm'/Gwlw(m',mg)lzdx&
R

w

[ Cula0 0,901,  w)(o', )

"dz' /R Oy w (2, 23) (z3)dws.

—

(x')dz' /R (%lw(x', x3) (=&)Y (x3)drs.

/ Cist(a) Dy (e, 25)0; (10 ® D) (& )l decs = / Cit(a) (—i€) 0 D', €)(p @ ) (', €)da’de.
Q Q

/Ckg(x')az3w(x',x3)3zk(<p®@)(x',xg)dx'dxg, :/Ckg(x')azkga(x')dx'/813w(x',x3){l)\(x3)dx3.
Q w R

Or,
/Bz3w x ,23) x3)dx3

Hence,
/Ck3 )axdw(x xg)axk(cpt@z/))(x x3) dac dxs =

Therefore, similarly to (4.5), we prove

/ Cra(2") 0y w(z’, 23) 00, (p @ D)@', w3)da’ das =
Q

An integration by parts leads

/ Chra(x)0zgw (2, 23)0z,, (¢ ® {b\) (2, x3)da’das =
Q

(4.6)
Finally, we prove in a straightforward manner

(4.7)

/ C33(2")Opsw(z’, 23) Oy (p @ 12) (2, x3)da'das =
Q

/R w(z’, xg)QZ(xg,)dxg.

/ Cra(x

/Q Cis(2")(1€)W(z, £)0n,, (¢ @ ) (2, §)da’dE.

/ Ch(a!) (—i€) D, Bz
Q

)0, p(x )dw//w(mlw?))@/(%)d%
R

L@ P)(a, €)dx'dg

+ / Doy Cra(a’) (—i)(a, €) (0 ® ) (e, €)da'de.

[ el -ier )¢ @ v’ €)da'de

Now a combination of (4.3) -(4.7) yields, where (-, -) is the duality pairing between C§°(Q2) and D’(Q2),

(div (C(2') V@) 4+ P(x

,75) vz/@+Q(

', )0, ®), P € 5 (w)®Cy°(R).
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Therefore, since C5°(w) ® C5°(R) is dense in C§°(£2),
div (C(z') V@) + P(z',€) - V@ 4 q(z', €)@ = 0 in D'(Q)
and the proof is complete. O

Let us now assume that the twisting function 6 is an affine function: 6(x3) = axs + b, where a and b are two
constants. We shall use the following new notation A.(z") = A(z’,0(x3)) (note that A doesn’t depend on b). Fix
g € H'(R) N L*(R) satisfying [}, g(x3)dzs = 1. Then 4 € L*(R; H'(w)) satisfies

(48) divy (Ao (z') Vo ti(2',€)) — 2iala’™ - Vi —2a=0 in D'(Q).
' u(, &) =9&)f on Jw, for all £ € R.

Here, '+ = (—z2,21) and

= (L1 oy,

—zox1a® 1+ m%aQ
We define on the Hilbert space H = Hj(w) x H{(w) the following bilinear form
Ae[(v,w), (¢, 9)] = / A,Vv - Vpdz' — 2a§/ ' Vweds' + € / vodz
+ / A Vw - Vipdz' + 2a§/ 't Vopdas' + & / wipdzx’,
(v, w), (¢, ¥) € H.

Since, .
Ag(z')¢- ¢ > |¢)?, for all ¢ € R? and 2’ € w
and
2alel [ o -Gl <% [ [l 46 [ e
we have
Ae[(v,w), (v,w)] > (1 - a2(52)||(1), w)H’QH
Here,

1/2
[l (v, w)ll2e = (||VU||2L?(w) + ||VwHiZ(w)) .

Let ap > 0 be fixed. Under the assumption 1 — a3é? > 0, the bilinear form A is elliptic for any |a| < ao and & € R.
Precisely, we have

(4.9) Ae[(v,w), (v,w)] > al|(v,w)||3 for all |a| < ao, £ € R,
for some constant o = a(w, ao).
Let ® € C(R;H'). From Lax-Milgram’s lemma, there exists a unique (v(£),w(§)) € H satisfying

(4.10) Ae[(v,w), (@, 9)] = (2(£), (0, ) for all (p,9) € H.
Let £, € R with n < 1. We have
(4.11) Acin&l(0(§ +n) — v(&), w(€ +n) —w(§)), (¢, ¥)]

= {Ae[(v(€), w(€)), (0, )] = Aesn[(v(&), w(§)), (0, )]}
(@(E+m) — 2(E), (¢, 1)) for all (p,7) € H.

Using Poincaré’s inequality, we obtain easily

(4.12) Ae[(v(€), w(§)), (v(€ +n) — v(&), w(€ +n) — w(E))]
— Aen[(v(§), w(§)), (W(€ +n) — v(&), w(€ +n) —w(E))]
< Clll[(0(€), w(ENlIall(v(€), w(€)), (v(§ +m) = v(€), w(€ +n) — w(&))3,
for some C' = C(&,w, ao).
A combination of (4.9), (4.11) with (¢,v) = (v(§ + 1) —v(§),w(§ +n) —w(§)) and (4.12) leads

all(v(§ +n) = v(&), w(€+n) —w(&))lr < Clnll[(v(€), w(E))lln + 12(€ +n) — P(E) |-
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From this, we deduce immediately that (v, w) € C(R;H). Moreover, the following estimate holds

(4.13) [(v(€), w3 < (/)[R |3, & €R.

In a classical way, one can prove that if ® € C'(R;H’) then (v'(€),w’(£)) exists in C(R,H) and its is the solution
of the following variational problem

AL (€),w'(€)), (0, )] = (Do (€), (0, 9)) + (P (€), (0, 9)) for all (p,9) € H,

where,

(©0(6). (0.0)) =20 [ a™ - Vu(©pds' ~2¢ [ o(@)pds’ ~2a [

w w w

&'t Vo(€)pdr — 2 / w(€)yd’.
In view of (4.13), we easily obtain

10, w @)l < CUOIE s + 2 ©ll), €€ R
Here C' = C(ao,w) and (€) = (14 [¢]*)"/2.
In a similar manner, ® € C?(R; ') implies (v,w) € C*(R,H) and
0 (€), " (€l < CE IR s + (12 (€ + 197 ©)lle), € € E.

This estimate, together with a density argument yield

Proposition 4.1. Let ® € H*(R,H') such that (£)>®, (£)® € L*(R,H'). Then the variational problem (4.10) has
a unique solution in (v,w) € H*(R;H) and there exist a constant C' = C(w, ao) such that

2
(4.14) Il (vy W)l 2 ri20) < C( Z (€)™ ||L2(R;H’))-
=0

The above assumptions on ® are satisfied whenever ® = U, where ¥ € H2(R;H') satisfies x3¥ € H'(R;H') and
230 € L*(R;H'). In this case (4.14) becomes

2
(4.15) (v, W) || 2 20y < C( > Hmé\IIHHQ*i(R;’H’))'

j=0

Let us come back to (4.8). Let F € H'(Q) such that F = f on dw and |[F| g1y < C@)|fllgr/2¢,. Let

U=1u"+iu =0 —g(€)F. Then straightforward computations shows that (u",%') is the solution of the variational
problem (4.10) when

(@(8), (p,9)) = _-Aé[(/g\TFv /g\ZF)v (o, )]
Here §" and §' are respectively the real part and the imaginary part of §.

Elementary calculations show, where C' = C(ao,w) is a constant,

12(€) 132 < CEOIGENNS I11172 000

19 (&)l < C(&*1F () + EFEON NS 172000

12" (€)lle < CUE*F" ) +(ENF () + [FEON NNl 272 00
As an immediate consequence of Proposition 4.1, we have

Corollary 4.1. Assume that g € H*(R) is such that xsg € H*(R), 239 € H*(R) and [, g(z3)dzs = 1. Then
U € H*(R;H'(w)). In particular, uw € L'(R;H'(w)) and U = 4(-,0) = [, u(-,xs)dzs € H'(w) is the variational
solution of the following boundary value problem

div(ﬁaVU) =0 nw
U=f on Ow.

From the estimates above, one can derive the followings ones.
ldiver (A Vo, )22 < CEGENS /200
1ediver (A - Verii(,€)llz2y < CE°T 1+ @ GO 172 o
02diver (A Var@i(-, )l 2wy < CUE°1GE)] + (€)°1F' )+ ("D Fllrr1/2 (o0

In view of these estimates, we can state the following proposition.
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Proposition 4.2. Let g € H°(R) be given such that xsg € H*(R), 239 € H*(R) and [, g(xs)des = 1. We have
Ay -Vt-v(z') € H*(R; HV?(8w) implying AuVu - v(z) € L'(R; HV/?(0w)), and then

AU -v(z') = AVa(-,0) - v(z') = /RAaVu(',:m) v(z) e H'2(8w).

Consider the following DN maps:
Ao : f € HY?(0w) = AVu(-,x3) - v(z) € L'(R; H™ /2 (0w))
Ao f € H/?(0w) = AU - v(a') € H *(0w).

From Proposition 4.2, these operators are bounded and

(4.16) 1A — A2||£(H1/2(6w),H*1/2(8w)) <A = A2||£(H1/2(aw)7L1(R;H—1/2(aw)))7

where, Aj = A,; and /~\]~ = /~\aj, j=12.

By a straightforward computation, we see that the eigenvalues of aag(m',a) are Ao = 0 and \; = |2/|*. An
adaptation of the proof of the claim in page 169 of [AG1] yields

Theorem 4.1. Let ag > 0 be given and assume that g is as in Proposition 4.2. Under the assumption 1 — a2 > 0,
there exists a constant C' > 0 such that for any

la1], |az| < ao,

|a’1 - a’2| S CHAl - A2||£(H1/2(8w),L1(R;Hﬁl/Z(aw))).

5. THE DN MAP FOR THE ORIGINAL PROBLEM

First of all, we start by defining the trace space for functions from H' (). If L > 0, we set
Qg = {(Rg(x3)$/,$3); ' = (v1,72) €Ew, x3 € (=L, L)}

and
T§ = {(Ro(eq)@', 3); ' = (x1,72) € dw, x5 € [~L, L]}
Let u € H'(Qp). Since u € H(QF), UjpoL € HY?(00k) and therefore Upr € HY*(TE). Here HY*(T'k) is defined

as follows
H'Y2@H) ={h= 9rz (in the L? sense); g € HY?(80F)}.
This space is equipped with its natural (quotient) norm
||h||H1/2(1"£’) = inf{”Q”Hlﬂ(anﬁ gri = h}.
Set
H}?(090) = {h € L},.(09); hyrz € HY2(D§) for any L > 0}
and consider the following subspace of H llo/ 02 (090):
H'Y?(09) = {h € Hllo/f(f)Qg); there exists v € H' () such that Vioa, = h}.

Here and henceforth v|5q, = h means UL = h\rg in the trace sense for any L > 0.

One can check that H'/2 (0€Q9) is a Banach space for the quotient norm

HhHﬁlﬂ(aQQ) = inf{”'UHHl(Q@)? Vjan, = h}.
In what follows, for simplicity, we use the following notations
wo(x) = Tg(xs)($/7$3) and g = <p0_1A
Introduce the mapping
Iy : C5(890) — C5(8Q)
g—f=gops.
Pick g € C5(9%0), let v € C5(R?) such that vjgq, = g and u = vjg, © ps. Then
HIQQHHI(R;Hl/Z(&u)) < C(“)HUHHI(Q) < C(Wv‘g)HUHHl(QQy
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Therefore
(5.1) 109101 a1 /20y < CrOllgl 7172000, Tor any g € CB (D).

Let g € HY/?(90) and v € H' () such that vjan, = 9. Pick a sequence (v,) € C§(R?) such that v, g, — v in
Hl(Qg). If gn = vnjaq,, then

llg — gn”f;l/Z(aQG) < v = valla1(ay)-

Hence, g, converges to g in fll/Q(BQg).

Let us set fr, = lpgn = gn © w9 and u, = vy, 0 @y. Since f,, = Un|oQ, We have

I frn = ol mom1/2(0wy) < CW)llun — umllai@) < C(Q,0)[[vn — vm || m1(ay)-

Consequently, (f,) is a Cauchy sequence in H*(R; H'/?(8w)) and then f = lim,, f, exists in H*(R; H/?(dw)). We
set f = Ipg. In view of (5.1), we deduce that Ip can be extended to a bounded operator, still denoted by Iy, from
FF/?(an) into H'(R; H1/2(8w)).

Similarly, the mapping

Jo : C5(8Q) — C (02%)
f—9= 1[0

can be extended to a bounded operator, still denoted by Jy from H*(R; H/?(dw)) into H'/2().

Clearly IpJof = f for any f € C3(09) and Joleg = g for any g € C$(9Q0). Thus, Jp = I;l by density.

In the sequel H~'/2(8€) will denote the dual of H'/2(9y). As we have done for (1.2), we prove, with the help of
the Lax-Milgram’s lemma, that the boundary value problem (1.1) has a unique solution v € H'(Qy) if g € H'/?(852)

and the operator Ay is well defined as bounded operator from EI/Q(GQg) into ﬁ_l/Q(aﬁg). As Ay, Ap is characterized
by the formula
(Aog,h) = | Vuv-VHdy
Qg
for any h € H'/?(9Qp) and H € H'(Qy) such that H s, = h. Making the change of variable y = g (z) in the last
integral, we obtain

(Aog,h) = / AVu - V(H o @g)dx
where u is the solution of the boundary value pI‘ObleH? (1.2) with f = Igg. That is , we have
(Aog,hy = (MoIpg, Ioh).
Then 7\9 = Iy Aoy or equivalently Ayg = J; /~\ng.
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