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RECOVERING THE TWISTING FUNCTION IN A TWISTED WAVEGUIDE
FROM THE DN MAP

MOURAD CHOULLI{ AND ERIC SOCCORSI}

ABSTRACT. We consider the inverse problem of determining the twisting function in a infinite cylindrical
twisted waveguide from the corresponding DN map. This problem, which is naturally linked to some inverse
anisotropic conductivity problem in a straight waveguide, remains generally open, unless 1) the twisting
function is assumed to be affine, or, 2) its first derivative is sufficiently close to some a priori fixed constant.
In both cases, we prove Lipschitz stability in the determination of the twisting function from a suitable DN
map.
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1. INTRODUCTION

Let w be a bounded domain of R2. To Q@ = w x R and § € C*(R) we associate the infinite twisted

cylindrical domain
Qo = {(Rouy)2’, x3); @' = (w1, 72) € w, x3 € R},

where Re denotes the rotation in R? of angle ¢ € R. Twisted waveguides modeled by g exhibit interesting
propagation properties such as the occurence of propagating waveguide modes with phase velocities slower
than those of similar modes in a straight waveguide. This explains why twisted waveguides are at the center
of the attention of many theoretical and applied physicists (see e.g. [Ka, DR, KF, NZG, Sh, Wi, YM]).
Moreover, it turns out that they are the source of challenging spectral and PDE problems, some of them
having been extensively studied in the mathematical literature (see e.g. [BK, EKK, KK, KS, KZ1, KZ2]).

Nevertheless, the inverse problem of identifying the twisting function from the Dirichlet-to-Neumann (DN
in short) map, has, to our knowledge, not been examined in this framework yet. The study of this open
problem is actually the main purpose of the present article. Namely, we consider in this paper the following
boundary value problem for the Laplacian in the twisted waveguide g,

Av(y) =0, y€ QG;
(L) { v(y) = g(y), y € 9,

and we address the problem of recovering the twisting function 6 (actually its first derivative) from the DN
map

(1.2) Ag:g— B(y)Vo(y) - v(y),
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where

More specifically, our aim is the stability issue for the problem of determining 6 from /~\9.

The DN map /~\9 acts on functional spaces depending on #. Therefore it is not well suited to the analysis
of this inverse problem. This difficulty may be overcome by turning (1.1)-(1.2) into an equivalent system
associated to some #-independent DN map. To this purpose we introduce

Re 0
Tﬁ:(of 1)

and put u(x) = v(Thz,) (2, 23)), © = (2',23) € Q. By performing the change of variable y = Tp(,,) (2, x3)
in (1.1), we find by direct calculation that u is the solution to the following boundary value problem with
an elliptic operator in the divergence form

div(A(2’,0'(x3))Vu) =0, z € Q,
(1.3) { u(x() = f(x), ?ve 6()2,

where, f(z) = g(Ty(zy)(2',23)), v € 0Q, and the matrix A is given by

1+ x%tQ —zoxqt? —xot
Al t) = | —wazit? 14232 a1t |, 2 €w, teR.
71‘215 SClt 1
Moreover, it holds true that
(1.4) B(y)Vo(y) - v(y) = A(a’,0"(x3))Vu(z) - v(x), y = Toay (@, 23), © = (2',23) € Q.

This identity justifies the choice of the boundary operator B appearing in (1.2), which provides the appropri-
ate Neumann condition, given by the right hand side of (1.4), on u. Formally, (1.4) indicates that recovering

0 from Ay is the same as determining @ from the following DN map
Ao : f— AVu-v.

The major part of our work will therefore be devoted to studying Ag in view of establishing stability in the
identification of 6 from Ag. In light of (1.3)-(1.4) we notice that this is the same kind of inverse anisotropic
conductivity problem, but stated here in an unbounded domain, as the one studied in a bounded domain
by Alessandrini [A] and Alessandrini and Gaburro [AG1], [AG2] (see also Gaburro and Lionheart [GL]).
However, it turns out that the usual monotonicity assumption on the conductivity, which is essential to the
identification of A from the DN map in this approach, is not fulfilled by the matrix A under consideration.
This is the main reason why the inverse problem associated to (1.3) remains open for general twisting
functions 6 € C*(R). Nevertheless, in this paper we are able to prove Lipschitz stability in the determination
of # from the DN map when 0 is either an affine function or sufficiently close to an arbitrarily fixed constant.

The paper is organized as follows. Section 2 contains the definition and the main properties of Ay, needed
in the proofs of the coming sections. The first part of section 3 explains why the approach developped
by Alessandrini and Gaburro in [AG1] and [AG2] does not apply to the problem under consideration.
Nevertheless, we prove in the second part of section 3 that twisting functions close enough to some arbitrarily
fixed constant may actually be identified by solving an inverse conductivity problem which satisfies the above
mentioned monotonicity condition. Further, the particular case of affine twisting functions is examined in
section 4. This is by means of the Fourier transform with respect to the variable 3, in order to bring the
original problem into some anisotropic conductivity problem stated in w. The corresponding conductivity
matrix satisfies a weak monotonicity condition, allowing to claim stability in the determination of the twisting
function from some suitable DN map. Finally, the original DN map Ay is rigorously defined and linked to
Ay in section 5.
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2. THE DN MAP

Extension lemma. As we are dealing with an infinitely extended domain €2, we start by proving the
following useful extension lemma.

Lemma 2.1. Let g € Ht/2(R; H3(0w)) for s = 3/2 ors = 1/2. Then there exists G € H*Y/?(R; H*+/?(w))
such that G(t) = g(t) on Ow and

(2.1) Gl get172m; 4172 (w)) < C@NGN me+172 (R 12 (80))
where C(w) is a constant depending only on w.

Proof. We detail the proof for s = 3/2, the case of s = 1/2 being treated in a similar way. Let us first assume
that g € Cg°(R; H3/?(dw)). For each h € H/?(dw), the boundary value problem

{AH:O in w,

(2.2) H=h on Jw,

admits a unique solution H € H?(w), according to [LM]. Moreover there exists a constant C'(w), depending
only on w, such that the following estimate holds true:

(2:3) [H [ 112wy < C@)IAllm2/2(00) -

Let G(t), t € R, be the solution of (2.2) corresponding to h = g(t). Since G(t) — G(s), s, t € R, is the
solution to the boundary value problem (2.2) with h = g(t) — g(s), we deduce from (2.3) that

1G(t) = G(s)l 2wy < CW)llg(t) = 9(s)ll ar2 o)
Therefore G € C(R; H?(w)), and we have
(2.4) Gl L2®;m2 (w) < CWGll2®;m3/2(00))

from (2.3). Let us next consider the solution K(t) to the boundary value problem (2.2) associated to
h = ¢'(t). Similarly we have K € C(R; H?(w)), and (2.3) yields

IG(t +5) = G(t) = sSK() || 2wy < CW)llg(t + 5) — g(t) — 59" ()]l 122 (00),
since G(t + s) — G(t) — sK(t), t, s € R, is the solution of (2.2) associated to h = g(t + s) — g(t) — s¢'(¢).
From this then follows that G € C*(R; H?(w)), G' = K, and
(2.5) 1G22 () < CG L2 (s 02 00 -
By substituting G’ for G in the above reasoning, we get that G € C?(R; H?(w)), and
(2.6) IG" | L2tz )y < C@)IG" L2 mor2 (o))
Putting (2.4)-(2.6) together, we thus find out that
(2.7) Gl r2(r; 12 (w0)) < C()N G 12 (s 372 (800)) -

Further, g € H?(R; H3/?(0w)) being fixed, we consider a sequence (g, ), in C§°(R; H3/?(0w)) converging
to g in H*(R; H*/?(dw)). By uniqueness, G, — G,,, where G, (resp. G,,) denotes the corresponding
extension of g,, (resp. gm,), extends g, — gm to H*(R; H?(w)). Therefore, (2.7) yields

HGn - GmHHQ(R;HQ(w)) < C(W)Hgn - 9m||H2(R;H3/2(8w))a

so (Gy)n is a Cauchy sequence in H?(R; H?(w)). We call G its limit. From the continuity of the trace
operator

W e H3(R; H*(w)) — Wjpn € H*(R; H*/?(0w)),
we see that G extends g. Thus we end up getting (2.1) by applying (2.7) for g,, n € N, and sending n to
infinity. O
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Fix s = 3/2 or s = 1/2. Since the trace operator w € H*"1/2(w) = w)y,, € H*(0w) is bounded, then the
same is true for
G € HPV2(R; H P2(w)) — Glaq € HTV2(R; HY (0w)).
Hence,
Mgl 4172 (Rs 112 (9w)) = IE{N Gl s t172 R 4172 (w))s G = g on 9},
is a norm on H*t1/2(R; H*(0w)), which is equivalent to the usual one. In the sequel, we shall use either one
of these two equivalent norms, each of them being denoted by the same above mentioned symbol.

Solution to the boundary value problem (1.3). Let us first make the following remark on the uniform
ellipticity of A, where A denotes either A(a’,t) or A(z’,6(x3)), as defined in the previous section. For all
(€R3, 2/ € wandt€R, we have

A - =G+ G+ G — 2taa(iGs + 2tw1(ls + 2 (22 — 21(2)?
=G+ G+ (Gt —210))?, @ = (v1,72) €w, t R,

by a straightforward computation. For every 2’ € w and ¢ € R, this entails that A(z’,¢)¢ - ( = 0 if and only
if ¢ = 0. Therefore, since @ X [£, 7] is compact for all real numbers ¢ < ¢, there exists A > 1, depending on w,
t and ¢, such that we have

(2.8) AHCPE <A )¢ - ¢ < A¢P foralla’ € w, t € [t,1], ¢ € R,

In order to define the DN map associated to the boundary value problem (1.3), we first need to solve this
later. To this end, pick f € H(R; H/?(dw)) and F € H*(Q) such that F' = f on 9%, where H' (R, H'(w))
is identified with H'(€). Notice that the existence of such a function F is guaranteed by Lemma 2.1. In
light of (2.8) and the Lax-Milgram lemma, there is a unique v € H{ (£2) solving the variational problem

(2.9) / AVv - Vwdr = 7/ AVF - Vwdz, for all w € H} ().
Q Q

Hence v = v + F is the unique weak solution to the boundary value problem (1.3). That is, u satisfies
the first equation in (1.3) in the distributional sense and the second equation in the trace sense. Moreover,
taking w = v in (2.9), we obtain from Poincaré’s inequality (which holds true for  since w is bounded) that
vl 1 () < CIIF| g1 (q) for some constant C' > 0 depending on w. Therefore we have

lull 1) < CIF | 10,

where C' denotes some generic positive constant depending on w. Finally, as F' may be chosen in H'() so
that F' = f in 99, we deduce from this and (2.1) that

(2.10) lullzr) < ClFI @ m1/2(0w))-
Definition of the DN map. Prior to defining the DN map we need some technical result stated in the
coming proposition. To this purpose we preliminarily introduce the following H (div)-type space,

H(diva,Q) = {P € L*(Q)?; div(AP) € L*(Q)},
and recall that the dual space of H'(R; H'/?(0w)) is denoted by H~'(R; H~'/2(0w)).
Proposition 2.1. Let P € H(diva, ). Then AP -v € H-Y(R; H='/2(dw)) and
(2.11) IAP - vl g-1rsm-1/2(0w)) < C(IPlL2() + [div(AP) | r2()) !
In addition, the following identity

(2.12) (AP v, g) = / Gdiv(AP)dz + / AVG - Pdz,
Q Q

holds true for any g € H'(R; HY/?(0w)) and G € H'(Q) such that G = g on Q. Here (-,-) denotes the
duality pairing between H'(R; H'/?(0w)) and its dual H=*(R; H'/%(0w)).

IThis means that the operator P € Cs°(QY) — AP - v € C*(99) can be extended to a bounded operator from H(div 4, 2)
into H=1(R; H~1/2(dw)).
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Proof. We first consider the case of P € C§°(Q)3. Fix g € H'(R; H'/?(dw)) and let G € H'(Q) be chosen
in accordance to Lemma 2.1 so that G = g on 9f). Since P has a compact support, we have

(2.13) Gdiv(AP)dzx = —/

AVG - Pdx + / gAP - vdo,
Q Q

o0

from Green’s formula, whence
|| 94 vdo] < CIGln o (1P 2oy + [AN(AP) 1200
o0

By taking the infimum over {G € H'(Q2), G = g on 9Q} in the right hand side of above estimate, we find
that (2.11) holds true for every P € C5°(Q)3.

Further, pick P € H(div4, ). The set C§5°(Q)? being dense in H(div 4, 2), as can be seen by mimmicking
the proof of Theorem 2.4 in [GR], we may find a sequence (P)x in C§°(Q)? converging to P in H(div, ).
Moreover, due to (2.11), (AP - v); is a Cauchy sequence in H~'(R; H~/?(dw)). Therefore (AP} - v); has
a limit in H~'(R; H~'/2(dw)), which is denoted by AP - v, and (2.12) follows readily from (2.13). O

Let u denote the H!(£2)-solution to (1.3). By applying Proposition 2.1 to P = Vu, we deduce from (2.10)
that

ANog: f— AVu-v

is well defined as a bounded operator from H'(R; H'/2(dw)) into H~(R; H~'/?(dw)). Moreover the follow-
ing identity

(2.14) (Ao f,g9) = /QAVU -VGdz,

holds true for all g € H'(R; H'/?(0w)) and G € H'(Q) such that G = g on 9.
Further, by taking G = v in (2.14), where v is the solution to (1.3) with f replaced by g, we find out that

(Aof,g) = / AVu - Vodr = / Vu - AVudzx.
Q Q

Therefore we have
(2.15) (Aof,g) = (f,Nog), for all f,g € H'(R; H/?(dw)).

This proves that A;’HI(R;HIN(aw)) = Ay, where H'(R; H'/?(dw)) is identified with a subspace of its bidual
space.
Finally, for i = 1,2, put 4; = A(z’,0;(z3)) and A; = Ag,, and let u; € H'(Q), i = 1,2, be a weak solution
to the equation
div(AiVui) =01in .

;= 1,2, we get that

By applying (2.14) to f = u; ’6(2’ i

‘asl and g = us_;

<A1U1,U2> == / A1Vu1 . V’LLQdSC and <A2’LL2,’LL1> = / AQV’LLQ . Vuldx
Q Q
In light of (2.15), this yields:
(216) <(A1 - AQ)Ul,U2> == /(Al - AQ)VUl . V’LLQdSC

Q

Restriction of the DN map. We turn now to establishing some smoothness property for the restriction
of Ap to H*(R; H*?(dw)). We shall assume for this purpose that Q; = w x (—1,1) has H?-regularity
property, i.e. that for every f € L?*(2) and any matrix-valued function C' = (Cj;(x))1<i,j<3 with coefficients
in Who°(Q,) satisfying the ellipticity condition

Ja >0, C(x)¢ - € > al¢)?, forall ¢ € C3, x € Q,
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the following boundary value problem

div(CVw) = f in Qy,
w=0 on 084,
has a unique solution w € H?(;) obeying
[wl[z2(0,) < Cla, M| fllL2(0,),
for some constant C(a, M) > 0 depending only on a, M = maxi<; j<3 ||Cijlw1.0,) and w.
We notice that Q1 has H2-regularity property if and only if , = w x (—a,a) has H?-regularity property
for some a > 0, and from [Gr] that Q1 has H2-regularity property provided w is convex.
Having said that we may now prove, upon identifying H?(Q) with H?(R; H?(w)), the following claim,
which is a cornerstone in the derivation of smoothness properties for the restriction of Ag to H?(R; H?/2(dw)).

Theorem 2.1. Assume that § € CYY(R) and that Q1 has H?-regularity property. Then for any f €
H?(R; H3/%(0w)), the boundary value problem (1.3) has a unique solution u € H?(Q2). Moreover if ||0]|c1.1(w)
M, for some M > 0, we may find a constant C' > 0, depending only on M and w, such that we have:

IN

(2.17) lull 2y < ClFIl a2 ;5273 (00))-

Proof. For M > 0 fixed, let § € C*'(R) be such that [|0]|c1.1r) < M and pick f € H*(R; H3/?(0w)). We
know from Lemma 2.1 that there exists F € H?(R; H?/?(w)) such that F = f on 99 and

(2.18) 1F] 20y < CW)If Nl 2 ;1372 (90)) -
Set
U = div(AVF).
In light of (2.8) there is a unique ug € Hg(Q) satisfying simultaneously
(2.19) / AVug - Vodr = / Wodz, for all v € Hy(Q),
Q Q
and
(2.20) [uoll 1) < Coll ¥l 20,

for some constant Cy > 0 depending on w and M.
Further, we consider &, € C5°(—(n + 1),n+ 1), for n > 1, such that &, = 1 in [-n,n] and ||€}, ]| < 1/2,
1€/ ||o < 1/2. For every v € Hi(£2), we get using standard computations that

/ AV (&, up) - Vudr = / AVug - V(&v)de — / (AVug - V&, )vdx + / (AVE, - Vv)updx.
Q Q Q Q

An integration by parts in the last term of the right hand side of the above identity providing

/Q(AV{H - Vo)upde = — /Q(AV{H - Vug)vdx — /Qdiv(Aan)uovd:c,
we next find out that
/QAV(Enuo)-Vvdx = /QAVUO-V(«Env)daz—/Q(AVuo-V«fn)vdgc—/Q(AVE”-Vuo)vclaz—/Q div(AVE, Juguda.
Since A is symmetric, it follows from the above equality (2.19) that

/ AV (&nup) - Voda = / U, vdr — 2 / (AVE,, - Vug)vdx — / div(AVE, Jugvdz, for all v € H& Q).
Q Q Q Q

As a consequence the function &,up € Hg(£,41), where we recall that Q, = w x (—a,a) for any a > 0, is
the solution to the variational problem

(2.21) / AV (&qug) - Voda = / odz, for all v € HY (Qyr),
Qn+1

Qnt1
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with B

U = W¢, — 2AVE,, - Vug — div(AVE, ug.
The next step of the proof is to make the change of variables (', x3) € Q41 — (2/,y3) = (2/,1/(n+1)x3) €
2y in (2.21). To this end, we set

10 0
J,o= 01 0o |, n>1,
0 0 1/n

and for all (2/,y3) € Q1, we introduce the following notations:
A’ ys) = 1/(n+ 1) Jn1 A2, (n + 1)y3) Jnt1,
§(ys) = &n((n + 1)ys),
u(z',y3) = uo(a’, (n + 1)ys),

" y3) = Ea((n + 1)ys)uo (e, (n + 1)ys),

iv(P(2',y3)) = O, Pr(2', y3) + O, Pa(@', y3) + 1/ (n + 1)0y, P3 (2, y3),

1) = 1/ D)0 (14 D) — 2t A (24 1)y a VE(R) - Tl )
— div(A(2', (n + 1)y3) Jnt-1VE(y3) ) u(a’, ys)} :

By performing the above mentioned change of variables, we find out that w, € H}(Q1) is the solution of the
variational problem

wy, (x

/ AVw, - Vudx = / Yodz, for allv € H&(Ql).
Q1 1951

As Qq has H2-regularity property by assumption, we get by straightforward computations that ||w, | H2(0) <
C(M,w)[|¥[|2(q,)- On the other hand, since ||¥||z2(q,) < (n+1)73/QC(M,W>H\II||L2(Q), from (2.20), it holds
true that

(2.22) 2 0y < (7 1)~3/2C (M) [ 120y,
Moreover, putting (2.20) and (2.22) together we obtain that
(2.23) [€nuoll () < C(M,w)||¥] L2

Therefore, upon eventually extracting a subsequence, we may assume that (&,ug), converges weakly to @ in
H?(Q). On the other hand, since (£,ug), converges to ug in L2(£2), we have ug € H?(Q) and thus (£,u0)n
converges weakly to ug in H*(2). Further, the norm | - || (o) being lower semi-continuous, we have

[woll 2 (o) < lim inf [[€nuol| 20y < C(M, w)[|¥]| L2(),
from (2.23). Bearing in mind that |[¥][z2q) < C(M,w)||F|| g2 and [|F| g2@) < C(w)||f||H2(R;H3/2(aw),
this entails that
luoll 2 () < C(M, W) Il i2(; 5372 (0)) -
As a consequence u = ug + F € H?(2) is the unique solution to (1.3), and it satisfies in addition
[ull g2y < COM, W) fll 72 ;1372 (50)) -
This proves the result. O
For each 0 obeying the assumptions of Theorem 2.1, the mapping
Ag: f € HX(R; H3?(8w)) — d,u € H*(R; H/?(8w)),

where u denotes the unique H?(£2)-solution to (1.3), is well defined by Theorem 2.1.
Further, bearing in mind that C§°(R; H?(w)) is dense in H?(Q) and arguing in the same way as in the
derivation of Lemma 2.1, we find out that the trace operator

7iwe H(Q) = d,w € H*(R; H/?(0w))
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is bounded. Moreover, we have ||7|| < ||7], where 7 : w € H*(w) — d,w € H'Y?(0w) denotes the usual
trace operator. From this and (2.17) then follows that ||Ag|| < C(M,w), as a linear bounded operator from
H?(R; H3/?(0w)) into H?(R; HY/?(0w)).

3. DETERMINING THE TWISTING FUNCTION FROM THE DN MAP: AN OPEN PROBLEM

Open problem. We first detail the reason why the problem of the identification of 6 from Ay remains open,
at least in its full generality. To this purpose we consider a nonempty open subset v of dw, and, for L > 0
fixed, we put QF = w x (=L, L) and I' = v x (—L, L). Next we introduce the two following functional spaces

HE(R; HY?(0w)) = {f € H'(R; H'/?(0w)); suppf C T'},
and

W(R) = {0 € W2 (R); ¢ € WH®(R)}.2

loc

Further, for i = 1,2, we pick 6; € W(R) and set A; = A(2/,0;(x3)), A; = Ap,. In light of (2.15), we see that

(3.1) <(A1 — Ag)ul, U2> = /Q(Al — Ag)Vul . V’LLQd.T,

for any function u; € H(Q), i = 1,2, which is a weak solution to the equation div(A4;Vu;) = 0 in Q.
Therefore, assuming 60y (x3) = 03(x3) for |z3| > L, we deduce from (3.1) that

(32) <(A1 — AQ)Ul, U2> = /Q (Al — Ag)Vul . V’LLQdSC

For 0 < p < po, where pg is some characteristic constant defined in [AG2] and depending only on w, we put
I, ={zel; dist(z,T') > p},
U, = {z € R?; dist(x,T',) < p/4}.
Then, in view of [AG2], we may find a Lipschitz domain 2, satistying simultaneously:
L L L : L
QcCQy, 00" NQ, el and dist(z,00;) > p/2 for all z € U,,.

Moreover we know from [AG1] that there exists a unitary C°° vector field 7, defined in some suitable
neighborhood of 99, which is non tangential to dw. For 2° € T, and 7 € R, we define z, = 2° + 7 and
consider the H 1(Q£)—solution Gy, i = 1,2, to the following boundary value problem

div(4;VG;) = —0(z — z;) in Qg,
Gi =0 on 895

By applying [AG2][Theorem 3.3], G; can be brought into the form
(3.3) Gi(z) = C(det (Ai(z,)))"V/2 (A(zr) Nz — 2) - (. — 27))
where C' > 0 is a constant and the reminder R; obeys the condition:

I(ro, ) € RY x (0,1), |Ri(z)| + |z — 27| [VR;| < Clo — 2T, x € Qg, | — 2| < ro.

—1/2 + Ri(ZE),

Since Gi‘agﬁ = 0, then the extension by zero outside QfL) of G;, denoted by G;, belongs to HY(Q) and is
solution to the equation
div(A;VG;) =0 in Q,
in the weak sense. From this and (3.2) then follows that
<(A1 - Ag)él, 02> == / (Al - AQ)VGl . VGQdSC

Qr

2We could equivalently choose W(R) = {0 € D’ (R); 6/ € WL>°(R)}.
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Moreover, taking into account that éi’aﬂ € HE(R; H'/2(dw)), we obtain that

/Q (A1 — A2)VGy - VGadr < AT — AL (|Gl o (rs 1172 00 | Gl 11 (o112 (010
L

where AL, i = 1,2, is the restriction of A; to the closed subspace HE(R; H'/?(dw)). As a consequence we
have

(3.4) / (A1 — A2)VGy - VGadz < C|IA] — A5 |Gl o) | Gal 1 ar)-
Qr
Now, fix Z € dw and let 2§ € [—L, L] be such that |0} (2§) — 05(28)| = (0] — 05||L=(—r,1). Actually,
we may assume without loss of generality that |0 (z9) — 05(23)| = 0] (29) — 05(2%). In view of (3.3) and

[AG2][Formula (4.2)], the main term in the left hand side of (3.4) has the following expression
[A’l(i’,to) - A7, so)} (x —z;) (x—x;)
/ 3/2 3/2 dz,
B0 [Po(x — x7) - (v — 27)]7 7 [Qo(x — x7) - (z — 27)]
with tg = 0} (29), s = 04(23), Po = A~Y(ZL,t9) and Qo = A~1(Z, s0).
The main ingredient in the analysis developped in [AG2] is the ellipticity condition [AG2][Formula (2.5)]
imposed on 9;A(a’,t). Indeed, this assumption entails

/ [A~HT to) — A~NT, s0)] (2 — 1) - (@ — @r)
Blerpn@ [Po(z — 27) - (7 — 2.)]? [Qo(z — 1) - (x — 2,)]*/?
for some constant C' > 0, which leads ultimately to the desired result. Unfortunately, in this framework, the

ellipticity condition [AG2][Formula (2.5)] is not fulfilled by 0;A(2’,t). This can be seen from the following
explicit expression

(3.5) dx > CT" % (tg — s0),

A =0,
Ao = |/ 2t — /|2 + 22,
As = |2+ V][4 + |22,

of the eigenvalues of 9; A(2/, t), showing that the spectrum of 9; A(2’, t) has a negative component for 2’ € dw.
Moreover, it can be noticed that, due to the occurence of this negative eigenvalue, the weak monotonicity
assumption [AG1][Formula (5.7)] is not satisfied by the conductivity matrix under consideration either.
Therefore, the approach developped in [AG2] does not apply to the problem under study. This explains why
the determination of the twisting function from the corresponding DN map remains an open problem in the
general case.

Nevertheless, we shall establish in the coming section that this is not the case for affine twisting functions
anymore. Prior to examining this very peculiar framework, we first address the case of twisting functions
which are close to some a priori fixed constant value.

The case of twisting functions close to a constant value. Put

1+ x% —ToT1 —I2
A (@' )=t | —wow1 1+22 21 |, 2/ €w, tER,
—XT2 X 1

and denote by Aj the DN map Ay where A*(2',0(x3)) is substituted for A(z’,60(z3)). Then, by arguing as
in the derivation of (2.16), we obtain that

(3.6) (Mg — Ap)u,u™) = /Q(A(:c/, O(x3)) — A*(2',0(x3))Vu - Vu'dz,

for all solutions u,u* € H(£2) to the equations
div(A(2',0(z3))Vu) =0 in Q,
div(A*(2/,0(x3))Vu*) =0 in Q,
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in the weak sense. Let us now assume that [0’ — 1|l < 3°. In light of (3.6), we get that

A6 — AGll -1 (R, 1r-1/2(8w)), 11 (R, /2 (00))) < CllO" = 1|00,

where C' = C'(w) is some positive constant. Therefore, if 8" is sufficiently close to 1, we may actually replace
Ag by A} in the inverse problem of determining ¢’ from Ay. The main benefit of dealing with A} instead of
Ay, boils down to the fact that

O A* (2! t) = A*(2',1) = A(2', 1), for all 2’ € w and t € R,

so the ellipticity condition [AG2][Formula (2.5)] required by the method developped in [AG2], is fulfilled by
A*. Therefore, by repeating the arguments of the proof of [AG2][Theorem 2.2], we obtain the:

Theorem 3.1. Let L > 0 and M > 0. Assume that 61, 2 € W(R) obey 0} (x3) = 04(x3) for |zs| > L and
that

101 [wroe®ys 102]lw0e ) < M.
Then there exists a constant C = C(M,w, L) > 0 such that we have

167 — O]l oo ) < CN(AG)T — (A5,)" [l £ -1 (o Hr-1/2(00)) 11 (R, HL/2 (00))) -

4. THE CASE OF AFFINE TWISTING FUNCTIONS

In this section we address the case of affine twisting functions by means of the partial Fourier transform
Fzy with respect to the variable x3. This is suggested by the translational invariance of the system under
consideration in the infinite direction z3, arising from the fact that the matrix A(a’,6’(x3)) appearing in
(1.3) is independent of x3 in this peculiar case.

In the sequel, we note £ the Fourier variable associated to x3 and we write @ instead of F,,w for every
function w = w(a’, x3):

W', &) = (Fpw)(2',€), 2/ €w, £ €R.
The first step of the method is to re-express the system (1.3) in the Fourier plane {(2’,€), 2’ € w,& € R}.
Rewriting the boundary value problem in the Fourier domain. We start with the two following
useful technical lemmas.

Lemma 4.1. For every w € HY(2) it holds true that 8/35-?0 =0y, W, j =1,2.

Proof. Fix j = 1,2. For every ¢ € C§°(w) and ¢ € S(R), we have

/ </ Oy, w(a’, x3) (:Eg dz3> dx’ */1/} x3) (/ O, w (', x3) (x’)dz’) ds,

from Fubini’s theorem. By integrating by parts in the last integral, we obtain

/ Op,w(, x3)p(a’)da’ = — / w(a', x3)0,,p(a’)da’, a.e. x5 € R,

so we get

/ (/ O, w(a z3)1) (xg)dx3) de’ = —/RQZ(Q%) (/w w(x/,%)a%(p(x/)dx/) ds
= —/%w(ﬂc’) (/ w(x, xg)zZ(xg)dx3) dz’.

Further, the operator F,, being selfadjoint in L?(R), it holds true that

/w(ac',xg (z3)des = / &)d¢, ae. 2’ € w,
i i

3Note that 1 can be replaced by any constant.
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/ (/%Wxx3Cmmad':il%%W%A@W£W@@)wf
:/ﬂﬂ(/@ﬁW£W©%%M

by integrating by parts. From the density of C§°(w) in L?(w), the above identity entails that

whence

/8%10 2, x3) xg Ydxs = /8%10 P(&)dE, ae. 2’ €w,

for every 1 € S(R). From this, the selfadjointness of F,, and the density of S(R) in L?(R), then follows

~

that 8,,w = 0, @. O

Lemma 4.2. Let C = (Cr)1<ki<3 € W (w)3*3 be such that (Cii(x'))1<k.i<3 is symmetric for any ¥’ € w.
Then every w € H(2) obeying

(4.1) / CVw - Vudr =0 for all v € Hy(Q),
Q
satisfies the equation
(4.2) —div, (C(2' )V @) + P(2', &) - Vo 4 q(z', €)@ = 0 in D'(Q),
where

C(z') = (Cij(2")1<i,j<2
Ly Cs1(2')
P(2',§) = —i2¢ <C32( 3!
!/
o', €) = =itaivy (2000) + € Canla).
Moreover, if w € H?() is solution to (4.1) then the identity (4.2) holds true for a.e. (x',&) € Q.
Proof. Choose v = ¢ ®1) in (4.1), where ¢ € C§°(w) and ¢ € S(R), so we have:

(4.3) /Ckl )0, w(x, 3)0s, (0 @ V) (2, x3)da’ dag = 0.
k,l=1,2,3

For 1 < k,l < 2, we notice that

/ Cha(a) Doy w(z', 23)0mr (0 ® §) (& 23)da’diz = /
Q

w

Cra(2)0n, 0l < / Do (! xg)w(xg)dxg) da’

(1.4) — [ Cula)9, 06" )0, (9 0" €)',

directly from Lemma 4.1. Further, for all [ = 1,2, it holds true that

/031(30’)61110(30’,:1:3)0%((,0®$)($',x3)d$'d$3 :/ng(x’ (/ Oy w (', 3)1) (:I:g)d:l:g)d !
Q w

/031 (/ Opw(z’,z3)( §)¢( 3)d$3> da’
Therefore we have

(4.5) /Q ot (2)0, 0(2 73)0s, (0 @ D) (&, ) da’ vy = /Q ot (27) ()0 B, €) (0 @ ) (2, €)da .
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Next, for k£ = 1,2, we may write that

/C’kg(x’)ﬁmw(x’,zg)axk(cp(@@)(z/,xg)dz/dzg*/C’kg O, 0(x </ Opw(, 23) (xg)dx3>d !
Q
/Cks Oarp(x )(/ w(', x3)y ($3)d9€3) da’,
R

/R (!, 25) (5)dis = — /R wla!,2s) i) (ws)dws = — /R (€)@ (2!, ) (€)de,

with

hence
/Qcke,(:c')azgw(z’,z3>amk<so®$><z’,x3>dz’dsc3: /Qcm PV GEVD(' )0 (9 ® )(a, €)' de

By integrating by parts in the right hand side of the above identity we obtain that

Ackg(x’)amgw(x’,x3)azk(¢ ® )(2, x3)da’ dus = /QCkg(x’)(—if)amk@(x/,f)(go @) (z', &)dx' dE
(46) + [ 00, Clale) OB o 0 )’ '
Finally, bearing in mind that d,,(p ® ¥) = ¢ ® (—/25/1 and noticing that

[ syl ) Citaa)doa =~ [ wia’ o0) (G U(aa)dos = - [ B O(-iPw(E)de,
R R i
we find out that
(4.7) / Cs3(2" )0y, w(x, 23) 00, (0 @ @)(z/, x3)dr'dxs = / Cs3(2")(—i&)*w(z’, &) (p @ Y) (2, &)da' dE.
Q Q
Now, putting (4.3)-(4.7) together, we end up getting that
(=divy (C (2 )V @) + P2/, &) - Varlb + q(2/, )@, ®) = 0, ® € C°(w) ® CF(R),
where (-,-) denotes the duality pairing between C5°(£2) and D’(2). From this and the density of C§°(w) ®
C§°(R) in C§°(€2) then follows that
—div, (C(2') V@) + P2/, €) - Voo + q(2', €)@ = 0 in D'(Q),

which completes the proof. ]

In the remaining of this section we assume that 6(x3) = axs+b, where a and b are two fixed real numbers.
With the help of Lemma 4.2 we may now re-express (1.3) in the Fourier plane. For the sake of simplicity,
we shall write A, (z') instead of A(z/,0(x3)), as we have 0'(z3) = a for all z3 € R.

For g € H'(R) N L'(R) such that [, g(z3)dws = 1 and for h € HY/?(dw), we consider the H'(€2)-solution
u to (1.3), with:

f(@' x3) = g(x3)h(z'), 2’ € Ow, 13 € R.
Since u is solution to (4.1) with C = A, € W1 (w)3*3, we deduce from Lemma 4.2 that 4 € L*(R; H*(w))
is solution to the system

{ —divy (Aa(2)Voti(a,€)) — 2iaéx’ -V + 20 =0 in D'(Q),

(4.8) (€)= 56 on uw, for all € € R,

where
_ 2
' = (—x2,11) and A, (z') = (1 +:c2a2 e )

Tox1a® 1+ x%aQ

We turn now to examining the variational problem associated to (4.8).
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Variational problem associated to (4.8). Let us consider the bilinear form
Ael(v,w), (p, )] = / A,V - Vdr' — 2a§/ 't Vweds' + 52/ vpda’

—|—/ AVw - Vpda! + 2a£/ 't Vopda! +§2/ wipdz’, (v,w), (p,) € H

defined on the Hilbert space H = H}(w) x Hj(w) endowed with the norm
1/2
(v, w)lle = (IV0lI72(0) + IVwlZa)

Taking into account that

2a¢ /

where § = max, /¢, |2'], it is easy to see that
(4.9) Ae(v,w), (v,w)] = (1 = a?6?)]| (v, w)|3,-

Let us fix ag > 0 so small that « = 1 — ad? > 0. Then, due to the above estimate, the bilinear form Ay is
a-elliptic for every ¢ € R, provided we have |a| < ag. For each ® € C(R;H’) and every £ € R, there is thus
a unique (v(§),w(§)) € H satisfying

(4.10) Ae[(v(§), w(§)), (@, ¥)] = (B(E), (¢, ¢)) for all (¢, ¢) € H
by Lax-Milgram’s lemma. From this then follows that

Aetn[(w(€+n) —v(&),w(§ +n) —w(§)), (v, ¥)]
(4.11) = Ac(w(&),w()), (9, ¥)] = Aen[(v(§), w(§)), (@, V)] + (R(§ + 1) — B(&), (0, 9)),
for each £, € R and (p, 1) € H. Further, by noticing through elementary computations that

Af-l‘ﬂ[(va ’LU), ((P; lﬂ)] = A€+77[(U’ ’LU), ((pa 1/1)] - 2a77/ :CIL : ((,DVII’LU - wvz'?})diﬂ' + 77(26 + 77) / (’UQD + w¢)d9€

for every (v, w), (p,¥) € H, we deduce from (4.11) and Poincaré’s inequality that there is a constant C' =
C(&,w,ap) > 0 satistying

Ag(2')C- ¢ > [¢|?, for all ¢ € R? and 2/ € w,
and that

ZCIL-V’U’LU}CZ,TI < a2(52/ |VU|2d:C'+§2/w2d:E', (v,w) € H,

Ae[(w(&), w(§)), (v(€ +n) — v(&), w(€ +n) — w(§))]
— Agpn[(0(§), w(§)), (v(€ + 1) — v(&), w(€ + 1) —w(§))]
(4.12) < Cnlll(v(&), wE)llall(v(§ +n) = v(€), w(& +n) — w(&))lln,
for all £ € R and n € [—1,1]. In light of (4.9), (4.11) written with (¢, ¢) = (v(§ +n) —v(&), w( +n) —w(E))
and (4.12), we thus find out that
all(v(§ +n) = v(€), w(€ +n) —w@)llx < Clnlll(v(€), w(&) I + B + 1) — 2(E)ll7-
This proves that (v, w) € C(R;H). Moreover, we obtain
(4.13) [(0(€), w(©)llx < (/)@ )][2, € €R,
directly from (4.9)-(4.10). Further, it is easy to check for ® € C1(R;H') that (v/(£),w’(€)) € C(R,H) is the
solution to the variational problem
Ag[(V'(€), w'(€)), (0, 9)] = (0 (E), (0, 9)) + ('(€), (,4)) for all (p,) € H

where we have set

(Bo(€), (¢, ) = 2a / 2 (PVaw(E) — OV ao(E))de’ + 26 / (0(E)p + w(€))da’.

w w

Using (4.13) and putting (¢) = (1 + |£]>)'/2, we deduce from the above estimate that
1("(€), ' ()llr < CUENRE e + 12(E)ll), € ER,
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for some constant C' = C(ag,w) > 0. Similarly, if ® € C?(R; H') then the same reasoning shows that(v, w) €
C?*(R,H) and

10" (&), w" () ln < CUENPE)lnr + (VNP (E)l2r + 112" (E)3r), € €R.
Hence we have obtained the:

Proposition 4.1. For every ® € H?(R,H') such that (£)>~7®W) ¢ L2 (R,H'), j = 0,1, the variational
problem (4.10) admits a unique solution (v,w) € H?(R;H) satisfying

2
(414) w02 w0y < C( D2 IO 709D e,
7=0

for some constant C = C(w,ap) > 0. The above assumptions on ® are actually satisfied whenever ® = 7 for
some W € H*(R;H') such that x3V € HY(R;H') and 23V € L*(R;H'). Moreover, the estimate (4.14) reads

2
(4.15) I, w20 < C( D 1 ® s )
j=0

in this case.

Armed with Proposition 4.1 we may now tackle the analysis of (4.8).
Analysis of the solution to (4.8). Pick F € H'(w) such that F = f on dw and ||F|| g1 () < C(W)|If [l z1/2(50)-
Let u" (resp. u') denote the real (resp. imaginary) part of & = @ — g(§)F = @" + iu’. Since the Fourier
transform 4 of the H!(£2)-solution u to (1.3) is actually solution to (4.8), we get by direct calculation that
(u",u%) is solution to the variational problem (4.10), where

(4.16) (@(8), (0, 0)) = AT F.9'F), (¢, 9)],

and g" (resp. g') stands for the real (resp. imaginary) part of §g. Further, in light of (4.16) we check out
using elementary computations that

(4.17) 12l < CEFENNF a2 (ow)
(4.18) 12" @)l < CUET 1+ ONFGEODNS N 1200
(4.19) 12"l < CUE2[" O] + ()G ) + GO S 1172 00

for some constant C' = C(ag,w) > 0. Therefore we have (£)/®2~7) ¢ L*(R) for j = 0,1,2, provided

(£)49g7 € L*(R), this later condition being ensured by the assumption x}g € H*~7(R). From this and
Proposition 4.1 then follows the:

Corollary 4.1. Assume that g € H*(R) is such that x3g € H*(R), 239 € H*(R) and [;, g(x3)dxs = 1. Then
it holds true that u € H*(R; H'(w)). Moreover we have u € L'(R; H'(w)) and U = 1u(-,0) = [, u(-, x3)dxs €
HY(w) is the variational solution to the following boundary value problem

divy (A, Vo U) =0 inw
U=f on Ow.

In view of (4.8) and (4.10), we deduce from (4.17)-(4.19) that
Idivar (Ao Vo, ) 2y < CEOMGON Sl m/2(00)
19ediver (AaVar@(- )l r2w) < CUE® T E) + O AN NNl arr/2 o)
102 divar (Aa Vol €)) 2y < C(E°[GE)] + (©°[F O] + (1T EN I 1227200

for some positive constant C' depending only on ay and w. From this and Corollary 4.1 follows the:

~— ~
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Proposition 4.2. Let g € H(R) be such that x3g € H*(R), 239 € H*(R) and [ g(xs)dxs = 1. Then we
have ANV o - v(z') € H2(R; HY/2(0w)) and thus AqVu - v(z) € L*(R; HY/2(0w)), with

AV U - v(z) = AV (-, 0) - v(z') = / AgVu(-, x3) - v(z)des € H?(0w).
R

In light of Proposition 4.2 we now introduce the two following DN maps:
Ao : fe HY?(0w) = A,Vu(-, x3) - v(z) € LY(R; H~Y2(dw))
Ao : fe H?(0w) = AV U -v(z') € H V2 (0w).
These two operators are bounded, and they satisfy the estimate

(420) ||A1 - A2|‘E(H1/2(6w),H*1/2(6w)) < HAl - A2”L‘,(Hl/Z(Bw),Ll(R;Hfl/Z(Bw)))’

where, for the sake of simplicity, we write A; (resp. /~\]) for Ag; (resp. Kaj), ji=1,2.
Finally, the last step in the analysis of the case of affine twisting functions involves noticing by direct

calculation that the matrix aaﬁ(x' ,a) has two eigenvalues \g = 0 and \; = |2/|>. Hence, by mimmicking

the proof of [AG1][CLAIM, page 169], we obtain the:

Theorem 4.1. Let ag > 0 and let g be the same as in Proposition 4.2. Assume moreover that 1 — a2 > 0.
Then there exists a constant C' > 0, depending only on ag and w, such that the following stability estimate

lar — az| < Cl|A; — A2HL(H1/2(aw),Ll(R;Hfl/z(aw)))’

holds true whenever

lail, |az| < ao.

5. THE DN MAP FOR THE ORIGINAL PROBLEM

We first start by defining the trace space for functions in H'(€y). To this purpose we set for all L > 0,
Qg = {(Re(ms)zl7x3); a = (1‘1,1‘2) Cw, I3 € (7L5L>}

and
Iy = {(Ro(us)@',23); 2’ = (21,22) € w, x3 € [-L, L]}.
Given L > 0, it holds true for every u € H'(Qg) that u € H'(Qf), whence ujpqr € HY2(00Qk). Putting
HYA(TH) = {h = gy in L(TH): g€ H'2(008)),
we thus have upz € HY2(TE). Here H'/2(T}) is equipped with its natural (quotient) norm
7l 172 ozy = mf{llgll gr1/2002); 9oz = h}-
Further we define

Hy/2(099) = {h € L}, (0Q9); hyps € HY?(DF) for all L > 0},

loc

and introduce the following subspace of H 1/2 (090):

loc
H'Y?(004) = {h € Hllo/c2(6§29); there exists v € H'(Qy) such that vjgo, = h}.
Here and henceforth v)gq, = h means that Urr = h|pg in the trace sense for all L > 0. It can be checked
that H'/2(99y) is a Banach space for the quotient norm
17l 717200,y = mE{ V] 1 (0)5 Vo0 = Y-
Let us now introduce the mapping
Iy : C3(0Q) — C§(00)
g —f=gowe,
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where, for the sake of shortness, we note
@0 () = Tp(uy) (2, 3).
Further, pick g in C}(89%) and let v € C} (R?) be such that Vjan, = g- Setting u = v|q, o @y, We notice that
Logll 11 ;11172 (90 < C(W)ull (@) < Clw, )]0l 11 ()

Therefore, we have
(5.1) HIOgHHl(]R;Hl/?(aw)) < C(w79)||9”ﬁ1/2(age) for any g € 05(399)-

Let us now consider g € H'/2(9Q) and v € H'(Qp) such that v|po, = g. For any sequence (vy,),, € C}(R?)
such that vy, o, — v in H'(€y), it is clear that

llg — gnHH1/2(aQQ)<HU UnHHl(Qg)a

provided we have g, = vn|9q,. Hence (gn)n converges to g in H/? (090)
For all n > 1, put f,, = Iggn = gn © pg and u,, = vy, 0 @y. Since f,, = un|pq, we see that

[ = fmll i wsm072 00y < C(@)[un = tmll 1) < C(Q,0)[[vn = vml a1 (4)-

Consequently, (f,,) is a Cauchy sequence in H'(R; H'/?(dw)) so there exists f = lim,, f, € H'(R; H/?(dw)).
Set f = Iyg. In view of (5.1), Iy extends to a bounded operator, still denoted by Iy, from H'/?(9Qy) into
HY(R; HY?(0w)).

Arguing as above, we find out that the mapping

Jo : CH(O0) — C3(0%%)
f — g = f o 1/}97

where 1 = ¢, "', extends to a bounded operator, which is still called Jp, from H'(R; H/2(0w)) into
HY2(0Qy).

Evidently, we have Iy Jpf = f for all f € C3(09) and Jplgg = g for all g € C§(9Qy). Therefore Jp = I, ",
by density.

Next, by reasoning in the same way as in the derivation of (1.3), we prove with the help of the Lax-
M1lgram s lemma that the boundary value problem (1.1) has a unique solution v € H*(y) for every g €

HY/2 (0). Moreover the operator Ag is well defined as a bounded operator from H'/2(8€) into its dual
space H=1/2(9€2). Similarly to A, it is can be checked that Ay is characterized by the identity

Rog. )= [ vo-viay,
(97

which holds true for all h € HY/2(99y) and H € H' () such that H\9q, = h. By performing the change of
variable y = p(x) in the last integral, we get that

(Agg, h) = / AVu -V (H o pg)dz,
Q
where u is the solution of the boundary value problem (1.3) with f = Iyg. Therefore we have

(Rog, h) = (MgIpg, Igh),

which means that /~\9 = I5Agly, or equivalently that Ay = Jg/~\9J9.
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