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Abstract

Three-dimensional elastic solutions are obtained for a functionally graded thick cir-
cular plate subject to axisymmetric conditions. We consider a isotropic material where
the Young modulus depends exponentially on the position along the thickness, while
the Poisson ratio is constant. The solution method utilises a Plevako’s representation
form which reduces the problem to the construction of a potential function satisfying
a linear fourth-order partial differential equation. We write this potential function in
terms of Bessel functions and we pointwise assign mixed boundary conditions. The
analytic solution is obtained in a general form and explicitly presented by assuming
transversal load on the upper face and zero displacements on the mantle; this is done
by superposing the solutions of problems with suitably imposed radial displacement.
We validate the solution by means of a finite element approach; in this way, we high-
light the effects of the material inhomogeneity and the limits of the employed numerical
method near the mantle, where the solution shows a large sensitivity to the boundary

conditions.
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1 Introduction

Functionally graded materials (FGMs) are composites inhomogeneous at the macroscopic
scale because of the continuous spatial variation of the volume fractions of their constituent
homogeneous phases. If the characteristic length scale of such variation is much larger than
the size of the microstructural elements (reinforcements, voids, etc.), it is possible to describe
the behaviour of each macroscopic material point by means of its relevant effective properties
obtained via standard homogenisation techniques for statistically homogeneous aggregates.
Instead, care must be taken in estimating the effective properties within regions where the
microstructure varies rapidly (see, e.g., Reiter et al. 1997; Yin et al. 2004).

FGMs were initially developed for high temperature applications to avoid detachments
in laminated composites due to their typical abrupt change of the material properties. The
advantage of smoothing the mismatch in materials properties makes FGMs very useful for
various applications in which the structure is subjected to extreme conditions (Suresh 2001).
One of their most relevant advantages, with respect to conventional laminated composites,
concerns the scarce relevance in FGMs of structural integrity issues such as delamination or
fracture (e.g., Vel and Batra 2003; Erdogan 1995).

The modelling of FGMs is currently an active research area and, over the years, differ-
ent approaches have been introduced to investigate on the mechanical performance of FGM
structures (plates and coatings). Some problems have been studied by using the inhomoge-
neous elasticity theory but, because of the inherent mathematical difficulties, much of the
work has been carried out by using numerical methods (Reddy et al. 1999; Reddy 2000;
Reddy and Cheng 2001; Ma and Wang 2004).

Recently, some investigators presented three-dimensional analytic solutions for the bend-
ing of FGM plates subject to transversal loads by assuming specific boundary conditions
on the mantle for the description of either simply supported or clamped plates (e.g., Li et
al. 2008; Kashtalyan 2004). The limit of these 3D solutions consists in the fact that the
boundary conditions are satisfied on the mantle only in some average sense, not pointwise.

In this paper, we develop a method, within the framework of the linear inhomogeneous
elasticity theory, to find analytic solutions for FGM cylindrical bodies subject to axisym-
metric boundary conditions. The solution is explicitly found in the case a right cylinder of
modest thickness subject to axisymmetric transversal loads with mixed boundary conditions
(plate-like body), with particular reference to the case of zero displacement components on
the mantle. We adopt a commonly used model for the material gradation: a spatially uni-
form Poisson’s ratio and an exponential variation along the thickness coordinate z for the
Young modulus (see, e.g., Erdogan 1995; Kashtalyan 2004). This choice of gradation has
been made by Martin et al. (2002) and Chan et al. (2004) for solving elastic problems by
means of the boundary element method.

The analytic solution is constructed by introducing a potential function leading to a
fourth-order linear partial differential equation (Plevako 1971). Furthermore, we write the
potential function with a Bessel expansion with respect to the radial coordinate r and, in

this way, the solution consists of four series of coefficients and two functions of z completely



determined by the boundary conditions (Sburlati 2009).

We validate the analytic solution by means of a comparison with a finite element analysis.
Also, we show in detail the effects of the material inhomogeneity with particular reference
to the mantle, where it turns out that the solution provided by the finite element method
(FEM) may be quite inaccurate, while the analytic solution is obtained in a closed form.
The chosen benchmark might be useful to evaluate the accuracy of numerical or approximate
analytic approaches (see, e.g., Elishakoff and Gentilini 2005).

2 Formulation of the problem

In figure 1, on the left, we show a sketch of the problem under investigation. We use a
cylindrical coordinate system (0; 7,1, z) to describe the elastic field in a cylinder made up of
a isotropic FGM with Young’s modulus E = F(z) varying only along the z-direction, while
the Poisson ratio v is spatially uniform and positive; b denotes the radius of the cylinder
and h its thickness. We suppose that the applied loads on the upper face and the boundary
conditions are axisymmetric; consequently, the circumferential displacement component is
zero and the radial and transversal components of the displacement, say u and w respectively,
are functions of r and z only. By considering null body forces, the elasticity equations assume
the form (Plevako 1971):

e 190 (0 Y L d
Vi T2+1—2V or (8z+8r E(z)dzE(Z)_O’ 2.1)
1 00 ow v 2 d
2 —_— —_— _— =
vw+1—2u8z+(8z+1—2V®>E(z)dzE(2) 0

where
ou u Ow
O=——+—+

The body is subjected to transverse compressive loading p () on its upper face (z = 0), so
the boundary conditions on the ends are

o.(r,0)=—-p(r), o.(r,h)=0, Tr2(r,0) =0,  7(r,h) =0. (2.2)
On the mantle (r = b) we impose vanishing displacements:
w(b, z) =0, u(b, z) = 0. (2.3)
The elastic problem is consistent with the notion of clamped edge within the classical bending
plate theory (Love 1927).

3 The solution technique

To find the analytic solution we follow the Plevako (1971) approach in which the displacement

field, in the axisymmetric case, is expressed in terms of a potential function L = L(r, 2), in



the form

2
u=—1+ug<l/V3 (1—1/)8 L>

E(z) or 022
2(1+v) 0y 0 1 a2
=—-———>+V;L+(1 — 2L-(1-v)=—L
w FG) 02 ViL+ ( —|—1/)8Z B0) vV2L — ( V)8z2 :
where V2 is the radial Laplace operator; L(r, z) satisfies the Plevako equation
1 1 az 1
2 2 ) — L Fp— 3.1
v <E(2)v > 1—VVT dz? E(z) (8-1)
The stress field reads:
v 0 02 -v 93
= —— V2L —VQL ——L . =ViL
o or P r Ordz?2’ 7 "
(3.2)
v 0 a2 1—v 93 02
= 4L——— 2L ~a—r 2L —— L rz — 2L
o9 =vV ror v —i_V(’“)Qv + r  0roz? i ordz "
By using these equations it is easy to show that
o9 —v(oy +0,) = E(2) 4
r
Now we introduce an exponential function describing the Young’s modulus variation:
1 E
E(Z) = EO 82 kz with k= ﬁ In <EZ> (33)

where Ey = E(0) and Ej, = E(h). By using the position (3.3), we write equation (3.1) as

2 2 2
VIL+2 (32 2k§ - 2k2 Y ) V2L + (g— - 4k§ +4k2> %L =0. (34)

We remark that this equation becomes biharmonic in the case of homogeneous material.

In order to construct the explicit solution for equation (3.4), we write the function
L(r,z) — L(b, 2), clearly vanishing for » = b, in terms of a Bessel expansion with respect
to r (Sneddon 1966; Watson 1966). By defining

B(z) = L(b, 2), (3.5)
we set 0
00 Z:
L(r,z)=p(z)+ > Lj(z) Jo(¢;r), where ¢;= %
Jj=1
and zjo, for j =1,2,3,..., are the positive roots of Jyo(z), the zero-order Bessel function; the

functions L;(z) are

b
Li(z) = —— ; /O[Lmz)—ﬁ<z>]Jo<<z>jp>pdp,

[bJ1 (5 b)]?
where Ji(z) is the first-order Bessel function. After introducing the functions

a(z) = V2L(r, 2) and  y(z) = ViL(r,2) (3.6)

r=b r=b




we obtain (Sburlati 2009):

viL(r,z)za(z)—gjl (¢§Lj(z)+2 o(z) )) Jo(é; 1), (3.7)

¢ b Ji(p;b

and
v(z) — ¢Fo(z)
¢ bJ1(¢;0)

By substituting expressions (3.7) and (3.8) in equation (3.4), one has

ViL(r,z) = ~(z) — i <¢§l Lj(z) +2 ) Jo(dsr). (3.8)

> [L;’” (2) =4k L] (2)+ (4K* —26,%) L] (2) + 46,7k Lj(2) + 6,2 (4 k*w? + ¢,%) L; (2)

o0
j=1

— (40" () - 8ka' () — 2a(2) (1K%* + 6,%) +27(2)) 5| Jotésn)

1
&;b 1 (0;0)
+ 87 (2) —4kB" (2) + 4K (2) + 20 (2) — 4kd (2) = 4K a(z) +4(2) =0 (3.9)

where prime denotes the derivative with respect to z and w? = v/(1—v). Now, by evaluating
equation (3.9) at r = b, we get
v(z)==B""(2) +4kB" (2) —4 k28" (2) — 20" (2) + 4k (2) + 4 k2w2a(2). (3.10)
By using this result in equation (3.9), we obtain
L; (2) —4kL; (2)+ (4k° —2¢;°) L; (2) + 4 ¢;°k L;(2)
+ 07 (R0 + 65%) Ly (2) + Fy(2) = 0, (3.11)

where

B (2) —4kB" (2) + 4K2B" (2) + 62 a(2)

®;bJ1(¢; D) @12

Fi(z) =2
We write the solution of (3.11) in the form
Lj(z) = LY(2) + Lj(z),
where
L?(z) = k= [eﬂf f (Aj cos(a; z) + Bj sin(a; z))
+ePiz (Cj cos(a; z) + Dj sin(a; z))} (3.13)
and

kz
) B e FJ(Z) Rj(z)
B R ) b 6,0

(3.14)

We have set

z

Rj(2) = [ a(0)[8; coshlas (¢ ~ ) sinfas(¢ - 2)

0

— a sinh [8(¢ = )] cos [8;(¢ — 2)]|d¢ (3.15)



where the real parameters o; and j3; are

V2 kw ¢,
aj:7\/\/k4+¢;*+2k2¢?(2w2+1)—k2—(b? and Bj:a—j.
This allows us to write the solution of equation (3.9) as
L(r,2) = L°(r, 2) + LY(r, 2), (3.16)
where -
LO(r,z) = > LY(2) Jo(o; 1), (3.17)
j=1
Li(r,z) = B(z) + X2 Lj(2) Jo(&;7). (3.18)
j=1
Hence, the displacement field assumes the form
u(r, z) = e 2k Z (ug(z) + u;(z)) Ji(¢; ), (3.19)
j=1
where )
1—v "
w)(z) = =5 — s (L9 (2)+ 262 19(2) ) ,
1—v? " 2w?a(z)
V)= ——T g (L} o2 L} o
) =155 (W e+ G L + 5T,
and
w(r7 z) = e*QkZ Z (w?(z) + wjl(z)) Jo((bj T)
j=1
— (1 — p)e 2k (ﬁ”’ (2) = 268" (2) + (2 +w?) & (2) + 2w2ka(z)) . (3.20)
where
0(2) = ~ 1= (107 () — k10" 2 + w?) ¢2L0 () — 2w2k? L
W) = == (19"(2) ~ 2KL4"(2) — (2 + ) 319" (=) — 2%k 1(2) )

1-— V2 " " ’
wh(z) = — (L17(2) = 2KL} " (2) = (2 + &) 6211 (2) — 202k L1(2) )

2(1 —v?)

Tova, 1oy (G100 G+ 2ka(2)).

Now, we evaluate the stress components:

or(r,z) = Z (O’E(j)(z) + O’i(j) (z)) Jo(@; )

J=1

+Z (59(j)(z)+5i(j)(z)) Jl(ij ) +a'(2), (321)



where

2 "

o)) (2) = =9 LY (2), o)) (2) = =93 L] "(2) - XIACID] a (2),

0, (2) = (1=v) & (19" (2) +w? 62 L9(2) ),

: : 2.%a(2)
) = (1) 05 (L ()t L))+ gt

o9(r,z) = Z (Ug(j)(z) + 0119(3-)(2)) Jo(¢; 1)

j=1

r

#3050+ 7 () 29D ) (070 4 4(2) . 22)
j=1

where 7(z) is given by (3.10) and

095 (2) = v o2 (19"(2) = 62 19(2))
T = w6} (L) = G L) - o (1) 40" () - dhala)
()= 202, T (E) = =7k (2):
0.(r,2) = ij (026, (2) + 02 (2)) ol ) +7(2), (3.23)
where
o2 (%) = ¢; L3 (2), ol (z) = ¢t Li(z) + WQ(%@ (62 a(z) — 7(2)) ;
(%)= Ji (70,05, (2) + 7 (2)) i85, (3.24)
where
(2 =~ L (2), () =~ LY (2) - ﬁ o (2).
Furthermore, we write the following stress components as:
P07 = 5oy (), )= B Gaer, ()

where the shear stress is written in terms of a Dini expansion.’

The determination of the explicit solution (3.19)—(3.24) requires the prescription of the
boundary conditions in order to evaluate the four series of coefficients A;, B;, C;, D; of (3.13)
and the functions a(z) and 8(z) of (3.14) and (3.12).

IFor any detail on Dini expansions we refer to Watson (1966). Here we recall that, by using the sym-
bols of page 597, by putting v = H = 1 and rescaling the radius from 1 to b, we see that a continuous
function f(r) can be written in terms of the following Dini expansion: f(r) = Y72, cxJ1(dxr) where
ck =2 [y rf(r)J1(drr) dr/[b J (6xb)]?.



We remark that, in order to check the axisymmetric conditions: lim, o oy (r, 2) = lim, ¢ oy(r, 2)
and 7,,(0, z) = 0, we use equations (3.21), (3.22), and (3.24) and exploit the relation:

> 2Jo(¢;T)
250, 11(6,0)

which is true for » < b (Watson 1966).

=1

4 Analysis of the boundary conditions

In this section we impose the boundary conditions (2.2)—(2.3) to determine the explicit
solution. First of all, we notice that, for the subclass of solutions where w(b,z) = 0, by
(3.20), we have

"

B (2) =2k 8" (2) + (2+w?) & (2) + 2k w2a(z) = 0. (4.1)
Further, since also u(b, z) = 0, the following relations

orb.2)=0a"(2),  0:(b2) =7(z) =w?a"(2), (4.2)

oo(b,2) = vy (2) + 0’ (2)] = w?a” (2).

can be obtained by using (3.21), (3.22), (3.23), and (3.19).

Now, we obtain the solution of the problem of section 2 as superposition of the solutions
of the two new problems A and B represented in figure 1. More precisely, we first define a
problem A by assuming a(z) = 0 and (z) = 0 in order to reduce the solution of equation
(3.4) to the sole contribution L%(r, z). In this way, we obtain the coefficients A;, B;, Cj, D; by
using the boundary conditions on the stress (2.2); the condition w(b, z) = 0 is automatically
verified while, the radial displacement u* (b, z) (where the superscript A refers to the problem
A) is obtained from (3.19). The solution of problem A gives so rise to an infinite sum of
terms, each of them generating displacement fields w(r, z) and u(r, z) satisfying the so called
semi-inverse Levinson assumptions defined in Levinson (1985) and generalized, for cross
section of arbitrary shape, in Nicotra et al. (1999). Hence, we define the problem B with the
following boundary conditions: free loading ends, w?(b,2z) = 0 and u®(b,2) = —uA(b, 2);
these conditions imply «(z) # 0 and (z) obtained by (4.1).

4.1 Problem A

We now consider the subclass of elastic solutions in which
a(z) =0, 8(z) =0, (4.3)

oA (r,0)=—p(r), o2(r,h) =0, A(r,00=0, 71A(r,h)=0. (4.4)

The condition w? (b, z) = 0 is automatically satisfied because of the restrictions (4.3) (see
equation (3.20)).



The solution of equation (3.9), with the position (4.3), becomes

LA(r,2) = i:: LA(2) o5 7),

LA(2) = e |ePi % [A; cos(aj 2) + Bj sin(a; 2)]
+ e P%(C; cos(a, 2) + D sin(ay z)]} . (4.5)

Now, we write the load applied on the upper face as a Bessel expansion

o) 2 b
p(?‘)=;pﬂo(¢ﬂ% where P = B (s DI /O p(p)Jo(¢;5 p) dp, (4.6)

by assuming, for simplicity, p(b) = 0. By virtue of conditions (4.4) we have

Lo =5 L)
J

which lead to the following expressions of the coefficients of (4.5):

Aj = —% |:€2hﬁj [ﬂ] (k — ﬂj) (1 — COS (2hozj)) — Oéjﬂj sin (2hOéJ):| —+ Oé? (1 — (32hﬁj):|7

J

Bj = —Z—J |:62th (O‘jﬂj COS (2h,O[J) — ﬂj (k — ﬂj)sin (2hOAJ)> — O‘jﬂj — kOéj (1 — €2h'8j):|,

J

Cj = —% e2hBi {ozjﬂj sin (2ha;) — B; (k + 5;) (1 - cos(2haj)) —a?(1- ezhﬁi)],

J

D; = —% e2h B [eZhﬁfajﬁj — ;B cos (2hay;) + B (k + B;) sin(2ha;) + ka; (1 — e2h57')}
J

where

H; = ¢;* [a? (1- th'Bﬂ')2 - 2ﬁ]2 e2hB; (1 — cos (2 haj))]

By (3.19) and (3.20), the displacement components assume the form

1 — V2 e "
A —2kz A 2.2T1A
whr ) = ——p e ;@- (L) + w202 L (2) ) a5 7). (4.7)
wi(r,z) = 1= ke i(LAW (2) — 2kLA" (2)
) EO = J J

— 2+ )L () — 2k Lf(z))Jo(qﬁj ). (4.8)



and, by (3.21)-(3.24), the stress components are

Z¢2 LA (2) Jol67) 1—vZ¢J(- )t 62 L (z)) D)

_qus? (L8 () = 2 L3()) ol )

1-v) ZG;J (LA )+ w? g2 LA )) M, (4.10)

ot(r,z) = > ¢ L (2) Jo(¢; 1), TA(rz) =— ) o3 L (2)J1(¢; 7). (4.11)
Jj= =
Note that a combination of equations (4.9), (4.10), and (4.7) furnishes
E e2k
A ___A __ 0 A 4.12
ait(b,z) o (b, 2) ) u(b, 2), (4.12)

which implies that o, Uﬁ, and u* vanish in the same point on the mantle. An analysis of
the previous expressions shows that, for r = b, each term of the expansion of (4.7) vanishes

for a value of z, say s, obtained by solving the following transcendental equations
Li(s) + w?¢7 Li\(s) = 0,
that can be written in the following form

ng ePis +M4j e~ Bis

tan(a; 5) = _Mlj ePis + Msje=Pis’ (4.13)
where
My =(1-v)¢; [(aF + [32 + k2 +2kB;) —w?¢3| Bj +2(1 —v) ¢j (k+ ;) ajAj,
Myj = (1=v)¢; [(aF — —2kB3;) —w?¢3| Aj —2(1 —v) ¢; (k + B;) a; By,
Mzj = (1—v)d; [(af — BJ k2 +2kB)) —w?d3] Dy +2(1 —v) ¢ (k — B;) a; Gy,
Myj=(1-v)¢; [(&F = 57 — k> 4+ 2kB;) — w?¢3] Cj — 2 (1 —v) ¢ (k — B;) a; D;

In section 5 we will numerically solve this equation in order to obtain the value of s (the
position of the "neutral plane”) as a function of the ratio Ey/Ep.

4.2 Problem B

We now require
oB(r,0)=0, oP(r,h) =0, B(r,00=0, 75(r,h) =0, (4.14)

wB (b, z) =0, uB (b, 2) = —u?(b, 2). (4.15)

10



By accounting for expressions (4.1) and (4.2), conditions (4.14) imply

a (2) o 0 and a (2) T 0. (4.16)

The general expression for a function a(z) satisfying these conditions is
a(z) = (z — h)3lao + a1z + a22? + 23A(2)),

for any choice of the coefficients ag, a1, as and of the function A(z).

Let us write the Plevako function L(r, z) for this problem as
LB(r,z) = LYB(r,2) + L'B(r, 2), (4.17)

where we have denoted with L°B(r, z) a functional contribution of the kind (3.17). On the
other hand, by using (4.1), equation (3.12) becomes
(24 w?) o’ (2) — 4k o/ (2) — (4k2w? + $3) a(z)

By — _
A ®;bJ1(¢;b) ’

and . 5
e"® By (2) Rj(2)

Ckw (a2 482) ¢2bJ1(¢;b)
For any choice of the function a(z), R;(z) is given by (3.15) and, then, the coefficients
Aj, B;,C;, D; are obtained by conditions (4.14). Finally, the requirement uZ (b, z) = —u?(b, 2)

is used to identify the function «(z).

L15(z) (4.18)

Due to the complexity of the expressions (3.19) and (4.7), we are not able to explicitly
determine a(z). Hence, we follow an inverse method trying to find a function «(z) able to
match the requirement (4.15) on the radial displacement with a very good approximation.

To this purpose, we choose the following form of «(z), satisfying condition (4.16):
a(z) = (z — h)3(ag + a1z + azz® + azz® + ay2° eF?), (4.19)

where az = 3(ha; — ag)/h?. The four coefficients ag, a1, as, as are arbitrary and so equation

(4.19) generates four classes of exact solutions. We also set
8 8 _
B(z) =Y bzl + 3 bzl e, (4.20)
j=2 j=0

where the coefficients b;,b; are obtained from ag, a1, as,as by imposing equation (4.1) for
a(z) (see Appendix 1).
By computing the integral (3.15) with the choice (4.19), one realizes that the function

L'B(r,z) can be written as

6
L'B(r,2) = B(2) + Y (Gj(r) + V;(r) e") 27, (4.21)

J=0

up to a term which can be reabsorbed in the definition of L°Z(r, z). We have denoted with

G;(r) and Vj(r) suitable functions which can be now determined directly by substituting

11



(4.17) in (3.4); since the term L°B(r,z) already verifies (3.4), this procedure leads to the
following systems of ordinary differential equations
ViGe (r) — 4k2w? V2 Ge (1) + 4 k*w?ag = 0,
ViGs (r) —4k2w? V2G5 (r) — 24 kV2Ge (1) + 4 k?w? @5 + 24 kag = 0,
V3iG,(r) — 4k%w?V2Gy (r) —20kV2 G5 (r) + 60 V2 Ge (1)
+120 k2 Gg (r) + 4 k*w?as + 20 kas — 30 (w? + 2) ag = 0,
ViGs (r) —4k?w?V2Gs (r) — 16 kV2 Gy (r) + 40 V2G5 (1)
+80 k%G5 (1) — 480k Gg (1) + 4 k?w?as + 16 kay — 20 (w? 4+ 2) a5 = 0,
ViGy (r) —4k?w?V2Gy (r) — 12kV2Gs (r) + 24 V2 Gy (r) + 48 k% Gy
(r) — 240 k G5 (1) + 360 Gg (1) + 4 k2w?as + 12 kag — 12 (w? +2) a4 = 0,
ViG (r) —4k%w?V2Gy (r) —8kV2Ga (1) +12V2 G5 (1)
+24 k%G5 (r) — 96k Ga (r) + 120 G5 (r) + 4 k*w?a; + 8 kax — 6 (w? +2) a3 = 0,
VG (r) —4k2w?V2Gy (r) —4kVZG1 (1) +4V2Ga (1)
+8k? G (r) — 24k Gs (r) + 24 G4 (r) + 4 K*w?ay + 4 kay — 2(w? +2) @ =0,

(4.22)

ViVs (r) —2 (2w? +1) k*V2 Vg (r) + [bs + Vs (r)] k* = 0,
VEVs (r) =2 (2w? +1) k2V2 V5 (r) + [bs + V5 ()] K* =0,
ViVi(r) =2 (2w?+ 1) k2V2 V4 (r) + 60 V2 Vg (r)

o+ [Ba + Vi ()] k* = 60 [B + Vi ()] 2 = 0,
ViVs(r) —2 (2w? 4+ 1) k2V2 V3 (1) + 40 V2 V5 (1)

+ [ + Vs ()] k* =40 [B5 + V5 ()] K% = 0,
ViVa(r) =2 (2w? + 1) k2V2 Vs (r) + +24 V2V (1)

By + Va ()] k* = 24 [ba + Vi (r)] K + 360[bs + Vs ()] = 0,
ViVi(r) =2 (2w? + 1) k2V2V; (r) + 12V2 V3 (r)

+ [b1 4+ VA ()] k* — 12 [bs + V3 (r)] k* 4+ 120[bs + V5 (r)] = 0,
ViVo(r) =2 2w+ 1) k2V2Vo (r) +4V2Va (1)

+ [bo + Vo ()] k* — 4 [bo + Vo (r)] k% + 24[bs + Vi ()] = 0,

where we have introduced the coefficients @;, for j = 0, ..., 6 satisfying the following position

(4.23)

6
(z = h)*(ag + a1z + axz® + az2®) = Zajzj
=0

The solutions of these systems, regular in » = 0, are

Ge (1) = g6,0 + gs,177, Gs (1) = g5,0 + 95,172,
Ga(r) = ga0+ ga1r? + gaor* + G40 Lo 2kwr),
Gs(r) = g3+ gsar® +gsor* +Gsolo (2kwr) + 95,7 11 (2kwr),
Ga (1) = g2.0 + ga17% + gaor + g2.37° + G2.0 10 (2kwr) +Go 7 I (2kwr)
+Gp01% I (2kwr),
Gi(r)=gio+g11r* +g12m* + 91,37 + Gy 0 Jo (2kwr) + 7, ;7 L (2kwr)
+§1)2T2 L (2kwr) + §1)3T3 I3 (2kwr),
Go (1) = go,0 + g0 + go,2r* + 90,37 + g0,47% + G 0 Lo (2kwr)
+go1r 1 (2kwr) + §012r2 I, (2kwr) + §013r3 Is (2kwr) + §074r4 I, (2kwr),
(4.24)
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+ V6,0 Lo (kyr) — bg,

Vs (r) = 1150]0(7“77") + 75,0 Lo(ky ) — bs,

Vi (r) = va0 Lo(knr) +Ta0 Lo(kr) +va1r Iy, (knr) +0g1r I (K r) — by,
Va(r) =030 Lok 1) +v3.0 lo(knr) +vaar Iy, (knr) + 0317 I (k1) — bs,
Vo (r) = va,0 Io(knr) + 020 Io(kYr) +ve1r [ (knr) + Do 1r I (kY T)

_ 4.25
+vg.0r% Io(kn7) + V20r? In(kip 1) — ba, (4.25)

Vi(r) =viololknr) +010lo(kyr) +viar Ii(knr) + Oy ar Ii(kyr)
+v1,2r2 I (knr) + U120 (kY r) — by,
Vo (r) = vo,0 lo(kn 1) + 0,0 Lo(ky 1) + vo,17 L1 (kn ) + Vo7 1 (k)
00,272 Io(kn ) + Do 272 Ia (k3 1) + vo 373 I3(kn 1) + To.373 I3(k ) — b,

where n = Vw2 +1 —w, ¥ = Vw? +1 +w, and I;(z) denotes the i-th modified Bessel
functions of the first kind. The coefficients gji, g,;, vji, and vj; are determined by solving
the algebraic system which arises with their substitution in (3.4) and by accounting for the
conditions L(b, 2) = B(z) and V2 LY(r, 2)|,—» = a(2). These coefficients, given in Appendix
2, depend on the constitutive and geometrical properties of the body.

The Plevako function so obtained gives rise to the following stress components

o.(r,2) = 09(r, 2) + c(2)r* + c7(2)r? + cs(2)

[e1(2)r? + ea(2)r? + e3(2)] IO(2kw7’) + [ea(2)r® + cs5(2)r] I (2kwr)
¢1(2) 1% 4 C2(2)] To(knr) + [E3(2) r? + a(2)] Lo(kvr)

c6(2) r® +Ts5(2) r] In(knr) + [es(2) 1 + T (2) r] Tu(kpr),

v2(r;2) +ds (2)r® + dg(2)r

[ 1(2)r3 +da(2)r }10(2kw7’)—|— [dg( )r +dy z)} I (2kwr)
di(2)r3 + do(2)r } Io(knr) + [34 2)r? +ds(z )} I (knr)

+[ds(2)r? —i—aﬁ(z)r} Io(kyr) + [ s(2)r? +dq7 (2 )] L (kyr),

(4.26)

where the functions ¢;(2), d;(z), ¢i(z), and d;(z) can be obtained by (3.2), (4.17), (4.21),
(4.24), and (4.25) .

In order to impose the boundary conditions (4.14) for LZ(r, z), we compute the expres-
sions (4.26) on the ends; the quantities o2 (r,0), 02(r, h), 7%, (r,0), and 72, (r, h), defined by
(3.25), are written in terms of the coefficients AJ,BJ,C],DJ of L9B(r, z). To this end, we
first write o, (r,0) and o,(r, h) as Bessel Jyo(¢;r) expansions and 7,,(r,0) and 7,,(r, h) as
Dini Ji(¢; r) expansions and, then, we solve the corresponding algebraic system obtained
from their substitution in (4.14).2

This procedure leads to an algebraic system for A;, Bj,C;, D; which generates four
class of exact elastic homogeneous solutions (Lur’e 1964), for every choice of the coefficients
ag, a1, a3, 4.

The solution of the problem B can be so written as

LB(ru Z) = LB(Ta z;ap, 01, a3, a4)7

2In this calculation one has to perform some integrals involving products of Bessel functions; they can
be obtained by suitably differentiating, with respect to # and/or y, the expression f(j’ Jo(zp) Io(yp) pdp =
[z J1(xb) Io(yb) + y Jo(xb) I1 (yb)] b/ (22 + y?) and then substituting = = ¢; and y = 2kw.
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where we have emphasised the functional dependence on the coefficients ag, a1, as, as.
By using equation (3.19), we compute the resulting radial field:

uB (b, 2) = apu® (b, 2) (b, 2) + a1 uM (b, 2) + az u® (b, 2) + ag u (b, 2), (4.27)

where u(? (b, z) (with i = 0,1, 3,4) denotes the contribution to u? (b, z) given by the a;-term
of a(z).
Furthermore, we remark that, by using equations (4.2) and (4.19), the superposition

principle allows us to write the explicit form of the stress on the mantle as:
of(b.z) =w?a’(z) —of(b.z), oP(bz)=w?d"(z), ol (b2)=0a"(2) —af(b,2).

In the next section we provide an example where the coeflicients ag, a1, a3, as generate a
good approximation of the displacement field u” (b, z) opposite to the displacement (4.7).
Hence, by further superposing this solution of problem B to that of problem A, we will be

able to solve the global problem formulated in section 2.

5 Numerical example

The numerical example here concerned has the purpose of highlighting the peculiarity of the
analytic solution obtained. Hence, we choose a thick plate-like body, having radius b = 45
mm and thickness h = 15 mm, with a quite severe Young’s modulus gradation, as FE(z)
varies from Ej, = 45 MPa to Ey = 4500 MPa, so that k =~ 0.1535 mm~'. The Poisson ratio
is uniformly v = 0.3.

The finite element model has been developed within the code ABAQUS (Dassault Systémes,
2006). The Young’s modulus variation through the thickness has been assigned by coding it
into a user subroutine, so that we do not need any special finite element, as instead employed
by other investigators (e.g., Kim and Paulino 2002).

The plate is loaded on the upper face by a distributed load shaped as the first term of
the Bessel expansion (4.6): 3

p(r) = Jo(g1 1) [MPal. (5.1)

Of course, different loading conditions can be obtained by superposing a suitable number of
terms of the Bessel expansion.

The finest mesh employed consists of 720x240 axisymmetric 4-noded elements with full
integration (four integration points each). We have implemented several models, increasing
the degrees of freedom to be sure to best represent the stresses about the mantle, which is a

region where, in fact, the finite element description turned out to be too much inaccurate.

3The load (5.1) has been applied to the finite element model by implementing it into a user subroutine
in the following polynomial form, well fitting Jo(¢1 7):

p(r) = [1— (¢17)2/4+ ($17)* /64 — (61 7)%/2304 + (¢1 )3 /147456]  [MPa).

14



In order to validate the solution method and get an insight into the convergence of the
series involved in the analytic solutions, it is important to compare separately the solutions
of the two problems A and B.

5.1 Numerical results - solution A

By using the loading condition (5.1), the solution of the problem A is obtained in closed
form. In particular, equation (4.13) gives the position of the neutral plane: s = 0.2 h, where
u?(r,s) = 0 and, by (4.12), 022(b, s) = —c4'(b,s) = 0. In figure 2 we have plotted s/h as a
function of the ratio Ey/FE},.

We remark that in the FEM approach of the problem A we need to assign the radial
displacement on the mantle provided by (4.7).%

The analytic and the FEM solutions are in excellent agreement. In terms of displacement,
they provide (within a four digits precision) exactly the same results; for instance, w*(0,0) =
0.02289b, while the maximum value occurs at zp = 0.181h and reads w? (0, z9) = 0.023b.

The behaviour in terms of stresses is given in figure 3, which shows the radial and shear
stresses through the plate thickness, in the centre and on the mantle. The comparisons give
very satisfactory results. Figure 4 gives a further insight on the stress behaviour by showing
the radial and circumferential stress variation along the ends. It is clearly recognised that
02(0,2) = 0(0,2) and 0 (b, 2) = —05 (b, 2).

5.2 Numerical results - solution B

The analytic solution of subsection 4.2 requires the calculation of the coefficients ag, a1, as,
aq of (4.27) in order to assign the required radial displacement on the mantle.
We use a least square technique to find the coefficients ag, a1, as,aqs best fitting the

function u” (b, 2); the coefficients of (4.27) for the displacement u? (b, z) are:
ao = 0.4613 1071, a; = 0.8980 1072, a5 = 0.5810 10™*, ay = —0.9662 1072, (5.3)

As shown by the first two curves in figure 5, the radial displacement u” (b, z) (5.2) and the
displacement generated by the procedure of solution described in subsection 4.2 are in a very
good agreement.

We remark that the FEM solution is obtained by applying u? (b, z) = —u?(b, 2) as given
by (5.2), instead of its approximation employed in the analytic procedure. The transversal
displacement is w?(0,0) = —0.0130974b whereas the FEM results provides wI?EM(O,O) =

4To this purpose, we have implemented into a user subroutine the following numerical evaluation of the
displacement provided by equation (4.7):

uA(b,z) = h[e4'78852/h (1.3221 x 10~ sin (gz/h) + 8.7208 x 1076 cos (qz/h))
+ 0183522/ (5.6634 x 10~ 2 sin (qz/h) — 5.4937 x 1073 cos (qz/h))] (5.2)

where q 2 0.48604.
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—0.01302b. The maximum transversal displacement predicted by the analytic solution is
w?(0, 29) = —0.0131501b, with zo =~ 0.181h, while wIJTSEM(O’ z0) = —0.01307b.

In figure 6 we have reported the radial and circumferential stresses on the plate ends in
terms of the normalised radial coordinate. From the black and red plots on this figure it is
evicted that the results are in excellent agreement within the region r € [0,~ 0.85b], while
there is a large discrepancy approaching the mantle.

Figure 7 shows that the FEM approach is quite inaccurate in predicting the stresses
about the mantle. In fact, as quite satisfactorily predicted by the analytic solution, both
0.(b,z) and 7,.(b,z) should be zero in the mantle corners (z = 0 and z = h), while, for
z — 0, the FEM analysis predicts that they both reach a conspicuous maximum value,
even larger than the maximum radial stress on the mantle. This problem is due to the
simultaneous presence of high stress gradients, corners, and nodes having all the degrees
of freedom assigned. We notice that this problem cannot be solved by further refining the
mesh, or by choosing other standard or hybrid elements: for each formulation, we tried both
4-noded and 8-noded elements, with either full or reduced integration, always obtaining very
similar results. Elements with incompatible modes mitigate the corner problem, but they
do not solve it.

The discrepancy between the analytical and FEM solutions is instead less pronounced
if the FEM solution is obtained by applying at the mantle the same displacement as that
employed in the analytical solution, instead of —u“(b, z). However, since we have no simple
explicit analytical expression for the displacement u? (b, 2) given by (4.27), we can apply to
the FEM model a polynomial best fitting it. Figures 6 and 7 report the results corresponding
to the choice of a 6th-order polynomial for representing u?” (b, z), as plotted in figure 5. °
The solution is mostly improved in the upper face, while it is still quite far from the analytic
solution in the bottom face, where, by the way, as shown in the detail of figure 5, the chosen
6th-order polynomial is less precise in fitting the radial displacement u? (b, 2) given by (4.27).

The results in terms of stresses show a very large sensitivity to changing the applied dis-
placement by a small perturbation, which is for instance the case of the difference between
—u?(b, 2) and its approximation (4.27) with the coefficients given in equation (5.3). This
suggests that simpler models than that here developed, where only average buondary con-
ditions can be imposed at the mantle, may provide stresses about the mantle very different
from that actual ones.

In any case, within the conventional FEM formulation employed, the element in the
corner (r = b, z = 0) cannot satisfy both the field and the boundary equations.

Note that in Problem A we have shown, in the previous subsection 5.1, that the numerical

5The polynomial, implemented within a 15 digits precision, fits u? (b, z) with a determination coefficient
R? =0.999901 and reads

ugol(b, 2) & —3.2071(2/h)% + 8.14320(z/h)® — 6.6591(z/h)*

+1.4245(2/h)® + 0.42051(z/h)2 — 0.243022z/h — 0.073364
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solution is quite accurate, also at the mantle, in spite of the similarity of problems A and B
in terms of boundary conditions. This might be due to the presence, in Problem A, of the
load p(r), which is strictly connected to the radial displacement at the mantle u“ (b, z), the
latter being a result of the analysis. This suggests that the combined boundary conditions
consisting of 2 (r,0) = —p(r) and u(b, z) = u?(b,2) leads to a Levinson type of solution
which is smooth enough to be described by the FEM. Instead, in Problem B, the presence
of the sole loading condition u?(b,z) = —u“(b,z) leads to a solution (see, e.g., figure 6),
whose associated displacement field turns out to be difficult to be modelled via FEM. It is
important to notice that this stress behaviour at the mantle, in Problem B, corresponds to
the existence of a non-planar neutral surface.

Finally, let us notice that the issues above are not peculiar of FGM materials only, as

one has to face with them also in the homogeneous case.

5.3 Numerical results - final solution

The complete solution is obtained by superposition of the solutions A and B. We note that the
non-monotonic behaviour of w(0, z) implies a change in sign of the strain £, (0, z) and w(0, z)
has a variation of about 10% between its maximum and minimum values; such a variation
is large enough in order to establish the invalidity for the present case of the assumption,
standard for plates, of constant through-the-thickness deflection (Reddy and Cheng 2001).

Figure 8 shows, on the deformed shape, the contour of the shear stress, restricted to the
region r € [0, 0.8b], where the results of the analytical and finite element solutions are almost
coincident.

Let us now highlight the peculiarity of the stress behaviour on the mantle. To this

purpose, we exploit the closed form expressions (4.2) for the stress components:

(2),

where o () is obtained by equation (4.19) with the coefficients ag, a1, as, a4 given by (5.3).

’

or(bz)=0a"(2), o9(bz)=0.(bz2)=wa

While the usual classical plate models assume that o, vanishes everywhere, we observe that
the solution of problem A states that o2 (r, z) is non-zero in the internal points whereas it is
null on the mantle (see equation (4.11)). Hence, in the global problem, the function o, on
the mantle turns out to coincide with o2 (b, z) and oy (b, z) = 0. (b, 2).

In figure 9 we have plotted the radial and shear stresses along various radial sections.
Their highly oscillatory behaviour about the mantle rapidly disappears moving towards
the centre (Sburlati 2009). The radial stress at the centre is the only curve made non-
dimensional by dividing it by the Young’s modulus gradation (3.3); it is interesting that
such a normalisation leads to an almost perfectly linear curve.

We remark that the radial stress is such that the neutral surface is non-planar, due to

the edge effects on the mantle.

Effect of a graded Poisson’s ratio We wish now to investigate on the assumption of

uniform Poisson’s ratio introduced in the analytic model. To this purpose, we have run FEM
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analyses similar to those exploited so far, with the exception that we assume for the Poisson
ratio an exponential variation analogous to that chosen for the Young modulus, given by
equations (3.3):

v(z) = v e?F, k, = %ln (Z—Z) )
where v(0) = vy and v(h) = v,. We have set a quite extreme variation of Poisson’s ratio:
vy = 0.01 (where Ey = 4500 MPa) and vp, = 0.499 (where E;, = 45 MPa), according to the
fact that, often, the softer the material the higher the Poisson ratio. Also, we have run other
two reference analyses with spatially uniform v having values of 0. and 0.499, respectively.

The results are given in terms of the most significant variables at the centre, where the
finite element results are very accurate. From figure 10 one evicts that the change in the
deflection w(0, z) may be quite relevant, even though the maximum deflection in the case of
graded Poisson’s ratio is larger of only 2.8% with respect to the analysis where the Poisson
ratio is uniform and equal to 0.3. As shown in figure 11, the qualitative match between
different cases is better if evaluated in terms of ¢,(0, z), albeit the maximum stress of the
graded case differ of about 26% with respect to the case v=0.3. Also, it turned out that, in

terms of stresses, the graded case is very similar to that of =0, uniformly.

6 Concluding remarks

We have determined some exact 3D elastic solutions for an axisymmetric functionally graded
cylinder subject to mixed boundary conditions. By assuming inhomogenity governed by
exponential gradation along the plate thickness, we have studied the case of a plate-like
body perfectly clamped on the mantle and subject to a transversal distributed load on the
upper face. The major effort has been devoted to assign the boundary conditions pointwise
The analytic solution, obtained in terms of Bessel expansions, is numerically robust since
the solution is obtained as the sum of two parts: one given in closed form and the other
written in a standard way, for which convergence properties are known.

The method of solution allowed us to highlight the inhomogeneity effects, to show the
non-planarity of the neutral surface due to the localized effects on the edges, and to obtain the
stress behaviour on the mantle in a closed form. The comparisons with a FEM approach have
been very satisfactory in internal points and showed the relevant difficulties in representing
the solution near the mantle because of the large sensitivity of the solution within the
mantle region to the boundary conditions and because of the inability of the conventional
finite elements employed to satisfy all the equilibrium conditions in the corner region.

Moreover, the investigation with FEM on the effects of a graded Poisson’s ratio, in con-
junction with the Young’s modulus gradation, quantified the limits of the usual assumptions
introduced in the literature to obtain analytic solutions.

Finally, we observe that the method of solution may be adopted to account different
boundary conditions and to describe the elastic response of a FGM coating on a substrate
(see, e.g., Kashtalyan and Menshykova 2008).
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Appendix 1

The coefficients of (4.20) are

1
by = 17 (w?+1) (4566+15k65+6k264+3k363+2k462+2k561)—|—§w260,
1 1
by = o (w?+1) (4566+15ka5+6k2a4+3k3a3+2k452)+6w2al,
_ _ _ _ 1 5
by = 4]{34 w +1 (15a6+5ka5+2k2a4+k3a3)+Ew2a2,
1
bs = s (w? +1) (15a6 + 5 kas + 2 kay) + % w?as,
b 1( +1)(3_+k_)+1 *a b 1( +1)a +1 a by = — w7
6= G2 \W ag a5) T g5 whas, 7= W a6 + 75 W75, 8= g W s
- 24
bo = 75 (h3k3 2 1921 h2k2w? + 90 hkw? + 6 h2k2 + 270 w? +60) aa,
b = —% (5 h3k3w? 1 48 h2k2w? + 420 hkw? + 2 W3k + 120 hk + 720w2) aa,
by = % (h%%? + 30 h2k2w? + 120 hkw? + 12 h2k2 + 420 w? + 120) as,
_ 1
by = — 5 ( 3 h3k3w” +24h2k2w2+300hkw2+2h3k3+120hk+480w2) aq,
3
bi= 13 (3 R2K2w? + 10 hkw? + 27?2 + 50 w? + 20) ay,
_ 3 _
by = — = (3hkw + 2 hk + 4w?) a4, bgzﬁ(3w2+2)
Appendix 2
By setting Vw2 + 1 = x, we write:
v b2 _ b2_ 15 Aso
= —— = ——2aqQ = ——
96,0 4 s, 95,0 1 %5 94,0 1 3054 0 e,
930 = T I 1676 B T gk 10 20T Taha 6 M T 558 0 32010 06
V_ﬁ 4 3dao 3As0 _ 3A30_ 5A20 _ 5410 _
JL0= Ty 32k408 T 8K5 WS M T 96 k6 wl0 0T 16T w2 O
7_i2a 3A30 _ Az - 5A1.,0 _a 5400 _
J00 = T A0 T 30k w08 BT 96 k6 w10 M T 95 kT w12 U0 T 1024 kE w14 10
1_ 1_ 1_ 15A41_
= — Q. = —Q = — Q. _—
96,1 7 %6 95,1 1 95 94,1 19T g2t ae,
_ 1o 5Auy 1543, 7_3A471_+15A31 +45A216
PLZ LT G2 AT g6 Y0 T T g AK3 w0 32kt w8 %
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1 34 3A 15 A 45 A
g1 =77 - k24 14 s + k33 16 Lt 32k42 18 i o 11 L 7,
0.0 = 80+ 2w 6 O3 T a8 MY gym 10 95t g o1z 96
15 _ 5 _ 152 3 15%% _ 45A22_
2= 52 10 IR et T Gt 10 22T 5 2 M T Tokwt 0 32k20w0 1O
. 3 _ 3X2 _ 15A22_ 45A12_
2= 3 2 B T Rt M T 305206 T 16k W 1O
3X2 _ 3A22 _ 15A12 _ A072 _ 5 Yy
902 = T30 h A BT 3082006 M T 32838 VT oppka 10 W0 923 T 35196
5 52 1 5x% _  5Ags _ 5

913 = 95 od B g6 as, 903 = 9608 M AR kb BT pa Rz s (6 904 = W%,

where

Ao =3KWw b +4x? (w? — 1) (FPw?b? — 1), Azo = x* Bk w'd? + 4k%w2b? (w? — 2) — 4(2w? — 3)),

AQ,O =19 k6w6b6 — 18 X2 (9 k4w4b4 + 2k2w2b2 (2w4 + 3w2 _ 15) —4 (2w4 + 5w2 _ 14))7

A= x2k4w? (38 w2b0k2 + 27wt — 54 w? — 270)
+x2 (72 (w? — (Bw? — 14)) w?k2b? — 2160 + 36 w? (15w% + 4)),

Agp = 21105%8kS + 1/16 [—-95wS (w? + 3) kOb° — 27 w* (wb + 9w* — 30w? — 70) k*b*
+72w? (3w’ + 25wt — 35w? — 105) k2b? — 540w° — 5292w? + 3780 w? + 17820]x*

Agq = k2w2b% + x> (w2 _ 1) , Asq = x2 (k2w2b2 + (w2 _ 2)) 7

Agq = 3brwtk? — 24 k20?x? — 8w? (w? — 6) — 20 (w* — 3),

A1 = x2 (202K — 4 k%W — 12w* + 3b%wk? + 4w? — 20 b?k*w? + 56)

Ap1 = 6750 kw2 (w2 + 3) —950% k% Wb + 180 b2 k2 w? x? (w6 + 9w —30w? — 70)
—360x? (3w’ 4+ 25w — 35w? — 105) ,

Aso = k2w?b? — 6 X2, Aro = x> (2 B2wb? + wt — 202 — 10) ,

Apa =135kt wh = 9000 x? k2 w? (w? +3) — 180 x? (wf 4+ 9w* — 30w? — 70),

Ap 3 = w?b?k? — 5w* — 20w? — 15,

)

and
_ _18B4o_ _ 9Bso _ 15Bso_  _ 3B40 _ 15B3g _ 45320_
94,0_81€T6a67 93,0 = 4 JoA,6 as 2w g a6, G20 = 4 JA 6 aq 4k5w8a 5 610 a6,
_ 3B40 _ 3B30 _ 15Bs9 _  15B19_
91,0 = 378 B T 5758 T 55,10 95 T roie 46
— — 3330_ 3B2o _ 5B _ 15 Bo0 _ _ 15B4po _
90,0 = ZiBs B T 3610 M T 571z % T JE i 96 931 = SpaT 46
_ 15B4)0_ 45 (4330—(2&) +1)B40)
921 = a7 BT 59 a6,

4 kw 8 kow
~ 3Bio_ 15(4Bsg— (2w?+1) Byo) _ 45 (4Bag — (2w? +1) Byo + x?Bay) _
T = a7 M 8 kP s 15T a6
_ _3B4,oa n 3 (4Bs0— (2w?+1) Byy) _ _— 15 (4 Ba,o — (2w? +1)330+X2B40)
Joa = g, 98 8 kw? = 8 k2wb
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N 15 (4 B1,o — 3 (2w? 4+ 1) Bag + 3x*Bsy) N 15 (18 w* 4 23w? — 53) (1 — k*w5) b2 By _

4 k3w a6 8 kdwll (w? — 1) a6
+45 (2 (48 —17Tw? + 46 w* — 140) wOk* + 285 — 97 w* — 9wb + 35w?) By _
ae,
16 (w? — 1) k7w ;
_ 45 B4,0 _ _ 15 B4,0 _ 45 (2 B370 — (2 w2 + 1) B470) _
92,2 = 4k4w8 g, 91,2 = 4k4w8 as + 4]{55&]10 ag,
_ 3 B470 _ 15 (2 Bgyo - (2 w2 + 1) B470) _
90,2 = g (4 - 10 as
4 k4w 8 kdw
2
45 (16 Byo—8 (2w?+ 1) Byg + (2w? + 3) 3470) )  15Byy.
+ 32 612 a6 913 7 Jga9 1%
_ 5Bso _ 15 (4Bso—3(2w? +1) Byg) _ _ 15B40 _
908 = Jpage %t 8 k5wl a6 904 = Sgag10 46
where
wt—1 kwb Iy (2 kwb) (2w? —3) X2
B4,0:77 B3,O:_7 40 — T 7 767 .1\
Iy (2 kwb) Iy (2 kwb) Iy (2kwb)
bkw I (2 kwb) bkw (2w? + 3) I1 (2kwb) 1
Bog= ——2 12T By — = k*w?’B
20 To (2kwb) 20T 41, (2Kwb) 10T R0
X2 (2w +5w? — 14)
21y (2kwb) ’
3kwbly (2 kwb) 3kwb (2w +3) I (2kwb)
Biogy=———"—F"7—"DBo+ Bs
Il (2 kwb) 4[0 (2 kwb)
kwb (—9w? + 4b?k*w? —10) Iy (1, 2kwb)
+ By
41y (2kwb)
+x2 (V?k2w? (6w + 13w? — 25) — 45w? — 12w? + 180)
41y (2 kwb) ’
kwbI (2 kwb) 3kwb (2w? + 3) I1 (2 kwb)
Byo = — 1,0 + By
Iy (2kwb) 41y (2 kwb)
+kw b(—9w? + 4b?k*w? — 10) Iy (2kwb) Bt x2 (579 b?k2w? — 630 w? — 2970)
41y (2 kwb) 30 321y (2 kwb)
(18w + 48 b2k*w* + 64 b?k*w? — 120w? — 105) kw bl (2 kwb)Bao
321y (2 kwb)
+x2 (—12wBb%k? + 90wl + 20 wOk*b? — 216 B*k%wWE — TI D2 k?w* + 882w — 20 kb w?)
321y (2 kwb)
The coefficients v;;,v;; are
56k21/)2 — Q4 _ 56]{32772 — Q4 55]€21/}2 +3 a4h
V6,0 T 19 T L

T Wwxlo(knd)’ 00T TaR2wxIo(kgb) 0T dR2w yIo(knb)’

Dak’ 2 — 3agh?

V4,0 1041+ CoUyy + W2 xTo (k) V3,0 1v3,1 + 9 CaU31 +

B3]€2’L/12 + a4h3
4k2w xIo(knb)’

) _ a2
V2,0 1021+ ¢ 0221+ 3022+ ¢ CaTa2+ 4w xTo(knb)’
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~ _ b1y?
v10 = C1011 + Y 02011 + G312 + 9 CaT12 + 4w x Io(knb)’
bo

vo,0 = C1v0,1 +1/1nC2 00,1 + C3v9,2+1/1Cs Do 2 + Csv0,3+ 1/1Cs o3 + Tox Py (D)’

15 10 6 45w
V4,1 = —avﬁ,o, U3,1 = _va, V2,1 = _va + W”G,O,
V1,1 = o (2X77_ S +3wx - 2)U50—3U30 Vo,1 = —ivzo-i- ik V4,01 1w V6,0
' k3x3n? Tokx T ' Ex =7 k3y*n 7 kSnp
45 15 3 45w 15
V22 = kQ—XQUG,o, V1,2 = kQ—XQ V5,0, V0,2 = kQ—XgUAL,O - /&—)(47706707 V0,3 = —k3—X3UG,O,
where C = 1 _bhGknd) o Dlkyb) o (4 1)bh(knb)
2kwyx  Io(knbd) 2kw xIo(knb) kwx nIo(knb)
o, bI (k) __ 300k Iy (kd) — 21 (kD)
kwxIo (knb)’ 2k2wxn Io (knb)
. — (4nx?+3w—x)b? n (3—2wyx —6x? —wxk*n?b?) b1 (knb)
2kwx n? k2w n’Io (knb) '

The coefficients v; ; can be obtainded from the analogous coefficients v; ; by exchanging 1
with 1 and changing a sign, after having written in terms of coefficients a; and b;.
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Figure 1: Schematic of the boundary value problem and the strategy of solution by
superposition.
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E/E,

Figure 2: Position of the neutral plane as a function of the heterogeneity.
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Figure 5: Comparison between u“(b,z) given by the Problem A, its approximation
employed within the Problem B, and a 6th-order polynomial fitting of the latter.
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Figure 8: Global problem — contour of the shear stress on the 10 times amplified
deformed shape.
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