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CONTROL AND STABILIZATION OF THE BENJAMIN-ONO EQUATION
ON A PERIODIC DOMAIN

FELIPE LINARES AND LIONEL ROSIER

ABSTRACT. It was proved by Linares and Ortega in [24] that the linearized Benjamin-Ono
equation posed on a periodic domain T with a distributed control supported on an arbitrary
subdomain is exactly controllable and exponentially stabilizable. The aim of this paper is
to extend those results to the full Benjamin-Ono equation. A feedback law in the form of a
localized damping is incorporated in the equation. A smoothing effect established with the aid
of a propagation of regularity property is used to prove the semi-global stabilization in L?(T) of
weak solutions obtained by the method of vanishing viscosity. The local well-posedness and the
local exponential stability in H*(T) are also established for s > 1/2 by using the contraction
mapping theorem. Finally, the local exact controllability is derived in H*(T) for s > 1/2 by
combining the above feedback law with some open loop control.

1. INTRODUCTION
The Benjamin-Ono (BO) equation can we written as
up + Hugr + uu, = 0,

where u = u(z,t) denotes a real-valued function of the variables z € R and t € R, and 3 denotes
the Hilbert transform defined as

Hu(€) = —isgn(€) a(€).

This integro-differential equation models the propagation of internal waves in stratified fluids of
great depth (see [4, 33]) and turns out to be important in other physical situations as well (see
[9, 18, 26]). Among noticeable properties of this equation we can mention that: (i) it defines a
Hamiltonian system; (ii) it admits infinitely many conserved quantities (see [6]); (iii) it can be
solved by an analogue of the inverse scattering method (see [2]); (iv) it admits (multi)soliton
solutions (see [6]).

In this paper, we consider the BO equation posed on the periodic domain T = R/(27Z):

up + Hugy +uuy, =0, z€T, teR, (1.1)
where the Hilbert transform H is defined now by
(@)k = —isgn(k)iy.
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The two first conserved quantities are

L(t) :/Tu(x,t)dx
and
Ir(t) :/TuQ(x,t)dm.

From the historical origins [4, 33] of the BO equation, involving the behavior of stratified fluids,
it is natural to think I; and Iy as expressing conservation of volume (or mass) and energy,
respectively.

The Cauchy problem for the equation (1.1) in the real line has been intensively studied for
many years ([45, 17, 1, 32, 31, 20, 19, 46, 5, 16, 29, 13, 14]). In the periodic case, there have
been several recent developments. (See for instance [28, 30, 29] and the references therein.) The
best known result so far [28, 29] is that the Cauchy problem is well-posed in the space

1

H{(T) = {u € H*(T); a9 := —
o(T) = {u & HY(T); do = o |

u(z)dr =0}
for s > 0. Moreover, the corresponding solution map (ug — u) is real analytic from the space
HY(T) to the space C([0,T], H)(T)).

In this paper we will study the equation (1.1) from a control point of view with a forcing term
f = f(x,t) added to the equation as a control input:

ug + Hugy + uu, = f(x,t), z €T, teR, (1.2)

where f is assumed to be supported in a given open set w C T. The following exact control
problem and stabilization problem are fundamental in control theory.

Exact Control Problem: Given an initial state ug and a terminal state u; in a certain
space, can one find an appropriate control input f so that the equation (1.2) admits a solution
u which satisfies u(-,0) = ug and u(-,T) = u1?

Stabilization Problem: Can one find a feedback law f = Kwu so that the resulting closed-
loop system

up + Hgy + vy = Ku, x €T, teRT

is asymptotically stable as t — +o00?
Those questions were first investigated by Russell and Zhang in [44] for the Korteweg-de Vries
equation, which serves as a model for propagation of surface waves along a channel:

Up + Ugpe +uue = f, z €T, teR. (1.3)

In their work, in order to keep the mass I1(t) conserved, the control input is chosen to be of the
form

Fa,t) = (Gh)(a.1) = a(x) (h(zc,t) - [Latwnta. dy)

where h is considered as a new control input, and a(x) is a given nonnegative smooth function
such that {z € T; a(z) > 0} = w and
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For the chosen a, it is easy to see that
d
— u(:c,t)d:v:/f(x,t)dx:() vte R
for any solution u = u(z,t) of the system
Ut + Uggy + Uty = Gh, x€T, teR. (1.4)

Thus the mass of the system is indeed conserved.

The control of dispersive nonlinear waves equations on a periodic domain has been extensively
studied in the last decade: see e.g. [44, 40, 23| for the Korteweg-de Vries equation, [27] for
the Boussinesq system, [42] for the BBM equation, and [11, 38, 21, 41, 22] for the nonlinear
Schrodinger equation. By contrast, the control theory of the BO equation is at its early stage.
The following results are due to Linares and Ortega [24].

Theorem A. [24] Let s > 0 and T > 0 be given. Then for any ug,u; € H*(T) with [ug] = [u1]
one can find a control input h € L*(0,T, H*(T)) such that the solution of the system
ut + Hugy = Gh, u(z,0) = up(z) (1.5)
satisfies u(x,T) = uy(x).
In order to stabilize (1.5), Linares and Ortega employed a simple control law

h(z,t) = —G*u(z,t).
The resulting closed-loop system reads

ug + Hugy = —GG*u.

Theorem B. [24] Let s > 0 be given. Then there exist some constants C > 0 and X\ > 0 such
that for any ug € H*(T), the solution of

ut + Hugy = -GG, u(z,0) = up(x)

satisfies
Ju(-, ) = [uo]ll sy < Ce M |lug — [uo)|lrs=(ry ¥t >0.

The extension of those results to the full BO equation (1.4) turns out to be a very hard task.
Indeed, it is by now well known that the contraction principle cannot be used to establish the
local well-posedness of BO in H{(T) for s > 0. The method of proof in [28, 29] used strongly
Tao’s gauge transform, and it is not clear whether this approach can be followed when an
additional control term is present in the equation.

For the sake of simplicity, we shall assume from now on that [up] = 0, so that u(¢) has a zero
mean value for all times.

To stabilize the BO equation, we consider the following feedback law

f=—-G(D(Gu))
where Duy, = |k|tg. Scaling in (1.3) by u gives (at least formally)

1 T 1
1Dy + [ 1DH Gyt = ol (1.6
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This suggests that the energy is dissipated over time. On the other hand, (1.6) reveals a
smoothing effect, at least in the region {a > 0}. Using a propagation of regularity property in
the same vein as in [11, 21, 22, 23], we shall prove that the smoothing effect holds everywhere,
ie.

402003 oy < CCT: o). (1.7)

Using this smoothing effect and the classical compactness/uniqueness argument, we shall first
prove that the corresponding closed-loop equation is semi-globally exponentially stable.

Theorem 1.1. Let R > 0 be given. Then there exist some constants C = C(R) and A = A\(R)
such that for any ug € HY(T) with |luo|| < R, the weak solutions in the sense of vanishing
viscosity of

ut + Hugy + vuy, = —GDGu, u(z,0) = up(x) (1.8)
satisfy
lu(®)] < CeM|lugl Wt = 0.

A weak solution of (1.8) in the sense of vanishing viscosity is a distributional solution of (1.8)
1
u € Cy(RT, HY(T)) N L2 (R*, HZ (T)) that may be obtained as a weak limit in a certain space

of solutions of the BO equation with viscosity
up + (H — €)ugy + vu, = —GDGu, u(z,0) = up(x) (1.9)

as € — 0 (see below Definition 2.11 for a precise definition). The issue of the uniqueness of the
weak solutions in the sense of vanishing viscosity seems challenging.

Using again the smoothing effect (1.7), one can extend (at least locally) the exponential
stability from H{(T) to H§(T) for s > 1/2.

Theorem 1.2. Let s € (3,2]. Then there exists p > 0 such that for any ug € H§(T)

with |[uol|grs(1y < p, there ewists for all T > 0 a unique solution u(t) of (1.8) in the class

1
C([0,T), H§(T))N L?(0, T, HS+2 (T)). Furthermore, there exist some constants C > 0 and X\ > 0
such that

lu(®)lls < Ce™[luolls V¢ 0.

Finally, incorporating the same feedback law f = —G(D(Gu)) in the control input to obtain
a smoothing effect, one can derive an exact controllability result for the full equation as well.

Theorem 1.3. Let s € (%,2] and T > 0 be given. Then there exists 0 > 0 such that for any
ug, w1 € H(T) satisfying

luollzrsery <6, Nwallgs(ry <6
one can find a control input h € L?(0,T, HS_%(']I‘)) such that the system (1.4) admits a solution
we C(0,T), Hy(T)) N L2(0, T, H"(T)) satisfying
u(z,0) = up(z), u(z,T)=ui(z).
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Note that it would be desirable to have a control input h in the class L?(0,7T, H*(T)), but
this will require to adapt the analysis in [28, 29]. Note also that a global controllability result
in HJ(T) would follow from Theorems 1.1 and 1.3 if Theorem 1.3 were also true for s = 0.

The paper is organized as follows. Section 2 is concerned with the local well-posedness and the
stability properties of (1.8). We first prove the global well-posedness of (1.9) in the energy space
HY(T), by using classical energy estimates (Theorem 2.1). Next, we establish several technical
properties, namely a commutator estimate (Lemma 2.5), a propagation of regularity property
(Propositions 2.7 and 2.16), and a unique continuation property (Proposition 2.8) that are used
to derive the exponential stability of (1.9) with a decay rate independent of ¢ (Theorem 2.10).
This leads to the proofs of Theorems 1.1 and 1.2. Finally, the control properties of (1.4) are
investigated in Section 3.

2. STABILIZATION OF BO WITH A LOCALIZED DAMPING

2.1. Semi-global exponential stabilization in L?(T).
Pick any function
a € C™(T,R") with /a(x)dx =1 (2.10)
T
decomposed as a(z) = >,y are™®.
We are interested in the stability properties of the BO equation with localized damping
2

wp + Htgg + (%)x = —G(D(Guw)),  u(0) = ug, (2.11)
where
Foup = —isgn(k)ig, Dug = k'@, (Gu)(x) = a(z)(u(z) - /Ta(y)U(y)dy)- (2.12)

We shall assume that ug € HJ(T), where for any s € R,
H§(T) = {u =) e’ € H¥(T); dip = 0}.
keZ
Let (u,v) = [pu(z)v(x)dz denote the usual scalar product in L*(T) with |lul] = [lul 2(r) as
associated norm, and for any s € R, let (u,v)s = ((1 — 82)2u, (1 — 82)2v) denote the scalar
1
product in H*(T) with corresponding norm ||lu|ls = (u,u)Z. Let (z) := (1+ |x|2)% for any x € R.
Note that for s < 0 and u € H*(T), Gu has to be understood as
Gu=a (u— (u a>H5(T),H—s(’H‘)) .

Assuming that vy € HJ(T), we obtain (formally) by scaling in (2.11) by u that
1 2 T 1 2 1 2
S (D" + ; 1D (Gu)|["dt = Zluol”. (2.13)

This suggests that the energy is dissipated over time. On the other hand, (2.13) reveals a
smoothing effect, at least in the region {a > 0}. Using a propagation of regularity property in
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the same vein as in [11, 21, 22, 23], we shall prove that the smoothing effect holds everywhere,
i.e.

we L2(0,T; H2(T)). (2.14)
Of course, a rigorous derivation of (2.13) requires enough regularity for u, e.g.
u € L*(0,T, H(T)) N C([0, T), HY(T)). (2.15)

As there is a gap between (2.14) and (2.15), we are let to put some artificial viscosity in (2.11)
(parabolic regularization method) to derive in a rigorous way the energy identity for the e—BO
equation

Ut + Hgy + wtly = gy — G(D(Gu)), u(0) = wp. (2.16)
We shall prove the global well-posedness (GWP) of (2.16) in HJ, together with the semi-global
exponential stability in H8 with a decay rate uniform in € > 0. Letting ¢ — 0, this will give the
semi-global exponential stability in H{ of the weak solutions u € Cy, ([0, +00), HJ(T)) of (2.11)
obtained as limits of the (strong) solutions of (2.16). The (difficult) issue of the uniqueness of
a weak solution to (2.11) will not be addressed here.

We first establish the GWP of (2.16).

Theorem 2.1. Let e > 0 and ug € HJ(T). Then for any T > 0 there exists a unique solution
u € C([0,T], HY(T)) N L?(0, T; H(T)) of (2.16). Moreover
u e C((0,T], H*(T)) N C*((0, T], H'(T)), (2.17)

and for anyt > 0

IO + = [ aPar + [ D3GR = 5wl (215)

Proof: The proof of Theorem 2.1 is divided into five parts. Note that the weak smoothing
effect (2.14) will be established later, as it is not needed here.

STEP 1. LINEAR THEORY
We consider the linear system

ut + (H — €)ug, + G(D(Gu) u(0) = up.

) =
Let Au = (H — €)uy, with domain D(A) = HZ(T) C HY(T), and Bu = G(D(Gu)). Clearly
G € L(H"(T),Hy(T)) for all » € R, hence B € L(H&(']I‘) HY(T)). Let 6y € (arctane™!, 7/2).
Then, for 6y < |arg A\| < 7, we have

(A=)~ 1H<s1;p\(€+zsgn k:) -\ < =

It follows that A is a sectorial operator (see [15, Definition 1.3.1]) in H(T). Note that o(A) =
{(e +isgn k)k?; k € Z*}. Therefore, Re 0(A) > & and A~ is meaningful for all @ > 0. Since
for all s >0
IA™ 2l Fapy < C Y le +isgn k| Slal* < CllullFs
k0



CONTROL AND STABILIZATION OF THE BENJAMIN-ONO EQUATION 7

we infer that BA™2 € L(HY(T)). It follows from [15, Corollary 1.4.5] that the operator A :=

A + B is also sectorial, so that —A generates an analytic semigroup (S(t)) >0 = (e7™)i>0 on

HY(T) according to [15, Theorem 1.3.4]. Note that, by [15, Theorem 1.4.8], D((A+ B + \)%) =
D(A%) = H3*(T) for all @ >0 and X > 0 large enough, hence

S(t)Hj(T) c Hy(T), vVt >0, Vs > 0.
Let us derive estimates for the solutions of the Cauchy problem
ug + Au = f, u(0) = up. (2.19)
For any T' > 0 and any s € N, let
Y, r = C(0,T]; Hy(T)) N L*(0, T3 Hy ™ (T)) (2.20)
be endowed with the norm
lully, 7 = llwllpee (0,115 (T)) + Nl 220,755+ (1)) - (2.21)
Lemma 2.2. We have for some constant Cy = Cy(e, s, T)
lully, » < Co (luolls + 1flo,7,mry)) »
u denoting the mild solution of (2.19) associated with (uo, f) € HS(T) x L*(0,T, H§(T)).
Proof of Lemma 2.2. It is well known from classical semigroup theory that
[ull oo 0,715 (1)) < C (|Juolls + Hf”Ll(o,T,Hs(T))) :
Next we estimate ||ul|z2(o 1, ms+1(my). We first assume ug € HP(T) and f € C([0,T]; HyT(T)),

so that u € C([0,T); H3™(T)) N C'([0,T); H3(T)). Taking the scalar product of each term of
(2.19) by w in H*(T) results in
1 t t 1 t
@+ [ ul2dr+ [(GOG).w.dr =Sl + [ (Fwdr. (222)
0 0 0

The identity (2.22) is also true for ug € HE(T) and f € L'(0,T, H§(T)), by density. The
following claim is needed.
CrAaM 1. For any s € R, there exists a constant C' = C(s) > 0 such that

—(G(D(Gw),u), < Cllul2 = [D=(Gu)|2  Vue HT\(T).
Proof of Claim 1. We have
(GD(Gu)),u), = (1= 0)IG(D(Gu)), (1 - 2)7u)
= ([1-83)2,G]D(Gu), (1 - 8;)2u)
+(G(1 = 33)2 D(Gu), (1 - 83)7u)
= L+ L.
Since a € C*°(T), we easily obtain that
11 = 82)3. Glul| < Cllufls-1.

It follows that
1| < Cllull?.
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On the other hand
I = ((1-97)2D(Gu),G(1 - 2)2u)
= [I(1=82)2D3(Gu)|]* + (1 - 82)5(Gu), D[G, (1 — 8)3 ]u),
hence

—I, < C|lu|? - || D2 (Gu)||?

Hs'
The claim is proved.
Combining Claim 1 with (2.22), we obtain that for ¢t =T

1 T T 1
SI@IE e [ lu)iZdr+ [ ID%Gu)ar

< 5”“0“3 + CHUH%Q(O,T,HS(T)) + 5”“”%00(01,]{3(11‘)) + §HfH%1(0,T,HS(T))

< C([luoll3 + 172 0.2 25 (y))-
The proof of Lemma 2.2 is achieved. O
Remark 2.3. We observe that when ug =0 in (2.19) then

|| / (t = 1) () drlly,» < Cle.5,T) | loso.zomts o (2.23)

and when f =0 in (2.19)
18(t)uolly, » < Cle, s, T)l[uol| gr=(r)- (2.24)

STEP 2. LocAL WELL-POSEDNESS IN H{(T), s >0
We prove the following

Proposition 2.4. Let s > 0. For any uy € H§(T), there exists some T > 0 such that the
problem (2.16) admits a unique solution u € Yy 7.

Proof.  Write (2.16) in its integral form

u(t) = 8(t)ug — /0 S8(t — 7)(uug)(7)dr

where the spatial variable is suppressed throughout. For given ug € H§(T), let r > 0 and 7" > 0
be constants to be determined. Define a map I on the closed ball

B={veYr; ||y, <r}
of Y1 by
L'(v)(t) = 8(t)up — /0 8(t — 7)(vvg)(7) d.

We aim to prove that I' contracts in B for T" small enough and r conveniently chosen. To that
end, we shall prove the following estimates

1
Py, < Colluolls + C1T4lv]3, .. Vv e B, (2.25)
1
I =T)lly.r < T v, + 102y, o)l =0l Vo'0® € B (2:26)
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From Lemma 2.2 and Remark 2.3, it is adduced that

IT@") =TW)ly,, < Clv'vy — v*o3ll 2 orms(my)
< C/ (' = v? e llo + v [lsg1 + 0" + 0* || Lee ot — 0*[|sq1)dr
0
1
< CTi|v' =y, (0 lv,r + 10°]lver)
where we used the fact that
T ) T
| Welar < [ ol < CVTIulmoiraemy Iolzo .
This yields (2.26). (2.25) follows from Lemma 2.2, Remark 2.3 and (2.26). Choosing r > 0 and

T > 0 so that
{ T = 200HU()||3,

2.27
2’I“CY1Ti S % ( )

we obtain that
1
Iy, <7 IT@") =T@)ly,r < 5llv' —0*(ly, 1

for any v!,v? € B. Thus, with this choice of 7 and T, I is a contraction in B. Its fixed-point is
the unique solution of (2.16) in B.

STEP 3. GLOBAL WELL-POSEDNESS IN HJ(T).
Assume that up € HJ(T). We first establish (2.18) for 0 < ¢ < T Since u € Yy, we have that

/Huum\|21d7 < C/ (|w?||2dr
0

< c /O g | dr
< CVilulh,,.

Thus each term in (2.16) belongs to L?(0,¢, H1(T)). Scaling in (2.16) by u yields
t
/ (ug + (H — &)ugy + uuy + G(D(Gu)),U>H—1(T)’H1(T)d7 =0.
0
We have that for a.e. 7 € (0,1)
((H — 5)umm7u>H—1(T),H1(T) = —((H - e)uz,uy) = EHUxHQa
(wtg, u) g-1(7), g1 (1) = (Utig,u) =0,

(G(D(Gu)), u) g1 (my.m1 (m) = (G(D(Gu)),u) = || D3 (Gu)|%.

(2.18) follows at once, and we infer that ||u(t)|| < |Jup||. Using the standard extension argument,
one sees that u is defined on R with u € Yy for all T > 0. Furthermore, with the constants
Cp and Oy given in Step 2 for s = 0 and T = (8C,C1|jugl|)~*, we obtain

[u(nT + vy 7 < 2Co[lu(nT)]| < 2Co]luol-
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STEP 4. GLOBAL WELL-POSEDNESS IN HZ(T).

Pick any ug € HZ(T). By Proposition 2.4 and Step 3, (2.16) admits a unique solution u € Yy 1
for each T' > 0, which belongs to Y5 7y, for some Ty > 0. We just need to show that T may be
taken as large as desired. Let v = u;. If u € Yo 7, then v € Yy 7 and it satisfies

v+ (H — )vgy + (wv), = —G(D(Gw)), v(0) = vy (2.28)

where
vo := — {(H — &)ugzx + uouo .z + G(D(Gug))} € HY(T).
We may write (2.28) in its integral form

v(t) = 8(t)vg — /0 8(t — s)(uv)y(s)ds.

Let T'(w)(t) = 8(t)vg — fgS(t — s)(uw),(s)ds for w € Yy . Computations similar to those in
Step 2 lead to

IN

1
”FwHYO,T CO”UOH +ClT4”uHYO,T”w”YO,T7

1
IT(w") = Tw)llyor < CiTH|ullyypllw! = w?lly 1

N

where the constants Cy and Cy depend only on ¢ for T' < 1. Therefore I' contracts in B = {w €
Y0,05 HwHyoﬁ < r:=2Cp||vo||}, provided that

1

2

Its fixed point gives the unique solution of the integral equation in B. Pick @ fulfilling
6 < min{(8CoC1||uol|)~*,1}.

Then, from Step 2, we have that

1
Chbi|ully, , <

[[u(nd + )y » < 2Colluol|

for all n € N and that w may be extended to [n#, (n + 1)0] inductively by using the contraction
mapping theorem (replacing vy by w(f), w(20), etc.). Therefore, w is defined on R™ and it holds

lw(n + v, < 2Collw®nd)]| < (2C0)" [lvoll. (2.29)
By uniqueness of the solution of the integral equation, we have that v(t) = w(t) as long as
0<t<TandveYyr (229) shows that |[v(t)] = |w(t)| is uniformly bounded on compact

sets of RT, namely
[0llvo 7 < C(T [[uollvoll-
The same is true for ||u(t)||2, by (2.16). Indeed, since
5 3
iz |l <l oo oy lluall < Jlull® lueslT < Csllul® + 8lluss |,
we infer from (2.16) that
13 = e)uaa ()]l < CT, luol) uollz + C(llull + [ull®) + 6lfuze |

hence
[u(®)]l2 < C(T, [luol)][uoll2-
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Using the standard extension argument, one sees that u(t) € HZ(T) for all t > 0 with u € Ya 1
for all T > 0.

STEP 5. SMOOTHING EFFECT FROM H{(T) 10 HZ(T).

Pick any ug € H{(T). Then the solution u to (2.16) belongs to Yy 1. Therefore, for a.e. to € (0,1),
u(to) € H(T). The solution of (2.16) in Y 7 issued from u(tp) at + = 0 must coincide with
u(to +t) in [0,77], by uniqueness of the solution of (2.16) in Yy 7. In particular, u(t;) € H3(T)
for a.e. t; > tg. Again by uniqueness we conclude that u € C([t1, +00), H3(T)) for a.e. t; > 0,
so that

u € C((0,+00), H3(T)) N C((0, +00), H(T)).

The proof of Theorem 2.1 is complete. O
The following commutator lemma, used several times in the proof of the property of propa-
gation of regularity, is a periodic version of a result from [10].

Lemma 2.5. Let N C Z be a set such that for some constant C > 0
(n) + (k) < C(n—k), Vn &N, Yk e N. (2.30)
Let P be the projector on the closure of Span{e™*®; k € N} in L*(T), namely
P(Y ey = 3 et
kEZ keN

Let a € C*(T) and let p € N, q € N. Then there exists some constant C = C(a,p,q) > 0 such
that for all v € L*(T)

10%]a, Pogo < Cv]l. (2.31)
Remark 2.6. Note that condition (2.30) is fulfilled in the following cases: (i) N = N*; (ii)
N is a finite set, or the complement of a finite set in Z. It follows that (2.31) is true with

P =3 = (—i)(Py+ — P-n+). Note, however, that condition (2.30) and (2.31) are not true when
N =1+ 2Z (pick e.g. a(z) =€*).

Proof of Lemma 2.5. Let N,a,p and g be as in the statement of the lemma, and pick any
v € C*®°(T). Decompose a and v in using Fourier series

— N inT _ ~ o in
v(z) = g Ope'™, a= E ane™®,
neL nez

and denote by 1y the characteristic function of N, defined by 1nx(n) = 1 if n € N, and 0
otherwise. Then

[a, Plv = a(Pv)— P(av

a S~

ma:) o P(Z(Z dnik@k)einx)
n k

— Z (Z an— Ok (I (k) — 1N(n))> oin
k

n
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Taking derivatives, one obtains
OPla, Plofv = (Z Ao (1K) o (I (k) — 1N(n))) (in)Pe™ =: %) — %,
n k

where Y1 (resp. X9) is the sum over the (n,k) with n € N and k£ € N (resp. with n € N and
k ¢ N). Let us estimate 31 only, the estimate for 39 being similar. Since a € C*°(T), for any
s € N there exists some constant Cs > 0 such that

la;| < Cs(l)~° Vi e Z. (2.32)
Then, for s > sup{2p + 1,2q + 1},

1By = 1 S2 (S e on(i8)()P)e™ [2a

ngN keN
2
= C) > an_0elik)?| |n|*
ngN |keN
< Clol? Y0 Y n— k) nP kP
ngN keN
< Clol? D2 D (n) + (k) nfP k[
ngN keN
< Clof?
where we used the Cauchy-Schwarz inequality, (2.32) and (2.30). Since C°°(T) is dense in L?(T),
the proof is complete. O

The propagation of regularity property we need is as follows.

Proposition 2.7. Let a € C®°(T,R"), ¢ >0, a € R, T > 0, and R > 0 be given. Pick any
vg € HY(T) with ||vg|| < R and let v € C([0,T); HJ(T)) N L2(0, T, HY(T)) N C((0,T], H*(T)) be
such that

vt + (H — €)vge + avvy, = —G(D(Gv)), zeT, te(0,T) (2.33)
v(0) = vp. (2.34)

Then there exists some constant C = C(T) > 0 (independent of €, a and R) such that
T
/ |Dzv|2dt < C(R? + o*RY). (2.35)
0

Proof of Proposition 2.7. Pick any to € (0,T). Let (f,g) 2, fto Jg f(@,t)g(x,t) dzdt denote

the scalar product in L?(to, T, L*(T)). C will denote a Constant which may vary from line
to line, and which may depend on 7', but not on tg, €, @ and R. Setting Lv := v; + Huvyy,
f = ¢evyy — G(D(Gw)) and g := —awv,, we have that

Lv=f+g.
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Pick any ¢ € C°(T), and set Av = p(z)v. Noticing that L is formally skew-adjoint, we have
that

([L, Alv,v)pz - = (L) = p(Lv),v) 2
= (v, L")z + (w0, 0)lf = (Lo, o)z |
so that
[([L, AJo,v) 2 [ <2[(f +9g,00)p2 [+ 2|0l oo (my R?.

We first notice that
P | < Nwaelpo))s |+ I(D(Go), Glev))ys |

T T
C’e/ /(|v|2+|vm|2)dt+0/ 1D} (G)|dt
0 T 0

T 1 1
T /0 (I(D(Gv). G glv)| + (D} (Gv), D}, 0l(Cv)|}dr
CR?

IN

<

where we used (2.18) and classical commutator estimates. (Note that Theorem 2.1 is still true
when o = 1 is replaced by any value @ € R.) On the other hand

ol
(g 00) 2| = ewva, o)z | = % 00 |

From Sobolev embedding and the fact that the L?—norm is nonincreasing

1 L 1
[vllps < [[ollZ v s < CR2]v]|

[SIE NI

Therefore,

T
Gpo)iz | < Clal [ ol
0

s 2 /T 1
Cla|RET} ( / ||v||%dt)
to 2

T
053a4R6T+5/ Dz v 2dt

to

IN

IN

where § > 0 will be chosen later on. On the other hand
(L, Alv = [}, ¢glv
= H((079)v + 2(0up) (02v) + Dav) — pHIv
= [, ¢]020 + H((820)v) + 2[H, 00050 + 2(Drp) Hv. (2.36)
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It follows from Lemma 2.5 and Remark 2.6 that
(19 91020, 0) 12|+ 1(3(@20)0),0) 1y |+ (196, 0aplOrv,0) |
< CllollZ20.:L2(my)
< CR2 (2.37)
Therefore
(020300, v) 2 | < C(R? + 620" R%) +6 /T | D2o|%dt.

to

Let b € C8°(w), where w = {x € T; a(z) > 0}. Then b = ab with b € C§°(w) and

T 1
JREEIRY

to

IN

T 1~ ~ 1
2 [ (%A@ + 15D a0

to

IN

T
1
c / ([o]]2 + |1 D3 (av) |2)de
0

IN

T 1 1
c /0 (lo]]? + | D3 (G)|? + | DEalp / a(y)ely, ) dy]?)dt
< CR2. (2.38)

Pick any 2o € T. Then b*(z) — b?(x — z0) = O, for some ¢ € C*°(T). Noticing that 339, = D,
we have that

(B @)H0,0,0) 2 | = |(bDv,bo) s |
< (b DJosbo)yz |+ (Do), o) |
T
1
Cllolf2a 0 7.20m) + / 1D} ()|t
0

CR?

IN

IN

by (2.38). It follows that

T
|(6*(x — 20) Dv,v) 2 | < C(R? + 0673 R%) +4 | ||D3v]dt.
T to

Using a partition of unity and choosing § > 0 small enough, we infer that

1 T
(De,ig, | < C + R + 5 [ 0ol

2 Ji,
This gives
T 1
/ Db o|2dt < C(R? + a RP),
to
where C' = C(T). Letting ty — 0 yields the result. O

A unique continuation property is also required.
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Proposition 2.8. Let a« € R, ¢ >0, c € L*(0,T), and u € L*(0,T; HJ(T)) be such that

ut + (K — €)ugy + quugy =0 in T x (0,7), (2.39)

u(z, t) = c(t) for a.e. (x,t) € (a,b) x (0,T) (2.40)
for some numbers T >0 and 0 < a < b < 2w. Then u(z,t) =0 for a.e. (z,t) €T x (0,T).
Proof. From (2.40), we obtain that u,,(z,t) = (uuy)(x,t) = 0 for a.e. (x,t) € (a,b) x (0,T).
Thus, by using (2.39),
Hugy = —up = —¢¢ in (a,b) x (0,7).

Therefore, for almost every ¢t € (0,7, it holds

Ugaa (1) € H3(T), (2.41)
Ugzz (1) =0 in (a,b), (2.42)
Hugegz(,t) =0 in (a,b). (2.43)

Pick a time ¢ as above, and set v = Uy, (-, t). Decompose v as
v(z) = Z@keikx,
kEZ
the convergence of the Fourier series being in H~3(T). Then in (a, b)
0=iv—Ho=2i) b
k>0
Since v is real-valued, we also have that 9_j; = 0}, for all k. The following lemma for Fourier

series is needed.

Lemma 2.9. Let s € R and let v(z) = Y ;o0 0, be such that v € H*(T) and v =0 in (a,b).
Then v = 0. -

Proof of Lemma 2.9. 1t is clearly sufficient to prove the property for s = —p, where p € N. Let
us proceed by induction on p. Assume first that p = 0. Then

> Jikl? < 0. (2.44)
k>0
Introduce the set U = {z € C; |z| < 1} and the Hardy space (see e.g. [43])
H?*(U) = {f : U — C; f is holomorphic in U and limsup/ |f(re?))?df < oo}
r—1- —T

Let f(2) = Y >0 9%2". Then, by [43, Thm 17.10] and (2.44), we have that f € H2(U). On the

other hand, by [43, Thm 17.10 and Thm 17.18], it holds that

() = lir{l_ f(re®) exists for a.e. 6 € (0,2m); (2.45)
FH(e) =" ore™ = (6) in L*(T); (2.46)
k>0

If f#0, then f*(e') #0 for a.e. € (0,27). (2.47)



16 FELIPE LINARES AND LIONEL ROSIER

Since
ey =v®) =0 for a.e. 6 € (a,b),
it follows from (2.47) that f = 0. Therefore 05 = 0 for all £ > 0, hence v = 0. This gives the

result for p = 0. Assume now that the result has been proved for s = —p for some p € N, and
pick any v € HP~1(T), decomposed as v(z) = >, 9xe*®, and such that v = 0 in (a,b). Let

w(z) = zk>0 %10tk Then w € H~P(T) and

ik €
Wy = § :{}k—lezkm — 6”’0,

k>0

so w, = 0 on (a,b) and we have, for some constant C € C,
w(x) =C on (a,b). (2.48)

Introducing the function w(x) = w(x) — C, we infer from (2.48) and the induction hypothesis
that w = 0 on T, which yields v = 0 on T. This completes the proof of Lemma 2.9. U

With Lemma 2.9 we infer that for a.e. t € (0,7'), ugzz(.,t) = 0 in T, hence with (2.40)
u(z,t) = c(t) a.e. in T x (0,7"). From (2.39) we infer that ¢, = 0, which, combined with the fact
that u € L2(0,T; HY(T)), gives that u(x,t) = 0 a.e. in T x (0,7). The proof of Proposition 2.8
is complete. O

We are now in a position to state a stabilization result for the e-BO equation. We stress that
the decay rate does not depend on €.

Theorem 2.10. Let R > 0. There exist some numbers X > 0 and C > 0 such that for any
e € (0,1] and any ug € HY(T) with ||ug|| < R, the solution u of (2.16) satisfies

lu@)]l < Ce™ugll vt > 0.

Proof. Note that ||u(t)| is nonincreasing by (2.18), so that the exponential decay is ensured if
lu((n + 1)T)|| < k|lu(nT)| for some x < 1. To prove the theorem, it is thus sufficient (with
(2.18)) to establish the following observability inequality: for any 7" > 0 and any R > 0 there
exists some constant C(T, R) > 0 such that for any ¢ € (0, 1] and any ug € HJ(T) with [luo|| < R,
it holds

T T 1
HU0||2§C<€/O ot + ||D2<Gu>u2dt), (2.49)

where u denotes the solution of (2.16). Fix any T' > 0 and any R > 0, and assume that (2.49)
fails. Then there exist a sequence (u?) in HJ(T) and a sequence (") in (0, 1] such that for each
n we have ||uf|| < R, and

||uou2>n(e /0 e (e)]2 de + /0 1D} (G >\|2dt).

Let o = ||lugl|| € (0, R]. Extracting a sequence if needed, we may assume that o — a € [0, R]
and e"” — ¢ € [0,1]. Let v = u™/a™. Then v™ solves

v+ (H — ™)l + a"v"l = —G(D(Gv")), v"(0) = v§ (2.50)
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with v € HJ(T) and ||v2|| = 1. Again, we have that

1 t t 1
Sl + e [CuriPar+ [ 1D G = BP0, (251)
0 0

T T
L= 2 > n (w/ Hv;‘(t)Hth—i—/ HD%(GU")szt). (2.52)
0 0
We infer from Proposition 2.7 that
T
/ DA 24t < C. (2.53)
0

This yields

H—e)l? <C.

HG(D(GU ))HLQ(O,T;Hf%(’]I‘)) + ”( $$HL2(0,T;H*%(T)) -

On the other hand, for any J > 0
n\2
< cleyl,

[o"v ) S ClW" [y < Clo"|* < ©

n
mHH—%—é(T _%_6(’11‘ =

thus

a0 vg |

L2(0,T;H™375(T)) <C

It follows that (vf) is bounded in L?(0, T H*%*‘S(T)). Combined with (2.53) and Aubin-Lions’

lemma, this gives that for a subsequence still denoted by (v™), we have

1
v = in L?(0,T; H*(T)) Vo < 3

(
v v in L2(0,T; H2(T)) weak,
) in L°°(0,T; L*(T)) weakx
for some function v € L%(0,T; HO% (T)) N L>(0,T; L*(T)). In particular,
(v™)? — 22 in LY(T x (0,7)).
Letting n — oo in (2.52), we obtain that

T
/ | D (G2t =0,
0

hence Gv =0 a.e. on T x (0,T). Recall that w = {x € T; a(x) > 0}. Then
v(x,t) = / a(y)v(y,t)dy =: c(t) for a.e. (z,t) € wx (0,T).
T

Note that ¢ € L*°(0,T). Taking the limit in (2.50) gives
vy + (H — €)vgy + avvy =0, inT x (0,7),
v(x,t) = c(t) for a.e. (z,t) € wx (0,7).
It follows from Proposition 2.8 that v = 0. Thus, extracting a subsequence still denoted by (v™),

we have that v"(-,#) — 0 in L?(T) for a.e. t € (0,7). Using (2.51)-(2.52), we infer that v§ — 0
in L?(T). This contradicts the fact that [|JvZ|| = 1 for all n. O
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We are now in a position to define the weak solutions of (2.11) obtained by the method of
vanishing viscosity, and to state the corresponding exponential stability property.
Definition 2.11. For ug € HJ(T), we call a weak solution of (2.11) in the sense of vanishing
viscosity any function u € Cyp(R*, HY(T)) with u € L*(0,T, H%(T)) for all T > 0 which solves
(2.11) (in the distributional sense) and such that for some sequence €™ 0 we have for allT > 0
u" = in L°°(0,T, H)(T)) weak *,

n

1
u" = in L*(0,T, HZ (T)) weak
where u™ solves (2.16) for e = &™.

The main result in this section is the following

Theorem 2.12. For any ug € H(T) there exists (at least) one weak solution of (2.11) in the
sense of vanishing viscosity. On the other hand, for all R > 0 there exist some positive constants
A= A(R) and C = C(R) such that for any weak solution u(t) of (2.11) in the sense of vanishing
viscosity, it holds

lu()]| < Ce™*luoll vVt =0 (2.54)

whenever ||ug|| < R.
Proof. Pick R > 0 and ug € HJ(T) with |lug|| < R. Pick any sequence " \, 0 and let u™(t)
denote the solution of

uy + (H —e"ull, + u"uly = —=G(DGu™), u"(0) = uy. (2.55)
It follows from (2.18) and (2.35) that

™|l oo 0,7, 19 (1)) < B

1207 HE (1))
Using a diagonal process, we obtain that for a subsequence, still denoted by (u™), we have for
allT >0
u" — u in L°°(0, T, H)(T)) wealks, (2.56)
1
u" = u in L2(0,T, Hg (T)) weak (2.57)

1
2 (RT,HZ(T)). The same argument as in the proof

of Theorem 2.10 shows that {u?} is bounded in L?(0, T’ H_%_‘S(T)) for all § > 0. Combined
with (2.56)-(2.57) and Aubin-Lions’ lemma, this shows that

u" —u in L*(T x (0,T)) and in C([0,T], Hy°(T))

for all T > 0 and all § > 0. On the other hand, u € C([0,T], H(T)) for all T > 0 and all § > 0,
which, combined to (2.56), yields u € Cy,(RT, HJ(T)) (the space of weakly continuous functions
from R to HJ(T)). By letting n — oo in (2.55), we see that u solves (2.11). Thus u is a weak
solution of (2.11) in the sense of vanishing viscosity. On the other hand, from Theorem 2.10 we
have that

for some function u € L®(R*, HJ(T)) N L?

|u™(@)|| < Ce M||lugl|, ¥Vt >0, ¥Yn > 0.
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where C = C(R), A = A(R). Letting n — oo in the above estimate yields (2.54). Note
also that |lu(t)|] < ||ug| for all ¢ > 0, since the same estimate holds for the u™’s and u €
Cw (R, H(T)). O

2.2. Local stabilization in Hj(T).

2.2.1. Main results. Let again a and G be as in (2.10) and (2.12), respectively. For s > 0 and
T >0, let
1
Zux = C(0.7), H(T) N L*(0.T. Hy " *(T)) (2.58)

be endowed with the norm

lollz..r = vl oz, + 101 o 7 gy d oy

We are concerned here with the stability properties of the BO equation with localized damping
(2.11) in the space H§(T) for s > 0. Our first aim is to prove the local well-posedness of (2.11)
in H§(T) for s > 1/2.

Theorem 2.13. Let s € (3,2]. Then there exists p > 0 such that for any ug € H(T) with
lluolls < p, there exists some time T' > 0 such that (2.11) admits a unique solution in the space
Zs.

The proof of Theorem 2.13 rests on the smoothing effect due to the damping term, namely
T
_ 2
| Nl oD e < ol (2.59)
0

In [37], the semi-global exponential stability of the Korteweg-de Vries on a bounded domain
(0, L) with a localized damping was first established in L%(0, L), and next extended to {u €
H3(0,L); u(0) = u(L) = uy(L) = 0} by using the Kato smoothing effect in the equation
fulfilled by the time derivative of the solution. As the smoothing effect (2.59) is much weaker,
that argument cannot be used. The semi-global exponential stability of (2.11) in HJ(T), if true,
is thus open. However, a local exponential stability in H§(T) for s > 1/2 can be derived.

Theorem 2.14. Let s € (%,2]. Then there exist some numbers p > 0, A > 0 and C > 0 such
that for any ug € HE(T) with |lug|s < p, there is a (unique) solution u: Rt — HS(T) of (2.11)
with w € Zs for all T > 0 and such that

[u(®)]ls < Ce ™ |luglls V¥t > 0. (2.60)
The proofs of Theorem 2.13 and Theorem 2.14 are given in the next sections.

2.2.2. Linear Theory. In this section, we focus on the well-posedness and the smoothing property
of the linearized BO equation with localized damping:
ug + Hugy + GDGu = 0, u(0) = wp. (2.61)

Let s € R and let Au = —(Huy, + GDGu) with domain D(A) = HT(T) C Hg(T). Our first
result is the
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Lemma 2.15. A generates a continuous semigroup in HS(T), denoted by (S(t))t>0-

Proof. Let C = C(s) be the constant in Claim 1. Clearly, A — C is a densely defined closed
operator in H§(T). Furthermore, by Claim 1,

(Au— Cu,u)s < —||D2(Gu)||2 Vu € HEM(T),
which shows that A — C is dissipative. It is easily verified that D(A*) = D(A) = H5"*(T). Thus
(A*u — Cu,u)s = (u, Au — Cu)s <0 Vu € HET(T),

so that A* — C is dissipative too. Thus, A — C generates a semigroup of contractions in H(T)
by [35, Cor. 4.4, p. 15]. O
Now we turn our attention to the smoothing effect.

_1
Proposition 2.16. Let s >0, vg € H3(T) and g € L*(0,T, Hg 2(T)). Then the solution v of

vt + Hugy + GDG = g, v(0) = v (2.62)
satisfies v € Zg 1 with

[l z,» < C(s,T) (HvoHs + Il (2.63)

Bmmﬂ%amJ’
C(s,T) being nondecreasing in T

Proof. Let us assume first that s = 0. To have enough regularity in the computations, we
assume that vg € H3(T) and that g € C([0,T], H3(T)), so that the solution v of (2.62) satisfies
v € C([0,T), H3(T)) N C1([0,T], HY(T)). We now proceed as in the proof of Proposition 2.7.

We set Lv = vy + Hogy, f = —GDGw, so that Lv = f 4+ g. Pick any ¢ € C*(T), and let
Av = ¢(z)v. Then

T T
[ A vyar] <2 [+ g0yt + ol (ool + o) P):
0 0

Scaling in (2.62) by v yields

1 Lo 1 ¢
Sl + [ IDiGolar = Sl + [ (g.0)dr
0 0
L, o T
< =
< glwl+ [ gl ol
This yields
2 o 2 3 2 g
[0l ooy + [ WDHGo)IPdr < Sluol+3 [ gl_ylelyde. (200
0 0

Computations similar to those in Proposition 2.7 give that

| /0 (f + 9, o(x)o) dr

IN

T
1
Cliglh [ (IDHGo)I? + ol + lall_y ol e

IN

T
o el (ol + [ loll_y ol ).
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hence

T T
[ @z Aol < clioh (Tl + [ lal_ylolyae).

Combined with (2.36)-(2.37), the last inequality gives

T T
[ @, vyart < ool (ol + [ ol ol ). (2.65)

We pick again b € C§°(w), where w = {z € T; a(z) > 0} and zo € T. Writing again b?(x) —
b%(z — x0) = O, we obtain successively, with (2 38) and (2 64), that

T 1

JRLIRE (HUOHZ "ol wrvuldt)
T

[ @pooa < / (1ol + 1D ) )t

) (Jreol? + ug||1||v||1dt>

IN

IN

and therefore, with (2.65),

T T
[ @G- aopv,ar < @ (ol + [ lallylllyae).

Using a partition of unity, this yields

T T 1 T
[ el < ey (ol + [ 1ol i) + 5 [ ot
0 2 0 2 2 0 2

Combined with (2.64), this gives (2.63) for s = 0 when vy € HZ(T) and g € C([0,T], H3(T)).
1

This is also true for vg € HJ(T) and g € LY(0,T, H, *(T)) by density.

Let us now assume that s € (0,2]. Pick again any vg € HZ(T), g € C([0,7], H3(T)), and
let v € C([0,T], H3(T)) N C1([0,T], H(T)) denote the solution of (2.62). Set w = D%v and
h = D®g. Note that

D*(GDGv) = GDGw + Ew

with E = [D*, G]DGD~* 4+ GD[D?*,G]D~*. Note that ||Ew|| < C|lw|| and that w solves
wi + Hwye + GDGw + Ew = h,  w(0) = wy := Dvy.

Since

T
| /0 (pw, Bwydt] < Cllplhlwl2s0 .m0,

T
< @l (ool + [0y lollar)

we obtain in a similar fashion as above that

T T
Jll ooy + [ Nl dt < C(@) (Hworr?+ / \\h!!%dt),
0 2 0 2
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i.e.

saﬂomﬁ+mw ). (2.66)

2 2
[0l 700 (0,7, 75 (1)) T ||U||L2( L2(0,7,H* 3 (T))

1
0,7,H°*2(T))

Inequality (2.66) and the fact that v € C([0,T], H§(T)) are also true for vg € H{(T) and

1

g € L*(0,T, Hy *(T)) by density. O
Corollary 2.17. Let s > 0 and B € L(H{(T)). Then for any vy € Hi(T), the solution v of
vt + Hvze + GDGY = B, v(0) = vy (2.67)

fulfills v € Zs 7 with

lullz, » < C(s,T)volls- (2.68)
Proof. Since A is the generator of a continuous semigroup on Hg(T) and B is a bounded operator
on H{(T), A+ B is the generator of a continuous semigroup on Hj(T) (see e.g. [35, Thm 1.1
p. 76]). Pick any vy € H{(T), and let v denote the solution of (2.67) given by the semigroup

generated by A + B. Noticing that g := Bv € C([0,T]; H;(T)), we infer from Proposition 2.16
that v € Zs 1 with

||U||L°°(0,T,Hs(1r)) + [Jv]| <C(s,T) <||U0Hs + \/THBHL(HS(T))||v||L°°(O,T;HS(T))) .

L2(0,T,H* % (T))
Selecting Ty > 0 such that c(s,To)vTol| Bl ¢ (ms(ry) < 1/2 yields

”U”LOO(O,TO,HS(T)) + HUHL2(O,T0,HS+%(T)) S 2C(S7TO)HUOHS' (269)

Successive applications of (2.69) on the intervals [0, To], [To, 270],... give (2.68) forany 7' > 0. O

2.2.3. Proof of Theorem 2.13. Pick any s € (3,2] and any T > 0. Let ug € H§(T). We write
(2.11) in its integral form

u(t) = S(t)uo — /0 S(t — 7)(uug)(T) dr. (2.70)
Let T'(v)(t) = S(t)uo — fot S(t — 7)(vug)(T)dr. We have, by Proposition 2.16, that

v2
HNMMTSC@%W+WE%Mmmm%mJ'
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Clearly, for u,v € Z, r,

T 2 T2
[ yae <o [ 2, ya

< of (e 2 2 T oo(m ) dt
< O [ (Ml ol + Tl ol )

T22 2 2
< [ (Bl y + ul?, o)

2 2
(e
2 2

I~ 0 0 1 ey

< Olul, ol

where we used the Sobolev embedding H{(T) C L*(T) for s > 1/2. Thus, there are some
constants Cy > 0 and C7 > 0 such that

Tz, r Colluolls + CullvllZ, , Vv € Zsr,
L@ =Tz, < CilllW'lzr + Wz 0) 0" = ®llz,, Vo' 0% € Zr.

Let B={v € Zs1; |v||z,, < R}. We choose R in such a way that B is left invariant by I' and
I" contracts in B, i.e.

A A

COHUO”S + 01R2 <R, and 2ChR < 1.
It is sufficient to take R = (4C1)~! and ug € H§(T) with |luol|s < p := R/(2Cy). O
2.2.4. Proof of Theorem 2.14. We proceed as in [34]. It has been proved that (2.11) is semi-

globally exponentially stable in H8(']I'). Obviously, the same analysis shows that the linearized
BO equation with localized damping is also exponentially stable in H8 (T), i.e.

1S@ull < Celuo (2.71)
for all ug € HY(T) and some constants C, A > 0. If ug € HZ(T), then u(t) = S(t)uq solves
ut + Hugy + GDGu =0,  u(0) = up. (2.72)
Letting v = ug, v solves also
vt + Hugy + GDGv =0,  v(0) = vg := —(Hug gz + GDGuyp). (2.73)

(2.71) yields
lo@®)ll = 1S()voll < Ce™|lwoll,
and thus
1S (tyuolz < C'e™|lug|la-
By interpolation, this shows that for any s € [0,2], for any ug € H§(T) and for some constant
C > 0 (independent of s, ug, and t), it holds

1S (t)uolls < Ce™*|lug]s. (2.74)
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Let s > 1/2 and uy € H§(T). For

we Zyr(nn+ 1)) == C(fn,n + 1], H{(T)) N L2 (non + 1, HT2(T)),

let
lalle = letll oo gumr,rscmyy + Wull oy preed oy

Finally, let

lullz = sup (e [lulln) < +o0.
n>0
Introduce the space

E = {u € (R, H{(T)) N L2, (R*, Hy'*(T)); [lulle < oo}.

loc

Endowed with the norm ||| g, E is a Banach space. We search for a solution of (2.1
ball B = {u € E; ||u||p < R} as a fixed point of the map I'(v)(t) = S(t)uo—f(;f S(t—

By (2.74), we have

1S (n)uglls < Ce™™uglls Vn > 0.
Combined with Proposition 2.16, this gives for some constant Cy > 0
IS(t)uolln < Coe™luolls,

hence
[S()uolle < Colluolls-
On the other hand, for any u,v € E,
t
I [ S = nlwo)alrldrl < 1+ I
0
with
L = [IS(t— n)/o S(n —7)[(uv)s(7)]dr |,
t
L = | [ Stt=nwoldrl,

1) in a closed
7)(vvg)(T)dT.

(2.75)

(2.76)

(2.77)
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By (2.63) and (2.76),

o< 0 [ St-n)iwowldrl,
0
n k
< Y IIStn—k) [ S(k—7)[(wo)a(r)]lls
k=1 k—1
n k
< CY A Sk = 7)[(wv)s (7)]drls
k=1 k—1
—(n—k)\
= Ckzl c H(uv)xnﬂ(k—m,mf%(T))
< CY e uflp-a oll-1
k=1
< Ce ™ Mulpllv]e.
On the other hand
I < O (uv)e || < Ce ™ |ullpllv] e

L2(nnt1,H ™2 (T)) —

We have proved that for some constant C7 > 0

t
\H/O S(t = 1)[(wv)o(r)]drlln < 201 |lullgllv] 2,
hence .
H/O S(t = Dl(wv)e(T)ldrlls < 2C [|ullgljv] 2-
Thus
IT ()& Colluolls + CullvllZ,
IT(w") = T(@?)lle Cullotlle + 10°[le)lv" = v*|le-
It follows that I' contracts in the ball B = {u € E; |ul]|g < R} if
2C1R <1, and Co”UoHS + 01R2 < R.

<
<

25

(2.78)

Let R = vp (v and p being determined later), and assume that ||up|ls < p. The conditions

become
2C1vp < 1, and Cp + C17%p < 7.

(2.79)

Pick v = 2C) and p > 0 sufficiently small so that (2.79) holds. Then I' contracts in B. Replacing

p by ||ug|s, we see that the fixed point u = I'(u) satisfies

[ull oo (i1, mo(ry) < €™ Mlulle < e Myllugs.
It follows that
lu()]ls < Ce™*|luglls vt >0
for some constant C' > 0, provided that ||up||s < p.
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3. CONTROL OF THE BENJAMIN-ONO EQUATION

Let again a and G be as in (2.10) and (2.12), respectively. We now focus on the control properties
of the full BO equation. More precisely, we aim to prove the exact controllability of the system

up + Hugy + uuy = Gh, u(0) = uo, (3.80)
where h is the control input. If the exact controllability of the linearized system is well known

(cf. Theorem A), the exact controllability of (3.80) is challenging, as the contraction mapping
theorem cannot be applied directly to BO. To overcome that difficulty, we incorporate the

feedback f = —DGu into the control input h to obtain a strong enough smoothing effect to
apply the contraction principle. Setting
h(t) = —DGu(t) + Dz k(t), (3.81)
we are thus led to investigate the controllability of the system
up + Hugy + GDGu + uuy, = GD%k:, u(0) = wp. (3.82)

We shall derive the following local exact controllability result.

Theorem 3.1. Let s € (%,2] and T > 0. Then there exists 6 > 0 such that for any ug,u; €
HE(T) with

luolls <6, Jlulls <9, (3.83)
one may find a control k € L*(0, T, H3(T)) such that the system (3.82) admits a (unique) solution
u in the class Zs 1 for which u(T) = u;.

The proof of Theorem 3.1 is done in three steps. In the first step, we prove the exact
controllability of the linearized system

ug + Hugy + GDGu = GD%k:, u(0) = g, (3.84)
in L3(T). In the second step, we prove the exact controllability of (3.84) in Hg(T) for all
s > 0 by following the same approach as in [41]. Finally, in the third part we derive the exact
controllability of the full BO equation by using the contraction mapping theorem as e.g. in
[36, 38, 41]. Note that Theorem 1.3 follows at once from Theorem 3.1 by letting

_1
h=—DGu+ D2k € L2(0,T,Hy (T)).
Proof of Theorem 3.1.

STEP1. EXACT CONTROLLABILITY OF (3.84) IN HJ(T).
First, the solution of (3.82) belongs to Zs 1 for ug € H3(T) and k € L?(0, T, H§(T)), according
to Proposition 2.16. The adjoint system reads

—vt — Hugy + GDGv =0, v(T) = vr. (3.85)
Scaling in (3.84) by v yields

/T uvdz|] = /0 T/T kD2 (Gv)dadt. (3.86)
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5
The computations are fully justified when ug,vr € HZ(T) and k € L?(0,T, HZ (T)), and next
extended to the case when ug,vr € HJ(T) and k € L?(0,T, H)(T)) by density. Following the
classical duality approach, we are led to prove the following observability inequality

T
op|? < C/O/T|D§(Gv)|2dxdt. (3.87)

Once (3.87) is proved, the exact controllability of (3.84) follows by noticing that the operator
I' € L(HJ(T)) defined by T'(vr) = u(T), where u denotes the solution of (3.84) associated with

up =0 and k = D3 (Gv) and v denotes the solution of (3.85), is onto by (3.87) and Lax-Milgram
theorem.

Let us prove (3.87) by contradiction. If (3.87) is not true, then one can pick a sequence (v}
in H)(T) such that

T
1= o} > n/ / |D2 (Go™) [2dzdt, (3.88)
0JT

where v" denotes the solution of (3.85) issued from vy = v7.
Multiplying each term in (3.85) by tv™ and integrating by parts results in

T 1 (T T )
Lion2 = —//\v"\dedt—i—//t!D2(Gv”)]2dxdt. (3.89)
2 2JoJr 0JT

Computations similar to those in the proof of Proposition 2.16 (changing ¢ into 7 := T — t)
give
[[o"]]

pomartm < CIVH: (3:90)
1

Thus, by (3.85) and (3.90), (v™) is bounded in L*(0,T, HZ (T)) N H(0,T, Hfg(']r)) By Aubin-
Lions’ lemma, a subsequence of (v™), still denoted by (v™), has a strong limit (say v) in
L*(0,T, H)(T)). It follows from (3.88) and (3.89) that (v%) is a Cauchy sequence in HY(T),
hence it has a strong limit (say vy) in HJ(T), with |jvr| = 1. By standard semigroup theory,
v™ converges in C([0,7], H)(T)) to the solution of (3.85) associated with vy, which therefore
agrees with v. By (3.88), D3 (Gv) =0, hence Gv = 0. We conclude that v satisfies

v+ Hoge = 0,
Gv = 0.
It follows from Proposition 2.8 that v = 0. In particular vy = v(T") = 0, a property which
contradicts the fact that ||vr|| = 1. The proof of (3.87) is achieved.

STEP 2. EXACT CONTROLLABILITY OF (3.84) IN H(T).

Picking any number s > 0, we aim to prove the exact controllability of (3.84) in Hj(T). Notice
first that the system (3.85) is (backward) well-posed in H, *(T), since the conclusion of Lemma
2.15 is still valid when Huy, is replaced by —Hugy, in (2.61). Thus, the following estimate holds

1)l oo 0,1, 55 (T)) < Cllvr|-s-
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On the other hand, setting w = (1 — %) 2v, we see that w solves

—wy — Hwge + GDGw = (1 — 9%)72[(1 — 82)2, GDGlw =: Bw

w(T) = (1 — 0% 2vp =: wr.
Note that B € L(H{(T)) for all o € R (see e.g. [21]). Using computations similar to those to
prove Corollary 2.17, we see that

[[wll < Cllwrl, (3.91)

12(0,T,H % (T))
and hence

1ol 0. =8 () < ClloTll=s: (3.92)
Assuming again that ug = 0, we first note that (3.86) may be written

T 1
(o7, w(T))—g.s = /O (D3 (Go), K)ot

where (-,-)_s s denotes the duality pairing (-, ) Hy ™ (T),Hg (T)* We aim to prove the observability
inequality

T
lorl?, < C/o G,y (3.93)

Once (3.93) is proved, the exact controllability of (3.84) in H{(T) follows easily. Indeed, if
I'_s € L(Hy*(T)) is defined by I'_s(vr) = (1 — 82)*u(T) where u solves (3.84) with k =
(1- (9%)_8D%(Gv) and v still denotes the solution of (3.85), then

T T
(er.To(or)-s = [ IDHGOIR e = C [ 1Gul?, e = ClorP.,
0 0

so that I'_g : Hy*(T) — H *(T) is onto. The same is true for the map vy € H, *(T) — u(T') €
H§(T). To prove (3.93), we establish first a weaker estimate

T
forl, <€ ([ 160l g+ forl?, ). (3.99
0 2 2

We argue again by contradiction. If (3.94) is false, then there is a sequence (v7) in H*(T) such
that

T
V=l ([ 612, e 2,y ) (3.5
0 2 2
It follows that
1
vp  —0 in H, *(T), (3.96)
1
W 50 in C(0,T], Hy 2 (T)). (3.97)

Let w™ = (1 — 82)"20". Then w" solves
—wl — Huw?, + GDGuw"™ = (1 —93)72[(1 — 8?)2, GDGJw" = Buw™,

w™(T) = (1 — &)~ 20} = wh.



CONTROL AND STABILIZATION OF THE BENJAMIN-ONO EQUATION 29

1
Then ||w?| =1, w} — 0in H, *(T), and
_1
w" —0 in C([0,T],H, *(T)) (3.98)
T
/ |Gw" |3 dt — 0. (3.99)
0 2

For (3.99), we notice that
T T s
[ lcwm B = [ e - gy i a
0 2 0 2

T T
< [lede [le o - iR (300)
0 s 2 0 2

The first term in the right hand side of (3.100) tends to 0 by (3.95). For the second one, we
have that

T T
/ I, (1 — 82)~ 5] dt < © / lo"l2.ydt < Olfo" |2 S,
0 2 0 573 Loo(

o0 (0,T,H "3 (T))
by (3.97).
From (3.91), we infer that

el < Cllugl. (3100)

L2(0,T,H3 (T
Arguing as in Step 1 and using (3.101), we can derive the following observability inequality
T
<0 ([ [ Db Gunypasde+ s, -
0JT L2(0,T,H™ 2(T))

Combined with (3.98) and (3.99), this yields w% — 0 in H{(T), contradicting the fact that
|lw]| =1 for all n. The proof of (3.94) is complete. Finally, we prove (3.93) by contradiction.
If (3.93) is false, then there is a sequence (v}) in Hy *(T) such that

T
1= o2, > n/ IGo2, dt. (3.102)
0 2

Extracting a subsequence still denoted by (vf}.), we can assume that (v7:) is strongly convergent

sl 1
in H, " 2(T) by compactness of the embedding Hy *(T) C H, "~ *(T). Using (3.102), we infer
from (3.94) that (vf}) is also strongly convergent in H; *(T). Its limit vy satisfies |lvp|—s = 1,
and the solution v of (3.85) satisfies Gv = 0 by (3.102). Thus for a.e. t € (0,7)

v$$$('7t) - g{vxxx(7t) =0 on w.

We conclude with Lemma 2.9 that v = 0, hence vy = 0, which contradicts ||vr|—s = 1. The
proof of (3.93) is achieved.

STEP 3. FIXED-POINT ARGUMENT IN H{(T).
We proceed as in [36]. Pick any s € (3,2] and any T > 0. We still denote by (S(t));>0 the
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semigroup introduced in Lemma 2.15 and by Z, r the space introduced in (2.58). For v € Z; r,
we set

T
w(v) = /0 S(T — t)(vvg)(t) dt.

From Step 2 we know that the linearized system, namely (3.84), with initial data uy € H§(T)
and control function k € L?(0,T, H§(T)) is well-posed and exactly controllable in H(T). By
a classical functional analysis argument (see e.g. [8, Lemma 2.48 p. 58]), one can construct a
continuous operator A : H§(T) — L%(0,T, H3(T)) such that for any u; € H§(T) the solution
u of (3.84) associated with ug = 0 and k = A(u;) satisfies u(T)) = u;. Let us denote by
u = W (k) the corresponding trajectory. We know from Proposition 2.16 that W is continuous
from L?(0,T, H§(T)) into Zs 1. Let ug,u; € Hi(T) be given with

lwoll gy <6, |t ll g (ry <6,
where § > 0 will be chosen later. Let v € Zs 7. If we choose k = A(u; — S(T)up + w(v)), then

S(tyug — /0 St — 7)(vv)(7)dr + W (k)(t) = { Zf ﬂ _ 2’

It suggests to consider the nonlinear map v — I'(v), where

L(v)(t) = S(t)ug — /0 St — 1) (vvg)(r)dT + W(A(uy — S(T)up + w(v)))(t).

The proof will be complete if we can show that this map has a fixed point in the space Z; 7.
Using the estimates in the proof of Theorem 2.13, we see that

t
lw(@)]ls < CH/O S(t —7)(vve)(1)dr| 7, < Cllol7, ,
and that there are some constants Cy > 0 and C7 > 0 such that
IT@)zr < Collluolls + llurlls) + Crlloliz, ., Vo€ Zsr,
IT@H) =T@*)lz,e < Cr(lotllz,r + 102 2,2) 10" = 2llz, . Vo' 0% € Zor.

Let B={v € Zs1; |[v||z,, < R}. We choose the radius R in such a way that the ball B is left
invariant by I' and I' contracts in B, i.e.

Collluolls + lurlls) + C1R* < R, and 2C1R < 1.
It is sufficient to take R = (4C1)~! and § := R/(4Cp). The proof of Theorem 3.1 is complete. [
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