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Abstract

This paper deals with the study of axisymmetric wave propagation in various
acoustic / porous stratified media coupling configurations. It presents the
theoretical developments of a semi-analytical method, its validation for a
limit test-case half-space ground, and an extension to a realistic multilayered
seabed, when spherical waves are emitted from a transient point source in

water.

Keywords: Stratified poroelastic seabed, Spherical acoustic wave,

Axisymmetric geometry, Hankel-Fourier transforms.

1. Introduction

The study of wave propagation in seawater-seabed coupling configurations
is of interest for underwater acoustics and civil engineering [1, 2, 3]. On
the one hand, the acoustic equation models the physical phenomenon in the

seawater part, and on the other hand, the Biot equations describe the seabed
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part [4, 5]. In such problems, several boundary conditions between the fluid
and the top porous layer can be used to model hydraulic exchanges [1, 6, 7].
The proposed study focuses on transient wave propagation in a multi-region
medium composed of a fluid half-space representing seawater over a stratified
poroelastic medium representing the seabed. The source is located within the
seawater part and emits spherical transient waves. The purpose is to provide
a semi-analytical approach to solve this coupled problem in an axisymmetric
configuration.

Configurations are often restricted to 2D Cartesian geometries. Three-
dimensional Green’s function in axisymmetric configurations was first devel-
oped by [8] for an acoustic point source located near a half-space poroelastic
seabed. Nevertheless, the study was restricted to half-space situations.

Focusing on the stratified aspect of the problem, the strategies usually
adopted are based on transfer matrix, stiffness matrix or transmission and
reflexion matrix methods. The main difficulty deals with the conditioning
of matrices, that can be overcome using specific techniques [9]. These meth-
ods historically developed for electromagnetic and then viscoelastic problems
have been extended to poroelastic media. These developments have been pro-
posed for 2D Cartesian geometries with a free surface [9, 10] and then with a
coupling with a seawater interaction [11]. In the present article, we propose
to extend the previous work to an axisymmetric geometry and to couple the
stratified poroelastic medium to a fluid one. Thus, this work can be used
as benchmark solutions for numerical approaches, or for comparisons with
experimental results. Moreover it represents the first step of the Boundary

Element Method. The axisymmetric approach is based on Hankel-Fourier
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transforms, providing thus an analytical matrix system for the fluid pressure
/ stresses / displacements / velocities in the frequency-wavenumber domain.
To obtain results in the time and space domain, integrations are then per-
formed numerically.

The paper is organized as follows. Section 2 describes the geometry under
study, and proposes analytical solutions to the acoustic equation and Biot
equations in the context of multilayered medium and axisymmetric geometry.
Section 3 presents a test case to validate the results by a comparison with
those of [8], and illustrates both the stratified aspect of the ground and the

interface with the seawater.

2. Model formulation

2.1. Geometry under study

The configuration under investigation is a fluid half-space )y over a stack
of homogeneous and isotropic poroelastic layers €2, (n = 1,---, N), as shown
in Fig. 1. The z geometrical axis points upward. The N plane and parallel
interfaces are located at z, < 0, with 25 = 0. An acoustic point source

Os(7rs =03 2z > 0) in the fluid emits transient spherical waves.

2.2. Multilayered porous medium

The poroelastic media are modeled using the Biot theory [1, 4, 5]. For
homogeneous and isotropic layers, the physical parameters do not depend
on the spatial coordinates and can be listed as follows: for the saturating
fluid, dynamic viscosity n and density py; for the elastic skeleton, density p

and shear modulus i as well as connected porosity ¢, tortuosity a, absolute



permeability x, Lamé coefficient of the dry matrix A, and two Biot coeffi-
cients # and m. Based on the constitutive equations and the conservation of

momentum in porous media, one obtains

(0 =(AV.u—0p) I+2pue, (1a)
p=-m(V.u+V.w), (1b)
Vo=pi+pw, (1c)

\—vp:pfﬁ+%w+gmw, (1d)

where u, U and w = ¢ (U — u) are the solid displacement, the fluid displace-
ment and the relative displacement vectors, respectively. I is the identity
tensor, o is the stress tensor, ¢ = 1/2 (Vu+ V' u) is the strain tensor, and p
is the pore pressure. p = ¢ py + (1 — @) p; is the total density. The overlying
dot denotes the derivative in terms of time ¢. % stands for a convolution
product in time. The quantity %T x W corresponds to the time domain drag
force between the porous skeleton and the pore fluid [12, 13]. Expression for
T xw depends on the frequency range involved. In the low-frequency range,
the relative motion between the fluid and the porous skeleton is of Poiseuille

type, and then the expression is given by
Y(t) =0(t) < Y(t) «w(t) = w(t)

In the high-frequency range, the relative motion between the fluid and the
porous skeleton is dominated by the inertial effects. We adopt here the well-
known model proposed by [14] and written in the frequency domain. The

expression in the time domain is given in [13, 15] with the following form for
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the convolution product

T(t) = W(t) = %(D + Q) 2w (1)

19 the transition radial frequency between

akpy

where Q) = WJ% with wijxp =
the low- and high-frequency ranges. x is the Pride number. The operator
(D + 9)'2 is a shifted order 1/2 fractional derivative. Note that the drag
force depends on the entire history of w(t).

Pressure and stress components are eliminated from Eqs. (1a)-(1b) and
substituted in Eqgs. (1¢)-(1d), giving a (u, w) second-order wave formulation
9, 10]. By introducing the Helmholtz potentials for the solid (¢, ¥) and
relative (", W") displacements, the wave formulation yields a system of

partial differential equations associated to these potentials as follows

By — 22 (1= )+ 0p0) o+ peiy =0, (20)
. . 1 .
m%+%%w27§D+mW%=a (2b)
A+ 2u+mB*) Ap+mBA" — pi— psp" =0, (2c)
r__ P EEEE oo Zz__l__ 1/2 r
m B Ap +mAQ" — pip 5 @ m\/§<D+Q) e'=0. (2d)

0
Note that when projecting in the axisymmetric geometry, only the 6 coordi-
nate is useful for the vector potentials: W = ¢y(r, 2,t) ep.

For an axisymmetric configuration, it is relevant to introduce the nth or-
der Hankel (or Fourier-Bessel) transform over the r variable, and the Fourier
transform over the ¢ variable, of an integrable function f, defined as follows
[16]

1 [t

FO= [ rmaent md =5 [ e @

bt
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where ¢ is the transform Hankel parameter, w the radial frequency and J,
the nth order Bessel function of the first kind.

In the following, we perform a Fourier transform in time of Eqs. (2a)-(2b)-
(2¢)-(2d). Then, Oth- and Ist-order Hankel transforms are applied to the
scalar and vector potentials, respectively. From equation (2b), a proportion-
ality relation between %T (&, z,w) and %:(5 ,Z,w) is obtained

prw
+id T (w)

Yoy (€ 2,w) = a5 Uoi(6,2,w) = G (@) Yo (€ zw).  (4)

¢

Then, the introduction of the above relation in the doubly transformed do-
main formulation of Eq. (2a) provides the partial differential equation rela-
tive to the S shear wave

8;55 L€, z,w)+ (% (1= @)ps + (6 + G (w)pr) — 52) Yo, (€, 2,w) = 0. (5)

Similarly, relative and absolute scalar potentials are linked by

2 mB(kE + &2 - 7 %
prw” —m &= < Poj (&, w) = Fj (§,w)@p;(&,w),
m(kg, +€) = HE= — i (W)

¢

Po; (& w) =

(6)
where 7 = 1,2. The formulation of Eqs. (2¢) and (2d) in the doubly trans-
formed domain results in two coupled partial differential equations relative

to the Py and Py compressional waves, defined as

0? ) ~,
[(@— 2)KP+W2M+IMC ®; =0, (7)
- @o(&, 2, w)
where @ = , stiffness, mass and damping matrices being
eo (&, 2, w)
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A+ 2u+mpB* mp PP 0 0
KP = M = C =
’ apg |’ M s
— 0 =7
mp m Pt p) p (w)

(8)

From Egs. (5) and (7), we introduce global wavenumbers ks and kp; by the
: w? *

relations k2 = K2 + €2 = < (1 - o)p, + (6 + G*(w)pr)) and k2, — k2, +

€2 k., k.p; and £ are the associated vertical wavenumbers and the radial

wavenumber, respectively. Applying the Fourier transform over the z variable

defined as follows
+oo

Tl =5 [ e )

:% N

to system (7), yields the dispersion relation when the determinant of matrix is
equal to zero. Then, the general solution relative to the solid phase Helmholtz

potentials of system (5)-(7) can be written as

Do (€, 2,0) = gy (€, w)e 555 1 g (€, w)elb=s?, (10)

@8(&7 Zaw) = @Sll(ﬁ,w)e_ikzplz + @S?Q,u})eikzplz

+ Pi(€, w)e™Hre® 4 PRi(€, w)eltr*, (11)

where I and R state the ‘incident’ (or downward) and the ‘reflected’ (or
upward) waves, respectively.
The choice of an upward (z) axis, implies that the conditions Sm{k.s} > 0
as well as Sm{k.p;} > 0 (j = 1, 2) should be satisfied to have a bounded
field far away from the ground surface (z — —o0).
Besides, for an axisymmetric geometry
TA(E ) = — EBHE, 2,) — (e, 2,0), (12)
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Obviously, analogous expressions are obtained for the radial and vertical

(€, 2,w) + Egy (€, 2,0). (13)

77:0(& 2 w) =

relative displacement components of vector w by substituting Helmholtz po-
tentials for the solid displacement by relative ones.

Then, the expressions of u,] and w,, as functions of the scalar ‘incident’ and
‘reflected” Helmholtz potentials, are obtained from Egs. (10)-(11) substituted
in Egs. (12)-(13). The same developments are performed for w,; and w,,
with relative Helmholtz potentials. In the present axisymmetric configura-
tion, the exact stiffness matrix approach is based on vectors of transformed

displacement and stress components [9, 10], defined as

U = (G, i, 1s)!, 27 = (00, 100, —iPy)"
. . . o dF/R (/R /R D VR
By using matrix notations, after setting ® = (o1 P03 >%e; ', one
can deduce
(8, 201, w) Mat'!  Mathz | | &1(¢,w) (14)
u (&, zn,w) Mat'Z Mat® (¢, w) |

where ®*/R are modified potentials to have a better conditioning of Eq.

(14) [9]. MatI/R:[mat;/qR] . p=1,23 ; ¢=1,2,3 with

p

mat ¥ = mat 1 = —¢; mat |3 = —mat = +ik.g;

matl, = —math =+ k.p; mat b, = —mat 5 = + k.p,;

mat IQQR = +i&; mat}, = —mat = + kzplﬁ*(f,w);
| mat L= -—math =+ km/ﬁ;*(g,w); mat 5 = +iEG*(w).
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7 = Diagleltspihn  eifzpohin - gikzshn] where Diag represents the terms of a diag-

onal matrix. h, = 2, 1 — 2, > 0 is the height of a specific layer “n” bordered

by the upper and the lower depth coordinates, z,_1 and z,, respectively.
Using the Biot behaviour law, stress components can be expressed in

terms of transformed displacements

~ %

. o, _
01 (&, 2, w) = ( gzl(g,z,w) — §uz0(£,z,w)) , (15)

££@¢¢0=(A+mﬂ%§mﬁaaw)+M+2u+mﬂ%%%iaaw)
iy,

£ mBE(E 2 w) +m

(&, z,w). (16)

Besides, regarding the pore pressure, the equivalent of Eq. (1b) in the doubly

transformed domain is

~ 3k

%@amz—w{ﬁkﬁ@%m+&%@%m]

0z

~ %

. ow,
+ Ewq (& z,w) + gZO(E,z,w)}. (17)

Then, the relation between stresses and Helmholtz potentials is given by

(€, 21, w) st shz ®1(¢, w)
- = - , (18)
—3*(€, 2, w) -S'z. -s® SR w)

where /% = [ (IR | p=1,23 5 ¢=12,3 with
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SIll = _Sll%l = +21M§kzpl’ 5112 = —511{2 — +21,u§kzl>2;

I/R .

sipt = +u(k — €2); shy = sy = — i[(k2, + )M+
m B2+ mBE (&,w)) + 2k ];

SI22 = 552 = - iKkgpQ + fQ)()”L

m B2 +mBE, (£,w)) + 2uk2,,]; shy = —siy = + 2plk.g;
s = — im(kZ, +€)(Fy (&w) + B);

syt = — im(k2,, + €)(Fy (E.w)+ B); sgy =0.

Finally, analytical expressions for transformed displacement vectors are

written in condensed form as

[Thayer, | g6 ﬁ~££’2"1’w) = z*fg’z"*l’w) . (19)
u (&, 2z, w) —3*(&, zp,w)

A conventional assembling technique between the layers is then performed
[17, 18]. As [Tlayer, | is a 6 x 6 matrix, the global resulting matrix system has
dimension 3(NV + 1) x 3(N + 1).

2.8. Acoustic medium

This part presents the analytical model formulation of wave propagation
coming from an acoustic point source applied at Og (Fig. 1), in the water
semi-infinite domain (), characterized by celerity of waves ¢ and by density
pt, assumed to be the same as in the porous media €2,,.

The acoustic equations are written as follows

U@&®=—%WWwﬁ, (200)
f

Ap(r,z,t) — 6—12]5(7’, z,t) = —s(r,z,t) = =S(t) §(r — rs) (= — 25 )(20b)

10
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where p is the acoustic pressure, U is the fluid displacement and s(r, z, ) is
the impulse transient superpressure emitted from point Og. S() is a causal
source term and ¢ is the Dirac function.

In the following, we introduce the fluid global wavenumber k¢, linked to its
vertical (k.¢) and radial (€) components by kf = k% + &2 = %, and use the
mathematical property

N too
do(&) = /0 ro(r)Jo(&r)dr = QL (21)

T
Then, the partial differential equation relative to the pressure wave is ob-
tained from the formulation of Eq. (20b) in the Fourier and Oth-order Hankel
transform domain, as
0”1
02?2

5™ (w)
21

(& 2,w) + k2o (€, 2, w) = — 0(z = 2). (22)

The solution to the above inhomogeneous equation results in the summation
of two components:

- the complementary part pcy(&, z,w) corresponding to the solution of the
homogeneous equation associated to Eq. (22),

- the principal part ppy(&, 2z, w) which is a specific solution of Eq. (22).

On the one hand, the complementary part of the solution is given by
peo(&, 2z, w) = P (&, w)er=* + é*(f, w)e a7 (23)

P*(¢,w) and O (€, w) being the amplitudes, O*(&,w) = 0 and Sm(k.) = 0
to satisfy the convergence condition when z — +o00.

On the other hand, the calculation of the principal part of the solution is
inspired by [19, 20]. Concisely, the key steps are:

11
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(1) Setting the principal part of the solution as a simple Fourier integral
expression

—~—3% +OO N

ppo(&, z,w) = A(k,) e"**dk,. (24)

—00

(1) Searching function A(k,) by introducting Eq. (24) in Eq. (22), multi-
plying the obtained equation by e *:* (where s, € R), integrating over the
z variable from - 0o to + 0o, and using some mathematical properties of the

Dirac function to obtain

S*(w) e—inzzs

A(kz) = — 2m)2 k2 — k.2 (25)
(77i) Rewriting the principal part of the solution gives
S S*(w
pPO(£7 Z, w) = (27(1_)2) [<Z — Zs; sz)7 (26>
where [19]
400 eiﬁz(zfzs) ' ei:l:k:zf\zfzs|
[(Z — Zg, sz) = /;OO Wd/‘iz = IEIWT. (27)

(7v) Finally obtaining the single physically valid solution, satifying the Som-
merfeld condition [20]

i9* (w) eisz|2*Zs\

4 k?zf
Solution (28) corresponds to the one obtained in [8, 20]. Indeed, these authors

(28)

pro(§, 2,w) =

provide a Green’s function as a solution of a cylindrical Helmholtz equation,
which corresponds to the Fourier transform in time of Eq. (20b). Then, they
calculate ppy(&, z,w) by using a Sommerfeld integral decomposition of the

simply transformed domain solution.

12
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2.4. Interface equations
The geometry under study leads to a set of interface equations along the
N plane interfaces z, (n =0, ---, N — 1). For this purpose, we denote [g],

the jump in a function ¢ from 2, to €2, across z, as

gl = _lim g(r,zo+e, )~ lm g(r, 20 —¢ 1) 29)
= (9)n —(9)n-
- The porous / porous interfaces z, (n =1,---, N — 1) are assumed to be in

perfect bonded contact [1]

[up(ryz, )], =0, [u.(r,z,t)], =0, [w,(r z1t)],=0,

[0r2(r,2,8)] =0, [0..(r,2,8)], =0, [p(r,z,t)],=0. (30)

- The fluid / porous interface zy = 0 is modeled with the following interface

conditions [1, 6, 7]

(((un(r, 2,1))g + (wa(r, 2, 1)y = (Us(r, 2, 1)), (31a)
(00s(r, 1))y =0, (310)
(00,2 0)5 =~ (0, 2. ). B10)

[ 102,00 = & (02,1 (1)

where C is the hydraulic permeability of the interface. The case K — +o0
describes open pores. For K — 0, Eq. (31d) is replaced by (w,(r,z,t)), =
0, stating sealed pores. An intermediate state for K € |0; +oo[ describes
imperfect pores.

The formulation of the fluid /porous interface equations (31a)-(31c)-(31d)

in the doubly transformed domain enables both to determine the amplitude

13
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P+ (&, w) of the ‘reflected’ pressure wave in the fluid, and as a result to provide

the following matrix block

iprw? iprw? i (Ux(&s 2,w))o
sz sz
_ipw? ipw’ w
R BTG
S ((,L)) elszzs

7)T NZERY (32)

Eq. (32) is assembled to Eq. (19) to give the radial and vertical solid and
relative displacements at each interface. The transformed displacements,
stresses, velocities and acoustic pressure everywhere inside each domain §2,,
can then be obtained analytically. The latter quantities are subsequently
calculated in the spatio-temporal domain by means of inverse Hankel-Fourier
transforms. For example, the acoustic or pore pressure can be written as

follows

)= [ e ({ [T e s e =) ar @

The integral over the radial wavenumber, which presents an oscillatory be-
havior due to factor Jy(¢7) and for which the envelope of the maximum am-
plitudes shows sharp peaks, is performed using an adaptive Filon quadrature,
[21, 22]. The adaptive procedure consists in dividing the entire interval into
several parts based on what is known about p§(&, z,w). Because of the sharp
changes in the integrand occurring around the wavenumbers of the propagat-
ing waves, the wavenumbers are calculated and sorted out. The quadrature

is performed by discretizing finely in their neighborhood and more coarsely

14
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196

farther away. The integral is truncated depending on the highest wavenum-
ber and adapted to each frequency. As for the numerical processing over w,
the quadrature is done using a Simpson scheme. Numerical values used for

the various discretizations are those of [11].

3. Results and discussion

In this section, we propose firstly to validate the above theoretical for-
mulation by using a half-space porous medium such as in [8]. To do that,
we consider a limit test-case of the stratified configuration, composed of two
layers presenting the same physical properties. Once the semi-analytical ap-
proach validated, we present new results coming from a seabed [23, 24] made
of ten layers presenting various properties, as an extension of the half-space

porous ground.

3.1. Half-space test-case configuration

Porous and fluid parameters are [8]: A = 10.0 x 10° Pa, p = 5.0 X
10° Pa, ps = 2.5 x 10> kgm™3, pf = 1.0 x 10> kgm™3, a = 3, 8 = 0.7,
m = 10.0 x 10° Pa, ¢ = 0.33, n = 1.0 x 1073 Pa.s, x = 1078 m? as well as,

1/2
T*(w) = (1 +if) 0= 1% Gith v = 0.5 [14].
Q a K pex

In the water domain Qg: pr = 1.0 x 10° kg.m ™3, ¢ = 1414.0 m.s™*.
The emission point source is located at z; = 10 m and the observation ones
are pointed by r = 20 m and z = =+ 20 m. Such as in [8], S(¢) is a Ricker

wavelet and S*(w) its Fourier transform
R 2 A w2
(0 = (1= 26%(t = BP)e ™D and 5"(0) = 75— 5, 30

15
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where & = w/2 and 8 = t,, wy = 27 fy (fo = 1.0 x 103 Hz) and ¢, = 2.5 X
1072 s being, respectively the central angular frequency and a shift in time.

As regards time evolution of pore pressure and fluid pressure, Fig. 2 shows
that there is an excellent agreement between the results proposed by [8] and
those obtained from our calculations. Both in permeable and impermeable
cases, it checks the validity of the analytical approach in the half-space limit

test-case.

3.2. Extension to a stratified poroelastic seabed

The regarded configuration is built from mechanical data taken from [23,
24]. Tt corresponds to a more realistic description of a seabed. To model
the stratified ground and to illustrate the capabilities of our approach, we
have chosen a ten layer geometry coupled to a half-space configuration. In
the porous medium, the unchanged parameters are: a = 1.25, p; = 2.65 X
10® kg.m=3 as well as the compressibility of the solid skeleton, ys = 36 GPa,
and of the fluid volume, y; = 2 GPa. The Lamé constants are linked in this
study by A = 2u. Ranges of physical characteristics from the first layer to
the half-space are: ¢ € [0.5;0.2], x € [107?; 107'%] m? and p € [107; 107]
Pa. From one stratum to another, only one of these three parameter values
is modified as indicated in Tab. 1, as well as the related ones. The two Biot

coefficients S and m are given by

o 1 - 2
le—x—,—zﬁ ¢+£, where x, = A+ - .
Xs M Xs Xf 3

Parameters relative to the nature of the point source and to the water are
the same as for the half-space test-case situation, the only differences are:

zs = 5 m and the observation points are located at r = 1mand z = +1cm

16
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213

or z= — 80 cm.

Layer n Height | Porosity Absolute Shear
h, (m) ) permeability x (m?) | modulus p (Pa)
n=1 0.1 0.5 1x107° 1 x 107
n=2 0.1 0.5 1x107° 5 x 107
n=3 0.4 0.4 1x107° 5 x 107
n=4 0.4 0.4 5x 10710 5 x 107
n=>5 1.0 0.4 5x 1010 1 x 108
n=6 1.0 0.3 5x 1010 1 x 108
n="7 2.0 0.3 1x 101 1 x 108
n=a3 5.0 0.3 1x 101 5% 108
n=09 5.0 0.2 1x 101 5% 108
n=10 10.0 0.2 1x 1071 1 x 10°
Half-space | + 00 0.2 1 x 10712 1 x 10°

Table 1: Height of each layer and parameter values changing from one layer to another in

the seabed

Firstly, Fig. 3 shows very similar time evolutions of fluid pressure at
z = 1 cm observation height, both for sealed, imperfect and open pore in-
terfaces between seawater and seabed. This means that the nature of the
contact does not have any influence on the fluid pressure for the configu-
ration under study. Secondly, considering only the impermeable cases, Fig.

3 emphasizes the fact that the properties of the first layer force the fluid
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224

225

226

227

228

229

230

231

232

pressure behaviour in the seabed when observation point is very close of the
zo = 0 interface. Thirdly, central arrival time of the acoustic compressional

wave is given by

— )2 2
ty = (=2 +r +ts = 6.1 ms.
c

In contrast, Fig. 4 clearly proves that the hydraulic permeability coefficient
value has a strong impact on temporal variation of the vertical displacement
at z = — 1 cm observation height, in the first layer of the seabed. Note
that this trend is very attenuated when considering stresses in the seabed,
not shown here.

Besides the comparison beween Fig. 4 and Fig. 5 highlights the multiple
wave reflections at the porous / porous intefaces in the seabed. In addition,
the confrontation between half-space and multilayered results yields higher
differences in the intermediate case than those obtained in the extreme situ-
ations.

In the fourth layer, at z = — 80 cm observation height (Fig. 6), the nature
of the contact does not have influence on the first displacement peaks any
more. This time, the differences due to the kind of hydraulic interface is seen

on the part of the response relative to the reflection waves (t > 9 ms).

4. Conclusions

An axisymmetric model of wave propagation in poroelastic / acoustic
configurations, has been presented, validated and extended by using a semi-

analytical method. The theoretical development has been based on a matrix
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255

block assembling technique for the porous layers and the fluid domain and
takes into account various interface conditions. A half-space porous ground
as a limit test-case of our multilayered medium has been considered to vali-
date the analytical model. Indeed, regarding pore and fluid pressures, there
is a very good agreement between the results coming from [8] and our calcu-
lations, whatever the pore nature. Then, the approach has been applied to
a stratified seabed, as an extension of the half-space porous soil, providing
new results which emphasize the variations in time of mechanical quantities.

From the obtained displacements and stresses, a future investigation con-
sists in estimating mechanical and hydrological parameters of the systems
under study. In parallel, the results could be compared to those issuing
from finite difference, element and/or volume approaches or other analytical

formulations such as transfer or transmission and reflexion matrices.
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