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Abstract

This paper deals with the study of axisymmetric wave propagation in var-
ious acoustic / porous stratified media coupling configurations. It presents
the theoretical development of a semi-analytical method, its validation for a
limit test-case half-space ground, and an extension to a realistic multilayered
seabed, when spherical waves are emitted from a transient point source in
water.

Keywords: Stratified poroelastic seabed, Spherical acoustic wave,
Axisymmetric geometry, Hankel-Fourier transforms.

1. Introduction

The study of wave propagation in seawater-seabed coupling configurations
is of interest for underwater acoustics and civil engineering. On the one
hand, the acoustic equation models the physical phenomenon in the seawater
part, and on the other hand, the Biot equations describe the seabed part
[1, 2, 3]. In such problems, several boundary conditions between the fluid
and the top porous layer can be used to model hydraulic exchanges |2, 4, 5].
The proposed study focuses on transient wave propagation in a multi-region
medium composed of a fluid half-space representing seawater over a stratified
poroelastic medium representing the seabed. The source is located within the
seawater part and emits spherical transient waves. The purpose is to provide
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a semi-analytical approach to solve this coupled problem in an axisymmetric
configuration.

Configurations are often restricted to 2D Cartesian geometries. Three-
dimensional Green’s function in axisymmetric configurations was first devel-
oped by [6] for an acoustic point source located near a half-space poroelastic
seabed. Nevertheless, the study was restricted to half-space situations.

Focusing on the stratified aspect of the problem, the strategies usually
adopted are based on transfer matrix, stiffness matrix or transmission and
reflexion matrix methods. The main difficulty deals with the conditioning
of matrices, that can be overcome using specific techniques [7]. These meth-
ods historically developed for electromagnetic and then viscoelastic problems
have been extended to poroelastic media. These developments have been
proposed for 2D Cartesian geometries with a free surface [7, 8] and then
with a coupling with a seawater interaction [9]. In the present article, we
propose to extend the previous work to an axisymmetric geometry and to
couple the stratified poroelastic medium to a fluid one. The axisymmetric
approach is based on Hankel-Fourier transforms, providing thus an analytical
matrix system for the fluid pressure / stresses / displacements / velocities in
the frequency-wavenumber domain. To obtain results in the time and space
domain, integrations are then performed numerically.

The paper is organized as follows. Section 2 describes the geometry under
study, and proposes analytical solutions to the acoustic equation and Biot
equations in the context of multilayered medium and axisymmetric geometry.
Section 3 presents a test case to validate the results by a comparison with
those of [6], and illustrates both the stratified aspect of the ground and the
interface with the seawater.

2. Model formulation

2.1. Geometry under study

The configuration under investigation is a fluid half-space €2y over a stack
of homogeneous and isotropic poroelastic layers €, (n = 1,---, N), as shown
in Fig. 1. The 2z geometrical axis points upward. The N plane and parallel
interfaces are located at z, < 0, with zg = 0. An acoustic point source
Os (rs =03 zg > 0) in the fluid emits transient spherical waves.



2.2. Multilayered porous medium

The poroelastic media €2, are modeled using the Biot theory [1, 2, 3]. For
homogeneous and isotropic layers, the physical parameters do not depend on
the spatial coordinates and can be listed as follows: for the saturating fluid,
dynamic viscosity n and density py; for the elastic skeleton, density p, and
shear modulus p as well as connected porosity ¢, tortuosity a, absolute per-
meability x, Lamé coefficient of the dry matrix A\, and two Biot coefficients
£ and m. Based on the constitutive equations and the conservation of mo-
mentum in porous media, one obtains

(0 =(AV.u—0p) I+2ue, (1la)
p=-m(fV.u+V.w), (1b)
Vo=pu+psw, (1c)

\—vpzpfﬁ+%w+gr*w, (1d)

where * denotes a convolution product in time. T is a time-dependant vis-
cosity correction factor describing the transition behaviour from viscosity-
dominated flow in the low-frequency range towards inertia-dominated flow at
high-frequency range [10]. u, U and w = ¢ (U—u) are the solid displacement,
the fluid displacement and the relative displacement vectors, respectively. I
is the identity tensor, o is the stress tensor, € = % (Vu+ Viu) is the strain
tensor, and p is the pore pressure. The overlying dot denotes the deriva-
tive in terms of time ¢. Pressure and stress components are eliminated from
Egs. (la)-(1b) and substituted in Egs. (1c)-(1d), giving a (u, w) second-
order wave formulation [7, 8]. By introducing the Helmholtz potentials for
the solid (¢, ¥) and relative (¢", ¥") displacements, the wave formulation
yields a system of partial differential equations associated to these potentials
as follows

( —p (Athp — %) + pihg + pr iy = 0, (2a)
prdo+ “LHO I =0, (2b)
A+ 2u+mB%) Ap+mBAL" —pd — prg” =0, (2¢)

|88+ mAG — pyp = LG g =0 (2d)




Note that when projecting in the axisymmetric geometry, only the 8 coordi-
nate is useful for the vector potentials: W) = ¢, (r, z, t)ep.

For an axisymmetric configuration, it is relevant to introduce the nth or-
der Hankel (or Fourier-Bessel) transform over the r variable, and the Fourier
transform over the ¢ variable, of an integrable function f, defined as follows
1]

1 [

+o00
RO = [ rmaend md pe =g [ soea @
where £ is the transform Hankel parameter, w the radial frequency and .J,
the nth order Bessel function of the first kind.
In the following, we perform a Fourier transform in time of Eqs. (2a)-(2b)-
(2¢)-(2d). Then, a 0th- and Ist-order Hankel transform is applied to the
scalar and vector potentials, respectively. From equation (2b), a proportion-

ality relation between %Z*(é ,2,w) and %: (&, z,w) is obtained

~—T% _ pf(JJ —~% _ G* —~x ‘ A
1/}91 (gasz) a,péw —|—2%T*(w) ¢01(§727w) (w) ¢61(§7Zaw) ( )

Then, the introduction of the above relation in the doubly transformed do-
main formulation of Eq. (2a) provides the partial differential equation rela-
tive to the S shear wave
0o,
0722

2

(6.2 + (“’7@ 0y GHw)) — 52) D) =0 (5)

Similarly, relative and absolute scalar potentials are linked by

prw® —m B(kp; + &)

2
m(k, + €2) — % — i1 ()

Po; (& w) = Po; (& w) = Fj (& w)pp;(&sw),
(6)
where j = 1,2. The formulation of Egs. (2¢) and (2d) in the doubly trans-
formed domain results in two coupled partial differential equations relative
to the P; and P, compressional waves, defined as
82

K@— Q)Kp+w2M+iwC ®: =0, (7)



~ #o(8, 2 w) . . . .
where &5 = ¢ _ , stiffness, mass and damping matrices being
£0" (&5 2,w)
respectively
A+ 2+ mpB* mp PPy 0 0
Kp = M = apf >C = T A~
mp m Pf ? 0 ET

From Egs. (5) and (7), we introduce global wavenumbers kg and kp; by the
3 w2 *

relations k% = kg + & = “(p+ psG*(w)) and kp; = kip; + & ks, k.p;

and & are the associated vertical wavenumbers and the radial wavenumber,

respectively. Applying the Fourier transform over the z variable defined as

follows

T = [ s )

— % N
to system (7), yields the dispersion relation when the determinant of matrix is

equal to zero. Then, the general solution relative to the solid phase Helmholtz
potentials of system (5)-(7) can be written as

Vor (€, 2,w) = Uy (€ w)e ™57 + g1 (€, w)eik=s*, (10)

Bol6,2,w) = Fi(E w)e™ ™ en® 4 Ff(€ w)eten?
+ FL(E w)e heret 4 GER(g w)etkera? (11)

where [ and R state the ‘incident’ (or downward) and the ‘reflected’ (or
upward) waves, respectively.
The choice of an upward (z) axis, implies that the conditions Sm{k.s} > 0
as well as Sm{k.p,} > 0 (j = 1, 2) should be satisfied to have a bounded
field far away from the ground surface (z — —o0).

Besides, for an axisymmetric geometry

- - gy

uri(gasz) = —fSOS(faZaW) - gjl (f)zaw)a (12)
~ ODF ~—

Wo(6, 2,w) = 22(E, 2,w) + £ vy (€, 2,w). (13)

0z
Obviously, analogous expressions are obtained for the radial and vertical
relative displacement components of vector w by substituting Helmholtz po-
tentials for the solid displacement by relative ones.
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Then, the expressions of u,; and w,, as functions of the scalar ‘incident’ and
‘reflected” Helmholtz potentials, are obtained from Egs. (10)-(11) substituted
in Egs. (12)-(13). The same approach is led for w,; and w,, with relative
Helmholtz potentials. In the present axisymmetric configuration, the exact
stiffness matrix approach is based on vectors of transformed displacement
and stress components [7, 8], defined as
W= (@, idg i), = (5 10 i)

~ s ke —~xI/R
By using matrix notations, after setting ®*//% = (ng{/R, gpog/R o, / )t
can deduce

(& z0,w) | [ Mat! Mat®Z D (¢,w) (14)
u (&, zn,w) | Mat’Z Mat” ®R(¢ w) [
where ®*/% are modified potentials to have a better conditioning of Eq.
(14) 7. Mat”/® = [ mat )% |+ p=1,23 ; ¢=123 with

one

mat /% =mat)f = — ¢ ; mat!, = —mat &, = +ik.g ; matl, = —mat & =
+k.p, & mat22— —mat % = +k.p, ; matQ/R—+i£ ; matl = -—matf =

+k;Zp1F1 (5, ) ; matl, = —matl = +k’zp2F2 (,w) ; maty I/R = +i{G*(w).
7 = DiagleF=rifin  eihzrhin ¢ikzshn] where Diag represents the terms of a diag-
onal matrix. h, = 2,1 — 2, > 0 is the height of a specific layer “n” bordered
by the upper and the lower depth coordinates, z,_; and z,, respectively.

Using the Biot behaviour law, stress components can be expressed in
terms of transformed displacements

Tl ) = (G nw) - €TE ) ) (09

~ %

00(&,2,w) = A+ m ) Eu (€ z,w) + (A +2u+ mwaé‘? (& 2w)

N*

(5, Z,w). (16)

Besides, regarding the pore pressure, the equwalent of Eq. (1b) in the doubly
transformed domain is

+ mﬁngl(gaz w)

~ 3k

. ou,
%(€727W> =—-m {ﬁ {furl(ﬁ,z,w) gZO (§727W>:|

+ Ewq (& z,w) + ;Uzo(f,z,w)}. (17)



Then, the relation between stresses and Helmholtz potentials is given by
S amenw) | _[ 8" sfzZ] [ @(gw) a8)
_2*(&7 Zns CU) - _SIZ _SR q)/*R(g’ w) )

whereS“R:[s;gﬂ . p=1,2,3 : ¢=1,2,3 with

. ‘ I/R
sty = —sfi = +2u&ik.p, ; siy = —sfh = +2ugik.p, ; SL‘/’) = +pu(kZg —

52) 3 S£1 = 5521 = - i[(kgpl +§2)()\—|—mﬁ2 ‘l‘mﬁﬁ*(f,“})) +2uk§p1] ; 552 =

ng = - i[(kEPQ +§2)()\+m62 + m@ (§7w)) + 2#"53&] ; 553 = _553 =
2k 3 sy = — im(K2e + E)(F) (6,0) + B) 5 s = — im(k2p, +

E)(F, (Ew)+B) 5 sy =0,
Finally, analytical expressions for transformed displacement vectors are
written in condensed form as

ﬁ*(& Zn—1, w) _ i*(ga “n—1» w)
[Tzayern]m{ (€, 2, ) }_{ S e o) } (19)

A conventional assembling technique between the layers is then performed.
As [Tiayer, ] is a 6 x 6 matrix, the global resulting matrix system has dimension
3(N+1)x3(N+1).

2.3. Acoustic medium

This part presents the analytical model formulation of wave propagation
coming from an acoustic point source applied at O, (Fig. 1), in the water
semi-infinite domain €2y, characterized by celerity of waves ¢ and by density
pf, assumed to be the same as in the porous media €2,,.

The acoustic equations are written as follows

1
U<T727t) == p_vp(r727t)7 (208’)
f

Ap(r,z,t) — 6—121'9'(7“, z,t) = —s(r,z,t) = =S(t) 0(r — rs) 0(z — 25);20b)

where p is the acoustic pressure, U is the fluid displacement and s(r, z,t) is
the impulse transient superpressure emitted from point Og. S(t) is a causal
source term and 9§ is the Dirac function.

In the following, we introduce the fluid global wavenumber k;, linked to its
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vertical (k.y) and radial (§) components by k7 = k2, 4+ &% = ‘Z—;, and use the

mathematical property

5o(€) = /O o) Joler)dr = - (21)

27

Then, the partial differential equation relative to the pressure wave is ob-
tained from the formulation of Eq. (20b) in the Fourier and 0th-order Hankel
transform domain, as

0*py S*(w)

c2w) K€ 2z w) = —

622 (f ) zf Po (§ ) T
The solution to the above inhomogeneous equation results in the summation
of two components:
- the complementary part pog(&, 2, w) corresponding to the solution of the
homogeneous equation associated to Eq. (22),
- the principal part ppgy(€, z,w) which is a specific solution of Eq. (22).
On the one hand, the complementary part of the solution is given by

peg(€, 2,w) = P&, w)e™=r* + O (¢, w)e H=r?, (23)

P*(¢,w) and O(£,w) being the amplitudes, O*(£,w) = 0 and Sm(k.s) = 0
to satisfy the convergence condition when z — +o0.

On the other hand, the calculation of the principal part of the solution is
inspired by [12, 13]. Concisely, the key steps are:

(1) Setting the principal part of the solution as a simple Fourier integral
expression

3z — z). (22)

+0o0
pro(&, 2,w) = A(k,) e dk,. (24)
(1) Searching function A(k,) by introducting Eq. (24) in Eq. (22), multi-
plying the obtained equation by e~+* (where K, € R), integrating over the
z variable from - 0o to + 0o, and using some mathematical properties of the
Dirac function to obtain
S* (CU) efinzzs

AW =~y e (25)

(77i) Rewritting the principal part of the solution as

s 5 (w)
Ppo(&, 2, w) = )2 I(z — 24, k.p), (26)
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where [12]

s L +00 emz(z Zs) y itk plz—zs| -
— csyhzf) = - —dk, = fiT————. 2
o) = [ e = i (21)

o0

(iv) Finally obtaining the single physically valid solution, satifying the Som-
merfeld condition [13]

iS* ((,U) eisz\zfzs\
47 sz ’

Solution (28) corresponds to the one obtained by [6, 13]. Indeed, these au-
thors provide a Green’s function as a solution of a cylindrical Helmholtz
equation, which corresponds to the Fourier transform in time of Eq. (20b).
Then, they calculate ppy(&, 2,w) by using a Sommerfeld integral decomposi-
tion of the simply transformed domain solution.

pro(§, z,w) = (28)

2.4. Interface equations

The geometry under study leads to a set of interface equations along the
N plane interfaces z, (n =0, ---, N — 1). For this purpose, we denote [g],
the jump in a function ¢ from 2, to 2, across z, as

9l = alg?x)g(r e t) - aahonal>og(r =& t) (29)
= (9 = (9
- The porous / porous interfaces z, (n = 1,---, N — 1) are assumed to be in

perfect bonded contact [2]

[up(r,z,0)]n =0, [uy(r,z,t)], =0, [w,(r, zt)],= 0,
[0r2(r,2,8)]n =0, [0..(r,2,8)], =0, [p(r,z,t)],=0. (30)

- The fluid / porous interface zy = 0 is modeled with the following interface
conditions [2, 4, 5]

((us(r,z,t))g + (ws(r, 2, 1))y = (Us(r, 2,1))q, (31a)
(Urz(rﬂ zat))(; =0, (31b)
(UZZ(T’ 2y t))a = —(p(r, 2y t))a_v (31C)

| ~p(r, 2, 0o = g ({2,205 (314)



where C is the hydraulic permeability of the interface. The case K — +o00
describes open pores. For K — 0, Eq. (31d) is replaced by (w,(r,z,t)), =
0, stating sealed pores. An intermediate state for K € ]0; +oo[ describes
imperfect pores.

The formulation of the fluid /porous interface equations (31a)-(31c)-(31d)
in the doubly transformed domain enables both to determine the amplitude
P*(€,w) of the ‘reflected’ pressure wave in the fluid, and as a result to provide
the following matrix block

[ g’ ippe” (@56 2 w)s

' k’zf ) - k;zf

iprw iprw ; s _
i - kJ;f - kif - 27%)' Z(wzo(g,Z,W))o
(., _ o S*w) exp(i k,r 2z

i (Tl 7))y + T) Rk 2)
= i _, S*(w) exp(ik.f z;) (32)

\ Z<p0(§7Z,W))O + 271' sz

Eq. (32) is assembled to Eq. (19) to give the radial and vertical solid and
relative displacements at each interface. The transformed displacements,
stresses, velocities and acoustic pressure everywhere inside each domain €2,
can then be obtained analytically. The latter quantities are subsequently
calculated in the spatio-temporal domain by means of inverse Hankel-Fourier
transforms.

3. Results and discussion

In this section, we propose firstly to validate the above theoretical for-
mulation by using a half-space porous medium such as in [6]. To do that,
we consider a limit test-case of the stratified configuration, composed of two
layers presenting the same physical properties. Once the semi-analytical ap-
proach stamped, we present new results coming from a seabed [14, 15] made
of ten layers presenting various properties, as an extension of the half-space
porous ground.

3.1. Half-space test-case configuration

Porous and fluid parameters are [6]: A = 10.0 x 10° Pa, y = 5.0 x
10° Pa, ps = 2.5 x 10® kgm™, py = 1.0 x 10 kgm™, a = 3, § = 0.7,
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m = 10.0 x 10° Pa, ¢ = 0.33, n = 1.0 x 1073 Pa.s, x = 1078 m? as well as,

)1/2 B 7}¢
y WJKD =
akpy

T (w) = (1 +ix and x = 0.5 [10].

WJKD

In the water domain Qg: py = 1.0 x 10* kg.m ™2, ¢ = 1414.0 m.s™ .
The emission point source is located at z; = 10 m and the observation ones
are pointed by r = 20 m and z = =+ 20 m. Such as in [6], S(¢) is a Ricker
wavelet and S*(w) its Fourier transform
S() = (1= 26% = D and §°(w) = — e, (33)
= —2a°(t — e an W) = —-+e¢ 1a
463 \/m ’
where & = %2 and 3 = t,, wo = 21 fy (fo = 1.0x10° Hz) and t, = 2.5x10 3 s
being, respectively the central angular frequency and a shift in time.

As regards time evolution of pore pressure and fluid pressure, Fig. 2 shows
that there is an excellent agreement between the results proposed by [6] and
those obtained from our calculations. Both in permeable and impermeable
cases, it checks the validity of the analytical approach in the half-space limit
test-case.

3.2. FEaxtension to a stratified poroelastic seabed

The regarded configuration is built from mechanical data taken in [14, 15].
It corresponds to a more realistic description of a seabed. To model the
stratified ground and to illustrate the capabilities of our approach, we have
chosen a ten layer geometry coupled to a half-space configuration. In the
porous medium, the unchanged parameters are: a = 1.25, p; = 2.65 X
103 kg.m=3 as well as the compressibility of the solid skeleton, y, = 36 GPa,
and of the fluid volume, x; = 2 GPa. The Lamé constants are linked in this
study by A = 2u. Ranges of physical characteristics from the first layer to
the half-space are: ¢ € [0.5; 0.2], x € [107; 107'?] m? and p € [107; 107]
Pa. From one stratum to another, only one of these three parameter values
is modified as indicated in Tab. 1, as well as the related ones. The two Biot
coefficients  and m are given by

1 — 2
6:1—@ —:5 ¢—|—£, where yg = A+ —pu.

Xs7 m Xs Xf 3

Parameters relative to the nature of the point source and to the water are
the same as for the half-space test-case situation, the only differences are:

11



zs = b m and the observation points are located at r = 1mand 2z = +1cm
or z= — &80 cm.

Layer n Height | Porosity Absolute Shear
hy (m) ) permeability x (m?) | modulus u (Pa)
n=1 0.1 0.5 1x107° 1 x 107
n=2 0.1 0.5 1x107° 5 x 107
n=3 0.4 0.4 1x107° 5 x 107
n=4 0.4 0.4 5x 1071 5 x 107
n=>5 1.0 0.4 5x 10710 1x 108
n==6 1.0 0.3 5 x 10710 1 x 108
n="17 2.0 0.3 1x 1071 1 x 108
n=3~8 5.0 0.3 1x 1071 5 x 10%
n=9 5.0 0.2 1x1071 5 x 108
n =10 10.0 0.2 1x1071 1 x 10°
Half-space + o0 0.2 1 x 10712 1 x 10°

Table 1: Height of each layer and parameter values changing from one layer to another in
the seabed

Firstly, Fig. 3 shows very similar time evolutions of fluid pressure at
z = 1 cm observation height, both for sealed, imperfect and open pore in-
terfaces between seawater and seabed. This means that the nature of the
contact does not have any influence on the fluid pressure for the configu-
ration under study. Secondly, considering only the impermeable cases, Fig.
3 emphasizes the fact that the properties of the first layer force the fluid
pressure behaviour in the seabed when observation point is very close of the
zo = 0 interface. Thirdly, central arrival time of the acoustic compressional
wave is given by

(zs — 2)2 + 12

tf = —|—ts = 6.1 ms.
C

In contrast, Fig. 4 clearly proves that the hydraulic permeability coefficient
value has a strong impact on temporal variation of the vertical displacement
at z = — 1 cm observation height, in the first layer of the seabed. Note
that this trend is very attenuated when considering stresses in the seabed,
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not shown here.

Besides the comparison beween Fig. 4 and Fig. 5 highlights the multiple
wave reflections at the porous / porous intefaces in the seabed. In addition,
the confrontation between half-space and multilayered results yields higher
differences in the intermediate case than those obtained in the extreme situ-
ations.

In the fourth layer, at z = — 80 cm observation height (Fig. 6), the nature
of the contact does not have influence on the first displacement peaks any
more. This time, the differences due to the kind of hydraulic interface is seen
on the part of the response relative to the reflection waves (¢ > 9 ms).

4. Conclusion and perspectives

An axisymmetric model of wave propagation in poroelastic / acoustic
configurations, has been presented, validated and extended by using a semi-
analytical method. The theoretical development has been based on a matrix
block assembling technique stating the porous layers, the fluid domain as
well as their interfaces. A half-space porous ground as a limit test-case of our
multilayered medium has been considered to validate the analytical model.
Indeed, regarding pore and fluid pressures, there is a very good agreement
between the results coming from [6] and our calculations, whatever the pore
nature. Then, the approach has been applied to a stratified seabed, as an
extension of the half-space porous soil, providing new results which emphasize
the variations in time of mechanical quantities.

From the obtained displacements and stresses, a future investigation con-
sists in estimating mechanical and hydrological parameters of the systems
under study. In parallel, the results could be compared to those issuing
from finite difference, element and/or volume approaches or other analytical
formulations such as transfer or transmission and reflexion matrices.
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Figure 1: Axisymmetric geometry used for the multilayered poroelastic / acoustic media
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Figure 3: Time evolution of fluid pressure at z = 1 cm observation height, for permeable
and intermediate (K = 5x 10719 m.s~*.Pa~!) cases in the seabed configuration, and for
impermeable case in both the seabed and the half-space corresponding situation
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