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FRACTAL RANDOM SERIES GENERATED BY POISSON-VORONOI
TESSELLATIONS

PIERRE CALKA' AND YANN DEMICHEL?

ABSTRACT. In this paper, we construct a new family of random series defined on R”, indexed
by one scaling parameter and two Hurst-like exponents. The model is close to Takagi-
Knopp functions, save for the fact that the underlying partitions of R” are not the usual
dyadic meshes but random Voronoi tessellations generated by Poisson point processes. This
approach leads us to a continuous function whose random graph is shown to be fractal with
explicit and equal box and Hausdorff dimensions. The proof of this main result is based on
several new distributional properties of the Poisson-Voronoi tessellation on the one hand, an
estimate of the oscillations of the function coupled with an application of a Frostman-type
lemma on the other hand. Finally, we introduce two related models and provide in particular
a box-dimension calculation for a derived deterministic Takagi-Knopp series with hexagonal
bases.

INTRODUCTION

The original Weierstrass series (see [40]) is a fundamental example of continuous but nowhere
differentiable function. Among the more general family of Weierstrass-type functions, the
Takagi-Knopp series can be defined in one dimension as

Ky(z) = ianHA(Q"x) , ¢ €ER, (1)
n=0

where A(z) = dist(x,Z) is the sawtooth -or pyramidal- function and H € (0, 1] is called the
Hurst parameter of the function. Introduced at the early beginning of the 20th century (see
[36, 22]), they have been extensively studied since then (see the two recent surveys [2, 24]).

The construction of K is only based on two ingredients: a sequence of partitions of R (the
dyadic meshes) associated with a decreasing sequence of amplitudes for the consecutive layers
of pyramids. Therefore, we can easily extend definition (1) to dimension D > 2 using the
D-dimensional dyadic meshes.

In order to provide realistic models for highly irregular signals such as rough surfaces (see
[15, 29, 12] and Chapter 6 in [34]), it is needed to randomize such deterministic functions.
Two common ways to do it are the following: either the pyramids are translated at each step
by a random vector (see e.g. [38, 16, 11]), or the height of each pyramid is randomly chosen
(see in particular [15] for the famous construction of the Brownian bridge).

In many cases the graphs of such functions are fractal sets. Therefore, their fractal dimensions
provide crucial information for describing the roughness of the data (see [26, 20]). The two
most common fractal dimensions are the box-dimension and the Hausdorff dimension. The
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former is in general easier to calculate whereas the latter is known only in very special cases
(see e.g. [28, 25, 19, 9, 4]).

In this paper, a new family of Takagi-Knopp type series is introduced. Contrary to the previ-
ous randomization procedures, our key-idea is to substitute a sequence of random partitions
of RP for the dyadic meshes. An alternative idea would have been to keep the cubes and
choose independently and uniformly in each cube each center of a pyramid. Notably because
the mesh has only D directions, it would be very tricky to calculate the Hausdorff dimension.
One advantage for applicational purposes may be to get rid of the rigid structure induced by
the cubes and to provide more flexibility with the irregular pattern. A classical model of a
random partition is the Poisson-Voronoi tessellation.

For a locally finite set of points called nuclei, we construct the associated Voronoi partition of
RP by associating to each nucleus c its cell C,, i.e. the set of points which are closer to ¢ than
to any other nucleus. When the set of nuclei is a homogeneous Poisson point process, we speak
of a Poisson-Voronoi tessellation (see e.g. [32, 30, 7]). In particular, the Poisson point process
(resp. the tessellation) is invariant under any measure preserving transformation of R”, in
particular any isometric transformation (see (2)). Moreover the cells from the tessellation are
almost surely convex polytopes. Classical results for the typical Poisson-Voronoi cell include
limit theorems (see [1]), distributional (see [5, 6]) and asymptotic results (see [18, 8]). The
model is commonly used in various domains such as molecular biology (see [33]), thermal
conductivity (see [23]) or telecommunications (see e.g. [39] and Chapter 5 in [3] Volume 1).
The only parameter needed to describe the tessellation is the intensity A > 0, i.e. the mean
number of nuclei or cells per unit volume. In particular, the mean area of a typical cell from
the tessellation is A~!. Multiplied by the scaling factor )\%, the Poisson-Voronoi tessellation
of intensity A is equal in distribution to the Poisson-Voronoi tessellation of intensity one.
This scaling invariance is a crucial property that will be widely used in the sequel.

Let A > 1 and «, 8 > 0. The parameter X is roughly speaking a scaling factor and «, 5 are
Hurst-like exponents. For every integer n > 0, we denote by A}, a homogeneous Poisson point

process of intensity A in R” and by 7,, = {C. : ¢ € &,} the set of cells of the underlying

. . . nB e np . ..
Poisson-Voronoi tessellation. We recall that A D 7, def {ADC. : ¢ € A,} is distributed

B 1 . . . . .
as To and ADT,, = T,_1 thanks to the scaling invariance. Moreover, for any isometric
transformation I : RP? — RP we have

def

I(To) € {I(Co) i c€ X} 2 {C.: c € Xy} (2)

Let A, : RP? — [0,1] be the random pyramidal function satisfying A, = 0 on |J,.. x, 9Ce,
A, =1 on X, and piecewise linear (see Figure 1 and the beginning of section 1.2 for more
details).
In the sequel the Poisson point processes X, are assumed to be independent. We consider
the continuous function
[ee)
Frap(@) =Y A5 Ay(z) , z € RP. (3)

n=0
In particular F) , g is a sum of independent functions.
Let us denote by dimp(K) and dimy(K) the (upper) box-dimension and the Hausdorff di-

mension of a non-empty compact set K (see e.g. [14] for precise definitions). We are mainly
interested in the exact values of these dimensions. Our result is the following:
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(a) The Poisson-Voronoi tessellation 7y,. (b) The pyramidal function A,,.

FIGURE 1. Construction of the elementary piecewise linear function A,,.

Theorem 1. Let A > 1 and 0 < o < B < 1. Then F) o is a continuous function whose
random graph

Ty = {(x, Frap(®) 2 €[0,1]”} cRP xR
s a fractal set satisfying almost surely

dimp(Txa,8) = dimp(Cyap) = D + 1 — % (4)

Equalities (4) imply that the smaller % is, the more irregular F) o, g and I'y , g are (see Figure

2 and Figure 3). The result of Theorem 1 naturally holds when [0, 1]” is replaced with any
cube of RP.

45 T T T T T T T T T n

35-

251

0 0,‘1 0‘2 0‘3 D}A 0!5 0‘6 0}7 I)‘B 0‘9 1 0 0,‘1 0‘2 0‘3 D}A 3!5 0‘6 0}7 I)‘B 0‘9 1
(8) (A B) = (12,1,1) (b) (A 8) = (1.2,0.2,1)

FIGURE 2. Graph of the random function Fj o,s3 when D = 1.

The paper is organized as follows. In the first section we state some preliminary results
related to the geometry of the Poisson-Voronoi tessellations. We introduce in particular
the oscillation sets O, n (see (7)) that are used to derive explicit distributional properties
on the increments of A, and precise estimates on the increments of F), 3. Section 2 is
then devoted to the proof of Theorem 1. An upper bound for dimp(I'y o 8) comes from the
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0.4 3 . 0.4

(a) (A, a,8) = (1.5,1,1) (b) (A, 8) = (1.5,0.2,1)

FIGURE 3. Graph of the random function F o,g when D = 2.

estimation of the oscillations of F) , 3 whereas a lower bound for dimy(I'y o,5) is obtained
via a Frostman-type lemma. Finally, we introduce and study in the last section two related
models: a deterministic series based on an hexagonal mesh and a random series based on a
perturbation of the dyadic mesh.

In the sequel we will drop the indices A, a and 8 so that F' = F) , g3 and I' =T 3.

1. PRELIMINARY RESULTS

1.1. Notations.

We consider the metric space R”, D > 1, endowed with the Euclidean norm || - ||. The closed
ball with center z € RP and radius r > 0 is denoted by B,(x). We write Vol(A) for the
Lebesgue measure of a Borel set A C R”. In particular xp = Vol(B1(0)). The unit sphere
of RP is denoted by SP~! and op_; will be the unnormalized area measure on SP?~!. The
surface area of SP~! is then wp_; = JD,l(SD_l). Finally, for all s > 0, the s-dimensional
Hausdorff measure is H°.

For all ,y € [0,1]” and all n > 0 let

so that F(z) — F(y) = > ooy Zn(x,y), and

[e.e]
Su(@,y) = > Zm(z,y) (6)
m=0
m#n
so that F(z) — F(y) = Zn(z,y) + Sn(z,y). Notice that Z,(z,y) and Z,,(z,y) are two
independent random variables for m # n. In particular Z,(z,y) and S, (z, y) are independent.

Finally, we fix H > . For all n > 0, we set 7, = D
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1.2. Random oscillation sets.

Remember that the function A,, is piecewise linear. Any maximal set on which A, is linear
is the convex hull Conv({c} U f) of the union of a nucleus ¢ from X, and a hyperface (i.e.
a (D — 1)-dimensional face) f of the cell associated with c. The set S, of such simplices
tessellates RP. For all n, N > 0 we define the random sets

Onn ={z €0, 1]P : all points of B, (z) are in the same simplex of S, as z} (7)
and
Wy =[] Ona- (8)
n=N

The set O, y is referenced as random oscillation set because the oscillations of the function
A, can be properly estimated only on such set.

The first result states that these sets are not too ‘small’.

Proposition 1.1.
(i) There exists a constant C' > 0 such that, for all x € [0,1]° and all N > n >0,

nB—NH

Pz & Opn) <CA D

(ii) We have limyn_ o P(Vol(Wy) > 0) = 1.

Proof.
(i) By invariance by translation of &;, and 7, we notice that for every € R”,

PO & O, n) =P(x & On N). 9)

Let Sk, be the skeleton of the simplex tessellation Sy, i.e. the union of the boundaries of all
simplices (see the grey region on Figure 4).

FIGURE 4. The skeleton of the complete tessellation (in grey).

In particular, we have the equivalence

z & Op N < z € Sk, +B-,(0). (10)
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Let U be a uniform point in [0,1]”, independent of the tessellation 7, and Py, be the
distribution of the Poisson point process X,,. Using (9) and Fubini’s theorem, we get

P(U ¢ On,N) = /[ ]D IP’Xn(m ¢ OmN)d.%' = ]P’(O € On,N)-
0,1
Moreover, the equivalence (10) implies that

P(0 & Onn) =Ex, ( / I " (a:)d:c) = o, (Vol((Skn +Bry (0)) N[0, 1]7)). (1)

)

It remains to calculate the Lebesgue measure of the set (Sk,, +B,, (0))N[0,1]”. Denoting by
Fn(a) the set of hyperfaces of the simplex tessellation S, which intersect [0, a]” we have

Vol((Sky +Bry (0) N [0,17) < Y~ Vol(f + By (0)) + Vol(9([0,1]7) + Br, (0)).
fefn( )

By Steiner formula (see e.g. Prolog in [35]), we have for every f € F, (1),

D—1 .
Vol(f + Bry (0) = S A5 Vi)

1=0

where V;(f) is the i-th intrinsic volume of f.
Consequently, we have

Ex, (Vol((Sky +Bry (0)) N[0, 1]7))
D—-1

N

A ,E;(n< > Vs >+4DANDH. (12)

fEFn(D)

Using the invariance of &), by scaling transformations and translations and the fact that V;
is a homogeneous function of degree i, we observe that for every 0 <i < D — 1,

< S vl >=A—"5ZE( Zn w<f)> ( S ovils ) NP (13)

feFa) feR (D) feFoll)
Combining (11), (12) and (13), we obtain the required result (i).
(ii) The point (i) implies that

E(Vol([0,1]° \ O,..,)) = / P(z ¢ Onn)dz = B0 ¢ O,,) = O™ 5).

[0,1]P
Therefore, we obtain
E(Vol([0, 1P\ Wx)) < 3 E(Vol([0,1]°\ Opa)) < 3. OB ) =0\ ).
n=N n=N

Finally, using Markov’s inequality,

N(B-—H)

P(Vol(Wy) < 1/2) = P(Vol([0, 1] \ Wy) > 1/2) < 2E(Vol([0,1]P \ Wx)) <O(X\~ D )
and the result (ii) follows. O
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1.3. Distribution of the random variable Z, (z,y).

This subsection is devoted to the calculation of the distribution of Z,(z,y) conditionally
on {x € Op,} when ||z — y|| < 7,. In particular, we obtain in Proposition 1.2 below
an explicit formula and an upper-bound for the conditional density of Z,(z,y). A similar
method provides in Proposition 1.3 the integrability of the local Lipschitz constant of Zy. All
these results will play a major role in the estimation of the oscillations of F' (see Proposition
1.4) and the application of the Frostman criterion (see Proposition 1.5).

For any z € [0,1]?, let ¢, (z) (resp. C,(x)) be the nucleus (resp. the cell) from the Voronoi
tessellation 7, associated with x, i.e. the point of x,, which is the closest to = (resp. the cell
of such point). Let ¢, (z) be the ‘secondary nucleus’ of z, i.e. the point of X, which is the
nucleus of the neighboring cell of C,,(x) in the direction of the half-line [c,(z), z). Moreover,
for any 21 # 29 € RP and x € RP \ (B,, (21) U By, (22)), we consider
- the bisecting hyperplane H,, ., of [21, 23],
- the cone A(z1,z) of apex z; and generated by the ball B, (x),
- the set A, , of couples (z1, 22) with z; € B, (z) such that x is between the hyperplane
orthogonal to zo— 27 and containing z1 and the parallel hyperplane which is at distance
Tp from H, ., on the z-side:

1 2T,
Anae =13 (21,22) € B, (z CxRP:0<{(x—21,20—21)< = |22 — = 2<1—7n>}.
o ={ (1,52) € B (o) < <3l - alP(1- 2
Finally, we denote by V,(z,z21,22) the volume of the Voronoi flower associated with the
intersection H, ., N A(z1,x):

Vn(x, 21, 22) = Vol <U {Bjjy—z|(u) : w € H., -, N A(zl,x)}> .

i
I
V

FIGURE 5. The configuration of (z1,z2) with the associated Voronoi flower (in red).
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Proposition 1.2. Let n > 0 and z,y € [0,1]P such that x € Oy, and 0 < ||z — y|| < 7.
Then

(i) The increment Z,(z,y) is given by
22\~ D
T — e Pl ) "
n
(ii) The density gz, of Zn(x,y) conditionally on {x € O, ,} is given by (22) for D > 2
and by (21) for D = 1. Moreover, it satisfies
6 <
su <———F7+—
wen S Blr e O,)

where C' is a positive constant depending only on the dimension D.

Zn(z,y) =

_nB=a)
D

lz =yl 7t A (15)

Proof.
(i) fxz € Oy and ||z — y|| < 7, then

diSt(:C, ch(m),c/" (m))

Ay (z) = — :
dist(cn (), He, (2) et (x)
Moreover,
' cn(z) + ) (x)  cnlx) — ()
dlSt(ﬂ?,ch(x)’c’n(m)) = <‘T N 2 ’ ch(ﬂ?) - C/n('r)H
and

. 1
dlSt(Cn(x)’ Hm(x),c%(a:)) = 9 ch(x) - C%(:C)H
It remains to use the definition (5) of Z,(z,y) to obtain the result (i).

Zu(z,y) @
T
e .
o
1
{ ,
! ] W
1 |
| i g U A
i & /
,"-’-“ : //
_,»;"ﬁ o .
en(2) \\\\,: eal@)®
\\\ \\
\\\ \\
R
N

FIGURE 6. The random variable Z,(z,y).

(ii) We need to determine the joint distribution of (¢, (z), ¢, (x)). We notice that = belongs

e n
to Oy, if and only if all the points of B, (x) have the same nucleus as z in &, and same
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‘secondary nucleus’. In other words,
S Onm <~ A(Cn(:c), x) N ch(:r),c/n(:v) - Ccn(m) N Cc/n(:v)-

By Mecke-Slivnyak’s formula (see Corollary 3.2.3 in [35]), for any measurable and non-
negative function h : R?> — R, we have

E(h(cn(x), cn (@) zeo,,q})

- E( Z h(zlv ZQ)H(cn(m),c;L(:v)) (217 22)]1{:136(’)”,71}>

21722

— \2nb // h(z1, z2)P(A(z1,2) N H, . CCyN CZQ)][An,z (21, 22)dz1d29

= \If // h(zl,zg)exp(—)\"ﬁvn(x,2’1,22))11An,x(21722)d21d22'

We point out a small abuse of notation above: the sets C,, and C,, are Voronoi cells associated
with z; and z9 when the underlying set of nuclei is &, U {z1, 22}. We proceed now with the
change of variables 23 = (22),u = 21 + pu with p > 0 and u € sb-1,

Let L, (z) = ||, (z) — cn(2)|], un(z) = W and V) () = Vy(x, 21,21 + +) (keep in mind

that V/ will still depend on x and 27 though this dependency will not be visible for sake of
readability). The density of (L, (x),u,(x)) conditionally on {z € O,,,} with respect to the
product measure dpdop_1(u) is

)\Qnﬁ . )
M/B ()¢ exp (= A"V, (pu)) Mg g ) ((z = 21,u)) pP 21 (16)
Using (14), we can rewrite the quantity Z,(z, y) as a function of L, (z) and u,(z) as

Tl ) = 2)\

<:C Y tn(@)).

The density of the distribution of Z,(x,y) condltlonally on {z € O} can then be calculated
in the following way: for any non-negative measurable function ¢ : R, — R,

)\Qnﬁ

EWZn(9)) = g oy

/ In(,y, 21, p, u)dz1 (17)
Tn(m)c
where J,(x,y, 21, p, u) is equal to

// 1/)(—2)\_%,0_1(:6 -, u))e_)‘nﬁwl(pu)]IRJr((x — z1,u))pPtdpdop_1(u),

the domain of integration for p being [27,, + 2(x — 21, u), 00).

Case D = 1. We observe that u = +1 and (x — z1,u) = (v — 21)u = £(x — z1). More-
over, the condition z; ¢ B;, (x) means that z; < z — 7, or 23 > = + 7,. It implies that
if w =1 (resp. u = —1), the range of 21 is (—oo0,xz — 7,) (resp. (z + 7,,00)) while for
fixed z; the range of p is (27, + 2(x — 21),00) (resp. (27, + 2(z1 — ), 00)). Finally, the set
U{Bjjuzy(w) : w € Hey oy N A(z1,2) } is [21,21 + p] (if w=1) or [z1 — p,z1] (if u= —1) so
V! (pu) = p in both cases. Consequently, we have

)\2115

E(Y(Zn(z,y))) = Pz € Op)

(I + I2) (18)
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where . oo
I= / (/ (=227 (w — y))eA"B’)dp> dz
—0 2Tn+2(x—21)
and
+00 +00 B
I, :/ (/ YAz —y))e ™ pdp)dzl.
T+Tn 2Tn+2(z1—x)
Applying Fubini’s theorem in I; then the change of variables p’ = —p, we get
+o0 T—Tn
I = (=22 (@ - y))ew”</ dzl>dp
A7y, 1’7§+Tn
e 1 Ao (P
= (=227 (x —y))e” p<§ — 27'n> dp
ATy,
Y S C 4 /
= YA T (2 —y))e 5~ 2 |dp'. (19)
Applying Fubini’s theorem in I5, we obtain
+oo s z+E—7y
Iy = YA (@ —y))e NP ( / dzl>dp
47, T+7n
+o0o ws [P
= AT x —y))e ™ p<§ - 27’n> dp. (20)
ATy,
Combining (18), (19) and (20), we get
)\2nﬁ

B ) = e . PN = (Yo ).
n,n p|>4T,

Applying the change of variables p = p; = 2\~ (z—y), we get that the density of Z,(z,y)

ta —nao |$—y|
is, for |7f| <A )

)= —— [¢] AT —= -2 AT 21
97, () Plac On,n)e ( m m) 2 (21)

In particular,
2)\211[3 )\73nﬁ+na

sup(e_%rg),

gz, (1) <
DS Bt oy o

which shows (15).

Case D > 2. We go back to (17). For almost any u € SP~!  there exists a unique
veSPtn{y -z} and a unique s = (u, Z=5)€ (—1,1) such that

Ty—2[l
u:u&v:sny_xn +vV1-—sZw.
y—x

In particular, we can rewrite the uniform measure of S~ as
dop_1(u) = (1— 52)%&9 dop_o(v).
We thus get that J,(x,y, 21, p,u) is also equal to

Y A" D x—yllspt e*AnBV%(PUs,”)][R z—y, us))pP 1 — 82 ¥dpdsdap,2 v),
+ K

the domain of integration for p being [27,, + 2(z — 21, us ), 00).



FRACTAL RANDOM SERIES GENERATED BY POISSON-VORONOI TESSELLATIONS 11

We now proceed with the change of variables p = p; = 2A~ D |z — y|lst! with st > 0. We
then deduce that the density gz, (t) at point ¢ of Z,,(z,y) conditionally on {z € O,,,,} is given
by

)\2nﬁ
9z, (t) = /// (x,y,21,t,8,0)1p, (z,y,21,t, s,v)dsdop_o(v)dzy (22)
P(z € (’)nn
where
gy (27 B eyl susn Y (2N ||z — D1 _ )57
T (2,0, 21,8, 5,0) = € Aoy ( - )( Htw yH3> ( St) 2

and

A E Jlz — ylls }
— "y

D, = {(m,y,zl,t,s,v) Sl — 21| > 7 and 0 < (@ — 21, us ) <

In the sequel, we only deal with the case ¢t > 0 but the same could be done likewise for ¢t < 0.
We denote by «’ the intersection of the half-line (21, z) with the boundary of the Voronoi cell
of z1. Moreover, we write z; = x — yw where v > 7, and w € SP~!. In particular, we notice
that

p A rlz—yls
2(w, us ) t(w, us,y)
We can now easily estimate the volume V) (-) in the following way:

AP e~ yHS)D

t(w, us )

2" — 21 =

V() > Vol(Bjary () = @( (23)

We then proceed with the following change of variables: for almost any w € SP~!, there
exist a unique € = (w,u,,) € [0,1) and a unique n € SP~1 N {u, } such that w = we,, =

§usy + /1 —E&*n and
dzy = /Py dop_i(w) = 4?71 - €2) 72 dyde dop_a(). (24)
In particular, when (x,y, z1,t,s,v) € D,,, we have

(@ —21,u50) _ AT e —yls

0<y= — < . 25
g c e (25)
Consequently, for fixed s,& € (0, 1), we have
e D
w? Dz —
/ / / Ip, /P tdydop_a(v)dop_o(n) < —2=2 lz=ylls) (26)
D t&
We deduce from (22), (23), (24) and (26) that the density gz, (t) satisfies, for every ¢ > 0,
)\QanD )

t Nyt dsd 2

02,0 < et [ [t ) s (27)

where

B, (A2 le=uls) P (VIATD || — yl|s)2P D-3
Tifatos,§) = o) R (- )0 - )
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Subcase D > 3. We then use the change of variables s = s, = AD llz — y||~'tér. Using that
(1 —52)(1 — €2) and ¢ are bounded by 1, we obtain from the change of variables that

A2 B D (278 t§
an(t) D]P .%' € Onn / \/{T>O} ' ’ ( t) )\_n_DaH1' - yH deé
C )\Qnﬁ-‘rﬂ
P(z € Ony) [z =y {r>0}
o A
P(z € Onp) llz -yl

_\np D
2De AP rpT dr

T

where C and C’ are two positive constants which only depend on D.

Subcase D = 2. We return to (27) and apply the same change of variables s = s; =
AT ||z — y|| " t&r. We now obtain that

ABNZ 4 B2
t) < - T (o) d 28
94.00) S oy €O Jyoy ™ 2

where .
A2 Ja—y|

We notice that there exists a positive constant C' > 0 such that for every a > 0, we have
1Na 5 *%
[ a-ot(1-%) Tae<cpogla- 1), (29)
£€=0 “
Indeed, due to the facts that the left-hand side of (29) is bounded for large a and that the

calculation is symmetric with respect to 1, it is enough to look for the behaviour of the
Abelian-type integral when a > 1 is close to 1. A direct calculation shows then that

/01(1—5)—% (1—§>" ﬁargch( J_FD ~ ~log(a— 1),

which proves (29). Consequently, we get from (28) and (29) that

1\ 2n8 5 . _na B
an(t) < C)\ )\ 2 / 7_46_)\ 57r7'2 log'l_ )\ 2 Hx yHH d
{r>0}

=

NI

t\)»—t

|2 = y[[P(z € On,n) tr

where C’ denotes again a positive constant.
We now fix € € (0,1) and we split the integral:

- on the range of 7 which satisfy |1 — %| > ¢, the upper-bound is similar to the case
D > 3;

- on the range of 7 satisfying |1 — )‘_Ttiﬂw_ylw < g, the integral is bounded by

5
nB A" e—yl? [ A= || — I+e — 5| —
#6 A (1+¢ )25 A2 H.%' yH / |10g |1 _ u_1|du < CIQD AT HI’ yH
(1 - 8) t u=1—¢ t

_\nB _u?
where p(u) =e ~ "0H2 40 u > 0.
It remains to notice that the maximum of the function ¢ is of order O()f%"ﬁ ) to deduce the
required result (15). O
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We conclude this subsection with the integrability of the Lipschitz constant L(z) of the affine
part of Ay above z, i.e.
2

leo (@) — co ()]

L(z) = (30)

We define the new set (5n, N as

(5,17]\/ = {:C € [0,1]7 : all points of B}\Lg (x) are in the same simplex of Sy as ﬂ:}

D TN

Proposition 1.3. For every = € [0,1]°, E(L(z)) < oo and sup E(L(z)|z € O, n) < co.
o<n<N

Proof. We could deal with the conditional distribution of L(z) in the same spirit as in the
proof of Proposition 1.2. The conditional density of ||co(x) — ¢f(x)| would be in particular
very close to (16). For sake of simplicity, we choose to use a direct argument for removing the
conditioning. Indeed, we notice the following fact: on the event {x € (5n N}, a vicinity of x is
in the same simplex of Sg which means that the conditioning favors flatter pyramid faces above
2 and smaller Lipschitz constants L(z). Consequently, we have E(L(z) |z € O, x) < E(L(z))
for every n, N > 0.

For D = 1, the integrability of the variable L(x) given by (30) comes from the fact that the
distance from the two neighbors of x (the nearest and second nearest) is Gamma-distributed.
When D > 2, we use a reasoning similar to the proof of Proposition 1.2 to obtain that

E cn(),cl, (z) (P15 &
<Z ”21—22]] o @), (21 2))

z17#22
2
= // mIP’((JU +Ry(z—21))NH, 2 €C.y NCsy)dzides. (31)
1— 22

We write 29 :zl—l—puwhereuGSD_l,p>0andu:s =21 ++/1 — s?v where s € (0,1) and

lz—z|
v 6 SP=IN{x—z}*. In particular, the distance from 2; to the point (z+ R (z—z21))NH,, -,
is 2-. Consequently, we deduce from a change of variables applied to the integral in (31) that

, ]
/// 21, (0 — 2 = w1 ls)e” wo(£) P11 = ) % dsdpdan.

When D > 3, we proceed with the change of variables 7 = 7, = 4-. There is a constant
C > 0 such that

o0 o0
E(L(x)) <wD_2/ pD_l/ </ dz1>e_“DTDT_2dep
T=£ B(z,T)
o0
<C pP~ 1/ TD_ze_"‘DTDdep
p=0 =
o0
C/ pP
Finally, when D = 2, with the same change of variables, we get

C/ /g 72 dT(sz)j (32)

2T

i)

w‘ 2
SIS
w\b

D o K
(%) dp/ P27 4r < 0.
7=0
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We treat separately the integral in 7 for fixed p > 0 :

0 p %)
/ o dr < Zpe_w(g)Q P dr . é/ = dr

.y 2 =P 2T 2 3 )=
2 1-— (-2%) 2 1-— (—2%) p
2 4 - o0
< 2pe (%) [arccos (—)] + \/jeﬂ’2 e 3T dr
u g 3 =0
2r  _x(2)’ , w2
Sgpe 2 02l (33)
where C” is a positive constant. Inserting (33) in (32), we get the required result. O

1.4. Size of the increments of F.
The box-dimension of I', as well as its Hausdorff dimension, is closely related to the oscillations
of F' (see [13, 14]). Let us recall that, for every A C [0,1]7, the oscillation of F over A is
defined by
osc(F, A) = sup |[F(y) - F(y)|. (34)
Y,y €A

In particular, we will consider, for all z € [0,1]” and 7 > 0, the oscillation of F' over the cube
x + [0,7]P given by

osc, (x) = osc(F,z + [0,7]P) = sup  |F(y) - F(y)| (35)

yy' € x+(0,7]P

Proposition 1.4. Let 0 < p < &. Then, for every z € [0,1]”, we have, when N — oo,
E(oscry (2)) = E(oscry (0)) = O(7h).

Proof. Let us write
by = sup |F(z) - F(0)].

z€[0,7n]P
We claim that
P (liminf {6y < 7R }) = 1. (36)
By Markov’s inequality,
P (5N > Tﬁ,) <7 E(0n) . (37)

We can write
o

E (6x) < E(Z sup | Zn(x, 0)\> = S1(N) + So(N) + S5(N)

n=0 TE€ [O,TN} D
with

N
S1(N) = ZE( sup | Zn(z,0)] ' 0e On,N>IP(0 € Onn),
=0 re

n— [0,7v]P

ZE( sup 12,(0.0) |0 Oy JPO £ Ov).

:L'G[O TN]D

5= Y 2(_ow (20)).

n=N+1 [0,7n]P



FRACTAL RANDOM SERIES GENERATED BY POISSON-VORONOI TESSELLATIONS 15

Since [0, 7,]P C B /p., (0), we mention that for the purpose of this proof, the definition (7) of

the set O, n should be slightly adapted by substituting V' Dty for 7. For sake of simplicity,
we omit that technical detail.
For Si(N), we notice that

E( sup | Zn(x,0)] ‘ 0€ on,N>< (A5 VD ) (AP E(L(0) |0 Onn))

[0,7n]P
where L(0) is the Lipschitz constant of Ay at 0 when the underlying Poisson point process
is homogeneous of intensity 1. Indeed, the function A,, is Lipschitz above 0 with Lipschitz
constant equal in distribution to )\n_Dﬁ L(0) by scaling invariance. Moreover, the distribution of
that Lipschitz constant conditional on {0 € O, n} is the same as the distribution of AP L(0)
conditional on {0 € 6n ~}. Using (5), we get the inequality above. Thanks to Proposition

1.3, we have sup,, yen E(L(0) [0 € Opn) < 0.
Thus, using 0 < a < 8 < 1, we obtain

N
SIN) < SSATEABAT VD sup E(L(0) 0 € O n) <
n=0

(B—a—H)N .
Ci A D ifa<p
n,NeN

CINXTD ifa=p
where C1, C] are two positive constants which do not depend on N.
For S5(IN) we use the upper estimate (see (5))

E( sup |Z,(x,0)] ' 0¢& (’)n,N>§ AD
z€l0,7n]P
and Proposition 1.1(i) to get

(B—a—H)N .
na . nB—NH { Co\N D ifa<p

N
So(N) < ST A BT < )
2(N) nZ% CLNATE  ifa=g

where Cy, CY) are two positive constants which do not depend on N.
Finally, for S3(/N) we only use the upper estimate

E( sup |Zn<:c,0)l><A'5’
xe

[0,7n]P

to get

Ss(N) < Y AF <o

n=N+1
where C3 > 0 is a positive constant which does not depend on N.
Therefore,
f
E(Z sup !Zn<m,0>\>< Cloy " 4mf) | ifa<p
n—o z€[0,7n]P Cl(“Og(TN)‘TN—i-T]g) ifa=p

where C,C" are two positive constants which do not depend on N. The rhs of (37) is in
particular summable in N as soon as p < % (which guarantees that 1 — B—Ta > p since

1-— % > 0). Consequently, by Borel-Cantelli’s lemma, (36) holds. Then, we obtain

oscry (0) < 265 = O(7%)
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almost surely for all NV large enough. To conclude, let us notice that, by stationarity, it
follows that

E(oscry (x)) = E(oscry (0)) = O(ry)
for all = € [0,1]P. O

We conclude this subsection with an estimate of the expectation of a particular functional of
the increment F'(z) — F(y) that will appear in the application of a Frostman-type lemma in
the next section.

Proposition 1.5. Let s > 1 andn > 0. If z,y € [0,1]P satisfy T,11 < ||z — y|| < 7 then
—s _gtB=a
E((1F(2) = Fy)P + |2 = yI)~# Mo, (2)) < Clle - y|| =7 (38)
where C' > 0 is a constant which does not depend on x, y, n.

Proof. Remember that F(z) — F(y) = Z,(z,y) + Sn(z,y) where Z,(x,y) and S,(z,y) are
independent. Let P, be the probability associated with A, and ug, be the probability
distribution of the random variable Sy, (x,y). From Proposition 1.2 one obtains

E((1F@) - FW)? + e - o) 5o, (@)
— [[(Zula) + 0P + 2 - yIP) o, (2)aPadis, ()

- / / P(z € Opn)((u+ ) + [l — y[1?)~F 92, (u)dudpss, (v)

< / Pl € O ) ( /{ e =yl gz, (w)dudps, (v) + /{ 0|~ g, (u)dudpus, @))

[utv|<|lz—yl[} [utv[>lz—yll}

< 2[|z =yl sup(gz, ())llz —y|~* + sup(gzn(t))/ lu+ v "dudpus, (v)
teR teR {lutv|>||lz—y|}
1. _nB-a) _ 1., _nB-a) _
L2z —yllz—yll='A P Jle—yl T+ Clla—ylA o [lz -y

n(B—c)
=Cllz—y[A" .

D
H

Finally, the assumption on ||z — y|| implies that A™" < (||z — yH)\%) , which provides the
desired bound. 0

2. PROOF OF THE MAIN THEOREM

Let us recall that for any non-empty compact set K C RPT! one has (see [14])
0 < dimp(K) < dimp(K) < D + 1. (39)

o

Thus the proof of Theorem 1 will consist in proving that D + 1 — 3 is an upper bound for
dimp(T") and a lower bound for dimy(T").

2.1. An upper bound for the box-dimension of I'.
First we investigate the box-dimension of I'. For every 7 > 0 we cover [0, 1]” x R with 7-mesh
cubes and denote by N (7) the (finite) number of cubes from this partition which intersect T'.
Then, we can express the box-dimension of T' in terms of N (7y) (see Section 3.1 in [14] and
Section 2.2 in [38)]):
. s 10g N (T N)
dimp(I) = lmsup 10 ol 40)
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Lemma 2.1. There exists a constant d > 0 such that P(dimp(I') =d) = 1.

Proof. For every m € N, let us denote by A,, the g-algebra generated by the point process
X and Fp(z) = 3" A" D A, (2), z € [0,1]P. Since F, is a Lipschitz function, the graph
of the function F' — F,, has the same box-dimension as the graph of F' (see Section 12.4 in
[38] or Chapter 11 in [14]). Consequently, we can use (40) to show that dimp(T") is a random
variable which is measurable with respect to o(A,, : m > n) for every n € N. We then use
the 0-1 law to deduce that it is almost surely constant. O

Proof of the upper bound of (4).
Let (7n, )k be a subsequence of (7 )y such that

1
dimp (1) = Tim 28N
k—oo |log(7n,)|
Applying Lebesgue’s convergence theorem we obtain
1 1 1
E( lim LN(TW) ~ lim E<7OgN(TN’“)) < limsupE<7OgN(TN)>.
koo |log(T,) ) koo \ [log(7,)| Nooo  \ |log(7n)]
Then, Jensen’s inequality with the concave function log yields
1
E(dimp(I")) < lim SupE<M> < limsup logE<m>.
N—oo | log ()| N0 | log (7))
We now use Proposition 11.1 from [14] and Proposition 1.4 to get
EW(rn)) <2[ry" 1P 473" D E(osery (kry)) = 075 77,

k=(k1,....kp)
0<ki <[ty

<D+1.

In conclusion, for every H > 8 and p < 7, we obtain E(dimp(I')) < D + 1 — p. We finally
get

dimp(T) = E(dimp(T")) < D + 1 — %
by letting H — 3, p — %, and by using Lemma 2.1. O

2.2. A lower bound for the Hausdorff dimension of T'.
To find a lower bound for the Hausdorff dimension of a compact set is generally a difficult
problem. An important step was made in [19] when Hunt proposed a way to find a lower
bound for the Hausdorff dimension of the graph of Weierstrass functions using the ‘finite
energy criterion’. The arguments of [19] can be applied for a large class of Weierstrass-type
functions, but not for the Takagi-Knopp series defined by (1) because the sawtooth function
A is not regular enough. This well-known criterion is used for calculating the Hausdorff
dimension of more general fractal sets (see e.g. Chapter 4 in [31]).
Let us recall that the Hausdorff dimension of a non-empty compact set X C RPT! may be
expressed in terms of finite energy of some measures thanks to a lemma due to Frostman (see
e.g. [21, 27]):

dimy (K) = sup (sup{s > 0: I;(y) < oo})

I

where the supremum on g is taken over all the finite and non-null Borel measures such that
u(K) >0, I;(p) being the s-energy of u defined by

1) = [ [ e = sl aut)uto). (41)
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Therefore, if such a measure p satisfies I5(p) < oo then dimp(K) > s.

Let us recall now a classical way to construct such a measure on I'. For each N > 0 the set
Wi (see (8)) is a Borel subset of [0,1]”. Since F is a continuous function then I' is a Borel set
too so that we can consider the measure pyy, obtained by lifting onto I' the D-dimensional
Lebesgue measure restricted to Wy. Precisely, for all Borel set £ ¢ RPT1 = RP x R,

pwy (E) = Vol{z € [0,1]” N Wy such that (z, F(z)) € E}

and py, is a positive measure as soon as Vol(Wy) > 0. The s-energy of pw, is then

L(pwy) = //W » (Il =yl + |[F(z) — F(y)|)*)~ 2 dady. (42)

Notice that the finiteness of I(uw, ) depends only on the size of the increments F(z) — F(y)
when ||z — yl| is small.

Proof of the lower bound of (4).
Let us consider, for all n > 0, the set

T = {(z,9) € [0,1]° x [0,1]7 : 701 < [l —y]| < 7}
Let N > 1 and s > 1. Since Wy C O,,,, for all n > N, we have, with (42),

Loy ) < // (lz =yl + |F(z) — F(y)])>)~3 dady
(z,y) EWNX[O 1P

SC+Cn+ Z // (le =yl + |F (@) = F(y)[)*) "2 dady

z,y)ET,N(Wy x[0,1]P)

<O+ Oyt Z / / (llz = yll? + [F(2) - F)))*) "5 To,, (z) dady

7y eTn

where

- // (lz = yl* + [F(z) — F(y)])*)"* dady
{(z,y)EWN x[0,1]P:||lz—y||>1}

< / / 2 — y|~Sdady < 1
{(z,)€[0,1]P x[0,1]P:|lz—y| =1}

O = // (lz = yl? + |F(z) — F(y)))*) " dady
(2,y)E(ToU-UTN—1)N(Wx x[0,1]P)

< / / e — g ~Sdady < AV,
(z,y)e(ToU---UTN_1)

To show that the integral (42) is finite almost surely it is enough to show that its expectation
is finite. By Fubini’s theorem,

B(1, () < 1+ANHS+Z = [, B =0l 5 1) = F ) o (0) s

Y)ET

and

Using the estimate (38) we obtaln

B—a
BT (o)) < 1+ X801 ¢ o =yl 7 dady,
7y)euoo Th
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This latter integral converges as soon as —s + B—Ta > —D. Therefore the random measure

pw, has a finite s-energy for all 1 < s < D + &Ta Since N may be chosen such that the
probability P(Vol(Wy) > 0) will be arbitrarily close to 1 (see Proposition 1.1) we deduce
that
8-«

H
for all H > f and almost surely. We obtain the desired lower bound by letting H € Q4 go
to 3. O

dimp(T) > D +

3. RELATED MODELS

In this section, we study the fractal properties of two different models which are related to our
Poisson-Voronoi construction: a deterministic series of pyramidal functions with hexagonal
bases on the one hand, a random perturbation of the classical Takagi-Knopp series on a
dyadic mesh on the other hand.

3.1. Takagi-like series directed by hexagonal Voronoi tessellations.

The series that we study here is only defined in R?. It is very close to the original function
Fy . The novelty lies in the A, functions: we consider now pyramids with a regular
hexagonal basis. This model is naturally related to the previous one for two reasons. First,
an hexagonal mesh is known to be the Voronoi tessellation generated by a regular triangular
mesh. Secondly, the mean of the number of vertices of a typical cell from a Poisson-Voronoi
tessellation is known to be 6 (see e.g. Prop. 3.3.1. in [30]) so that an hexagonal mesh may
be seen as an idealized realization of a Poisson-Voronoi tessellation.

We start with the deterministic Voronoi tessellation whose cells are identical regular hexagons
such that one is centered at the origin (0,0) and has a vertex at (1,0). Then, considering all
the centers of these hexagons as a set of points Xy, we set X, = 27" Xy and construct the
hexagonal Voronoi tessellation associated with. Here again A,, : R? — [0, 1] is the piecewise
linear pyramidal function satisfying A, =0 on [J,cy, 9Cc and A, =1 on &,,.

Let us notice that, for all z € R? and all n > 0, we have A, (z) = A(2"z). We fix a € (0, 1]
and define a function

faz) = 27" A (x) = Y 27" A(2") , z € R”. (43)
n=0 n=0

The main theorem of this section is the analogue of Theorem 1. Actually we state a more
precise result than Proposition 1.4 for the oscillations of f, but we cannot determine the
Hausdorff dimension of T',.

Theorem 3.1. Let 0 < a < 1. Then f, is a continuous function such that
3C,C">0, Vre(0,1), Yzel0,1? ' <oscr(z)<Ore. (44)

Moreover, its graph
Lo = {(x, fa(x)) : 2 € [0,1]’} CR® x R
is a fractal set satisfying
dimp(T,) =3 — a. (45)
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Proof. In the sequel we drop again the index « so that f = f, and I' =T',,. We also keep the
notation Z,(z,y) = 27" (Ap(x) — Ap(y)) = 27"*(A(2"z) — A(2"y)) for all z,y € R2.

(i) Let us state the upper estimates first. We fix z,y € [0, 1]? such that ||z — y|| € (0,1) and
consider N > 1 such that 2=~ < |jz — y[| < 27W~=U. Using the fact that A is Lipschitz,

with Lipschitz constant 1, and bounded by 1, we have |Z,(z,y)| < 27"*min(2" ||z — y||,1).
Therefore

00 N-1 00
1f(@) = F@) <Y1 Zn(,y) <@ w—yl)+ > 27
n=0 n=0 n=N
oN(1—-a) 9—Na
SR (AR
@llz =yl flz — gl
Slle—yl——F= 1+ T-9=
<Clla -yl

where C' is a positive constant which only depends on «. Then, |f(z) — f(y)| < C7“ for all
z,y € R? such that 0 < ||z — y|| < V27 < 1. This gives the upper bound in (44).

(ii) Now we state the lower estimates. We begin with finding a lower bound for the oscillation
over an hexagonal cell. The key-point for estimating this oscillation is to calculate two
particular increments for two pairs of well-chosen points belonging to the cell, namely the
center and vertices. To keep in mind the number of the generation, we denote by C, c € &),
(resp. Tn, Sn, Sky) the cells of the Voronoi tessellation of generation n (resp. the set
{C': ¢ € X, }, the associated simplex tessellation and the skeleton of the simplex tessellation).
Moreover, the six vertices of a cell C' are denoted by ¢; with i € {1,...,6}.

Then, let N > 1, ¢ € Xy, c1,...,cq the vertices of CY and i € {1,...,6}. We can write

N—-1 o)
F©) = Fle) = 3 Zalee) + 3 Zalerca).
n=0 n=N

As soon as a point is the center (resp. a vertex) of a cell CY then it is the center (resp.
a vertex) of all the cells of higher generations. Hence A(2"¢) = 1 and A(2"¢;) = 0 for all

n > N. Therefore
00 00 1 N
§ : _ § : — _ —Na
Zn(C, Ci) = 27" = m 2 .
n=N n=N

Let 4,5 € {1,...,6}. We obtain

sup 17() ~ FO) > 5 ((F(0) — Fe) + (F0) — F(cy))
yy'eclN
N-1 N-1
> % <nZ:ozn(C7Ci)+ ;%Z"(C’cj)>+ﬁ 9—Na (46)

For a fixed hexagon C¥, we claim that there exists a pair of two diametrically opposed vertices
¢; and ¢; such that the sum of the two first sums above is positive. Indeed, for n < N, the
center ¢ is included in one or two cells C/* of the tessellation of generation n and it can be
only in three positions: at the center ¢’ of a cell from 7, on one ‘edge’ of the skeleton Sk,
(i.e. a segment between two consecutive vertices ¢j and ¢j, ; or between the center ¢’ and one
of its vertex ¢), or on a ‘face’ (i.e. an open triangle of vertices ¢, ¢j and ¢}, ; or equivalently,
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a connected component of the complementary set of Sk;,). Let us denote by C, E and F
respectively these three positions of c. We are interested in the behaviour of the sequence of
the positions of ¢ when n goes from N to 0. In particular, we notice the two following facts.

e The set of centers of 7,1 is included in the set of centers of T,. Consequently, if ¢ is
in position E or F at step n, it cannot be in position C at step (n — 1).

e The skeleton Sk, 1 is included in the skeleton Sk,. Consequently, if ¢ is in position
F at step n, it cannot be in position E at step (n — 1).

Consequently, the sequence of positions when n goes from N to 0 has to be (C,--- ,C) or
«<c,---,C,E,--- E)or (C,C,--- ,C,E,--- JE,F,--- | F) (see the first generations on Figure
7 below).

FIGURE 7. The only three possibilities for the sequence of the positions of the centers of
the cells. On the left p goes from 1 to 0: ¢ gives (C,C), ¢’ gives (C, E) and ¢” gives (C, E).
On the right p goes from 2 to 0: ¢ gives (C,C,C), ¢ gives (C,C, E), ¢ gives (C, E,E) and
" gives (C,E, F).

Let us choose now the pair (c;,c;) of vertices from CY which satisfies that the sum of the
first two sums in (46) is non-negative. In the sequel, we will use the following general facts.

e When ¢ is in position E at step n, then there exist exactly two diametrically opposed
vertices from C2¥ which are on the same edge of Sk, as c.

e When c is in position F at step n, then the whole cell C is included in the same face
as c.

Case (C,---,C). When the sequence of positions of ¢ is (C,---, (), we have A(2"¢c) =1 >
A(2"¢;) for every n < N. Consequently, for any choice of ¢; and ¢;, the sum of the two sums
is non-negative.

Case (C,--- ,C,E,--- |E). Let ny be the maximal n < N such that ¢ is in position E at
step n. Let ¢; and ¢; be the two diametrically opposed vertices associated with ¢ which are
on the same edge of the skeleton Sk,,. For every ng < n < N, we have Z,(c,¢;) > 0 and
Zn(c,cj) = 0 (see the previous case). If n < ng, either the edge of Sk, containing ¢, ¢; and
¢; is an edge from an hexagon of 7, or it is a segment between a center of an hexagon and
one of its vertices. In the first case, we have A(2"c) = A(2"¢;) = A(2"¢;) = 0. In the second
case, since ¢ is the midpoint of [¢;, ¢;] and the slope of the pyramid is the same above the
three points, we have A(2"c) — A(2"¢;) = —(A(2"¢c) — A(2"¢;)). Consequently, the sum of
the two sums in (46) is non-negative.

Case (C,C,--- ,C,E,--- ,E,F,--- | F). We define ¢; and ¢; as in the previous case. The
same reasoning as before can be applied for every n < N such that c¢ is in position C' or E
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at step n. Let n < N be such that ¢ is in position F' at step n. Then the slope above the
three points ¢, ¢; and ¢; is constant so the equality A(2"c) — A(2"¢;) = —(A(2"c) — A(2"¢;))
is still valid. Consequently, the sum of the two sums in (46) is non-negative.

Therefore,
sup |F(y') — F(y)| > "2~
vy eCl
where C’ is a positive constant which only depends on a.
Finally, let 7 € (0,1), z € [0,1]? and N > 1 such that 2=V < 7 < 2=™=1_ The ball B,(z)
contains a cell CN*! of generation N + 1, thus

osc(z) = sup |F(y) — F(y)| = ¢'2=WHba > oize

which gives the lower bound in (44).

Combining (i) and Proposition 11.1 in [14] (see also [13]) we get N'(7n) ~ 7o > as N — oo.
The result is then a consequence of (40). O

3.2. Takagi-Knopp series generated by a random perturbation of the dyadic mesh.
In this subsection, we stray from the Voronoi partition of R”. An alternative way of ran-
domizing the underlying partition of a Takagi-Knopp series is the following: the sequence of
dyadic meshes D,, = 27"ZP n € N, is kept but each mesh D, is translated by a random
uniform vector in 277(0,1)”. In each cube Ch.k» k € N, of the translate of D,,, a random uni-
form ‘nucleus’ ¢,y is chosen independently. The associated random pyramidal function A,
is defined so that it is equal to zero on the translate of D,, and to 1 on the set {c, i, k € N}.
The Takagi-Knopp type series F, g, a, 8 > 0, is then given by a definition very similar to
(3) with A = 2. Compared to our Poisson-Voronoi construction, the main advantage of this
model is that it preserves the cube structure so that it could be easier to deal with it in
dimension two for applicational purpose in image analysis and pixel representation. The
essential drawback is that the rigid structure of the mesh prevents us from obtaining an
explicit Hausdorff dimension. Still, some results close to those proved in Section 1 can be
deduced from similar methods. Indeed, if the random oscillation set O, n, n, N € N, the
increment Z,(z,y), z,y € R, the density gz, of Z,(z,y) conditionally on {z € O, n} and
the Lipschitz constant L(z) are defined analogously, then the conclusions of Propositions 1.1
and 1.3 are satisfied. Moreover, the point (ii) of Proposition 1.2 is replaced by the following
estimate:
C n(8-a) & 1
- - D R

S AURS rryomm LD S eyl e
As a consequence, it is possible to derive an analogue of Proposition 1.4 and of the upper-
bound of the box-dimension in (4). This upper-bound is in particular the exact Hausdorff
dimension when D = 1. Indeed, in the linear case, the estimate of sup,cp gz, (t) in (47)
coincides with (ii) of Proposition 1.2, which implies that the lower-bound can be obtained
along the same lines as in Section 2. We sum up our results in the next proposition, given
without a detailed proof.

Proposition 3.2. Let I, g be the function as above with 0 < oo < 8 < 1. Then, its graph
I'n g satisfies almost surely the following estimates.
(i) For every D =2, dimp(I'a3) < D +1— 3.

(i) When D =1, dimg(I'a,g) = dimp(T'a,p) =2 — 5.
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Unfortunately, the fact that the sum Zg 1 \xz—iyz\ is a substitute for the inverse of the Eu-
clidean norm |z — y||~! in the estimate (47) makes the proof of the lower-bound of the
Hausdorff dimension more intricate for D > 2. This could be eventually considered as an

extra-argument in favor of our Poisson-Voronoi construction.

ACKNOWLEDGEMENT. We thank an anonymous referee for a careful reading of the original
manuscript, resulting in an improved and more accurate exposition.

REFERENCES

[1] F. Avram and D. Bertsimas, On central limit theorems in geometrical probability, Ann. Appl. Probab. 3
(1993), 1033-1046.
[2] P. C. Allaart and K. Kawamura, The Takagi function: a survey, (2011) Preprint, available on line at
http://arxiv.org/abs/1110.1691v2
[3] F. Baccelli and B. Blaszczyszyn, Stochastic Geometry and Wireless Networks, Volume 1: Theory, Volume
2: Applications, NOW Publishers, Foundations and Trends in Networking (2009)
[4] K. Baranski, On the dimension of graphs of Weiestrass-type functions with rapidly growing frequencies,
Nonlinearity 25 (1) (2012), 193-209.
[5] V. Baumstark and G. Last, Some distributional results for Poisson-Voronoi tessellations, Adv. in Appl.
Probab. 39 (2007), 16-40.
[6] P. Calka. Precise formulae for the distributions of the principal geometric characteristics of the typical
cells of a two-dimensional Poisson-Voronoi tessellation and a Poisson line process, Adv. in Appl. Probab.
35 (2003), 551-562.
[7] P. Calka, Tessellations, contributed chapter from New perspectives in stochastic geometry, Eds. I.
Molchanov & W. S. Kendall, Oxford University Press (2010).
[8] P. Calka and T. Schreiber, Limit theorems for the typical Poisson-Voronoi cell and the Crofton cell with
a large inradius, Ann. Probab. 33 (2005), 1625-1642.
[9] A. Carvalho, Hausdorff dimension of scale-sparse Weierstrass-type functions, Fund. Math. 213 (2011),
1-13.
[10] Y. Demichel and K. J. Falconer, The Hausdorff dimension of pulse sum graphs, Math. Proc. Camb. Phil.
Soc. 142 (2007), 145-155.
[11] Y. Demichel and C. Tricot, Analysis of the Fractal Sum of Pulses, Math. Proc. Camb. Phil. Soc. 141
(2006), 355-370.
[12] B. Dubuc, On Takagi Fractal Surfaces, Canad. Math. Bull. Vol. 32 (3) (1989), 377-384.
[13] B. Dubuc and C. Tricot, Variation d’une fonction et dimension de son graphe, C. R. Acad. Sci. Paris 306
I (1988), 531-532.
[14] K. J. Falconer, Fractal Geometry, Mathematical Foundations and Applications 2nd Ed., John Wiley and
Sons (2003).
[15] A. Fournier, D. Fussell and L. Carpenter, Computer rendering of stochastic models, Communications of
the ACM 25 (6) (1982), 371-384.
[16] Y. Heurteaux. Weierstrass functions with random phases, Trans. Amer. Math. Soc. 355 (2003), 3065
3077.
[17] T.-Y. Hu and K.-S. Lau, Fractal dimensions and singularities of the Weierstrass type functions, Trans.
Amer. Math. Soc. 335 (1993), 649-665.
[18] D. Hug, M. Reitzner and R. Schneider, Large Poisson-Voronoi cells and Crofton cells, Adv. in Appl.
Probab. 36 (2004), 667-690.
[19] B. R. Hunt, The Hausdorff dimension of graphs of Weierstrass functions, Proc. Amer. Math. Soc. 126
(1998), 791-800.
[20] M. A. Issa, M. A. Issa, M. S. Islam, A. Chudnovsky, Fractal dimension - A measure of fracture roughness
and toughness of concrete, Engineering Fracture Mechanics 70 (1), (2003), 125-137
[21] J.-P. Kahane, Some Random Series of Functions, Cambridge University Press (1985).
[22] K. Knopp, FEin einfaches Verfahren zur Bildung stetiger nirgends differenzierbaren Funktionen, Math.
Zeitschrift 2 (1918), 1-26.
[23] S. Kumar and R. N. Singh, Thermal conductivity of polycristalline materials, J. of the Amer. Cer. Soc.
78 (1995), 728-736.



24 PIERRE CALKA & YANN DEMICHEL

[24] J. C. Lagarias, The Takagi function and its properties, (2011) Preprint, available on line at
http://arxiv.org/abs/1112.4205

[25] F. Ledrappier, On the dimension of some graphs, Contemp. Math. 135 (1992), 285-293.

[26] B. B. Mandelbrot, D. E. Passojat and A. J. Paullay, Fractal character of fracture surfaces of metals,
Nature 308 (1984), 721-722

[27] P. Mattila, Geometry of sets and measures in Fuclidean spaces, Cambridge Studies in Advanced Mathe-
matics 44, Cambridge University Press (1995).

[28] R. D. Mauldin and S. C. Williams, On the Hausdorff dimension of some graphs, Trans. Am. Math. Soc.
298 (1986), 793-803.

[29] G. Miller, The definition and rendering of terrain maps, ACM SIGGRAPH Computer Graphics 20 (4)
(1986), 39-48.

[30] J. Mgller, Lectures on random Voronoi tessellations, Springer (1994)

[31] P. Morters and Y. Peres, Brownian Motion, Cambridge Series in Statistical and Probabilist ic Mathematics
30, (2010)

[32] A. Okabe, B. Boots, K. Sugihara & S. N. Chiu, Spatial tessellations: concepts and applications of Voronoi
diagrams, Wiley Series in Probability and Statistics, 2nd edition, John Wiley & Sons Ltd., Chichester
(2000)

[33] A. Poupon, Voronoi and Voronoi-related tessellations in studies of protein structure and interaction,
Current Opinion in Structural Biology 14 (2004), 233-241.

[34] J. C. Russ, Fractal Surfaces, Springer (1994)

[35] R. Schneider and W. Weil, Stochastic and Integral Geometry, Springer (2008)

[36] T. Takagi, A simple example of a continuous function without derivative, Phys. Math. Soc. Japan 1
(1903), 176-177.

[37] K. Tchoumatchenko and S. Zuyev, Aggregate and fractal tessellations, Probab. Theory Relat. Fields 121
(2001), 198-218.

[38] C. Tricot, Curves and Fractal Dimension, Springer (1995).

[39] F. Voss, C. Gloaguen and V. Schmidt, Scaling limits for shortest path lengths along the edges of stationary
tessellations, Adv. in Appl. Probab. 42 (2010), 936-952.

[40] K. Weierstrass On continuous functions of a real argument that do not have a well-defined differential
quotient, Mathematische werke, band II Mayer and Miiller, Berlin (1895), 71-74.

! LABORATOIRE DE MATHEMATIQUES RAPHAEL SALEM, UMR 6085, UNIVERSITE DE ROUEN, AVENUE DE
L’UNIVERSITE, TECHNOPOLE DU MADRILLET, 76801 SAINT-ETIENNE-DU-ROUVRAY, FRANCE.
E-mail address: pierre.calka@univ-rouen.fr

2 LABORATOIRE MODAL’X, EA 3454, UNIVERSITE PARIS OUEST NANTERRE LA DEFENSE, 200 AVENUE
DE LA REPUBLIQUE, 92001 NANTERRE, FRANCE.
E-mail address: yann.demichel@u-parisiO.fr

THIS WORK WAS PARTIALLY SUPPORTED BY THE FRENCH ANR GRANT PRESAGE (ANR-11-BS02-
003), THE FRENCH ANR GRANT MATAIM (ANR-09-BLAN-0029-01) AND THE FRENCH RESEARCH GROUP
GEOSTO (CNRS-GDR3477).



