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Guidance Based Collision Avoidance of Coordinated Nonholonomic
Autonomous Vehicles

Xianbo Xiang, Lionel Lapierre and Bruno Jouvencel

Abstract— This paper addresses the problem of simultaneous
path following control, obstacle avoidance and collision free
for coordinated multiple nonholonomic autonomous vehicles
under formation constraints. Global heading guidance design
is highlighted in individual path following and augmented for
obstacle avoidance between vehicles and obstacles. Within a
leader-follower framework, the geometric formation is guaran-
teed by speed adaptation of individual path following control,
and collision free among vehicles is also achieved by trimmed
heading guidance. Simulation results illustrate the efficiency of
the guidance based control design.

I. INTRODUCTION

Compared with a single vehicle, multiple autonomous ve-
hicles dealing with tasks could offer additional advantages, in
terms of flexibility, robustness and efficiency. In recent years,
there has been considerable interest in this field due to the
increasing important roles of multiple vehicles for scientific,
commercial, civil and military purpose, as coordinated and
cooperative autonomous vehicles can be operated at sea, on
land, in the air, in space, and in combinations thereof [1].

Coordinated formation control has been a hot topic in mul-
tiple vehicle system. Generally, research work on formation
control can be classified into three categories, i.e. leader-
follower, virtual structure, and behavior based methods. In
[2], the leader-follower based formation control is applied
to multiple mobile vehicles depending on relative orienta-
tions/distances as so called [ — y/l — 1 control; in [3], this
method is proposed for two underwater autonomous vehicles
(AUVs) following two shifted paths. In the framework of
virtual structure in [4], a group of mobile robots achieve
high precision formation control where each member in the
formation is taken as a node in a rigid geometric structure; in
[5], multiple cooperative AUVs in a formation with virtual
geometric structure constraints, is constructed by the use of
virtual leader and artificial potentials. Behavior based method
is reported in [6], where the mission of a mobile robotic
team is decomposed in elementary sub-problems, eventually
solved by corresponding behaviors.

For coordinated multiple vehicles, although the commu-
nication bandwidth is not the bottleneck for the team of
vehicles in space or air, a large number of data exchanges
among the vehicles is inhibited in the radio constrained
situation for military-oriented mobile vehicles, or in the
limited bandwidth of underwater acoustic communication
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for AUVs. One feasible strategy for coordinated control of
multiple vehicles in such extreme situation, is to elect one of
the vehicles as the leader and the others as followers. In this
kind of leader-follower design, one significant advantage is
that the only communication event required is to broadcast
the necessary information of the leader to other followers in
a simple single-source and uni-direction way, but not to build
complex communication network. In [3] and [7], a leader-
follower strategy is adopted for coordinated path following
of autonomous marine vehicles. Nevertheless, there are quite
few literatures talk about simultaneous obstacle avoidance
and/or collision free for nonholonomic autonomous vehicles
under path following formation constraints, no matter it is
based on leader-follower strategy or not.

Following the research work of [3], [8] and [9], the
generalized case of coordinated path following control in
Serret-Frenet frame for arbitrary parallel regular paths, is
addressed in this paper. Moreover, new elements of collision
avoidance, including obstacle avoidance and collision free
for multiple autonomous vehicles are augmented in the
whole control frame. At this point, a heading guidance
based method is highlighted to address the problem. The
design of nominal heading guidance is critical during the
nonlinear path following control. On the other hand, it
also plays an important role to avoid obstacles and prevent
collisions, by trimming the nominal guidance angle with a
Gaussian function. In order to validate the idea, the first-order
nonholonomic unicycle-type autonomous vehicles moving in
the horizon plane are chosen as the control plants in the first
step, and then the research will be extended to second-order
nonholonomic autonomous underwater vehicles.

The organization of the paper is as following: (1) the
individual path following control with emphasis of heading
guidance; (2)simultaneously path following and obstacle
avoidance with trimmed heading guidance; (3) coordinated
formation control based on path following strategy; (4)
guidance compensation for collision free during geometric
formation transitions.

II. PATH FOLLOWING AND OBSTACLE AVOIDANCE FOR
SINGLE VEHICLE

In this section, nominal heading guidance design is em-
phasized in the path following control, which also stands
for parallel paths based formation control. In the mean
time, the heading guidance design is trimmed to get suitable
compensation for obstacle avoidance, and this idea will be
extended for collision free between vehicles in next section.



A. Modeling of Unicycle-type Autonomous Vehicle

Consider Figure 1, where a unicycle-type autonomous
vehicle follows a predefined spatial path. The vehicle has two
identical parallel, non-deformable rear wheels and a passive
front wheel. It is assumed the contact between the wheels
and the ground is pure rolling and non-slipping. The wheels
control provides the forward force F' and angular torque N
applied on the robots center of mass. The robot mass and
moment of inertia are denoted as m and I, respectively.

The robot is with coordinates p = (x,y,yp)” in inertial
frame I, and with velocity vector q = (u,7)”. Let (x,y)” be
the position of the wheel axis center and yp be the vehicle
orientation with respect to the x-axis. Let # and r denote
the linear(forward) and angular (rotational) velocity of the
vehicle of {B} with respect to {I} respectively.

The kinematics of unicycle-type autonomous vehicle is
defined by a Jacobian matrix J

X cosyp O 4
p={ »y |=Jda=| sinyz 0 (r) (1)
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The dynamics model of the unicycle-type autonomous
vehicle is obtained by augmenting (1) with the equations

~(D)m-(39)(1) o

Actually, a unicycle-type vehicle suffers from the first-
order nonholonomic constraint (also called as the lateral
zero-speed constraint), such that its linear velocity is always
aligned with the longitudinal axis due to ycos yp —Xsin yp =
0.

B. Path following control of individual vehicle

Assuming the desired path is parameterized by a virtual
target P moving forward in Fig. 1, with along path length
(curvilinear abscissa) denoted by s. Q is the center of mass of
the moving vehicle. Attached to {P}, the Serret-Frenet frame
{F} is built by choosing the tangent vector along the path as
the x-direction of {F}, the principal normal vector as the y-
direction of {F}. Let the rotations from {/} to {F} and {I} to
{B} be denoted by the yaw angles wr and g, respectively.
Let (x., y.) denote the coordinates of Q be in {F}. Further,
let W =y — Yp, c.(s) and g.(s) denote the path curvature
and its derivative respectively, and then yp = c.(s)s.

The controller design for individual path following, is
structured in two steps. (1) design a heading guidance for
the vehicle to move towards the path; (2) design nonlinear
controllers to drive the robot onto the path, which are based
on Lyapunov theory and backstepping techniques.

Step 1. Nominal heading guidance design:

In order to follow the desired path, the most important
thing is to steer the robot in the right heading to approach
the path, and the desired speed is of second interest. Classic
Line-of-sight (LOS) law for heading reference is successfully
applied for marine vehicles in [10], and this method can
be extended to the heading design for mobile vehicles in
[9]. Thus, the heading reference under LOS law is yrps =

X

oy,

Fig. 1. Path following of nonholonomic autonomous vehicle

arctan(—3¢). where A is interpreted as the look ahead dis-
tance of the vehicle along the tangential path (generalized
from straight-line path) in Serret-Frenet frame.

In the ideal case, y is equal to the desired heading yrogs as
depicted in Fig. 1, which should be instrumental in shaping
the transient maneuvers during the path approach phase.

Elaborately, let y;os be represented as

koye
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Yos = —arcsin(
where ko is a shaping coefficient.

Consider the following Lyapunov function V| = (y —
Wros)?/2. Tt is straightforward to show that the choice
of the yaw rate control W = Yros — ki (¥ — Yrps) yields
Vi = —k1 (¥ — Wr0s)* < 0. By using Barbalat’s Lemma, we
can conclude that ¥ = yrpg as t — oo. It means the y will
approach to the guidance angle.

Furthermore, the desired yaw rate can be written as

r=ceS+ Yros — ki (W — yros) 4)

Step 2. Virtual target for path following convergence:

The second rules for path following control mentioned
above, can be represented as minimizing the error space P, =
(xe,¥e)T = 0. Whereas, the first rules can be represented as
minimizing the error direction ¥ — Y ps, by employing the
heading guidance concept.

Let error space be built in the reference based frame
(Serret-Frenet frame in this paper). Let Py = (x —x,,y —y, )7
be the position error vector in the inertial frame. Rebuild the
position error vector P, in the Serret-Frenet frame as:

P. =R} (Wr)Pus (5)

where R is the rotation matrix from inertial frame I to
Serret-Frenet frame F. We can get

(xe >:< cosyr  sinyp )(x—x,) ©)
Ve —sinyr cosyp Y=yr

Suppose that the actual vehicle moves with velocities g =
(u,r)T, and the virtual target moves with velocities g, =
(ur, rr)T, where u, denotes the linear velocity and r, denotes
angular velocity. As the virtual target is moving along the
path in the Serret-Frenet frame, so that the velocity vector
can be rewritten as g, = (u,,r,)T = (5,c.5)T.



The Control Lyapunov function is selected as a positive
definite quadratic form V, = JPI'P,. The derivative of V is

Vo = ux, cos(Wp — W) + uye sin(Wp — Wr) — u, X,
Let choose the auxiliary input u, := s as:
ur =S =ucosy+kyx, @)

Actually, the auxiliary input u, is the kinematics control of
the virtual target moving along the path, where the extra
control degree stands up. By defining u, in (7), the motion
behavior of the virtual target is compliant with the actual
vehicle. With the guidance angle yzos deﬁ]?ed in (3) and

_ — : 0)e +
ih_) Vros,» VB — WF = Wips = —arcsm(\/yg?),e € R*.
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Such that (x.,y.)" = (0,0)7 is the stable point, where
u >0 is assumed for the autonomous vehicle to follow the
persistent path.

Now, we use LaSalle’s invariance principle to concatenate
the two previous convergence properties. The largest invari-
ant set of the heading guidance control system is (x,y.)” =
02, so every bounded solution starting in R> converges to 0
as t tends to oo. Therefore, the kinematics control law u = ¢,
, r =0, and can be given as

. . )
V, = Uy, sy os — kzxe = —kou

a, = u! (9a)

Q= ¢S+ Wros — ki (W — Yros) (9b)

where u¢ is the desired speed assignment for the actual
vehicle.

Step 3. Backstepping to dynamics:

In the previous step of control design, the kinematics
control (9a) and (9b) has been derived, to address the path
following problem by assuming “perfect velocities tracking”
(u = oy, r = a, where oy, a, are desired velocities), which
may not hold in most practical cases. A better alternative
to this unrealistic assumption is recruiting the integrator
backstepping method to deal with vehicle dynamics.

Let u# and r be virtual control inputs, o, in (9a) and «,
in (9b) the corresponding virtual control laws. Introduce the
velocity error variables

= (2)-(=5)

Consider the Lyapunov function Vi, = V| 4 V,, augmented
with the quadratic terms of z, and z,, that is

1 T
den = Vkin + EZ Mz

The time derivative of V,, can be written as

(10)

Vign = —k1 (W — Wros)? + zu(mit — mey, )
+2,(I2r + (W — WL0s)) + uye sin Wos — kox?

Let the control laws for F and N be chosen as
{ F = mit = mé, — kzz,, = mi? — ks (u —u)

. . 11
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where k3 and k4 are positive constants. Then

v

Viyn = —kou \/@ — ki (W — Wos)* — kaxi — kazl — kaz?
< —Zk(Vl + V2 +ZTMZ) = _2kayn

where k = min(kou/+/y2 + €,k1,ka,k3/m,kq/I) and y, is
bounded.

That means, de,, is negative definite and all the states
(Xey Ve, W,24,2r) globally exponentially converge to its equi-
librium with rate k. Moreover, it can be concluded that
the equilibrium is (x,,Ye, ¥,24,2,) = 0° from the Barbalat’s
lemma.

C. Obstacle avoidance

In the above path following design, the heading guidance
is quite important in the whole control design. It is the basic
element to guarantee the individual path following, and the
coordinated formation control described later, is only tuning
the speed of vehicles to keep the formation, which does not
the change the guidance law.

Equipped with ultrasonic sonar, obstacles can be detected
in front of the vehicle. Based on this information, the
vehicle could choose an orientation angle to avoid obstacles
depending on two-fold condition
1) distance between obstacles and the vehicle;

2) orientation relationship between obstacles and the path.
According to the orientation relationships, there are four
kinds of situations, as shown in Fig. 2. The trimmed heading

Case1: Obstacle upside the path Case2: Obstacle belowthe path

(a) Obstacle offline the path

Case3: Obstacle on the path (partly beyond)

(b) Obstacle on the path

Case4: Obstacle on the path (partly below)

Fig. 2. Four cases for simultaneously obstacle avoidance and path following

guidance, which accommodates an additional heading angle
Y105, based on the nominal angle y;ps, can be represented

as Yros, = Yros + VLos,-



Considering above four situations for obstacle avoidance,
V¥ can be rewritten as

V= VYp— VYr+VYros, — YLos + YLos,

In order to avoid the obstacle in a natural “bell curve”

way, the Wips, can be represented by a Gaussian function
1 (D-R)?
as Yros, = sign(Dir)me 2 o> , where Dir denotes the

situation (direction) of the obstacle related to the path.

> (,the obstacle is beyond the path
< 0,the obstacle is blow the path
= 0,the obstacle is on the path

Dir :

D denotes the nearest distance between the vehicle and
the detected surface of the obstacle. R denote the repulsive
distance surrounded the obstacles. ¢ is the variance of the
Gaussian function and control the width of the “bell curve”,
which determines the effectiveness of the additional heading
guidance. The parameter ¢ is related to the full width at half
maximum of the peak of the “’bell curve” .

Lemma 1: [Simultaneously path following and obstacle
avoidance] Consider a nonholonomic vehicle with the dy-
namic model (1) and (2), following a given a predefined
path S. In the case of no obstacle, the system trajectory
globally uniformly exponentially converges to the equilib-
rium point (x,,y., ¥)" = (0,0,0)7, with the control law (7),
(11) and guidance angle (3). In the case of obstacles, with
the trimmed heading guidance Y ps,, the nominal system is
ISS (input-to-state stable) with state (x,y.,¥)” and input
Y 0s,- Moreover, system trajectory converges to a ball of
radius #YWLOSJ

Indication of proof: In the case of no obstacle, we can con-
clude (x.,ye,w)" = (0,0,0)7 is UGES. If obstacle appears,
we can take the obstacle as a disturbance of the system.
Hence, yrps, can be considered as an input of the nominal
system. Using Lemma 4.6 in [11], with proper choice of
0, we can conclude the system is ISS as den < —AVayn +
YWhos, Where A = min(2k,ki(1—9)) and y= (5 — 2R).
From the Comparison Lemma in [11], we can conclude

T : 1
(xe,ve)" converges to a ball of radius \/TY'WLOSX"

III. COORDINATED PATH FOLLOWING AND COLLISION
AVOIDANCE FOR MULTIPLE VEHICLES

In this section, we propose a leader-follower strategy for
the path following based formation control. That means each
vehicle in one fleet follows a predefined spatial path while
keeping a geometric constrained formation as a whole.

In the kinematics control design, driving u (9a) to the
assigned speed u? is totally decoupled with heading guidance
(9b) and virtual target control behaviors (7), which driving
the vehicle onto the path with x.,y., ¥ equal to zero. This
important theoretic root endows the controller with elegant
ability of speed adaptation among vehicles to build the
geometric formation, without degrading the performance of
vehicle’s convergence to the path.

Therefore, the feasible strategy for synchronized path
following is that

(1) each vehicle will recruit its own path following control
law to track the path,

(2) the desired speed of followers are adapted according to
the leader, driving the synchronizing parameters, i.e. tracked
curvilinear abscissa (length along the path) s;(i = 1,2, ,n)
herein, to be equal in the case of in-line formation.

A. Paths formulation

For unicycle-type autonomous vehicle moving on the 2D
plane, the desired path which the virtual leader is following,
is then given by s(u) = [x(u),y(u),0(u)]?. And then, a set
of parallel paths is created by shifting the baseline path of
the virtual leader with vectors d;, as depicted in Fig. 3. The
individual path for vehicle i is

si(i) = (1) + Ryd;i

where U is the path parameters, and RIB is a rotation matrix
from a moving body frame B to the inertial frame /.

(12)

Vehicle2

Vehicle1

Vehicle3

\; Follower2

Sz

Fig. 3. Tllustration of paths setup

B. Formation control

As we mentioned above, the basic idea for path following
based formation control is that: adjusting the desired speed
of each vehicle, driving the synchronizing parameters to be
equal in the case of in-line formation.

In order to simplify the control design, one vehicle is
elected as a leader, with the formation shifted vector d; =
[0,0,0]7. This means that the virtual leader coincides with
the vehicle 1, and the other vehicle i will be a follower with
shifted vector d; = [0,d,;,0]",i =2,3,....,n.

In the case of in-line formation for parallel paths as
depicted in Fig. 3, there is a geometric relationship between
the along-path position of the virtual target of the leader sy,
and the desired along-path position of the virtual target of
the follower s,. That is

$3 (1) = ~=$1(w)
Ce2

Since ¢.; € R and c¢.; = 1/R;, where R; is the radii of the
tangent circle (i.e. the circle of curvature which is tangent to
the curve) at one point of the path.

According to the path formulation, there is Ry = R} +dy»,
such that

13)

Cel & -
o R 1 +dyce(p) (14)
Substituting (13) with (14), we get s¢(u) = (1 +
dyrce1(p))s1(u). Therefore
t
s‘zi(t)zsl(t)+dy2/0 calt, )i wde (15)



Defining variables 7; of the ith vehicle as the correspond-
ing variables y(y € {u,u¢,x.,ye, w,r,F,N,m,I,c,, o, })of the
single vehicle, we can get the control laws for leader vehicle
and followers, noted as the ith vehicle.

1) Leader Control: In the case of the leader, a path
following controller is easily obtained by recruiting laws of
(7) and (11). That is,

51 = kiX.1 +ujcosyi
F = mlb'tlli —k3(bt1 — M’lj)
Ny =161 — (W1 — Yros,) — kazr

(16)

where u‘f is desired speed profile of the leader, and uf is the
derivative which is normally set to zero.

2) Follower Control: The follower recruits similar path
following control laws to those recruited by the leader.

52 = kixeo +ujcosyn
F = mzl/lg — k3(M2 — M‘zi)
N> =5y — (Yo — Yros,) —kazpo

A7)

where ug is desired speed profile of the vehicle 2 (follower
1 Fig. 3) , and #§ is the derivative .

For the follower 1 (vehicle 2), choosing the Lyapunov
function Vy,, = %As%z, a solution proposed to speed adaption
of follower 1 is

2
u§ = (1+dycq)uf + Ek" arctan(Asy) (18)
where Asio = [51(1) +dyo f(; cer(t, 1)1 (¢, 1)dt] —s2(t) is the
generalized along-path distance between the two vehicles,
derived from (15). Straightforward computations show that
the derivative of the follower’s speed is

. 2 ((1—|—d2€ 1)ud—s'2)
”‘21 = d)’2gc1”‘11 + ;ku 1 _iy_ (2512;2

where g.; is the derivative of the path curvature, and k, >0
is a slack variable to impose restrictions on how much the
follower’s speed is allowed to catch up the leader.

In the case of the follower 2 (Vehicle3), the follower
recruits similar path following control laws and speed adap-
tation control law to those recruited by the second follower
(Vehicle2). As the follower 3 has the desired path on the left
side of the leader’s path, the error of along path distance is
as follows

u‘31 =(1- dy3ce )u‘f + %ku arctan(As;3)

d_ d ., 2, ((I=dgce)ud—s3)
iy = —dygeru + phy T T

Asiz = [s1(t) —dy3 fo cer (1, )1 (¢, 1)dt] — s3(7)

With control laws proposed here, both the leader and the
follower asymptotically converge to the paths, and their rel-
ative along-path distance is guaranteed in terms of geometric
constraints of the formation.

Remark: In the case of special formation other than in-
line formation, such as triangle formation, the geometric
specification has to be taken into account. Assuming vehiclel
is the leader, there is Asy; = [s1 £dy; [5co1 (t,1))s1 (¢, p)dt] —
si —lj;i = 2,---,n where, [; is the relative along x-axis
distance between the leader and followers in the formation.

19)

(20)

IV. COLLISION FREE BETWEEN VEHICLES

The principle for collision free is the same as obstacle
avoidance. The only difference, is the vehicles to be pre-
vented from collision can be considered as dynamic obstacle.

As depicted in Fig. 4, the red vehicle will change the
relative position with the blue vehicle. Hence, the red vehicle
can be taken as an obstacle of the blue one. Such that,
the follower one is required to adjust its heading guidance
and speed up to move in front of the previous leader. The
speed regulation is charged by the formation controller, and
the trimmed heading guidance respects the same rules with
obstacle avoidance. There are also four cases for collision
free, which are the same with obstacle avoidance except the
actual obstacle replaced by a vehicle. The trimmed heading

Path2

Path1

Path3

Fig. 4. Collision free in formation transition

guidance for the vehicle to avoid another, accommodating an
additional heading angle yips, based on the nominal angle
Yros, can be given as

Y1L0S,. = YLOS T YLOS,.

where
_1(DeRe)?
Vros,, = sign(Dir.)me * ot

where Dir, denotes the situation of the passive vehicle (as
a dynamic obstacle) related to the path. If the “obstacle” is
in front of the vehicle and beyond the path, then Dir, > 0O;
Dir. < 0 otherwise. D. denotes the nearest distance between
the vehicle and the detected surface of the “obstacle”. R,
denote the repulsive distance surrounded the “obstacles” (or
safety distance for vehicle).

Similarly, we can consider the trimmed heading guidance
as a disturbance of the system, and prove that the system is
ISS with the state (x,y., ¥.)! and input yrps,.. Hence, we
can get the following Lemma:

Lemma 2: [Simultaneously formation path following and
collision avoidance] Consider n nonholonomic vehicles with
the dynamic model (1) and (2), following n predefined paths
given in (12). With the control law (16) for the leader and
(17) for followers. In the case of potential collisions (obsta-
cles or other vehicles), with the trimmed heading guidance
Yi0s,., the nominal system is ISS (input-to-state stable)
with state (x.,y.,¥)” and input Y1 0s,.- System trajectory
converges to a ball of radius #y\y/Losﬁ\. Moreover, if the

time stamp of potential collisions is not infinity, the system
trajectory globally uniformly exponentially converges to the
equilibrium point (x,,y., )" = (0,0,0)7.



V. SIMULATION RESULTS

This section illustrates the performance of coordinated
path following control laws for autonomous vehicle while
avoiding obstacles and preventing collisions, based on leader-
follower strategy proposed in this paper.

In Fig. 5, there are seven vehicles obliged to follow
five predefined straight paths (solid lines) with a triangle
formation among some obstacles (crossed circles), and three
of them are demanded to move on the same path (the pink
solid line in the middle). Furthermore, the vehiclel (the small
black triangle) on the tip of the triangle formation will be
replaced by the behind vehicle2 (the small red triangle) after
250 seconds, and they will change positions again after 150
seconds. The initial conditions and the main design constants
are chosen as follows

m=10,I=1,yp=0,u=0,r=0x=—-50,s=1,ul =1
y = [60,50,40,20,80, 100,707 ,1 = [0,20,20,40,20,40,40]”,

RZRCZO,O'ZZQGC:lO,ko:kl=k2=k3=k4=1,ku=1.2

In Fig. 5(a), the behavior of obstacle avoidance and collision
free is clearly presented by the actual trajectories (dashed line
corresponding to each path), while vehicles try to follow
corresponding paths from initial positions and keep the
triangle formation. The evolutions of linear velocities, and
the leader-follower relative distances (formaiton specificaiton
l; integrated) are plotted in Fig 5(b), 5(c), respectively.
The obviously adaptation of velocities and relative distance
appears around the time stamp at r = 250s and t = 400s,
where the collision free appears due to the exchange of the
relative position between vehicle 1 and vehicle 2.

VI. CONCLUSION

In this paper, the problem of simultaneous formation
control, obstacle avoidance and collision free for multiple
autonomous vehicles is addressed. The geometric formation
control is realized by Lyapunov based nonlinear design and
backstepping technique, within a leader-follower framework.
Stemmed from path following control, guidance based design
is augmented for obstacle avoidance and collision free. The
future work will be extended to nonholonomic underwater
vehicles, and address the problem of formation control with
collision avoidance under environmental disturbances.
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Fig. 5. Path following and collision avoidance under formation constraints
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