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Abstract

We here propose a multiscale numerical method for the solution of stochas-
tic partial differential equations with localized uncertainties. It is based on
a multiscale domain decomposition method that exploits the localized side of
uncertainties and incidentally improves the conditioning of the problem by op-
erating a separation of scales. An efficient iterative algorithm is proposed that
requires the solution of a sequence of simple global problems at a macro scale,
involving a deterministic operator, and local problems at a micro scale for which
we have the possibility to use fine approximation spaces. Global and local prob-
lems are solved using tensor approximation methods allowing the representation
of high dimensional stochastic parametric solutions. Convergence properties of
these tensor based methods, which are closely related to spectral decomposi-
tions, benefit from the separation of scales. Different types of uncertainties are
considered at the micro level. They may be associated with some variability
in the operator or source terms, or even with some geometrical variability. In
the latter case, specific reformulations of local problems using fictitious domain
methods are introduced.

Key words: Uncertainty quantification; Multiscale stochastic PDE; Numerical
zoom; Domain Decomposition; Tensor approximation; High dimensional
problems.

1. Introduction

Uncertainty quantification methods using functional approaches have emerged
for the last two decades in computational engineering. Numerous developments
have been realized for the propagation using functional approaches (see reviews
[1, 2, 3, 4]). Recent works have been devoted to the propagation of uncertain-
ties through stochastic multiscale models using these functional approaches. In
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the case of random heterogeneous media allowing a separation of scales, up-
scaling or homogenenization methods have been introduced, see for instance
[5, 6, 7, 8, 9]. However the propagation of uncertainties through multiscale
stochastic models remains today a challenging issue for they give rise to high
dimensional stochastic problems and this high dimensionality is thus to be han-
dled genuinely. Moreover, monoscale numerical approaches clearly suffer from
the complexity of multiscale solutions that present very high spectral content.

In the present work, we focus on multiscale problems with localized uncer-
tainties (in medium property, source terms or geometry). In the presence of
numerous localized sources of uncertainties, dedicated approaches have to be
developed in order to handle the high dimensionality and complexity of asso-
ciated multiscale models. At the deterministic level, dedicated methods have
met the demand of coupling numerical models at different scales and some have
been extended to stochastic models. Among these deterministic methods, one
can distinguish the mono-model methods based on adaptive mesh or enrichment
techniques [10, 11, 12, 13] from the multi-model methods based on patches as
the global-local iterative methods proposed in [14, 15, 16, 17, 18] or the bridging
methods proposed in [19, 20, 21] or in [22] with the Arlequin method. The lat-
ter has been exploited in the stochastic framework for deterministic-stochastic
coupling in [23, 24] for a homogenization purpose.

We here propose a dedicated method based on a multiscale domain decom-
position method that exploits the localized side of uncertainties. It belongs to
the class of the global-local iterative methods mentionned above. In its exten-
sion to the stochastic framework, an efficient iterative algorithm is proposed
that requires the solution of a sequence of simple global problems at a macro
scale, involving a deterministic operator, and local problems at a micro scale for
which we have the possibility to use fine approximation spaces. In the mean-
while the separation of scales has the advantage of improving the conditioning
of the problem. In order to address the high dimensionality that arises from
these multiscale problems with numerous sources of uncertainties, the global
and local problems are solved using tensor based approximation methods al-
lowing the representation of high dimensional stochastic parametric solutions.
Convergence properties of these tensor based methods, which are closely related
to spectral decompositions, benefit from the separation of scales. Different for-
mats of tensor representations can be expoited [25]. Here the classical canonical
decompositions and the hierarchical canonical decompositions as in [26, 27] are
introduced, the latter ones giving very low ranks representations.

Different types of uncertainties are considered at the micro level. They may
be associated with some variability in the operator or source terms, or even with
some geometrical uncertainty. In the latter case, specific reformulations of local
problems using fictitious domain methods are introduced in order to formulate
the problem on a tensor product space [28, 29, 30].

The paper is structured as follows. In section 2, the model problem with
localized variabilities is first presented. Then the global-local iterative algorithm
is introduced in section 3. Section 4 is dedicated to the approximate solutions of
the global and local problems involved in the iterative algorithm: definition of



approximation spaces and fictitious domain methods for the reformulation of the
local problems when these present geometrical variabilities. Section 5 extends
the method to the case of multiple patches with independent variabilities. The
behavior of the global-local iterative algorithm is analysed in section 6 on a
first numerical example with four patches and with no geometrical details. The
convergence and robustness results of the global-local iterative algorithm proven
in section 3 are notably illustrated on this example. The influence of the sizes
of the patches on the convergence of the algorithm is also analysed. Tensor
approximation methods are finally introduced in section 7 for the solution of
local and global problems in order to handle the high dimensionality. They are
applied in section 8 to a high dimensional problem which contains geometrical
variabilities. This last illustration shows the relevance of the use of tensor
approximation methods and in particular of hierarchical decompositions.

2. Problem with localized variabilities
We consider a diffusion problem defined on a domain  C R%:

—V-(KVu)=f on €
KVu-n=0 on Iy, (1)

u=0 on Ip,

with K a diffusion parameter, and I'p and I'y the Dirichlet and Neumann
boundaries respectively. We denote by £ a set of random parameters, with
values in =, modeling the uncertainties on the geometry, the source term and
the diffusion coefficient. We denote by (=, B, P:) the associated probability
space, where P is the probability law of .

2.1. Function spaces

For a Hilbert space H equipped with an inner product norm |- |, we denote
by H= the Bochner space of square integrable functions defined on the measure
space (Z, B, P¢) and with values in H:

HE = L?DE(E;H) ={v:iyeEv(y) € H; E(v(§)]*) < +o0},

where E(-) is the mathematical expectation defined by

B() = [ oly) dPe(w).

Bochner space H= is a Hilbert space when equipped with the following inner
product norm

loll = E(lo(€)*)*/?
For H = R, we use the notations S := R® = L}, (;R) := L}, (). Note that
'H can be a random function space, i.e. dependent on ¢ (e.g. when considering
a space of functions defined on an uncertain domain). In the case where H is



deterministic, the Bochner space can be identified with the tensor Hilbert space
H®S: _
H= = L%ﬁ(E;H) ~*H®S.

2.2. Initial weak formulation of the problem
Let introduce the Hilbert space V = {v € H*(Q);v = 0 on I'p} equipped
with the inner product norm |ulo = ([, Vu - Vu)1/2. Let V= = L}, (E;V) be

1/2

the Hilbert space equipped with the norm || - |o = E(] - |3)'/2. We introduce

the classical weak formulation of problem (1):
u€ V=, aq(u,du) = lo(du) Yéu € V=, (2)

with

cm(u,éu)zE(/ KVu-V5u> ://KVu~V§udP§,
Q /0

Lo (du) E(/Q f5u> :/E/QféudPE.

We introduce the notation Q x Z = {(z,y) € R x Z; = € Q(y)}. Note that in
the case of a deterministic domain €2, we simply have 2 x = = () x Z. Problem
(2) is well-posed if f € L?(Q)= and if K is uniformly bounded and elliptic on
Q x E, i.e. there exist constants K,y > 0 and K**P > 0 such that we have
almost everywhere on 2 x =

King|([? < ¢ K (w,9)¢ < K*|¢ ¥ R (3)

2.3. Patch containing localized variabilities

We consider that the diffusion coefficient K, the source term f or the domain
Q are uncertain only on a part A C Q. A is called a patch. The boundary 0A
of this patch contains the eventual uncertain part of the boundary 02. That
means that A eventually depends on £ and is such that

Q) = (N\A) UA(S),

with Q\A deterministic. We denote by I' = 9(2\A) N 9A the deterministic
interface between Q\A and the patch A (see figure 1). We then consider that

Ko(x) forz e Q\A
K(z,€&) forz e A(€)

and f(z,€) = {fo(z) for z € QA

K(z,§) = { f(z,&) forx e A(E)
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Figure 1: Patch A C © containing localized uncertainties and interface I' = 9(Q\A) N OA.

2.4. Domain decomposition
We introduce the following splitting of the solution u € V=:

U on Q\A
u =
w on A

)

with the following continuity conditions on I' interpreted in a weak sense:
w=U and VU-n=Vw-n on T,

where n denotes the unit outward normal to OA. We consider that TNIT'p =0
and we split the Dirichlet boundary I'p into the Dirichlet boundary of the patch
'} = T'pNOA (eventual internal boundary of the patch) and the complementary

part I‘%\A =T D\I‘/[\,. We then introduce the following spaces

U={UecH(Q\A); U=0onT?"}
W={weHA); w=00onTH}
M =HAT)
and the associated Bochner spaces U=, W= and MF=.
Problem (2) is then equivalent to finding (U, w,\) € UZ x W= x M= such
that for all (6U, dw,d\) € UZ x WE x ME,
ag\a (U, 0U) + br (A, 6U) = Lo\ (0U)
ap(w, dw) — bp (A, dw) = £p(dw) (4)
br(0A, U —w) =0

where for some subdomain O C ,

ao(v,év):E</oKVv-V5v>, eo(v)zﬁ(/ofv>,
bp()\m):E(/F /\v>. (5)

A represents a Lagrange multiplier ensuring the weak continuity of u on the
interface I'.

and where



3. A global-local iterative algorithm

8.1. Domain decomposition with overlapping domains

In the case where A contains geometrical details, i.e. if OA\T # 0, we
introduce a fictitious patch A D A such that A = T", which means that A is
deterministic and does not contain any internal boundaries, i.e. no geometrical
details (see figure 2). We then denote by

Q= (Q\A)UA,

which is a deterministic fictitious domain containing €2 and such that 5\7\ =

O\A.

QWA

Figure 2: Fictitious patch A such that A =T.

We now consider a prolongation of function U from Q\A to Q. We introduce
on §) a fictitious diffusion field K such that

K=K on O\A, (6)
and such that it verifies almost everywhere on QxE=
KinglC < ¢ K(z,9)¢ < K**|¢]* V¢ € RY, (7)

for some constants KuP > f(mf > 0. We then introduce the new function
space U= with

U={UeH (Q)); UZOODF%\A}.

For a subset O C (NZ, we define a bilinear form co : U= x UE — R associated
with the fictitious diffusion coefficient:

co(U,8U) =E (/O KVU - V5U> .

We notice that by condition (6) on K, we have

CLQ\A(U, (5U) = CQ\A(U, 5U) = CQ(U, 5U) - CT\(U, (5U). (8)



Problem (4) can now be reformulated as follows: find (U, w, ) € U= x W= x ME
such that for all (8U, dw, 6A) € U= x W= x M=,
cs(U,0U) — cx(U,6U) + br(A,0U) = £y (6U)
ap(w,ow) — br (A, dw) = £ (dw) (9)
br(5)\,U - w) =0

Note that problem (9) does not define the prolongation U inside the fictitious
patch A. In other words, formulated on 4= x W= x ME, this problem admits an
infinite number of solutions. As we will see, a particular prolongation will arise

from the definition of the following algorithm, which corresponds to considering
the formulation (9) in a suitable subspace of U= x W= x ME.

8.2. A global-local algorithm

We now introduce the following iterative algorithm that defines a sequence
{(Un, Wn, An)}n>0. We start with wg =0, Ao = 0 and Uy = 0 and for n > 1, we
define (U,,, wn, A,) as follows.

Global step. We compute U, € U= such that for all §U € 2157
5 (Un, 0U) = ¢ (Un—1,6U) — br(Au—1,6U) + o4 (8U). (10)
We then introduce a relaxation
Un = pUp + (1= p)Up 1,

with p > 0. Global step (10) is a problem defined on the domain Q, with an
arbitrary diffusion parameter K in A and which does not contain any geometrical
details in A. The term An_1 appears as an imposed source term on an internal
surface in €.

Local step. We then compute (w,,, A\,) € W= x M= such that for all (dw,\) €
W= x ME,

{a/\(wn,éw) — br(An, 0w) = L5 (Sw) an

bp(&)\,’wn) = br((s)\, Un) '

Local step (11) is a problem defined on the patch A, with the true material
parameter K and the true geometrical details. A, can be interpreted as a
Lagrange multiplier that ensures in a weak sense w,, = U, on I.

Remark 1. Note that the local problem (11) can be reformulated by introducing
a change of variable w, = US + z,, with US € W= satisfying b(6\,US —U,) =0
for all 6\ € ME (i.e. US =U, onT in a weak sense), and with

2 EWS ={z€W=; 2=0 onT}.
Local problem (11) can then be formulated as follows:
an(zn, 0w) = Lp(6w) — ap(US, 6w) Vow € W. (12)
The Lagrange multiplier A, is then obtained from the first equation of (11).



8.8. Prolongation in the fictitious patch is uniquely defined
The prolongation of U, in the fictitious patch is uniquely defined by the
initialization Up. Indeed, from (10), we have that for all U € Hg(A) ® L3, (),

ez (Un,0U) = cz(Un-1,6U),
and therefore

¢ (Un,0U) = c5(pUn + (1 = p)Un—1,0U) = c5(Un—1,0U).

We then have that for all U € H}(A) ® L%g (=),
¢z (Un,6U) = cx(Uo, 0U)

for all n > 1. With Uy = 0, we obtain that all iterates U, € U= belongs to a
subspace U= C U= defined by

U= = {U €UZ ; c;(U,6U) = 0 for all 6U € HE(A) ®L?DE(E)}.

Uy, can be interpreted as the unique analytical prolongation into U= of U, €U=.
The restriction of U, on A is then uniquely defined by the trace of U, on
I'. Problem (9) appears to be well-posed in the subspace U= x W= x M= C
UE x WE x M=, which gives a sense to the prolongation of the solution U. In
the following, we use the following definition for U.

Definition 1. We denote by U € Z?*E C UE the prolongation of the solution
U € U= of (4). This prolongation is such that (U, \,w) € UZ x WE x ME is
the unique solution of equation (9) for all (U, 5w, 6)\) € U x W= x ME.

The convergence of the sequence U, to this solution U € Zj{*E is now analyzed.

8.4. Convergence analysis
Let introduce the mapping ® : M= x UE — U= such that ®(8,V) € U= is
solution of:
g (®(8,V),0U) = ¢z (V,6U) — br (8, 6U). (13)
Let us also introduce the mappings ¥ : U= — ME and (U U= — W= such that
the couple (¥(V),4(V)) € M= x W= is solution of:

{ ar($(V),0w) — bp(¥(V), dw) = 0

br(OX, (V) = br (A, V) V(0w,dN) € W= x M=, (14)

Let (U, A\, w) € UZ x MZ x WE be the exact solution of (9). With the above
definitions, the proposed algorithm is equivalent to:

Up—U=®Np_1 — N\, Un_1 — U),

Up—U=p(Up —U)+ (1= p)(Up_1 — U), (15)
O — A w0 — w) = (U(Up, — U, Uy, — U)).



Letting F,, = U,, — U the error at iteration n, we have
E, = p®(V(E,_1),En_1) + (1 — p)En_1 = By(En_1), (16)
with the iteration operator B, defined by
Bp(V) = p2(¥(V), V) + (1 - p)V. (17)
Lemma 2. The iteration operator B, : UZ — UE defined in (17) is such that
B, =1-pA,
with A : U= — UE such that A(V)) € UE is solution of
s (A(V),8V) = br(W(V),8V) + agna(V,6V) YoV € U*. (18)
Proof. From definition (17) of B,, it follows immediately
AV)=V —o(¥(V), V)
From (13), we have that ®(¥(V), V) € U= is defined by the following equation:
e (R(U(V),V),0V) = —bp(T(V),8V) + c5(V,6V) V6V eU=.  (19)
Using (8), it yields the desired expression (18). |

Note that U and the iterates U,, belong to the subspace LN{*E C ﬁE, so that only
the restriction to U= of operator A defined in (18) has to be analyzed.

Lemma 3. The operator A : Zjlf — Ij{f is symmetric, bounded and coercive.

Proof. Since K is uniformly bounded and elliptic, we can equip the Hilbert
space U= C U= with the inner product

U V)g g =caUV)= (/ KVU - vv)

and the associated norm [|[V||5 # = /¢ (V, V). From properties of K, |- s %
is equivalent to || - ||5. From (18), operator A is such that

(A(U),V)g & = ca(AU),V) = br(¥(U), V) + ag\a (U, V).
Using for test functions (6, dw) = (¥(U),4(U)) in equation (14), we obtain

(
{aA(w(V) (U); = br(¥(V),9(U)) (20)

Equations (20) are also verified if we permute U and V. We then obtain



where we have used the symmetry of ay. That proves that operator A is sym-
metric. The continuity of A follows directly from its definition as the solution
of the variational problem (18) involving a symmetric continuous and coercive
bilinear form. Moreover,

br(¥(U),U) = an(y(U), ¥(U)) = 0,

and therefore
(A(U),U>§,,~( > ao\a(U,U) 2, ”UH?Z\Av

where the last inequality is obtained from the property of coercivity of ag\a

on U=. Finally, it remains to see that on L~{*E, || - [lo\a defines a norm which is
equivalent to the norm | - ||, and therefore:

(AU), U)g z 2 IUNIE 2 IUIIZ %
which proves that A is coercive on the subspace Z;*E of UE. ]

We finally state the following convergence result.

Theorem 4. The sequence U, converges towards U for a sufficiently small re-
lazation parameter p > 0.

Proof. Since A is symmetric, bounded and coercive, we have

1B,(U) = Bo(V)|I* = U =V — p(A(U) — A(V))||? (22)
< (1 - 2paa + p?CH)|IU - V|2 (23)

with a4 and Cy4 the coercivity and continuity constants of A respectively.

Choosing 0 < p < 224 we have pp = (1 — 2paa + p?C3)Y/? < 1 and there-
A

fore, B, is a contractive mapping with contractivity constant pg. The error

en = ||Un, — U]|| then verifies

e = |By(Unr) = By(U) < peacr < pieo,
which yields €, — 0 as n — oo. |

Remark 2. Note that sz( = K on A and if A = /NX, we have A = I, so that
B, = (1 —p)I, yielding to convergence for 0 < p < 2. This is also true in the
discretized framework when using Galerkin projections and when the approwi-
mation space in WE s the restriction to A of functions of the approzimation
space in UZ.

Remark 3. Note that the final solution does not depend on the choice of K.
However, this choice influences the behavior of the iterative algorithm (it affects
the spectrum of operator A), as it will be illustrated in numerical examples. A
convenient choice consists in taking for K a deterministic field, yielding to a
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global problem with deterministic operator. A natural choice yielding rather good
convergence properties consists in taking for K the mean diffusion field:

K(z) = E(K(z,¢)).

However, we will see in numerical examples that a large range of values for the
fictitious field K yield good convergence properties, thus providing flexibility in
the definition of the global problem.

8.5. Robustness of the algorithm with respect to approximations

We suppose that approximations are introduced in the different solution
steps, thus defining an approximate sequence US € U= such that

Uy, =U = By(U;-, = U), (24)

where By, is a reasonable approximation of the iteration operator B,. We assume
that
Bi(Up 1 —U) = By(Up_, —U) + Uy,

where the perturbation dU}, verifies
18U < €Ul + €U -1 = Ul-

€ is associated with a tolerance relatively to the solution norm, and €* is as-
sociated with a tolerance relatively to the current error. €* typically appears

when formulating local and global problems on increments (U — US_;) and
(NS — XS _;) and when using solvers with a prescribed tolerance of the order of

*

€*. € typically appears when local and global problems are not formulated on
increments and when we use solvers with a prescribed tolerance of the order of e.
This error € can also appear when we introduce some additional approximation
of the iterates, typically when introducing spectral decompositions in order to
“compress” the representations of the iterates (see section 7). We now provide
a result that gives the behavior of the algorithm with respect to these two types
of errors.

Theorem 5. We suppose that

1B, (V) = Bo(V)|| < el|U] + €*[|V]]
Jor all V € UZ such that |V < n||U], (25)

withn >0, €* < 1—pp ande < n(l—pp—e€*). We assume that ||[US—U|| < n||U]|.
Then, the sequence Uy, is such that

limsup Uy, = U|| <~(e)||U],

n—o0

with y(e) — 0 as e — 0. That means that the sequence US tends to a ~y(e)-
neighborhood of the solution U.

11



Proof. We denote ES = U — U. We have ||E§|| < n||U||. Let us suppose that
IES || < n||U]| for all m < n. Then,
1B = 1B (B -1l
< By (Ef—1) = Bo(Er )| + [ Bo(Eqi )|
< ellUll+ (5 + €)1 EL 4l

Since € < n(1 — pp — €*), we then obtain ||ES|| < n||U]|| for all n. Finally, we
obtain

e(l —(pp+e€)")
1—(pp +€*)

€
< U *nEE
S 7, e VI (e + )" Ell,

IELI < IUN+ (pB + €)" I E5l

and therefore

limsup [|ES || < Ul :=~(e)||U]|,
msup | 5] < 1< U] = (00|
With’y(e)zl_pﬁHOase—ﬂ). |

Remark 4. Note that when € is of the order of the machine precision, then the
sequence U, converges to the solution U down to the machine precision times a
factor (1 — pp — €*)~L. It is the case when we solve local and global problems
formulated on increments with a tolerance €*, and when additional errors are
of the order of the machine precision. The sequence US also converges to the
solution U down to the machine precision when solving local problems formulated
on increments with prescribed tolerance €*, and when solving global problems at
the machine precision, which is feasible if the global problem only involves a
deterministic operator.

4. Approximate solutions of local and global problems

4.1. Approximation spaces

We introduce finite element meshes 7,7 and %A of Q and A respectively. We
suppose that 7% = Tg\A U TP’}, with T}?\A a mesh of Q\A and T}’I\ a mesh of /~\,
such that the interface I' coincides with the intersection between the boundaries
of meshes TI? A and T/. We also suppose that the interface T' is contained
in the boundary of the mesh ’ThA. We introduce finite element approximation
spaces Uy C L~{, Wy C W and My C M. In this paper, we consider meshes
’T}? and ThA that are eventually not conforming on I'. The approximation space
M, for the Lagrange multiplier will be simply chosen as the trace on I' of the
approximation space W,. For the construction of suitable approximation spaces
M, in the case of non conforming meshes, see [31] and the references therein.

12



A finite element approximation space H with dimension N and basis {p; } ¥ ;
being given, an element v € H will be associated with a vector v = (v;)¥, € RV
such that v = Zf\il v;0;. An element v € H= will be associated with a random
vector v = (v;)Y., € (RV)E, such that v(¢) = le\il v;(&)p;. We then introduce
finite element matrices and vectors such that

co(U, V) =E(VICoU), ap(U,V)=EVTA,U),
lo(V) =E(VTLp).

For the interface coupling bilinear form br(-, -), we distinguish the bilinear form
when defined on M5 x U5 or on M5 x Wi

br(\, V) =E(VTBpA) for V e UL,
br(\, w) = E(w BrA) for w € Wi

We also introduce an approximation space (e.g. polynomial space, finite element
space)

»
Sp = {u(g) = kamk(g)} cS.
k=1

An element v € H ® Sp can then be written v = Zf\;l kaﬂ Ug,i0i @ Uy, and
identified with an element v € RY @ Sp such that v = kazl Vi ® Uy, with
Vi = (Ukﬂ)zzl S .

4.2. Global problem X N
The approximate global problem consists in finding U,, € Uy ® Sp such that
¢5(Un, 8U) = ¢5(Un—1,0U) — br(Ay—1,0U) + Loy A (8U)  VoU € Uy @ Sp.
It reduces to the system of algebraic equations
E(SUTCLU,) = E(6UTd) ViU € RM @ Sp,

with _
d=C;U,_1 —BrA,_1 +Laa-

If the fictitious diffusion parameter K does not depend on the uncertain pa-
rameters &, finite element matrix Cg € RNUvXNu also does not depend on the
uncertain parameters. If d € RV @ Sp is given under the form

d= zm:di ® Vi,
i—1

with d; € RNf’ and ; € Sp, then we directly obtain an exact decomposition of
the solution U,, under the form

=1

13



4.3. Local problems with uncertain operator and right-hand side

The approximate local problem consists in finding (w,, A,) € W, @ Sp) X
(M, ® Sp) such that

{ ax(wy, 6w) — br (A, dw) = €5 (5w) Yow € Wy, @ Sp 26)

br(0A, wy,) = br(oA, U,) VoA € My, ® Sp
It reduces to the following system of algebraic equations

E(wT Ayw,) — E(6wTBrA,) = E(6wTLy)  Vow e RV @ Sp
E(SATBLw,) = EGATBrU,,) VoA € RM @ Sp

Following Remark 1, we note that problem (26) can be reformulated by intro-
ducing a change of variable w,, = US + z,, with US € W), ® Sp a prolongation
of U, from I" to A such that

br(0N, UL —U,) =0 VYoX € M, ®Sp,

and z, € Wy o ® Sp, with Wy, o ={2 € W), ; z=0o0nT}. z, is then solution
of

ap(zn,02) = Lr(02) —ap(US,02z) Vdz € Who Q@ Sp. (27)
A is then obtained in a post-processing step using the first equation of (26).

4.4. Local problems with geometrical variabilities

The solution method presented in section 4.3 is valid when the patch con-
tains geometrical details with a fixed internal boundary I'* := OA\T". Tt suffices
to introduce a conforming approximation space Wy in W. However, if the
patch A contains uncertain geometrical details, that means an uncertain inter-
nal boundary T*(€), the previous construction of approximation spaces is not
possible since the space W= has no more a tensor product structure. Different
strategies have been proposed in the literature for solving such problems. They
are based on reformulation of the problem on a deterministic domain, by intro-
ducing a suitable random mapping to a fixed deterministic domain [32], or by
introducing reformulations on a deterministic fictitious domain [28, 29, 30]. We
here present two types of reformulations based on the introduction of a ficti-
tious domain, the different reformulations depending on the type of boundary

conditions (Dirichlet or Neumann) that are imposed on the internal boundary
.

4.4.1. Fictitious domain and approximation spaces
In the present context, a natural choice consists in prolongating function
w on the fictitious patch A. We then consider functions w in W=, with W =

H'(A). Function space W= can now be identified with the tensor product space
W ® S and approximation spaces can be introduced such as in section 4.1, i.e.
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by introducing a finite element approximation space Wh cWw (associated with a
mesh TA) and the approx1mat10n space Sp C §. We also introduce the function
space Wo ={ve W v =0 on I'} and the corresponding finite element space
Wh,o c Wh.

4.4.2. Neumann internal boundary conditions
We consider that I'* is a Neumann boundary with homogeneous data. The

local problem can then be reformulated on the fictitious domain as follows: find
(Wn, An) € W @ Sp) X (M}, ® Sp) such that

{ di (wy, 6w) — bp (An, 6w) = h (5w) Vow € Wy, ® Sp (28)

bp(5>\,wn) = bp(5>\, Un) VoA € My ® SP

where bilinear form d3 and linear form hj are defined by

dx (w, dw) (/ KI\Vw - V§w>,

hi(6w) = E (/K IAf(Sw) .

with I : A x © — R the indicator function of the domain A * = = {(z,y) €
AXxE; z € Ay)}, such that Iy(z,y) = 1if 2 € A(y) and Ix(z,y) = 0 if
z & Ay).

Again, with a suitable change of variable w,, = U + z,, (see remark 1), we can
reformulate the local problem on z, € VNVh,o ® Sp such that

dx (20, 0w) = bz (6w) — dz (U, 6w) Vow € Wi © Sp. (29)
For further details on the numerical solution of such problems, see [29, 30].

4.4.8. Dirichlet internal boundary conditions

We now consider the case where I'* is a Dirichlet boundary (with homoge-
neous data). We here propose a reformulation based on the use of a characteris-
tic function method [33]. We introduce a characteristic function  : AxZ >R
such that

(i) ¥(x,&) > 0for z € A(E),
(i1) ¥(z,&) =0 for xz € T'x(§),
(i) [V, €)] 0 for = € T (€).

A function (¢z) with z € Wi ® Sp satisfies the Dirichlet boundary conditions
on I'*. We then introduce a change of variable w,, = U2 + 1z,, with US = U,
in a weak sense on I', and with z, = 0 on I'. We then look for an approximation
of the local problem under the form

Wy = U:; + Yzn,
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with z,, € Whyo ® Sp such that
d5 (V2 82) = h5 ($02) — dx (US,482) V82 € Wi © Sp, (30)

with d3 and hg prolongations of ay and £5 on the fictitious patch:

d~(w,6w) = E (/K KoV - V5w> . hi(6w)=E (/K f<>5w) ,

with K° and f¢ prolongations on A of K and f respectively.

5. Multiple patches with independent variabilities

We now consider the introduction of several patches containing uncertainties
that are (statistically) independent between patches.

5.1. Introduction of multiple patches

The patch A can be considered as the disjoint union of N patches {As}é\fz"l.
We suppose that the set of parameters can be split into disjoint subsets of
parameters ¢, with values in Z° C R% (s = 1,..., Ny), such that A, only
depends on &, i.e.

A(f) = A1(§1) u...u ANA(gNA)v

and the random field K and source term f also only depend on & on the
subdomain Ag, i.e.

K(z,8) = Ks(z,&) for x € Ag(&s),
f(mvg) = fs(xvgs) for z€ As(fs)a
for all s € {1,...,Nx}.

5.2. Local problems
We denote I'y = T"'N A, and F%f =Tp NOA;. We then introduce

W, ={we H'(A,); w=0o0nT%},
M =H(Ty),

and the corresponding Bochner spaces W= and MZ. We have
ME =<8 ME W= = <y WE

such that a function A € M= (resp. w € WF) is considered as a collection of
local solutions A* € MZ (resp. w® € WZ). The local step is composed of Np
independent problems on the Ay, that can be solved in parallel. At iteration n,

denoting w,, = {ws}N4 and A, = {\3}N4, we have for all s € {1... Ny},

an, (WS, 5w) — b, (X, ow) = Lx, (5w) o
S S ’ VS, 0w) € MEx W=, (31
{ b, (5Aw) = bp (A, U) O 0w €M (31)

For patches that contain geometrical details, the approximation methods pre-
sented in section 4.4 can be applied.
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6. A first numerical example

6.1. Description of the example and approximation spaces

We consider diffusion problem (1) on 2 = (0,5) % (0,5) with f =1, T'p = 99
and 'y = 0. We define A = U*_,A,, where the four patches A, are square
domains with side length L = 1 and with respective centers ¢; = (3.5,3.5),
ca = (1.5,1), 3 = (1.5,2.5), and ¢4 = (3.5,1) (see Figure 3). We consider the
diffusion field

Ky=1 for x € Q\A
Ks(z,&5) =1+ & ks(x) forxeAg,se{l,...,4}

K((E,f) :{

with ks(z) = a exp (—2'%__;552‘2> if max(x — ¢s) < 0.25 and 0 if max(z — ¢g) >
0.25, and where £ = (&1,...,&4) is a set of 4 independent uniform random
variables with values in = = x*_ =, = (0,1)*. Constant o € R controls the

level of heterogeneity. Here we have Q =  and A=A

(a) (b)

Figure 3: Example with localized heterogeneities. (a) Domain Q and patches Ay = (3,4) X
(3,4), A2 = (1,2) x (0.5,1.5), A3 = (1,2) x (2,3), Ay = (3,4) x (0.5,1.5). (b) Nested finite
element meshes (the symbols [ indicate the common nodes of T}? and T}{X on the interface
).

At the spatial level, we introduce nested finite element approximation spaces
Ug and W; for s = 1,...,4. As illustrated in Figure 3, we use regular meshes
75} and 'Z;ZAS composed of triangular elements of respective sizes H = 0.25 and
h = 0.025 in Q and A, leading to approximation spaces Z/N{H and Wi (s =1,...,4)
with dimensions 441 and 1681 respectively.

At the stochastic level, we introduce for the approximation space Sp a poly-
nomial space with total degree p = 3 in 4 dimensions (using Legendre polynomial
chaos basis). It yields a dimension dim(Sp) = 35.
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6.2. Convergence analysis

We denote by U € Uy @Sp the reference global solution obtained by a direct
resolution of the problem, and by U, € Uy ® Sp the global iterates obtained
with the global-local iterative algorithm. We introduce the error indicator

”U_Un‘OQ
Up:U) = -———— 2002 32
ca(Un;U) 1UTo.0 (32)

with || - |o.q the natural norm on prg (25 L3(2)) defined by

|M%=[A;mw%wmw
=JQ(y

We first analyze the influence of relaxation parameter p on the convergence
of the iterative algorithm. The optimal relaxation parameter of the global-local
iterative algorithm can be shown to be (see [34])

2
>\min (A) + )\mam (A)

opt _

p

where Apin(A) and Apqq(A) are the lowest and largest eigenvalues of operator
AV) =V — ®(W(V),V), defined in (18). In practice, A\pqaz(A) is estimated
using some power iterations (typically 2 or 3), each power iteration requiring
the solution of one local problem (for computing ¥(V')) and one global problem
(for computing ®(¥(V'),V)). Since it is hard task to determine A, (A), in the
following the optimal relaxation parameter is approximated as follows:

_
)\mam (A)

This approximation is rather pertinent if the operator A is well conditioned,
that means A\,in(A) and A\p,q.(A) are of the same order.

_ The iterative global-local algorithm is carried out using fictitious coefficient
K =1 on A which corresponds to a global problem that does not see any het-
erogeneity. Figure 4 shows the error indicator eq(U,;U) with respect to the
number of iterations for a € {—0.9,10,30,100} and for different values of re-
laxation parameter p. We observe in all cases that the approximate optimal
relaxation parameter p* gives almost optimal convergence, the optimal conver-
gence being actually obtained for the true optimal relaxation parameter p°P.
We observe that the algorithm converges quite fast (relative error less than 10~°
for n < 10) for the different levels of heterogeneities.

Figure 5 gathers the previous convergence curves obtained with the respec-
tive approximate optimal relaxation parameters p* for a € {—0.9,10, 30,100}
in order to show the effect of the amplitude of the diffusion coefficients in the
patches on the convergence of the algorithm. We see that convergence deteri-
orates as « increases, that is to say as the ratio between the maximum value
of the diffusion field K, and the fictitious field K increases. The question thus
raises of the need to tune the fictitious field K to improve convergence.
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- p =085

p=1.2

Error

30 40 0 10 20 30 40
Iterations

(b) a=10

Error

0 10 20 30 40 0 10 20 30 40 50 60
Iterations Iterations
(¢) «=30 (d) =100

Figure 4: Evolution of the error indicator eq(Un;U) with the number of iterations n for
a € {—0.9,10, 30,100} and for different values of relaxation parameter p.

10" =
—0=-09,p =1
AN =10, p'=0.86
10° | SR o a=30, p ‘=0.75
RN ---a=100, p =0.6
5 -
fin]
107
—15
10 . . .
0 10 20 30 40

Iterations

Figure 5: Evolution of the error indicator e (Uyp; U) with the number of iterations n for several
values of parameter .

Noting that K acts as preconditioner of the iterative algorithm, we can study
its influence on the convergence of the algorithm. We thus introduce a fictitious
diffusion field of the form

Ky(2,6) =1+ Bky(z) for z € A, s e {1,...,4},

with 8 € R. 8 = 0 corresponds to the case K = 1 studied earlier where the
global problem does not see any heterogeneity, and § = 0.5 corresponds to
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choosing the expectation of the diffusion field as the fictitious field in the global
problem.

Figure 6 illustrates the convergence of iterates U, towards the reference
solution U, for o € {—0.9, 10, 30,100} and for different values of 3. For each of
these values, u is computed using either the corresponding approximate optimal
relaxation parameters p* (solid lines) or p = 1 (dashed lines). On the one hand,
as can be observed for a = 100, the global-local iterative algorithm using p =1
suffers from high heterogeneities when [ is set to 0. Good convergence can be
recovered by simply increasing § up to 0.3, or at least no more than 0.5. On
the other hand, it comes out that using the approximate optimal relaxation
parameter ensures a good convergence rate whatever the value of 8 in [0, 0.5]
and whatever the level of heterogeneity. Finally, performing the local-global
iteration algorithm with 8 = 0 and p = p* is retained as the convenient choice
for it gives good convergence properties and leads to a simple global problem
with no heterogeneities.

Error

0 10 20 30 40 20
lterations lterations

(a) a=-0.9 (b) a=10

Error

0 10 20 30 40 0 10 20 30 40
Iterations Iterations
(¢) «=30 (d) a =100

Figure 6: Evolution of the error indicator eq(Uy;U) with the number of iterations n of
the local-global iterative algorithm for several values of 8 and with p = 1 (dashed lines) or
p* = ﬁ (solid lines).
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6.3. Robustness with respect to approximations

Global problems, involving a deterministic operator, are solved at the ma-
chine precision while local problems are solved using a Conjugate Gradient
Squared (CGS) algorithm with a prescribed tolerance. Figure 7(a) shows the
convergence of solution U,,, computed with the global-local iterative algorithm
for different tolerances of CGS, towards the reference solution U computed at
machine precision. The iterative algorithm converges until the error indica-
tor eq(Up; U) stabilizes around the tolerance imposed to the CGS solver, thus
showing the robustness of the global-local iterative algorithm with respect to
approximations.

[
107° Tol =10
R . NCELELEEe s Tol =105 -
g == Tol =10°° s
10 —Tol=10" w

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Iterations lterations

(a) (b)

Figure 7: Evolution of error indicator eq(Uyn;U) with the number of iterations n for a =
10, K = 1, p = 1. (a) Local problems computed with a CGS algorithm with different
tolerances and (b) local problems formulated on increments computed with a CGS algorithm
with prescribed tolerance 0.1

The local problem is now formulated on the increment 6z, = 2z, — z,_1. A
CGS algorithm with a coarse prescribed tolerance 0.1 is used to compute dz,,.
In figure 7(b), we see that U, converges to the reference solution down to the
machine precision, as expected (see section 3.5).

6.4. Illustration of probabilistic outputs

This section aims at illustrating the statistics of the solution for further
comprehension of the properties of the global-local iterative algorithm. Figure
8 shows the mean and the variance of the global solution U and of the recon-
structed solution u. E(Y") and V(Y) respectively denote the mean and variance
of a random variable Y. The variance, which is here of rather small magnitude,
is captured by the local solutions in the patches.

In order to quantify the impact of a random variable on the variance of the
solution, we introduce the following sensitivity indices:

V(E(u(z,§)IEs) 3 V(E(u(z,)|¢s))

@) = —Jaao Ss<u)(x)=SupyeQV(u(y,g)y
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Figure 8: Mean and variance of the global solution U (a and b) and of the reconstructed
solution u (c and d). Interface I' is displayed with black lines.

Note that Ss(u)(x) are the classical first order Sobol indices such that ) Sq(u)(z) =

1 for all z, as it can be seen in figure 9. The §s(u)(x) are introduced to illustrate
the zone of influence of a set of random variables £, (associated with a patch

A,) on the solution u. They are such that ), Se(u)(z) = WVE(:(V%. The

latter are plotted in figure 10 for the four patches. We can see that the solution
is sensitive to a random variable £, essentially inside the respective patch A, for
s=1,...,4. In this example, the impact of the input uncertainties on solution
u is localized and the sizes of the patches A; can be chosen to hold the main
effects of the input random variables on the solution.
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(c) S3(w) (d) Sa(w)

Figure 9: Sobol sensitivity indices Ss(u) for s = 1,2,3,4.
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(d) Sa(w)

(c) Ss(w)

1.5 in dashed line.

4. In white lines, interface I" for 3 different

2? 37

Figure 10: Sensitivity indices Ss(u) for s =1,
sizes of patches: L = 1 in solid line and L = 0.5 and L
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6.5. Motivations for the separation of scales

Influence of the size of the patches on the convergence. In this section we study
the influence of the size of the patches on the convergence of the global-local
iterative algorithm. The algorithm is carried out for different side lengths L €
{0.5,1,1.5} of square patches A,. For each size of the patch, the iterative
algorithm is carried out using the approximate optimal relaxation parameter
p*. Figure 11 shows the convergence of U,, towards U. The convergence rate
appears to be independent of L for L > 1, while it slightly deteriorates for
L = 0.5. Looking at figure 10, we observe that for L > 1, the patches contain
almost the entire zone of influence of random variables £, whereas for L = 0.5,

high values of the sensitivity index are observed outside the patches.

10°

10°

Error

10

1
0 0 10 20 30 40 50 60

Iterations

Figure 11: Convergence of the solution of the global-local iterative algorithm: evolution of
the error indicator eq(Uy;U) with the number of iterations n for different side lengths L of
the patches.

Spectral content of solutions. In the following section, tensor approximation
methods will be introduced in order to drastically reduce the costs for comput-
ing local and global problems. The performance of these tensor decomposition
methods are strongly related to the spectral contents of the functions to be
approximated. To that purpose, we now study the influence of the size of the
patches on the rank of the Karhunen-Loeve decompositions of the solutions. Let
Um, Unm and wfhm be the rank-m Karhunen-Loéve decompositions of u, U,
and w; respectively. Figure 12 shows the evolutions with respect to rank m of
£q(Um;u), €a(Uso,m; Uso) and e (w0 m; wo) for s = 1,..., 4. For a given pre-
cision, the separation of scales operated by the global-local iterative algorithm
allows to obtain iterates U,, and w;, that can be decomposed with a rank lower
than the rank of the overall solution u. The convergence with m of the error
indicator eq(Uso,m; Uso), which reflects the convergence of the Karhunen-Loeve
decomposition, is plotted in figure 12(d) for different patch sizes L = 0.5,1,1.5.
We observe that increasing the size of the patches decreases the rank of the
decompositions of the global solutions (for a fixed precision). This observation
is in good agreement with that made earlier: choosing a sufficiently large patch
that contains almost the entire zone of influence of the heterogeneities benefits
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both the convergence of the global-local iterative method and the spectral de-
composition of the solutions of the iterative algorithm. By this splitting of the
solution u into a global solution U and local solutions w?®, we obtain a fast decay
in the spectrum of the functions to be approximated. That will be exploited by
the following tensor approximation methods.

_—— T
w2

——-ws

ooowh

Error

10 F
---w 10°
. oewel oy e L=0.5
10 2 w —_=1
—--ws
Ty 4
= 107 ¥ 1\\ TomW
§ " & 107
10 6 SR IJref m
™ SIS
10 \\\\\\:\\I\
107° = 107
0 5 10 15 20 25 0 5 10 15 20 25
Rank m Rank m
() L=15 (d) eq(Um; U)

Figure 12: Karhunen-Loéeve decompositions of w and of the iterates U, and w;, at iteration
n = 60. Evolutions with rank m of eq(um;u), €o(Uso,m;Uso) and ex, (UJSo,m?UJEo) for
s =1,...,4 and different dimensions of the patches: (a) L =0.5, (b) L =1 and (c) L = 1.5.
(d) Evolution with rank m of eq(Uso,m; Uso) for the three dimensions of the patches.

7. Solution of local and global problems using tensor approximation
methods

7.1. Tensor product structure of stochastic function spaces

If H is a deterministic function space, then
HE=H®S

with § = L?DE(E). An element in H= can then be interpreted as a two-order
tensor. When the set of random variables £ is a collection of N, independent
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sets & of random variables, then probability measure Pr = Py, ® ... ® Pey, s
and the space S has the following tensor product structure:

8281®...®8NA

with Sg = L%g (Z5). This tensor product structure of stochastic function spaces
will be here exploited.

7.2. Tensor spaces and tensor approximations

For a tensor Hilbert space V = V4 ® ... ® Vy, we denote by R1(V) the
set of rank-one elements: R (V) = {®{_,v* € V; v* € V;,1 <k < d}, and by
R (V) the set of rank-m elements: R, (V) = {> i~ vi;v; € R1(V), 1 <i <m}.
For the case of function space H=, with H a Hilbert space, different types of
approximations of an element u € H= can be obtained by using different struc-
tures of this tensor space. The reader can refer to [35, 36, 25] for an overview
of tensor based numerical methods.

2-order canonical decomposition. Considering H= = H ® S, we can introduce a
rank-m decomposition u,, € R,,(H ® S) which reads

m
Um =Y Z;®¢; with Z; € H and ¢; € S. (33)
i=1
This decomposition does not circumvent the curse of dimensionality associated
with the approximation of functions in S.

(Na +1)-order canonical decomposition. Considering H= = HR S ®...@ SN, ,
we can introduce a rank-m decomposition u,, € R, (H®S1 ®...® Sy, ) which
reads

m
Um =Y Z;@¢;®...® ¢ with Z; € H and ¢} € S, (34)
=1

Remark 5. Note that a rank-m representation can be seen as an approximation
of an element u € H= on a m-dimensional basis composed of stochastic functions

{¢: ™, which are such that ¢;(€) = ¢} (&) ... ¢va (Eny)-

Hierarchical canonical decomposition. A hierarchical canonical representation
of u € H® S can also be introduced as follows:

Um =Y Z;®¢i, with Z; € H and ¢; € R, (S1 ® ... @ Sw,). (35)

i=1

This hierarchical canonical representation can be seen as an approximation of
the two-order canonical decomposition (33). With sufficiently accurate rank-
r; approximations ¢;, the best rank-m approximation (35) is close to the best
rank-m approximation (33), which is far better than the decomposition (34) in
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most practical applications. Hereafter, we introduce the following notations for
hierarchical representations:

BRI ((HE) ={Z ¢, Z € H,p ER(S1 ®...®@SNn,)} CRI(H®S),

and

AR (HE) = gRT(HE) 4+ .. 4 u R (HE) C R(H® S).

7.8. A greedy algorithm for tensor decomposition (Proper Generalized Decom-
position)

We now present a methodology for the progressive construction of a tensor
decomposition of the solution of a variational problem (global problem or local
problems), under the form (33), (34) or (35). Let us consider a problem which
admits the following generic variational form

ueHE,  Au,du) = L(0u) Vou e H=,

with A symmetric continuous and coercive. The problem is equivalent to

w=arg min J(v), J(v)= 1A(v,v) — L(v).
veEH= 2

We now present progressive constructions of decompositions of type (33), (34) or

(35). Suppose that w,,—1 is known and denote by X the tensor approximation

subset R1(H® S), Ri(H®S1 ®@...98n,) or gRI"(H® S1 ® ... ® Sn,)

(respectively for decompositions of type (33), (34) or (35)). Then, we define a

new element v,, € X such that

T (Um—1 + Um) = i%i}cl T (U1 +v)

where the symbol ~ means that we compute an approximation of an optimal
element in X, and we define u,, = Upy_1 + Up,.

Alternating minimization algorithms. In practice, we compute an approxima-
tion of vy, using alternating minimization algorithms. For X = Ri(H ® S)
(resp. ¥ =R1(HR®51®...Q8N,)), we obtain an element vy, = Z,, ® ¢p, (resp.
Vm = Zm @0 @...@¢NA) by alternatively minimizing on Z,, € H and ¢,, € S
(resp. Zm € H, ¢L, € Sy, .oy 9N2 € Sn,). For X = gRI"(HRS1 ®@... @8N, ),
we obtain an approximation v,, = Z,, ® ¢,, by an alternating minimization
algorithm which consists in solving alternatively:

e a minimization problem on H:

Ly = argglei% j(um—l +Z® ¢m)
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e a minimization problem on S:
m ~ i m— m X ¢
¢ ar g I¢Ilelsll j (u 1 Z )

where the symbol ~ means that this problem is approximated using a
second tensor approximation algorithm, leading to a rank-r,, approxima-
tion @, € RI™(S1® ... ® Sn,) of ¢, with a rank r,, depending on
the required precision. This approximation ¢, ., is constructed progres-
sively by letting ¢, 0 = 0 and by defining ¢, » = dm,r—1 + ©m.r, With
Omr € R1(S1 @ ... Sy, ) such that

Pm,r € arg min j(um—l +Zm ® (¢7n,7“—1 + (,0))
PER1(S1®...9SN, )
These minimization problems on R1(S1 ®...® Sy, ) are again solved with
an alternating minimization algorithm consisting in minimizing succes-
sively on spaces Sg, 1 < s < Nj. The reader can refer to [26] for practical
implementation of these algorithms.

7.4. Strategies for the resolution of the local and global problems

The global problems (10) and local problems (11) within the global-local
iterative algorithm can be formulated either on the iterates or on the increments
between two iterates, as mentioned in section 3.5. It yields to different strategies.

First strategy: formulation on the iterates. The local and global problems are
formulated on the iterates. Local problems are solved using tensor approxima-
tion methods, with a given tolerance e. Global problems are solved exactly or
using the greedy algorithm for tensor decomposition, depending on wether the
operator is deterministic or not. This corresponds to €* = 0 and € > 0 in theo-
rem 5. The error on the solution then tends to the given finite precision of the
tensor decompositions.

Second strategy: formulation on the increments between iterates. Another possi-
bility is to solve the local problems reformulated on the increments using tensor
approximation methods. The greedy algorithm is used for the construction of a
tensor decomposition of the increment, either with a fixed coarse tolerance ¢* or
with a given low rank. Note that in the latter case, the effective precision €* of
the resulting tensor decomposition depends on the iterate n and can deteriorate
with n. At each iteration, the solutions are truncated with a tolerance € in or-
der to maintain low rank decompositions (using classical tensor approximation
algorithms [35, 25]).

8. Numerical example using tensor approximation methods

8.1. Description of the problem
We consider diffusion problem (1) with f = 1, I'p = 99Q(§) and I'n = 0.
We define seven patches Ag(&s), s = 1,...,7, represented in figure 13 with
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side length L = 2 and respective centers cs: ¢; = (2,2), ca = (5,2), ¢3(8,2),
¢y = (2,6), c5 = (5,8), cg = (8,6) and ¢z = (1,9).
The diffusion coefficient is uncertain on patches A1, A3 and A5. We consider

1 forz € Q \ (A1UA3UA5)
K=1+57_ &%k @) forxzeA,, forse{1,3}
1+ &I(z) for z € A5
with | b2
x—ak
ks(x) = 10 exp (_20.252> ,s €{1,3}
and

I(2) = { 3 ifz € Ds = (4.5,5.5) x (7.5,8.5)

0 1fI€A5\D5

where a”, for s € {1,3} and for k € {1,...,5}, is a point in patch A, and where
the ¢F, 53 and &5 are independent unlform random variables on =¥ = (0, 1),

= (0,1) and Z5 = (0,1) respectively. We denote =; = x7_,E¥ C RS,
=3 = xzzlE’g C R® and Z5 C R the sets of elementary events associated with
patches A1 = 7\1, As = ZN\3 and A5 = 1~\5 respectively.

Domain (&) also presents geometrical details with homogeneous Dirichlet
conditions on circular internal boundaries. Let us denote sp = {2,4,6,7} the
set of indices of the patches with random internal Dirichlet boundaries. Patches
A2 (&) and A4(&) present circular boundaries of random radii rs = 0.3+0.1 ¢, and
centered on ¢, for s = 2,4. In patch Ag(£) we define a circular boundary with
radius rg = 0.3 and with random position of the center ¢(&) = (8 4+ 0.1, 6).
Finally, in patch A7(§) we consider a corner in a circular arc with center (1 +
0.5¢7,9 — 0.5¢7) and with radius 7 = 1 + 0 5¢7. & for s € sp are uniform
identically distributed random variables on = Es = = (0, 1) respectively.

We introduce fictitious patches Ag, A4, AG and A7 and ﬁctltlous domain
such that Q = (0,10) x (0,10) and Q(¢§) = (Q \ USGSDA ) Usesp As(Es).

The global problem is defined on domain Q which does not contain any
geometrical detail and it is associated with deterministic diffusion coefficient
K =1 on ). The global problem has thus a deterministic operator. The local
problems on A4(§) with s € sp are solved using the characteristic function
method. The characteristic functions ¥*(x, &) are chosen as the opposite of the
random level-set functions the iso-zero of which in patch A, (for s € sp) define
the random boundaries inside 1~X Non nested finite element approximation
spaces Z/IH and Wh are introduced using regular meshes with element sizes H =
0.5 and h ~ 0.07 on Q and A respectlvely The dimensions of approximation
spaces Uy and Wh (for s =1,...,7) are 441 and 900 respectively. We introduce
a stochastic approximation space Sp = S1,p, ®...®S7 p,, where for s € sp, the
Ss,p, are piecewise polynomial spaces with degree 3 on a uniform partition of
Es (resulting in dimensions Ps = 24 for s € sp), and where for s ¢ sp, the S; p,
are multidimensional polynomial spaces of degree 3 (resulting in dimensions
P) = P; =56 and P5 = 4). It results in a dimension dim(Sp) ~ 4.210°.
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Figure 13: Diffusion problem with 7 patches

Global and local problems are approximated in canonical or hierarchical
canonical tensor formats. Global problems are solved exactly since they only
involve a deterministic operator, while the local problems are solved using the
greedy constructions presented in section 7.3.

8.2. Tensor approzimations of the local solutions using Proper Generalized De-
compositions
8.2.1. Canonical tensor approximations s

Here, canonical tensor approximations of the local solutions (in R,,(Wj ®
S1,p, ® ... ® S7.p,)) are constructed using the greedy algorithm presented in
section 7.3. When the local problem is formulated on the iterate z,,, we solve the
problem with a prescribed tolerance € = 5.1073 on the residual. When the local
problem is formulated on the increment §z,,, we use a coarse tolerance €* = 0.1
on the residual. At each iteration the global iterates U, and the Lagrange
multipliers A} are compressed using classical canonical tensor decomposition
algorithms in order to reduce their representation rank. For this compression
step, we use a tolerance € = 5.1073.

In order to illustrate the robustness of the method with respect to approx-
imations, the error of stagnation eg(U,_1;U,) is plotted as a function of the
iteration n in figure 14. The relaxation parameter of the global-local iterative
algorithm is chosen as p = 0.2 = p* = m. We see that for both formu-
lations, on the solution or on the increment, the error decreases down to the
finite precision 5.10~2 introduced in the tensor decompositions. Note that when
formulating local problems on increments, we still observe a stagnation of the
global-local algorithm due to additional errors introduced in the compression of
the global iterates and the Lagrange multipliers (corresponding to an error of
type € in theorem 5).
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Figure 14: Evolution of error indicator sﬁ(Unfl, Up) with the number of iterations n with
a prescribed tolerance ¢ = 5.1073 on the canonical representation of global solutions. (a)
Formulation on the solution z,, canonical decomposition with prescribed tolerance € = 5.10~3,
(b) formulation on the increment §z,, canonical decomposition with prescribed tolerance
e =0.1.

Figure 15 shows a random sample of the solutions obtained at iteration
n = 14. For a sake of clarity, the subscript n referring to the iteration has been
omitted in the legend of the figure and v, denotes here a rank-m decompo-
sition of a quantity v. This light notation is adopted in the following of this
section only. We see that the local solutions in patches with random Dirich-
let boundaries have higher ranks than those in patches with random diffusion
coefficients.

We now analyze the convergence of rank-m canonical tensor decompositions
U,, and w;, of global iterate U and local iterates w® at iteration n = 14. Figure
16 shows the evolution of e5(Unn;U) and e (wy,;w®) with respect to rank
m. The local solutions in patches with random geometry still have higher ranks
than those of U and of the other local solutions in patches with random diffusion
fields. However, by operating a separation of scales, the multiscale method with
patches has participated in reducing the ranks of the tensor decompositions of
the local and global solutions and therefore contributes to the good performance
of the overall method.

8.2.2. Hierarchical canonical tensor approximations

Now, hierarchical canonical tensor approximations are introduced for solving
local problems, which are here formulated on the iterate (and not on the incre-
ment). Approximations in gRT, (17\75 ® ST') are constructed using the greedy
algorithm presented in section 7.3. The tolerance is set to 5.10~2 in terms of the
residual error at the two levels of approximations in the hierarchical canonical
decomposition. At each iteration the global iterates U,, are also compressed in
aRT, (Uy ® ST) with a tolerance € = 5.1073 at each level of approximation in
the hierarchical canonical decomposition. Figure 17 illustrates the convergence
of the global-local iterative algorithm and again we observe a very good con-
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Figure 15: Random samples of global solution U, local solutions w® for s = 1,...,7 and
reconstructed solution w at iteration n = 14.

vergence down to an error lower than the prescribed tolerance 5.1073. This is
due to the fact that hierarchical canonical decompositions converge very fast
(as illustrated below) and that the effective precision of the resulting low rank
decompositions is less than the prescribed tolerance.

Figure 18 shows the ranks m of local solutions z® with respect to the iter-
ations n using either the canonical or the hierarchical canonical tensor approx-
imations. The hierarchical decomposition shows a significant improvement in
the rank of local solutions z°. Indeed, while the canonical decompositions reach
ranks up to m = 4 in patches with random diffusion field or m = 12 for patches
with random Dirichlet boundaries, the hierarchical decompositions have very
low ranks 1 or 2. Having these low rank representations, the Lagrange multi-
pliers A* also have low ranks and do not need to be compressed for efficiency
reasons. Therefore, no additional error is introduced.
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Figure 16: Evolutions of e (Um;U) and €x, (wg,;w®) for s = 1,---,7 with respect to rank
m. Upm and wj, denote rank-m canonical decompositions of solutions at iteration n = 14.
(Dashed lines) patches with random diffusion field and (Dotted lines) patches with random
internal boundaries with Dirichlet conditions.
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lterations

Figure 17: Evolution of error indicator 5§(Un_1, Uyn) with the number of iterations n when
using hierarchical canonical tensor approximations for local and global solutions (with a pre-
scribed tolerance € = 5.1073).

9. Conclusion

A dedicated method has been proposed for dealing with multiscale problems
with localized sources of uncertainties. It is based on a domain decomposition
method with patches associated with a global-local iterative algorithm that en-
ables the introduction of refined local approximation to well describe local quan-
tities. When dealing with geometrical variability, fictitious domain methods that
enable the formulation of the problem on a tensor product space have been in-
troduced. The global-local iterative algorithm has nice convergence properties.
Indeed, results on the first numerical example have shown that the parameters
of the algorithm can be chosen so to have simple deterministic global problems
while conserving a good convergence rate. The separation of scales also benefits
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Figure 18: Ranks of local solutions z° for patches s = 1,...,7: (red) canonical decomposition

and (black) hierarchical canonical decomposition.

tensor based methods that are used to solve high dimensional global and local
problems. The hierarchical canonical decomposition has revealed particularly
efficient for obtaining very low ranks decompositions of the global and local so-
lutions. The sizes of the patches should however be chosen with attention since
they reveal to have a double impact: when chosen too small, that is to say when
the patch does not hold the main effects of the localized uncertainties on the
response, the convergence rate of the iterative algorithm deteriorates and the
global solutions have higher rank decompositions.

The global and local problems can be simplified by exploiting the sensitivity
indices introduced for assessing the zone of influence of the different sets of
random variables on the solution. In fact, the dependancy of the global and local
solutions to some sets of variables can be neglected for further computational
savings. The proposed approach can be extended to a wider class of models
including non-linear models.
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