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Maximal product of primes whose sum is bounded

Marc Deléglise and Jean-Louis Nicolas *

September 17, 2012

To the memory of A.A. Karatsuba, on
the occasion of his 75th birthday.

Abstract

If n is a positive integer, let h(n) denote the maximal value of the
product qiqz ...q; for all families of primes ¢; < g2 < ... < g; such
that ¢1 + g2 + ... + ¢; < n. We shall give some properties of this
function h and describe an algorithm able to compute h(n) for any n
up to 103%°.

1 Introduction

1.1 Function h(n)

If n > 2 is an integer, let us define h(n) as the greatest product of a family
of primes g1 < g2 < ... < g; the sum of which does not exceed n.

Let ¢ be the additive function such that ¢(p®) = p® for p prime and
a > 1. In other words, if the standard factorization of M into primes is
M =qi'¢5? ... q?j, we have (M) = ¢ +¢5% +. .. —i—q;xj and /(1) = 0. Note
that £(n) is sequence A008475 in OEIS (cf. [12]). If u denotes the Mdbius
function, h(n) can also be defined as

(1.1) h(n) = Z(IJ]\}?)S(TL M.
n(M)70

Note that

(1.2) l(h(n)) <n.

From the uniqueness of the factorization of h(n) into primes, the maximum
in (1.1) is attained at only one point. It is convenient to set

h(0) = h(1) = 1.

*Research partially supported by CNRS, Institut Camille Jordan, UMR 5208.



(h(n))n>1 is sequence A159685 of [12]. A table of the 50 first values of h(n) is
given at the end of the paper. A larger table may be found on the authors’s
web sites [2, 10].

In [9], Landau has introduced the function g(n) as the maximal order of
an element in the symmetric group &,,; he has shown that

1. = M.
(1.3) g9(n) P

The introductions of [5] and [3] recall the main properties of Landau’s func-
tion g(n) which is mentioned as entry A002809 in [12]. From (1.1) and (1.3),
it follows that

(1.4) h(n) < g(n), (n>0).

In this article, we shall give some properties of h(n) and describe an
algorithm able to calculate h(n) for any n up to 10%°.

1.2 Notation

e We denote by N the set of non-negative integers.
e The symbol p will always denote a prime number.

e For every arithmetic function f : N — C, we define

(1.5) mp@)= Y fp)

p<z, p prime

e In particular, for f(n) = 1, we will note, as usual 7(x) = m(z) the
number of primes up to x.

e For f(n) =n we define

(1.6) ma(®)= >, P

p<z, p prime

e We denote by p; the j-th prime and we set o9 = 0, Nyp = 1 and, for
J =1,

(1.7) oj =map;) =p1+p2+-..+p;,  Nj=pp2...p;.
In §3, for all j > 1, we shall prove that h(c;) = N;.

e If m is an integer, we denote by (m)* the smallest prime p satisfying
p > m and, if m > 2, by *(m) the largest prime p satisfying p < m.

e Pt(m) (resp. P~(m)) will denote the largest (resp. smallest) prime
factor of m > 2. It is convenient to set PT(1) = —oo, P~ (1) = +o0.



e w(n) is the number of distinct prime factors of n and Q(n) the num-
ber of prime factors of n, counted with multiplicity. p(n) is Mobius’s
function.

e for x > 1, we denote by logz the natural logarithm of x and by
loglog x = log(log x) the iterated logarithm of x.

e Li is the integral logarithm defined for > 1 by

1= logm)
Li(z) = i — = log1
@ = g [+, g = owlons + X

n>1

where v is Euler’s constant.

1.3 Functions h;(n)
For n > 0, let k = k(n) be the non-negative integer defined by
(1.8) o = Tia(Pr) <N < Tig(Prt1) = k1.

It is the maximal number of prime factors of h(n). For 0 < j < k = k(n),
let us set

(1.9) hj(n) = Z(H]\/IIE;;Cn M
p(M)#0, w(M)=j

where w(M) is the number of prime factors of M. For n > 0, we have
(1.10) ho(n) =1

while, for n > 2, we have

(1.11) hi(n) =*(n) > 2.
Note that
(1.12) l(hj(n)) < n.

In §6, we prove that, for all n’s, the sequence hj(n) is increasing on j, so
that

(1.13) h(n) = hg(n), (n>0).

Our proof is not that simple. A possible reason is that this increasingness
relies on the properties of the whole set of primes P. Let P’ be a subset of
P and Np/ the set of integers whose prime factors belong to P’. We may
consider
(1.14) hi(n,P') = max M .

MeNL, Z(M)<n

w(M)#0, w(M)=j
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By choosing P' = {2,3,11,13,17,19,23,...} =P\ {5, 7}, we observe that
ho(24,P') =11-13 =143 > h3(24,P')=2-3-19=114.

In §4, we give an upper bound for hj(n) which will be useful in §6
where our proof of the increasingness of h; is given. In (1.9), h;(n) can be
considered as the solution of a problem of optimization with prime variables.
The upper bound of hj(n) is obtained by relaxing some constraints so that
certain variables are no longer primes, but only integers.

1.4 Elementary computation of i(n) and h;(n)

The naive algorithm described in [5] to compute g(n) can be easily adapted
to calculate h(n) for 1 < n < N. Note that, for the prime factors of h(n),
Corollary 3.1 below furnishes the upper bound

PF(h(n)) < Prin)+1 + Pr(n)+2-

It also can be adapted to compute hj(n). For r > j > 1 and n > o, let us
define

hy) (n) = max M .
PH(M)<pr, ((M)<n
H(M)Z0, w(M)=;

We have the induction relation
r+1 r r
h; )(n) = max(hg. )(n),pr+1h§31(n — Pri1))-

Indeed, either p,4; does not divide hyH)(n), and hgrﬂ)(n) = hy) (n) holds,

or py41 divides h§r+1)(n), and h§r+1)(n) = pr+1hj7;)1(n—pr+1), which implies
n 2= pry1+ 051

Moreover, if p, > n, we have hg-r) (n) = hj(n), AT (n) = N, and hgr) (n) =
*(n) for n < p, while, for n > p,, hgr) (n) = p, holds. So, we may write
algorithm 1, which has been used to calculate the table in appendix. The
merging and pruning method described in [5, §2.2] can be used to improve
the running time.

In §8, a more sophisticated algorithm to calculate h(n) is given. It is

based on a fast method to compute m;q(z), which is explained in § 7.

2 Some lemmas

Lemma 2.1. If m > 2 is an integer, let us denote by (m)* (resp. *(m)) the
smallest (resp. largest) prime p satisfying p > m (resp. p < m). Then

11 7
g * >
(m)* < g and  *(m) > o™

hold.



Algorithm 1 Computation of h;(n) for 2 <n < nmax and 1 < j < k(n)
Procedure ComputeHj(nmax)
r=1; p=py; kmar = k(nmax) PMAT = Pkmaz+1 T Pkmaz—+2
while p < pmax do
for n from o, to nmaxz do
Hir,n] = N,
jmax = min(r — 1, kmazx)
for j from jmax by —1 to 2 do
for n from nmax by —1 to p+0;_1 do
Hj,n]| =max(H[j,n|,p*x H[j — 1,n —p])
for n from p to nmax do
H[17 n] =D
r=r+1; p=pr

Proof. We use the result of [6]: for z > 396738, the interval [z, x + bg w]
contains a prime number. As 396833 is prime, we deduce that, for p; >
396833,

11 10

Di+1 1 1
(2.1) <1+ 5— <1+ 5 < 1.00025 < — < —.
i 25log” p; 251og” 396833 8 7

If m is prime, (m)* = *(m) = m holds, while, if m is not prime, we define
pi by pi < m < pii1; we have (m)* = Pi+1, *(m) = Di
(m)* < Pt _ Pt *(m) S _ PP
m T pi+1l m T piy—1 0 pip
and, if p; > 396833, the result follows from (2.1). Finally, it remains to check
that

Pit1 LE P 7
pi+1 8 Dit1 — 1 10
hold for all p;’s satisfying 2 < p; < 396833. O

Lemma 2.2. Let p < p' be two primes. There exists a third prime p”’
satisfying
(2.2) p+p <p" <pp—p+1.

Proof. Let us show that p” = (p + p/)* satisfies (2.2). By Lemma 2.1, it
suffices to prove that 1—81(1) +p)<pp—p+1,ie

11 19 8
(23) <8————/—|— >>0

+ % < 8and (2.3) holds. Similarly,
1— <+ 19 <8 implies (2.3). In
the three remaining cases, p = 2 an 3, 5 , T}, it is easy to check that
P’ = (p+ p')* satisfies (2.2). n

If p> 3 and p’ > 5, we have %—Fp g
if p=2 and p’ > 11, the inequality

Q—HE|>—‘



Lemma 2.3. Let p and p’' be two prime numbers satisfying 3 < p < p’ and
pp' # 15. There exists a prime p” such that

5
(2.4) p+p <p'< Epp’ —p.

Proof. The proof is similar to the one of the preceding lemma. From Lemma
2.1, to show that p” = (p + p/)* satisfies (2.4), it suffices to show that
%(p—l—p’) < %pp’ —p, i.e. 33/p+57/p" <20, which evidently holds for p > 3
and p’ > 7. O

Lemma 2.4. For all i > 2, the following inequality
(2.5) Di +Pi—1 < P2i—1

holds. Moreover, let b be a positive integer; there exists a positive integer
i9 = io(b) such that we have

(2.6) pi+Ppi-1 <pa—b  fori>ig(b).

The table below gives some values of ig(b)

b=11 2 3
=3 4 7

4 5 6 7 8 9 10 12 13 18 30 3675
8§ 18 19 27 28 36 39 50 53 85 149 33127

Proof. We start from the two inequalities

(2.7) pi < i(logi+loglogi — ), (a=0.9484, i > 39017),

(2.8) pi > i(logi +loglogi—1), (i >2)

which can be found in [7]. From (2.7), it follows that

(2.9) pi—1 +pi < (20 — 1)(logi + loglogi — ), (i > 39018)
while, if ¢ > max(2,b), which implies 2i — b > 2 and ¢ > b, (2.8) gives

2i —b
(2.10) poi—p > (2i — b)(log i + log 2 + log <Z2—> +loglogi —1).
i

By using the inequality logt <t — 1, we get

o (2 2%\ 2\ __ b
B\ 7o )T %%\ %) T 2z T T

and (2.10) yields

(2.11) p2i—p > (2 — b)(logi + loglogi + log2 — 1) — b.



Under the condition
(2.12) i > max(39018, b),
the substraction of (2.9) from (2.11) gives
p2i—b —Pi-1 —pi = (logi+loglogi+log2)(1—b)
+ 2i(log2 — 14+ ) —log2 — «

1.283 i — 1.642
log i + log log i + log 2

(2.13) > (logi+loglogi + log2) [ (b—1)].

Now, the two functions ¢ — t/(logt + loglogt + log2) and ¢ — —1/(logt +
loglogt + log 2) are increasing for ¢ > e2; choosing iy = 39018 and

o |1 1.283 iy — 1.642
N log iy + loglogi; + log 2

(2.14) J = |3675.52...] = 3675
shows that, for ¢ > 4y, (2.12) is satisfied and that in (2.13), the bracket is
positive. Therefore, (2.13) proves p; + pi—1 < p2i—3675 for i > i; = 39018.
To determine the entries of the table, for all i’s up to 39018, we have
calculated b; = 2i — 1 — 7(p; + p;—1) which is the smallest integer such that
Pi—1 + pi < pa2i—p,;. Further, for each b in the table, we have determined io(b)
which is the smallest integer i such that, for ig(b) < i < 39018, b; > b holds.
Asig(1) =3, for all i > 3, p; +pi—1 < p2i—1 holds. So, (2.5) follows from
p2t+p1=3+2=5=p;s. O

Lemma 2.5. Under Riemann hypothesis, for all x > 41 we have
) 5
(2.15) |mia(z) — Li(z?)] < E$3/2 log x.

Proof. Let us define r(z) by m(x) = Li(z) + r(z) and assume the Riemann
hypothesis. Then cf. [11, (6.18)] :

(2.16) |r(z)| = |m(z) — Li(z)| < S%ﬁlog:c (for = > 2657).

Let us denote zp = 2657. Then, from (1.6), Stieltjes’s integral gives :

ma(z) = malzo) + /m t d[m(t)]

0
T

— o) + [ (L) + [ i)

ria(o) + Li(2?) — Li(a2) + tr(p)]7, — / r(t) dt.

Zo

With (2.16), it comes

) ) 32 log z /tlogt
[mia(@) = LiG@?)| < [mia(wo) - Li(ed) — aor(wo)| + 5= +/ S
o



2 2
and, using /\/Zlogt = §t3/2 <10gt — §> ,

) 1
. , T2y < 2372 _ L 32
(217)  |mia(x) — Li(2?)| < Y log x T

1 1
+ ‘Wid(ﬁﬂo) — Li(:cg) — xor(xo)‘ — Exgﬂ log zo + 18—7Tx8/2.
The computation of
r(zg) = m(xg) — Li(zg) = 384 — 399.59681 ... = —15.59681 . ..

mia(mo) — Li(23) = 464653 — 480610.2863... = —15957.2863. ..

and (2.17) imply for x > xo,
‘ﬂid(m) — Li(xQ)‘ < ix3/2 logx — Lx3/2 —740.023... < ix3/2 log x.
T 24m 187 T 24m

which proves (2.15) for © > zy = 2657. It remains to check (2.15) for
41 < x < 2657; by setting

) 5
fi(x) = Li(z*) Y logz, fao(x) = Li(z”) + 21 log x,

it is equivalent to check

(2.18) fi(@) < mia(z) < fa(2)

for 41 < z < 2657. One remarks that f; and f2 are increasing for x > 2.
Therefore, to prove (2.18), it suffices to check that for every prime p satisfying
41 < p < 2657 we have fi1(p') < mg(x) < fo(p) where p’ is the prime
following p. O

Note that, in the range [2..2657], m;q(x) — Li(2?) has several changes of
sign, the smallest one being for x = 110.35. ..

Lemma 2.6. Let z and u be two real numbers satisfying z > 1 and /z <
u < z. Suppose that we have precomputed the tables prime, piftab and pi.
The first two tables are indexed by the integers k, 0 < k < w(u), and the
third one by the integers t, 0 <t < wu.

e prime[k] contains py (po =1).
e piftab[k| contains 7¢(py).

e pift] contains w(t).



Then the sum
z
(2.19) > sam ()
Vvz<q<u, q prime
may be computed in O(\/z/log z) time.

Proof. For q > +/z, z/q belongs to [1, y/z). The number of primes in this
interval is O(+/z/ log z), thus the number of values of m¢(z/q) is O(v/z/ log z).
We group the ¢’s for which 7¢(z/q) takes the same value. Algorithm 2 carries
out this computation.

Algorithm 2 : Computation of the sum (2.19) in O(v/z/log z) time
S =0; imin =1+ pi[|/z]]
while imin < pifu] do
q = primel[imin]
s = pilz/d]
imax = min(pi(z/ prime[s]), pi[u])
S = S + (piftablimazx| — piftab[imin — 1])  piftab[s]
vmin = imax + 1
return S

Let us give some words to convince of the correctness of algorithm 2 : let
us note s = m(z/q). Then py is the largest prime < z/q. For ¢ prime, ¢’ > g,
we have ms(z/q") = m¢(ps) = piftab[s] if and only if z/¢" > ps ie. ¢ < z/ps,
in other terms, m(q') < m(z/ps). Thus the largest prime ¢’ in the range [q..u]
such that m¢(z/¢") = 7¢(ps) is p; where i = min(n(z/ps), 7(u)). O

3 First results

Proposition 3.1. Let j be a positive integer and o; and N; be defined by
(1.7). We have
h(O’j) = Nj.

Proof. 1t is easy to see that h(o1) = h(2) =2 = Nj and h(oz) = h(5) =6 =
Ny. Now, we may suppose that j > 3, i.e. p; > 5 and we set p = p;/log p;.
The function ¢ — t/logt is increasing for ¢t > e and, since 2/log2 < 5/ log 5,
we have, for 1 < i < j, p;/logp; < p and for i > j, p;/logp; > p; in other
words, i — j and p;/logp; — p have the same sign.

Let M be a product of r distinct primes, M = Q1Q2 ... Q,, with r > 0.
After a possible simplification by s primes (0 < s < min(j, 7)), we may write

% _ PiPjs - - - Pju

N DPiyDky - - - Dy



withu=r—s,v=4j—s and

Py < DPky < .o <Pk, S DPj <Pji < Djp < -v. < Djy-

Let f(M) = ¢(M) — plog M. From the definition of ¢, the function f is
additive and we have

u v
(31)  f(M) = f(N;) = (pj — plogp;.) = > _(Pk, — plogpk,) > 0

i=1 i=1
since each term of the first sum is non-negative while, in the second sum,
each term is non-positive.

From (1.1), since {(N;) = o, in order to prove that h(o;) = N;, we must

show that, for all squarefree number M satisfying {(M) < o; = ¢(N;), we
have M < Nj;. But, for such an M, (3.1) yields

f(M) = UM) — plog M > f(N;) = £(N;) — plog Nj = 0j — plog N;

N;j p

which completes the proof of Proposition 3.1. U

whence

Proposition 3.2. Let r and j be two positive integers and oj, N; and h; be
defined by (1.7) and (1.9). We have

(3.2) hj(0jir — 0r) = Njpr /Ny = pry1iDra2 - - - Dryy-
Moreover, if n > oj4, — 0, we have

(3.3) U(h;(n)) = oj4r — 07

Proof. The proof is similar to the one of Proposition 3.1. Let us set

(3.4) p=—2r TP and = plogp, — pr.

B log (pj-i-r /pr)

Since, for t # 1, (t — 1)/t < logt <t — 1 holds, we have p;, > p > p, > 2.
For a squarefree number M, we consider the additive function

F(M) = €M) = plog M + plw(M) =" f(P) = (p—plogp+p').
p|M p|M

We will prove that f attains its minimum in N = Njy,/N,. From (3.4),
it follows that f(pj4r) = f(pr) = 0 and the study of the function ¢ —
t — plogt+ p’ shows that

>0 forp<p,orp>pj
fp)§<0 forp, <p<pjis
=0 forp=p, orp=pj.

10



Therefore, we have

35)  fAM)—fN)= > f- >, f)=0.
p|M M
P <prOrp>pjir Pr <p <Pjtr

From (1.9), we have to show that, for any squarefree integer M satisfying
{(M) < 0j4p —op = 4(N) and w(M) = j = w(N), we have M < N. For
such an M, (3.5) gives

{(M) — plog M + p'w(M) > ¢(N) — plog N + p'w(N)

yielding
N p

which, together with ¢(N) = 04, — 0., proves (3.2).
To prove (3.3), first, from (1.9), we observe that hj(n) > N = N;i,/N;.
Setting M = h;(n) in (3.5) and noting that w(M) = w(N) = j, we see that

(M) > U(N) + plog Tt > £(N) = 0j1r — 0,

which proves (3.3). O

Proposition 3.3. Let n > 2 be an integer and p < p' two prime numbers
which do not divide h(n). Then the largest prime divisor PT(h(n)) of h(n)
satisfies

PT(h(n)) <p+7p.

Proof. Let us assume that the set of prime factors of hA(n) not smaller than
p + p’ is not empty and let ¢ > p + p’ be its smallest element.

e If ¢ < pp/, by setting M = ’%h(n), we have by (1.2)

(M) =p+p —q+(h(n)) < l(h(n)) <n

and thus, from (1.1),
(3.6) h(n) > M =2 h(n),

in contradiction with ¢ < pp'.

o If ¢ > pp/,ie. ¢ >pp + 1, by Lemma 2.2, the interval [p + p',q — p]
contains a prime; thus the prime p” = *(¢ — p) satisfies p+p’ < p” <
q —p < q and, from the definition of ¢, p” does not divide h(n). By
Lemma 2.1, p”" =*(q — p) > 1—70(q — p) holds, whence

10 , pp” (10 7
QS7P +P:7 ;4‘27 .

11



We have p > 2, p' > 3and p” > p+p/ > 5,50 that 2+ 5 < P41 <7,

yielding ¢ < pp”. By considering M = I%Nh(n), as in (3.6), we get

h(n) > M = Z%”h(n) > h(n),

a contradiction.
O

Corollary 3.1. If k = k(n) is defined by (1.8), the largest prime factor of
h(n) satisfies
P*(h(n)) < prs1 + Prsa-

Proof. The number of prime factors of h(n) does not exceed k, so that,

among pi,p2, ..., Prr2 there are certainly two prime numbers p and p’ not
dividing h(n). By applying Proposition 3.3, we get P*(h(n)) < p+p <
Pk4+1 + P2 O

Proposition 3.4. Let n > 5 be an integer, k > 2 be defined by (1.8) and
j an integer satisfying 2 < j < k. Let us supose that there exists two
prime numbers, p,p’ not dividing hj_1(n), and satisfying 3 < p < p’ and
PT(hj_1(n)) > p+ p where PT(hj_1(n)) is the largest prime divisor of
hj—1(n). Then the inequality

hi(n) > Shy1(n)

holds.

Proof. Let us consider two cases :

Case 1: pp’ > 15. Let us denote by ¢ < P (h;_1(n)) the smallest prime
dividing h;_1(n) and satisfying p + p’ < q.

5 /
e Ifg < Epp', we set M = @hj_l(n); we have w(M) = j and (M) =

q
p+p —q+l(hj—1(n)) < £(hj_1(n)) so that, from (1.12), {(M) < n
holds and (1.9) yields

6
(3.7) hj(n) > M > 3hj_1(n)
as required.

5)
o Ifg > Epp’, we set p” =*(¢—p); from Lemma 2.3, p+p' <p" < q—p<
¢ holds, and, from the definition of ¢, p” does not divide h;_1(n).

12



By Lemma 2.1, we get p”" =*(q — p) > 1—70(q — p), which implies

10 ,, pp” (10 7
QS7P +P:7 ?4‘? .

But p >3, p/ > 7, p" > p+p > 10, thus p” > 11, and 22 + 5 <

% + 1—71 < %, yielding ¢ < %pp”. By setting M = pznhj_l(n), as in
(3.7), we get hj(n) > M > ghj,l(n).

Case2: p=3,p =5.

e If PT(h;_1(n)) < 13, which implies n < 7;4(13) = 41, examining the
table of Fig. 1 shows that, for n < 41, we have h;(n) > h;_1(n) with
equality if and only if h;_1(n) =5, 35, 385 or 5005.

o If P™(hj_1(n)) > 17, and 11 does not divide P*(hj_1(n)), then we
apply case 1 with p = 3, p/ = 11, while, if 11 divides P*(h;_1(n)),

3-5 6
hj(n) > Thj,l(n) > ghjfl(n) holds.
4 Bounding h;(n)

Proposition 4.1. Let j > 1 and n > o (where o; has been introduced in
(1.7)) be two integers; we define r > 0 by

(41) Ojtr — Op <n< Oj4r+1 — Or41
and n’ by
(4.2) 0<n'=n—(0j4r —0r) <Pjtrt1 = Pri1-

Then we have

Pjtrt1 Nijtri1
4.3 hin) < Pra1Prag .- Prij = .
( ) ]( ) T4 T4 r+7 pj+r+1 _ 7,L/ Nr(pj+r+1 o n/)

Proof. From its definition (1.9), h;(n) is a product of j primes. Let us denote
by Ai,As, ..., Ay, (with 0 < u < j) its prime factors exceeding pj4,41 and
by Bi, Ba, ... Brii4y the primes < pjy,41 and not dividing h;(n); we have

Njyr14142.. Ay

4.4 hi(n) =
(44) i) B1Bs...Bryi4u

(where the product A;As ... A, should be replaced by 1 when v = 0) and

(4.5) 2<B1 <...<Brj144 < Pjtr+1 < Dj+tr42 <A <...< A,

13



Further, let us introduce v = £(h;(n)); by (1.12) and (4.1), we have
(4.6) V<N < Ojirqpl — Orgl

and it follows from Proposition 3.2, (3.3), that

(4.7 v=1~»(hjn)) > ojir — op.

Moreover, (4.4) implies

T

(4.8) v =L(hj(n)) = ojpry1—0r+ Y _(Ai—Brp1yi) = > _(Bi—pi) = Bry1.

i=1 i=1
Now, we consider the optimization problem (where v, r,u, Ay, A, ..., Ay
are fixed)
B A1Ay . A,
(4.9) M = ax i3

where D is a subset of N'H1+u 7 — (Z1,Z2, ... Zrsitu),

f(Z)=212Z> ... Zr 144

and the set D is defined by

(410) Z; > pi, (1 SZST’—Fl),

(4.11) Z; < Zr+1, (1 <1< 7“),

(412) Zpi1l < Zpg14+i < Ai, (1 <1 < u)

and

(4.13) U(Z) = R(Z) = Zrs1 + Ojiri1 —0p =1

with

(4.14) UZ)=> (Ai—Zri1y),  RZ) =) (Zi—p).
i=1 i=1

Note that, from (4.5) and (4.8), B € D so that (4.4) implies

h(n) AlAQAu A1A2Au
415 AL < M = max 2122 Lu
o) Noa T T Im M T o

If Z € D, from (4.10), (4.11) and (4.12), it follows that

2=p1 < Zi < Ay, 1<i<r+1+u

14



so that f(Z) does not vanish on D and D is finite. Therefore, the maximum
M defined by (4.9) is finite; let C be a point in D where the maximum M
is attained. We shall prove that

(4.16) U(C) = R(C) = 0.

For that, first we claim that one of the two numbers U(C), R(C) vanishes.
Indeed, assume that U(C) # 0 and R(C) # 0. From (4.10), we have R(C) >
0; thus there exists ig, 1 < ig < r, such that

(4.17) Ciy 2> Dip +1 > piy-

Similarly, from (4.12), we have U(C) > 0, and there exists i;, 1 < i3 < u
such that

(418) Ail > Ai1 —1> CT+1+i1'
Let us define ' € N'+1+¢ by
Cl,=Ciy—1, Cl 145, =Cry1qi, + 1, C{ = C; fori #io,r+ 1+ i1.

To prove that C' € D, we have to check that C{O > pi, (which follows from
(4.17)), that Cj < Crq1 (which follows from C = Cj, — 1 < Cpy1 — 1),
that Cr41 < C h1gq, (since Cryr < Cryrggy and Cri1+i, = C!

r4+1+i1 )
that C/ < A;, (which follows from (4.18)) and that U(C’) — REC") =
1).

U(C) IE(E) (_Whlch follows from U(C") = U(C)—1 and R(C’) = R(C) —

Further, we have

f(Q/) _ CZIOC7l"+1+Z1 _ (Cl'o - 1)(CT+1+i1 + 1)
f(Q) CZOCT+1+11 CiQCT+1+i1
(Cri1qiy — Cip +1)
4.19 = 1- <1
(4.19) CioCri144,

since, from the definition of D (cf. (4.11) and (4.12)), Cj, < Cr1 < Cri144,
holds. But (4.19) contradicts the fact that the maximum in (4.9) is attained
at C.

Let us show now that it is impossible to have simultaneously U(C) > 0
and R(C) = 0; indeed, let us assume that U(C) > 1 and R(C) = 0 (which
implies 7 = 0 or C; = p; for 1 < i < r). We define i; as in (4.18). Since
C €D, we get from (4.13)

Cr1=0j4r+1 —0r =V + U(C) = (0j4r4+1 — Ory1 — V) + prp1 + U(C)
which, by (4.6) and U(C) > 1, yield

(420) Cr+1 > Pr41 + U(Q) > Dr+1 + 1.

15



We define ¢’ € N"H1+¢ by
7I’+1 = Cr-i-l -1, C;+1+i1 =Cry144q, T 1, Czl =C; fori#r+1,r+1+1.

To prove that C' € D, we have to check that C/ > p; for 1 < i < r+1
(which follows from C! = C; = p; if i < r and from (4.20) if ¢ = r + 1),
that C/ < C) . for 1 < i < r (which follows from C} = C; = p; < p, and
from C) | = Cry1 — 1> pry1, via(4.20)), that C), < C, ;. for 1 <i<u
(which follows from C},; < Cryqand C) 1 ; > Cry1yy), that C ;< Ay
(which follows from (4.18)) and that U(C") — C},; = U(C) — Cr41) (which
is easy). Asin (4.19), we have f(C’') < f(C), contradicting the fact that the
maximum in (4.9) is attained at C.

To prove (4.16), it remains to show that we cannot have R(C) > 0 and
U(C) = 0. Let us suppose that R(C) > 1 and U(C) = 0, which implies

u=0or, for 1 <i<u,

(4.21) Cri1vi = Ai 2 Pjgri2 = Djgrs1 + 2,
with the help of (4.5). From (4.13) and (4.7), this time we get

Crt1=0jtrp1 —0r —v = R(C) < 0jprp1 — 0r — (04 — 0r) — R(C)

(4.22) = Pjtrr1— R(C) < pjr1 — 1.
Here we choose ip as in (4.17) and set
Ci,=Ci,—1,Cl ,=Cr1+1, Ci=C; fori#ig,r+1.

To prove that C' € D, we have to check that C’Zf0 > pi, (which follows
from (4.17)), that C],; > pr41 (which follows from C| ; = Cr11 + 1 and
Cry1 > pry1), that, for 1 < i < r, C] < €], (which follows from C] < Cj
and C] | > Cyq1), that, for 1 <i <w, C/ | < Cry144, = Ay (which follows
from (4.21) and (4.22)) and that R(C")+C},; = R(C)+C,41 (which is easy).
As precedingly in (4.19), we observe that f(C’) < f(C), contradicting the
fact that the minimum is attained at C.

In conclusion, we have proved (4.16) so that C; = p; for 1 < i < r and
Cryi14i = A; for 1 <4 < wu. Moreover, (4.6) yields v < n, and, from (4.13)
and (4.2), we get

/
Cri1 =0jpr41 —Op =V 2 Ojgrql — Op =N =Pjipp1] — 1.

Therefore, the maximum M in (4.9) satisfies

M= A1Ay . Ay < 1
p1p2 - - -prCr—l—lAlAQ e Au - p1p2 - - -pr(pj-l-r—l—l - nl)
which, via (4.15), proves (4.3). O
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Proposition 4.2. With the notation of Proposition 4.1 , we have

Njtria Njtri1
4.23 hj(n) > ATt =
( ) ]( ) Nr(pj-i-r—i—l —n/)* qNy
where ¢ = (pjyr+1 — n')* is the smallest prime satisfying ¢ > pjyr+1 — 1.

Proof. From (4.2), we have p,11 < pjqrt1 — 7' < pjip41 which implies
Pr+1 < ¢ < Pjgri1 so that M = Nji,1/(gN,) is an integer with exactly j
prime factors. Further, by (4.2), we have

K(M) =0j4r4+1 —0pr — (¢ < Oj+r+1 — Op — (pj+7"+1 - n,) =n
and, by (1.9), h;(n) > M holds. O

Corollary 4.1. We keep the notation of Proposition 4.1; if ¢ = pjtr41 — 1
s prime then

N,
(4.24) hij(n) = hj(oj4rs1 — 00 — q) = 2L

qN;
Proof. Corollary 4.1 follows from Propositions 4.1 and 4.2. O

5 A parity phenomenon

Proposition 5.1. Let k > 2 be an integer and a be an even number satisfying
4 <a < pgy1 and hy defined by (1.9). We have

(5.1) hi(og+1 —a) = hg(ogs1 —a — 1).
Proof. Since n — hy(n) in non-decreasing, we have
(5.2) hi(og+1 —a) > hi(ogs1 —a — 1).

Let us set n = 011 — a and note that n satisfies o, < n < op41 so that,
from (1.8), k = k(n) = k(n — 1). Let M be a positive squarefree integer
such that ¢(M) < n and w(M) = k. Such a number M is even; if not, we
would have (M) > 3+ 5+ ...+ prr1 = 0k41 — 2 in contradiction with
(M) <n=o0ks1 —a< ok —4. Therefore, £(M) is the sum of 2 and k£ — 1
odd numbers, so that (M) = o) = 041+ 1 = 0g41 —a— 1 (mod 2). So,
¢(M) cannot be equal to o1 —a and ¢(M) < og+1 —a — 1 holds. Thus,
from (1.9), we get hy (o1 —a) < hg(ok+1 —a—1), which, with (5.2), proves
(5.1). O

Proposition 5.2. Let k be an integer, k > 2, and q a prime number satis-

fying 3 < q < p. By setting m = o1 — q— 1, we have

Net1

(5.3) hg—1(m) = hp—1(m — 1) = hp—1(oh41 —q —2) = 2
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Proof. From the table of Figure 1, we have hi(6) = hi(5) = 5, ho(11) =
h2(10) = 21 and h2(13) = h2(12) = 35 so that the proposition is true for
k=2,g=3and for k=3 and ¢ = 3 or 5. So, from now on, we assume
k > 4. Corollary 4.1 with j = k—1, r = 1 implies hy_1(m —1) = Ni11/(2q)
and, since n +— hy_1(n) is non-decreasing, it follows that

N1

(5.4) hkfl(m) Z hkfl(m — 1) = 2(]

Let M be a positive squarefree integer satisfying ¢(M) < m and w(M) =
k — 1. In view of (5.4) and (1.9), to prove that hx_1(m) = Nii1/(2q), it
suffices to show that

Nit1

5.5 M <

If M is odd, ¢(M) is the sum of k — 1 odd numbers, which implies
((M)=o0r =01 —q=m+1 (mod 2).

So, £(M) cannot be equal to m; since, by (1.9), £(M) < m holds, we should
have (M) < m — 1; therefore, from (1.9), we get

Nep1

(56) M < hkfl(m — 1) = 2q

If M is even, we have w(M/2) = k — 2 and ¢(M/2) < m — 2, so that
(5.7) M < 2hj_o(m — 2).

e [f ¢ > 11, since we have assumed k > 4, i.e. ppy1 > 11, we have

or—5<m—-2=0p41 —q—3 < 0opy1 — 14 < o1 — 10.

By Proposition 4.1 with j = k=2, r =2, n=m—-2,n' = n—(or—02) =
Pk+1 — ¢+ 2, we get

N1
6(¢ —2)

hg—2(m —2) <

which, by (5.7), gives

(5.8) M < Niri _ Neyr g <Nk+IE<Nk+1‘
' “3(g—2 3¢ ¢—2~ 3¢ 9 2q

e If g € {3,5,7}, since k > 4 and piy2 > pg = 13, we have

Op1—10<m—-2=0p41 —q—3< 041 —6 < opyoa—17.

18



and Proposition 4.1 with j = k-2, r =3, n = m — 2 and n' =
n — (og+1 — 10) = 7 — q yields

Nito
5.9 hip_o(m —2) < .
(5.9) -2l )< 30(pky2+q—T7)

Using ¢ < 7, k > 4 and prio > pg = 13 gives

Nii2  Nky1 o prye < Nep 13
30(pry2 +q— 1) 30 preo+q—7" 30 ¢+6
13Nk1 g 13Ngyr 7 - N1
30¢ g+6— 30q 13 4q

which, together with (5.7) and (5.9), proves
Nit1

5.10 M < —-

(5.10) =

Inequalities (5.6), (5.8) and (5.10) prove that (5.5) holds, which, with
(5.4), completes the proof of (5.3).

O
Proposition 5.3. Let k be a positive integer and m = opy1 — 1; we have

Nig1

(5.11) hk(m) :hk(m—l) :hk(ak+1_2) = B

Proof. 1t is the same proof than for Proposition 5.2. By Proposition 3.2 with
7 =k and r =1, we have

Niy1

() > hie(m — 1) = =&

Further, let M be a positive integer satisfying /(M) < m and w(M) = k. If
M is odd, by the parity phenomenon, we have ¢(M) = m — 1 (mod 2) so
that /(M) <m —1and M < hxy(m —1) = % If M is even, we have
M < 2hp_q(og41 — 3) and, if £ > 2, i.e. pryo > 7, Proposition 4.1 with

j=k—1,r=2n=o0p —3,n =2, yields

M <2 Niv2  Niq1 Preo < TNgy1 _ Npgr
6(prt2 —2) 3 Ptz — 2 15 2
If k=1, it is easy to check that (5.11) still holds. O
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6 The increasingness of h;(n) on j

Theorem 6.1. Let n > 2 be an integer and k = k(n) be defined by (1.8);
for j satisfying 1 < j < k, we have

)
(6.1) hj-1(n) < hj(n)

and (6.1) is an equality if and only if j = k(n) > 2 and n = 041 — 4 or
n = Uj+1 — 5.

.

Proof. If j =1, it follows from (1.10) and (1.11) that ho(n) = 1, hi(n) =
*(n) > 2 and ho(n)/h1(n) < 1/2 < 5/6, which proves (6.1). So, from now
on, we assume j > 2.

The sequence (0j4, — 0y)r>0 is increasing and goes to infinity. So, we
may define r; > 0 and n; by

(6.2) Ojtr; = Or; SN < Ojpr;41 — Orypl
and
(6.3) n; =n—(0j1r;, — 0r,)-

We shall consider four cases : r; < j—4,r; >j+3,j-3<r; <j+2and
J=>25,7—-3<r;<j+2andj <24

First case : r; < j—4

From (2.5) and our hypothesis j > r; + 4, we deduce

(6.4) Pri+1 + Prj42 < P2rj4+3 < Djtr; < Djtrj+1
and
(6.5) Drj+2 + Drj+3 < D2rj+5 < Djtr+2-

Let us set From (6.2), we get
(66) 0 < n; =n-— (Uj+Tj - UT’j) < pj+Tj+1 - p?"j+1
and applying Proposition 4.2 yield

Njtri+1 Nj+r'+1
6.7 hj(n) > =220 = . :
( ) ]( )2 quj Nrj (pj—i—rj—i—l - n;)*

In view of bounding h;j_1(n), we have to determine r;_; such that
(6.8) Oj1trj_y = Orjoy SN < 0jpr; ;= Or;_1 41

We shall distinguish two sub cases.
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Sub case one, rj_; =7; +1
Let us asume that
(6.9) Ojtr; = Op; SN < Ojgrj 41 — Opj42-
i.e. from (6.3),
(6.10) 0<nf=n—(0jrr; = 0r;) < Pjtry41 = Prjt1 = Pry+2.
Note that, from (6.4), the right hand side of (6.10) is positive. Then, we
have r;_1 = r; + 1 since, from (6.9),

O(j=1)+(rj+1) = T4l = Ojr; = Orjd < Ojgry = Ory ST

< Ojtrj+1 = Orj42 = O(j—1)+(rj+1)+1 ~ O(rj+1)+1

holds. Via (6.3), this implies that

;o def , _ . _
nj_1=—mn=— (0-]*1+ij1 - 0-7"]'—1) =N = Oj4tr; + Orj+1 = 1 + Prj+1-

Applying Proposition 4.1 and noting that j — 1 +7;_1 = j + r; yield

h (TL) < Nj_1+7‘j—1+1 _ Nj+7’j+1
j—1 = 7 - 7 ’
Nrj—l(pj*1+7'j71+1 - ”j_1) Nrj+1(Pj+rj+1 -—n; - perrl)

By using (6.7), we get
(n) < (Pjtrjr1 — ”9)*

h_] 1 ]
hi(n) = pr41(Pjgrs+1 — n; — Prj+1)

(6.11)

From (6.6), we have pj,, 41 — n; > prj+1 = p1 = 2, so that we may apply
Lemma 2.1 which, with the help of (6.11) and (6.10), yields

hjfl(n) < 11 14 prj+1 < E < 1 n 1 > ‘
h](n) N 8p7‘j+1 Pjtrj+1 — n; — DPrj+1 8 Pri+1  Prj+2

Ifr;>1, 41 (; + 1 ) <4 (3+ 1) < 2, which proves (6.1).

prj +1 p'rj +2

It remains to consider the case r; = 0, which, from (6.9) and (1.8), implies
0j <n<ojp1 and k(n) = j.

(6.10) becomes 0 < n’; =n—o0; < p;j+1—>5 and, by setting a = pj1 —nj,
we get

(6.12) 5<a=pj1—n;=pj1+0j—n=051—n<pit

while (6.11) yields

(6.13)



11 11 1112 9
By Lemma 2.1, (a)* < 5 holds, and, for a > 12, — ¢ <

6a—2 1610 ~ 6
which, via (6.13), proves (6.1).
Since, from (6.12), a > 5, it remains to study the cases 6 < a < 11. If
*
5
a=17,9,10,11, it is easy to check that % < 5

If a = 6 or a =8, by Proposition 5.1, (6.12) and (4.23) we have

Njt1

hyj(n) = hj(0541 = a) = hj(oj —a—1) = hj(n —1) > Z==ns

while, by Proposition 5.2, since a — 1 is prime, we get

Njt1
hj-1(n) = hj_1(n—1) = ﬁ
yielding
hjfl(n) o hjfl(n — 1) < (a + 1)* o 7/10 ifa=6
hij(n) — hij(n—1) ~ 2(a-1) |11/14 ifa=38

hj-1(n)
hj(n)

and, in both cases,

< % holds, which proves (6.1).
Sub case two, r;_1 = r; + 2
Now, we asume that (6.2) holds but not (6.9); thus we have
(6.14) Ojirj+1 = Opj12 SN < Ojgr,41 — Opj41
and, from (6.5),
(6.15) Djtrj+1 — Prj+1 — Prj+2 <G < Djgrj41 — Drjt1-
Here, we get rj_1 = r; + 2, since we have
Oj—14rj42 — Orj42 SN < Ojqpj41 — Opj41 < Ojpr;42 — Opj43

by observing that, from (6.5),

Ojtri+2 — Ori43 — (Ojar;41 — Orj11) = Pjgr;42 — Prj42 — Pry43 > 0

holds. Now, we have

0< ”;‘—1 = n- (Uj—1+rj,1 - Urj,l) =N = Ojtrj+1 T Op;j42
ng + Ojr; = O = Ojgrj+1 + Op 42 from (6.6)
(6.16) = 0= Pjtre1 + eyt Prjr2 < Drjio from (6.15)
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and applying Proposition 4.1 gives

N 14 1 Nty 1o
hjil(n) S J +r]—1+ _ ]+7"J+

Nrjfl(pjfl‘f’rj—l‘i’l - n;71) Nrj+2(Pj+rj+2 - n;'q)

while Proposition 4.2 yields

Nj+Tj+1 .
/
NT’J‘ (pj+7'j+1 - nj)*

hj(n) >
We set a = pjir;41 — 1 and A = pjip 9 — P41 — Pry42 S0 that (6.16)
allows to write pji,+2 — n9_1 = A + a, and we have

hj-1(n) _ Pitri42 - (@)"
hj(n) = pritipri42 Ata

(6.17)

(6.16) can be rewritten as

(6.18) 2=p1 <Prj41 <@ =Pjyrr1 — M5 < D1 + Drjtae

Lemma 2.1 implies (a)* < 11a/8 and, by (6.4), A > 0 holds, so that the
homographic function ¢ — t/(A+t) is increasing. From (6.18), we thus have

a_ __ Prj+l +DPr+2  Pryt1tPriy2
A4a ™ A+prjt1+Dprjt2 Dj+r;+2
Therefore, we get
hj—1(n) < U prj+1 +Prj42 11 < 1 N 1 >
hj(n) = 8 prj11Pr42 8 \Prj41  DPrjt2

which is smaller than g if r; > 1.
It remains to consider the case r; = 0,7;_1 = 2. Formula (6.17) becomes
hj-1(n) _ pjv2_ (0)*
h](n) I §) pj+2—5+a
while (6.18) via (6.3) becomes

(6.19)

I

(6.20) 2 <a=pjt1—n;

0'j+1—’I’L§5.

Since j > 2 holds, note that (6.20) implies 0; <0ojp1—5<n< o4 — 2,
which shows from (1.8) that k(n) = j.

o Ifa= 5? since n = O'j+1—(l = 0']-+1—5, by COI‘OH&I‘Y 4.1 withr = ’I“j =0
and ¢ = 5, we get h;j(n) = N;11/5, while Proposition 3.2 gives

N; N;
hj-1(0j41 —5) = hj-1(0j11 — 02) = ]%—Zl = ]TH

Therefore, hj_1(0j4+1 —5)/hj(0j4+1 —5) = 5/6.
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e If a = 4, by Proposition 5.1, we get hj(cj1 —4) = hj(0j41 — 5) and,
by Proposition 5.2, hj_i(0j+1 —4) = hj—1(0j4+1 — 5) so that
hi-1(je1—=4) _ hj1(0j41=5) 5

hi(ojr1—4)  hi(oj—5) 6

e If a = 3, Formula (6.19) becomes

hj—1(n) _ _ pj+o
hj(n) = 2(pj+2 —2)

since pjio > ps =T.

| Ut

<7<
— 10

Second case : r; > j+3

From (6.2), we deduce n > 0jir; — 0pjp1 = O(i—1)4(rj+1) — O(r;41) and
Proposition 3.2, (3.3), implies

(621) f(hjfl(n)) > O'jJrr]. — Jrj+1-

Let us now show that
def
(6.22) g == P*(hj-1(n)) = pjtr,.

Indeed, if ¢ < pjr;—1 holds, since hj—1(n) has j—1 prime factors, we should
have

lhj—1(n)) < Pjrr;—1+DPjrr2+ . D11
< Pjt+r; T Pj4r;—1+ oo+ Drjq2 = Ojir; — Orjq1

which would contradict (6.21).

Further, among the j + 1 primes py = 3,ps,...,pjy2, there are certainly
two primes p and p’ not dividing h;j_1(n) and satisfying 3 < p < p’ < pjia.
By Lemma 2.4, (2.5), and (6.22), we get

(623) p+ p’ < Dj+1 + Pj+2 < D25+3 < Dj+r; <gqg= P+(h]_1(n))
hj— 5
and, applying Proposition 3.4 proves —~ 1(n) < 2
hj(n) 6

Third case : j —3<r;<j+2and j>25

The proof is the same than for the second case; only, in (6.23), instead of
(2.5), we use (2.6) withb=7,i=75+2>27:

p+0 <pjr1+pjve < p2j—3 < Pjtr; < q =P (hj—1(n)).
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Fourth case: j—3<r;<j+2and j <24
Here, we have r; < j +2 < 26 and, from (6.2), we get
n < Ojtri+1 < o551 = 5350.

So, for k <50, 0, <n < ox41 and 1 < j < k, we have computed h;(n) with
the algorithm described in Section 1.4 and we have checked that, for j > 2,

hj—1(n) _ 5
hj(n) -6

always holds, with equality if and only if j = k(n) and n = 0j41 — 4 or
n=0oj4+1 — 5. O
Corollary 6.1. For all non-negative integer n > 2, we have
(6.24) h(n) = hg(n)
where k = k(n) is defined by (1.8).
Proof. From (1.1) and (1.9) we have

hln) =  nax, hi)

and Theorem 6.1 yields ho(n) < h1(n) <... < hym)(n). O

7 Computation of 7s(x)

Let f be an arithmetic function, i.e a function defined on positive integers.
The simplest way to compute 7y(x) defined in (1.5) is to generate the primes
up to x by Eratosthenes’s sieve, which is too expensive for large values of x.

Definition 7.1. An arithmetic function f is said to be completely multi-
plicative if f(ab) = f(a)f(b) for all a and b. If f # 0, this implies f(1) = 1.

Following ideas of the german astronomer Meissel, Lagarias, Miller and

2/3
Odlyzko gave in [8] an algorithm that computes 7(z) with a cost O < l:c ) .
ogx
In this work they also remark that their algorithm allows to compute m¢(x)
for every completely multiplicative arithmetic function f.

This method has been improved in [4] to compute m(z) with a cost

2/3

x

0 (1—2 , provided that all the arithmetic operations on integers are of
0g- x

constant cost O(1), not depending on the size of the operands. We show

here that this improved algorithm may be used to compute 7s(x) whith
2/3

a cost which is still O , for a large subset of the set of completely

log? z
multiplicative arithmetic functions. More precisely we have the proposition :
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Proposition 7.1. Let f be a completely multiplicative arithmetic function
with integer values. Let F' be the summatory function of f,

(7.1) F@) =3 f(n).

We suppose that all the ordinary arithmetic operations about integers are of
constant cost O(1), and that

1. Each value f(n) may be computed in time O(1), not depending of the
size of n.

2. There is an algorithm computing

(7.2) Soly.2)= ) ”“”f“”}7(£>

n
1<n<y

in time O (ﬂ:z/?’/ log? :U) .

2/3
Then, there is an algorithm computing 7y(x) = Z f(p) in time O< i > .

2
— log” x
p prime

When F(u) can be computed in O(1) time, the second hypothesis is sat-
1sfied.

Remarks :

1. The second hypothesis may seem strange. Let us give a few words of
explanation.

e Our computation of 7y(x) begins by choosing y = O(x1/3+5).
Then we compute Sy = So(y,z) (this is the contribution of ordi-
nary leaves defined in lemma 5.2, equation (9) in [4] and in lemma
7.2, equation (7.14) in this article). Function F' does not appear
elsewhere in the algorithm. Sy being computed, the total cost of

the other computations is O (xQ/ 3 /1log? x) Condition (2) ensures
that our algorithm computes 7¢(x) in time O(9U2/3/log2 x)

e In many cases, F'(u) can be computed in time O(1), then the sum
(7.2) can be computed in time O(y), by precomputing the Mobius
function, so that the second hypothesis is satisfied.

2. In Proposition 7.1 we restrict ourseves to the case of integer valued
functions. The case of real valued functions is more delicate because
of truncation errors. In [1], Bach and al. have elaborated an algorithm
to compute m¢(x) where f(n) =1/n, and
x = 1801241484456 448000 = 1.8... x 10'.
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Algorithm for 7;(x)

We will describe very briefly our algorithm to compute 7 (), using notations
and formulas which, when replacing f by 1, reduce to the correponding ones
contained in [4].

For b € N, let us define ®(z,b) as the sum of the f(n), for the n's € [1, ]

that subsist after sieving this interval by all primes p1,po, ..., pp,
(7.3)
Z f(n)=F(z) and,forb>1, ®(z,b)= Z f(n)
1<n<zx 1<n<z
o P~ (n)>py

For k> 1 and b > 1, let us set

(7.4) Py(z,b) = > f(n).
1<n<z
Q(n)=k, P~ (n)>p,
so that, from (7.3) and (7.4) we get, for x > 1,
(7.5) O(z,b) =1+ Pi(x,b) + Py(z,b) +
From now on, we choose y € R

(7.6) 2P <y<r andset a=n(y).

We will precise later the best choice for 3, which is closed to z!/3.
Since y > x'/3 equation (7.4) yields Py(x,a) = 0 for k > 3 and (7.5)
becomes
P (x, a) =14+ Pi(z,a) + Pa(x,a).

Since Pj(x,a) Z flp Z fp) =mp(x) —7p(y),

Pa<p<T y<p<z
& 75(@) = @(z,0) + m7(y) — 1 - Palr,a).
Replacing f by 1 (and 7y by 7), formula (7.7) is formula (4) in [4].

7.1 Initialization of the computation: the 2 basis tables

After fixing y, by using Eratosthenes’s sieve, we precompute the table of
primes up to y, and the table of the values 7y(u) for 1 <u <y. The cost of
these initializations is O(yloglogy).

27



7.2 Computation of P(z,a)
Definition (7.4) and the complete multiplicativity of f give

Pyz,a)= Y flpg)= Y. f(®)f(a)

y<p<g<w y<p<g<w
pq<w pq<w
. I . . . . x x
where p and ¢ are primes. The p’s figuring in this sum satisfy p < — < —
q9 Yy

and we get

Py(z,a)= Y flp) Y, fla)

y<p<z/y p<q<z/p
We remark that, for p > /x, the sum on ¢ vanishes. Since, by (7.6), /x < f,
Y
we have
x
Py(z,a)= > flp) Y. flo= > [ (Wf (;) —mi(p - 1)>
y<p<\z p<q<z/p y<p</x
or
T

789 Reao= X 1en (D) - X semne-.

y<p< y<p<Vzm

In the above formula, the values of p are bounded above by /x which is
larger than y. Thus we cannot find these primes p, nor the values 7¢(p — 1)
in the precomputed tables (cf. §7.1), and we generate them using a sieve
of [1, v/z], which we call the auzilliary sieve. The values of z/p lie in the
interval [1, 2/y]. So we will get the values mf(x/p) by an other sieve, the
main sieve. Let us note that the respective sizes of the sieve intervals, \/x
and z/y, are too large to allow a sieve in one pass. Thus the two sieves will
be done by blocks of size y that must be synchronized.

e Initialization: Computation of w, the largest prime < \/z and
of m¢(w). By Eratosthenes’sieve we compute the largest prime w
not exceeding /= and calculate 7y(w). The auxilliary sieve is then
initoalized by putting in the sieve-table the primes p of the block [/z—
y + 1,4/z]. The main sieve is initialized by sieving the first block

[A, B] = [\/E, Vo 4y — 1] . The cost of this phase is O (x1/2 log log x) .

e Computing P(z,a). We use formula (7.8), getting in decreasing
order the primes p € (y,+/x] and the f(p)ms(p — 1) from the auxil-
lary sieve, and getting the values 7¢(x/p) from the main sieve whose
successive blocks will cover in ascending order the interval [\/E, x/ y).

We initialize a variable p with the value w, a variable T" with the value
mf(w) and a variable P, with the value 0. Then, while p > y, we
repeat :
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— substract f(p) from T'. Thus the new value of T is m¢(p — 1).

— Ifz/p > B, while z/p > B we replace the block [A, B] by the next
block [A + y, B + y| and we sieve it. When x/p € [A, B] we get
7f(x/p) in the main sieve table and we add f(p)7s(z/p) — f(p)T
to P2.

— Using the auxilliary sieve, replace p by its predecessor.

The final value of the variable P, is Py(x,a). The first step is negligible in
cost, compared to the second. Thus the computation of Py(z,a) is of total

cost O <E log log y> :
Yy

7.3 Computation of ®(x,a)
The following lemma is proved as lemma 5.1 in [4].

Lemma 7.1. For every u > 0, and for b > 1,

(7.9) ®(u,0) = F(u)

(7.10) B(u,b) = D(u,b— 1) — f(py)® (p%,b - 1)

This relation gives an obvious method for computing ®(x,a). Starting
from the tree with the only node ®(x, a), and applying repeatedly (7.10) we
get a tree whose all nodes, except the root node, are labelled by a formula
of the form

(7.11) um) fm)2 (=)

where b < a—1 and n = 1 or n is a squarefree integer with prime factors

q € {Pot1,---:Pa}-
If we repeat this expansions until all the leaves of the resulting tree are

labelled by formulas z(n) f(n)® (£,0), using (7.9) we get the formula :

n’

(7.12)  @(r,a)= Y u(n)f(n@(%ao): > “(")f(")F<%)

1<n<z 1<n<z
Pt (n)<y Pt(n)<y

which, when f =1 is formula ®(z,a) = Z p(n) L%J (cf. |4, p. 237]).

1<n<zx
Pt (n)<y

The number of terms in (7.12) is much too large. In order to get a sum
with fewer terms we replace the trivial rule

Rule 1 : Ezpand (7.11) using (7.10) if b > 0,
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which leads to (7.12) by the new rule
Rule 2 :  Expand node(7.11) only if b > 0 and n < y.

Expanding the computation tree whith rule 2 instead of rule 1 we get
Lemma 7.2. We have
(7.13) O(x,b) =Sy + S,

where Sy s the contribution of ordinary leaves

(7.14) So=So(y.2) = > wm)f ()@ (5,0) = > puln)f(n)F (%)
1<n<y " 1<n<y
and S, the contribution of special leaves, is

(7.15) S= Y wmfme (S (P () -1)-

n
P () <Y<

This lemma corresponds to lemma (5.2) in [4].

7.3.1 Computation of S,

In the general case, the computation of Sy is done with a cost O(xz/ 3/ log? x)
thanks to the condition 2 in proposition 7.1.
In the case we will consider later in this work, the computation of m;4(z),

1
f(n) =n, thus F(u) = M;] is computed in O(1) time and the compu-
tation of Sp(z,y) is of cost O(y) = 0(:62/3/log2 :U)

7.3.2 Computation of S

In the sum (7.15), let us set n = mp with p = P~ (n). Grouping together all
the n's according to the value of p, we get

(7.16) S=-S @) Y um)fme (i,ﬂp) - 1) -

mp
p<y P~ (m)>p
m<y<mp

The computation of S from (7.16) is the complicate part of the algorithm.

In the following paragraph we show that it is relatively simple to get a cost
9] ( $2 / 3+5) )
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7.3.3 How to compute S in O(x2/3+5)

In this section, we explain a first method to get m¢(x), rather simple to
implement, and whose running time is O(wz/ 3+e ) We take y = 2!/3. Since
mp > y all the values u = z/mp appearing in (7.16) are less than z2/3. We

sieve the interval |1, L successively by all primes p < y. After the sieve

by p, from the definition (7.3) of ®, for all the m’s such that m < y < mp,

we get in the sieve table the value ® <i, 7(p) — 1>, and we add to S the
mp

vatve f(ptm) f(mye (£ n(p) = 1)

But, if we proceed in the naive way, after sieving by each p, we will
update the sieve table, putting in the case of index u the sum of f(n) for
the n’s, n < u that are still in the table. This is excluded because, for each
p this would cost O(x/y) operations, and the total cost of these updatings
would be > 7(y)(z/y) = z/log z. As explained in [8] (the 7 last-lines p. 545
and the first half of p. 546) we use an auxiliary data structure such that, for
a price of O(logz) time in place of O(1) for each access, we don’t need to
update the sieve table after each sieve. To be a little more precise let us say
that this structure is a labelled binary tree. There is a leave for each index
i of the table sieve, this leave is labelled by the value f(i), and each interior
node is labelled by the sum of labels of its two sons. Proceeding in this way

the cost of the sieve is O <E log x log log x>, while the cost of retrieving the
Yy

values f(p)u(m)f(m)® <i,7r(p) - 1) is O(m(y)ylogx). Both costs are
mp

O<m2/3+5) with our choice y = z'/3.

7.3.4 Faster computation of S

In this section, we explain how to carry out the computation of m¢(x) in

2/3
O (13: 5 . We take y = xl/?’(log r)3loglog x. To speed up the computa-
og“x

tion of S we partition (7.16) in 3 subsums S = S; + Sy + Ss,

= = X 10 X umime () -1)

mp
BiapSy U
X
== X 50 X umime () -1)
Aged 2k
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S0 = =X 10 X i (a) - 1)

m
P—(m)>p p
m<y<mp

pﬁm%
We will show that Sy is quickly computed in O(y) time. Ss will be com-
puted by sieve, as explained in §7.3.3, but faster because the number of values
for p is reduced from 7(y) to m(z'/*). The main part of the computation
will be the computation of Ss.
As in [4], we first observe that the m’s involved in S} and Sy are all prime
and therefore :

@ s = X ) Y e (L -1)

23 <p<y P<q<y
x
(7.18) Se = > flo) Y, fl@@ (—m(p) - 1)
x%<p§x% p<g<y pq
Computing S; Asin [4] we remark that, in (7.17), we have LB D.
pq
Thus, all the values ® (i, m(p) — 1> are equal to 1. Therefore
pq

Si= > ) Y. f@= >, o) () —7p).

1 < 1
z3 <p<y p<a=y z3 <p<y

This value is computed in O(y) additions, using the precomputed table of
the values 7¢(u) for 1 <u <y.

Computing S3 For each p < z'/* we precompute the list of all the square-
free m < y whose least factor is p.

We sieve the interval [1, ﬂ successively by all the primes up to z!/4,

As soon as we have sieved by p, using the precomputded lists of squarefree
whose least prime factor is a prime ¢ > p we sum the

oS um)fm)o (mip,ﬂp) . 1>

P—(m)>p
m<y<mp

for all squarefree m € [y/p, y) such that P~(m) > p. This computation
is done by blocks, using the auxiliary structure, as explained at the end of

§ 7.3.3.
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Thus the cost of sieving is O (f log x log log x) The number of values
Yy
of pisw (wl/ 4) and the number of values of m is less than y, thus the cost of re-
trieving the values f(p)u(m)f(m)® <i, 7(p) — 1> is O(TI’ (m1/4) x log z x y>
mp
Thus computing S3 is of cost O (f log x log log x + yx1/4>
Yy

Computing Sy We split the sum (7.18) in two parts depending on g >
z/p? or ¢ < x/p?. Tt gives

So=U+V
with
T
v= X Y fwe(Lae-)
1 1 <q< rq
4 <p<lx3 5>;1/7p%
and
T
V= X 0 Y e (Lai-1)
1 1 p<q<y Pq
zd <p<z3 q<z/p?

Computing U With y < /z (cf. (7.6)), the condition ¢ > z/p? implies
p?>ax/q > x/y > x'/?. Thus,

v= Y fm Y f<q><1>(§q,w<p—1)
Va/y<p<al/s 5;;1/%2

From z/p? < q we deduce z/pq < p and ®(z/pg, 7(p) —1) = 1, and we have
x/p® > p so that

U= > i > f@o= Y f@’)(”f(y)‘”f(x))'

2
p
<
Va/y<p<al/3 ras V/y<p<al/3

Since x/p? < ¢ < y the sum U is calculated in O(y) operations with the
table of values of 7¢(u).

x
Computing V' For each term involved in V' we have p < — < 22 < p2.
q

Hence, by (7.3), ®(z/(pq),n(p) — 1) is the sum of f(n) for n satisfying n <
x/pq and P~ (n) > p. These n’s are n = 1 and all the primes n satisfying
p—1<n<zx/(pg). Thus

o (piq,w(p) - 1) =1+m (p%) —wplp—1)
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And we write

V=Vi+V
with

i = Y e Y, f@l-mp-1)

xl/4<p<al/3 p<q§min(p%,y)
X
Va = Y.t Y. flomy <pq>
zl/4<p<al/3 p<g<min( 2,y)

Computing V; can be achieved in O(y) time once we have tabulated ¢ (u)
for u < y.

Computing V5. We first split V5 in two parts in order to simplify the
condition ¢ < min(x/p?,y) :

V= X0 Y sam () X e Y s ()

$1/4<p§\f P<q<y \/§<p<$1/3 p<q4< sz

In the purpose to speed up the computation of the above two sums we now
write, Vo = W1 + Wy 4+ W3 + Wy 4+ W5 with

e B w2 als)

xl/4<p< f p<g<y

We = ﬁgﬁjﬁf@) p<q§¢;f ()

W= X e X r@m ()

S <p<,/% F<q<y

x

W= Y Y sam (L)
ﬁ<p<$1/3 p<g<,/%

Computing W; and Wy These two quantities need values of 7¢(x/pq)
with 21/3 < x/pg < 21/2. These are computed with a sieve of the inter-
val [1, y/z]. The sieving is done by blocks, and, for each block, we sum
f(p)f(q)m¢(x/pq) for the pairs (p, q) satisfying the conditions of the sum W
or Wy and such that x/pq lies in the block.
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The cost of this computation is the sum of three terms :

e The cost of the above sieve on [1, \/E] is O(\/Elog log x)

e The cost of adding the terms of the sum Wy, O( x2 >
ylog® x

3/4
e The cost of adding the terms of the sum W5, O 1;672 .
yl/4log” x

Computing W3 and W5 For Wy, for each p we apply lemma 2.6 with z =
x/p and u = y. Thus, for each value of p, the sum on ¢ costs 0(7?( a:/p)),
and the total cost of the computation of Wj is

X
O E T —
?<P§§

For Wi, for each p we apply lemma 2.6 with z = 2/p and v = z/p?. Thus,
for each value of p, the sum on ¢ costs O(ﬂ'( a:/p)), and the total cost of
the computation of Wi is

0O Z 7T< E)
\/%<p§x1/3 p

Thus the costs of computing W3 and W5 add to

o = () - of £ (L))-o(=2)

T
y%<pgl.1/3 y%<p§x1/3 p

Computing W, We simply sum over (p, q). There would be no advantage
to proceed as for W3 since most of the values m¢(x/pq) are distinct. The

cost is
T 562/3
0] E — =0 .
m ( p) <log2 a:)
\/%<p§m1/3

As in [4], section 8, we then see that, since y = z'/310g® xlog log x, the
total cost of the computation of 7¢(z) is O(2%3/log? z).
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8 The algorithm to calculate h(n)
8.1 The function G(pg,m)
The function G(pg,m) has been introduced and studied in [5].

Definition 8.1. Let pi be the k-th prime, for some k > 3 and m an integer
satisfying 0 < m < ppy1 — 3. We define

(8.1) G(pg,m) = max @1Q2...Qs
q1q2 - --4s
where the maximum is taken over the primes Q1,Q2,...,Qs,q1,q42,-- -, s

(s > 0) satisfying

(8.2) 3¢ <51 < .. <SP <pPrr1 S Q1 <Q2< ... < Qs

and

S

(8.3) S(Qi—a) <m.

i=1

The additive function ¢ (cf. §1.1) can easily be extended to fractions by
setting
((M/N) = (M) — {(N)

when M and N are coprime or are both squarefree. Therefore, the inequality
(8.3) implies

(8:4) U(G(pk,m)) < m.

8.1.1 Properties of G(pi,m)

Obviously, G(pg, m) is non-decreasing on m and G(pk, 2m+1) = G(pg, 2m).
The maximum in (8.1) is unique (from the uniqueness of the standard fac-
torization into primes). For small m’s, we have

(8.5) 0<m<pg+1—pr — G(pg,m)=1.
From Proposition 8 of [5], we have

PE+1 Pk+1
8.6 ————— < G(pg,m) < ————.
(8.6) (Pr41 — m)* ( ) Dk+1 — M

Note that if pg1 — m is prime, then (8.6) yields the exact value of G(pg, m).
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8.1.2 Computation of G(pg, m)

In [5, §8], two algorithms are given to calculate G(pg, m).

The first one is a combinatorial algorithm. In its first step, the primes
allowed to divide the denominator of G(px, m) are determined. From (8.2)
and (8.3), they are all the primes in the range [(px+1 —m), px], say P <
Py < ... < Pg. Similarly, the primes authorized to divide the numerator
are all the primes Pxy1 < Pxio < ... < Pg in [pgt1, pr +m]. By setting
P’ ={Py, Ps,...,Pgr}, from the definition (1.14), we get

1

- hg(P+Py+...+P !
PD .. Pr k(PL+Py+...4+ Px+m,P)

G(px,m)
and h;(n,P") can be computed by induction on j in a way similar to that
exposed in §1.4. In [5, §8], one can find the details and also some tricks to
improve the running time of this combinatorial algorithm which, however,
remains rather slow when m is large.

The second algorithm, which is more sophisticated, is based on the fol-

_ Q1Q2... Qs

lowing remark : if G(pg, m) = ————— and m is large, the least prime
q1q2 - .- gs
factor g5 of the denominator is close to pri1 — m while all the other primes

Q1,...,Qs,q1,--., qs—1 are close to pg.

More precisely, the following proposition (which is Proposition 10 of [5])
says that if pg11 — m + d is prime for some small ¢ and if G(pg41,9) is not
too small, then the computation of G(pg, m) is reduced to the computation
of G(pky1,m’) for few small values of m’, which can be done by the above
combinatorial algorithm.

Proposition 8.1. We want to compute G(pg, m) as defined in (8.1) with py
odd and px11 — pr < m < ppy1 — 3. We assume that we know some even
non-negative integer § satisfying

(8.7) DPk+1 —m -+ 0  is prime,
8
(8.8) G(pr+1,0) =21+ —
Dk+41
and
2m  2pp
8.9 o< —

If 6 =0, we know from (8.6) that G(pg,m) = _Pitl If 6 > 0, we have
Pk+1 —m

(8.10) G(pg,m) = max 2% G(prs1,m — Pry1 +q),

q prime
Pht1—m < g < g
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where ¢ is defined by

Pr+1Pk+2(Pky1 — m + 0) 30
< pPryog—m—+ —-
(Prs1 +0)(pry1 — 30/2) — 2 2

How to compute G(px, m)? The combinatorial algorithm should be tried
if m is small, but it is quadratic in m and has no chance to terminate if m
is larger than, say, 106. We have no guarantee that the conditions of Prop.
8.1 are satisfied. However in all our numerical applications, we have found
d < 1000 in (8.7) (see [5, §9.2]), so that, by (8.10) and (8.11), we have

~ 30
M= Pyt + 4 ST Pyt H @S Pre2 — Peil T o
and, in (8.10), G(pk+1,m — Pr+1 + ) can be easily calculated by the combi-

natorial algorithm.

(8.11) §=

8.2 Description of the algorithm to compute h(n)

To compute h(n), the first step is to determine py and oy, defined by (1.8).
This step is explained in § 8.2.1 and will furnish also py; and n' =n — py.

8.2.1 Computation of p; and oy,

1. Compute x = 1/Li~!(n), so that Li(z?) = n and 2 ~ \/nlogn.

2. Using Prop. 7.1, we compute m;4(z) in time
O(xQ/?’/log2 :U) = O(nl/g/(log n)_5/3>.

3. To get oy, we have to add (if mjg(x) < n) or to subtract (if m;4(z) >
n) to mq(x) the primes between x and pg, calculated by sieving. In
practice, this step is very short. But we are able to estimate it only
under Riemann’s hypothesis. By lemma 2.5, we have

. 9 5
Li(pk) =5~
which implies

3/2 . S 32
pk/ logpy <o <n <oy < Ll(p%+1)‘|‘%pk{i_1 log pr.y1

2
1i/.2 3/2 ., 9 Py
n = Li(py) + O(Pk 10gpk) ~ Li(py) ~ Yo pr.
Therefore, we get logn ~ 2log pi, pr ~ v/nlogn and
(8.12) Li(p}) = n + O(n3/4(log n)7/4> .
Further, since = ~ pi ~ v/nlogn, we have
. . : x* — pj n
= Lit)] = 1) ~ Litoh)] ~ LB oy [

2logx logn

so that, from (8.12), |m(x) — m(pk)| < |x — pi| = O(n1/4(log n)9/4) )
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8.2.2 Computation of h(n)/Ny

By Corollary 6.1, we have h(n) = hi(n). Let us set ' = n —oy. If n/ =
pre1— 1 or n' = priy —2, Proposition 5.3 yields h(n) = Ngi1/2. So, we may
suppose n' < o1 — 3. From the definition (8.1) of function G, we have

(8.13) h(n) = hi(n) = NpG(pr,n’)

and we compute G(pg,n’) as explained in §8.1.2. In practice, the compu-
tation of G((pg,n) is very fast. However, as explained in §8.1.2, we have no
estimation of the running time.

h
Below, are listed some values of %) = G(pg,n’) together with pg,
k

n' = n — o, e = e(n) the largest integer such that h(n —e) = h(n)) and,
if the algorithm of Proposition 8.1 is used,  and @, the number of primes
used in the sum (8.10).

n =102, p, = 5477081, n' = 4935150, e =0, § = 18,Q = 1,

29998525822277 5477089 x 5477093
2068309525031 5477081 x 541951

n=10%, p, = 2898434150644708999, n' = 1886081812111845520, ¢ = 16
~2898434150644709023

~ 1012352338532863519

The values of h(10%) for a < 35 and of h = 2° for b < 116 can be found
on the authors’s web sites [2, 10], together with the Maple or Sage programs
computing h(n)/Ng.

G(pg,n') =

§=134, Q =5, G(pg,n')

9 An open question

Given n and j < k(n), how to compute h;(n)? We have not succeeded in
solving this problem when n is too large to use the naive algorithm described
in 1.4. The case j = 2 is already not that simple.

A first step is certainly to calculate r = r(n,j) defined by (4.1), which
can be done by the method of § 8.2.1. If we are lucky enough that ¢ =
Pjtr+1—n' = pjyri1—(n—0j4,+0,) is prime, then the value hj(n) = %
is given by (4.24).

In the general case, by setting n’ = n — (0j4, — 0y), one may think

Nii,
that h}(n) = ]<7—+G(pj+r,n/) has a good chance to be the value of hj(n).

T
However, there are exceptions.
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hi  ho hs hy hs he h
n=2| 2 2
3| 3 3
41 3 3
5| 5 6 6
6| 5 6 6
77 10 10
8| 7 15 15
9| 7 15 15
10 7 21 30 30
1111 21 30 30
12111 35 42 42
13113 35 42 42
14113 35 70 70
15113 35 105 105
16113 55 105 105
17117 55 105 210 210
18|17 77 110 210 210
19119 77 165 210 210
20119 91 165 210 210
21119 91 231 330 330
22119 91 231 330 330
23123 91 385 462 462
24123 143 385 462 462
25|23 143 455 770 770
26 | 23 143 455 1155 1155
27123 143 455 1155 1155
28 |23 187 455 1365 2310 2310
29129 187 715 1365 2310 2310
30129 221 715 1365 2730 2730
31|31 221 1001 1430 2730 2730
32|31 247 1001 2145 2730 2730
33|31 247 1001 2145 2730 2730
34131 253 1001 3003 4290 4290
3531 253 1309 3003 4290 4290
36 | 31 323 1309 5005 6006 6006
37|37 323 1547 5005 6006 6006
38 | 37 323 1547 5005 10010 10010
39 | 37 323 1729 5005 15015 15015
40 1 37 391 1729 6545 15015 15015
41 141 391 2431 6545 15015 30030 | 30030
42 141 437 2431 7735 15015 30030 | 30030
43 |1 43 437 2717 7735 19635 30030 | 30030
44 1 43 437 2717 8645 19635 30030 | 30030
45 | 43 437 2717 8645 23205 39270 | 39270
46 | 43 493 2717 12155 23205 39270 | 39270
47 1 47 493 3553 12155 25935 46410 | 46410
48 | 47 551 3553 17017 25935 46410 | 46410
49 | 47 551 4199 17017 36465 51870 | 51870
50 | 47 589 4199 19019 36465 51870 | 51870

Figure 1: Table of hj(n) and h(n).
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