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Stroboscopic averaging for the nonlinear Schrodinger
equation

F. Castella* Ph. Chartier] F. Méhatst and A. Murua?®

September 17, 2012

Abstract

In this paper, we are concerned with an averaging procedure, —namely Stroboscopic
averaging [SVMO07, CMSS10]—, for highly-oscillatory evolution equations posed in a
(possibly infinite dimensional) Banach space, typically partial differential equations (PDEs)
in a high-frequency regime where only one frequency is present. We construct a high-
order averaged system whose solution remains exponentially close to the exact one over
long time intervals, possesses the same geometric properties (structure, invariants, ...) as
compared to the original system, and is non-oscillatory. We then apply our results to the
nonlinear Schrodinger equation on the d-dimensional torus T, or in R? with a harmonic
oscillator, for which we obtain a hierarchy of Hamiltonian averaged models. Our results
are illustrated numerically on several examples borrowed from the recent literature.

Keywords: highly-oscillatory evolution equation, stroboscopic averaging, Hamiltonian
PDEs, invariants, nonlinear Schrédinger.

MSC numbers: 34K33, 37L05, 35Q55.

1 Introduction

In this text we consider general, highly-oscillatory evolution equations, posed in a Banach
space X, of the form

2y
dt
where (6,u) — gp(u) is P-periodic in 6, smooth in § € T (T denotes the torus R/(PZ)),

smooth in u € X, and it is assumed that the above problem is well-posed on a fixed time
interval [0, 7] independent of ¢ — 0. This is a high-frequency system, with one frequency.

() =gy (@),  w(0)=uweX, te[0,T], (P
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It is posed in an infinite-dimensional setting. The question we address is that of high-order
averaging. In other words, we look for approximations of u®(t), say v°(t), such that v*(¢)
is close to u®(t) over [0, T (in some sense we detail below) to within O(e"™!) where n is
arbitrary large, and such that v°(t) satisfies an autonomous evolution equation of the form
dvé(t)/dt = GI"(ve(t)), say, where the fast variable ¢/c has been averaged out. Note that
for analytic convenience, the whole discussion below is actually developed for a rescaled time
variable. We consider indeed the following rescaled version of (P¢),

%us(t) = egi(u®(t)), u(0) =up € X, t €[0,T/¢], (Q9)

where the unknown is still denoted u°. The problem is now assumed to be well-posed on the
long time interval [0, T'/], the nonlinearity is rescaled by &, and the question is to approxi-
mate u° over [0,7"/¢]. The typical example we have in mind is that of nonlinear PDE’s in a
high-frequency regime, where only one frequency is present, and the averaged effect of the os-
cillations in the nonlinearities is to be computed at high order. We fully treat at the end of this
text the case of the nonlinear Schrodinger equation on the torus T¢, or on R¢ with a harmonic
potential.

To be a bit more technical, the purpose of high-order averaging is, setting the error term
O(e"*1) to zero in order to fix the ideas, to find a periodic, near-identity and smooth change
of variable @y, together with a flow U§, the flow map of an autonomous differential equation
on X, such that the solution of the original equation (Q°¢) takes the composed form

W (1) = BF 0 UF (up).

We refer e.g. to Lochak-Meunier [LM88] or Sanders-Verhulst [SVMO07] for textbooks on these
issues. The point is, such a form completely separates the dependence of u°(¢) upon the fast,
periodic variable 6 (through a given and smooth change of unknown), and the dependence of
u®(t) upon the slow variable ¢ (through the flow of a given and autonomous vector field). The
factorized form u®(t) = ®F o Ui (up) is somehow analogous to the two-scale expansions (or
WKB expansions as well —see [Wen26, Kra26, Bri26] on that point), where u() is sought
in the two-scale form u®(t) = U¢(0,t) | g, as is more usual in the context of high-frequency
PDE’s. The present factorized form yet involves a deeper structure (beyond the mere separation
of a fast periodic variable and a slow variable). This is one aspect we investigate. Besides, in the
particular case of stroboscopic averaging, which is the framework we retain here, we impose
that the near-identity mapping @ satisfies ®;_, = Id (the other, actually more standard,
normalisation consists in imposing at variance a vanishing mean value, namely fT o5 do = 0).
One interest of stroboscopic averaging relies, amongst others, in the fact that periodicity readily
provides ®;_ » = Id, forall n € Z, i.e. the change of variables ®j reduces to identity at any
multiple of the fast period, and we have u®(t) = W§(ug) at these times (called stroboscopic
times). The more crucial interest of stroboscopic averaging is, it allows to preserve the structure
of the original problem along the averaging process, as already pointed out in Chartier et al.
[CMSS10, CMSS]. This is a second aspect we investigate here.

Traditionally, the flow W§ and the change of variables ® are sought by performing power
expansions in €, setting the Ansatz ®5(u) = Id + 5@@1)(24) + €2<I>é2) (u) + ---, and so on,
and identifying like powers of ¢, while separating the fast variable 6 and the slow variable ¢



as well. This leads to a hierarchy of equations, so-called homological equations, that is to be
solved iteratively. It allows to reconstruct in parallel the change of unknown @ and the flow
U¢. In the present one-frequency context, this procedure goes back to the work of Perko in the
finite-dimensional case [Per69], who gives general analytic formulae at any order, as well as
an elegant iterative procedure.

One key aspect of the present work is, we do not expand the various unknowns in € (nor
do we separate ¢ and ¢ at once). We actually identify a new, closed equation on the change of
variables ®;. We show how to solve this equation using a fixed point procedure in an analytic
framework, taking advantage of the fact that the —to be inverted — nonlinear relation is an e-
perturbation of the identity. This equation, called transport equation in the sequel (see (2.8))
is a nonlinear transport equation, with nonlocal nonlinearities. It is fully nonlinear in that the
transport term involves derivatives of the unknown ®; with respect to v € X. We circumvent
this latter difficulty by requiring analytic regularity, which allows to absorb the higher order
derivatives. Eventually, we show that this boils down to requiring ¢ (in (QF)) is analytic with
respect to u, an assumption that turns out to be naturally satisfied in the PDE context associated
with the present considerations. We show in passing that ®7 is unique in some sense, so that,
for instance, the n-th order Taylor expansion of ®7 in € necessarily coincides with the formulae
provided by any formula given by any other perturbative method, provided @ is the identity
map (stroboscopic averaging). Once the change of variables ®¢ is obtained, we show that the
flow W7 is easily reconstructed. The final result we establish in that direction is, general high-
order averaging may be achieved, with error terms of size O(e_c/ €) for some ¢ > 0. Note
that the transport equation, whose importance is pointed out here, plays a role that is somehow
similar to the so-called singular equation of geometric optics, in the context of high-frequency
hyperbolic PDE’s (see [JMR95]).

It is furthermore interesting to note that we require only continuity of the mapping (0, u)
go(u) with respect to 6, in complete agreement with previous works of Neishtadt [Nei84] or
Chartier et al. [CMSS10] in the finite-dimensional context. In the presence of several non-
resonant frequencies, analyticity with respect to § becomes a necessary assumption (see for
instance [Sim94, CMSS12] for the finite-dimensional case) and the extension of the present
work to this situation would probably raise no serious difficulty, under a similar assumption of
analyticity on 6. This comes in sharp contrast with the Magnus expansion that we outline in
Section 5 with the specific aim of deriving explicit formulae for the high-order averaged vector
fields: an averaging technique based on Magnus series is by essence strictly restricted to the
one-frequency situation.

A second key aspect of the present work is, we prove that the so-obtained stroboscopic
averaging preserves the structure of the original equation. For instance we show that the au-
tonomous flow ¥§ is symplectic whenever the original oscillatory problem has a Hamiltonian
structure. In the similar spirit, we show that the autonomous flow ¥ possesses an invariant as
soon as the original oscillatory problem does.

Finally, we apply our results to general nonlinear Schrédinger equations (NLS) in a high-
frequency regime. We show that, up to a simple and standard filtering procedure, the obtained
results apply directly. They provide a hierarchy of models that approximate the original equa-
tions to within arbitrary order, and whose precise analytic expression may be explicitely com-
puted. These models essentially possess the same structure (invariants, Hamiltonian structure)
than the original one.



Averaging as developed in this paper constitutes in our view an alternative to other exist-
ing techniques, amongst which stand most prominently Birkhoff’s forms and more recently
Modulated Fourier Expansions. Birkhoff’s forms technique has been elaborated in the con-
text of infinite dimensional systems by Bambusi [Bam03, Bam05, BG06, Bam08], Bourgain
[Bou96, Bou07], Colliander [CKS™10] and Grébert [GVB11, GT12], to mention just a few
authors. It is based on successive non-linear changes of variables which gradually transform
the system into its final normal form. Modulated Fourier expansions have been introduced in
the finite dimensional context by Hairer and Lubich [HLOO], and later on extended to some
Hamiltonian PDEs (long-time behaviour of solutions to the semi-linear Klein-Gordon equa-
tion [CHLO8b], cubic Schrodinger equations with small initial data (or small nonlinearity)
[GL10]). The approach has the advantage of a possible application to numerical discretiza-
tions of the original equation (see for instance [CHL08a]), in contrast with the approach via
nonlinear coordinate transformations bringing the equation to a normal form. Note that unlike
the situation we consider, most of the papers quoted above deal with the case of non-resonant
frequencies. Finally, we wish to stress the fact that efficient numerical methods, which use
only the original equations, can be built upon the existence of an averaged vector field (see
[CCMSS11, CMSS10] for the ODE case): this will be the subject of another paper by the same
authors.

Our first main theorem (Theorem 2.7), an averaging result in an abstract Banach space, is
stated in Subsection 2.3, once preliminary assumptions have been settled in Subsection 2.1 and
ideas sustaining stroboscopic averaging outlined in Subsection 2.2. The remaining of Section 2
is devoted to technical proofs and intermediate theorems, with the exception of Subsection 2.5
which is concerned with the linear case, where expansions are shown to converge (in contrast
with the general non-linear case). Geometric aspects are dealt with in Section 3: invariants in
Subsection 3.2 (see Theorem 3.7) and the more involved situation of Hamiltonian equations
in the context of Hilbert spaces in Subsection 3.1 (see Theorem 3.5). Section 4 considers the
instanciation for NLS of Theorems 2.7, 3.5 and 3.7. In the NLS context, Theorem 4.2 can
be considered as the main input of this article. Finally, Section 5 is devoted to the explicit
computation of the averaged vector fields with aid of formal Magnus expansions and Section 6
presents numerical illustrations of the behavior of some specific solutions to NLS described in
the literature and interpreted “in the light of stroboscopic averaging”.

2 High-order averaging in a Banach space

Let X a real Banach space, equipped with the norm || - || x. We consider the following highly-
oscillatory evolution equation, posed in X, namely

%us(t) =egr (W (1), u)eX, 2D

u(0) = wo, ug € X,
where the initial datum ug is given. Here the function

(0,u) e Tx X — gop(u) € X



is given, smooth with respect to v € X, smooth and periodic' in § € T. We actually require
u > gg(u) to be real analytic in a sense we define later. We refer to Assumption 2.3 below for
the precise hypotheses.

Our aim is to compute high-order (in ) approximations of the solution u(¢) to (2.1), on
time intervals of size O(1/¢). We therefore readily introduce the following basic assumption.

Assumption 2.1 The Cauchy problem (2.1) is uniformly well-posed in the following sense.
There exist
T >0, " >0, and a bounded open subset K C X,

such that, for all & €]0,&*], the problem (2.1) admits a unique solution u* € C1([0,T/e], X),
u®(t) remaining in K forallt < T'/e.

The above assumption freezes the meaning of the quantities 7', ¢* and K throughout the
remaining part of Section 2.

2.1 Preliminaries

The analysis we present in this paper heavily relies on the use of analytic functions: this allows,
ultimately, to derive optimal error estimates with remainder terms of the form O(exp(—c/e))
(for some ¢ > 0). It also allows to point out the intrinsic structures involved in the analysis.
For that reason, given the real Banach space X, we introduce the complexification of X,
defined as
Xc ={U :==u+ii, (u, @) € X?}.

We denote v = R(U) € X and & = (U) € X the real and imaginary parts of U. The space
X is a Banach space when endowed with the norm

RNU
|U|lxc := sup RO lx )”X-
AeC* RY

If X is a Hilbert space, it is more convenient to equip X¢ with the Hermitian norm associated
to the complex scalar product

(u+ i, v +10) x . = (u,v)x + (4, 0)x +i((4,v)x — (u,0)x)-

Note that for u € X, we have ||u| x. = |lu] x.
Now, given any p > 0, we consider the open enlargement of K in X¢ given by

K,={u+u: (u,u) €K xXc, |u|x.<p}
We define analytic functions on K, as follows.

Definition 2.2 (Analytic functions on a Banach space — see [PT87] )
Consider a continuous function (0,u) € T x K, — fo(u) € Xc. The map fp is said to

"Here and below, periodic” refers to “P-periodic”, and the normalisation that we retain is such that T is the
torus R/(PZ)



be analytic on K, C X¢ whenever it is continuously differentiable on K, i.e. there exists a
continuous map

T % Kp — ﬁ(X(c)
(0, u) = (9ufo) (u)

where L(X¢) is the set of bounded linear maps from Xc to X¢, which satisfies

Yu € K,, 30 >0, Vh e Xc with ||h||x. <9,
sup [fo(u+h) = fo(u) = (Dufo)(w)hxe = ol[|h])-
S

When (6, u) — fg(u) is a bounded analytic function on T x K, we denote

Ifllp=""sup [l fo(u)lxc-
9,u)ETX K,
Analytic functions in the sense of Definition 2.2 share many of the properties of standard an-
alytic functions from C to C. For instance, if fp is analytic on K,, Cauchy’s formula holds.
Indeed, whenever 0 < 6 < p, for any u and @ such that u € K, 5 and & € Xc with
@] x. = 1, for any p € C with |u| < 6, one has

1 fo(u+&u)
f@(u+ﬂu) = %T/|£:5 ﬁdf

This allows to use Cauchy’s estimates in a neighborhood of any point u € K,. For instance,
given 0 < § < p, one can estimate the norm of the first derivative 0, fy as

1
”aupr—é < g”pr (2-2)

1 fo(u+ &a)
- JOETS) e
pmo 20T Jig=s & ¢

which implies, in passing, that 0, fy is also analytic in the sense of Definition 2.2, as a function
from K, to L(X¢).

d
This comes from the relation (9, fp)(u)d = Tu folu+ pa)
i

We are now ready to state the assumptions on gg in (2.1) required by our analysis.

Assumption 2.3 The function (6, u) — go(u) is C° and periodic in . Besides, (0,u) — go(u)
is real-analytic in u, in the following sense. There exist

R>0, Cg >0,

such that for all 0 € T, u — gg(u) is analytic on Kog in the sense of Definition 2.2, while
(0,u) — gg(u) is bounded by Cc on'T x Kap, i.e.

lgllzr = sup  [lgo(u)llxe < Ck.
G,U)GTXKQR

The above assumption defines once for all the quantities R and C'x throughout the remain-
ing part of Section 2.



2.2 The equations of stroboscopic averaging

As explained in the introduction, ideally, the purpose of high-order averaging is to find a peri-
odic, near-identity, and smooth change of variable ®,

(0,u) € Tx K +— Pp(u) € X

together with a flow ¢, the flow map of an autonomous differential equation with smooth
vector field G¢ on X, written as

d
W (uo) = £ G (W (uo)) 23)
and such that the solution of the original equation (2.1) takes the composed form?

u(t) = ®F o Ui (up). (2.4)

Besides, in the framework of stroboscopic averaging that we retain here, we impose that the
near-identity mapping Py satisfies
o—o = 1d.
Let us now formally seek the equations satisfied by ®j and W§. By differentiating both
sides of (2.4) w.r.t. t and using (2.3) we readily get

0D;
ot

ou
Considering (2.5) for ug = ¥_;(u) and replacing ¢t by 6 € T (as g; and ® are periodic with
respect to t) we obtain

(W u0)) + 228 (W (o)) GF (W5 (o)) = e g1 (B 0 Wiwn)). (2.9

D5 D5
5 99 (u) +e auf’ (u) G%(u) = € go (D5 (u)) . (2.6)

Let us formally solve the equation (2.6). To that aim, we introduce the (standard) notation
for averages with respect to the variable 6, namely, for (6,u) € T x X — fp(u) € X, the
average (f) : X — X denotes the mapping

1) )= [ fotu)do.

Firstly, and with this notation at hand, taking averages in 6 on both sides of (2.6) eliminates
the first term 0y ®j owing to periodicity, so that we obtain

13
X0 ) () = {g 0 0°) ().
. . . . 0(P%) . .
Assuming for the time being that the linear operator v — (u) v is invertible for any wu,
we get “
o(d* -
G (u) == ( <3u >(u)> (g o ®°) (u). 2.7)

2Stricto sensu, we have frozen the initial datum wo up to now, and relation (2.4) only holds for this value of ug.
Needless to say, averaging aims at establishing such a factorization whenever ug belongs to some open set.



In other terms, we have here derived the value of the vector field G* (hence that of W¥).
Secondly, inserting previous relation in equation (2.6), we are led to the relation

05 05 0(P®)
899 (w)+e 8u9 (u)( ou

—1
<u>) (900 () = cgpo i), (2.8)

i.e., in an integral version,

0 0ds € -1
D5(u) =u+ 8/0 <g£ o @Z(u) — 3715(“) <8<8(I; ) (u)) (g o ®°) (u)) dg. (2.9)

This is a closed equation on ®, though nonlinear and nonlocal.

In our perspective, there remains to solve equation (2.9) for ®;. Once this is done, the
autonomous vector field G° and the associated flow W§ are immediately deduced along formula
(2.7), and the averaging procedure is complete.

We now need to turn the above formal computations into a rigorous analytic procedure.
In particular, the question arises whether the main equation (2.9) possesses a solution in the
class of periodic smooth functions. It is known, see e.g. counter-examples constructed in
[Nei84, CMSS12], that in general, the answer is negative: equation (2.8) can only be solved up
to an error term of size O(exp(—c/e)) for some ¢ > 0. Accordingly, our aim in the sequel is
to exhibit such a (quasi-) solution, and to prove that it provides a rigorous averaging procedure
to within O(exp(—c/¢)) small terms.

2.3 Main result: averaging to within exponentially small remainder terms

It is useful to introduce the following nonlinear operator. Given any periodic and smooth
mapping (0, u) € T x K, — ¢y(u) with invertible partial derivative J,,(¢), we associate the
mapping (0, u) € T x K, — A(yp)q(u) defined as

-1
M) = a0 o) - 5200 (52 0)) ot @10

We also introduce the nonlinear, nonlocal operator I'* which associates to (g the mapping

(0,u) € T x K, — I'*(¢)p(u) defined as

%
Pl = ute [ Al de. 1

Remark 2.4 Note that if pg is periodic, then A(p)g has zero average, hence I'*(p)g is periodic
as well, and our definitions make sense.

With this notation at hand, the basic equation of averaging (2.9) reads, in its integral form,
0 (u) = I'*(9)p(u), (2.12)

a fixed point equation that we solve below by considering iterates (I' )k, k=0,1,...,n.
Equivalently, the equation of averaging (2.8) reads, in its differential form,

0p®g(u) = eA(D%)p(u), (2.13)



with ®5_ (u) = u. At this point, we thus consider the sequence of functions
6=0 p q
ol —1a, oMt —ral),, k=0,12,..,n, (2.14)

together with the vector fields

[%] -
() = (agbu ><u>> (g 0 ) (). 2.15)

In addition, we introduce the following terms occuring in the expansion of GI*!, for k& > 0,
namely

1 d*GW
Git1(u) = ek (w). (2.16)
e=0
Remark 2.5 By construction (this will be justified rigorously in Theorem 2.13), for all n, k >
O)
1 de[n+k]
0 aek (u) = Gry1(u).
e=0

For the convenience of the reader, we now sum up the notations used later on in Section 2:

® g = ﬁ, €1 :=¢€0/2, €2 =¢epmin (2%, #),
[ ] 00:1601(, 01:20[(, 7]22/80,

o rpi=:t5 Ry=2R—kryfork=1,...,n— 1 sothat Ry = 2R and R,;1 = R.

Lemma 2.6 Given n € N, the maps @Lk] (u) and Gi41(u) for 0 < k < n+ 1 are well-defined
for any e € C with |e| < eo/(n + 1), they are Ct in 0 € T, analytic in u for u € Kg,, and
analytic in € for |e| < e9/(n + 1). Moreover, the following estimate holds true for any ¢ € C
such that (n + 1)|e| < o, namely

oM —1d||g, < %” (2.17)

From now on, let us fix p such that 0 < p < 1. Then, for 0 < ¢ < peq, define the integer
ne € N*as (n. +1) = |p/(ne) | and denote

G*(u) = GI*l(w), with GUl(u) = e¥ Gy (u), (2.18)
k=0

where the vector fields G (u) are defined in (2.16).

Theorem 2.7 For 0 < & < min(e*, ueq), let (n. + 1) = |u/(ne)|. Consider 52 = @é"s]
defined in Lemma 2.6 and G° defined by (2.18). Then the following holds:
(i) The solution uc(t) of (2.1) satisfies

Vie[0,T/e],  uc(t) = D5(U®)). (2.19)



where U (t) is the solution of the (quasi-autonomous) equation

dU ~
o = eG°(U)+eR;(U), (2.20)
where (0,u) — Rj(u) is periodic and smooth in 0, analytic on Kg, and admits the upper
bound iC log ()|
RE|, < —K _exp (—“Og“> . 2.21)
1%l (1— p)p? ne
(ii) Introduce \Tli the t-flow of the autonomous differential equation
dU ~
— =eG*(U). 2.22
=) e

If in addition, p < 1/2, then the solution u.(t) to the original initial value problem (2.1) is

exponentially close to the factorized form &Jf o W (ug), i.e. we have

] log ()]0
4e

(iti) If T' = +o00 in Assumption 2.1 and 1 < 1/2, then (2.19) holds for all t > 0, and (2.23)
holds on [0, T /'*¢), for any T > 0 and any 0 < o < 1, provided

1
0 <& <min (E* Ko M6(~2)P o )
) 287 T .

vVt € [0,T/¢], ‘

W (t) — B o \ig(uo)HX <12R 2 exp <— ) . 223)
C

2.4 Technical proofs and intermediate Theorems

In this Subsection, we give the technical details of the proof of Theorem 2.7 and state a few in-
termediate results which are of interest by their own in specific contexts (fixed-order truncation,
non-expanded version of the vector field).

2.4.1 Two basic lemmas

To begin with, the next lemma gives sufficient conditions for the quantities A(¢) and I'*(y¢) to
be well-defined in a clean analytic fashion.

Lemma 2.8 Let 0 < § < p < 2R. Assume that the function (6,u) € T x K, — pg(u) € Xc
is analytic in the sense of Definition 2.2, and that @y is a near-identity mapping, in that

0
—1Id|, < =.
o —Tdll, < 5

Then, the following holds.
(i) The mapping 0, (p) ™" is well-defined and analytic on K p—6, and it satisfies

H8u<90>_1||p—5 <2

(ii) The mappings (0,u) € T x K,_s — A(p)g(u) and (6,u) € T x K,_5 — I'*(¢)o(u)
are well-defined and analytic, and they satisfy, for any || > 0,

AP lp-s <4Cr and  [[T*(p) = 1d][,—5 <4Ck Plel.

10



Proof of Lemma 2.8. From the assumption ||¢ — Id||, < /2 and the Cauchy estimate (2.2)
applied to fy(u) = @g(u) — u, we get

1 1
10utp = 1d]l -5 < 5lle —Id]l, < 5.

Consequently, using Neumann series, we obtain

DN W

loupllp—s <5 and  (ule)Hlp—s < D 110ue) —1d]f_s < 2.
k=0

Now, for § € T, u € K, @ € X¢ with ||| x. < p — ¢, one has

_ _ 0
lpo(u +a) = ullxe < llo = 1dll,—s + [allxe < 5 +p =5 <p<2R.

Hence (K ,—5) C Kag and, by Assumption 2.3, we recover || g o ¢||,—s < Ck together with
(g 0 ¢)|l,—s < Ck. Eventually, we obtain

[A(@)]lp-s < 4Ck.

Integration in @ next provides ||'*(¢) — Id||,—s < 4 Cx P |¢|. Besides, by composition theo-
rems, the functions A(¢)s and I'*(¢)4 are analytic on K ,_s in the sense of Definition 2.2.
U

Lemma 2.8 shows that, starting from a function (6, u) € T x Kog — pg(u) € Xc, we can
consider iterates (I'°)" ()g at the cost of a gradual thinning of their domains of analyticity,
provided ¢ is small enough. In order to estimate the “‘convergence” of this sequence, we also
establish the following contraction property.

Lemma 2.9 Let 0 < § < p < 2R and consider two periodic, near-identity mappings (0,u) €
T x K, — @g(u) and (0,u) € T x K, — ¢g(u), analytic on K, and satisfying

1) R 1)
lo—1dl, <5 and |l —Td], < 2.

Then the following estimates hold true whenever |e| > 0, namely

R G R R R
[1A(p) = APl -5 < TOHSD =@l and |T°(p) = I(@)l -5 < ———llo = @ll,-

Proof of Lemma 2.9. For the sake of brevity, let us denote Ag(u) = 0ypp(u) and Ag(u) =
Oupo(u). We have

[A() = A@)lp-s < llgop —goPllo-s
+ [ Al =5 KA lo—5 g 0 0 — g 0 D)l s
+ 1 Allp=s 1€A™ = (A) " o= g 0 Bllo-s
+ 14— Apr& ”<A>71Hp75 1{g © @)l o5

11



Proceeding as in Lemma 2.8, we get || A||,—s < 3, together with [|(4)~1|,—s < 2, and sim-
ilarly for A. Besides, using the relation (A)~' — (A)™! = (4)"1(A — A)(A)~!, a Cauchy
estimate provides

_ Ao _ i 2 4 R
(A" = (A s < KA sl {A) " sl A = Allp—s < 5l = I,

Finally, whenever v € K,_s, since ||¢ — Id||, < /2 and similarly for ¢, we recover in
particular pg(u) € K,_s/2 and $p(u) € K,_5/5. We deduce

g o &Mlp-s < Cr

and o0
N ~ K ~
lgow—godllp—s < 0ugllp—s/2 lo — Pllp—s < TllvJ — @llp—s -

Collecting all terms, we have

) 2C 6C 6C 2C .
I8G0) ~ A@Ms < (255 + 55 4 55K 4 2 o gy,

and the corresponding bound for I'¢ is obtained by integration in 6. ([

2.4.2 Existence and uniqueness of quasi-solutions to (2.8) with polynomial remainder

In this section we exhibit (quasi-) solutions to the equations of averaging that we have pointed
out, namely equation (2.8) or equivalently (2.9) or (2.12) for the mapping ®§ and equation (2.7)
for the autonomous vector field G°. The exhibited functions are only quasi-solutions, in that
the corresponding equations are only solved to within a polynomial error term of size O(¢"+1!)
for any n > 0. We begin with the proof of Lemma 2.6.

Proof of Lemma 2.6. The function <I>[90] = Id is clearly analytic in the sense of Definition 2.2 on
KR, , analytic for all £, smooth in 6, and clearly satisfies (2.17). Assume now that, for an integer
k < n, the function @ék} is analytic on Kp, , analytic in ¢ for |¢| < £¢/(n+1), smooth in 6, and
satisfies (2.17). Then, according to Lemma 2.8 with p = Ry and § = n—fl = r,, the function

@gﬁl} is well-defined by (2.14), analytic on K, ., and satisfies for 0 < |¢| < go/(n + 1) the
estimate 10w P R

O] _1d||p, ., < 4Ck Ple| < —H 250 — —In

H ||Rk+1 = K |5| n+1 2(n+ 1) 9

As a composition of analytic functions, it is furthermore analytic in € again for |¢| < g9/(n+1).
Smoothness in 6 is also clear. This finishes the induction argument for Pk, By definition
(2.15), G is then also analytic in Kp, and so is G 1, defined by (2.16). O

12



We are now in position to establish the existence of quasi-solutions to (2.8).

Theorem 2.10 [Existence of quasi-solutions to (2.8)] For n € N, consider the sequence of
functions
k
ol =1a, ot =r@M),, k=0, n,

and the associated sequence of defects (5gk]) k=0,...n, defined as
o
6l (u) == (W) - eA(DM)g(u) (2.24)
ool ool (o \7' k
= 920wy e %) (K22 ) ) (g0 @) ) —egoo @),

Then, the following holds true:

(i) The mappings @én] and (5&7” are C' in 0, analytic on respectively Kry,, and Kg, and
analytic in € € C whenever |e| < eo/(n + 1).

(ii) The mappings (Pén] and (5gl] satisfy the following estimates for all |e| < eo/(n + 1)

@ —1d|| gy, < %, (2.25)
6Pz < C1 (pn+1)e)". (2.26)

(iii) For all 0 € T, the mapping u @[en] (u) has an inverse defined on K r with values in
Kryr,. This inverse (®") =1 is analytic. Moreover, we have ||(®™)~1||z_, < R.

Remark 2.11 In other words, the n-th iterate @E)n] satisfies equation (2.8) up to a remainder
term of size C1(n(n + 1))"|e|" 1.

Proof of Theorem 2.10. Statement (i) and estimate (2.25) are obvious consequences of Lemma
2.6, up to a possible singularity at ¢ = 0 which is ruled out by estimate (2.26), which we now

prove. On the one hand, by differentiation of (I)E,"} = T¢(®*~ 1)y, we recover for n > 1

eol = ¢ (A(qﬂ”—”)e - A(qﬂ”l)g) .

Hence, the contraction property stated in Lemma 2.9 yields withd = r,and p = R+ = R,,.

|€|||5[n]HR < Ciiduq)[n] _ q)[n—l}HRn _ ]1361075|8| ‘ e (@[n—l]) T <(I)[n—2]> ’ .
<3 (2 Jre () e (w),<
n n—1
< 5 (SLE) ot — ot
n

On the other hand, by definition of ol we have | — @)z, < 2|¢| P Ck. This proves
(2.26).

13



As for Statement (iii), it is clear that if we take u1, us € Kp such that <I>[9n] (ug) = <I>[9n] (ug2),
we have

1
lur = uzllxe < (09 —Td|g [lur — ua|xc < 77||‘1>["] — 1d[[ryr, [lur — uzlxc
n
1
< gl —uellxe
so that u; = ug. As for the existence part, given (u, @) € K x X¢ with p := ||| x. < R, we

consider the sequence vy, defined by
vy=u+u€ Kpg, ka:vk—@[en}(vk)—i-u—i—fL.
Firstly, whenever vy, € K(rypyr,)/2, We have

R+p+r
loks1 = ullxe < p+ 125" = Td]per, < =5,
from which we deduce by induction that the whole the sequence (vy)xen belongs to K(g pir,.)/2-
Moreover, we may write

e —villxe = (@5 = 1d)(vg) — (@57 —1d) (v 1) xe
1

102 = 1d[| (g prery 2 I — Vh—1 ]l xc < m“vk — V-1l x5

IN

hence the sequence vy, converges towards some v € K(rypir,)/2 C Krtr,. lf p < R—1p, we

have furthermore ||v|| < R. The analyticity of (@L”])*l is a direct consequence of the Inverse
Function Theorem. g

Remark 2.12 From the definition of the sequence (CI)gd)k:o’... n+1, it can be inductively in-

ferred that, if u belongs to Kr N X and € € R, then @én] (u), G (u) and 6([;1} (u) belong to X
as well.

The next Theorem establishes that the first n terms in the expansions of CI)E,”] in powers of
e, are independent of the construction used (a similar property naturally holds also for G ]y,
This validates the fact that equations (2.8) and (2.7) are “canonical” in some sense.

Theorem 2.13 [Uniqueness of quasi-solutions to (2.8)] Fix n € N and consider a function
(0, u) — ®g(u), which is C' in @ € T, analytic on Kgy,.,, analytic in ¢ for |e| < g9/(n + 1),

and satisfies
Oo=1d, ||®—1d|psr, < %” 2.27)

Assume that the defect associated with ®y, defined as

sgg(u) = 85;9 —eA (EI;>9
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satisfies, for all |e| < eo/(n + 1), the estimate HSHR <C le|™ for some constant C > 0
independent of €. Then we necessarily have, whenever |e| < eo/(4(n + 1)), the estimate

1B — @)l < Cy(n) e,
where (I)gﬂ is the function defined in Theorem 2.10 and C3(n) = P <26 +20Ck (n(n+ 1))")

Proof of Theorem 2.13. The result stems from successive applications of the contraction
Lemma 2.9. First, by Lemma 2.8 and starting from (2.27) and (2.17), we have for any k < n,

Tn

Tn
1 (0)* (@) — 1| ey —kr, < — 5 (09" (@) = 1d)| ey, < 50 (228

where we used the fact that 4 Cx P|e| < . These estimates allow for the application of
Lemma 2.9 and we get, for all for £ < n,
C() P ’8 ’

n

ek+1 (Y (reVk (& keA_A Lired 3
1T (®) = (T%)" (P) | R=kor, < IT°(®) = @l|r < S5 IT°(2) — @&

and similarly for ®[", where we have used Cy P |¢|/r, < 1/2. Summation provides

@)™ (@) - B, <ZH ) (@) — () (@), < 2|T°(2) — @|[p,  (2.29)

and similarly for ®™. On the other hand, using (2.28) and applying again n + 1 times the
contraction Lemma 2.9, we obtain

R C P € n+1 R C P c n+1
I @)= o @, < (0T E e, < (OTEN T,
Tn Tn
(2.30)
where the last inequality uses (2.27) and the similar estimate for ol Finally, from estimate
(2.29) on ® and the similar bound on @[l and from (2.30), we deduce
1 — @,
<@ = (@) (@)l + @1 — (@) @D, [ () (@) — (D) (@),
n

C%P (n+ 1)> |e|"+! (2.31)

< 2% — T5(3)| + 2]l W@WwR+%P(

o~ P n
<20 Ple|™™ + 201 P(n(n 4 1)|e|)" e + Co P <C§’% (n+ 1)) |2,
where we have used
0 . N 0
of! — (o), = 5/ o0V de, and By —T*(B)g = 5/ 0¢ dE,
0 0

together with estimate (2.26) on ¢ "] and the assumption on 5. Gathering the various constants
gives the result. U
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2.4.3 Proof of Theorem 2.7

Up to now, we have obtained a collection of mappings q)[en] which produce a defect in equation
(2.8) (or (2.13)) that is of size O((n + 1)""*!). By optimizing the choice of the parameter
n, we now produce a mapping ®!"<] associated with a defect of order O(exp(—c/¢)) for some
c>0.

Proof. Part (i). Since (n. + 1)e < % = 50 < gg, Theorem 2.10 applies with n = n. and we
have that

00®j(u) = = g 0 () — £ 0,5 (w) GI") (u) + £ 6" (w),
whenever u € Kr C KRyr,_. Therefore, introducing the exact solution U (t) of the equation

dU (t .
O < (awen+miw@). U0) = .
~ ~ -1 ~
with RE(u) = Glel(u) — G&(u) — <8U<I>§(u)> 51" (w), the function us(t) == BE(U(L))
clearly satisfies u(0) = ug together with
duf

(1) = (g0 B (U 1) — 20, B(U)) - GIU (D) + 26U (1))

rea g (¢Mww) - (a8 ww) i)

=e(go®)(U()) = egu(u(t)),
as desired. Hence u®(¢) coincides for any time ¢ € [0, 7"/e] with the solution of (2.1). Now, on
the one hand, Theorem 2.10 and the choice of n® ensure that the defect (5%”5] satisfies

67| g < C1 (n(ne +1)e)" < Cru™,

and on the other hand, the analyticity of G (<] w.rt. e and Cauchy’s formulae allow to write for

allu € Krand § := ﬁ , the estimate
~ k gk [ne}
- e® d"G
6w - Gl = | Y 5 S| @
k2n5+1 ) e=0 X(C

ne+1

ek k! (e/5)n=tl w
< EE sup ||GI ()| x. < LY sup |G| R < C ,
D e R L (e

where we have used H (8u<<I>[”E}>)_1HR < 2 to bound® GI"<) on K by C and |¢|/§ < p. To

conclude, it remains to write

~ -1
IRIr < uG[ns]_GEHR+H<%@]> H(S[ng}
R R
< CopC . @owC Y pllog(]
1-— 1— 2
Iz (1 —p)p ne

3This stems from Lemma 2.8-(i) together with the known estimate || ] — 1d[|R4rp, < Tn./2 (Wherer,, =
R/(ne + 1)), as established in Theorem 2.10.
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where we have used 0 < 1 < 1 and n. > (u/(nle|)) —

Parts (ii) and (iii). Let \Tfi be the flow of the autonomous equation
dU
dt

There exists T, > 0 such that U$ (ug) is well-defined for all 0 < ¢ < T /e, given that G is
analytic on K g, hence Lipschitz continuous on any K, with p < R. Now, we have, on the one
hand,

=eG(U).

20 — )

and, on the other hand with @ (¢) = &% o U¢ (ug)
dus (t) . ~ =1\ - =i 1) /-
5 = (@ (1) — ¢ (9.5 0 (B)71) (@) - (R0 (8)7) (@(1)
as long as @€ and (%)~ (a@°(¢)) remain in K. If L = %( denotes a Lipschitz constant for g
on KR, a variant of Gronwall Lemma then gives

et —1 6R Lt ellog(n)]
< e =

L (1= p)
where we have used the bound [|9,®¢ — Id| z < 1/2.

Now we recall that, by assumption of the Theorem, u°(t) exists and belongs to K for
0<e<e*and0 <t < T/e'* (for Part (ii), we have o = 0 and, for Part (iii), we have 0 <
a < 1). In particular, choosing £ < peg with e9 small enough so that M (T /e, e, u) < R—r,_,
ensures that @ and (%)~ (a(¢)) remain in K whenever t < T/e'*® (hence Ty > T/e®).
Now we claim that, with the choice

_ 3
lu=(8) = @*()lixe < 5I1R%llr =M(t, e, p)

1
2 =y
etP\ 1= pue
0 <& <min =7, <“T0 ) %’) (2.32)
(which means 0 < & < min(e*, uey) in the case = 0), we obtain estimate (2.23).
_ pllog(p)] _ pllog(p)]
Proof of the claim. Fore'=% < MHQOEL(‘;) - ped| log ()| 2, we have e 260
on [0,T/e'*4], so that forall 0 < ¢t < T/el*®
6R _ pllog(p)|
M(t,e,p) < ————e e
p? (1 — p)

The quantity M (T /e'T% ¢, u) is then bounded by R/2 < R — r,,_ (note that, by definition of
ne and €9, we have n. > 1) if furthermore

p = log (k)
4 12 '
log (uQ(l—u))

Imposing for instance that 0 < p < 1/2, a combined bound on ¢ is given by (2.32), a condition
under which

mllog(p)leg

Ve 0,7/, () — @ (B)llxe < 12Rpu 2 e

This proves the claim and the proof of Theorem 2.7 is complete. (]
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2.5 The linear case

In this section, we consider the particular case

go(u) = Agu,

where Ay is a bounded linear operator on X. In this case, it turns out the change of variable
solution of (2.8) can be exactly constructed, due to the fact that our iterative procedure actually
converges. Let us prove this statement. Naturally, Assumption 2.3 is replaced here by the
following assumption.

Assumption 2.14 The map 0 — Ay € L(X) is continuous and P-periodic.

The initial value problem reads

—u(t) = cAru(t), ut(t) € X, (2.33)

u(0) = wo, ug € X.

We denote by || - || z(x) the operator norm on X and the space C(T, £(X)) is equipped with
the norm

|| = sup [[Pgllzx) = sup 1ol x-
0T (O)ETXX, ||lu||x=1

In the present linear setting, Theorem 2.7 takes the following form.

Theorem 2.15 [Exact averaging in the linear case] Consider u®(t) the solution of (2.33) and
denote e; = L (3 —\/2), witha = [, | Aol z(x)dO. Then for all 0 < e < ¢, there exists a map
0 — @5 € L(X), such that

(i) The function ® is P-periodic and C Yin 0, and satisfies ®g—o = Id.

(ii) For all 6 € T, the operator ® is invertible in L(X).

(iii) For all ug € X, the solution of (2.33) admits the factorized form

vVt e Ry uf (t) = ®5 =9 g,
where G¢ € L(X) is defined by
G® = (%) 71 (AD°). (2.34)
Proof of Theorem 2.15. In the linear framework, equation (2.8) becomes

%5

20 + e®5(D°) 1 (ADF) = cAD§, orequivalently ®f = T°(d°),,

where the nonlinear map I'* acts on the set of functions in C(T, £(X')) which are invertible for
all 0, and is defined for any such function ® by

0
Ie(®)y =1d + 5/0 (Ae®e — B ()1 (AD)) dE. (2.35)
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We introduce the sequence <I>[90] = Id, with <I>[9n+1] = Te(®[")y for all n € N. We claim
that this sequence is well-defined for all n € N, with the following estimate

1 1
oM —1d|| < dy == 5o \/52a2 —3ea+ . (2.36)
Note that the term e2a? — 3ca + % is positive due to the assumption € < ;. We now prove
(2.36) by induction (it clearly holds true in the case n = 0). Assume the claim is proved for
some n, and set d,, := [|®/" — Id||. From the fact that 0 < € < ¢, and from the induction
assumption, we first deduce d,, < dx < 5 + ea < 2 — /2 < 1. Then, by Neumann series,

we deduce that <I>[ " s invertible for all 9 and that ((I>[ ]) e O(T,£(X)). In particular,
@énﬂ] =Ie(ol ])9 is well-defined. Moreover, from (2.35), we estimate

e(plnly _ [n] H‘P" ||

i z Since d, is the smallest root of d(1 —d) —2ca(1+
d), thanks to the assumption 0 < € < €1, a direct analysis of the function f(d) = 2ca Hg
shows that 0 < d < d, implies 0 < f(d) < f(d.) = d.. Consequently d,,+1 < f(d,) < dx
and (2.36) is proved.

To prove the Theorem, there only remains to prove that the Lipschitz constant of I'* is
less than one on the domain {® s.t. ||® — Id|| < d*}. To do so, we take ® € C(T, L(X))
and ® € C(T, £(X)) satisfying |® — Id|| < d, and ||® — Id|| < d,. As before, we readily
deduce that for all § € T, both operators ®g and </I\>9 are invertible on X, with inverse operators
satisfying ||[® || < 1/(1 — d*) and ||®~!|| < 1/(1 — d*). Hence, as in Lemma 2.9, we write

from which we deduce dy, 1 < 25oz

IT(®) = T=(®)] < P(|A@ — B) | x) + P2 87 (I A® — B)ll(x)
+=Pl@] 071 = &Y (|AB] gx) + Pl — B 17 (4B £x)
<ca (1+ @) 1871+ @ [1B] o) &)+ 18] |7)) 1@ - 3

<zca (L4 o] &) (1+ @) 1371]) o - B

dear ~
< —— || — D
< o o -
Introducing d*, the largest root of d(1 — d) — 2ea(1 + d), we now observe (using d*d, = 2«
and d* + d« = 1 — 2e«) that

decy deqy

0-d)? S U-dyi—da) "

Convergence of the sequence ®™ in C(T, £(X)) follows, and the Theorem is easily deduced.
O
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3 Geometric aspects

One of the advantages of stroboscopic averaging is that it preserves the geometric properties of
the initial equation. In this spirit, we now prove that stroboscopic averaging preserves both the
Hamiltonian structure and the invariants of the original equation (if any).

3.1 Preservation of the Hamiltonian structure

We assume here that X is a Hilbert space, i.e. the norm || - || x stems from a real scalar product
(-, -)x. Moreover, for further application to the case of the nonlinear Schrodinger equation, we
assume that X is a dense subspace continuously embedded in some ambient Hilbert space Z,
with real scalar product (-, -)z. The dual space X' is then identified through the duality given
by the scalar product (-,-)z. In practice, the workspace X will be a Sobolev space H*(R?)
(for some “large” s > 0) and the ambient space Z will be L?(R?), so that the dual space X' is
H—5(RY).
In this context, we introduce the following notions.

Definition 3.1 The vector field (0,u) — gg(u) in Assumption 2.3 is said to be Hamiltonian
if there exists a bounded invertible linear map J : X — X, skew-symmetric with respect to
(-,-)z, and a function (0, u) — Hg(u) analytic in the sense of Definition 2.2, such that

V(0,u,v) €T x K x X, (OuHp)(u)v = (Jgo(u),v), . 3.1
A smooth map (0, u) — Dy(u) is said to be symplectic if
V(0,u,v,w) € T x K x X2, (JOuPo(u)v, 0uPp(u)w) , = (Jv,w)z.

Remark 3.2 Recall that this definition can be also written gp(u) = J *lqug(u), where the
gradient is taken with respect to the scalar product (-, -)z and is defined by

V(0,u,v) €T x K x X2, (VuHy(u),v)z = 0uHp(u) v.

Moreover, the two following classical properties hold true. First, if (6,u) — gg(u) is Hamilto-
nian, then

V(u,v,w) € K x X? (JOugo(w)v,w)z = (v, JOugp(u)w)z.

Second, if f1 and fy are Hamiltonian, with Hamiltonian respectively given by F| and F», then
the Lie-Jacobi bracket

f(u) = [fi(u), fa(u)] = Oufi(u) fa(u) — Oufa(u) fi(u)

is also Hamiltonian, with Hamiltonian given by the Poisson bracket

Fu) = {F1, Fa} (u) = (Jf1(w), fa(u)) 7 -
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Definition 3.3 An analytic vector field f (depending on <) is said to be Hamiltonian up to an
e perturbation if there exists an analytic function F' such that

V(wv) €K x X, (0uF)(w)v = (Jf(w),0),+0 (=5 o]x).
A smooth map (0,1) — ®g(u) (depending on €) is said to be symplectic up to an ' pertur-
bation if
Y(0,u,v,w) € TxKxX?,  (JOuPo(w)v, du®o(w)w), = (Jv,w)z+O0 (" v]|x lw]x).

We now establish that whenever (6, u) — gg(u) is Hamiltonian, the associated averaged
vector field G["! obtained in Theorem 2.10 is Hamiltonian as well, up to an e” ! perturbation.
Prior to that, we state the following lemma.

Lemma 3.4 Under the assumptions of Theorem 2.10 and provided (0,u) — gg(u) is Hamil-

tonian, suppose that <I>[9n] is symplectic up to an e*1 perturbation term, with 0 < k < n, i.e.
that for all (6,u) € T x K andv,w € X

(Jauqﬂg” (w)v, 5,2} (u)w)Z = (Jv,w)z + OE vl x [lw|lx). (Sk)

Then G is Hamiltonian up to an 11 perturbation term. More precisely, we have, for all
ue K,

Gll(u) = TV, HIM (u) + O(eF+), (Hy)

with Hamiltonian
1
[l (y) = [n+1] S [n+1] [n+1]
HI () <H o d (u)> 2€< (Jagq> (w), ® (u))z > 3.2)
Proof of Lemma 3.4. We first compute 9, H™ (u) when v € K. We define for convenience
0] () = o+ 7]y = — L o+ o+
H () = <H o ® (u)> and  H"(u) = 28< <J89<I> (w), (u))Z >

so that H" (u) = H n] (u)+H lgn] (u). On the one hand, using that gg is Hamiltonian (according
to Definition 3.1). For any v € K and v € X, we recover

A HIM (u) v
= <8UH9 <<I>["H](u)> (8u<I>[”+1] (u)) v> = —< (g <<I>["H](u)> , JO, 0 () v)Z >

]

On the other hand, computing 0,, H IE” and next using an integration by parts in 6, we have

O H™ (u) v

=55 J, (00085 w0, 27*0)  + (J000 ) 0,80 w0 0), )
- 2%13 | ((10u05 wyv, o0l )~ (1002 (w) L ,0f wyv) Y ao
_ gip i (000 w), 70,25 () U)Z do.
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These results eventually provide the relation

1

O HM™ (u)v = — <<g o dnH(y) — gagqﬂnﬂl (u), JO,®r 1 (u)v) > . (3.3)
Z

The right-hand-side of (3.3) may now be simplified. From the very construction of G ["+1] and
1] we have

—1
00l ) 0,0 w) (Bu(@l ) (w))  (go @) (u) —egpo @ () = O(e" )

and GI'H(y) = (87!((1)[”“])(11))71 (g o ®"*1Y (), for any (,u) € T x K. Here the term
O(¢™*2) is meant in the sense of functions that are analytic in u, with value in X (or X¢),
see Theorem 2.10. This provides, by picking up v € X and taking the scalar product with
J0,Pg(u) v, the relation

<g9 o a1 (y) éaeqﬂg"*” (), JO B+ (u)v> )
_ (auqﬂe"*” (w) G () | J8,00 Y (u) v)Z +OE o] x).
Hence, taking the average in 6, and using (3.3) yields in any circumstance
B, HM (u) v = —< (auqﬂm] (w) G (), 70, (u) U)Z > +OE v)lx). (34)
This is where assumption (Sg) is used. It provides, using k + 1 < n + 1,

(aucp(g”l (w) G (w) , 0,8 () v)z - (G[”] (), JU)Z +OEH v x).

Inserting this identity in (3.4) and using the fact that ®[*+1) = [ 4 O(e"+1) and G+ =
G + O(e"1) (see Theorem 2.13) gives

OuH () v = (JGM (), v) +O@Eo]lx).
The proof of the lemma is complete. U

Lemma 3.4 allows to establish the

Theorem 3.5 [Stroboscopic averaging preserves the Hamiltonian structure]
Under the assumptions of Theorem 2.10 and assuming that gg is Hamiltonian, for alln € N, the

functions (13[9"] and G are respectively symplectic and Hamiltonian up to €"+-perturbation
terms, namely for all (6,u) € T x K, v,w € X, we have (here H" is defined by (3.2)),

(V.25 @, 205 (wpw) = (v, w)z + O olxwlx), (B
G (u) = TV HM (u) + O™ ). (3.6)
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Remark 3.6 Consider the truncated Hamiltonian
~ ek gk glnl
A=Y= S0 (), 3.7)
k=0 e=0

A direct consequence of Theorem 3.5, and of the smoothness of H™ and G\ in ¢, is that the
truncated averaged vector field defined by (2.18) is exactly Hamiltonian, namely

GM(u) = TV, HP (1),

(both functions are n-th order polynomials in € and coincide to within O(¢"+1)). This equality
holds in the strong sense of X -valued functions.

Proof of Theorem 3.5. By construction, @L"] (u) = u+O(e), so that (Sp) and (H,) (as denoted
in Lemma 3.4) hold. Now, assume that (Sy) holds for some 0 < k < n — 1. By Lemma 3.4,

we know that (#y,) holds. Consider the flow \I/,[fn] associated to the vector field eG™, which is
defined for all ¢ € [—P, P], at least for small e:

vue K, 00w =caMoulw), ol =u
We claim that
Vo,w € X, (Jau\pW (w)v, B, " (u)w)Z = (Ju,w), + OEF2v]|x [w]x). (3.8)

In order to prove (3.8), let us differentiate the left-hand side of this equation. By using the
antisymmetry of J, we get

d n n n n n n
= (Jauqfﬁ Jw)v, 8,0 ](u)w)z S ((auc;[ Vo wl (w)) 8,0 (w)v, 70, 0! ](u)w>z

te (Jau\y£”1 (w)v, (8.G 0 Bl () 8,01 (u)w)z

Besides, by differentiating Hj, we obtain, for all v, w € X,
(2.1 (wyw,v) = =G2H (w) (77 v,w) + O+ ol x [l x).

thus, by symmetry of 92 H ™,
d

= (1001 v, 0,9 (wpw) = 02 0 W (w) (0,9 w, 0, %]")

— 02" o 0 (u) (9, 9] w, 0,90 ) + O 2 v x| x)
= O 2 |lv]x[lw]x).

Integrating this equation yields (3.8). Now, for all (6,u) € T x K, denote x:(u) = (I’I[f"] o
\I'l[en] (u). By Theorem 2.10 and (3.1), we have

Axe(w) = (0,2 0 B (u) + £(8,8") 0 W () GIM o WM (1)
= eJ 7'V H, (xi(w) + O(e™H),
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so that the map x; is quasi-symplectic, i.e., proceeding as for \Il[n], we have
Yo, w e X, (JOuxt(w)v, Ouxi(w)w) , = (Jv,w), + OE™ H|v||x [[w]|x). (3.9
[n]

Finally, since \Ilgn] is the flow of an autonomous equation, one has <I>£"] = xt o U, so, from
(3.8) and (3.9), one gets (Sk.+1). An induction argument finishes the proof. O

3.2 Preservation of the invariants

Assume that the solution of (2.1), associated with the field (6, u) — egg(u), admits an invari-
ant. More precisely, assume that the smooth function ) : T x X — R, which possibly depends
on ¢, satisfies

Qt(u®(t)) = Qo(uo).

For instance, in the framework of Hilbert spaces X C Z presented in Section 3.1 and consid-
ering the nonlinear Schrédinger equation, the quantity Q(u) = ||u||% is an invariant provided
(g9(u),u)z = 0 whenever u € Z. The question is whether the averaged field GI" possesses
Qy as an (almost) invariant as well. It turns out that the answer is positive, and the proof is
strikingly simple. The crucial fact is that Qg o @y is (almost) independent of 6, while () is an
(almost) invariant of the averaged system, up to small perturbation terms.

Before going on, let us make the invariance assumption more precise. Differentiating the
relation Q¢(u®(t)) = Qo(ug) provides

09Qo(u) + € 0uQo(u)gg(u) = 0, (3.10)

whenever (0,u) = (t,u®(t)). In the sequel, we shall require that this relation actually holds
true for any 6 € T and any v € K.

Theorem 3.7 [Stroboscopic averaging preserves the invariants]

Under the assumptions of Theorem 2.10, assume that the function (6,u) € T x X — Qp(u) €
R is an invariant of the field gy, in that (3.10) holds for any (0,u) € T x K. Assume that
(0,u) = Qp(u) is analytic on K, for some 0 < p < R.

Then, for all n € N, the change of variable <I>[9n] and the averaged vector field Gl satisfy,
whenever u € K, 0 € T,

Qo(® (W) = Qu(w) + O™, and  (2,Qu)(w) G (w) = OE"). @11
In particular, we have (d/dt)Qo(\Iign} (ug)) = O(e"t1), whenevert € [0,T/¢].

Remark 3.8 [f the invariant Qg does not depend on ¢, then, from Gl — Gl = O(ent1)
and remarking that G ") s a polynomial of degree n in €, one deduces from (3.11) that we have

(9uQo) () G (u) = 0,

so that Q) is exactly preserved by the autonomous equation (2.22).
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Proof of Theorem 3.7. Relation (2.24), written in the form
[n] [n] nl(,) — [n] n+1
Op®y " (u) + €0, Py (u)G"™(u) = eggo Py ' (u) + O(e"),

provides after premultiplying by (9,Qy) © ‘DL”] and using the fact that () is an invariant of g,
the relation

(0uQ0) © 2" (w) Bp@ L () + 20, (Q 0 ) (u) G ()
- ((9qu © @é”]> (u) (ge o CI)E)R]) (u) + O™
= — (36Q0) 0 0" (u) + O,

whenever u € K. Note that the term O(¢"*1) is meant in he sense of analytic functions, which
means in the ||.|| » norm, whenever 0 < p’ < p, say. Therefore, we arrive at

o Qoo @) (w) + 20 (Quo @) (w) G = O+ G2

In particular, taking averages on both sides yields
By <Q o @["1> (u) G (u) = OEN). (3.13)

The Theorem now comes from an induction argument. Assume that, for some k < n, and
forall @ € T, we have Qo <I>[9n] (u) = Qo(u) +O("+1). Note that this property is clearly true
when k = 0 since " = Id + O(e) and since Qg(u) = Qo(u) + O(¢) by integrating (3.10).
It comes Qg o <I>[9n} = Qo + Oty = (Q o @) 4 O(e#*1), hence after differentiation
Ou(Qp o @L"]) = 0,(Q o ®M) 4 O(eF*1), and eventually we recover in (3.13)

0u(Qp 0 B (1) Gl (u) = O™ + 511,

This provides in (3.12)
9(Qo 0 @) (u) = O™+ 4 £442),

which, by integration in 6, provides Qg o <I>[9n] = Qo (I%"] + O(eF2) = Qo + O(eF2),
whenever k < n. The recursion is complete. ([

4 Application to the nonlinear Schrodinger equation

In this section, we apply the results of Sections 2 and 3 to the nonlinear Schrédinger (NLS)
equation, written as

0 (t,x) = (AY°)(tz) + ef (U5 (L 2)]*) v (tx), t>0, ¢°(t,)€X, (4.1
Y(0,2) = o(x) € X.

Here f is a real-analytic function. We set Z = L?(Q) where Q C R? is open, and A :
D(A) C Z — Z is a linear unbounded self-adjoint operator with dense domain D(A) C Z.
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We assume A is of the form A = —A, + V(x), for some potential V' (x). We also assume A is
non-negative, which allows to take fractional powers of A thanks to the functional calculus for
self-adjoint operators. Lastly, we set

X ={ueZst (1+A)*?ue Z},

for some s > 1 (to have a bounded energy, see (4.12) below), i.e. X is chosen in the Sobolev
scale induced by A (with the obvious norm). We assume that X C L°°(2) continuously, and
we also assume that X is an algebra (i.e. ||uv||x < ||ul|x ||v]|x whenever u and v belong to
X), to deal with the nonlinear term £ (|2)|?)).

The first key assumption is, we assume A has compact resolvent. This imposes both mild
regularity assumptions on the potential V' (), and (more importantly) compactness in the vari-
able x (typically € is bounded, or Q = R? with V(z) — +oc as || — oo to cut-off large
values of z). Compactness of the resolvent of A ensures that the spectrum of A is discrete.

The second key assumption on A, and actually the most restrictive one, is

the spectrum of A is a subset of AN for some A\ > 0. “4.2)

In other words, while the Stone theorem ensures that the propagator exp(ifA) is well-defined
as a strong group of unitary operators on Z whenever § € R (this is due to the fact that A
is self-adjoint), we are here assuming that 6 — exp(i#A) is periodic (with period 27 /\). In
general, when A has compact resolvent, the function § — exp(i@A) is almost-periodic only,
in that it entails an infinite, countable, number of independent frequencies.

A last, more technical, functional analytic assumption is in order, to deal with the nonlinear
term f(|/|?)% in (4.1). Namely, we need a tame estimate, in that for any smooth and nonlinear
function G : C — C satisfying G(0) = 0, there exists a nondecreasing C"' function C :
R4+ — Ry such that, for all u € X, we have

1G(w)llx < Ca ([ullzee) l[ullx- 4.3)

This statement completes and refines the assumed fact that X is an algebra.

Under all these assumptions, the local in time existence of strong solutions to (4.1), for any
fixed value € > 0, is standard, see for instance [Car08, CH98, Caz03], and it becomes feasible
to deal with averaging issues in this equation.

Note that two paradigms are covered by our analysis.

Case 1: NLS on the d-dimensional torus. Let T = [0,a]?, with @ > 0. We consider the
equation

0% (t, 7) = —Agt=(t2) +ef (U7 (L 2)]°) ¥ (t @), >0, 4.4
ws(()?m) = 1/}0(‘75)7 x < Tg?
with periodic boundary conditions. In this case we set A = —A, with domain D(A4) =

{u e H*(T?) s.t. Uy, = uly,—q forj =1,...,d}, where H? is the usual Sobolev space
{u(z) € L?s.t. Ayu(z) € L?}. The operator A : D(A) — Z = L?(T%; C) is self-adjoint
non-negative with compact resolvent, the embedding D(A) C Z is dense, and the spectrum
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of Ais o(A) = {(2r/a)?|k|* = (2r/a)* (k} +--- + k3); k € Z} C (2m/a)?N. We take
Yo € X, where we set X = H*(TZ;C), for some s > d/2, and H® is the Sobolev space of

periodic functions associated with the norm || - || s defined by
lullfys =11 = 8)ullfe = a® 3 (1+ 2m/a)* kf*)” urf?, (4.5)
kezd
where we write u(x) = Z g, €27/ DFT whenever u € L2,
kezd

In that context, the tame estimate (4.3) is clear, since the assumption s > d/2 immediately
ensures, for any smooth G : C — C with G(0) = 0, the estimate

1G(W)lers < Ca ([[ulle) [[ullas, (4.6)

for some nondecreasing function C¢; : RT™ — R™. The constraint s > d/2 also ensures that X
is an algebra. U

Case 2: the Gross-Pitaevskii equation. Take w > 0. We consider the equation

10" (t, x) = (—Am + w2|x\2 — dw) VE(t,x) +ef (\wa(t, x)\z) VE(t, x), t>0, 4.7
Ye(0,z) = Po(z). x € R%

In this case we set A = —A + w?(z|? — dw, with domain D(A) = {u € L*(R?) s.t. Au €
L*RY} = {u € H2(RY) : |z|>u € L*(RY)}. The operator A : D(A) — Z = L*(R%C)
is self-adjoint non-negative with compact resolvent, the embedding D(A) C Z is dense, and
the spectrum of A is 0(A) = {2kw; k € N} = 2wN. We take 1) € X where we set
X = ¥%(R% C), for some s > d/2, and X° is the space {u € H*(RY) s.t. [z|*u € L?(R%)},
associated with the norm

lullss = [[(1 = A+ w?[a]” — dw)*?u| 2. (4.8)
The following crucial equivalence of norms holds (see e.g. [BACMO08])
ullss ~ llullas + Iz ul L2 (4.9)

This ingredient immediately provide the desired tame estimate (4.3) in the present context.
Indeed, taking G as in (4.3) we have

IG(u)||x <C (|IG(w)||ms + |||z]°G(w)|| 12) (for some constant C' > 0)

§C<CG(HU||L°°)HUHHS+( max |G’<u>r) HH«“ISUHL2> (we use (4.6))

[u|<[lul|Loo

< (Callulm)+  max 16w ) Jul.

[ul<[lullL

The same argument shows that X is an algebra. (]
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The well-posedness of the Cauchy problem for (4.1) can be formulated as follows.

Proposition 4.1 Let ¢y € X. Then, for all ¢ > 0, there exists T, €]0,+o0] and a unique

max
maximal solution ° € C([0,T5,[, X) to (4.1). This solution is maximal in the sense that

if Trax < +00, then limsup |[¢°(t)|| L = +o00.

t—TE
Moreover, for all k > 1, there exists T, > 0 such that for any ¢ > 0 we have TS, > T, /¢,
and
vie [0, Te/el,  l7(O)llx < sllvollx- (4.10)

Furthermore, one has the following conservation laws, valid whenever t < Ty,

195 () |22 = [|¥o]|%2 (conservation of mass), 4.11)

1 €

5 (A0 @)+ 5 [ F(0°P) (b0 @.12)

1
=3 (Ao, o) 2 + ;/F (\wo\z) dz, (conservation of energy),

where F(u) = /Ou f(v)dwv.

Proof of Proposition 4.1. We refer to [Car08] for the proof of the existence and uniqueness
result for fixed € > 0, as well as the proof of the standard relations (4.11) and (4.12). We only
prove here the a priori estimate (4.10). Without loss of generality, we assume 1y # 0. Let
x > 1 and define

= emax (T < T, st VE€ [0,T], [¢°(t)]lx < sllvollx)-

Let us prove the existence of 7}, independent of € such that 7, > T);. The Duhamel formulation
of (4.1) provides

t

V() = e —ie [ DAL (R (i

Hence, using the fact that exp(—itA) is unitary on X, which comes from the definition of the
space X and its associated norm, and from the unitarity of exp(—itA) on Z, we have

16°(®)l1x < Iollx +< /0 1F (W) 65 ()| dr
< Jollx +e /0 5 (I L) 97l x

t
< [[ollx +6/0 Cj (coll™ (M)l x) 197 (1)l x dr,

where C is the nondecreasing function in (4.3) associated to f(u) = f(Jul*)u and ¢y is the
norm of the continuous embedding X C L*°. As a consequence, whenever ¢t < T /c we
recover

t
195 (®)llx < llYollx + e C (corllvollx) /0 1% ()l x dr,
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and the Gronwall lemma asserts, whenever 0 < ¢ < T /e, the estimate
() |lx < |lvollx oI Cylcorllvollx)

This in turn ensures
log

T=>T, = — ">
" C (corl|tollx)

(4.13)

O

Let us now put the NLS equation (4.1) under the form (2.1). To this aim, we first pass to
(1
canonical coordinates setting ¢ = R(¢°), p* = J(¢°). The unknown y*(t) = ( gEEg ) €
7 x Z satisfies

Oy (t) = J A () +ef (0 (1)) T (1), 7 (0) = ug = ( 3(vo) ) . (414

0 1

where we have denoted y‘g(t)2 = p‘E(t)2 + q‘e(t)2 and J = < 1 0

> . We also make a slight

£

Ap
Agt
on Z = L? x L. In the same spirit, we denote in the sequel ||y (t)[|% = [|p°(t)||% + ||¢° ()
and similarly for the X -norm. An obvious computation shows

HTTIA _ ( cos(fA) —sin(6A) >
~ \_sin(A)  cos(PA) )’

abuse of notation, in that we denote Ay® = < ) , which makes the operator A self-adjoint

1%

077 A g o group of isometries on Z x Z and on X x X. Moreover, assumption (4.2)
—1 . . . . . . .
077" A s periodic (with period 27 /). Consider now the function

hence e
shows 6 — e

W) = e T A (). (4.15)
Inserting (4.15) in (4.14) immediately yields
ot (t) = egr (u°(t)), u®(0) = uo, (4.16)
provided we define, whenever u € X x X,
go(u) == Jle 07 Ay ((eeJ_lAu)Q) e Ay, (4.17)

As desired, equation (4.16) is of the form (2.1) considered in the previous paragraphs. In
order to apply the results we obtained in the previous sections, there remains to check that
the nonlinear function gg acting on the Banach space X x X satisfies Assumptions 2.1 (well-
posedness of the problem on a fixed times interval of size O(1/¢)) and 2.3 (analyticity of gp).
We also prove that gg is Hamiltonian, in the sense of Definition 3.1.

Assumption 2.1 holds true. Take any x > 1 and any ¢y € X, )9 # 0. The precise constraints
on these two choices are made precise later. Proposition 4.1 and the fact that ||u®(t)||x =
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Assumption 2.1 holds true, where €* > 0 can be chosen arbitrarily and we may take 7' = T},
as well as (recall that xk — 1 > 0)

K={ueXxX:|ullx <2xk—-1)M} (where ||1g||x = M). (4.18)
(]

|y (t)||x imply in any circumstance that ||u®(t)||x < |[1o||x whenever t < T, /e, hence

Assumption 2.3 holds true. Periodicity of gy in 6 is obvious, thanks to assumption (4.2). Now,
take Ry < R,, where R, is the radius of analyticity of the function f and denote f(z) =
f(2%)z. The function f is clearly analytic and bounded for |z| < /Ry. On the other hand,
take cg as the norm of the (assumed) continuous embedding X C L. We clearly have

Vu € Xc,  lullg < collullx.
With these observations in mind, we choose the parameters M = |[¢p||x > 0, R > 0, and
k > 1, such that
VR VR
M<¥Y2  and (2k-1)M+2rR< Y0 (4.19)
Co Co

For all u € Kyg, where K is given by (4.18), one has clearly [lul[ze < collullx. < v/ Ro, so

that for all = € (2, the quantity u(z) belongs to the domain of analyticity of f Hence one may
write, for any function i € X such that ||A[| x.. (hence ||h||Lge) is small enough, the relation

~ ~ ~ 1 ~
flu(z) + h(z)) = f(u(z)) = Ouf(u(z)) h(z) = /O (1= 1)05f (ulx) + th(z)) h(x) dt,

and the assumed fact that X is an algebra, together with the fact that fis here computed in
a fixed subset of its domain of analyticity, allows to upper bound the right-hand-side as an
o(||h||x.). Hence the function v — f(u) is analytic on Ky in the sense of Definition 2.2.
Moreover, we remark that for all @ € T and u € Ksp,

-1
07 Au‘

< ¢
o0
LC

-1
07 AuH

=g HUHXC < 4/ Ryp.

Hence, by standard composition theorems, the function gg defined by (4.17) is analytic on Ko

Xc

(we use that e/ "4 and J~! are bounded and linear on X¢). Finally, we have, for all § € T,
u € Kap,
_ _pj-1 ~ -1
lgo(@)llxe = |77 o e™ Ao foe® A(u)|x,
~ 1y ~
= [foe” Hu)|x. <O = max_|f(2)].
- |21<v/Ro

We have proved that gy satisfies Assumption 2.3. (]

The vector field gy is Hamiltonian. 1If J is the above defined matrix and if F' is defined as
u
F(u) = f(v)dw, it is clear that J is skew-symmetric with respect to the scalar product on

0
Z x Z,and one can check the identity

1 _
go(u) = J IV Hy(u), where Hy(u) := 3 /F <(€9J 1Au)2> (x)dx. (4.20)
In other words, gy is Hamiltonian in the sense of Definition 3.1. O
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As a consequence of all these considerations, the results of Sections 2 and 3 can be applied
in this context. We summarize these results in the following Theorem. For simplicity, we
identify the initial complex-valued function °(¢) and the function y°(¢). Similarly, we also
identify u®(t) = ™~ Ay=(¢) and e~ tAype(2).

Theorem 4.2 Let M, k, R and T := T}, be chosen as above. There exists €9 > 0, a function
G®(u), analyticinu € X, and a function ®3(u), analytic inu € X, continuously differentiable
and periodic in 0 € T with ®F = id, such that the following holds.

For all 1o € X such that ||1po||x < M, the unique maximal solution to (4.1) given by
Proposition 4.1 satisfies

WE(t) — e tApS ({/;E(t)> HX < Cexp <—C:) : 421)

sup
o<t<ZT

for some C > 0 independent of € and of 1o, while 1 € C* ([0,T/e], X) solves the autonomous
equation B
oYF e( 1€ e
o eG* (%), ¥=(0) = vo. (4.22)

Moreover, the autonomous equation (4.22) is Hamiltonian, i.e. there exists a real-analytic
function H(u) such that G*(u) = J~ 'V HE (u).

Lastly, the following two conservation laws are satisfied. For all t < T /e, we have the
exact conservation of mass

1D ()22 = llvoll2s (4.23)

and the almost conservation of energy

% (46 0. 9°) |, + ;/F (10°F) (¢, 2)da

_ % (Ao, o) 2 + = /F (Ibof2) o+ 0 (7%, (4.24)
Proof of Theorem 4.2. Due to the fact that the original Schrédinger equation may be put under
the form Oyu®(t) = € g¢(u®(t)) as in (4.16), this Theorem is a direct consequence of Theo-
rem 2.7, of Theorem 3.5 and of Theorem 3.7, provided we set G° = G| and o5 = @é"g]
(and n. is as in Theorem 2.7). In that context, the Hamiltonian H¢ is the function HInel given
according to Remark 3.6. Lastly, the original equation (4.16) preserves the mass [[ul|3, as well
as the filtered energy

Qulw) 1= 5 (Auwya + 5 [ F (7 40) ()i

1
=3 (Au,u); 2 + eHp(u). (4.25)
Hence the exact mass conservation (4.23) is a consequence of Theorem 3.7 and of Remark
3.8, since the mass invariant does not depend on €. Besides, the almost conservation of energy

(4.24) is a consequence of Theorem 3.7, recalling that the O(e™) in this Theorem naturally
becomes an O(e~/¢) given the optimal choice 7 = n. of the integer n. (]
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Remark 4.3 Surprisingly enough, one also deduces from this result a new almost invariant
for the initial problem (4.1). Indeed, the invariance of Qg under the autonomous evolution
equation (4.22), when writen in the form 8,Qo(u) G¢(u) = O(e~C/%) (see (3.11)), provides
0uQo(u)J 'V He(u) = O(e=C/%). The point is, Qq coincides with the Hamiltonian of the
original Schrodinger equation (4.1). Hence, reading the above almost invariance in the reverse
order 0, H? (u)J 'V, Q5 (v) = O(e~C/¢) immediately provides

Vt<Tfe,  HE(WF(t) = HE (o) + O <6_0/8> .

Remark 4.4 In dimension d = 1, we consider the Schrodinger equation (4.1) with initial
datum g € X = {u € Zst. (1 + A)Y?u € Z}. In other words, we choose s = 1 in
the above notation. In that case, it is known that for € small enough, the solution of (4.1) is
global in time and uniformly bounded in X. Therefore Theorem 2.7-part (iii) applies and the
estimates of Theorem 4.2 hold true on longer time intervals |0, 61%] for any a €]0, 1].

Note in passing that the global existence of 1°(t) in that case comes from the following
simple argument. Consider a pair M > 0, k > 1. We claim that there exists (M, k) such
that, if ||¢ollx < M and € < (M, k), then the solution is global, with || (t)||x < kM for
all t > 0. To prove the claim, denote

(k2 — 1) M?

Cor = F(lu|?)|d d (M, k)=
M ||u||rf§§nM/ E(juP)ldz < oo and (M, x) 2C, 11

Here we used the embedding X C L* to have Cypy < +oo. Recalling that ||[9¢||3% =
(%, 9%) 2 + (AY°, %) 12 in the present case (s = 1), the conservation laws (4.11) and (4.12)
give, as long as ||Y°(t)||x < 26M and provided € < (M, k), the estimate

IOl < lollk + 26Crens < M? +2eCrepp < K2M?.

This immediately implies that the solution 1)°(t) € X exists for all times.

S Computing explicitely the averaged vector field

5.1 A formal Magnus expansion for non-linear time-dependent vector fields

In this subsection, we very briefly expose the form of Magnus expansion and a way to compute
it. We refer the further interested reader to [BCOR10] and to the Appendix section of this paper
for an elementary proof. Prior to stating the result, we introduce the following notation: Given
two time-dependent vector fields (t,u) — fi(u) and (t,u) — g;(u) we write h = f < g for
the vector field defined by

) = [ 1e.g) ar = [ (250 g0 - 240 )Y ar s

U
Theorem 5.1 (Magnus) Given the differential equation (2.1), there exists a formal vector field

G (u) = e G1(u) + 2Ga(u) + 3G3(u) + - - - (5.2)
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such that, for arbitrary initial value ug, the solution u®(t) of (2.1) and the (formal) solution
U (t) of the initial value problem

%U =eG(U), U(0)= uy, (5.3)

(formally) coincide at t = P. The terms G; in (5.2) are given by
L7
Gi(u) = — R (u)dt, (5.4)
P Jo

where the time-dependent vector fields R,[f] (u) are uniquely determined by requiring that
eR;(u) = ERE}] (u) + 62R£2] (u) + 63R£3] (u)+--- (5.5)

satisfies the equation

2 3 4
sg:aRE+%R5<1RE+%RE<1(R5<R€)+%RE<1(R5<1(R5<1R5))+--~ (5.6)

It is worth noticing that the use of the same notations for G* (as compared to Subsection 2.2)
and for the corresponding terms of its expansion, G1, G2 and so on, is no coincidence. As a
matter of fact, denoting xg , the solution operator of (2.1) (i.e. writing as X%,t(UO) the solution
u®(t) of (2.1) with initial condition u®(0) = wuy), it is possible to define the change of variables
®7 of Subsection 2.2 as follows:

O (U) = (x5, 0 ¥%4) (U).

Now, as soon as (¢, u) — g¢(u) is P-periodic in ¢, one has for all uy and all n € Z the relation
W p(uo) = X§ ,p(uo), and this implies that (¢, U) — @ (U) is P-periodic in ¢. In conclusion,
this shows that the vector field G° obtained by Magnus expansion coincides (at least formally)

with the vector field obtained in Subsection 2.2 and further, in a form which is more amenable

to geometric considerations .

To conclude this subsection, we now give explicitly the first terms of G*:
R2=_-lgayg, Gy =—1 <f0t (g (), ge(w)] dT>7
RE = g<a(gag)+i(9<g) <y,
5.2 Expressions of the averaged vector fields in terms of Fourier coefficients

We first note that whenever the system is Hamiltonian, i.e. whenever gg(u) = J =1V, Hp(u),
then, in accordance with Theorem 3.5, (G; and (G5 are also Hamiltonian with Hamiltonians H;
and H, given by

1 P
M) = & /0 Hy(u)ds, 5.7)

P rso
Hy(u) = —% /0 /0 (H,, (v), Hy, (u) bds1dss.

*Though as already mentioned in introduction, sticked to the one-frequency situation.

33



where {-,-} denotes the Lie-Poisson bracket on X. Later in this section, we consider the
nonlinear Schrodinger equation (4.1) with f(z) = 2P, A = —A, (See Section 4) and the
additional multiplicative term ~(z)

i0pp°(t, ) = =A% (t, x) + € y(x) [ (t, )P °(t,z), =z €[0,a]%, t>0,
and write its solution in terms of the Fourier coefficients & ()
; 27
€ _ iwk-x _ =7
VE(t,z) = Z e TER(t) where w = -
kezd

In order to conveniently and concisely write down various terms occurring in the sequel, we
first introduce, for ;1 € N*, super multi-indices K = (K, ..., K,) € (Z%)* and denote

o i(K) =Y (-1)/K; € Z¢,

o oa(K) =Yl (-1 TK;]? € Z,

o (U)K = UK, VK, UK; - - - VK, foreven pand (uv)k = uk, Vi, UK, - - - uk, for odd p,
o (VU)K = VK, UK, VK, - - ug, for even ;1 and (VU)K = VK UK,CKy - vk, for odd p.

Equation (4.1) is then formally equivalent to the infinite dimensional system

Vn € Zd7 an(t) = w2’n’2§n(t) +e Z Y(o1(K)—n) (55)K<t>
KE(Zd)Qp‘H

where we have defined 1
Vk € 24y, = — / y(z)ek T dg.
a Tg

This system which can be put in Hamiltonian form by introducing the conjugate variables

nn(t) =& (t):

En(t) = —i(en)
Vn € 74 ar
mess {mm = iy

with
€
H(&m) =w® Y kPG + 01 Y e Enk
kezd P Ke(zd)2rt2
Now, filtering out the main oscillations by changing the variables &, (t) = e~®*I"*ty, (¢) and
N (t) = e’In’ty, (¢), we obtain the non-autonomous Hamiltonian system

Vn € 74 { n(t) = 71’52{1{: (u,v)
’ in(t) = et (u,v)
with 1 ,
Hp(u,v) = p+1 Z Yor (i) € 72 (v
Ke(z4)2p+2
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In this setting, the Poisson bracket pf two Hamiltonian functions F7 and F5 reads

. OF, 0Fy, OF,0F;
{F, By} = Zpgz:d (8up Jvp,  Ouy Ouy )’

so that one has

%F@(t),n(t)) = {F, H}(&(t),n(1)).

The term H; is obtained easily and is of the form

1
Hy(u,v) = > You () (W0)K. (5.8)
Ke(Z4)2r+2) oo (K)=0

Now, the Poisson bracket of H; and H; may be computed according to the following steps

aHS w* (o — s

our S Aok €O (pu)y,
k Ke(24)20+1

OH —iw* (o -

8Tt = Y Yeweme OO )y,
F Le(z4)2+1

{Ho, Hi} = 2 Y You(K)-k)Vor (L)—k) SN (wQ(Uz(K)S — oo(L)t + k(¢ — S))) (vu)k (uv)r,
K e (Zd)2p+1,
Lc (Zd>2p+1’
kezd

We thus have to evaluate expressions of the form

2 2% s
I(a, ) = ;L)Tr/o /0 (sin(w?(as — Bt))dtds
for (o, B) = (02(K) — |K|?, 02(L) — |K|?) € Z>2. This gives
10,0) =0, I(a,0)= w%a foralla £ 0, I(0,8) = wiﬁ for all § # 0,
I(a,a) = %ferallaio, I(a,8) =0forall « # 0,5 # 0,0 — B # 0.

Hence, Hy = A + B + C with

B 5 (vu)k (uv)y,

A4 = —w > Yo (0-K) Vo @=k) gy kR
d\2p+1 d\2p+1 2

(K, L) € (24)2PH1 x (z4)2r+1,

k €z o2(K) = |kI?, o2 (L) # |k|?

5 (vu)k (uv)L,
B = —w E Vo1 (K)=k) V(o1 (L)=k) -4y — 152 K) — [k’
(K, L) € (zH)2P+1 x (z4)2pH1, 2
k€ 2%, o9(K) # |k|?, 02(L) = |k|?
O = w2 ) B (W)K(UU)L.
w E : V(o1(K)—k) V(o1 (L)—k) oo(L) — |k[2

(K, L) € (z4)2PT1 x (z%)2P+1,
k€ 2%, o3(K) = o2(L) # |k|?
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6 Numerical experiments

In this section, we present numerical simulations of some specific solutions to NLS found in
the recent literature in order to illustrate these examples in the light of stroboscopic averaging.
Stroboscopic averaging gives access not only to the first order averaged model, which is often
the only model described explicitely in the literature, but also to higher order approximations,
which may carry some interesting physical information, as it will be seen on these examples.

6.1 A problem of Grébert and Villegas-Blas [GVB11]

In what follows, we briefly derive the first averaged model and simulate a problem considered
by B. Grébert and C. Villegas-Blas in [GVB11], which involves a cubic nonlinearity [¢|*1)
multiplied by an inciting term of the form 2 cos(2x) . More precisely we consider the following
Cauchy problem (Example 1)

i0)° = —AY° + 2ecos(2) V12T, >0, °(t,) € H*(Tay)

¥(0,2) = cosx +sinzx.

Classical arguments based on the conservation of the energy imply that this problem has a
unique global solution in all Sobolev spaces H*(Tq,) for s > 0 (see [GVB11] for details and
references therein). Writing the solution in Fourier (¢, z) = ;o7 &(t)e™™®, Grébert and
Villegas-Blas prove the following result.

Theorem 6.1 For £ small enough, one has for all |t| < £9/8 the following estimates:
1 4 sin(2et
amP = SR o)
1 — sin(2et
P = LI s,

The estimate for |¢1(¢)|? 4+ |€_1(¢)|? implies that all the energy remains essentially on the two
Fourier modes +1 and —1, while estimates for |£1(t)|? and |¢_1(#)|? account for the energy
exchange between these two modes (named “beating effect” in [GVB11]). We have here a =
2m,p=1,d =1 and w = 1, while the coefficients v, k € Z, read

1 27

Vi 2C0$(2$)€ikmdl‘ = 0k—2 + 012

with §,, = 1 if n = 0 and 9,, = 0 otherwise. The Hamiltonian H; given by (5.8) is thus of the
form ;
Hy(u,v) = B Z UKV U, Uy, -
(k,l,m,n) € Z4,
k—l+m—n==%2,
K2 —124+m?-—n%2=0

The proof of Theorem 6.1 in [GVB11] relies on a careful analysis of interactions between
modes in the system corresponding to H; and we do not reproduce it here. Instead, we illustrate
it by simulating:
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actions, energy

Strang splitting Stroboscopic Averaging Method

——mode 1

4 |——mode 3

——mode 5
——mode 7

| |——mode -7

mode -5
——mode -3

mode -1
——energy

actions, energy
IS
0
="
=
_ 7
S
p—y
‘)

time time

Figure 1: Example 1 with the Strang splitting method and the Stroboscopic Averaging Method.

— The original system integrated by Strang splitting with tiny stepsizes (see left of Fig. 1).

— The original system integrated by the Stroboscopic Averaging Method (SAM) which is
presented in [CMSS10, CCMSS11] (see right of Fig. 1). Without getting into intricate
details of this method, let us point out that it simulates the autonomous equation (2.22).

— The first order averaged system corresponding to e [{; (see left of Fig. 2).

— The second order averaged system corresponding to e H; + 2 Ho, (see right of Fig. 2).

In all figures, we represent (in logarithmic scale) so-called actions ||, for modes k = +1, +3,
+5, 7. Modes +1 are of order O(1) and one can observe on all pictures the beating effect
between these two modes: all four pictures corroborate estimates of Theorem 6.1, which are
based on the first order averaged system. The nonlinear energy is also represented and is well
conserved by the four numerical methods. Meanwhile, higher-order averaged systems exhibit
other interesting “beating” effects not yet investigated, which can be observed thanks to the
Stroboscopic Averaging Method (SAM) or through their direct simulation.

Indeed, one can observe of the left of Fig. 1 that modes 3, +5 are of order O(e), modes
+7 of order O(¢?), and that all these modes are highly oscillating, thus difficult to analyse.
In contrast, high oscillations have been filtered out by the SAM (Fig. 1 right): the simulated
equation on the right is the non-stiff equation (2.22)

% —eGE(U) = eGi(U) 4+ 2Go(U) + 3G (U) + - - -,

amenable to much more efficient numerical method (see [CCMSS11]). Note that both solutions
(left and right) on Figure 1 coincide at stroboscopic times 27n, n € N.
The equations simulated on Figure 2, left and right, are truncated versions of this averaged
equation, respectively
dUu dU

— =eG1(U) and e eG(U) 4 £2Gy(U).
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actions, energy

We observe that Fig. 2 left and Fig. 2 right coincide up to terms of order O(¢) (i.e. only modes
+1 are correctly simulated by the first order averaged model), while Fig. 2 right and Fig. 1
right coincide up to terms of order O(¢?) (i.e. only modes 41, +3, £5 are correctly simulated
by the second order averaged model).

first averaged model second order averaged model

——mode 1

4 |——mode 3

——mode 5
——mode 7

1] |——mode -7

mode -5
——mode -3

mode -1
——energy

10° 10°
107 107 ¢
)
S0ty T \ /N
& N/ '\\ /"*\c \
c f\ \ I [\W V VA
. s / .‘ \ | \
10 & 10 -
_8 -8
10 10 \\‘v‘/\\!
-10 . . . . . . “0/‘ . . . . . .
10 10
0 100 200 300 400 500 600 0 100 200 300 400 500 600
time time

Figure 2: Example 1, first and second order averaged models.

6.2 A problem of Grébert and Thomann with quintic nonlinearity [GT12].

Our second example (Example 2) is the following problem considered by Grébert and Thomann
in [GT12], involving a quintic nonlinearity |¢|*4):

0" = —AYTtelpttet, >0, ¢°(t) € H'(Tax) ©6.1)
1/1(0,35) — \/Foeim+\/§e—im+\/?0€5iz+ /%67% (62)

with kg = 0.24. Thanks to energy conservation, they show that there exists a global solution
Ye(t,-) € H'(Ty,) provided the initial value lies itself in H'(Ts,). Moreover, if this initial
value is chosen in such a way that its non-zero Fourier modes belong to a specific resonant
set, then the solution exhibits periodic exchanges of energy. We state this result below in the
specific case of a resonant set made of modes —1, 1, 5, and 7:

Theorem 6.2 There exist P > 0, €0 > 0anda Qﬁ—periodic function k : R —0; 1] such that
if0 < & < &g, the solution to (6.1) satisfies for all 0 < t < e=3/2

> Gt 4 e gyt x) + ¥ gy (t, @)
k=-1,1,5,7

Pe(tx) =

with
&1 =261 (0))* =r(et), Q@) =260 =1 - k(et),
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actions IEkI

Strang splitting

0.8

——mode 1
——mode 5
1 |——mode 7
mode -1

square of the actions

Ig 12

0.1
0

100 200 300 400 500 600
time

Figure 3: Example 2, beating effect between modes 1, 5,7 and -1.

Strang splitting Stroboscopic Averaging Method

S - <= SN

- . -
100 200 300 400 500 600
time

Figure 4: Example 2 with the Strang splitting method and the Stroboscopic Averaging Method.

and where for all s € R,
all0 <t < g=3/2,

G1(t: )l ars(ramy < Csforallt = 0, and ga(t, | zsrs,) < Co for

Figure 3 presents (in linear scale) the evolution of the square of the actions |¢1]2, [€_1|?, |&5/%,
|€7]? obtained by the Strang splitting method: the predicted energy exchange between modes
1, —1, 5 and 7 is clearly observed, in full agreement with Theorem 6.2.

On Figure 4, we represent (in logarithmic scale) the evolution of actions || for k €
{#£1,+3, 45, £7} obtained by Strang’s method (left) and by the SAM (right). The same ob-
servations as for Example 1 can by formulated. As a matter of facts, modes 3, —3, —5 and
—7 are of order O(¢) and entail high oscillations. Those are filtered (see the right picture) by
the high-order averaging process developed in this paper (actually, the SAM used here is exact
up to O(£%) only, a sufficient accuracy here) and this sheds new light on an interesting smooth
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actions

macroscopic behavior at order O(¢).

6.3 A problem of Carles and Faou in two dimensions [CF12].

Our Example 3 is the problem considered by Carles and Faou in [CF12] (see also [Fao12]). Itis
the following nonlinear Schrodinger equation involving a cubic nonlinearity [+/|?1) and posed
in the two-dimensional torus T3 = [0, 27] x [0, 27]:

O = —AYT el PYt, >0, P°(t,-) € H(T3,) (6.3)
Y*(0,2) = 1+ 2cos(x1)+ 2cos(za). (6.4)

Carles and Faou describe energy exchanges between the actions, as a cascade: high modes
become significantly large at a time that depends on the mode and which is increasing with the
size of the mode. Their analysis relies again on the careful study of the first order averaged
system. Note that a related result is stated by Colliander et al. in [CKS™10].

In [CF12] Figure 1, this energy cascade is numerically illustrated by a direct simulation of
the system using Strang splitting. We reproduce this experiment on Figure 5 left. As observed
above, higher-order modes { ||, k& > 2} are highly oscillatory and it is not obvious to distin-
guish on this graph first-order effects from higher- order (in ¢) effects. To complete the picture,
we show, on the right of Figure 5, the results obtained by the SAM: a smooth macroscopic
behavior appears distinctly, though more complex than what the first averaged model suggests
on Figure 6.

Strang splitting Stroboscopic Averaging Method

actions

J ' "

M v~
.\ u'”"! ...

e

/

Ll

ey

1 |——mode 0

——mode 1
——mode 2
——mode 3
——mode 4

mode 5

1 |——mode 6

——mode 7
—mode 8
——mode 9
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——mode 11
——mode 12

0 500 1000 1500

time time

Figure 5: Example 3 with the Strang splitting method and the Stroboscopic Averaging Method.
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Figure 6: Example 3, first order averaged model.

Appendix

In this section, we give an elementary proof of Magnus expansion which does not make use of
Lie-operators. The proof is indeed a direct consequence of the following

Proposition 6.3 Given a vector field (t,u) — g¢(u), there exist unique (formal) series

Sw) =Y e V@), Wi =Y e wi), 6.5)
i>1 i>1
such that
Vio(u) =0, Wg(u) = 0and Vi, (u) = gi(u), 6.6)

and satisfying the following requirement: for all ug, there exists z(s,t) = uo+> ;5 el z; such
that

{ Fa(s ) = eVi(a(s,1), 2(5,0) = o, .
%z(s, t) = eWf(z(s,t)), 2(0,t) = up.
The W °s are given by
Wil = /0 t Rl (w) dr, (6.8)
where the R’s and the VI’s are determined by
E‘Qf_:(as)RE—i-@;)QREQRE—F%S')?’REQ(REQRE)%—--', (6.9)

and where R (u) = Zizl gl Rl[si} (u).
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Recall that given two vector fields f:(u) and g;(u) the notation h = f < g is defined by (5.1).
One can then readily check for arbitrary ug that, z(1,¢) = u®(t) is the unique solution of (2.1),
that U(t) = z(t/ P, P) is the solution of the i.v.p.

%U(t) _ %W;,(U(t)), U(0) = uo,

and finally that G¥(U) := 5W5(U) owing to u®(P) = z(1,t) = U(P).

Proof of Proposition 6.3. Assume for the moment that the series in (6.5) satisfy (6.6) and (6.7).
Deriving respectively the first and second equation in (6.7) w.r.t. respectively s and ¢, we arrive
at

OVei ) = W (u) = £ (0,7 () Viy(w) — (0,5 () ) Wiw)  (6.10)

evaluated at (s, t,u) = (s,t, 2(s,t)), where z(s, t) is the unique solution of (6.7) corresponding
to an arbitrary initial value ug. This implies that (6.10) must actually hold for arbitrary (s, ¢, u).
Now, by considering

R; (u) = 0, Wy (u), (6.11)
condition (6.10) can be rewritten as
OsVi. =R +e RV, (6.12)

which leads to (6.9), taking into account that Vost(u) = 0. We finally have that (6.5), (6.6) and
(6.7), imply (6.9) with (6.8).

Assume now conversely that a pair (V¢, W¢) as in (6.5) satisfies (6.6), (6.8) and (6.9). The
Rls are then clearly uniquely determined by equation (6.9) with s = 1, so that the wlhis
are also uniquely determined by (6.8). It remains to show that the pair (V¢, W¢) satisfies
requirement (6.7). Indeed, let 2(s,t) = ug+ > ;51 €' 2(s, t) be the unique solution of the first
equation of (6.7). Since 9;2(0,t) = € Vi5,(2(0, t)) = 0, we get that z(0,t) = ug, and we only
need to prove by induction on 7, that for all ¢ > 1,

Dsz(s,t) = e Wi (2(s,1)) + O(e").

Clearly, this holds true for ¢ = 1. Assume that it holds true for a given ¢ > 1. By derivation
with respect to s of the first equation of (6.7) and use of the induction hypothesis, we get

6152782(87t) = e(0sV5)(2(s,1)) + 5(0u‘/§t(z(s,t))) 0s2(s,1)
LDV (25, 6)) + 2 (DuVE(2(5,0)) ) WF (2(5,1) + O(' ),
= c(OWF)(2(s,1)) + & (aqu(z(s,t))) S(2(s, 1) + O,

where we used (6.10) (which can indeed be deduced from (6.9) through (6.12)). Finally, since
0s2(s,0) =0, we get

Os2(s,t) = 6/0 ((0-WE)(2(5, 7)) + €0WE (2(s5, 7)) Vi, (5,7, 2(s, 7)) dr + O(e"+h)

= eWF(2(s,t)) — eWE(2(5,0)) + O(e™)
= eWi(z(s,t)) + O(e™).
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