N
N

N

HAL

open science

On the external branches of coalescents with multiple
collisions
Jean-Stephane Dhersin, Martin Moehle

» To cite this version:

Jean-Stephane Dhersin, Martin Moehle. On the external branches of coalescents with multiple colli-

sions . 2012. hal-00732541v3

HAL Id: hal-00732541
https://hal.science/hal-00732541v3

Preprint submitted on 24 Feb 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00732541v3
https://hal.archives-ouvertes.fr

ON THE EXTERNAL BRANCHES OF COALESCENTS
WITH MULTIPLE COLLISIONS

J.-S. DuersiNY and M. MOHLHA February 24, 2013

Abstract

A recursion for the joint moments of the external branch lengths for coalescents with multi-
ple collisions (A-coalescents) is provided. This recursion is used to derive asymptotic results as
the sample size n tends to infinity for the joint moments of the external branch lengths and for
the moments of the total external branch length of the Bolthausen—Sznitman coalescent. These
asymptotic results are based on a differential equation approach, which is as well useful to
obtain exact solutions for the joint moments of the external branch lengths for the Bolthausen—
Sznitman coalescent. The results for example show that the lengths of two randomly chosen
external branches are positively correlated for the Bolthausen—Sznitman coalescent, whereas
they are negatively correlated for the Kingman coalescent provided that n > 4.

Keywords: Asymptotic expansions; Bolthausen—Sznitman coalescent; external branches; joint
moments; Kingman coalescent; multiple collisions
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1 Introduction and main results

Let II = (II;)¢>0 be a coalescent process with multiple collisions (A-coalescent). For fundamental
information on A-coalescents we refer the reader to [23] and [24]. For n € N := {1,2,...} we denote

with TI(") = (Hg"))tzo the coalescent process restricted to [n] := {1,...,n}. Note that II(™ is
Markovian with state space &,, the set of all equivalence relations (partitions) on [n]. For £ € &,, we
write |£] for the number of equivalence classes (blocks) of . For m € {1,...,n — 1} let gpm be the

rate at which the block counting process N = (N{™),5¢ = ([II{"|);0 jumps at its first jump
time from n to m. It is well known (see, for example, [21I, Eq. (13)]) that

Gnm = ( " )/{0)1] 2" ™11 — )™= A(dz) (1)

m—1

for all n,m € N with m < n. We furthermore introduce the total rates

1—(1—2)"—nz(l—z)" !
gn = Zgnm—/[oyl] (1-2) (1-2) A(dz), neN. (2)

2

We are interested in the external branches of the restricted coalescent process II(™). More precisely,
forn € Nand i € {1,...,n} let 7,,; := inf{t > 0 : {i} is a singleton block of Hg")} denote the
length of the ith external branch of the restricted coalescent (™. Note that 71,1 = 0. Our first
main result (Theorem [[T]) provides a general recursion for the joint moments
k; .
fin(ky, .o ky) o= By -om), G Ee{Ll .. n} ki, Ky € No={0,1,...}, (3)

n,j
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of the external branch lengths. The proof of Theorem [[.1]is provided in Section

Theorem 1.1 (Recursion for the joint moments of the external branch lengths)
Foralln>2,j€{l,...,n} and k = (k1,...,k;) € N/ the joint moments p, (k) := E(T,lf)ll - 'Tkj-)

n,j
of the lengths Tp 1, ..., Tn.n Of the external branches of a A-coalescent ™) satisfy the recursion
1 i, (m —1);
In me—jt1 (n)J
where e;, i € {1,...,j}, denotes the ith unit vector in R7, ppm = Inm/gn and gnm and g, are

defined via [d) and (3).

Remarks. The recursion () works as follows. Let us call d := k1 + - - - + k; the order (or degree) of
the moment gy, (k1, ..., k;). Provided that all the moments of order d— 1 are already known, (@) is a
recursion on n for the joint moments of order d, which can be solved iteratively. So one starts with
d =1 (and hence j = 1), in which case [@l) reduces to pin(1) = 1/g, + Ez;lﬂ)nm((m— 1)/n)um (1),
n > 2. Since p2(1) = E(121) = 1/g2 = 1/A([0, 1]), this recursion determines the moments of order 1
completely. Now choose d = 2 in () leading to a recursion for the second order moments. Iteratively,
one can move to higher orders. Note that for j = 2 and k; = ko = 1 the recursion [@l) reduces to

n—1
2 m—1
E(Tn,lTn,Q) = Q_E(Tn,l) + E pnm%E(Tm,leQ)v ne {2a 3,.. } (5)
n m=2

Note that Theorem [[. Il holds for arbitrary A-coalescents. For particular A-coalescents the recursion
@) can be used to derive exact solutions and asymptotic expansions for the joint moments of the
lengths of the external branches. In the following we briefly discuss the star-shaped coalescent and
the Kingman coalescent. Afterwards we intensively study the Bolthausen—Sznitman coalescent. For
related results on external branches for beta-coalescents we refer the reader to [§], [9] and [19].

Example. (Star-shaped coalescent) For the star-shaped coalescent, where A is the Dirac measure
at 1, the time T}, of the first jump of II™ is exponentially distributed with parameter g, = 1,
n € {2,3,...}. Furthermore, p,m = 0m1 for n,m € N with m < n. Thus, @) reduces to u, (k) =
25:1 k; pin (k — e;) with solution p, (k) = (ki1 +- - -+ k;)!, which is obviously correct, since 7, ; = T5,
for all i € {1,...,n} and, therefore, yu,(k) = E(T0' V") = (ky + - + El,n>2 je{l,...,n},
kl,...,kj € N.

Example. (Kingman coalescent) For the Kingman coalescent [20], where A is the Dirac measure at
0, the time T}, of the first jump of II(™) is exponentially distributed with parameter g,, = n(n—1)/2,
n € {2,3,...}. Furthermore, pnm = dpmn—1 for m,n € N with m < n. Caliebe et al. [6, Theorem 1]
verified that n7,, ; — Z in distribution as n — oo, where Z has density = +— 8/(2+z), > 0. Janson
and Kersting [I7, Theorem 1] showed that the total external branch length L¢zternal .= S0 7,
satisfies (1/2)+/n/(logn)(Lerternal — 2) — N(0,1) in distribution as n — co. We are instead
interested here in the moments of 7,, ;. The recursion {@)) for j = 1 reduces to

2k n—2

mﬂn(k—lﬂ- pn—1(k), ne{2,3,.. keN.

Nn(k) =




Rewriting this recursion in terms of a, (k) := n(n — 1), (k) yields an (k) = 2k pn(k — 1) + an—1(k),
n€{2,3,...}, k € N, with solution a, (k) =2k>." _, pm(k — 1). Thus,

pin (k) = %Zum(k—l), ne{23,...},keN.

(™)

The first two moments are therefore E(7,,1) = pn (1) = 2/(n(n—1)) > 51 =2/n and

"2 8(hn —1) logn  8(y—1) logn
E(r2,) = u,(2) = = = =
(Tn,l) H ( ) TL . 1 Z m ’I’L . 1) 8 ’I’L2 + TL2 + 0 TL3 )

where v &~ 0.577216 denotes the Euler constant and hy, := Y. ; 1/i the n-th harmonic number,
n € N. Note that these results are in agreement with those of Caliebe et al. [6, Eq. (2)] and Janson
and Kersting [I7, p. 2205]. For the third moment we obtain

" 8(hm 48 b —1
un(3) = n(n—1) Zm(m = n(n—l)zm(m_l)'

m:2

Since Apt1 — A = 1/(m + 1), the last sum simplifies considerably to

im _

m=2

n—1 n
P R 1 B Pm+1 . 1
(m—l_ﬁ_m(m—l)) B Z m Zm (1 n)

m=1 m=2

MMS

han 1 han
h2+z -2 —14+- =1--2,

m+1 n n n

Thus, the third moment of 7, 1 is
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n(n —1) 1)

n(n—1) =
a formula which does not seem to simplify much further. One may also introduce the generating
functions gx(t) == > 0, pn(k)t", k € N, |t| < 1. For all k > 2 we have

oo

Loty = Y n(n—1un(k Z%Zum — 1)t

n=2

00 0o . 2%k
= 2k Z fim (ke — 1)t Z S mgk—l(t)u
m=2 n=m

so these generating functions satisfy the recursion

gn(t) :2k// 92’“11 duds, k>20<t<1,
2]



with initial function g1(¢t) = > 7 ,(2/n)t™ = —2¢ — 2log(1 — t). Using this recursion, gx(t) can
be computed iteratively, however, the expressions become quite involved with increasing k. For
example, go(t) = 8t — 4(1 — t)log?(1 — t) — 8(1 — t)Liy(t), |t| < 1, where Liy(t) := — fot(log(l -
z))/xdz =Y ;- t*/k? denotes the dilogarithm function. In principle higher order moments and as
well joint moments can be calculated analogously, however the expressions become more and more
nasty with increasing order. In the following we exemplary derive an exact formula for p,(1,1) =
E(7y,17n,2). The recursion @) for j = 2 and k1 = k2 = 1 reduces to (see (@)

pn(1,1) = g%ﬂn(l) + % pn-1(1,1) = n2(n8_ 5 (n ;(721)(_”1; 3)

It is readily checked by induction on n that this recursion is solved by u2(1,1) = 2 and

tn—1(1,1), n>2.

4(n? — 5n + 4hy,)

i) = T m— )

ne{3,4,...}.

In particular, i, (1,1) = 4/n*—4/n*>+0((logn) /n*), n — co. Moreover, Cov(7n 1, Tn.2) = pn(1,1)—
(un(1))? = 4(n? — 5n + 4hy,)/(n(n — 1)%(n — 2)) — 4/n? < 0 for all n > 4. Thus, for the Kingman
coalescent, the lengths of two randomly chosen external branches are (slightly) negatively correlated
for all n > 4. We have used the derived formulas to compute the following table.

n| pn(1) =E(mm1) | pn(1,1) =E(117n,2) | Cov(Tni, Tn.2)
211 2 1
3 | 0.666667 0.444444 0
41 0.5 0.240741 —0.009259
5104 0.152222 —0.007778
10 | 0.2 0.038096 —0.001904
100 | 0.02 0.000396 —0.000004
o] 2 Z-S0®) | -%+o(E

Table 1: Covariance of 7,, 1 and 7, 2 for the Kingman coalescent

In the following we focus on the Bolthausen—Sznitman coalescent [5], where A is the uniform dis-
tribution on [0, 1]. Our second main result (Theorem [[Z) provides the asymptotics of all the joint
moments of the external branch lengths for the Bolthausen—Sznitman coalescent.

Theorem 1.2 (Asymptotics of the joint moments of the external branch lengths)
For the Bolthausen—Sznitman coalescent, the joint moments pp (k) = E(Tﬁ}l . --Tfffj), jeN k=
(k1,....kj) € Né, of the lengths T, 1, ...,Tnn of the external branches satisfy

Tyl k)

kit

pn (k) ~
log

n — 0. (6)
Remark. For j = 2 and k; = ky = 1 Eq. (@) implies that E(7,17n.2) = pn(1,1) ~ 1/1og2n ~
(pn(1))? as n — oo, which does not provide much information on the covariance Cov (7 1,Tn 2) =
pn(1,1) = (1n(1))%. With some more effort (see Corollary and the remark thereafter) exact
solutions for E(7, 1) and E(7,,17,,2) are obtained and it follows that 7,1 and 7,2 are positively
correlated for all n > 2, in contrast to the situation for the Kingman coalescent, where 7, ; and
Tn,2 are slightly negatively correlated for all n > 4.



The following two corollaries are a direct consequence of Theorem

Corollary 1.3 (Weak limiting behavior of the external branch lengths)
For the Bolthausen—Sznitman coalescent, (logn)(Tn,1, - Tnn, 0,0,...) = (71,72, ...) in distribution
as n — 0o, where T, To, ... are independent and all exponentially distributed with parameter 1.

The following result concerns the asymptotics of the total external branch length Leérternal .—
> Tn,i of the Bolthausen—Sznitman coalescent.

Corollary 1.4 (Asymptotics of the total external branch length)
Fiz k € N. For the Bolthausen—Sznitman coalescent, the kth moment of LE**™ satisfies

nk

E((Lixternal)k) ~ n — 0. (7)

logk n’
In particular, k’%Lfft”"‘” — 1 in probability as n — oo.

The moments of L&7*™™4! do not provide much information on the distributional limiting behavior
of Lerternal asn — co. Let L,, denote the total branch length (the sum of the lengths of all branches)
of the Bolthausen—Sznitman n-coalescent. Kersting et al. [I8, Theorem 1.1] recently showed that
the internal branch length Linternal .= [, — [external gatisfies

log®n

L;nternal 1
n

in probability. Combining this result with [10, Theorem 5.2] it follows that (see [I8, Corollary 1.2])

log?
%Lff’femal —logn —loglogn — L—1 (8)
in distribution as n — oo, where L is a l-stable random variable with characteristic function

t — exp(itlog|t| — «|t|/2), t € R.

Remark. The same scaling and, except for the additional shift —1 on the right hand side in (8],
the same limiting law as in (8]) is known for the number of cuts needed to isolate the root of a
random recursive tree ([I1], [16]). Essentially the same scaling and convergence result has been
obtained for random records and cuttings in binary search trees by Holmgren [14], Theorem 1.1]
and more generally in split trees (Holmgren [I3] Theorem 1.1] and [15, Theorem 1.1]) introduced
by Devroye [7]. The logarithmic height of the involved trees seems to be one of the main sources for
the occurrence of such scalings and of 1-stable limiting laws. To the best of the authors knowledge
the distributional limiting behavior of Li™*™™%! properly centered and scaled, is so far unknown for
the Bolthausen—Sznitman coalescent.

2 Proof of Theorem [I.1]

Let T = T, denote the time of the first jump of the block counting process N and let I = I,, denote
the state of N(™) at its first jump. Note that 7" and I are independent, T is exponentially distributed



with parameter g, and pnm = P(I = m) = gnm/gn, m € {1,...,n —1}. For i € {1,...,n} and
h > 0 define 7/ := 7,,;, — h A T. By the Markov property, for h — 0,

E(rhy 1 L rsny) = E((r] + B - (7] + h)5 Lppany)

J
= E(ry i P(T > h) + h Y kE(rEy ot pk i Ry o(h).

n n,g—1"'n,i n,j
i=1

Also for h — 0,
]E(Tvlj,ll : "Twlf,jjl{Tgh}) = E((T{ + T)kl T (Tg/‘ + T)kjl{Tgh}) = E((T{)kl T (TJ/‘)kjl{Tgh}) +o(h).

Now at time T either the event A := {one of the individuals 1 to j is involved in the first collision}
occurs, in which case 7/ = 0 for some ¢ € {1,...,5}, and the above expectation vanishes since
k1,...,k; > 0, or none of these j individuals is involved in the first collision. Then, by the strong
Markov property,

E((r)* - (7)) Lip<n rmm,aey) = E(mpty - 'T:ij)P(T < h,I=m,A°),

where A¢ denotes the complement of A. Adding both expectations yields

J
k k; k k; k Kion _ki—1_ki k;
IE(Tn,ll T Tn,Jj) = E(Tn,ll T Tn,JJ)P(T > h) + hz klE(Tn,ll T Tnjilen,i Tnjitil T Tn,Jj)
i=1
(m—1);

n—1
+ D B T ORI < WP =m)
m=j5+1

); + o(h).

Collecting both terms involving E(TS}I . ~7'kjj) on the left hand side and letting A — 0 gives the

n7

claim, since P(T < h) =1 — e 9" ~ g,h as h — 0. O

3 Differential equations approach

A differential equations approach is provided, which is used in the proof of Theorem given
in the following Section [l This approach furthermore yields for example an exact expression for
E(7y,17Tn,2) in terms of Stirling numbers (see Corollary B2)). Let D := {z € C : |z| < 1} denote
the open unit disc in the complex plane. For j € N and k = (k1,...,k;) € Né define the generating
function

9] 9]
fi(z) = DB em) T = Y aet!, zeD,
n=j n=j

where, for n > j, we use the abbreviation a,, := p (k) := E(Tjjh e TSJJ) for convenience. Note that,
due to the natural coupling property of n-coalescents, the sequence (ay,)n>; is non-increasing. Thus,

fr and all its derivatives f7, f//, ... are analytic functions on D. In order to state the following result
it is convenient to introduce L(z) := —log(1l — z), z € D, and to define the functions g : D — C,

k= (ki,...,k;) € N/, via g1(2) :== 2/(1 — 2) and

a(z) = Y kfT D) 9)
=1



for all 2 € D and all k = (k1,...,k;) € N satisfying ky + --- + k; > 1, where ¢;, i € {1,...,j},
denotes the ith unit vector in R7.

Lemma 3.1 For the Bolthausen—Sznitman coalescent, the function fi, k = (ki,...,k;) € N,
satisfies the differential equation

d -1 (-1 (L(z))—*

(LR TVE) = o —a(e). zeD\{0}, (10)
with solution (L )) )

(G—1) . 1 Z(L(t))~

= - t)dt D\ {0}. 11
96 = e | a0 seD\ (o) (1)

In particular,

z t ) 2 /7 t
filz) = /0 mdt and  f11y(2) = L(z)/o (1—t)3L(t)dt’ ze D\ {0}. (12)

Proof. For the Bolthausen—Sznitman coalescent, gnm = n/((n—m)(n—m+1)), m € {1,...,n—1}
and g, =n — 1, n € N. Thus, ppm := gnm/gn = n/(n — 1)(n — m)(n — m + 1)), m,n € N with
m < n. Fix j € Nand k = (ki,...,k;) € N and, for n € N, define a,, := pu, (k) for convenience.
For n > max(2, j) the recursion () reads

n—1 n—1
a, = M a — n (m — 1)j a
n qn + mzzj-i_l Pnm (n)J m qn + (TL — 1)(”)3 m:Zj—H (n — m)(n e 1) ms

where ¢, 1= g, ! 25:1 Eipin (k — €;) for all n > max(2, 7). Thus,

n—1

(n=1(n-1)j1a, = (n=1(n—1);1q0+ Y

m=j-+1

(m—1);
(n—m)(n—m+1

)am. (13)

Before we come back to the recursion ([I3]) let us first verify that

oo

> (n-1)(n-1)-1¢u2"7 = gi(z), z€D. (14)

n=max(2,7)

Obviously ([I4) holds for j = 1 and k; = 1, since in this case ¢, = 1/g, = 1/(n — 1) and ¢1(2) =
z/(1 — z) by definition. For k = (kq,...,k;) € N/ with k; +--- + k; > 1 we have

) 00 J
>, (=Dn-Dimag = Y0 (=D 3 kip(k = e
n=max(2,5) n=max(2,5) =1

00 J
e Y malk—e)2" ™t = S k() = gil2).
=1

=1  n=max(2,j)



Thus, (I4) is established. In view of (n —1)(n —1),_1 = (n—1); + (j — 1)(n — 1),—1 and (4, by
multiplying both sides in (I3) with 2"~/ and summing over all n > max(2, j), the recursion (3]
translates to

AP G0 = ao s > Z i
n=max(2,j) m= ]+1
= (z) + (m—1)jam,z™"7 2
T m;ﬂ n;ﬂ =) (n—m+ 1)
= gr(2) + za(z ( ) Z amz™
= gu(2) +2a(2) {7 (2), (15)

where a(z) := Y07, 2"/(n(n+1)) for z € D. Since z(1—a(z)) = (1—=z)L(z), the differential equation
(IE) can be rewritten in the form (I0)). For j > 1 the only solution of (I0]) being continuous at 0 (and
for j = 1 the only solution of (0] with f(0) = 0) is given by (). Since g1(z) = z/(1 — 2), ()
reduces for j := ky := 1 to the first equation in ([I2]), in agreement with [I2] Lemma 3.1, Eq. (3.3)]).

Noting that g(,1)(z) = f(’OJ)(z) + f(’LO)(z) = 2f{(2) = 22/((1 — 2)?L(z)), the formula for f(l 1)(z)
in ([I2)) follows by choosing j := 2 and k; := ko := 1 in (IJ). ad

Corollary 3.2 (Exact formula for E(7, 17,2))
Fizn € {2,3,...}. For the Bolthausen—Sznitman coalescent,

9 lok _q

(n— 1) &= k2 (

E(Tn)leg) = 7’L—2,k— 1), (16)

where the s(n, k) denote the absolute Stirling numbers of the first kind.

Remark. Together with the exact formula E(7,,1) = ((n—1)!)"' Y"1, ! s(n—1, k) /k for the mean of
Tn,1 (see, for example, Proposition 1.2 of [12]) it can be checked that Cov(7y,. 1, Tn.2) = E(Tn17n2) —
(E(7n.1))? > 0 for all n > 2. Thus, for all n > 2, 7,1 and 7, 2 are positively correlated. We have
used the exact formulas for E(7,, 1) and E(7,,17,,2) to compute the entries of the following table.

E(Tn,l) E(Tn,lTn,Q) COV(Tn,lan,Q)
1 2 1
0.75 0.75 0.1875

0.638889 | 0.509259 0.101080
0.572917 | 0.397569 0.069336

10 | 0.431647 | 0.215119 0.028800
100 | 0.228368 | 0.057067 0.004915

Table 2: Covariance of 7,, 1 and 7,2 for the Bolthausen—Sznitman coalescent

(2B JURE ) s

Proof. (of Corollary B.2) We write f := f(1,1) for convenience. The substitution u = L(t) =
—log(1 — t) below the second integral in (I2) yields

) L(z) e2u el
/
= _ 7(1
I ] At



k=0 ’ k=0
2 o0 219_ L(z) 1
= u - du
2 2P -1 (L(2))*
- L(z) Pt k! k
=2k 1 _
= 2) (L)

From (see [I} p. 824]) (L(2))*/k! = Y 5=, 2% /ils(i, k) we conclude that

) e’} 2k_1 e’} Zi . iz—i—l
f'(z) = 227._162_158(27]{ = 220 Z —1).

For a power series g(z) = Y .-, gnz™ we denote in the following with [2"]g(z) := g, the coefficient
in front of 2™ in the series expansion of g. Using this notation we obtain
: 2 12k -1
(i + DE(Tiv2amivee) = [f(2) = 5 —7—stik=1).
T k=1

It remains to divide by ¢ + 1 and to substitute n =7 + 2. O

4 Proofs of Theorem [1.2], Corollary 1.3l and Corollary 1.4

Proof. (of Theorem [[2) Let us verify (6) by induction on the degree d := k1 + - - - + k;. Obviously
(@) holds for d = 0, i.e. for all j € Nand k; = --- = k; = 0. In order to verify (@) for d = 1 it suffices
to show that a, := u,(1) ~ 1/logn as n — oo since i, (k) = pn(1) for all k = (ky,...,k;) € N}
satisfying k1 + --- + k; = 1. By (I2)) and de I'Hospital’s rule

# t 1
70 = | me ~ o

Since a,, = E(7p,1) is non-increasing in n, Karamata’s Tauberian theorem for power series [, p. 40,
Corollary 1.7.3], applied with ¢ := p := 1 and I(z) := 1/ logx, yields ay, ~ l(n) = 1/logn. Thus, (@)
holds for d = 1. ‘

In order to verify the induction step from d — 1 to d > 1 fix k = (k1,...,k;) € N} with d :=

k1 +---+k; > 1. We can and do assume without loss of generality that k = (ki,...,k;) € N7. By
the induction hypothesis

J J .

kqlee(k; — 1 k! kil k!

= E kipin(k —e;) ~ E ke — dl) ~ I n — oo.
j i=1 n n



Since b,, is non-increasing in n, the same Tauberian theorem as used above for d = 1, but now
applied with ¢ := jk;!---k;!, p:=1 and I(z) := 1/ log* " z, yields

o k! .
W)= D b Ty 27"

n=max(2,5)
Note that b(z) = g:l E;i fr—e; (2). Applying de ’'Hospital’s rule (j — 1)-times yields

J . i Ukl kgl
a(z) = LRALLC) = W) ~ e 2

Thus, by () and by one further application of de I'Hospital’s rule,

Gy [P E@p? G =Dkt !
= - t)ydt ~ - 1.
76 = g ), S0 ~ e 2
Using again de 'Hospital’s rule (j — 1)-times it follows that
kil k!
@) ~ —— 2L
(1= 2)(L(2))?
Since a, := pn(k) is non-increasing in n, again Karamata’s Tauberian theorem for power series,
now applied with ¢ := ki!---k;!, p:=1 and I(z) := 1/1ogda:, yields a,, ~ ki!---k;l/ log? n. |

Proof. (of Corollary [[3) Theorem clearly implies that, for j € N and ki,...,k; € No,
E((7n1logn)* - (1, jlogn)®) = (logn)st ki, (ky, ... k) — kil k! = E(rf* - Tfj) as
n —oo. Forallie {1,...,j} and all 0 < 0 < 1 we have Y > (6" /rhE(r]) =Y .72 ,0" =1/(1-0) <
00. Therefore (see [2], Theorems 30.1 and 30.2 for the one-dimensional case and Problem 30.6 on
p. 398 for the multi-dimensional case) the above convergence of moments implies the convergence
(logn)(Tn1,- -+, Tny) = (T1,...,7;) in distribution as n — oo for each j € N. The convergence of all
these j-dimensional distributions is already equivalent (see Billingsley [3 p. 19]) to the convergence
of the full processes (logn)(7n1,---,Tnn, 0,0,...) = (11,72, ...) in distribution as n — cc. m]

Proof. (of Corollary [[4)) The external branch length Lé¥ermel gatisfies (see [22, p. 2165])

k
externa n k:!
’ : je

=1 N

By Theorem [[2] pin (K1, ..., kj) ~ kil---k;!/ log® n as n — co. Therefore, asymptotically the sum-
mand with index j = k dominates the others, so asymptotically all the summands with indices
j < k can be disregarded. Thus, E((Lerternal)k) ~ (Z)k!/logkn ~ n*/logFn. This convergence
of all moments E((l‘)%sz“”"al)k) — 1 as n — oo implies the convergence IO%LZ“”"‘” — 1in
distribution (and hence in probability) as n — oco. m|
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