N

N

Atomic to continuum passage for nanotubes. Part 1I:
error estimates
Danny El Kass, Régis Monneau

» To cite this version:

Danny El Kass, Régis Monneau. Atomic to continuum passage for nanotubes. Part II: error estimates.
2012. hal-00731845

HAL Id: hal-00731845
https://hal.science/hal-00731845

Preprint submitted on 13 Sep 2012

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00731845
https://hal.archives-ouvertes.fr

Atomic to continuum passage for nanotubes.
Part II: error estimates

D. El Kass* R. Monneau |
September 13, 2012

Contents
1 Introduction 2
1.1 Setting of the problem . . . . . . .. .. ... . 3
1.1.1 The macroscopic description . . . . . . . . .. .. ... ... 3
1.1.2  The microscopic description . . . . . . . . . ... ... ... ... 4
1.1.3 Relationship between macroscopic and microscopic scales . . . . . . . )
1.1.4 Perfect nanotubes . . . . . . . . ... 5
1.1.5 Notation . . . . . . . . . . e 6
1.2 Assumptions . . . . . . ... 6
1.3 Mainresults . . . . . . . e 10
1.3.1 Perfect nanotubes at the equilibrium . . . . . ... .. .. ... ... 10
1.3.2 Statement of the main results . . . . . . .. ... ... ... .. ... 10
1.4 Main difficulties encountered . . . . . . . . .. ... 12
1.5 Brief review of the literature . . . . . . . . . . ... 13
1.6 Organisation of the paper . . . . . . . . .. ... ... ... 13
2 Line tension and line torsion 14
2.1 Line tension . . . . . . . . ... 14
2.2 Line torsion . . . . . . . . . .. e e 19
3 Known results and the mean fiber g; 24
3.1 Knownresults . . . . . . . . 24
3.2 Mean fiber a; . . . . . . ... 26
4 An estimate about the line tension, the line torsion and the partial deriva-
tives of the energy 30
4.1 Preliminary estimates on two-body interactions . . . . . ... ... ... .. 31
4.2 Proof of Theorem 4.1 . . . . . . . . . . . 33

*Lebanese University, LaMA-Liban, Tripoli, LEBANON.
tUniversité Paris Est, CERMICS, Ecole des Ponts ParisTech, 6 et 8 avenue Blaise Pascal, Cité Descartes,
Champs-sur-Marne, 77455 Marne-la-Vallée Cedex 2, FRANCE.



5 An estimate about the scalar line torsion 39

6 Estimate between discrete and continuous forces 45

7 Proof of the main results: Theorem 1.12 and Corollary 1.13 49

8 Appendix 53

8.1 Some results about rotations . . . . . . ... 53

8.2 Convergent series . . . . . . . ... 55
Abstract

We consider deformations in R? of an infinite general nanotube of atoms where each
atom interacts with all the other through a two-body potential. We compute the effect
of an external force applied to the nanotube. At the equilibrium, the positions of the
atoms satisfy an Euler-Lagrange equation. For large classes of potentials (including
Lennard-Jones potential) and under suitable stability assumptions, we prove that every
solution is well approximated by the solution of a continuum model involving stretching
and twisting, but no bending. We establish an error estimate between the discrete and
the continuous solution based on a Saint-Venant principle that the reader can find in
the companion paper [25] (part I).

AMS Classification: 35J15, 49M25, 65170, 74A60, 74G15, 82B21.

Keywords: Two-body interactions, nonlinear elasticity, discrete-continuum, micro-macro, error
estimates, nanotubes, Cauchy-Born rule, Saint-Venant’s principle.

1 Introduction

In this paper, we study nanotubes that are collections of atoms in R®. Those atoms are
submitted to two-body interactions with all the other atoms and also to exterior forces.
Our model can be seen as a simplified description of macromolecules like carbon nanotubes
or DNA. We distinguish a subclass of nanotubes that are perfect and at the equilibrium
with no exterior forces. Those perfect nanotubes at the equilibrium are used to built the
macroscopic model for nanotubes deriving from some macroscopic energy W. Our main
result is an error estimate between discrete nanotubes and the solution of the associated
macroscopic continuum model (see Theorem 1.12 and Corollary 1.13). In order to present
our main result we need first to introduce a few concepts and notations in Subsection 1.1.
Our assumptions are presented in Subsection 1.2, and should probably be skipped by the
reader in a first reading of the introduction. Our main results will be given in Subsection
1.3. We discuss the main new difficulties of our approach in Subsection 1.4, and give a
brief review of the literature in Subsection 1.5. The organisation of the paper is given in
Subsection 1.6.



1.1 Setting of the problem
1.1.1 The macroscopic description

Let us consider three maps
d:R+— R3
a:R— R
f:R+—R?

that satisfy (as a simplification) the following macroscopic “linear + periodic” conditions

(11) {@(x+j):q>(x)+jL0 forany j€Z, x € R

alz+j)=a(r)+50° foranyje€Z, reR,

(1.2) f(x+j)=f(x) foranyj€Z, 2 €R,

for some given vector L° € R*\{0} and some given scalar ° € [0, 27). Here ®(z) describes
the position of an arc and a(z) is proportional to the angle of rotation of a microstructure
associated to the arc. This is illustrated on Figure 1. Moreover f is simply the force acting
on the arc.

Figure 1: Arc ®(z) with rotation of the local basis (71, 72, 73) under the action of «a(z)

The periodicity condition provides us some suitable compactness properties, which will sim-
plify the presentation and the proof of the results.
We consider the following macroscopic total energy of a non linear elastic “arc” as

(1.3) W(d,®) + fo
R/Z

where W is an (isotropic) energy density that will be defined later (see (1.26)), such that
W(a/, ®') only depends on o’ and |®’| (see Lemma 2.4), and the force f satisfies the following
compatibility condition

(1.4) /R/Zfdx:().

We are interested in macroscopic solutions (o, @) of the corresponding Euler-Lagrange equa-
tions:

(Wi (o, @)Y = f onR
(1.5) { (W' (/') =0 onR.



1.1.2 The microscopic description

For the microscopic description, we follow [25]. Given K > 1 we define

X = (Xj>j€Z with Xj = (Xj,l)OSZSK—l and XjJ € IlRS
f=f)jez with f; = (fj)oci<xk—1 and fj; = Efjo € R’

Here X is a nanotube, X is the jth cell (see Figure 2) containing K atoms, and f;; is the

force acting on the atom Xj;;. Our particular expression of f;; i.e.

1
(16) fj,l = K ][')7

which means that the total force f]Q acting on the jth cell is equidistributed on the atoms
of the cell.

Figure 2: Portion of a nanotube

We consider any integer N, large enough, assume that ¢ = 1/N_, and we require the following
microscopic “linear + periodic“ conditions

(1.7) Xiing = N.j'L° + X, for any j, j €L

(1.8) DN = [, foranyj, j €

Given a function V4 : (0,00) — R, we define the two-body potential as a function of the
distance between the atoms:

(1.9) V(L) = V,(|L]) for every L € R*\{0},
where by convention, we set formally
(1.10) V(0)=0, VV(0)=0 and D?*V(0)=0.

For a general nanotube X we consider the following formal microscopic elastic energy as

Eo(X) == > V(X0 — X



and the formal microscopic total energy as

(1.11) E(X)=E(X)+ Y. Xu-fi
JEL
0<I<K-1

which is analogue to (1.3), with the compatibility condition analogue to (1.4)
Ne

(1.12) Y=o
j=1

Finally we assume that X solves the corresponding Euler-Lagrange equation E'(X) = 0, i.e.

(1.13) fut Y VV(Xj—Xpp)=0 foranyjeZ 0<I<K-—1,
j ez
0<I'<K-1

where we have used convention (1.10) when (5',1") = (4,1).
Similarly E{(X) = 0 means (1.13) with f;; = 0.

1.1.3 Relationship between macroscopic and microscopic scales

We assume that we have the following relationships on the force of the j™ cell and the
macroscopic force

e(t+3)
(1.14) [ = / f(z)dz.
(i—3)
Notice that this relation implies (1.8) and (1.12) from (1.2) and (1.4). The heuristic idea is
that for regular enough nanotubes we expect to have roughly the following relation:
1., 1., . — P'(je)
(1.15)  Xj41 — ECI)((j +1)e)~ R (X, — gcb(je)) with  ®/(je) := (o]

o/ (j),®' (je)

where R , (o). & () 18 @ rotation of angle o/(je) and of axis <I>/’(j\5)
The sequence (®(je)) ez gives a good approximation of the mean fiber of the nanotube, and
the sequence (&/(je))jez is also a good approximation of the angle of rotation of X, into
Xj+1. Our main result is the quantitative justification of relation (1.15) (see Theorem 1.12

for the details):

Main result: under certain assumptions we have a weak version of (1.15).

1.1.4 Perfect nanotubes

As in [25], given an angle 6 € [0,27) and a vector L € R3\{0}, we define the screw displace-
ment 7%% by
T (z) = L + Ryz(z) forallz € R,



where R, 7 is the rotation of angle ¢ and axis L= m
We define the subclass of special perfect nanotubes

COF = {X = ((X;0); € (R)™)?, Xy =T (X0},
and the class of perfect nanotubes (see Figure 3)

COl ={Y € (RH®)?, Ja e R®, X € 1 with Yj; =a+ X},

which is obtained from C%% by translations. Finally we see that (1.15), can be interpreted say-
ing that X is well approximated by a perfect nanotube of parameter (6, L) = (o/(je), ®’'(je)).

i A P FAY T rae sy
e TR S i Poe® i %egl st
L On : e ; : e
; ° e
atoms \—c\éll—/ perfect nanotube

Figure 3: Microscopic perfect nanotube for K =6

1.1.5 Notation

We will constantly use an abuse of notation writing for any rotation R € SO(3), a € R? and

any cell X;
(R(X;) + a) = R(Xju) + a.

Moreover for a nanotube X we set
This will also be applied with R(-) =u x (-) for some u € R3.

Definition 1.1 (Barycenter b, of a cell X;)
For a general nanotube X, we define the barycenter b; of the cell X; = (X;;)o<i<x—1 by

1
0<I<KK-1
1.2 Assumptions

In order to state precisely our main results in Subsection 1.3.1, we need first to introduce
several assumptions. We consider assumptions (H0), (H1), (H2) and (H3) listed in [25], that
we recall below.



Assumption (HO) (Regularity and decay of the potential)
We assume that V, € C?(0, +00), and for some p > 1, we assume that

sup r? [|V0(T’)| + 7 Vo (r)| 4+ 72 V' (r)]] < oo.

r>1

Notice that our assumption (HO) allows us to consider Lennard-Jones potential. We define
the energy per cell of a special perfect nanotube X € C%L by (assuming convention (1.10))

1
(1.16) W6, L. Xo) = 5 > V(kL + Ry 7(Xoa) — Xom),
keZ
0<Ilm<K-—1

where Xy = (Xo,)o<i<x—-1 is a cell for the perfect nanotube.

Assumption (H1) (Stability for a particular perfect nanotube)

i) We assume that there exists 6* € (0,27), L* € R*\{0} and X§ = (X;,); € (R*)* solution
of

(1.17) Dx,W(0",L*, X}) = 0.

Let the nanotube X* = (X7)) € C** with X7, = jL* + R ;.(X;,) for j € Z and
0 <l < K —1, then we have

(1.18) E)(X*) = 0.

We also assume that not all the atoms X7, are aligned for j € Z, [ € {0,..., K — 1}.
ii) We assume that

(1.19) Ker D% x W(0*, L*, X;) =R(L* x X§) + R

where (L* x X§); = L* x Xg;.

We have the following result which is Proposition 1.1 in the companion [25], and which pro-
vides a parametrisation by (6, L) of the unit cell X = X (0, L) of special perfect nanotubes
at the equilibrium.

Proposition 1.2 (Existence of a suitable map (0, L) — X (6, L))

i) Existence

Assume (H0) and (H1). Then W is C* (on its domain of definition) and there exists a
closed neighborhood Uy of (0%, L*) in (0,27) x (R3\{0}) and a bounded neighborhood Vi of
X¢in (RHE and a C* map

X U — Vi
0,L) — A5(0.L)



with X5 (0, L*) = X, such that for all (0, L) € Uy, we have

K-1

Dx,W(O,L,X;(0,L))=0 and L- (Z(X;)l(e,L)> =0

1=0
and every Xy € V§ solution of
DXOW(Q, L, X()) =0 for (9, L) € Uy

can be writen Xo = Ry 7(X5(0, L)) + ~L for some B, v € R.
ii) Further technical properties
Up to reduce Uy, we can always show that for any (0, L) € Uy and
X0, L) = (X7(0,L))jez with X7(0,L) = Ry, 7(X5(0, L)) + jL,
we have

(1.20) there are at least three points of the nanotube X*(6, L) which are not aligned,

(1.21) Uy = Tnt Uy

and there exists cg > 0 such that

o L+Ll>c>0
1.22 0 (6.1), (0.L) € thy, 4 | =
(122 for all (6.1), (8.1) € U {|L|_|L_L|ZCO>O_
and (for r > 1 given such that r0* # 0(2m)) we have
(1.23) rf #0(2x) for all (6,L) € Up.

Definition 1.3 (The hessian of the energy)
For a nanotube X*, the hessian of the energy Ej(X*) : (R?)X)% — ((R*)X)Z is defined for
any Z € ((R*)%)* by

(By(X*)-Z)ju= Y,  DV(X5—X5)(Zu—Zyw).
jEL
0<I/<K-1

Assumption (H2) (Microscopic stability by characterisation of the kernel of the
hessian)

We assume that there exists a positive constant C' such that for any Z € ((R?)%)% such that

El{(X*)-Z=0
) Li2) <60+
then there exist two vectors ui,us € R, (0, L) € R x R® and Y € ((R*)X)? such that
(1.25) Z=u +uy x X*+Y,
with

{ Xt = X0, L7) = (X7 (0", L))jex with X7 (0,L) = Ry (X5 (0. )) + JL
Y =(0,L) VX (6,L).

We will need the following technical assumption:

8



Assumption (H3) (Minimal number of cells 2¢; + 1 to define the distance D))
We introduce conditions on some parameter
qgo =2r —1

involved later in Definition 1.11, where 2¢¢ 4 1 is the minimal number of cells used to define
the distance D;.
If K > 3 and not all atoms of X (0, L) are aligned for each (0, L) € Uy, we set

r=1.

Otherwise if K > 2, we set
r=2 if 0 #n
r=3 if 6" =m.
If K =1, we set
2 4
r=3 if 0*#£— and 0" £ —
3 3
2m 47

r=4 if 6*:? or 0" = 3

Remark 1.4
Here qo = 2r — 1 is such that the atoms of Xo(0,L),..., X,—1(0, L) are always not all aligned

when assumption (H1) i) is satisfied. Moreover r0* # 0(2m), and this condition is used in
(1.23).

Definition 1.5 (Macroscopic energy)
For any (0, L) € Uy, we define the energy W by

(1.26) W(,L)=W(0,L,X;(0,L)).
Remark 1.6
For any B, v € R, let Xo := R, 7 (X5 (0, L)) +~vL. Then we have
W(0, L, Xo) =W(0, L, Ry (X5(0, L)) +~L) =W(0, L, X5(0, L)) = W(0, L)
We have the following regularity

Proposition 1.7 (Regularity of W)
The energy W is C? on Uy.

We denote by (L, Ly, L3) the coordinates of L € R? and we denote § by Ly, and we assume
that P21

Amn = a7 ar

oL, 0L,

satisfies the following non-degeneracy assumption.

(0*,L*) foranym,n=20,---,3

Assumption (H4) (Invertibility assumption at the macroscopic level)
The matrix A = (A, Is invertible.

Remark 1.8
Intuitively, it is expected that assumption (Hj) should be related to assumption (H2), but we

do not know if (H4) can be deduced from (H2). This question shares some analogies with
Lemma 3.1 in [23].



1.3 Main results

In order to give our main results in Subsection 1.3.2, we first need some definitions in
Subsection 1.3.1.

1.3.1 Perfect nanotubes at the equilibrium

A nanotube X € C% is at the equilibrium if E}(X) = 0. We recall from [25] the following
definitions.

Definition 1.9 (Class C%1)
For any (0, L) € Uy, we define the subclass of perfect nanotubes at the equilibrium by

Cit ={y e, E(Y)=0, 3(8,7) R, Yo = R,z(X;(6, L)) +L}.
Notice that X (6, L) is a parametrisation of the unit cell given by Proposition 1.2.

Definition 1.10 (Class C?L)
For any (0, L) € Uy, we define the class of the perfect nanotubes at the equilibrium by

COl={y eC’" JaeR* X €C, YV; =a+ X},
which is obtained from C%' by translations.

Definition 1.11 (Distance D)
For fized ¢ > qo > 1, with qo given in (H3), and for any (0, L) € Uy and a nanotube X we
define R

D;(X,0,L) = inf sup |X;y5— X7, 4],

X*eCP" |81<q

where | X;| = sup |Xj,].
0<I<K—1

Similarly we define the force |f;| = sup |f;/l
0<I<K—-1

1.3.2 Statement of the main results

Theorem 1.12 (Discrete-continuum error estimate) B
Assume that (HO), (H1), (H2), (H3) and (H4) hold with p > 2. Let f : R — R3 be a function
satisfying (1.2), (1.4). There exists g > 0, such that if we have for some constant Ky > 0

(1.27) ey < Ko, ||l <0, supD;(X,0%,L*) < e,

JEZ

then there exists a constant C' = C(Ky) > 0 such that for any discrete solution X of (1.13),
(1.14) and (1.7) with € € (0,&g), for LY defined in (1.7), there exists 0° € R satisfying

(1.28) 0° — 0*| < Cey, |L°— L*| < Ceg

and there ezists a solution (o, ®) of (1.1) and (1.5) where W is defined in (1.26), such that

1 p—2
(1.29) sup D;(X, o/ (je), ®'(je)) < Ce”  with ~ = min (5’]97) .
jez
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Moreover there exists a; € R? for j € Z such that we have the following error estimate

X —a;] <C
(1.30) |aj1 —a; — ¥'(je)| < Ce?
(X — @i — R, 550 (X5 — @) < O,

. —~ z
where we recall the notation z = ﬂ
z

The result of Theorem 1.12 is illustrated on Figure 4.

| Xj X1 micro
! 0 X S
00 \m ¢! -approximation
) ! by a perfect
A
\ 1
= ] ! nanotube X*
j —~ \ 1
aji1 ‘\ |
\ 1
\ 1
\ macro
P ()

Figure 4: Discrete-continuum error estimates (1.30), (1.29)

Corollary 1.13 (Macro-micro error estimate)

Under the assumptions and with the notations of Theorem 1.12, we have that there exists
a € R3 such that for all j € 7 we have

(1.31) eX; — ®(je) —a| < Ce.

Result (1.31) of Corollary 1.13 is illustrated on Figure 5.

Figure 5: Macro-micro error estimate (1.31) for a =0
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1.4 Main difficulties encountered

Our goal was to adapt the method of [25] to the case of nanotubes in R3, covering applications
for instance to carbon nanotubes and to DNA molecules (in the regime where the bending is
neglectable, which is for instance expected when a large traction is applied). We simplified
the analysis, concentrating on the problem with two-body interactions in the case where
all the atoms are the same. Nevertheless, we had to face some questions that are several
order of magnitude more difficult than in [7]. We list below some of the main difficulties
encountered here:

1) the macroscopic model:

The macroscopic model is now built on the family of perfect nanotubes at the equilibrium,
parametrized by (6, L) € Uy, and creates an isotropic energy W (6, L) such that W (6, L) =
W(Q, |L|). This was absolutely not clear at the beginning of our work even if a posteriori
this is related to the energetic regime that we consider, which allows ”large” deformations
(with respect to the solution of minimum energy). We also realised that those parameters

can be interpreted as
0,L) = (a/, D)

where ®(x) is the macroscopic arc of a continuous mechanical model, and a can be interpreted
as the angle of rotation of an orthonormal basis (whose first vector is tangent to the arc,
see Figure 1) associated to each point of the arc with respect to the natural Bishop frame
corresponding to zero torsion of the macroscopic arc (see [8, 38, 9]).

2) the line torsion and the mean fiber:

In comparison to [7] where line tension was introduced, we had additionnaly to introduce
the notion of line torsion at the microscopic level, which is a moment of the internal forces,
evaluated at some point. But this notion was difficult to use, and we had to define the right
point where to evaluate this moment. We discovered that this moment has to be evaluated on
the mean fiber @y, a suitable notion that we also had to introduce (and which corresponds to
the projection of the barycenter of the cell on the axis of the nanotube, when this nanotube
is perfect). We introduced this notion of mean fiber for general nanotubes.

3) microscopic scalar torsion at large scale:

For simplicity, we assumed (as in [7]) some large scale (of order 1/¢) periodicity conditions
on the microscopic nanotube. To this end, we imposed the large scale translation L°/e of
atoms, but it was impossible to prescribe the large scale torsion of the nanotube. This is of
course natural, because even if the nanotube is anisotropic at the microscopic level, it turns
out that it is isotropic at the macroscopic level (in the regime that we consider, indeed even
if @ would be equal to zero). This also creates a lot of difficulties to evaluate the microscopic
line torsion and to relate it to the macroscopic one. In order to do that, we had to introduce
the notion of scalar microscopic line torsion m; (instead of the vectorial line torsion), that
we have shown in Theorem 5.2 to be almost constant, i.e. (for p > 3)

m; —mg = @) (i +N28) = 0(5%)
N

This has been obtained by averaging rotations of the cells of the nanotube on a window of

size N and optimizing the error with N = £~3. Here the averaging was possible because

0 # 0(2m). Notice also that this is the only part of the proof where we use the Lipschitz

regularity of the forces f.
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1.5 Brief review of the literature

Mathematical approaches

For a general theory of rods, we refer to the book [4] and [51], and for wire ropes, we refer
to the book [21]. Let us mention a discrete mechanical approach to rod theory introduced
in [33]. For 3D-1D reduction in the framework of continuum linear and nonlinear elasticity,
see [44, 1, 41, 42, 43].

Recall that the Cauchy-Born rule (see [26]), means that the microscopic deformation
mimics the macroscopic one. Cases where such Cauchy-Born rule fails (by fracture or melt-
ing) have been studied in [10, 16, 52, 28, 20, 27, 15, 14] and a general representation of the
macroscopic energy has been given in [2, 17] and in [47, 36, 37| for films. General schemes
have been proposed to deduce (assuming the Cauchy-Born rule) macroscopic theories from
microscopic ones, see [11, 55, 5]. See also [3, 12] for stochastic lattices. Even if it is different,
our approach shares some common points with the Quasi-Continuum Method (see [48]) and
some general aspect of multiscale modeling (see the overviews [22, 13]).

A discrete-continuum error estimate has been obtained in [23] (justifying the Cauchy-
Born rule) for three-dimensional elasticity starting from microscopic minimizers with two-
body interactions of finite range. In [23], the authors use a stability assumption on the
Fourier transform of the hessian of the energy, which shares some similarities with our mi-
croscopic stability assumption (H2) for nanotubes. Let us mention notable differences: in
the present work we do not consider minimizers, but only critical points of the microscopic
energy; we do not assume neither a high regularity on the exterior forces. Extension of [23]
to the case of the dynamics is presented in [24].

Physical applications

We have in mind that our setting can be an oversimplified framework to modelize mechani-
cal behaviour of macromolecules, like DNA, tropocollagen triple helix (see [18]), micotubules
(see [32]), or carbon nanotubes in the regime where bending is neglectable.

For a nice overview of mathematical aspects of DNA, see [50] (where also some references
to discrete models for DNA are also indicated). Concerning simplified mechanical models for
DNA, involving twist-stretch coupling, we refer to [34, 30, 29], [31] and the references therein.
For a discrete-continuuous comparison of models for DNA, see also [40]. Let us also mention
the Elastic Network Model (ENM) method, used for instance to modelize biomolecules (see
49)).

For an overview on the mechanics of carbon nanotubes (including nanoropes with smaller
bending stiffness), we refer to [45] and also [46] and the references therein. For continuum
elastic models of carbon nanotubes, we refer to [35] and the references cited therein. For
atomistic derivation of mechanical properties (including torsion) of carbon nanotubes, we
refer to [54, 39, 6, 53] mainly with interatomic potentials modeling, and also [19] for a
SCC-DFTB atomistic model, and the references therein.

1.6 Organisation of the paper

This paper is divided into eight sections. In Section 2 we define the line torsion, the line
tension and prove their properties, with in particular their relation with the derivatives of
the energy for perfect nanotubes (Theorem 2.2 and Theorem 2.11). In Section 3, we recall
crucial known results (including a discrete Saint-Venant principle (Theorem 3.2)) proved in
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the companion paper [25] to the present work. We also define the important discrete notion
of mean fiber and prove some of its properties in Theorem 3.8. In Section 4, we mainly prove
Theorem 4.1, which is an estimate for a general nanotube on the line tension and the line
torsion (i.e. a moment of the forces estimated on the mean fiber). In order to go further,
we define in Section 5, the notion of scalar line torsion that we prove to be almost constant
(see Theorem 5.2). In Section 6, we mainly prove some estimates between continuum and
discrete forces acting on a general nanotube (Theorem 6.1), that is used in Section 7 to prove
the main results of this paper, namely Theorem 1.12 and Corollary 1.13. Finally Section 8
is an appendix, which contains some results about rotations and on convergent series.

In this paper, when we use the set Uy, we implicitely assume that (HO) and (H1) hold.

2 Line tension and line torsion

In this section we introduce the notion of line tension (Definition 2.1) and line torsion
(Definition 2.9) for a general nanotube X. Those notions are formal but can be seen as
rigorous definitions if we assume for instance assumption (HO) and (1.7) with L° # 0 and
that

(21) Xj,l 7& Xk,m if (]7 l) 7é (kam)
When we will apply these notions in the next sections, we will assume (H1) i) and X locally

close to an X* € C?*" which will imply (2.1).

We start to prove the regularity of W.
Proof of Proposition 1.7
With the notation A\ = (6, L), we write

W(A) = W, &5 (V).

We compute
WI(A) = WAA, &G (A)) + Wy, (A, A5 (V) - (AT)A ().

By definition of &j, we have Wy, (A, &5(A)) = 0, and then
W/(A) = Wi(A, &5 (V)

Because W is C? and X3 ()\) is C? (see Proposition 1.2) we deduce that W’ is C?!, and then
W is C? on U,.
0

2.1 Line tension
In this section, we define the line tension of a nanotube as follows

Definition 2.1 (Line tension)
We define the line tension T; of the nanotube X by

= Y > VV(Xar— Xpm)

a>i+1 O0<Im<K-1
B<i
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The main result of this subsection is the following theorem that proves a relationship between
line tension and a partial derivative of the energy.

Theorem 2.2 (Line tension as a gradient of the energy)
Let (0,L) € Uy and X € CPT. Then we have the following relationship between the line
tension and the derivative of the energy

(2.2) T, = W.(0,L).

In order to prove Theorem 2.2, we will need several lemmata.
We recall the following result (which is Lemma 6.3 in [25]):

Lemma 2.3 (Rotation of a special perfect nanotube)

Let € R, L € R®\{0}. Then for any rotation R € SO(3) we have
i) X € COBL if and only if X = RY with Y € C%L.

i1) We have

(2.3) R_IR&RzR =Ry;.

Lemma 2.4 (Invariance of the energy by rotation)
Let (0,L) € Uy and R € SO(3) such that (6, RL) € Uy. We have W (0, RL) = W (0, L).

Proof of Lemma 2.4
We first compute (using convention (1.10))

1
W(0,RL, RX,) = 52 > V(kRL+ Ry, pz(R(Xo,)) — RXom)

kE€Z 0<l;m<K—1

= 33 Y VIREL+ (R Ry g R)(Xos) — Xo})

k€Z 0<l;m<K—1

- W(@, L, X()),

where in the third line we have used Lemma 2.3 ii) and the fact that V' (p) only depends on
Ip|. From (1.26), we deduce using Lemma 2.3 i) that

W (0, RL) = W(0, RL, RX,) = W(0, L, Xo) = W(6, L).

Corollary 2.5 (The direction of W/ (6, L))
Let (0, L) € Uy, if X € COF, then W (0, L) is parallel to L.

Proof of Corollary 2.5 R R

Let us consider a vector £ perpendicular to L with [{] = 1. We set n = L x &.
We consider the rotation R, € SO(3) of angle @ € R and axis n € S%.

In particular we have

(2.4) RanL = |L|((cos @)L + (sin )€).
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By Lemma 2.4, for (6, L) € IntlUy, we also have W (0, R, ,,L) = W (0, L) for any o € R small
enough, from which we deduce

d
0 = E(W(G,Ra,nL))b:O
d
= W (0 —(Ro L)),
L( dOé( 5 )la_O

= W6, L) - (IL[€),

d
where in the third line we have used (2.4) to compute d_(Ra’nL)'
a

Because Wi (6,L) - £ = 0 for any & L E, we deduce that W (6, L) is parallel to L for
any (6,L) € IntUy. By continuity of W] (using Proposition 1.7), this is also true for all
(0, L) € Uy (using (1.21)).

Lemma 2.6 (The rotation of the line tension)
If X € C, then we have T; = RQ,Z(Ti—I)-

Proof of Lemma 2.6
We have

T,= ) Y VV(Xas— Xom).

a>i4+1 0<m<K-1
B<i

Using the fact that our nanotube is a special perfect nanotube, we compute

XQJ =al + RaG,E(XOJ)7

then
T, = Z Z VV((a —B)L + Rag,z(Xo,z) — R,@e,E<XO,m))
a>i+1 O0<Im<K-1
B<i

= Re,i( Z Z VV((@ —B)L + R(a—1)9,E(X0,l) - R(5—1)9,E(X0,m))>

a>i+1l 0<Im<K-1
B<i

= i X X TVl DL Ry p(Xa) - Ragy (X))

a>i  0<lm<K—1
B<i—1

= Re,E(Ti—l)

in the second line we use Lemma 8.6 in the appendix.

Lemma 2.7 (Line tension and the external force)
If X is a solution of equation (1.13) with our definition (1.6) of f;;, then we have the
following relationship between the line tension and the external force

T, — T = f).
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This result holds true if equation (1.13) and the T; are well defined.
This is for instance the case under assumption (H0) assuming (1.7) with L° # 0 and (2.1).

Proof of Lemma 2.7
We have

o= > > VV(Xay— Xpm)

a>i+1 0<Im<K-1

B<i
= DY WX —Xgw) = D> Y VV(Xey— Xam).
a>i 0<lm<K-1 a—i 0<Lm<K-1
B<i B<i

Similarly we have

Toa= Y. > VW(Xa—Xgm)— >, > VV(Xai— Xgm).

a>i 0<Im<K-1 a>i 0<I;m<K-1
B<i B=i
We deduce
T-Tn = > > VW(Xa—Xim)= Y., Y. VV(Xi— Xam)
a>t 0<Im<K-1 a<li 0<Im<K-1
=D D VWEaw—Xa+), Y VV(Xar— Xim)
a>i 0<l;m<K-1 a<i 0<lm<K-1
=2 D VV(Xar— i)+ 4
(25) acZ 0<Im<K-1
= > > YV (Xay— Xim) +0
0<m<K-1 acZ
0<I<K-1
— Z fim = 12,
0<m<K—1

where in the second term of the first line we have changed  in «, in the second line we have
used the antisymmetry of VV' and exchanged [ and m, in the third line we have set

A= Z VV(XZJ - Xz,m)
0<lI;m<K-1

In the fourth line of (2.5), we have used the fact that A = 0. This follows from the anti-
symmetry of VV and from the fact that [ and m play a symmetric role. In the last line of
(2.5) we have used the equation of equilibrium (1.13), the definition of the forces (1.6) and
the antisymmetry of VV.

We recall the following result (which is Proposition 2.3 in [25])

Lemma 2.8 (Euler-Lagrange equations deriving from )V and F)
Given a solution X € C*L of Euler-Lagrange equation (1.13), we have

_DXo,pW(97 L, X) = fO,p-

and

Dx, W(,L,X)=0 <+ E\|(X)=0.
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Proof of Theorem 2.2

From the definition of C?**, X solves (1.13) with f; = 0, and satisfies X,,; = al+R_,7(Xoy).
Then from Lemma 2.7 we have T; = T;_;, and from Lemma 2.6, T; = R, 7(7T;), and because
0 # 0 mod(27), we deduce that T; is parallel to L. 7

From Corollary 2.5, we see that it suffices to show that L - T, = L - Wj.(6, L).

Therefore we compute

L-T; = L- Z Z VV((a=pB)L + Rae,Z(XO,l) - Rﬁ@,E(XO,m))
a>i+1 0<Im<K-1
B<i
- Z Z L-Rgp (VV<(04 —B)L + R(afﬁ)ej(XO,l) - Xo,m))
a>i+1 0<Im<K-1
B<i

- Z Z L-VV((a—B)L+ R 5y0,2(Xo1) = Xom)
a>i+1 0<Im<K-1
B<i

where in the second line we get out the rotation R4, 7 using Lemma 8.6.
We now call ¢ = a — [ and get

(2.6) L-Ti=) Y aL-VV(L+ Ryp(Xos) = Xom):

>1 0<lm<K-1

From this expression we deduce

LT, =Y > qL-Ryz(VV(eL — R_ 5 7(Xom) + Xo1))

g>1 0<Im<K-1

= > > —qL-VV(—qL — Ry 7 (Xom) + Xo,)

—¢>1 0<l;m<K-1

where in the first line we get out the rotation R 40.F, Using again Lemma 8.6, and in the second
line we have changed —q in q.
Now using the antisymmetry of VV and exchanging the position of [ and m, we get

(2.7) L-Ti=Y > qL-VV(L+R,7(Xo1) = Xom)

g<—1 0<lm<K-1

which is an expression similar to (2.6) but with ¢ < —1.
Summing (2.6) and (2.7) we get

~ ~ 1
Lﬂ =1 {52 Z qvv<QL+Rq9’E<XO’Z) —X07m)} ,
q€Z 0<I;m<K-1

where for ¢ = 0 and [ = m we use convention (1.10), for which we have VV(0) = 0. Then,
using Lemma 8.7 which shows that L - V(R ,7) =0, we get

(2.8) L-T,=L-W,(0,L,X,).
On the one hand, we have W (0, L) = W(0, L, X,) with Xy, = X (6, L). Then we have

(29) WI,/(Qa L) - VL{W<97 L7 X(T(Qﬂ L))} = W,L(‘gv LaXO) + W;(()(Q, LaXO) ’ (‘X(TyL(Q?L)
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On the other hand by Lemma 2.8 we have
Wy, (0, L, Xo) = 0.

This shows with (2.8), (2.9) that

~

L-T,=L-Wj(0,L),

from which we conclude that

T, =Wi(6,L).

2.2 Line torsion

In this section, we define the line torsion (as a moment) for a nanotube as follows

Definition 2.9 (Line torsion of a nanotube)
We define the line torsion M; of a nanotube X € ((R*)X)% at a point A € R3 by

M= Y Y (Nar—A) X YV (Xay — Xgm).
a>i+1 0<Im<K-1
B<i

In the sequel we set M; = M;(0).
Then we have the following straightforward property (whose we skip the proof)

Proposition 2.10 (Torsor)
The couple (T;, M;) defines a torsor, i.e. for any A, B € R3, we have

My(B) = My(A) + BA x T,

The main result of this subsection is the following theorem that proves a relationship between
line torsion and a partial derivative of the energy.

Theorem 2.11 (Line torsion and the gradient of the energy)
Let (0,L) € Uy and X € CPT. Then we have the following relationship between the line
torsion and the derivative of the enerqgy

(2.10) M; = W}(0,L)L.

In order to prove Theorem 2.11, we will need several Lemmata. We first start to prove a
subcase of Theorem 2.11, namely:

Lemma 2.12 (Projected line torsion as a gradient of the energy)
Let (0,L) € Uy and X € COL. Then we have the following relationship between the line
torsion and the derivative of the energy

(2.11) L-M;=Wj0,L).
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Proof of Lemma 2.12
We compute

L-M, =1L Y Y Xau X VV(Xay = Xgm)
a>itl 0<m<K—1
B<i
= L Z Z (L + R4 7(Xo4)) X VV((a = B)L + Ry 7(Xo1) — Ry z(Xom))
a>i+1 0<Im<K-1
B<i
=L Y Y (Rupp(Xo0) X Ry (VV((@ = AL+ Ry p(Xor) = Xon)
a>i+1 O0<Im<K-1
f<i
= L ), > (Rio_pyp2(Xor) x VV((a = B)L+ R,_57(Xo1) — Xom),
a>i+1 0<Im<K-1
B<i

where in the second line we have used the fact that X is a special perfect nanotube, in the
third line we have used Lemma 8.6 to get the rotation, and in the fourth line we have used
Lemma 8.2.

Therefore we get with g = a — f3

(2.12) L-Mi=L->" > qR,z(Xon) x VV(gL+ Rz (Xog) — Xom)-

¢>1 0<lm<K-1

From this expresion we get

=) ™

M;
DY —a(Ryz(Xon) X VV(=qL + Xom — Ry 7(Xo01))

q>1 0<Im<K-1

- I Z Z —qXoy X VV(—qL + R_qe,E(XO,m) — Xo1)
¢>1 0<l,m<K—1
= L. Z Z qXom X VV(qL + ngyf(XO,l) — Xo.m)

q<—1 0<I;m<K-1

. Z Z Q(XO,m — qL — Rqe,E(XOJ) + Rq@,Z(XOJ)) X VV((]L + RqG,Z(XOJ) — X07m),

g<—1 0<I;m<K-1

I
&~

where in the first equality we have used the antisymmetry of VV'| in the second equality we
have used Lemma 8.6 and Lemma 8.2 to eliminate the rotation Rz, in the third equality
we have changed ¢ in —¢ and exchanged the position of m and [.

Using the fact that VV/(p) is parallel to p we obtain

(2.13) L-M=L-> Y qR,7(Xos) x VV(L+ Rz (Xo1) — Xom)-

q<—1 0<lm<K-1

which is an expression similar to (2.12) but with ¢ < —1.
Summing (2.12) and (2.13) we obtain

~ 1 ~
(214)  L-M; = > Y gL (Ryzp(Xoy) x VV(gL + Ry 7(Xo1) — Xom))-

q€Z 0<l;m<K-1
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Using Lemma 8.3 we obtain

L-M = %Z Z q ((Rq9+ L(XOZ))LE - VVI(aL + Ry 7(Xoa) = XO,m)>~

q€Z 0<lm<K-1

Notice that
d

do

1=

— R, 7(Xoy) = q(Rngqe,Z(XO,l)) g

Therefore
(2.15) L-M;=W)(0,L,Xo).
On the one hand, we have W (0, L) = W(0, L, X,) with Xo = &5 (6, L). Then we have
(2.16)  Wh(0, L) = Vo lW(6, L, X;(6, L))} = Wh(6, L, Xo) + Wh, (8, L, Xo) - ()40, L)
On the other hand by Lemma 2.8 we have

Wy, (0, L, Xo) = 0.
This shows with (2.15) and (2.16) that

L-M;=W)0,L).

O
Lemma 2.13 (M; in terms of M; ; and T;_; for a special perfect nanotube)
If X € C%L, then we have
Mi = RQ’E(MZ'—I + L x T;_l).
Proof of Lemma 2.13
We have
Mz’ = Z Z Xoa7l X VV(XO[J — X@m)
a>i+1 0<lLm<K—1
B <
= Z Z (aL + Rae,E(XO,l)) X VV((O‘ —B)L+ Rae,E(XO,l) - RﬂQ,E(XQm))
a>i+1 0<lLm<K-1
B<i
= Y > (L + Ryp7(Xo1) X Ry (VV((a = B)L + Ry _ g9 7(X01) — Xom))
a>i+1 O0<Im<K-1
B<i
- Z Z Ry, z{(al + R, 501(Xor) x VV((a = B)L+ R, 5 7(Xoy) — Xom)}
a>i+1 0<lm<K—1
B<id

where in the third line we have used Lemma 8.6 and in the fourth line we have used Lemma

8.1. Let us define
{ 1

o —
81,

I QI
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then we compute

M;
= 2 > Rigine (@l + Rig_5)7(Xog)) X VV((@ = B)L + R 550 7(Xoa) — Xom) }
a>1 0<I,m<K-1
p<i-1
- Z Z R(B+1)9,Z{L x VV((a = B)L + R;_57(Xog) — Xom) }
a>i 0<I,m<K-1
B<i—1
( Z Z Rz @l + Ry 5y1(Xor)) x VV((a - AL +R (a—pye.n(Xot) — Xom)} )
a>i  0<Lm<K-1
— R~ B<i—1
T+ > RapidLx VV(@=B)L+ R_p0z(Xor) = Xom)}
a>i 0<lm<K-1
\ B<i-1 J
Then we have
M;
( (@L + Ry 7(Xo01)) X Rgg 1 (VV((@ = B)L + Ri_gyp1(Xoa) = Xom)) )
a>i 0<lm<K-1
R - B<i—1
"+ Z Z L x Ry (VV((@a = B)L + R5_py51(Xot) — Xom))
a>1i 0<I;m<K-1
\ B<i—1 J
(> > (L + Ry 3 (Xon)) x VV((@ = B)L + Ryp7(Xo1) — Rzpz(Xom)) )
a>i  0<Lm<K-1
_p Q) B=it
M Ik 3D 3D V@ = AL Ry p(Xor) = Ry p(Xon)
a>i 0<lm<K-1
\ B<i—1 )
= jo(Mi—l + L X Tz’—1)>
where in the first equality we have used Lemma 8.1 and in the second equality we have used
Lemma 8.6.
O

Lemma 2.14 (Line torsion and external force for a general nanotube)
Let X be a solution of equation (1.13) and with our definition (1.6) of f;;. Then we have the
following relationship between the line torsion, the barycenter b; of the cell X; (see Definition
(1.1)) and the external force

M; — M =b; x f}.
This result holds true if equation (1.13) and the M; are well defined.
This is for instance the case under assumption (H0) assuming (1.7) with L° # 0 and (2.1).

Proof of Lemma 2.14
Step 1 : Main computation.
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We have

M= ) Y Xau X VV(Xay = Xgm).
a>i+1 0<Im<K-1
B<i
Then
M= Y S XXV (Xeu=Xpm) + Y D XaxVV(Xai=Xgm).
a>i+1 0<Im<K-1 a>i+1 0<m<K-1
B<i—1 B=1

Similarly we have

M= > Y XX VV(Xeui=Xpm) + Y. > XX VV(Xai—Xgm).

a>i+1 0<Im<K-1 a=i 0<l,;m<K-1
B<i—1 B<i—1

Then we have

Mi - Mi—l
= Z Z on,l X VV(XOM — X@m) — Z Z Xa,l X VV(XO(J — X@m)
a>i+1 0<Im<K-1 a=1 0<Im<K-1
B=1 B<i—1
= > Y Xux VW Xy = Xim)+ Y. Y Xiw x VV(Xay — Xim)
a>i+10<l,m<K-1 a<i—10<l,m<K-1
= > D (Kat = Xim+ Xim) X VWV (Xay = Xim)+ > D> Xin X VV(Xay = Xim)
a>i+10<Im<K-1 ali—10<I,m<K-1
= > Y XX W Xay = Xim)+ Y > X X VV(Xay = Xim)
a>i+10<l,m<K-1 a<i—10<l,m<K-1

= Z Z X@m X VV(Xa,l - Xi,m)a

a#i 0<I;m<K-1

where in the second term of the second equality we have replaced S by «, used the anti-
symmetry of VV and exchanged [ and m. In the fourth equality we have used the fact that
VV (p) is parallel to p.
We have the following result which will be proven later:
Claim : Y  Xju x VV(Xiy — Xin) = 0.

0<l;m<K-—1
Using this claim we obtain

My=Mioy = > Y Xign X VV(Xay = Xim)

a€Z 0<I;m<K-1

> (Xi7m><z > VV(XM—X,-M))

0<m<K—1 a€Z 0<I<K -1
- E Xi,m X fi,m
0<m<K—1
1
_ 0
- ( E Xi,m) X gfi
0<m<K—1
_ 0
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where in the third line we have used (1.13), in the fourth line we have used (1.6), and in the
fifth line we have used the definition of the barycenter b; of the cell X;.

Step 2 : Proof of the claim

We compute

A= ) X x VV(Xiy = Xi)
0<l,;m<K-1
= ) (Xim— X+ Xig) X VV(Xip = Xim)
0<l,m<K-1

= Z Xz‘,l X VV(XZJ — Xz,m)

0<l,;m<K-1
= Z Xi,m X VV(XZ,m — X@',l)
0<l,m<K-1
= = > X X VV(Xiy = Xim)
0<l,;m<K-1
= —A,

where in the third line we have used the fact that VV(p) is parallel to p, in the fourth line
we have exchanged [ and m, and in the fifth line we have used the antisymmetry of VV.
Therfore we get A=0.

Proof of Theorem 2.11

Step 1: M; = R, ;(M;_1)

By Corollary 2.5 and by Theorem 2.2, we deduce that L x T;_; = 0.
Then by Lemma 2.13 we get

(2.17) M, = Ry :(M_y).

Step 2: Conclusion
By Lemma 2.14 and the fact that X € C%%, we have f? = 0 and

Mi = Mi—h

and by Step 1, we deduce that

Because 0 # 0 (27) for any (0, L) € Uy, we deduce that M; is parallel to E, and finally by
Lemma 2.12; we get R N N
M; = (L- M;)L = W}(0, L)L.

3 Known results and the mean fiber q;

3.1 Known results

The goal of this subsection is to recall some useful results proven in the companion paper
[25].
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Definition 3.1 (Semi-norm)
We say that a subset J C Z of indices is a box, (i.e. a discrete interval), if and only if it is
the intersection of Z with an interval. For such a box J, let us define the semi—norm

N;(X):=sup inf D;(X,0, L).

jedJ (8,L)eUo

For a given p > 0, let us set
J,=J+Q,,

where @), := {e € Z, such that |e|] < p}. Then we have the following generalization of
Saint-Venant’s principle for discrete nanotubes.

Theorem 3.2 (A Saint-Venant principle for nanotubes)

Assume (HO), (H1), (H2) and (H3), where we recall that 0* € (0,27) and L* € R3\{0}.
Then there exists 5o > 0, u € (0,1) , C1, Cy > 0 such that, for every nanotube X € ((R3)X)%
satisfying the Euler—Lagrange equation (1.13) for some f € ((R®)X)Z satisfying (1.6) and

(31) sup Dj(X, 9*,[/*) < (50,

JEZ

we have for any box J C Z

(3.2) N(X) < uNG(X)+C sél})!fjl,
with

Cy
(3.3) P = N5

Theorem 3.3 (Main rigidity estimate)
There ezists a constant C' > 0, such that for every nanotube X, and any € € (0,1), if

inf D;(X,0,L)<c¢ forM <j <N for M <0 < N,
(6,L)eUp
then the following holds.

If for some (0y, Lo) € Uy, we have X* ¢ (/Z\fo’LO and sup | X, — )A(;| <e,
la|<q
then

(3.4) X, = X;| < Ce(1+]P)  for M <j<N.

Proposition 3.4 (Error estimate on the angles and the axes)
There exists a constant C' > 0 and 1 > 0 such that if a nanotube X satisfies for some
e €(0,ey)

Dk<X, Qk,Lk) S 9 fO’f’ k= j, j + 1,

then we have

(35) { |9j+1 - 0]| < Ce

|Ljt1 — L] < Ce.
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Proposition 3.5 (Estimate on a general nanotube)
There exists a constant C such that the following holds.
For any general nanotube X, (0,L) € Uy and § € (0,1), satisfying

sup D;(X,0,L) <6,

jez
we have
(3.6) [ Xy = Xjo— ("= )Ll < C(L+6]5" = jl).
Moreover there exists X*I € CPL such that
(3.7) X = X0 = (X33 = X5) < Co(L+ 1 = ).

Proposition 3.6 (Another estimate on a general nanotube)
There ezist n € (0,1) and Cy > 0 such that the following holds. Let us consider (0, L) € Uy,
0 € (0,n) and a nanotube X, satisfying

sup D;(X,0,L) <6,
ez

such that for some (°, L°) € Uy, there exists X* € COL" satisfying

sup | X, — X*| < 6.

lal<q
Then fort € [0, 1]

g
we have

P |
(3.8) | Ziu(t) — Zjp(t)] > Colg" — j|  of |]—]|250-

Theorem 3.2, Theorem 3.3, Proposition 3.4, Proposition 3.5 and Proposition 3.6 correspond
respectively to Theorem 1.9, Theorem 4.1, Proposition 4.4 ,Proposition 3.5 and Proposition
3.6 in [25].

3.2 Mean fiber q;

The goal of this subsection is to define the mean fiber a; of a general nanotube and to prove
geometric estimates (see Theorem 3.8).

Definition 3.7 (Mean fiber a;)
Let X be a nanotube. Let (0;, L;) € Uy and X* € C%%i such that

DZ(XJ 617Lz) = sup |Xi+a — 55’:_’@|

lal<q

Then there exists a unique a; € L and X** € C%Li such that X*i = q; + X*. We define
the mean fiber a; by

K
] , .
where b;" = % IZ;XZQZ is the barycenter of the cell X.™".
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For an illustration of the mean fiber, see Figure 6.

Notice that for a special perfect nanotube, the mean fiber is simply the projection of the
barycenter of the cell on the axis of the nanotube. Notice also that for a general nanotube
the mean fiber may be not unique.

nanotube X
Xj-1Xj Xjs

e P e

mean fiber

{

Y4 A
a1 @ A

Figure 6: Mean fiber a; of a nanotube

Theorem 3.8 (An estimate on a;)
There exists a constant C > 0 such that if a nanotube X satisfies for some € € (0,1) and for
fixed ig € Z

(310) DZ(X, Ol,Ll) S 3 fO’f’i € {7:0,?:() + 1}

then for any mean fiber a;,, a;,+1 giwen by Definition 3.7, we have

(3.11) |bip — @iy| < C,

(3.12) X5, < C,

(3.13) (@i 1 — G@s,) Fiot1] < Cle,

(3.14) \dij1 — dig — Lig| < C'e,

(3.15) bigs1 = i1 — Ry, 7, (biy —iy)| < C,
(3.16) |Xz{o+1 - Reio,iio (leo)| < Ck,

with the centrered cell X! = X; — b; and the barycenter b; = Xig.

0<I<K—1

Proof of Theorem 3.8
As a preliminary, we use the fact that Uy is closed (in Proposition 1.2) to recall (for later
use) that

(3.17) Uy = Uy C (0,27) x (R*\{0}).
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On the other hand, because of (3.10), we can apply Proposition 3.4 and deduce that there
exists a constant Cy > 0 such that we have

(318) |9i0+1 - 920| < 0057
and
(319) |Li0+1 — L20| S C()E.

Step 1: Proof that b;, — a;, and X are bounded

Let X*i0 € Cl" and a;, € Ly such that Xrio — a;, + X" minimizes the infimum defining
the distance D, (X, 0;,, L;,) as in Definition 3.7. We know that there exists a constant C; > 0

209

such that L
|(X5) o] < Ch,
and by (3.10), we have
(3.20) |1 Xy — @i — X0 < e.
Then B
|<Xzo — CLZ‘O) Lig S Cl + €.

In particular we deduce that
L
‘(bio - aio) 10‘ <G + &,
ie.
(321) ’bio — (bio . zio)zio — aiol S 01 + €.

We deduce from (3.20) that

~

(3'22) ’(bio ’ Zio)Lio - (bq‘k’io ’ Zio>zio‘ <e.

20

Using moreover (3.21), we get
|bio — @iy| < C1 + 2e < Oy,
which proves (3.11). On the other hand, (3.20) implies for the centered cells

XL — (X5 <,

20

and we deduce (3.12) from the fact that (X;*)" is bounded.
Step 2: Proof of |a; 11 — @i, — Li,| < Cre
Step 2-1: Proof of |(a; 11 — &iO)LLio+1| < Cye

We compute
|big+1 — ig — Reio,fio (big — aig) — L]
’bio-i-l — Q5 — (b;f(;lo . Lio)Lio — Reimzio (bio — Ay — (b;k(;lo . Lz’o)Lm) - Li0|
= ’bz‘0+1 — Qiy — Raio,iio (bz‘o - C~Lio) - Lio|
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Using (3.10) in case i = iy, we get
*,1
|Xi0+1 — Qiy — Xio—i?l <e¢
*
’Xio — Qig — Xz'o’lo‘ <eg,
ie.

[ Xig+1 — @ig — i, (X W) = Lig| <
IR, i (X, am) R EZO(XfonSg

i 20

Substracting the two last lines, we get

(3.23) ‘XioJrl — Q4 Re L (X aio) - Lio‘ < 257

100

which implies

(3'24) |bio+1 - dio - Re L (b &io) - Lio’ < 2e.

0>
Similarly using (3.10) in case ¢ = iy + 1, we get

| Xig+1 — Gig41 — Rgioﬂjioﬂ(Xio — @ip1) — Ligt1] < 2¢,
which implies
(3.25) |big+1 — Qg1 —

Ry Bgan (Oio = Gig1) = Liga| < 2¢.

Substracting (3.24) and (3.25), we get (using (3.19))
R€~ L; )(bio - C~lio) o R9i0+lvii0+1 (&i0+1 - aio)’ < (4 + CO)E‘

i0+17Ei0+1 - 19 i
Using (3.11) to bound b;, — @;, and Lemma 8.4 to bound R, 0211 Trg i1 RGZO,L (with (3.18)

and (3.19)), we deduce that there exists a constant C5 such that we have

|Gigr1 — Gy + (R

|(I - R91‘0+1,Z7;0+1)(&7;0+1 - &10)‘ S 038
Using (3.17), we get that there exists a constant Cy > 0 such that
o ~ ~\LE.
|(@ig1 — i) o] < Cle

Step 2-2: |((dig+1 — i) - Ligs1)Ligr1 — Lig) < Coe
We compute

(big+1 — Gigr1 — fzgmﬂ,zml(bz‘o - dio-ﬁ-l/)\_ Lig41) - Ligs1

( i0+1 — al0+1) 10+1 ( - &io-i-l)/\' Li0+1 - |Li0+1| .

(big+1 — Gigt1) - Lig4r — (big — @ig) * Lig1 + (@ig1 — @ig) - Lig1 — [ Lig41]
(0 )L

+ )- L

Hio+1 ( C~Llo) ’ Lio - (bio - dio) ’ (LioJrl Llo)
io+1 |L10+1|

i0+1 T aZO +1
azo—H azo

Using (3.22), notice that (b, — d,) - Li, = O(¢) and similarly (biy41 — Gigs1) - Ligs1 = O().

Using moreover the fact that b;, — a;, is bounded (see (3.11)) joint to Lemma 8.5 ii), and
(3.25), we deduce that there exists a constant C5 such that

[(@ig+1 — Qig) - Ligr1 — |Lig+1|| < Cse,
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and then

~ ~

|((dio+1 - CNLZ'U) : Li0+1)Lio+1 - Li0+1| < CY55'

Because |L;,+1 — Liy| < Cope, we deduce that there exists a constant Cg such that
(3.26) |((@ig+1 — @i) * Lig+1) Lig1 — Liy| < Cee

Step 2-3: Conclusion
By (3.13) and (3.26), we see that we control both parallel and orthogonal parts of @;, 41 — @;,
and then there exists a constant C'; > 0 such that we have

|Gig+1 — @i — Liy| < Cre.

Step 3: Proof of (3.15) and (3.16)
Inequality (3.15) is a consequence of (3.24) and (3.14). Moreover (3.16) is implied by (3.23).

4 An estimate about the line tension, the line torsion
and the partial derivatives of the energy

The goal of this section is to prove the following theorem which indicates an accurate estimate
for the difference between line tension and a partial derivative of the energy and the difference
between line torsion and a another partial derivative of the energy.

Theorem 4.1 (An estimate about the line tension and the line torsion)

Let us consider a nanotube X under the assumptions of Theorem 1.12. Then there exists a
constant C > 0 (independent on X ) such that for all i € Z there exist (6;, L;) € Uy, and a
mean fiber a; € R® given by Definition 3.7 such that we have with the notation of Definitions
2.1 and 2.9, for all i € Z

(4.1) Di(X,0,, L) < Ce,

and

(4.2) T — W} (0;, Ly)| < Cebi,
and

(4.3) | M;(a@;) — W(0;, L) Li| < Ce™ |

where p > 2 appears in assumption (HO).

Remark 4.2 )

p—2 9—2 . .
Notice that e » = a1 with g = p— 1. This difference between the error estimate (4.2) and
(4.3) comes from the fact the line torsion M; has the following homogeneity

M; ~ length X T;.

This explains the difference of exponent g = p—1 (in order to estimate the rest of the series

defining M; and T;).

In a first subsection, we state and prove two results on two-body interactions, that are used
in a second subsection to prove Theorem 4.1.
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4.1 Preliminary estimates on two-body interactions

In this subsection we present two estimates on two-body interactions: Proposition 4.3 and
Proposition 4.5.

Proposition 4.3 (A uniform estimate on two-body interactions )
Assume (HO). Then there exists £g > 0 small enough and a constant C' > 0, such that for
every nanotube X and (6%, L*) € Uy, such that

sup D; (X, 0%, L") < ¢y,

JEL
we have
(4.4) IVV(Xj0 = X))l < TG forlj—j'1=1,
and
(4.5) X, — Xy <CA+j—=7) foral j, j €.
Remark 4.4

Notice that under assumption (H1), we automatically have (6%, L*) € Uy by Proposition 1.2.

Proof of Proposition 4.3

Step 1: Preliminary

From Proposition 3.5, we deduce estimate (4.5) and that there exists a constant C; > 0 such
that

(4.6) | Xy = Xjul = (L] = Crgo)lj" = j = Ch,
and moreover that there exists X*J € é:‘f “L" such that
(47) X = Xja = (X = XG7)| < Creo(L 417" = g1)-
Step 2: Proof of (4.4)
Case 1: [j —j'| > C;
Using (4.6) there exists a constant Cy > 0 and a constant C3 (large enough) such that we
have
| Xji = Xjw| > Caolj = j'| for |j —j'| > Cs.
Case 2: 1< |j—j|<C;
Notice that there exists a constant § such that
X =X =6>0 ifj#j
From (4.7), we get
| X0 — Xjrw| > 6 — Creo(1+ |5 — j']).

For ¢y < we get

J
4C,C5’
J o
| XG0 — Xy > 5 for 1 <j —j'| < Cs.

Using the conclusions of case 1 and case 2 and assumption (H0), we see that there exists a
constant C' > 0 such that (4.4) holds.
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Proposition 4.5 (A short distance estimate on the two-body interactions)
Assume (HO). Then there exist constants C' > 0 and 1 > 0 such that for every nanotube X
and any ¢ € (0,1), if
inf D;(X,0,L) < | € Z,
oinf Dil )<e  forj
then the following holds.

If for some (0y, Loy) € Uy, we have X* € Chlo gnd sup | X — )A(;| <e,
laf<q

then for j, j' € Q, where p > 1 is such that ep* < €1, we have

O % % C€p2
(48) ’VV(X]J - Xj/,l/) - VV<X]J - Xj/,l/)‘ S W
Proof of Proposition 4.5

Step 1: Definition of X and Taylor expansion

We define R
. X -—-X
X

€
Then we can apply Theorem 3.3 and deduce that there exists a constant C such that we

have B
| X;| < Ci(1+|j)?) for j € Z.

Therefore for j € ), with p > 1, there exists a constant C; > 0 such that we have
(4.9 X1 < Cap.

By the definition of X, we have

Xj}l —_— Xj/,l/ - X]*,l - X;/,l/ + €<Xj’l - Xj/,l/)'
Using the Taylor expansion with integral rest, we get

~ —

1
(410) V(X — Xpu) = VV(RE, - K5,) +e(X50 — Xp0) /O D2V(A(t)) dt,
with R B
A(t) = ZjJ (t) — Zj/JI (t) and Zj’l(t) = Xg*,l + t&XjJ.

Step 2: Conclusion
From Proposition 3.6, we deduce that there exist constants C'3, Cy such that

(4.11) AW = Calj = | i |7 —J1=Cs

Case 1: [j —j'| > C;
Then by assumption (HO), there exists a constant C5 > 0 such that

Cs
|D*V(A(t)] < TR

Case 2: 1< |j—j|<C;
Assume that 1 < |j — 5| < C5. Because of (4.9), we deduce

|Xj’l - Xj’,l’l S 202p2.
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Then we compute

A(t) = (X7, = X5 )] [te(Xju — Xjru)l

< 2052,

and because |X;‘l — )A(J’-*,7l,| > > 0if (5,1) # (5/,1'), we deduce for the choice ep* < g (for g,
small enough) that there exists a constant Cy such that

|A(t)] > Cs.
Using moreover assumption (HO), there exists a constant C7 > 0 such that

Cr

‘p+2 ’

|D*V(A ())!<C7_|j

Using the conclusions of case 1 and case 2, we deduce that there exists a constant Cg > 0

such that
Cy
D? V(A <
/ ‘ lj = i'P+e

Moreover because of (4.9) and (4.10), we deduce that there exists a constant C' > 0 such
that we have (4.8).

4.2 Proof of Theorem 4.1

Proof of Theorem 4.1
Step 1: Control of Nz(X) and D;(X,6;, L;)
We apply our Saint-Venant principle (3.2) of Theorem 3.2 with J = Z and we get

(@
Nz(X) < sup | f].
1 - H ez
We compute
sup |f;| = sup sup |f;l
JEZ jez 0<l<K 1
= Sup|—f0|
JEZL
1 e(i+3)
= —swp| [ Fla)dal
- JEL Je(j-3)
< £ —
< ngp|f(l‘)|,

where in the second line we have used (1.6) and in the third line we have used (1.14). Using
(1.27) to bound f, we deduce that for some constant Cy > 0, we have

(4.12) Nz(X) <& with &:= Cpe.
Given i € Z, we consider (0;, L;) € Uy, such that

inf DZ(X,H,L) :Dz(XyewLZ))
(6,L)EUo
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and X* € CAfi’Li such that

DZ(Xu ‘gia Lz) = sup |Xi+a - )?:_;_ia

lal<q

Using (4.12), we have
(4.13) Di(X,6;,L;) <&

For later use, we write (uniquely) X** = a; + X** with a; € L+ and X* € C%-Li,
Step 2: Error estimate on the line tension
We recall the definition of the line tension

TX]=Ti= Y > VV(XG = X),

j>i+1 0<LI/<K-1
J' <

where we show the dependence of T; on X. We write
TX] = Si(X) + F(X),
with the short distance contribution for p > 1:

SiX)=" > > VX = X,

i+1<j<i+p O0<SLIV<K-1
i—p<j <i

and the far away contribution

F(X)= > > V(X - Xw) + > > V(X - Xj).
j>i+p O<SLU<K-1 i+1<j<i+p OSLU<K-1
J < Jj<i-p
Step 2-1: Error estimate on 5;(X)
Assuming that £p? < 1 (see later on our choice (4.18)), we can apply (4.8) in Proposition
4.5 and deduce that there exists a constant Cy such that for |j —il|,|j" —i| < p:

Txi o Cyep?
(414) |VV(Xj,l - Xj/J/) — VV(X]-J - Xj’,l’)| S W
Then we compute
[S:(X) = Si(X*1)] < >, D IVV(Xg = X)) = YV = X500
i+1<j<i+p OSLU<K-1
i*ﬂéﬂéip
ngpQ
< > Y.
- i il|pt2
i+1<j<i+p OZLI<K-1 |j J |p
i—p<j <
< Z K202€_,02
- | — g2
i+1<j<i+p
i—p<y <
1
2 = 2
< K°Gaep jz: TESIGE
1<j<p
0<j5<p
1
2 = 2
< K°Ghép E: j+ P
j>1
i'>0
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where j :=j —i and j' := i — j'.
By Lemma 8.9 (with p = 1) with p > 0, there exists a constant C3 such that we have

(4.15) 19;(X) — S;(X*)| < Cyep”

Step 2-2: Error estimate on F;(X)

By (1.27) we have
sup D;(X, 0%, L") < eo.

JET
Using (4.4) in Proposition 4.3, we deduce that there exists a constant Cy > 0 such that
C4 . ./
(4.16) IVV(Xj0 = Xy )| < TR EE for [j—j' =2 p=>1.
Then
(4.17)

1 1
rol ol XY et XY )

j>i+p OSLU<K-1 i+1<j<i+p O<LU<K-1

i< i <i—p
| 1
< K?C == T ?)
< wa T grgpat X gege
i>p I<j<p
3 >0 i>p
1
- 2 Gy
i>p
j'>0

where j := j —i and j’ := i — j'. By Lemma 8.9 with p > 1, there exists a constant C5 such
that

C
F(X) < =25
pr-
Similarly we have
. C
[F(X)] < =2
prt

Step 2-3: Conclusion
We compute

A~

ITIX] = TR| <1800 = SRS+ R+ [F(R)

< Cagp® + CZLO >
< Co(ep” + ppll)
with Cg = max(C3,2C5). With the choice
(4.18) gphtt =1

—1
which is optimal up to a numerical constant, the right hand side becomes 2065’% and we

get

1

IT[X] - TL[X™]| < Crev,
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with C;7 = 2Cs. Finally by Theorem 2.2 we have T;[X*i] = T;[X*] = W} (6;, L;). Therefore
T, — Wi (6, L)| < C=571,

p—1
with C Z C7C(§7+1.
Step 3: Error estimate on the line torsion
We recall the definition of the line torsion

Mi[X]:=M;= Y > X x VV(X = Xpw).
j>i+1 0<LV<K-1
Jj <

where we show the dependence of M; on X. The goal of this step is to prove (4.3) with the
mean fiber (see Definition 3.7)
We write (from Definition 2.9 and Proposition 2.10)

with the short distance contribution for p > 1

SZ(X — dz) = Z Z (XjJ — C~Lz) X VV(X]"Z — Xj/J/),
i+1<j<i+p OSLU<K-1
i—p<j<i

and the far away contribution

FZ(X — (le) = Z Z (Xj,l — (le) X VV(X]"Z — Xj/J/)

j>i+p OSLUSK-1
i <i

+ E E (Xj,l - ai) X VV(X]J — Xj’,l’)
i+1<j<i+p OSLU<K—1
' <i-p

Step 3-0: Definition and properties of X*i
We define for j € Z

J J
Then we have

(4.20) Xt e gl

We compute

Xi— X=X —a; — X =X, — (a; + (b - L)L) — (X — (b - L)L) = X; —a; — X
By (4.13) we deduce

(4.21) X —a; — X' <&,

and then (with b’ the barycenter of X;**)

(4.22) b, — a; — bY'| < &
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Using (3.11) we deduce that b is bounded. Moreover because the centered cell (X : =
b

/

(X5 — "), is bounded, we deduce that there exists a constant Cg > 0 such that

(4.23)

X7 < Gs.

Step 3-1: Error estimate on S;(X — a;)

~ . ~ .
*,7 *,7

We compute (using the fact that X;’Ii - X5 = )/(\'J*; — X5

\

J

Si(X — a;) — Si(X*)

> S (X —a) x V(X — Xy) = X5 x VV(X) = X37))
i+1<j<i+p OSLU<K-1
i—p<y<i
> S (X —a) x V(X — Xj) = X5 x VV(X) = X35))
i+1<j<i4p O<LI<SK-1
i—p<j <i

St + S? + S?,

= Z Z (XjJ —a; — X]*”ZZ) X VV(X]'J — Xj/J/)

i+1<j<i4p OSLU<K-1

i—-p<j <i
= ) S By n (X)) x (VV (X = Xy0) = VV(XS] = X57))
i+1<j<i+p OSLU<K-1
i—p<y<i
= > S G-l x (VV(X — X)) = VV(XGT = X70))

i+1<j<i+p OSLUV<K-1
i—p<j <i

where we have used (4.20).
Using (4.16) and (4.21), we deduce that there exists a constant Cy such that we have

Cye
|Szl‘ < E E W < E C4K2€§Cg<€p2.
i+1<j<i+p OSLUV<K-1 J=J i+1<j<i+p
i—p<j < i—p<j <i

Using (4.14) and (4.23), we deduce that

CgCg§p2 9_ 9 1
i+1<j<itp O<LU<K—1 7= 3" 1<i<p lj+ 7P
i—p<y <i 0<j <p

1
< CsCyK?%ep? _—
= 8L2 p Z ]j+j’\P+1
j=1
J>0

where j = j —i and j/ = i — j/. By Lemma 8.9 (with p = 1) with p > 1, we deduce that
there exists a constant Cjy such that

IS7| < Chogp”.
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Using (4.14), we deduce that there exists a constant C1; such that we have

= § : |]_Z| _ 92 j _ 9 5
|SS‘ S 0115/)2 T Jlpr2 = 0118p E —_— S Cllgp E —_—
? _ p+2 \p+2 \p+2
1+1<j<i+p ’j j| 1<5< (j+J) (J+J)
i—p<j < 0<j <

where j := j —i and j' == i — j'.
By Lemma 8.9 (with p = 1) with p > 1, then there exists a constant C2 such that we have

’Sﬂ S Clga’::pQ.
Finally we get
(4.24) 1Si(X — @) — Si(X™)| < Chs8p?,

with 013 = 09 —+ Cw -+ 012.
Step 3-2: Error estimate on F;(X — a;)
Using (4.5), (4.21) and (4.23), we deduce that

X —al <X = Xl + X - a - X X
< Cu(l+]j =),

with C14 > 0. Using moreover (4.16), we get

> > (Xju—a) x V(X — Xj)
j>i+p OSLU<SK-1
i<
+ > > (X —a) x VV(Xj — Xjr)

i+1<j<i+p OSLU<K-1
J<i—p

“Fi(X - fiz')| =

Cuu(l+17—1 Cuu(l+17—1
Z 14(. .|] |) i Z 14(. .|J |)
lj =gl lj— gl
Jj>i+p i+1<j<i+p
i< j'<i—p

< K?C,

IA

147 1+
K204Cl4( > I > W)

p 1 P
0

<
SN
< IA

‘/> ‘l>

S

with j = j —4 and j' =i — j'. Using Lemmata 8.8 and 8.9 with p > 2, we deduce that there
exists a constant C'5 such that we have

C
(X — &) < —>.
pr-
Similarly, we have
k.0 015
(4.25) |F;(X™9)| < pr=t
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Step 3-3: Conclusion
We compute

M[X] — a; x T[X] — Mi[X*]| < [S(X —a;) — S(X*)| + [Fi(X — a;)| + |Fo( X))

_ 1
S C’16 (5p2 + pp_2>
with C1g = max{Ci3,2C15}. With the choice of p such that

et =1,

which is optimal up to numerical constant, we have £p? < ¢, (using p > 2) and the right
—2
hand side becomes C’17ép7, we get

2

‘MZ[X} —a; X T;[X] — MZ[X*’Z] < 0175%.

Finally using Lemma 2.11, we get M, [X’”] = Wy(6;, LZ)/L\l and then

2

_p—z
S C1175 L

~

that we can write (using (4.19))
‘MZ[X](dZ) — Wé(QZ,LZ)Ezl S 05%,

p=2
with C' > C17;C," , which means exactly (4.3).

5 An estimate about the scalar line torsion

In order to use later (in Section 6) the estimates of Theorem 4.1 about 7; and M;(a;), we
need first to compute these quantities. Recall that we have T; — T;_; = f, and a simple

7
iteration is sufficient to get T; = Ty + Z f?. But a simple similar raisoning for the line
j=1
torsion M;(a;) is not possible. The goal of this section is to solve this problem and to this
end we introduce the following scalar line torsion.

Definition 5.1 (Scalar line torsion)
Given a nanotube X € ((R*)X)Z, we define a scalar line torsion as

m; = M;(a;) - Ez‘,
where L; and a; are introduced in Definition 3.7.

The main result of this section is the following estimate about the scalar line torsion
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Theorem 5.2 (Almost constant scalar line torsion)
Let us consider a nanotube X wunder the assumptions of Theorem 1.12. Then there exist
constants mg € R and C' > 0 such that we have for all i € Z

1 p—2
(5.1) |m; —mp| < Ce?  with ~y = min (g, p_) .

p

Notice that (5.1) means that the scalar line torsion m; is almost constant which is the discrete
analogue of the second equation of (1.5).
In order to prove Theorem 5.2 we first need the following lemma:

Lemma 5.3 (Estimate on m; —m;_)

Let us consider a nanotube X under the assumptions of Theorem 1.12. Then we have for all
1 €7

(5.2) mi —mi_y = —(bi — @) - (L x ) + O(e"),

_ -2
wz’thﬁ_y:p—.
p

Proof of Lemma 5.3
By Theorem 4.1, we have (4.1), i.e.

We also have the general relations

Then we compute

M;(a;) — Mi—1(ai—1) = b X [ —a; x Ty 4 -1 x Tj—y
by x (T; = Tim1) —a; x Ty + a1 X T4
(by —a;) x Ty — (b — G—1) X Ty

which implies

~ ~ ~ ~

L; - Mz’<ai) — L - Mi—1<éi—l) =1L;- ((bz - Cle') X Tz‘) — L; - ((bz - ai—l) X Tz‘—1)

and then

~

(54)  Li- My(@) — Li - Moy (@) = —(bi — @) - (Li < T3) + (b — @) - (L x Tiy).
1

= &

We co te with ¥ = ——
mpute with 7 1

p
(b —a;—1) - (Zz xTiy) =

(b= &) - (L x T)
= (bi—d, " +0(e) - (Li x 1)
= (bi— ) (Li x Tiey) + O(e) - (Licy + O(e)) x Tiy)
= (bi— @) (Li x Tisa) + O() + O(e) - (Lioy x Ty1)
= (b — @) (L x ;1) + O(¢?) + O(e) - O(e")

(bi — @) - (L x Ti_y) + O(')

1NN
@]



where in the second line we have used (3.13), in the third line we have used (5.3), Lemma 3.4
and Lemma 8.5 ii), and in the fifth line we have used (4.2) and the fact that W7 (6;-1, L;—1)
is parallel to L;_; (see Corollary 2.5). Therefore from (5.4), we get

Li- My(@;) — Li - My (@) = —(b — @) - (L x To) + (b — @) - (Li x Tiy) + O('%7)
—(b — @) - (Li x (Ti = T 1)) + O(e'7)
= —(bi — @) (Li x f2) + O('7).

On the other hand we compute

-~

(Li = Li1) - Mia(@i1) = (Li = Lioa) - (Wg(0i1, Lica) L 1+0<ﬁ>>
et

I
=
=
=
™
I

|
C‘/
+
,Q

+

= O(?) + 0(e') = O(e'1),

where in the first line we have used (4.3) and in the last line we have used the square of the
relation L; — L;_1 = O(g). We compute

m; —Mmy;—1 — L M( )
hﬂﬂﬁ—
—(bi —a;) - (

and finally, because ¥ < 7, we deduce (5.2).

im1 - Mi_1(@i—1) R
M;_1(Gi-1) +, (L; — Lifi) - M1 (@)
X J9)+O(7) + 0(1+7)

L,
L;-
Li x

Proof of Theorem 5.2
We recall that by Lemma 3.4, there exists a constant C'; > 0 such that we have

{ 041 — 6;] < Che

(55) |L7;+1 — Lz| S 015.

Step 1: Proof of m; —m; 1 = —(b; — @;) - (Zo x f9) + O(ie? + e'17)
We recall (5.2) in Lemma 5.3, i.e.

mi —mi_y = —(b; — @) - (Li x f°) + O(e"7)
By (1.14) and the fact that f is Lipschitz, we have
I = fo + O(ie),
and because f is bounded in L>°, we get
fo =0(e).
From (5.5) and Lemma 8.5 ii) we have L; = L;_1 + O(¢), and we get by iteration L; =

~ 1
Ly + O(ig). We compute for 0 <1i < —
€

TW_W4::—@—@%Q%+Om»xm%%w§m+0@ﬁ)
= —(by — @) (Lo x f) + O(ic? + ).
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Step 2: A refined estimate on b, — a;
We already know from (3.11) that b; — a; is bounded, but for later use it is crucial to get a
refined algebraic expression for b; — a;. From (3.15), we have

bi — dz = R9i—17zz‘—1 (bz’—l — ai—l) + 0(5)
= Ry z,(bic1 —ai1) + (Ry,_ 7, — Ry 7,)(bic1 — Gi—1) + O(e).

Because b;—1 — @;—1 is bounded (see (3.11)) , 6;—1 = 0o+ O((i —1)e), Li—1 = Lo+ O((i —1)e),
using Lemma 8.4 and Lemma 8.5 ii), we deduce for i > 1

bz‘ - (NIZ = RGO,ZO(bi_l - di—l) + O(ZS)
We compute for ¢ > 1

(bi_1 — aZ 1) + O(ie)

Ry, 7,
= Ry 7, (R 60,50 (bim2 — @i—2) + O((i — 1)e)) + O(ie)
= Rzeo,io(bz 2~ i 2)) +O0((i — 1)e) + O(ie)
_ R i(i+1)

i00,50 (D0 = @o) + O(———¢)
and then we have for ¢ > 0
(56) bz —a; = Ri@o,fo (bo — CNL()) —+ 0(225)

Step 3: An estimate on m; — m;_;
By Step 1 and (5.6), using fJ = O(¢), by — ao = O(1) and ¥ < 1, for i > 0 we compute

m; —mi—1 = —(RZQO EO(bO — o) +A0(i25)) . (Eo % f(?) + O(ie? + £1+7)
—Ryy 7, (bo — o) - (Lo X f) + O(ie® + i%e? + &117)
= —(bo— o) - R_yg, 1, (Lo x f§) + O +el+§)

—(bo = ao) - <L0 X R—zQO,LO(fO)) O(i*e* + 51”)

then we have for ¢ > 0
mi —mi1 = —((bo — o) X Lo) - (R_, 7,(f0)) 70 + O(%* + '),
More generally, we have for : > 0 and j € Z
- -~ 1z . =
(5.7)  mye—mypion = — (0 — a5) x L) - (R 7 (7)) 5 + O(%* +£77).

Step 4: An estimate on m;
We define for some N to choose later

| XN
mj =5 kz_: Mtk
which is an everage of the scalar line torsion on a window of length N. We rewrite (5.7) as
. -~ 17 =
Mk — M1 = —((0j = a5) x Ly) - (R_yy 7 ()" + O(K?*e* +£17),
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and we compute

j— Mj-1
L
= Z (m]+k - mg—i—k—l)
k=1
T I v KRR 2.2, _1+5
= —((bj —a) x L;) - (NZR—M]-,EJ‘( JO)) + NZO(k e”+e'™)
k=1 k=1
= A+ B
with
-~ 1 1 &
A=—((bj—a;) x Ly) - (Qf)) " with Q= v Y Ry i
k=1

N
1 -
B = — k,2 2 1+~ )
nglO( et 4+e )

Step 4-1: An estimate on the matrix @) R
We consider a direct orthonormal basis (g1, g2, g3) with g3 = L;, and we write

3 3
T = Zxk g and Qx= Zyk gi. Then we get with ¢ € C such that i = —1:
k=1

k=1
Y3 = T3

1L
y1 +iys = q(v1 +ixe) with ¢= 5 ; o~ ik0;

We compute
N _iNG.
N N\ 1—¢e

Because Uy = Uy C (0,27) x (R*\{0}), we have Iicng |0, — 2km| > 6 > 0 and there exists a
S
constant C' > 0 such that

C
<
|q|—N7

and then o
(@) 5] < lal.

Step 4-2: An estimate on B
We compute

N
1 -
B = — ]{32 2 145
NglO( e+

iO(N(N—I— 1)(2N +1)

g2 + Ne”ﬁ)

N 6
_ O((N—I— DEN+D) ,

= O(N%? +¢'1)

+ 5“3)
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Step 4-3: An estimate on m;
From Step 4-1 and 4-2, we deduce

mj — mj_l = O (% + N252 + €1+':y> .
With the choice
we get
This implies

with

.
1 3 if p>3
y=min (5.7) -

if pe(2,3).

2l

1
By iteration, we get for 0 < j < —
3

(5.8) m; =mp+ O(e7).

Step 5: An estimate on m;
Using (4.3) in Theorem 4.1, we get that

(5.9) m; = Wy(6;, L) + O(£7).

We compute

|m; —my| = (Mg, — M)

Z= =]~
TMz

WE

1

(W (Ossns Lisk) — W50, L) + O(e7))

e
Il

1

N
y 1 ! !

< 0+ N > [Wh(Bic, Livk) — Wi, Ly)|
) C k;l

< 0@+ > " O(ke) with C = |[W"|

k=1
- N+1
OE")+C ;_ 5

= 0(7) + O(ed),

where in the second line we have used (5.9) and in the fourth line we have used Proposition
1.2 which implies that W is C? using its definition (1.26) (i.e. W” is C?) in the closed set

1
Uy, i.e. W is bounded. Using (5.8) and the —-periodicity, we get
5

m; = mo + O(e7) for all i € Z.
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6 Estimate between discrete and continuous forces

The goal of this section is to prove the following Theorem 6.1, giving an error estimate
between the discrete and the continuous forces.

Theorem 6.1 (Error estimate between discrete and continuous forces)

There exists a constant C' > 0 such that the following holds. Let us consider a nanotube X
under the assumptions of Theorem 1.12 with p > 2 and (0;,L;) € Uy as in Theorem 4.1.
There exists €1 > 0, such that if

|60—0*| §€1 and |L0—L*| SEl,

then there exists (o, ®) solution of (1.1) and (1.5) and constants ¥y € R?, 0g € R such that
we have for any x € [(i — )e, (i + 3)e]

(6.1) X0 + W, (a/(z),® (z)) — Wi(6;, Ly)| < Ce?
and
(6.2) log + Wy(d/(z), ®'(x)) — W(b;, L;)| < Ce7.

_ p—1 ) 1 p—2
where 7 = and y =min | =, —— |.
p+1 3 p
In order to prove Theorem 6.1 we need the following Proposition 6.2 giving the existence of
a solution of the Euler-Lagrange system (1.5).

Proposition 6.2 (Existence of a solution of the Euler-Lagrange system)
Assume (HY4) and let f : R — R? satisfying (1.2) and (1.4). Then there exists e, > 0 such
that if |(6°,L°) — (0%, L*)| < &1 and |f|r~®) < €1 then there exists (o, ®) : R — R x R?
with (o, ®) € W2*(R, R x R3), such that (a/,®') : R — Uy, solution of the FEuler-Lagrange
system (1.5), namely
(Wi (o, @) =  onR
{ (Wl (a/,®")) =0 onR,

satisfying the periodic conditions (1.1).
Moreover there exists a constant C > 0 such that

(6.3) (@, @) = (6%, L) | o) < C|f|reem)-

Proof of Proposition 6.2

We look for A = (a, ¢) € WH*°(R, R?) solution of (1.1) and (1.5) and we will show later that
A = (a,9) € W (R,RY).

Step 1: Preliminaries

Without loss of generality, we can assume that

(6.4) A(0) = 0.

Then let us define



and Vi = {A € WES(R,RY): Az +1) = Alz) + A with (6.4)}
Vo ={g=H with h € L*(R,R*); h(z+1)=h(z)}.

We embed the space V, with the norm

9lv, = égﬂg |h —c|po@wy with g=h" and h(z+1) = h(z),

and notice that (Va, |- |y,) is a Banach space. Let us define
U ={A eVy; 3§ >0, Bs(0) + AN (z) C Uy, for almost every = € R},

where we easily check that U is an open set in V;. We call A = (0,L) € Uy and let us
consider the map
v . U — Vs
A e (WA

Step 2: ¥ is C!
We compute
(W(A2) — W (A1)ly, [WR(AS) = WE(AD) L)
| D*W | 100 (1) | A — A Lo )
| D2W |10 @) [ A2 — Aafwrce ).

VAVANIVA

We compute B B
DAU(A) - A= (D*W(N)-AY.
Therefore
|DAU(Ag) - Ay — DA (Ay) - Ay,
< |D2W(AS) - Ny — D2W(A)) - M)
< |DP*W(A) — DPW (A poe o) [ Ad] oo ) + [D?W poo ) [Ny — Al | oo )
— 0 as |(A2,/_\2) — (Al,/_\1)‘yl><vl — 0,

where we have used the fact that W is C? by Proposition 1.7. This shows the continuity of
DW. Therefore ¥ is C*.

Step 3: Inverse function theorem

Let Ag(x) = zA° for x € R. We have

DaAY(Ag) - A = (D*W(\°) - AY.

Let g € V,, then there exists h € L*(R,R*) with h(z + 1) = h(x) such that g = I/ and
|9lv, = inf [h = [z = [h] .

This shows that
(6.5) DpV(Ay) - A= g,

means

D*W(X°) - A =h+k for some constant k € R,

46



1

Integrating on (0, 1), this implies k = —/ h(z) dx.
0

Recall that by assumption (H4)

A= D*W()\*) isinvertible with \* = (6%, L*).

Therefore there exists g9 > 0, such that for [\ — X\*| < g9, A° = D?W()\?) is still invertible
and

A = (AO)_l(h + k).
This shows that

Aa) = / "4 (h(y) + k) dy

satisfies A € V; and is the unique solution of (6.5) satisfying (6.4). Moreover there exists a
constant C' > 0 such that

’/_\‘WI,OO(R) O‘(AO)_lyLoo|h+k|Loo(R)

<
< 2CI(A) el bl
< 2C|(A") Lo lglv,-

This shows that (DyW(Ag))™! exists and is continous from V, to W1*°(R). We have
(6.6) W(Ao) = 0.

Therefore we can apply the inverse function theorem in Banach spaces. This shows that (up

to reduce g; > 0) for every f such that |f|r~ < & with f(z + 1) = f(z) and / f=0,
R/Z
there exists A € U, such that

(6.7) Y(A) = (0, f).

Step 4: Conclusion
Therefore

(Wi(A) = (0, /),

and then for some constant k € R4
W,\ (A) = / f ) dy) +

Again D*W () is inversible and the inverse function theorem applies to WY and gives (again

up to reduce g, > 0)
AN = < / fy)dy) + k:)

which shows that A” € L>°(R) and A € W2>(
Step 5: Proof of (6.3)
Because of (6.6) and (6.7) and the fact that U is invertible, we deduce

A=0"(0,f)) and Ag=T"'((0,0)).
Using moreover the fact that =1 is O, we deduce that there exists a constant C' such that

|A - A0|W1>°°(R) < C|(07f) - (070)|V2 < O|f|L°°(R)’
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which implies (6.3).
U
Proof of Theorem 6.1
By Proposition 6.2, given f satisfying (1.2) and (1.4), and given any (6°, L°) satisfying
|(0°, L°) — (6%, L*)| < &1, there exists a solution («, ®) of the Euler-Lagrange system (1.5)
namely
(Wi (o, @) =f onR
{ (W (a/,®")) =0 onR,

satisfying the periodic conditions (1.1).
Step 1: Proof of (6.1) )
We have (W4, (o/, @)’ = f, then there exists a constant ¥y € R? such that

(6.8) I%«ﬂ@@@»:&+lﬁ@My

On the other hand, we have T; = T + Z f](-) which shows using (1.14)

7j=1
i e(j+3) e(i+3)
T,=To+ ) fly) dy =Ty + fy)dy
1 Je(i—3%) 5
J= 2

From (4.2), we get
s(i+%) a ) ot
T+ [ Flo)dy - Wi6. L) < e

N|m

Using (6.8), we get for z € [(i — 3)e, (i + 3)e] (using the fact that f is bounded in L>)
(6.9) Ty — S0+ Wi (o (x), ' (2)) — WL(0;, Li)| < Cocir.

This implies (6.1) with o = Ty — 2.
Step 2: Proof of (6.2)
We have (W/,(o/,®"))" = 0, then there exists a constant &y € R such that

(6.10) W (o, @) = &,
From (4.3), there exists a constant C3 > 0 such that we have for m; = M;(a;) - L,

Using (5.1), we get
‘mo — Wé(ﬁl, Lz>| < 0457.

Using (6.10), we get for = € [(i — 3)e, (i + 1)e]
(6.11) (o — o + W, (a/(x),®'(x)) — Wa(0;, L;)| < Cye”.

which implies (6.2) with oy = mo — &y.
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7 Proof of the main results: Theorem 1.12 and Corol-
lary 1.13

The goal of this section is to prove Theorem 1.12 and Corollary 1.13.

Proof of Theorem 1.12

Step 1: Definition of (&, ®) and (o, ®)

Step 1-1: Definition of (&, ®)

Let us define an approximation (&, ®) (that we think to be close to (o, ®) to define later)
by setting

a'(x) = (1 —1)0; +t0; 1
(7.1) { (f’(:c) =(1—t)L; +tLi

T — 1€
with ¢t =

for ie <z <(i+ 1e.

where (0;, L;) are given in Theorem 6.1. Notice that because of (1.7), we can choose (6;, L;)
and a; given in Theorem 3.8 such that we have

(Oisn.. Lizn.) = (0i, L)
EL,H_NS — Elz "‘ NgLO.

From (3.14) we have ;.1 — a; — L; = O(g). With L° defined in (1.7), we get

N.—1 N.—1
NELO = Z di—H — C~LZ = O(NE?E) + Z Li,
i=0 i=0
which implies
N.—1
L’ =0(e) +¢ Z L;
i=0
We compute
1 Ne—1 ie—i—a 5 Ne—1
/ Q' (z)de = Z/ dx—Z/ (1 —¢)L; +tLiyq)edt
0 = i€
N2—1 N—1 4

= =Y (- 2)L+ LH1 _sz Li+ Lit1).
0

1
Using the N -periodicity of L; and the fact that N, = —, we get
€

N:—1

(7.2) /01 ' (x)dr = O(e) + ¢ Z L =L’ +O(e).

Similarly we have

(7.3) /01 &'(x)de =0(e) + ¢ Z 0; .= 6.
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Step 1-2: Properties of (6°, L°)
By (4.1) and (1.27) we deduce that there exists a constant C' > 0 such that we have respec-
tively

Di(X,6;, L;) < Ceq,

and
Di+1(X, 0*, L*) < 050.
Therefore we can apply Proposition 3.4 and deduce for € < gy with €5 small enough that

Using (7.2) and (7.3), this implies (1.28), i.e

0 _ px* <
75 { 109 — 6%| < C=,

’LO — L*‘ < OEO.

Step 1-3: Definition of («, ®)

For g9 small enough, we deduce from (7.5) that |6° — 6*| < e; and |LY — L*| < &; and then
we can apply Theorem 6.1 which shows the existence of a solution (a, ®) of (1.1), (1.5). We
get in particular

/01 &' (2) d = /01 () dz + Oe)

/01 & () dr = /01 o (z) da.

Step 2: Estimate on the differences of W’
By (7.1) we have

(7.6)

&' = 0; + t(0;11 — 0;)
& = Ly + t(Liss — Li).

By (4.1) and (3.5), we have 0,11 — 0; = O(¢) and L;; — L; = O(¢), and then

&' — 6] = O(e)

|®" — L;| = O(e).
Using the regularity of W, we deduce from (6.1) and (6.2) that there exists a constant C
such that we have

(7.7) { [0 + W (o' (2), '(x)) = W&/ (x), @'(2))| < Cre

T ( 3
loo + Wi(d/(z), ' (x)) — Wh(d (z), D' (x))| < Che7.

For simplicity, we denote

(9°7L”)
=( Yo)
( ) = (@(2), ¥())
u(z) = (' (z), ¥'(x)).

Because 7 > v, we see that there exists a constant Cy such that for A = (6, L)
(7.8) lco + Wi (u(z)) — W (a(x))| < Cae”.
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Step 3: Estimate on u —
We consider the Taylor expansion

Wi(a(x)) = Wi(u()) + D*W (u(x)) - ((z) — u(@)) + O(lu(z) — u(@)lw(|d — ur~))

where w is the modulus of continuity of D?*W on Uj.
Taking into account the invertibility of D?*W (u(z)), which follows from assumption (H4) (for
u close to u® and u° close to (6*, L*)), we deduce

(7.9) i) — u(x) = (D*W (u(x))) " (co)| < O(” + () — (@) w(|it — ul 1)),

and then we deduce that there exists a constant C3 such that we have
(7.10) |1~L(ZB)—U(LE)—(D2W(u0)>71(00)| < (4 (6”—1—|&—u|Loow(\11—u|Loo)—|—|co|w(|u—u0|Loo)>.

Using (7.6), we deduce

/0 w(z)de = /o (&' (z), ®'(z)) dz = /0 (a/(z),®'(x))dx + O(e) = /0 u(z) dz + O(e).
Then integrating (7.10) on the interval (0, 1), we get
[(D*W () (eo)| < (™ + [ii = ul e[ = | ) + [co] w(|u = u[ 1) + O(e).

Up to reduce gy, we can choose |u — u°|z~ small enough using (6.3), and then there exists a
constant C, such that

[col < Cale” + [ — ulpeew(|i — ulr=)).
Hence (7.9) implies that there exists a constant Cs such that we have
"l] — U‘Loo S 0557,

where we have used the fact that | — u|p~ is small because u(x) and @(z) are both close to
u®, respectively by (6.3) and (7.4), for £y small enough.
Step 4: Conclusion

Then we have
{ |6/ — O[/|Loo S 0557

1B — @ < Cye,

For the choice © = je, we get that there exists a constant Cg such that

10; — o/ (je)| < Cee”
|L; — ®'(je)| < Coe”.

(7.11)
Using (3.11) and (3.12), we deduce that there exists a constant C7 such that we have
(7.12) |X; —a;] < Cr.
Using (3.15) and (3.16), we deduce that there exists a constant Cys such that

[ Xj41 — a1 — Ry 7 (X — ;)| < Cse.

51



Using (7.11), (7.12), Lemma 8.4 and Lemma 8.5 ii), we deduce that there exists a constant
C such that we have

(7.13) [ X1 — @1 — Xj — ;)| < Coe™.

Beovieym)
Using (3.14) and (7.11), we deduce that there exists a constant Co such that we have
(714) |EL]’+1 — &j — (I),(jéf)| S 01067.

Finally (7.13), (7.14),(7.12) and the choice C' = max(Cy, Cy, Cyg) prove (1.30).
Step 5: Proof of (1.29)
By Theorem 4.1 we have (4.1), i.e. there exists a constant C7; such that

Dj(X, Qj, LJ) S 0115.
Therefore there exists X € é\eﬂ'vLﬂ' such that

(7.15) sup [ X1 X3, < Cue.

We can write X = a; + X*I with a; € le and X*J € C%Li. Moreover there exists
(0,m) € R x R such that X*j = R; 7 (X505, Ly)) + an. Then we can write

X;7 =Y 4 ¢ with Y7 = Rz (X(0;,L;)) and ¢ =nL; +a;.

J

We define
)e(jj = 17]” +c¢; with }7]*] = R+ (X5(0;,L;)) and { %:_0(41;/(]5
I j =¥ (je),
with
(7.16) X7 el

For || < ¢, we compute

~ %, S
{(ﬁﬁ a )ijjﬁﬂ
= Y-V
= Ry 1, (o7, (A5 05, > +BL; = Ry, 7, (Ra,zj(Xé‘(QjaLj))) +BL;
= Ry op (%05, L) — K50, L) + (R@ij . Rmﬁﬁj) (X (0;, L)) + B(L, — L)
We deduce
|X,~’ X5l < 1X5(0;, L) — X5 (05, L) + Ry vsz, — Rooyrar, 1146 (05, L) + 1BI1L; — L.

Using the Lipschitz regularity of the map X, Lemma 8.4 and (7.11), we deduce that there
exists a constant Ci9 > 0 such that

|Xj7 ]+,3| < Cia(|0; — 6;| + |L;j — Lj|) < Crae".
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From (7.15), we deduce that there exists a constant C' > 0 such that

=~ *,]
sup | X5 — X4 < O
181<q

which proves (1.29). This ends the proof of Theorem 1.12.

Proof of Corollary 1.13
Step 1: Proof of (7.17)
We recall the second line in (1.30)

|aj1 — a; — ' (je)| < Ce.

Then we get
a1 —ca; — e®(je)| < Ce't.

On the other hand we deduce by Proposition 6.2 that ® € W2, and then
[B((j +1)e) — D(je) — @' (je)| < C=2
Using the two last inequalities, we get
leji1 —ej| < Ce' with e == ead; — ®(je),
and then by iteration for 0 < j < é — 1, we get
le; —eo] < Ce&”
i.e.
(7.17) lea; — ®(je) —al < C¢e7,
with a = eq.

Step 2: Conclusion
Using the first line of (1.30) and (7.17), we obtain (1.31).

8 Appendix

This appendix is composed of two independent subsections. In the first subsection, we recall
some results about rotations. In the second subsection, we give a few estimates on some

series.

8.1 Some results about rotations

Lemma 8.1 (Rotation and cross product)
Let us consider a rotation R € SO(3). Then for every x,y € R®, we have

R(z) x R(y) = R(x x y).
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Proof of Lemma 8.1
Let z € R3, then we have

Rz - (Rx x Ry) = det(Rz, Rz, Ry) = det(R)det(z,z,y) = 2z - (x X y) = Rz - R(z X y).

This is true for all Rz € R?, and then R(z) x R(y) = R(z x y).

Lemma 8.2 (Elimination of the rotation)
Let us set R = R, ;. Then for every x,y € R3 we have

L-(R(z) x R(y)) = L (z xy).

Proof of Lemma 8.2
This is a straightforward consequence of Lemma 8.1.

Lemma 8.3 (Rewriting the mixed product)
Let L #0 and z,y € R3. Then we have

L-(xxy)=(Rsz(x))' -y

uy
2

where (Rx z(x))* L is the component of (R z(x)) orthogonal to L.

™
PR

wf

Proof of Lemma 8.3
We compute

L-(zxy)=(Lxz)-y=(R
We now recall the following four results that are proven in the companion paper [25].

Lemma 8.4 (Control of rotations by angles and axes)
Let us consider two angles 01, 03 € R and two axes Ll, L2 € R3, then we have

Ry, 7, — Ro, 7,1 < |62 — 61| + 5|L — Ly|.

Lemma 8.5 (A control for axes)
Let us consider two axes L, L' € R® such that

(8.1) |L| >6>0  for some 9§ >0.

If

|IL-L|<e
then there ezists a constant C' = C(J) such that we have
i) 1Ll - ||| < e
ii) |L — L' < Ce.
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Lemma 8.6 (Composition of a rotation with the gradient of the potential)
For every v € R and any rotation R, and with our definition (1.9) of V', we have

VV(R(z)) = R(VV ().

Lemma 8.7 (Derivative of rotations)
For u € R3, we have

(8.2) Ry7(u) = (uw.L)L + (cos#)(u — (u.L)L) + (sin ) (L x u).

We also have

(8.3) L.V (Ryz(u)) = ((w.L)L + (w.L)L)(1 — cos 8) + (sin§)(L x u)
with

- _ ~ L L _
(8.4) L:=LV(L)= o W(L L)

Lemmata 8.4, 8.5, 8.6 and 8.7 correspond respectively to Lemmata 6.5, 6.6, 6.1 and 6.4 in
25].

8.2 Convergent series

Lemma 8.8 (Convergent series)
Letn € {0,1,2}, ¢ > 1 and p > 1. Then there exists a constant C = C(q,n) such that

Z 1447 < C

; iNg+n — Hq—2°
VS, Ut p
i'>p

Lemma 8.9 (Convergent series)
Let n € {0,1,2}, ¢ > 2 and p > 1. Then there exists a constant C' = C(q,n) such that

3 L+ _ C
()T T
0

v v

J
5

Proof of Lemma 8.9
Case p > 3:
Forj>pandj >0,forz e [j,j+1]andy € [j,j/+1] wehave3<p<ax+y<j+j +2

and Lo n . .
+7 < +x

(G +5) ~ (w+y—2)e
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Therefore

1+ / 1+ 2"
—— < dxdy
Z:p (j +g7)etn Z:p G+oap (T +y —2)atn
j'>0 j>0
1+ 2"
= dxdy
/mZp,yZO (x 4y —2)rtn
14+ 2" d
— T
e>p (@ +n—1)(z —2)rtn=1
B 1
< C T
= sy (gt n— ze?
Cy
= oo
C
< )
=

where in the fourth line we have set x — 2 = & and expanded the polynomial z" = (z + 2)",
and where (' is a constant which depends on n and C5 is a constant which depends on n
and q.

Case p > 1:
We split the series as Z = Z + Z , where we bounded the last series directly.
>p j=3 Jj=12
j' >0 §'>0 §'>0
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