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Mismatch of conductivity anisotropy in the mixed and normal states of type-1I superconductors
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2Univ. Bordeaux, LOMA, UMR 5798, F-33600 Talence, France
(Received 10 February 2012; published 3 May 2012)

We have calculated the Bardeen-Stephen contribution to the vortex viscosity for uniaxial anisotropic
superconductors within the time-dependent Ginzburg-Landau (TDGL) theory. We focus our attention on
superconductors with a mismatch of anisotropy of normal and superconducting characteristics. Exact asymptotics
for the Bardeen-Stephen contribution have been derived in two limits: (i) g,y < Eups lpe <K & and (ii) [g. > &,
leap S Eap, Where Ipqp, Lge and &,p, & are the electric field penetration lengths and the coherence lengths in the
ab plane and in the direction of the ¢ axis. Also, we suggest a variational procedure which allows us to calculate
the vortex viscosity for superconductors with arbitrary parameters £ and /. The approximate analytical result
is compared with numerical calculations. Finally, using a generalized TDGL theory, we prove that the viscosity
anisotropy and, thus, the flux-flow conductivity anisotropy may depend on temperature.

DOI: 10.1103/PhysRevB.85.174502

I. INTRODUCTION

The existence of a nonzero electrical resistivity in type—II
superconductors in the mixed state is connected with the
motion of magnetic flux vortices. It can be observed in the
presence of a sufficiently large transport current so that pinning
is suppressed. In the stationary flux-flow regime, the Lorentz
force acting on an isolated vortex is balanced by the intrinsic
viscous drag force:

%O(itrxn)=nVL- (1)

Here, ¢ is the flux quantum, j is the transport current density,
n is the unit vector along the magnetic field, V;, is the vortex
velocity, and 7 is a viscous drag coefficient. As vortices move,
the magnetic field in the sample becomes nonstationary and a
macroscopic electrical field E is induced, which is connected
with the transport current via Ohm’s law: E = j. /0. For weak
average magnetic fields B <« H,, where H,, is the upper
critical field, the flux-flow conductivity o is

c*n

Bgo
The presence of a finite conductivity implies that current flow
is accompanied by dissipation. It has been shown that there are
two main mechanisms of dissipation: losses due to relaxation
of the order parameter' and Ohmic losses associated with
normal currents flowing through the vortex core.?

For an anisotropic superconductor, Eq. (2) is generalized as

follows:

@

A c? ( Myy —Nyx >
6 =— ) ) 3)
B ¢0 —Txy Nxx
with the z axis along the magnetic field. The peculiar structure
of the conductivity tensor is explained by the fact that the x
component of the electric field depends on the y component
of the vortex velocity, and vice versa.

It can be seen from Eq. (3) that the flux-flow conductivity
is determined by the magnetic field and the viscosity tensor
7). A rigorous approach to the problem of viscosity evaluation
has been first suggested by Schmid® and was later developed
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by Gor’kov and Kopnin* (see also Ref. 5 for review). Their
method is based on the time-dependent Ginzburg-Landau
(TDGL) theory. Within this model, the flux-flow conductivity
has been evaluated for isotropic superconductors in several
papers.5® Both viscosity components due to order-parameter
relaxation and Ohmic losses (frequently called the Bardeen-
Stephen contribution) have been derived.

Theoretical studies of free flux flow in anisotropic materials
have been stimulated by the discovery of high-temperature
superconductors, which appeared to possess rather strong
anisotropy. A number of papers have addressed this problem
using different models and approximations.®~'! The procedure
of viscosity calculation can be essentially simplified in the
limit of dirty uniaxial superconductors with the ratio sy =
m.o./Mmqpoyp equal to unity. Here, o., o, and m., mg,
are the normal conductivities and Cooper-pair masses in the
direction of the anisotropy axis ¢ and in the perpendicular ab
plane, respectively. The condition sop = 1 allows us to reduce
the problem of anisotropic vortex dynamics to an isotropic
one by means of a scaling transformation.!® Yet, this is not
true in the case so # 1, i.e, for a mismatch of anisotropies
of Cooper-pair masses and normal conductivities. Such a
mismatch is theoretically possible in the relatively clean limit'?
and it may have been experimentally observed in a new class of
Fe-based pnictide superconductors. According to Ref. 13, the
ratio o, /0. in PrFeAsOy7 is close to 120, whereas m./m
in the same compound is about 25, as determined in Ref. 14
from upper critical field measurements. In Refs. 15 and 16,
anisotropies of the same order in Ba; _, K, Fe, As; are reported.
However, existing experimental data for the pnictides are
contradictory. In Ref. 17, arelatively low-resistivity anisotropy
in BaFe;,As; is given: o,5/0, ~ 2-3. In some works,*18 an
anisotropy mismatch has not been clearly detected. Previous
calculations of the viscous drag tensor accounted for the
anisotropy mismatch only on the basis of a simplified model
of a steplike order-parameter profile within the vortex core.’
Of course, a detailed comparison with experimental data
demands these calculations to be generalized for a more
realistic order-parameter profile.

In this paper, we evaluate analytically the viscosity tensor
for arealistic gap profile within the core, focusing our attention

©2012 American Physical Society
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on the case sy # 1 and considering both standard TDGL
model for gapless superconductors and its generalization for
superconductors with a finite gap.'>!° Note that for Fe-based
materials, the gapless regime may be achievable due to the
strong interband scattering on dopant’s ions.?® In Sec. II, we
derive the basic equations following the approach of Gor’kov
and Kopnin.®> In Sec. III, we develop approximate methods
based on different assumptions about the ratio of the electric
field penetration depth to the coherence length. The results
of preceding works®’? are revised and improved. In the end
of this section, we consider a variational principle, which
provides us with a simple general relation for the Bardeen-
Stephen contribution. In Sec. IV, the problem is considered in
the framework of a generalized TDGL theory. Here, we derive
our main result: we predict that the flux-flow conductivity
anisotropy may depend on temperature in superconductors
with the parameter so # 1.

II. BASIC EQUATIONS

Following Gor’kov and Kopnin,> we start the analysis of
vortex motion with the TDGL equation for the superconduct-
ing order parameter :

oy} = 3.
y<h¥+2w<1>w)— 5y “

. 2e m1 ) 2e
F = / [(mv - —A) Y — (—mv — —A) v
c 2 c
+alyl? + %b |w|“] d’r.

Here, F is the usual GL free energy, y is a relaxation constant,
and A and @ are the vector and scalar potentials, respectively.
We consider uniaxial anisotropic superconductors, so the
Cooper-pair mass 71 is a tensor with components m;; =
map(8;j + pv;vj), where v is the unit vector along the c
axis, u = m./mg, — 1. Equation (4) is supplemented by the
equation for the current density

divj =0, ©)

<V<I> + la—A) (6)

where

j=2elyPm! <hV9 - %A)
c ot

Here, 6 = arg(y) and &, is the normal-state conductivity
tensor with components o,;; = 0446;; + (0, — 0ap)V;V;. For
simplicity, we will consider only superconductors with a
large Ginzburg-Landau parameter k = A/& > 1, where A is
the London penetration length and £ is the superconducting
coherence length. One can prove that [2eA/c| / |AVO| K 1 at
distances much smaller than A from the vortex axis in the gauge
where A = 0 on the vortex axis and divA = 0. Imposing the
additional condition li- /AE K 1, where [ is the electric field
penetration depth [see Eq. (12)], one can neglect the term

10A
cat
in Eq. (6).
Let us consider the orientation of the internal magnetic
field at an angle ¢ to the crystallographic ¢ axis. We choose
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FIG. 1. The coordinate frame.

the coordinate frame (x, y, z) with the z axis coinciding with
the vortex axis and with the ¢ axis lying in the xz plane (see
Fig. 1). In this frame, the functions ¥ and ® do not depend on
z, and the tensor # is diagonal.

The derivation of the force balance equation (1) and the
explicit expression for the viscous drag tensor may be found
in Refs. 5 and 9. However, in Appendix A, we outline the
calculations for the reader’s convenience.

The components of the Bardeen-Stephen contribution jgp
are given by

__2_ h/f(p) <2c1> ——) dxidyy, (7)

Pi
/f(m) <

;) dxidy;. (8)
l

Here,
e = [m(@)/map)""*(Mon)x ©)
Ny = [map/m(@)]"*(on)yy. (10)
() = % u = &/ v,

(Xla}’1)=fa_bl (ﬂn;(_‘?x’y>v L1 =\/x12+y12’ (11)

&,» and Ig,, are the coherence length and the electric field
penetration depth in the ab plane, respectively:

= P l = |h 8 lal 12
Eap = Iy lal’ Eab—[Uab/<€ b)i| . (12)

The function f(p) describes the profile of the dimensionless
order-parameter modulus in a static isotropic vortex. This
function satisfies the relation

1 d df) f 3
: L —f=o, 13
pdp(pdp p2+f f (13)

which follows from Eqs. (A8) and (Al17). The boundary
conditions are f(0) =0, f(oo) = 1. The functions &, and
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®, in Egs. (7) and (8) should be determined from the linear
equations

ro, | 3 ( T yl) o, (4
s =(u®, - = 1)
oxf 9y pf
3?d, 3’ 2
s + — = b, - = 15
where
mqo. sin® ¢
s(p) =1+ — — >0.  (16)
MapOab 1+ M COs= @

The electric potential can be expressed in terms of ®, and @,
via

4yeh
® = (@X m(‘”)VLX—cbvay) dyen | lal g

Map

Note that there is a relation connecting the components 7, and

T]y:
* N ’\/E ’

In the next section, we consider some limiting cases.

ﬂy(sa”) =

III. APPROXIMATE SOLUTIONS
A. The Iz « & limit

Consider such materials that the electric field penetration
length is much smaller than the coherence length:

lEab < ";:abs lEc < §C~ (19)

This limiting case is closer to gapless superconductors with
a high concentration of magnetic impurities, which are
characterized by the ration £/l = V/12. The conditions (19)
impose the following restrictions on the parameters s and
w:u> 1, s < u? In this section, we will analyze the case
s < 1. The case 1 < s < u? can be considered in a similar
way by dividing Eqgs. (14) and (15) by 5. We shall search the
asymptotics of the viscosity when u — 0o neglecting small
terms of order higher than u~2 (however, it will be shown that
one should keep terms of the order of u~2).

Our approximation is based on the fact that the charac-
teristic length scale for the functions ®, and ®, is u~'.
Hence, the unknown functions reach their asymptotic behavior
at distances p < 1 from the vortex axis, where the order-
parameter profile f(p) is well approximated by the first several
terms of its Taylor series:

F2(p) & kap* + kap* + kep®.

We substitute this expansion into Eq. (14) and introduce the

new variables p = p,/u, &, = &, u’/*:
3*®, N 92d,
s
02 | or

~4 ~

_ <k2ﬁ2 + k2 ) (éx - %) . Qo)
u P

Further, the tilde over X and ¥ will be omitted. The solution of

Eq. (20) can be expanded in the powers of u~!
b, =00 +yu ol 4 R, @1
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where @ and ®(! satisfy the following relations:

82q>§(0) anDECO)
a2 o = kp?® — kpy, (22)
52pM 52pM y
o+ Y — o p? W fkypt (@O — =), (23
P S 207D} 4P X T3 (23)

and R, is a remainder term. It is proved in Appendix B that
an analogous expansion can be made in the integral in the
right-hand side of Eq. (7):

lal [le(s) n
u

x = —2—yh
b

Ii(s) = / kay <d>§§” -

sz(s)=/p |:k,0 ( o0 — p2>+k2p2®§1):| dxdy. (26)

The viscosity component 1, can be calculated similarly:
a Iiy(s Iy (s
Ny = —2Uyh[—“( )4 —2’2 )4 o(u_z)]. @7
. b u u

Using Eq. (18), we obtain
Iy(s) = I (s ONs, Dy(s) = I(s™ s (28)

In principle, the functions /;,(s) and I5,(s) can be determined
by numerical calculations; however, in Sec. I[II C we present
some analytical expressions for these functions.

In Ref. 9, the u > 1 limit was considered using the
Bardeen-Stephen model.? This approach is essentially based
on the assumption about a steplike order-parameter profile
within the core and does not allow us to obtain a leading term
of the order of #~! in the expansion (24).

The particular case s =1 has been considered in a
number of works mentioned above.*®® It corresponds to
isotropic superconductors, or anisotropic superconductors
with no anisotropy mismatch: (m.o.)/(mqp0,) = 1. If s = 1,
Egs. (22) and (23) can be solved exactly:

) o(u‘z)} L
u

where

12) dx dy, (25)
0

PO — 1 - exp(—«/k_2p2/2)y,
x ,02
k ~/_ o
o= < + )exp( Jiap?/2).

After some integration, we obtain a simple relation for the
viscous drag coefficients:

lal
Ny =Ny = 21 ——=yhas(u), (29)

b
ko ky 0.583 1
N — = - —. 30
() u + 2kou? u 8u? (30)

Here, the value /k» = 0.583 was taken from Ref. 7, and the
relation k4 = —k,/4 follows from Eq. (13).
It is appropriate to recall here the result obtained by Hu’:
Ko(8
o) = M’ 31)
SuK,(8u)
where Ky and K; are the modified Bessel functions of an
imaginary argument and § is a fitting parameter. Equation (31)
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was derived from the exact solution of Eq. (A12) with an

approximate order-parameter profile>?!:
o
flp)= ——. (32)
82+ p?

According to Schmid® and Hu,” the optimal value of § is v/2,
which follows from a variational principle. We can compare
different values of op(u). When u = V12, Eq. (31) yields
ar = 0.186, Eq. (30) yields oy = 0.158, while the numerical
resultis oy = 0.159.% Our formula gives an error less than 1%.
If we keep only the term of order u~! in Eq. (30), we will get
a 6% error, which increases with decreasing u.

B. The lg, > & limit

Consider the range of parameters s > u” and u > 1. In
terms of I, &, and ¢, these conditions read as
o l?
cos’p « —L
OabS,p

lEc > éca lEab S_, sab»
Thus, the magnetic field must make a small angle with the ab
plane.

When s > u?, the term u>®, in Eq. (14) is negligible com-
pared to y;/ ,012 in the region p < +/s/u, so we immediately
obtain from Eq. (7)

Ny ~ Ins/u’.

More complicated calculations, which can be found in
Appendix C, yield

ne = 2ty 1 <1n V5 1.475) , 33)
b u

ny = Znhy% (m V5 0.475) . (34)
u

Note that in Ref. 9 in the # « 1 limit, similar expressions
containing Inu~! have been derived. This similarity is not
accidental: the presence of the logarithm In(lg/§) is a
characteristic feature of the [z > & limit.

C. A variational principle

In this section, we suggest a simple variational procedure
for the calculation of the viscous drag tensor. According to
Ref. 5, a general expression for the dissipation function W|[®]
reads as
2

. 2y Loy .
W[®P] = VP5,VD + y hg +2iedy| . 35)

The electric potential should be found from Eq. (A12), which
can be viewed as a condition of zero variational derivative of
the functional

W(dld?p.
z=0
Thus, the minimum of the functional above equals the loss
power per unit length of a moving vortex:

VLAV, = min W([d]d*p. (36)
z=0

This relation allows us to apply the direct variational method

to our problem.

PHYSICAL REVIEW B 85, 174502 (2012)

For the sake of convenience, we rewrite Eq. (36) in our
rescaled coordinate frame separately for both components of
the Bardeen-Stephen contribution:

nx = ﬁ(svlsu)v ny = ﬁ(lvssu)v (37)

8 2
ﬁ(smsy,u) = 2|ZT|)/7H/[2 II}bln/ |:Sx (£>

2 2 2
+s, (2—‘1’) + fu(f) (u2¢ - %) j|dx dy.

(38)

Equations (37) and (38) have two important consequences.
First, the viscous drag tensor is positively defined when o), >
0 and o, > 0. Second, the components of 7, increase as the
conductivity increases:

an; on;
— >0,
00,4 do,

>0, i=x,)y.

We can obtain an upper estimate for the viscosity compo-
nents if we substitute a trial function into Eq. (38). In order to
find an appropriate trial function, consider the exact equation
for ¢:

¢ ¢ 2 M 2

Sxﬁ +Sya—y2=<u ¢—E f(p). (39)
The solution of this equation is an even function of x and an
odd function of y, so its Fourier series has the form

¢ = $rri(p)sin@n + Dy, (40)

n=0
where x is the polar angle in the xy plane. When p is
sufficiently large, ¢ &~ y/(u’p?), that means that the series
in Eq. (40) contains only the first term. Thus, the trial function
490)

o= sy + 3s,

sin x “41)

has the correct parity and the correct asymptotics. Let us
substitute this function into Eq. (38):

~ 2 ~

ol ./OO <d¢> $?
il & 2—yhmii” min oll—1) +—=
b ¢ Jo dp >

2 2
+ LW <ﬁ2q3 _ l) :|dp, 42)
u p

B Sy n 3sy -1z
i=ul|l—+— .
4 4

The differential equation for ¢ is

14 (pd—¢) Lt e (ﬁzd) - 1) =0. @)
pdp \' dp p P

Note that we obtain exactly the same equation if we substitute

&, = ¢(p)sin x into Eq. (14) when s = 1 and u = ii. This

means that the trial function (41) reduces our problem to an

isotropic one. Unfortunately, an exact solution of Eq. (43)

where

174502-4



MISMATCH OF CONDUCTIVITY ANISOTROPY INTHE ...

is unknown. However, Schmid® found a solution with an
approximate order-parameter profile [see Eq. (32)]:

K (8)8 — /82 + p*Ky(ii/8% + p )

SK (@8)a?p

¢ =

By using this function and the expression (32) for f, we can
calculate the right-hand side of Eq. (42):

el KR
A Y o) S

We take § = f/(0)~' = ky 2 in order to obtain the correct
asymptotics when u — oo, s = 1 [this asymptotics is deter-
mined by f’(0) (see Sec. III A)]. Finally, combining (37) and
(44) we get approximate relations for the components of #':

2u
~ 2 lal hf(o)\/_ (f’(O)JsT)’
f(O)«/ST)

, (45)

K (
Al f(O) WKO(NO)«/W). )
K'(m)m)

No restrictions on the parameters s and u are implied here.

Let us check if these relations are in accordance with the
results from Secs. III A and III B. Expanding 7, in the form
(45) in the powers of u~"whenu > lands < 1, we obtain the
following expressions for the coefficients /;, and I, which
were introduced in Sec. IIT A [see Eq. (24)]:

7Vko/s +3
I1x(s) = _f’

Du(s) = w @7)

Whens =1,

TIx—m—Z |Z_| h&"‘o( 72),

which should be compared with Eq. (30). The perfect
agreement between the exact and approximate result is not
surprising because the trial function (41) is the exact solution
of our variational problem in the isotropic case.

In order to check whether Eqs. (45) and (46) are applicable
for s # 1, we used numerical calculations. We solved Eq. (39)
in the region x > 0, y > 0 with the boundary conditions

B0,

=0.
0x |,—

y=0

A sufficiently large 450 x 450 mesh with a 0.03 x 0.03 unit

cell has been used. The numerical algorithm applied was the

method of steepest descent. After the determination of the

function ¢(p), numerical integration has been performed.
When s = 0, Egs. (47) and (28) give

la|l . 1.59 _
Ux—27V5—+0( )
0.92
Ny _Z%yh—wLO( 2.
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2.76

2.70

/My

2.64

2.58

252 . I . I . I .
0.0 0.4 0.8 1.2 1.6

/M,

FIG. 2. The ¢ dependencies of the viscosity components. Solid
lines correspond to analytical results [Eqgs. (45) and (46)], dashed
lines show the results of numerical simulations. Here, 7., and n,, are
measured in the units no = hy |al /b, &/ g = J12.

These analytical expressions are in a good agreement with the
asymptotics derived by numerical calculations:

1.58
N = Z'Z—'yh— +0w™),
0.86
= 2|Z—|yh— +O0™).
When s > u?, Egs. (45) and (46) give

Ny & 1y ~2nhyul \/—
u

which coincides with the main logarithmic term in Egs. (33)
and (34). One can see that the agreement between the exact
and approximate asymptotics is quite good. This is a strong
argument in favor of the applicability of Egs. (45) and (46) for
intermediate values of s and u.

In Fig. 2, we plot the analytical and numerical ¢ dependen-
cies of the diagonal components of the full viscous drag tensor

(1 = Npo + Ton)-

IV. TEMPERATURE DEPENDENCE OF THE VISCOSITY
ANISOTROPY

Within the framework of the TDGL equation (4), the
viscosity anisotropy 1. /1y, does not depend on temperature.
However, the region of applicability of Eq. (4) is limited by
gapless superconductivity. In this section, we consider a more
general approach based on the generalized TDGL equations'”

174502-5



A. A. BESPALOV AND A. S. MEL’NIKOV

(see also Ref. 12 for review):

oly| SF
2 2 -
2y V1 + gl P el = ST (48)
vyl (ae ) 5 2 o1
h— +2ed|=—V(lyI>m~'V0),
VI+qlylP/ el \ 0t 2
(49)
32722 T(T, — T)
q= w7 =1
7¢(3)h b

Here, T. is the critical temperature and 7, is the electron-
phonon mean free time. In the isotropic case, Egs. (48) and
(49) are valid for dirty superconductors when the temperature
is close to T, and variations of the order parameter in space
and in time are sufficiently slow.

The main relations for the viscous drag tensor can be
derived in same way as described in Sec. II. As a result, we
find that the viscosity still comprises two terms representing
two mechanisms of dissipation, but the viscosity components
undergo some changes. For example, Eq. (A19) is modified as
follows:

© /d 2
(Myo)ij = Zﬂhl/mfsij /0 (é) PV 1+qf*(p)dp. (50)

b

In order to obtain the counterparts of Egs. (7), (8), (14), and
(15), one should make the following substitutions in these
equations:

2
2 u

Vi+gq’

VI+qf?
V1+qr%
niv/1+4q. i=x.y.

It can be seen from Eq. (49) that the electric field penetration
depth is increased by a factor (1 + ¢)"/* as compared to
Eq. (12). It may seem that at low temperatures we would reach
the Ig > £ limit, which has been analyzed in Ref. 9. However,
this is not quite true because of the different relative impacts of
the two mentioned mechanisms of dissipation in the simple and
generalized TDGL models. Within the simple TDGL theory,
the Bardeen-Stephen contribution and the relaxational term
are of the same order of magnitude in the Iz > & limit.
On the contrary, in the generalized model, the viscosity is
dominated by the relaxational term at low temperatures (see
the following).

It is obvious that all main relations from Sec. III can be
derived again within the generalized TDGL theory, but they
are slightly modified. For example, Eq. (29) now reads as

la| [ V& 1+2q]

Ny =1y ~ 2mhy — [— -

f? 51)

ni -

b u 8u? (52)

Now, consider the temperature dependence of the viscous
drag tensor. The quantity g depends on the temperature 7', and
qr < 0. Hence,

i (npO)xx
oT o

_ i (npO)yy <

= 0,
oT No

PHYSICAL REVIEW B 85, 174502 (2012)

em /m
™y

n/m,

mL/mu B e

W/, T) T-T
T

FIG. 3. Schematic temperature dependence of the viscosity
anisotropy for ¢ = m /2. The parameter € is of the order of unity.

where ng = iy |a| /b. On the other hand, the modified Eq. (38)
can be written in the form

8 2
fi(Sx,Sy,u) = 2|Z—|yhu2 Irgn/ [%(%)

I\ A (.. VY
Hy(@) Ny <u ¢_F> }dwy’

(53)
if we leave Egs. (37) unchanged. Hence,
0 (noh)xx 0 (noh)yy
— >0, — > 0.
oT o oT o

At sufficiently low temperatures, wheng > 1,5 < 1,and u ~
1, it may happen that
(npO)xx > (noh)xxa (npO)yy > (noh)yy-

Then, the viscosity anisotropy is determined by the relax-
ational term

ni ~ (npO)xx _ 1+ 122
My (Mpo)yy 1+ pcos?e
Note that when s # 1, n, # 1y, S0

L 14+ n
Ny = 14+ pcos?g

when ¢ < 1. We have proved that within the generalized
TDGL theory, the viscosity anisotropy and the flux-flow con-
ductivity anisotropy do depend on temperature. The schematic
T dependence of the ratio 7., /1,, is plotted in Fig. 3.

Note that in preceding papers, a correct order of magnitude
estimate for the ratio 7,,/7,, has been obtained using either a
standard TDGL equation®!? or within a generalized Bardeen-
Stephen model.!! Certainly, these approaches do not allow
us to determine the temperature dependence of the viscosity
anisotropy obtained above.

V. CONCLUSION

By solving the time-dependent Ginzburg-Landau equation,
we analyzed the viscous flux flow in anisotropic superconduc-
tors. The Bardeen-Stephen contribution to the viscous drag
tensor 7} has been calculated in the [p < & and [lg. > &.
limits. We emphasize that in these calculations, we did not
use any simplifying assumptions concerning the shape of the
order parameter in a static vortex. We suggested a variational
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procedure, which allowed us to derive the relations (45) and
(46) suitable for arbitrary electric field penetration lengths
(lgqp and lg.), coherence lengths (£, and &,.), and orientation of
the magnetic field. Our results may be useful for interpretation
of experimental data on flux-flow conductivity in isotropic
and anisotropic superconductors in weak magnetic fields
(B < HCZ)~

Viscous flux flow has also been examined within a general-
ized TDGL theory. We found that the viscosity anisotropy may
depend on temperature and, thus, the flux-flow conductivity
anisotropy may be altered by heating or cooling the sample.
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APPENDIX A

In this Appendix, we derive Egs. (7), (8), (14), and (15).
In Eq. (4), it is convenient to make a scaling of the variables

x' = x[m(p)/map)/?, y =y, 7/ = z. We rewrite Eq. (4) in
the form
vl m* ,
yh—— = [V2Y] — [¥I(V'0)?*] —aly| — by,
Jat 2myp
(A1)
5 (. 36 o, o,
y Il (h— +2ed | = V(P V'e). (A2
ot 2mgyp

According to Eq. (5), the two-dimensional current j =
(jx[m(p)/map1'/?, jy) satisfies the relation

divij' = 0. (A3)
It follows from Egs. (A2) and (A3) that
5 (. 00 o, _,
yIvl | h— +2e® ) = —V'(6,V' D), (A4)
at 4e
where we introduced the tensor &, with components
Opyixr = S(‘P)Uab, 6'ny’y’ = Oub,
6'nx’y/ = 6'ny’x’ =0, (AS)

with s(¢) given by Eq. (16). For a moving vortex, one
should search the solution of Egs. (Al), (A2), and (A3) in
the form ¥ = ¥ (p’ — V1), ® = ®(p’ — V1), where Vi, =
(Vielm(p)/map)'?,Viy) and p’ = (x',y"). We expand || and
6 in powers of V up to the first-order term, assuming the vortex
velocity to be sufficiently small:

¥l ~ oo’ = Vit) + (o’ = Vi), (A6)

0~ 0p(p" — V1) +601(p" — V1) (A7)

Here, ¥o(p") and 6y(p’) correspond to a static vortex. The
functions ¥, 0y, and @ are of the order V,. We substitute
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(A6) and (A7) into Egs. (A1), (A3), and (A4):

2

h
—ay — by + o b[V’zwo —Yo(V'6)"1 =0,  (A8)
2
3 [V2¥1 — 1 (V'80)* — 29V 6 - V', ]
Map
—ayr = 3bysy = —yR(VLV ) (A9)
o ., 2ehyd
divij, =0, Jo=—"V'0, (A10)
Mmegp
divij; =0,
r_ 2en / 2v/ - 4
= b(zwowlv b+ v V'0) —6, V', (All)
hop P’ P 5 -,
e S((p)m + m = ywO(ZeQD — hVL -V 9()).
(A12)

Now, we introduce some new notations: ¥y = (dV' ), 8y =
(dV"bo, j,; = (dV")jj,, where d is an arbitrary vector. A simple
equation connecting ¥, and 6, can be obtained by applying
the operator dV’ to Eq. (A8):

h2
Zmab
—ayy — 3bYgva = 0.

The vector j, satisfies the obvious relation div'j/, = 0. Let us
multiply Eq. (A9) by 14, subtract Eq. (A13) multiplied by
Y1, and integrate the resulting equation over a large volume
containing the whole vortex. After some simple algebra and
integration by parts, we obtain

(V2% — a(V'60)* — 2¢oV'6) - V'6,]

(A13)

—vh [(VLV/)Wowd3r/
h

= f[(jq +6,V'O)\V'0, —j,V'oldr

h h
=— | 6,V ®)V'0,d°r —/ i"0s — j,01)dS.
46/(0 ) dr+4es(.]1d Ja01)
(A14)

Here, S is a surface far from the vortex axis. At large distances
p' > &qp we have

__ 2efi]al
bmub

o/

b
i, V’@] =j/ 6, = Map

tw 2eh |a|

(i - ") + const,

where ji. is the transport current which is constant. If we
calculate the surface integral in Eq. (A14) and make some
simple transformations, we obtain the force balance equation’

o0 2
ﬂ[d (i x m)] = 27 yh(d - VL)/ <dﬂ> pdp
e 0 dp

fioa 2o 32
— 4+ —— |- -V'8)d*p’, (Al5
+ P / [5(90) 902 + ay? ( o) (A15)

where n is a unit vector along the magnetic field. If we compare
Egs. (1) and (A15), we can see that the viscous drag tensor in
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the frame (x’,y’,z’) should be defined as follows:

. . © /df\?
d- 7V, = 2xyhd- V) (—f) pdp

7 0 d,O
hioa, 2P 3D AP
- — — | (d-V'6y)dp’, Al6
= / |:s((p)8x’2+ | @ v (A16)

where we introduced the function

b
f(p) = WO(,Oéab) T

(A17)
lal

The components of the tensor # in the frame (x, y, z) are given
by

1727
Nyryr-

(A18)

Nxx = [m((p)/mab]l/zn;/x/s Nyy = [mub/m(w)]

The right-hand side of Eq. (A16) contains two terms, rep-
resenting two mechanisms of dissipation. The viscous drag
tensor due to relaxation of the order parameter is®’

(M,0)ij = 27hy ——a18ij, (A19)

a
b

(Y =
o] = — | pdp =0.279.
o \dp

The second term in the right-hand side of Eq. (A16) defines
the Ohmic viscosity tensor #,, which is to be evaluated:

~ <7 hUab 82q) 32<D
d- n:,hVL =— e / |:S(§0)m + W (dV/Ho)dzp/.
(A20)

Now, if we substitute ¢ in the form (17) into Egs. (A12) and
(A20) and switch to the coordinates (x1,y;) [see Eq. (11)], we
obtain Egs. (7), (8), (14), and (15).

APPENDIX B

In this Appendix, we will derive Eq. (24). First, we divide
the integral in Eq. (7) into two parts:

Nx = Nx1 + Nx2, (Bl)

lal
Nx1 = —2—7/h/ fz(pl)y—i <u2<bx - %)dxldyl,

b pi<po/u P 1
(B2)
lal
Ne2 = —Z—Vhf fz(,Ol)y—lz (Mzcbx - y—lz)dxlth
b o>po/u P Pi
(B3)

where py = u!/%*3 § « 1/6. Note that the left-hand side of
Eq. (14) is small when p; > po//u > u~'/?, so it can be
accounted for by perturbation theory:

V1
Oy =—5+Pu+Pu+..., (B4)
u?p;

o 1 (32 . az> 1
n==m—|=+5=) =
wt f2py) \ay;  dxi) o}
2

® 1 |: 1 (82 L 02 ):| yi
v=—lm==+-=)| =
ub L f2o0) \dy; ~ 9x7 /)] o}
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The main contribution to the integral in Eq. (B3) is determined
by small p;. The integral of @, is of the order of (upd)~! «
u~?; the integrals of higher-order terms are also negligibly
small, hence,

(B5)
, y (9° 32) y

I =/ —(—+s— — dxdy.

O e 02 \0y2 T 9x2) p2

Let us consider the component 7,;. In the new variables
introduced in Sec. Il A, Eq. (B2) reads as

— |_a| 2( P\ Y o — b
2 yvh /,:<p0f <\/_> 3 ( x 2) dxdy.
(B6)

Nx1 =

Now, we estimate the term R, introduced in Eq. (21). It satisfies
the following relation:

9%R, 3%R,
S

f P
e Ve Y (ﬁ) R

o kap* y
=[ur () - 5] (o0 )

2f P 2] e

()]

Note that when p < +/u, the source in the right-hand side of
(B7) can be presented as S(x,y)u"2, where S(x,y) is some
function independent of u. Since (B7) is a screening equation,
the function R,(x,y,u) for small p does not depend on the
behavior of the source in the area of big p and can be presented
as R, = R.(x,y)u=2. On the other hand, when p > 1, the
derivatives in the left-hand side of Eq. (B7) are small, hence,
in the area 1 K€ p K ﬁ

1 [ kep? kap?
R~ — 2P (o _ 2 ) T G|
u ka p? ko

const

(B7)

IR < —. (B8)
ou
Now, we substitute @, in the form (21) into (B6):
a I I
Nxl = —Zu)/h (ﬁ + % + I3x> , (B9)
b u u
where
I, = f Koy (cbg?) - %) dx dy, (B10)
p<po

(B11)

o\ kot ko' o Y)Y
I3x = / |:f2 (—) —_— CDSC)—— —dxdy
p<l \Nu/) uuw? p*) p?
o kp? ] @V y
p<po Vu u u p?

(B12)
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One can easily prove that

1 /32 2\ y
o0 = ¥ L s YL 1000, BI13
5+ — kap? \5y2 +S8x2 po +O0@(™), (BI13)

k4,04 (cbff” - %) +hkp?®V = 0(p™0).  (Bl4)

From Egs. (B13), (B14), and (B8), we can see that all integrals
in Eq. (B12) are of the order p/u’. Thus, |I3,| < u~2, so it
can be neglected. Also, we can integrate in Egs. (BIO) and
(B11) over the whole xy plane since

|1, + I}, — Lio(9)] < u™, (B15)

|15, — L) < 1, (B16)

Finally, taking into account Egs. (B1), (B5), and (B9), we
obtain Eq. (24).

APPENDIX C

In this Appendix, we consider in detail the derivation of
Egs. (33) and (34). We will present here the calculations for
the 1, component since the calculations for the n, component
are less complicated. First, we rewrite Eq. (15) in the form

2P,
S T )
o,
e L — oy [1 — f2(p)]. (CD)

The index “1” is omitted. It will be proved below that the terms
in the right-hand side of Eq. (C1) give a small contribution to
the viscosity, so they can be neglected. Then, the solution of
Eq. (C1) has the form

N = f2p) explu | — x| [V5)
b, ~ q)_vO = > s
oo X724 y2 2u/s
(C2)
where p’ = /x? + y2. Consider a quantity yo in the range
1 <« yo < +/s/u (for example, yo = s'/*/u'/?). We divide the
integral in Eq. (8) into three parts:

Y Ll s [/ F(0)S5u*d, dx dy
b [¥I<yo p

xz
- / FA(p)= dx dy}
[¥I<yo p

|al 2, K u?
—4%yn fAp)y= (w’®, — = ) dxdy. (C3)
b Y0 P p?

Using the inequality

2
0
Ay + p?’
where A is some constant, we can estimate the first integral

2
< const% <ln ?) < 1.

p) <

(C4)

‘ / FA(0) 5Py dx dy‘
yl<yo P
(C5)

Here and further, “const” denotes a constant independent of
any parameters. The second term in Eq. (C3) has the following
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asymptotics when yg > 1:
%2
/ [ (p)= dxdy =~ mIny + C,. (C6)
IyI<o0 P

The constant C, will be evaluated below. The third integral in
Eq. (C3) can be simplified if we take into account that p > yy,
0 > yo,and yy > 1, so we can substitute unity instead of f?:

f%)% (u o, — p—) dx dy

y=>Yo
ulx|
+oo yexp(— =
N/ U ( f)dx b4 dy
N x2 4 4y? 2y

1
=2 dax| 4 —)e
/ X/O y(st/u2+4y y)"

b4
A —— e “dx = 1 ——1In C
/ 4y0 X = 7 nyp 70 2+

(€7
where C is the Euler constant:
o0
C= —/ Inx e “dx ~ 0.577.
0
Using (C3)—(C7), we obtain
lal Gy
ny—2rrhy7 1 —+——C . (C8)
The component 7, can be calculated in a similar way:
lal s G
x=2h——1— ——-C|, Cc9
e = =y <2 w ) )
2
C, = lim (/ F(0) 2 dxdy - nlny0> . (C10)
Y0790 N lyl<yo P

Now, we evaluate C, and C,. Here, the constant g, from
Ref. 7 will be useful:

0 5 p2 .
L= — “'dp =—-0.3982. (Cl1
84 /0 [f (») 1+p2]p o (C1D)
It is easy to check that

Cx - ng:l + )f}gnoo

2 —4 _ l 1
y°p dxdy—n(g4+ln2—§).

[yI<y0.0>y0

Similarly,

Cy=m(gy+mn2+13).
Finally, the components of the viscous drag tensor take the
form

1
nx_Znhyu (ln£+ 4—C—§), (C12)

1

If we substitute C and g; with their numerical values, we obtain
Egs. (33) and (34).

Now, it is necessary to prove our assumption concerning
the right-hand side of Eq. (C1). Consider it as a perturbation.
The first-order correction to the approximate solution &, has

(C13)
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the form

Qy1 = R,i” + R;Z)’

RO = / *udyo(' NI~ f2(p)] Xp(_

u|x—x’| oy
VA R

2Vs
(C14)
+00 82 u |)C _ x’|
R? = / ,y) ex — ) dx'.
) 2uf (x y) exp NG x
(C15)
The contribution of ®; to 1, is equal to
lal
An, = _277/71(1;” +19).
where
1§1>:/f2(p)i2u213§”dxdy, (C16)
P
@ _ 20 VX2 p@)
1 _/f (p)—zu RPdx dy. (C17)

We will show that |I{"| <« 1and [I{?| < 1 when s >> u?
A simple estlmate for |® | can ‘be obtained with the help
of (C4):
n ﬁ

u

|®Pyo| < const (C18)
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Using the inequality

02

Ay + p?
and Eq. (C18), we can estimate /{":

U NS
15"

< const— In — « 1.
Jsou

< f(p)

For all x” and y, we can write
82
a7 (i) | <

ulx—x'| ulx"fx’\)

const / x| exp (— 75 ) exp (— 7
s (A3 + x"2)(A; + x2)

const
(A +x/2 +y2)2’

whence

dx'dx"dx

157 <

ulx"—x'|
t exp ( )
< const cons f /‘ VG di'dx”
X"+ As

< constl £<<1
su

whenu 2 1.
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