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On the wavelet denoising of multifractal
functions

A. Fraysse*

Abstract

This paper is devoted to the link between the rate of convergence
of functions by thresholding algorithms and the multifractal formal-
ism. Indeed we show that once given its Besov regularity, almost ev-
ery function in the prevalence sense, is approximated at the minimax
rate. We also prove that when the multifractal formalism is fulfilled
the corresponding functions are approximated at the minimax rate of
convergence.

AMS classification:
62G05, 62G20, 28C20, 46E35

Keywords:
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1 Introduction

The increasing interest on nonparametric statistics in the last decades comes
from an important need for accurate estimation methods in a wide class of
applicative contexts. The aim in this case is to determine estimators of infi-
nite dimensional objects, such as functions for instance. Another important
question in this case is on how an estimation procedure can be said to be
efficient. The classical approach is thus to determine the minimax rate of
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approximation reached by this estimator. This minimax rate of convergence
is obtained by considering the minimal, over all estimation procedures, of
the maximal error in a given space. Although minimax theory is widely used
in theoretical and practical studies, its definition is subject to controversy.
First of all, it allows to merge different estimators by finding their worst per-
formances. Furthermore, in practical studies, the hypothesis of a given space
seems too restrictive to be taken into account.

In this paper, we are mainly interested on those two drawbacks and on
how they can be relaxed. For this purpose, we consider the classical estima-
tion problem given by the white noise model and we focus on thresholding
algorithms, commonly used in practice. This paper is inspired by [9] and
[11]. These two papers linked, with different points of view, performances of
those algorithms with the frontier of the Besov domain of functions. In [9] it
is proved that the generic behaviour of thresholding in a given Besov space
coincides with its minimax risk. On the other side, the authors of [11] stud-
ied the minimax risk obtained when relaxed the hypothesis of belonging to
a Besov ball. They also studied the possible relationship between estimation
performances and multifractal analysis. The main purpose of this paper is to
merge those two results and to show how minimax performances are related
to multifractal behaviour.

Let us in a first time define multifractal analysis and its related tools. This
theory was developed to study fully developed turbulent flows. Regularity of
those kind of signals changing wildly from point to point it is hardly com-
putable in practice. Hence, rather than studying the values of this regularity,
one proposed to study sets of points where it takes a given value H. This
leads to the spectrum of singularities d(H) which gives for each H the fractal
dimension of the set of points where the regularity of a function is exactly H.

The main notion of multifractal analysis is the measure of the regularity
which is given by the Holder exponent.

Definition 1. Let a > 0; a function f : R? — R is C%(x0) if for all v+ € R?
such that ||z — xo|| < 1 there exist a polynomial P of degree less than [a] and
a constant C > 0 such that,

|[f(x) = Pz — o) < Ol — ao|*. (1)



The Hoélder exponent of f at xq s

hy(zg) =sup{a: f € C%xo)}.

As the spectrum of singularities cannot be obtained numerically, in [10]
two physicists U. Frisch and G. Parisi proposed the following heuristic for-
mula, the so called multifractal formalism, to obtain this spectrum:

A(H) = inf (pH — &(p) +d). 2)
peER

Here £f(p) stands for the LP modulus of continuity of the function f. This
quantity is called the scaling function, or scaling exponent of f, and is defined
by [|f(x+1)—f(x)[Pdz ~ [[|5®P), where ~ means that [ |f(z+])— f(z)[Pdx is
of the order of magnitude of |I|® when [ tends to 0. Numerical estimations

and further results about the scaling function and its wavelet decomposition
can be found in [1, 2|.

It is proved in [15] that for p > 1, the scaling function &£;(p) is closely
related to Sobolev or Besov smoothness. It is thus natural to replace the
scaling function &;(p) as follows:

Ifp>0 ne(p) =sup{s: fe€ B;/p’oo}. (3)

So (2) applied to 7y can at most give the increasing part of the spectrum.
Recent results such as [17] retrieve the decreasing part by considering oscil-
lations spaces instead of Besov ones.

Defining, as in [16], an auxiliary function s(1/p) = ns(p)/p, the Besov
domain of a function f is the set of (¢, t) such that f € Bi’/lq/q. The boundary
of the Besov domain of f is then given by the graph of s(¢). And by Sobolev
embeddings, the Besov domain of a function is a convex set. Thus, the func-
tions 7 satisfying (3) are increasing and concave. Furthermore the auxiliary
function s is such that 0 < s'(¢) < d. These facts lead us to the following
definition.

Definition 2. A function n is admissible if s(q) = qn(1/q) is concave and
satisfies 0 < §'(q) < d. Furthermore it is strongly admissible if s(0) > 0.

Furthermore, see [16], the following proposition entails the properties of
admissible functions.



Proposition 1. Any concave function s satisfying 0 < s'(q) < d defines the
Besov domain of a distribution f.

Thanks to Proposition 1, to each admissible function 7, can be associated
a metric space V' by taking
V = ﬂ B(’I(P)—é)/lhp' (4)

Jloc
e>0,0<p<oo

One can notice that this topological vector space can be seen as an ex-
tension of classical Besov spaces. Indeed, if a function f belongs to a given

Besov space B> it also belongs to a space V' defined thanks to an admis-
sible function s where:

S0 if p < po

Sso— - if p>po.

Vp>0 s(p) = { (5)

The main result of [11] and the main purpose of the present paper is the
statistical denoising of functions of V.

In the following, we treat the statistical problem given by the Gaussian
white noise model. As in [13|, we suppose that we observe Y; such that

1
dY, = f(t)dt + %th, t€(0,1), (6)

where dWW; stands for the d-dimensional Wiener measure, n is known and
f is the unknown function to be estimated.

The main issue is to determine a good estimation procedure that can
retrieve f knowing the observation of Y. Given a pseudo distance R(.,.), the
risk function, an estimator fn measurable respectively to Y is minimax on
a function space if it attains, at least asymptotically, the minimum value of
the maximal risk on this space. Hence given a function space © and a closed
ball ©¢ of radius C' > 0, the maximal risk attainable by f, on O¢ is given
by X R

Rn(fn) = sup ]E(R(fn:f))> (7)

fedc

and the minimax risk is given by

R"(©) = fig, sup E(R(fu, ), (8)
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where 7, is the set of estimation procedure measurable respectively to Y.
In [9], it is shown that in a given Besov space the minimax risk for
this model is indeed attained by the thresholding estimator on generic sets.
Genericity used there is given by the notion of prevalence, that is in an infinite
dimensional measure theoretic sense.
The first definition of this "almost every" notion is given by J. Christensen
in 1972 see [3, 4, 12].

Definition 3. Let E be a complete metric vector space. A Borel set A C E
is Haar-null (or shy) if there exists a compactly supported probability measure
W such that

Vee E, plx+A)=0. (9)

If this property holds, the measure i is said to be transverse to A.
A subset of E is called Haar-null if it is contained in a Haar-null Borel
set. The complement of a Haar-null set is called a prevalent set.

The following results enumerate important properties of prevalence and
show that these notions supply a natural generalization of “zero measure”
and “almost every” in finite-dimensional spaces, see [3, 4, 12].

Proposition 2. o If S is Haar-null, then Vx € E, v + S 1s Haar-null.

o [fdim(E) < oo, S is Haar-null if and only if meas(S) = 0 (where meas
denotes the Lebesgue measure).

e Prevalent sets are dense.
o The intersection of a countable collection of prevalent sets is prevalent.
e Ifdim(E) = oo, compact subsets of E are Haar-null.

The fact that a set is prevalent or not is independant of the chosen trans-
verse measure. Several kinds of transverse measures, such as the one induces
by the sample paths of a random process or the Lebesgue measure on a finite
dimensional subspace can thus be used in this context, involving the same
results. However, an important drawback of this theory, which is shared by
a lot of genericity results, is that it does not allow to characterize element of
generic sets.



The remaining of this paper is devoted to the thresholding estimation in
the topological vector space V. In order to define this estimation procedure
one has to define a basis of the involved space. In our context, this basis is
given by wavelet bases.

1.1 Wavelet expansion

The wavelet thresholding was introduced in [7] as a denoising tool in trans-
form domains. The starting point is that in a wavelet decomposition of noisy
data, small coefficients should correspond to noise. It is thus natural to re-
move them in order to recover the signal. Wavelets take here an important
role, as they are well localized in time and in frequency domains. Further-
more, it also provides a good tool for regularity criterion.

For r large enough there exists 2¢ — 1 functions ¥Y with compact support
and which belong to C", see [6]. Each 1) has r vanishing moments and the
set of functions {1/)](2 =242 (2. — k), j€Z ke{0,...,27-1}ic
{1,...,2¢ — 1}}, which are called wavelets, forms an orthonormal basis of
L%([0,1]%). Tt is also noticed in [20] that wavelets provide unconditional
bases of LP([0,1]9) as far as 1 < p < oo.

Thus any function f € LP([0, 1]¢) can be written as

fla)=>" i (x) (10)

ik
where

= 2Jd/2/f Y2 — k)da. (11)

As the collection of {2‘13/21/1 (27.—k), jeEN, ke{0,...,27 —1}4i=

1,...,2*—1} form an orthonormal bas1s of L%(]0, 1]¢), observing the whole tra-

jectory of Yy in (6) is equivalent to observe its wavelet coefficients (?Jj,k)jeN,ke{o,..

(%(N9) such that Vj, k,

yj,k = (9]'7]{ + (12)

1
\/ﬁ 7.k
where y;, = fw](fde, vj i, are 1.i.d. Gaussian random variables and (6, )
is the sequence to be estimated. One can notice that we stand in an isotropic

L2i-13d €



problem. Thus the direction of the wavelets is not involved and we omit in
the following the directional index 1.

Furthermore wavelets are useful as they provide a simple characterization
of Besov spaces.

Homogeneous Besov spaces are characterized, for p,q > 0 and s € R, by

a/p

feB(0,1)?) < 3C>0 Y 3 e P2EP ) | < C
J j>0,ke{0,...29 —1}d
(13)
This characterization is independent from the chosen wavelet as soon as
it is C" and has 7 vanishing moments with r > s.

Another important function spaces, studied in the following is given by
the weak Besov spaces defined in [5]. These spaces are are subsets of Lorentz
spaces, and constitute a larger class than Besov spaces.

Definition 4. Let 0 <r < p <oco. We say that a function f =3 ., c;i¥jk
belongs to W (r,p) if and only if

. d
iu% A" Z 2](7p_d) Z ]l{‘cj’k|>)\} < 00. (14)
>
k

A fast calculation shows that the space W (r,p) contains homogeneous
Besov spaces B2 for f > 4(2 — 1).

From the localization property of wavelet bases, it also provides a powerful
tool in multifractal analysis, thanks in particular to the following proposition
from [15].

Proposition 3. Let z be in Re. If f is in C%(x) then there exists ¢ > 0 such
that for each (j,k):

lej] < 27T (1 4 |20 — k|)*. (15)

Unfortunately this condition is not a characterization. If for any € > 0, a
function does not belongs to C¢(R?) one cannot express its pointwise Holder
regularity in term of condition on wavelet coefficients. However, the following
proposition from [14] allows to deduce a lower bound of the Holder exponent
thanks to wavelets properties.



Proposition 4. Let g € R? be fized and s > 0. Let f = > ik Gk be
such that

3" >0  sup exl < 2-(+2)i(1 4 |k — 2720])* < 0. (16)
ez kezd

Then f € C*(xy).

There is thus a logarithmic loss between (15) and the Holder exponent.
Note that recent results showed that an equivalent condition on wavelet lead-
ers provides a caracterization of the regularity [17].

Let us now define the statistical estimation that we deal with. This pro-
cedure, classical in terms of signal estimation is given by the "hard" wavelet
thresholding such as given in [7].

Definition 5. The wavelet hard thresholding estimator is defined by

ZZ kwjk (17)

7=0 k
Here the weights are given by:
Br = Uik Ly, elzntn)- (18)
where
1
t, = ogn’ (19)

n

is the universal threshold, j(n) is such that

logn

9—i(n) < < 9-i(n)+1

n

and K 1s a constant large enough.

2 Statement of main results

The purpose of this paper is twofold. First we establish which rate of ap-
proximation by wavelet thresholding is generic in a space defined as in (4).



In a second time, we link this result with the multifractal formalism.

In the rest of this paper, we fix n to be an admissible function and V' the
metric space defined by:

V — m B(n(l’)—a)/%p’ (20)

p,loc
£>0,0<p<oo

This set V' can also be written as a countable intersection of B;C(,Z(f ) =n) /P Pr
Note that V' is a topological vector space. For p < 1 Besov spaces are
only quasi-Banach spaces, as the triangle inequality is only satisfied up to a
constant and V' is not a Banach space but a complete metric space. Indeed,

if p > 1 we take for distance between two functions f and g in B

9
P

_d dy;|P
d(f.9) = y ‘(Cj,k )20

Jj=0 \ke{o,...,27—-1}4
where c;;, are the wavelet coefficients of f and d;; are those of g.
If p < 1 we consider:

min(p,q)
q

_ddy;
d(f,g) = Z Z (s — djge) 20722 pP

720 \ k€{o,...,29 —1}4

Finally, we obtain a distance in V' by taking:

_ -n dn(f?Q)

where d,, denotes the distance in B](Dz(fo"c)_an)/ Probr = With this distance V is
clearly a complete space.

Furthermore, as in [11], for each > 1 we define p*(r) as the solution, if
it exists, of

s(1/p) = g (% - 1) . (21)

Note that a sufficient condition for existence of p*(r) is that s'(co) < Z.

Let us now state our main result. In the following a, ~ b, means that

log(an)
Toa(be) — 1.



Theorem 1. Let 1 < r < oo such that s'(c0) < %, then in the context of
(6), for almost every f € V and for the thresholding algorithm f;{

ElfY — fll- ~ (IL) (22)

ogn

where

s(1/p*(r))

= . 23
“ 2s(1/p*(r)) +d (23)
As one can see, this result is similar to the minimax result of [11].
Thanks to Theorem 1, we can also prove the following result.
Theorem 2. For every function f € V satisfying
d .

where p. is the only critical point such that n(p.) = d, the rate of estimation
of f by wavelet thresholding in the context of (6) satisfies:

E|fT — fl, ~ [ — i 2
1fn = fIIZ (logn) ; (25)
where H+ (d—d(H))/
: +(d — r
p— . 2
“T meswn@  2H +d (26)

Stated differently, in this second theorem we see how the multifractal
behaviour is linked to estimation performances. Actually, one can check in [8|
and in Theorem 1 that both multifractal and minimax properties represent
characteristic behaviour in Besov spaces. The question raised thus is to
understand which one is the most "generic". The answer given here is that
the multifractal formalism actually entails minimax rate of estimation by
wavelet thresholding.

3 Proof of Theorems 1 and 2

In order to prove the main results of this paper we have to introduce an useful
tool given by the maxiset theory introduced in [5, 18, 19] as an alternative
way to compare different estimation procedures.
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3.1 Maxiset theory

The main idea of this theory is to consider the maximal space on which an
estimator reach a given rate, instead of searching an optimal rate for a given
space.

Definition 6. Let p be a risk function and (Un)nen a sequence such that
v, — 0. For f, an estimator measurable with respect to'Y given by (6), the
mazximal space associated to p, v, and a constant T is given by

Mﬂﬂmmmﬂz{ﬂmmﬁEwﬁJD<T} (27)

The maxiset associated with the thresholding estimation procedure is
given by a weak Besov space as proved in [5].

Proposition 5. Let 1 < p < oo, 1 <r < o0, s > ﬁl and & € (0,1). Let

IT be the estimator defined by (17) and (18). Then for every f we have the

following equivalence:
K > 0 such that Vn > 0,

BIFE = fllp < K (Valog(m) ) (28

if and only if f € BY** nW((1 — &)p, p).

Furthermore the following proposition from [8] gives also a key argument
to prove Theorem 1.

Proposition 6. For almost every f in V', we have:

V0 <p<oo ns(p)=n(p). (29)

3.2 Generic rate for thresholding algorithms

Let us now prove Theorem 1. For this purpose we use the following propo-
sition from [11]|, which gives the upper bound.

Proposition 7.

__sQ/pt)
n ) 25(1/p* (1) +d

logn

Emﬁ—ﬂmSc( (30)

11



Let us now determine the lower bound. For this purpose, let r > 0 be
fixed and f! the estimator given in Definition 5.

Let us turn out our attention to the minimax rate of convergence. For
this purpose, we write in the following

)
) ) +d 3y

For every values of &(r), let 0 < ¢ <1 — a(r) be fixed, and M(e) be the
set defined by

) —(&(r)+e)r
M(e):{fE‘/; Je>0YneN, E(|If] - flI.) <c 1ogn }

(32)
a(r)+e 00
Thanks to Proposition 5, this set M (¢) is embedded in B, >~ NW((1—
a(r) —e)r,r).

Let us now prove that W((1—a(r) —e)r,r) is a Haar null Borel set in V.
For this purpose, we consider as a transverse measure, the Lebesgue mea-

sure on the set generated by the function ¢ defined thanks to its wavelet
coefficients:

p 9a(j:k) (33)
o 33
J:k ja
where a = a; = logj and
dig—J)— | — pdj /2
a(G. ) = inf ( (G —J) —np)j — pdj/ ) . (34)
p p

In this definition, 0 < J < j and K € {0,...,27 — 1}¢ are such that

K k

3 Ty (35)

is an irreducible fraction. As it can be seen in [16], this function g belongs
to V. Let f € V be an arbitrary function and consider the affine subset

M={aeR f+ageW((1—-a(r)—¢e)r,r)}. (36)

12



Suppose that there exist two points oy and ap in M. Thus f+ay9— (f +
asg) belongs to W((1—a&—e)r,r), and therefore there exists ¢ > 0 such that
If +a1g = (f + a2g)llw(a-a-eprr) = (a1 — a2)gllw(a-a-cpr) < . (37)

A fast calculation shows that for each 0 <t < r,
Va >0, [lagllwes = o llgllwen (38)

and we just have now to determine ||g||w(1-a—e)rr. Thanks to equation (14),
this is equivalent to determine for every ¢t > 0, the value of

—(1—d—e)r j(dr _
lgllw(-g-eyry = 27073y PEDY My oy
Jj=0 k

But by definition of g, when d;; > 27" we have, by setting ¢ = 1/p in

(34)
2a(j:k)

g4

which implies that

> 27" & sup(qd(J — j) +s(q)j +jd/2) < t,
q

1 o dj .
< (4 — _J
Vg>0 J< qd(t s(q)J 2)+J,

in particular when ¢ = z% where p* satisfies (21),

P’ e by
J< =t =s(/p)) = 5) + 7, (39)
Note that J must be positive thus
. . d d
Js/p) == +35) <t (40)
P 2
~ . ¢ = . ¢ ..
We denote by t = ey and by t = FIVOrES From definition of

weak Besov spaces, we have for every ¢ > 0,

GALEE (t=s(1/p*)j— %) +5]

~ dr
lgllwa—a—cyrr) > g~ (1=a=art qup 2103~ Z 2%/
0<j<t J=0
[5 (t—js(1/p*)— 4+
> 9~(=a=art gy | sup 9i(5 =) ZQC”, sup 9i(F—d) Z 2%/
0<j<i J=0 i<j<i J=0

d d
5= %)

2 (1—a—e)rt drg ' . . » )
> —F57 7 sup | sup 272 (1- Q_Jd)’ sup 23(7—d)(2p to—ip" (s(1/p")+
201 0<j<i i<t

13
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Merging this result with (37) together with (38), we obtain that, if there
exist a; and as in M then they satisfy that for every ¢ > 0 and 0 < 5 <¢,

Cz(l—a—a)rt Cz(l—a—a)rt

|a1—a2|(1_5‘_5)” < inf

(41)
But p* is such that r(s(1/p*) + 4 — p%) = 4 —d. Thus, for ¢ large enough

sup 2% | g GU/PIHE—58) _ ) ort,

t<j<i
And,
2 1 >k k
0 N
2s(1/p*) +d r
Therefore, )
|041 . aQ‘(lfafs)r < cQEr (42)

As 1 —a—e >0, it can be deduced from equations (42) that for ¢ large
enough, M is of vanishing Lebesgue measure and W((1 — & — €)r,r) is an
Haar null set in B>.

Thanks to invariance under inclusion, we have obtained that for every
€ > 0, the set of functions f in V such that
—(a(s)+e)p

r n

Je>0VneN, B(|fF = fl5.) < ¢

43
logn (43)
is a Haar null set.

Taking the countable union of those sets over a decreasing sequence
€n, — 0, and considering the complementary we obtain that for almost every
function in V/,

1 E L r
lim inf o8 (ﬂ;}jﬁogT{HL ) - a(s). (44)

Which induces the expected result.

14
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3.3 Multifractal results in a weak Besov space

As it can be seen in the previous proof, Theorem 1 is based on maxiset
theory and estimation behaviour in weak Besov spaces. In the following we
determine the multifractal behaviour of function in a weak Besov space.

Proposition 8. Let 0 < t < r be fized and f € W(t,r). For D > 0 and

_D-d_d dr
B == 5 + 5p, we have

Hp{z: f¢C%(2)} =0,
where Hp denotes the D-dimensional Hausdorff measure.

Corollary. Let 0 <t < r be fized. Then for every f € W(t,r), and for all
He [%_d_d ﬂ_d]}

d(H)gtH—;l—Z+%+d. (45)

Proof. The first step of the proof consists in the construction of a set £ C R?
such that Hp(E) vanishes.

Let f =Y c¢jx;r be in W(t,r) thus :

de > 0 such that Vi > 0V Z Q_tin(%_d)]].{‘cj’k‘>2—i} < cgj,
ke{0,...,27 —1}4

where (g;) € I*(N). This implies that

de > 0 such that Vi > 0V} Z 2j(%7d)‘Cj7k|t]1{‘cj7k|>27i} < cgj.
ke{0,...,29 —1}4
(46)
Let us denote dj; = (|¢;x|277(2"D)D. Let By be the ball centered at =
and of size d; ;. Thus (46) entails

\Z] o ldiam(Bi)|P = Y [djsl”

ke{0,...,20 —1}d ke{0,...,20 —1}d

Vi Y (leal2fG) < e

ke{0,...,29 —1}4

15



As a consequence, we obtain that Y, diam(B;;)” —;0 0. Let us now
denote by

E = limsup U B k.
Ik

We can deduce from (46) that
Hp(E) =0.
Let us assume now that © ¢ E. There exists [ such that Vj > [, Vk
x & Bj so that:
o gl > Iy

hence . o .
lcjn| < 29GTV=70 )20 — k|7 (47)

By setting 5 = %l—g—i—g—;, we deduce from Proposition 4 that f € C%(x).
The corollary is straightforward, by noticing that 0 < D < d.
O

Let us now turn out our attention to the proof of Theorem 2. By setting
t=(1—a)r,0<a<1in the previous proposition we obtain that for each

few((l—a)rr):

VH € {2(16@04) - (1_1a>r,2(1df‘a)] d(H) < (1—&)rH—mTa+d.

Furthermore, from [16] we have for every f € V,

Pe P>Ppe

VH € {5(0), i] d(H) < inf (pH — n(p) + d). (48)

And in [11], the following identity is given:

s(1/p)r " rH+d—d(H)

- ; 49
2s(1/p*) +d s(o)gqu% 2H +d (49)

as soon as (24) is satisfied.

16



Let € > 0 be fixed and M(e) be the set defined by (32). As M(e) C

W ((1—a—e)r,r), forevery f € M (e) we have for every H € 2$(f;i)€) - (1_a1+5)w 2(d1(f;i)s)]

dr(c —
d(H) < (1—04—5)7“H—y+d.
By taking a = %, we obtain
VH € |s(=) = — . s(=)|, d(H) < p"H — p*s(1/p") +d.
p p p
Thus,

Ve >0, M(e)C{feV,dH)<pH-—ps(l/p")+d},

and taking the complementary,

(7 € Vi d(H) = iuf (pH—ps(1/p)+d} C (] €V, Timinf log(wﬁ)gnf 1) < o)),

Furthermore, in [11] we have that as soon as the multifractal formalism
is fulfilled,

. H—(d—d(H))/r
a(s) = HG:SllIllpfp(d) 2H +d

Which entails Theorem 2.
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