N
N

N

HAL

open science

Detection of a sparse submatrix of a high-dimensional
noisy matrix

Cristina Butucea, Yuri I. Ingster

» To cite this version:

Cristina Butucea, Yuri I. Ingster. Detection of a sparse submatrix of a high-dimensional noisy matrix.

2012. hal-00730966

HAL Id: hal-00730966
https://hal.science/hal-00730966

Preprint submitted on 11 Sep 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00730966
https://hal.archives-ouvertes.fr

Submitted to the Bernoulli
arXiv: math.ST/1109.0898v1

Detection of a sparse submatrix of a
high-dimensional noisy matrix

CRISTINA BUTUCEA! and YURI I. INGSTER?*

! Université Paris-Est, LAMA (UMR 8050), UPEMLV, UPEC, CNRS, F-77454,
Marne-la-Vallée, France and CREST, Timbre J340 8, av. Pierre Larousse, 92240 Malakoff

Cedex, France. E-mail: cristina.butucea@univ-mlv.fr

28t. Petersburg Electrotechnical University, 5, Prof. Popov str., 197376 St.Petersburg, Russia.
E-mail: yurii_ingster@mail.ru

Mathematics Subject Classification (2000): Primary 62G10, 62G20; Secondary
62C20

We observe a N X M matrix Y;; = s;; + &; with &; ~ N(0,1) i.i.d. in 4,7, and s;; € R.
We test the null hypothesis s;; = 0 for all 4,j against the alternative that there exists some
submatrix of size n x m with significant elements in the sense that s;; > a > 0. We propose a
test procedure and compute the asymptotical detection boundary a so that the maximal testing
risk tends to 0 as M — oo, N — oo, p = n/N — 0, ¢ = m/M — 0. We prove that this
boundary is asymptotically sharp minimax under some additional constraints. Relations with
other testing problems are discussed. We propose a testing procedure which adapts to unknown
(n, m) within some given set and compute the adaptive sharp rates. The implementation of our
test procedure on synthetic data shows excellent behavior for sparse, not necessarily squared
matrices. We extend our sharp minimax results in different directions: first, to Gaussian matrices
with unknown variance, next, to matrices of random variables having a distribution from an
exponential family (non Gaussian) and, finally, to a two-sided alternative for matrices with
Gaussian elements.

Keywords: detection of sparse signal, minimax testing, minimax adaptive testing, random ma-
trices, sharp detection bounds.

1. Introduction

We observe a high-dimensional random matrix and we want to test the occurrence of
a particular submatrix of much smaller size, which has elements with expected values
larger than some threshold. We assume that the entries of the matrix are independent,
identically distributed (i.i.d.) random variables but some underlying phenomenon can
increase significantly the expected value of the random variables in the submatrix.

*Research was partially supported by RFBR grant 11-01-00577 and by the grant NSh-4472.2010.1.
The author acknowledges support from the CNRS for his visit to the University Paris-Est Marne-la-
Vallée.
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2 C. Butucea and Yu. I. Ingster

We have the observations that form an N x M matrix Y = {Y;}i=1, . N j=1,.,M"
}/ij:'sij“i’ofija iil,...,N, j:l,...,]\/[7 (11)

where o > 0, {¢;;} are i.i.d. random variables and s;; € R, for all ¢ € {1,...,N}, j €
{1,...,M}. In the first part of the paper, the errors ;; are assumed to have standard
Gaussian law and o is assumed to be known. Without loss of generality we take o =1
in this case. At the end of the paper, we extend our results in different directions, as
discussed later on. We test the null hypothesis that all elements of the matrix Y are
i.i.d., standard Gaussian random variables A'(0,1) , that is
Hy:s;5=0 V i=1,...,N, j=1,..., M. (1.2)
The alternative under consideration will correspond to n X m-submatrices of sizes
ne{l,..,N}, me{l,.., M} with large enough entries. Let

AcC{l,...,N}, #A)=n, Bc{l,.... M}, #B)=m, C=AxDB, (13)

and let Cy,,,, be the collection of all subsets C' of the form (1.3). The set Cy,,, corresponds
to the collection of all n x m submatrices in N x M matrix. For a > 0, which may depend
on n, m, N and M. We consider the alternative

Hy: 3 C€Cyysuchthat s;; =0, if (4,5) ¢ C, and s;5 > a, if (1,57) € C (1.4)

(in the Remark 2.1 below we discuss that a slightly larger alternative can be considered).
The components of the matrix Y are independent under the alternative as well. Denote by
Pys the probability measure that corresponds to observations (1.1) with matrix S = {s;;}
and by Fg the expected value with respect to the measure Pg.

Let Spm,q be the collection of all matrices S = S¢ that satisfy (1.4).

We discuss here only right-hand side alternatives, but, obviously, left-hand side alter-
natives can be treated the same way for variables —Yj; instead of Yj;.

We extend our results to three different setups and sketch the proofs of the results.
First, we consider errors having Gaussian distribution with unknown variance 0. We also
consider other settings where the Yj;’s come from an exponential family. Finally, in the
initial case of Gaussian errors with known variance, we consider a two-sided alternative
of our test problem.

We are interested here in sparse matrices, i.e. the case when n is much smaller than
N and m is much smaller than M.

Sparsity assumptions were introduced for vectors. Estimation as well as hypothesis
testing for vectors were thoroughly studied in the literature, see for example Bickel,
Ritov and Tsybakov [5] and references therein and Donoho and Jin [6].
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Detection of a sparse submatriz 3

In the context of matrices, different sparsity assumptions can be imagined. For ex-
ample, matrix completion for low rank matrices with the nuclear norm penalization has
been studied by Koltchinskii, Lounici and Tsybakov [9]. Other results will be discussed
later on.

We study the hypothesis testing problem under a minimax setting. A test is any
measurable function of the observations, ¢ = ¥ ({Y;;}) taking values in [0,1]. For such
a test ¥ = ¥({Y;;}) we denote the probability of type-I error, the probability of type-II
error under simple alternative and the maximal probability of type-II error over the set
Snm,a by

a(¥) = Eyp, B(,S)=Es(1—v), Buma(¥) = sup B(¥,5),

5€Snm.a

respectively. Let the risk be the following sum:

V(®,8) = (@) + B4, 5), Yama(¥) = sup (¥, 5) = a¥) + Bum.a (V).

SE€Snm.a

We define the minimax risk at fixed level a € (0,1) as

nm,a,o — inf nm,a .
Bom.a, w:a(w)gaﬁ al¥)

Similarly, let the minimax testing risk be
TYnm,a = lﬁf ’ynm,a(w)'

From now on, we assume in the asymptotics that N — co, M — oo and n = nyy —
00, m = mpypy — 00. Other assumptions will be given later.

We suppose that a > 0 is unknown. The aim of this paper is to give asymptotically
sharp boundaries for minimax testing risk. It means that, first, we are interested in the
conditions on @ = ay s which guarantee distinguishability, i.e., the fact that vy, — 0
and Bhm,a,e — 0 for any a € (0,1). We construct a testing procedure based on a linear
statistic combined with a scan statistic. We prove the upper bounds of the minimax
testing risk of this procedure. Second, we describe conditions on a for which we have in-
distinguishability, i.e., the convergence vYpm,o — 1 and Bpm,q,o — 1 —a for any o € (0, 1).
These results are called the lower bounds. The two sets of conditions are complementary
and match in rate and constant.

Often the sizes n, m of submatrix are unknown, but we know a set s of couples of
indices (n,m) € {1,...,N} x {1,..., M} containing the true one. Then we consider the
"adaptive” problem for the combined alternative Sypra = U(mm) Xnm Snm.anm, Which
corresponds to a collection a = {anm, (n,m) € Kyar}. The quantities Snara,a, YNMa
are defined in a similar way as above. We define a testing procedure and check that,

imsart-bj ver. 2011/05/20 file: Butucealngster.tex date: September 11, 2012



4 C. Butucea and Yu. I. Ingster

if any, satisfies the conditions for distinguishability uniformly over the collection a, the
upper bounds still hold. The adaptive lower bounds hold as an easy consequence of the
minimax lower bounds.

The problem of choosing a submatrix in a Gaussian random matrix has been previously
studied by Sun and Nobel [10]. They were interested in maximal size submatrices of a
matrix with increasing size in two setups. First, they consider the case when the average
of the entries of the submatrix is larger than a given threshold and, second, when the
entries are well-fitted by a two-way ANOVA matrix in the least-squares sense (i.e., the
sum of squares of residuals is smaller than some given threshold).

The algorithm of choosing such submatrices was previously introduced in Shabalin
et al. [11], who were also interested in finding large average submatrices. This problem
is strongly motivated by the research of gene expression in microarray data. In these
large matrices it is necessary to recover biclusters, that is associations between sets of
samples (rows) and sets of variables (columns). These associations together with clinical
and biological information are "a first step in identifying disease subtypes and gene
regulatory networks”. Many other algorithms for biclustering are discussed and compared
on real-data bases concerning breast and lung cancer studies.

Similar problems were considered in Addario-Berry et al. [1]. They use the same testing
procedures for vectors of random variables, where the alternatives may have various
combinatorial structures. In particular, they consider the example of detecting a clique
of a certain size in a graph and they compute upper and lower bounds for the Bayesian
test error. A bipartite graph of size (N, M) is a graph having edges only between the
N vertices of one set to the M vertices of a second set. A biclique is a complete bi-
partite subgraph of size (n,m), i.e. a subgraph where all n vertices from the first set are
connected to the m vertices from the second set. We consider the problem of detecting a
biclique. Our results are sharp minimax and adaptive to the size of the unknown biclique.

The plan of the paper is as follows. In Section 2.1 we give the test procedures. We
state the conditions on the detection boundary a such that distinguishability is possible.
Under mild additional assumptions we give the conditions on a so that the alternative is
indistinguishable from the null hypothesis.

In Section 2.2, we consider the adaptive setup where (n,m) is unknown but belongs to
some collection of sequences K. We compute the adaptive rates of testing of a slightly
modified test procedure.

In Section 3, we perform a numerical study of the procedures that attain the sharp
upper bounds. In order to compute the scan statistic a heuristic stochastic algorithm
from Shabalin et al. [11] is used. The empirical detection boundary is very close to the
one predicted by our results.

In Section 4 we give extensions of our results to Gaussian variables of unknown variance
o2, to non Gaussian matrices with distribution in an exponential family and to two-sided
tests for Gaussian matrices, respectively.
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Detection of a sparse submatriz )

We include in Section 4.4 comments to understand how our results compare to previ-
ously studied alternatives: subsets without structure and rectangular submatrices. The
first case can be assimilated to detection of a sparse signal in vector observations of length
N x M, so the set of alternatives and the detection boundary are much larger than in
our case. We summarize well-known results by Ingster [7], Ingster and Suslina [8] and
Donoho and Jin [6]. The second case is the detection of rectangles in the large matrix
(connected submatrices), which constitutes a set of alternatives smaller than ours. This
case is studied in Arias-Castro et al. [4] and [2] for other geometric shapes of clusters.
In order to be self-contained we state and prove sharp upper and lower bounds, for the
rectangular clusters.

Section 5 is mainly concerned with the proof of the lower bounds stated in Sec-
tion 2.1.2. The Appendix contains the proofs of the other results of the paper.

2. Main results

We denote by n =nyy, m =myy and a = an, -
Denote also p = n/N, ¢ =m/M. From now on, we suppose that

N —o00, M—o00, n— oo, m—>o0o, suchthatp—0, ¢g—0. (2.1)

For general sequences {uy}n>1 and {v,}n>1 of real numbers, such that v, > 0 for
n large enough, we say that the sequences are asymptotically equivalent, wu, ~ v,
if lim,, o0 n /v, = 1. Moreover, we say that the sequences are asymptotically of the
same order, u, = w,, if there exists two constants 0 < ¢ < C < oo such that
¢ <liminf, o0 tn /vy, and limsup,,_,  un /v, < C.

2.1. Known size of the submatrix
In a minimax setup, we suppose that for each N, M we know n and m.

Let us consider two test procedures, one based on a linear statistic 1/15}" and the other
based on a scan statistic ¥"%*. The final test procedure ¥* will reject as soon as at least

one of them rejects the null hypothesis.

2.1.1. Test procedure and its performance

The first test procedure 1/)%" is based on the linear statistic
fin = ——— 3" Vi, W =T
m 1 —_— in .
QVTEf > 0 l
The second test 1" is based on the maximal sum over all submatrices. Put

1
Yo=— 3 v, .
C n Y;]7 (2 2)
(i,5)eC
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6 C. Butucea and Yu. I. Ingster

and
tmaa: = CmaX YCa wmam = ]It7nam>Tn7n7 (23)

nm

where Ty = /2108(Grm)y Grm = #(Crm) = (]:) (Aﬂ{) The computation of this statistic
is discussed in Section 3.

The following theorem gives sufficient conditions for the detection boundary a such
that distinguishability holds. The test procedure which attains these bounds is

" = max{y§", Py,

for properly chosen H.

Theorem 2.1 Upper bounds. Assume (2.1) and let a be such that at least one of the
following conditions hold

a*nmpq — oo (2.4)

or

aznm

liminf 1. 2.
T S (mlog(p1) + mlog(g 1)) ~ (25)

Then ¥* with H — oo and such that H < ca,/nmpq, ¢ < 1 when (2.4) holds, satisfies
'Ynm,a(d)*) — 0.

Proof is given in Section 6.1.

Formally, the procedure has a simple structure. Nevertheless, there are difficulties for
computation of the scan statistic in the matrix case. Indeed, in the vector case, it is
enough to order increasingly all the elements and take the sum of the largest values. In
the matrix case, we have no such simple ordering. We shall discuss in the numerical study
below the empirical algorithm used to compute the scan statistic.

Let us also note that this procedure assumes that n and m are known. An adaptive
version of the scan test will be given in the next section.

2.1.2. Lower bounds

In this Section we obtain matching lower bounds that apply to all tests under additional
assumptions on the matrix and submatrix sizes. We discuss these assumptions after the
theorem.

Theorem 2.2 Lower bounds. Assume (2.1) and

loglog(p~1) . loglog(q~1)

log(g™') og(p) O (26)

Moreover, assume that
nlog(p~') = mlog(qgt), (2.7)
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Detection of a sparse submatriz 7

and that the following two conditions are satisfied:

a’*nmpq — 0 (2.8)
and )
a*nm
li < 1. 2.9
S S Tog(p1) + mlog(qD)) (29)

Then the distinguishability is impossible, i.e., Ynm,a — 1 and Bpm.a,a = 1 — a for any
a € (0,1).

Proof is given in Section 5.

These results for the upper and the lower bounds can be interpreted as follows. Under
the conditions (2.1), (2.6) and (2.7), a sharp detection boundary a* is defined via the
relations

(a*)?nmpg <1, (a*)*nm ~ 2(nlog(p™") + mlog(¢™")), (2.10)

in the problem with known (n,m). Note that the detection boundary can be written as

1 1
a*:min{ 1 \/2(n10g(p ) + mlog(g ))}.
nmpq nm

The additional assumptions (2.6) and (2.7) appearing in the previous lower bounds are
satisfied, for example, in the case where n ~ ¢m, for some 0 < ¢ < oo, and for N ~ n4
and M ~ mP for A and B larger than 1. In this case, the detection boundary is of the
form:

a* < n 2tA+B)/2 ¢ A+ B <3,
2D1
22180 e B o3 where D= (A—1)c4 B—1.
n

The particular case when A = B > 1, ¢ = 1 is the case of asymptotically squared
matrices and submatrices, and we get

a* =n"2t if A <3/2,

(A —1)log(n)

a* ~2 if A>3/2.

Remark 2.1 We can state the alternative hypothesis in a more general form:
H, : 3C € Cyyy, such that s;; =0, if (4,7) € C, and Z sij > anm.
(i,4)eC

Indeed, our probabilities of error depend on the elements of the submatrix C only through
the sum of its elements. Therefore, the previous test procedure will attain the same rates
and the same lower bound techniques will give the previous results for this more general
test problem.
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8 C. Butucea and Yu. I. Ingster
2.2. Adaptation to the size of the submatrix

If the size (n,m) of the submatrix C' with significantly large elements under the alterna-
tive (1.4) is unknown, we suppose that it belongs to the set s, for each N and M.
The alternative hypothesis can be written

Hi(Knwn) : I(n,m) € Kny, I C € Cpyp such that
Sij = O, lf (Z,]) ¢ O, and Sij > Apymy lf (Z,j) S C

Additionnally, we suppose that the sequence of sets {Knas}n as is such that

1 1 n m
sup E+E+N+M —)0,

(n,m)GICNM
as N, M — oc.
This implies that
log(N log(M
sup ( og( _)1 og( _)1 > 0, as N, M — oc. (2.11)
(n,m)ekny \nlog(p™') = mlog(g—)

The set s contains sizes of submatrices that we have to explore in order to test in an
adaptive way. Therefore, previous assumption insure, on the one hand, that p — 0 and
g — 0 uniformly over (n,m) € Kyy as N, M — oo and, on the other hand, that the
least size of the submatrices still grows to infinity with N and M.

The adaptive test procedure is 1% ,, = max{ym ezl where 1i" is the linear
statistic defined in Section 2.1 and ¢3}47 is a modified version of ¥™** defined as follows.
Indeed, the linear statistic is free of n and m, but the scan statistic is not and, therefore,

normalization will occur for each possible (n,m). Set

Vnm =V 210g(NMGnm)7 tN]VLma;E = max max YC/Vnm7 ﬁ}l\} = ]ItNM,mam>1~
(n,m)eEXNm CECnm

The adaptive test will reject the null hypothesis as soon as at least one between the
linear test or the scan tests associated to each (n,m) € Ky rejects.

Theorem 2.3 Assume (2.1) and let the set Ky be such that condition (2.11) holds.
Upper bounds. Let a = ayy = {anm, (n,m) € Ky} be detection boundaries such
that at least one of the following conditions hold

" m%lehléNM aZ, mmpq — co. (2.12)

or

(12 nm

liminf  min aut > 1. 2.13
(n.m)eknar 2(nlog(p~t) +mlog(g—1)) (213
Then, ¥y, with H — oo such that H < cming, m)ck yy Gnmy/nmpq for some 0 <
¢ <1 when (2.12) holds, is such that YnNm.a(¥iar) — 0.
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Detection of a sparse submatriz 9

Proof is given in Section 6.2.

The previous theorem actually shows that the test procedure is adaptive to the size
(n,m) of the submatrix as far as the assumptions hold uniformly. Indeed, the linear
procedure is free of the size of the submatrix and the scan statistic adapts to (n,m)
without any loss in the rate.

The lower bounds in the adaptive setup are an obvious consequence of Theorem 2.2.
Let us state the adaptive lower bounds: Suppose that for each N, M there exists (n*, m*)
in the collection K s such that

loglog(N/n*) 0 log log(M/m*)

og(M/m*) " log(N/n)

and that n*log(N/n*) < m*log(M/m*), as N — oo and M — oo. Let a = ayy =
{anm, (n,m) € Knar} be such that
aZ e m* p gt — 0
and
az. .n*m*
2(n* log(p*~") + m*log(q* ™))
Then Ynar,a — 1 and Byamae — 1 — a for any a € (0,1).

lim sup < 1.

3. Simulations

We have implemented the testing procedure 9* = max{w%”, ™**} on synthetic data.
While the linear procedure is rather obvious, the computation of the statistic t,,4, =
maxcec,,, Yo is done by using the heuristic algorithm introduced and studied empirically
by Shabalin et al. [11]. This algorithm is also implemented and studied by Sun and
Nobel [10] with good empirical results.

Let us briefly recall this algorithm: we choose randomly a set of n rows out of V.
Then, we sum in every column the elements of the previously selected rows. We select
now the columns corresponding to the m largest sums obtained in this way. We sum,
next, in every row the elements belonging to the selected columns and select the rows
corresponding to the n largest sums. We repeat the algorithm until the sum of elements
Y;; of the selected submatrix does not increase anymore. As the procedure can stop at a
local maximum, we repeat the procedure K times, where K is large (in our simulation
K = 10000). We take the maximum value of the outputs. This replication is needed to
enforce that with high probability the output approaches the global maximum.

We have simulated matrices of size N x M of i.i.d. standard Gaussian random variables
for N = M =200 and N = M = 500.
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10 C. Butucea and Yu. I. Ingster

We calibrated the test statistics 4" and ¢™% in such a way that the type-I error
occurs with probability a(i*) < 1%. This calibration is done by using the Gaussian
quantile H = 2.3262 for ¢!/ and the empirical quantile (out of 100 samples) for ¢,

Then, we have added the value a > 0 to the elements of the upper left submatrix of
size n X m. From resulting observations, we compute ¢* = max{wﬁ”, Y™ We repeat
the test L = 100 times and average the values of the test procedure ¥*. Denote by 1*
this average and note that 1 — ¢)* estimates the probability of type-II error.

We plot the estimated second-type error probabilities for different values of a in the
neighborhood of the detection boundary predicted by our theorems, for different values
of n and m. The results in Figure 1 correspond to N = M = 200, while in Figure 2 to
N = M = 500.

Figure 1. Estimated second-type error probability for fixed o = 1%, detection boundary a*, N = M =
200; for n = m =5, a* = 1.7179 (left), for n = m = 10, a* = 1.1943 (right).

Figures 1 and 2 show that the empirical detection boundary is very close to a* which
is predicted by out theoretical results. Indeed, the second-type error probability is close
to 0.5 at some point close to a*. The plots also show very fast decay of this probability on
a small vicinity of a*. This means that the test is very powerfull for values of a slightly
larger than the detection boundary a*. Note also that, for fixed N and M, a* decreases
to 0 as n and m increase.

4. Extensions

We extend our results in different directions. First, we consider matrices of i.i.d. random
variables having Gaussian law with unknown variance o, next, random variables having
a distribution belonging to the exponential family (not necessarily Gaussian) and, finally,
test problem with two-sided alternative for the Gaussian matrices.

4.1. Extension to Gaussian variables with unknown variance

Sharp results in Theorems 2.1 and 2.2 still hold if the random variables Y;; have unknown
variance o, under a mild additional assumption. We sketch here the test procedure and

imsart-bj ver. 2011/05/20 file: Butucealngster.tex date: September 11, 2012



Detection of a sparse submatrix 11

Figure 2. Estimated second-type error probability for fixed o = 1%, detection boundary a*, N = M =
500; for n = m =5, a* = 1.9194 (upper left), for n = 5, m = 10, a* = 1.5767 (upper right), for n = 15,
m = 20, a* = 0.8831 (lower left), for n = m = 20, a* = 0.8024 (lower right)
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12 C. Butucea and Yu. I. Ingster

proof of the upper bounds.
We estimate the unknown variance o2 of our data by 62, where

1
~2 2
"= —— g Yij'
i,j

This estimator is unbiased under the null hypothesis, but biased under the alternative.
We replace Y;; by Y;;/6 and slightly enlarge T}, in the test procedure ¢*. We denote
by tiin = tlin/a'a tmaz = tmam/é— and pUt

P = maX{]Ifl,m>H’ ]Ifmaz>Tn,7n,6 }’

for Trms = \/(2 +0) log((g) (%)) and some § > 0 small enough. Recall that T, =
2log(()) (3))-

Theorem 4.1 Assume (2.1). We suppose that alternatives under consideration are such

that
max(; jyecC Sij
TG = e BEC T _ (1), (4.1)
Z(i,j)ec Sij

If the quantity a is such that one of the following conditions hold

ay/nm
V20(nlog(p=1) +mlog(g1))

then 1*, with H — oo such that H? < o(a’nmpq/o? + TG_l) when a /nmpq/o — 00, is
such that Ypm o (™) — 0.

> 1 (4.2)

g,/nmpq — 00 or liminf
o

Proof is given in Section 6.7.

Assumption (4.1) translates the fact that alternatives do not contain too ” prominent”
values s;;. This holds when max(; jyec 55j = o(0vVNM) and a/nmpg/c — oo. The
assumption ensures that the estimator of the unknown variance converges fast enough in
order to detect the signal with the same rates as in the case of known variance. Moreover
one can slightly modify the proof and check that the condition (4.2) can be replaced by
the condition max(; jyec si; = o(cvV NM) when a,/nmpq/c = O(1) as well.

4.2. Extension to general law from an exponential family

In many applications, we do not have Gaussian observations. Instead, we have ob-
servations X;j, i.i.d. with probability density gy, from an exponential family, for all
t=1,..,N,and j = 1,..., M. We explain here how to use the previous testing proce-
dures in order to deal with such setups and check that results similar to the case of
Gaussian variables hold in this case. The exponential model will behave like a Gaussian
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Detection of a sparse submatriz 13

model when the number of data is large, by asymptotic equivalence. We expect that the
optimal detection boundary is the one for the Gaussian model properly rescaled.
We assume that the laws belong to an exponential family in the general form

go(x) = "D T@=COp) geo, (4.3)

for the dominating measure u, where 7 is supposed 2 times continuously differentiable
and strictly increasing on ©, i.e. n'(6) > 0.

We consider a point 6° interior to © and test, based on X;;’s, the null hypothesis
Hy:0,;=0" forali=1,..,N, j=1,.., M, against the alternative

Hy : 3C € Cpyp, such that 0;; = 6° if (i,7) ¢ C and 0;; — 6° > d if (i,5) € C.  (4.4)

In order to build the test procedure as previously, we will rescale the observations as
follows. First, put the exponential model in the canonical form, then change variables
to Y = (T(X;;) —mP®) /o, with m® = Eg(T(X)) and 0" = \/Varg (T(X)) computed
under the null hypothesis. Let us denote the common density of Y;;’s by

foy) = e On(y),

where s = n()oo and A(s) = B(s/c") — smg/og and B(n()) = C(6). Here, we have
A'(s%) =0, A”(s°) =1 and

2
A" 4 a) — A(s”) ~ % and A'(s +a) ~a, asa— 0. (4.5)

In this way, the original problem corresponds to testing, based on Y;;’s, the null hypothesis
Hy: s = s0, foralli=1,..,N, j=1,.., M, against the alternative

H, : 3C € Cyy, such that s;; = s if (1,7) ¢ C and s;; — s® > aif (i,5) € C.
We have the following results for exponential models.

Theorem 4.2 Assume (2.1). We suppose that

log(p~!) N log(q~")

- 0. 4.6
p” - (4.6)

Upper bounds. Ifa is such that one of the following conditions hold

A'(s° + a)/nm
V2(nlog(p~1) + mlog(q~1))

then *, with H — oo such that H < cA'(s° + a)/mimpq for some 0 < ¢ < 1 and with
T replaced by Ty s for some § > 0 small enough, is such that Vpm.q(1*) — 0.

Lower bounds. Assume, moreover, that conditions (2.6) and (2.7) hold. If a is such
that the conditions (2.8) and (2.9) are satisfied, then Ypmq — 1 and Bumaa = 1 —«
for any o € (0,1).

A'(s° + a)/mmpq — oo or liminf > 1
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14 C. Butucea and Yu. I. Ingster

Proof of the upper bounds is given in Section 6.8.

The proof of the lower bounds uses the relation (4.5) and follows exactly the same
lines as the proof of Theorem 2.2 in Section 5 except that we have to consider T7 ~
(2+6)(klog(p™') + llog(q™')) for some small § > 0 instead of thresholds in (5.3). O

Under the assumption (4.6), the detection boundary a* — 0. Therefore,

A'(s” +a*) ~a* ~ (n(8) —n(6°))a° ~ 7/ (6°)a"d",

as d* — 0. It is well known that the Fisher information at ¢° in model (4.3) is
I(0o) = (¢%9/(0°))2. In this way, we deduce the sharp asymptotic detection boundary for
alternative (4.4) from Theorem 4.2: d* = a*/+/1(6°).

Examples of such calculations for most popular probability distributions in the expo-
nential family are given in Table 1.

Probability law n mO a0 1(69) = o9/ (%)
Poisson(f), 6 > 0 log(0) 69 N (99)—1/2
Ber(f), 0 <0 <1) | log(yZ;)  6° /01 —00)  (6°(1—00))~1/2

Exp(), 6 > 0 —9 1 0 0 (69T

N(0,6%),0 >0 — 7 (69)2 2(00)2 2(00)—T

Table 1. Examples of calculations for testing in general exponential families

4.3. Extension to two-sided alternative

Let us consider model (1.1) and the same null hypothesis (1.2), against the two-sided
alternative:

Hj : 3C € Cyyy, such that s;; =0, if (¢,7) € C and |s;;] > a, if (4,5) € C.

Let us consider the following test procedures

— 1) and %Zm = ]Izlin>H

1 2
Rlin = \/W ;(Ym

and

Z (Y;? - 1)’ and wfnaz = ]Izmaz>Tn,m,67
(i,5)eC

Zmar — 1MaAX ZC, where ZC =
CeCpnm m

;

for some § > 0 small enough.

Theorem 4.3 Assume (2.1). We suppose that (4.6) holds.
Upper bounds. Ifa is such that one of the following conditions hold

CLQ\/’I’L’I’I’Z

>1
2y/nlog(p=1) +mlog(g—1)

a?/mmpq — oo or liminf
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Detection of a sparse submatriz 15

then ¢* = max{4yf,,, V74, with H — 0o such that H < ca®/2/mmpq for some 0 < ¢ <
1, is such that Ypm,q(¥*) — 0.

Lower bounds. Assume, moreover, that conditions (2.6) and (2.7) hold. If a is such
that the following two conditions are satisfied:

azvnm
2y/nlog(p~1) + mlog(q—Tt)

then Ynm,a — 1 and Bpm,aa — 1 —a for any a € (0,1).

<1,

a®\/nmpq — 0 and lim sup

Proof is given in Section 6.9.

4.4. Related testing problems

Let us consider again the model (1.1) and the null hypothesis (1.2). We shall see how
our alternative which locates signal in submatrices of the large matrix compares to other
alternatives. We consider first the alternatives where the signal is located anywhere (no
structure: larger alternative) and then where the signal is located in block-submatrices
(smaller alternative).

4.4.1. Subsets without structure

Let Dy, consists of all subsets D C {1,..., N} x {1,..., M} of cardinality #(D) = k and
let £ = nm. Let us consider the alternative

H,: 3D € D,,, such that s;; =01if (i,j) ¢ D, and s;; > a if (i,5) € D (4.7

(we do not suppose that the set D is of product structure). Clearly we can consider the
matrix {Y;;} as a vector of dimension P = NM, and the problem is well studied as
P — oo, see Ingster [7], Ingster and Suslina [8], Donoho and Jin [6].

The results are as follows. Let k = P8, 3 € (0,1). First, let 3 < 1/2 which cor-
responds to k? = O(P), i.e. (nm)? = O(NM). Then the detection boundary is deter-
mined by the first condition in (2.10). It means that distinguishability is impossible when
a’nmpq — 0. On the other hand, if a®?nmpq — oo, then distinguishability is provided by
the tests of the type 1kn.

Let 8 € (1/2,1). Then the detection boundary is determined by the relation

a” ~¢(B)v10g(P) = ¢(B)\/log(N M),

where
log(nm)

(8) = V28 -1, 1/2 < B < 3/4, g losnm)
PP TNV = VT=B), 3/4<p <1, = T log(NM)

This means that, if limsup a/(¢(8)+/log(INM)) < 1, then distinguishability is impossible,
and if liminf a/(p(8)\/log(NM)) > 1, then distinguishability is provided by the ”high
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16 C. Butucea and Yu. I. Ingster

criticism” tests "¢ = i1 ;0>m) based on statistics

Zi,j(H{Yi]‘>t} - ‘b(_t))
NMo(t)®(—t)

with H = /cloglog(NM), ¢ > 2.

4.4.2. Block-structured submatrices

L(t) =

, Lyc= ItIoli)t( L(t), to>0,

Let &, consist of all rectangles of size n X m, i.e., of the sets Ey; = {k+1,...k+n} x
{{+1,...14m}, 0<k<N-—-n, 0<I<M-—m, and the alternative is of the form

Hy: 3E €&, such that s;; =01if (i,j) ¢ E, and s;; > aif (i,j) € E. (4.8)

Similar problems were studied recently in Arias-Castro et al. [4] and [2] for other related
geometrically-shaped clusters. Note that Arias-Castro et al. [4] also deals with detection
of rectangular shapes in a square matrix.

The detection boundary for (4.8) is determined by

. \/2(10g(p‘1) +log(¢~1))

nm

Let us consider the test 1z based on the scan statistic over a particular set of possible
rectangles, which is a suitable ”grid” on &,,, constructed as follows.

Take fpm =n > 0. Put npy = (k—Unn, k=1,... K, my=(1—-1mn, L =1,...,L,
where K, L are such that N —n(14+7n) <ng < N—n, M —m(1+n) <mp, <M —m,
which yield K ~ N/(nn), L ~ M/(nm). Put

1
Iy=—1— > Yij, Z= _ max Zy, t¢z=1 ~
nm X 1<k<K, 1<i<p ¥ Z>+/21og(K L)

(5,3)€ By

In this construction, we scan over a number K X L of rectangles which is much smaller
than the cardinality of &, (for technical reasons) and which is also much larger than
the set of non overlapping rectangles (this set would not be large enough).

Theorem 4.4 Assume (2.1). Then
Upper bounds. Let

a2n7n

lim inf > 1,
2(log(p~") +log(q™1))
and n = Npm, 18 taken in such way that n — 0, nn — oo, mn — oo, |log(n)| = o(|log(pq)|).
Then Ypm.o(¥z) — 0 for the test procedure 1z previously described.
Lower bounds. Let

a2n7n

limsu < 1.
P 2(log(p 1) +log(g 1))

Then Ynm,a —* 1, Bnm,a,a —-1—-«a fO'l" any o € (07 1)
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Detection of a sparse submatriz 17

Proof is given in Appendix, Section 6.10.

Note that, the separation rates, i.e., the asymptotics of a that provide distinguisha-
bility for the alternative (1.4), are intermediate between the fast separation rates for the
alternative (4.8) and the slow rates for the alternative without structure (4.7).

Let us consider the particular case of squared matrices (N = M) and squared subma-
trices (n = m) such that n = N'=# for some 8 € (0,1). The sharp asymptotic rates of
the detection boundaries can be compared in Table 2.

Rates No structure (4.7) Submatrix (1.4) Block structure (4.8)
el N
N—(1-28)
Be(3: 3] N—(=5)/4Blog(N)
N-1=8)/2, /48Tog(N)
€ (3.1 || ¢(B)2log(N

Table 2. Table of sharp asymptotic rates of the detection boundary a* for squared matrices and
n=N1-F

5. Proof of Theorem 2.2

In the first part, we give the proof of the theorem and the other parts of this section are
dedicated to proofs of intermediate results. More lemmas are in the Appendix.

We prove the lower bounds by first reducing the minimax testing error to a Bayesian
testing risk with uniform prior over the set of parameters. Typically, one studies the
likelihood ratio under the prior with respect to the law Py under the null hypothesis and
proves that it tends to 1 in quadratic mean (under Py). Nevertheless, this does not work
as the covariance of the likelihood ratio is too large. Therefore, we truncate the likelihood
ratio in a convenient way.

5.1. Prior and truncated likelihood ratio

Let Sc = {s;;} be the matrix such that s;; =0, (¢,5) ¢ C, s;;j = a, (i,j) € C. Let us
consider the prior on the set of matrices:

™= G;}@ Z 65’07 Gnm = #(Cnm)a

CeCnm

and let P, be the mixture of likelihoods P, = G}, > cec,,, Psc- Let us consider the
likelihood ratio

dpﬂ dP
L(Y) = Gam > =22 (V) =Gt > exp(—b7/2+bYp),
dPO cec dPU cec

imsart-bj ver. 2011/05/20 file: Butucealngster.tex date: September 11, 2012



18 C. Butucea and Yu. I. Ingster
here and below we set b2 = a?nm, and, for submatrix C of the size n x m, the statistics Yo
are defined by (2.2). Since 7(Spm) = 1, in order to obtain indistinguishability: Ynm,a —
1, Bamae = 1—a, ¥ ae(0,1), it suffices to show

L.(Y)— 1 in Py — probability. (5.1)
Indeed,
Ynma = wg[lof,u s (a(y) + B, 9))
. 1 dPs,
- wg[lof,l] Gnm g5t Folv) =+ Fo [(1 —) dPo (Y)D
> inf (Eo(¥(Y)) + Eo[(1 —(Y))L(Y)])
$€[0,1]

> Eo(¢"(Y)) + Eo [(1 =" (V) Lx(Y)],

where ¥*(Y') = 1, _(y)>1 is the likelihood ratio test. Therefore (5.1) implies by Fatou’s
lemma that

lim inf Yy, > Eo [liminf (¢*(Y) + (1 — ¢*(Y))L(Y))],
i.e. Ypm,a — 1. It is easy to deduce that Bpm a0 — 1 — a.

Let us replace the statistics L, (Y") by their truncated version

CeCnm

dPs,.
dP,

(Y) HFC)

where the events I'c are determined as follows. Set

Trr = /2(log(Gry) + log(nm)) — oc.

Take small 6; > 0 (which will be specified later) and set kg = d1n, lop = dym. Let
Cri,c ={V € Cr : V C C} be the sub-matrices of C' € Cy,, which are in Cy; . Then we

set
Ic = N N Y < Tl (5.2)

ko<k<n, lo<I<m VeECki,c

By (6.1), under conditions on k,[ in (5.2) (and similarly to the equivalent of T72,) we
have
T ~ 2(klog(p™") + log(q ™). (5.3)

Indeed, when looking at second-order moments of the likelihood ratio L,(Y") a large
contribution comes from overlapping submatrices C; and Cs inducing correlated random
variables Y¢, and Y, . Our idea is to truncate Yy, for submatrices V' of size close to (k, 1),
at its expected maximal value in order to reduce the contribution of these correlations.
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Detection of a sparse submatriz 19

Proposition 5.1 SetT',,, = ﬂcaznm T'c. Then, under the assumptions of Theorem 2.2,

Proof is given in Appendix, Section 6.3.

Proposition 5.1 yields
PO (LTK'(Y) = Lﬂ'(Y)> - 17

and in place of (5.1) it suffices to check that
L.(Y) =1 in Py — probability. (5.4)
In order to get (5.4) it suffices to verify two relations:

Proposition 5.2 Under the assumptions of Theorem 2.2, we have
Eo(Ly) — 1.

Proof is given in Appendix, Section 6.4.

Proposition 5.3 Under the assumptions of Theorem 2.2, we have

Eo(L2) < 1+o0(1).

Propositions 5.2 and 5.3 imply that

Eo(Lr —1)? = (EO(L%) - 1) —2 (EO(LT) - 1) < o(1)

which ends the proof of the theorem.
The remaining part of this section is devoted to obtaining the proposition 5.3.

5.2. Proof of Proposition 5.3

We deal with the second order moment of the truncated likelihood ratio. We have

EO(‘Z/?T) = G;r% Z Eo (exp(—b2 + b(YC1 + YCQ))]I{Fcl ﬂFc2}) : (55)
Cl ecnnuCQecn'm

We note that the expected value in the previous sum does not depend on C; and Cs but
merely on the size of their common submatrix. Let C7 = A; x By, Cy = Ay X By and set

k:#(AlﬂAg), l:#(BlﬂBg), V:(AlﬂAg) X (BlﬁBg).

Under this notation, we put
9(0k,1) = Bo (exp(~1 + (Yo, +Yo,)) ro, ore, )
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20 C. Butucea and Yu. I. Ingster

and see that we can rewrite (5.5) as follows:

- "L H#((C, Co) € C2,, xsize(V) = (K, 1))
Eo(L7) = ZZ o2 g(k,1).
k=0 1=0 nm
Notation Set z,%l = a®kl, py; = kl/nm and recall that b> = a?nm. Note that it means
also that b* = 22, and that z7, = b%py.

Lemma 5.1 The following inequalities hold true.
(1) We have

gk, 1) < By (exp(—=b® + b(Ye, + Ye,))) = exp(z2)) 2 g1 (k, 1). (5.6)
(2) Let b> Ty /(1 + pri). Then

g(k,1) < Ep (exp(*b2 +0(Ye, +Ye,)) Uiye, ngm,YCQSTnm})

T2 A
< ex —Tnm—b2+p’”nm>: kD). 5.7
< o (=T =0+ B2 ) 2 01 6.1

(3) Let k > dyn, 1 > d1m, and Ty < 2zy;. Then
g(k,1) < Eg(exp(=b”+b(Ye, + Ye,)) Uiy <1i01)
exp(T3/2 — (Tt — 212)?) 2 ga (k. 1). (5.8)

Proof of Lemma 5.1 is given in Appendix, Section 6.5.

5.2.1. From hypergeometric to binomial distributions

Observe that the right-hand side of (5.5) is the expectation of g¢(Xi,X2) over
X1,X5 which are independent and having hypergeometric distributions HG; =
HG(N,n,n), HG2 = HG(M,m, m) respectively, i.e.,

n m (N\Y(n\(N-n\ (M)mm\ M-m
Eo(L2) =) (”)(k)("(_jf))z ((TM))(J)(’”_Z )g(k»l) = Eng,xng,9(X1, Xz). (5.9)
k=0 1=0 n) " \m

Let us compare random variables X having hypergeometric distributions HG =
HG(N,n,n) and binomial distribution Bin = Bin(n,p), p =n/(N —n).

Lemma 5.2 Under binomial distribution, X is stochastically larger, than under hyper-
geometric distributions, i.e. for any x € R,

f%{g()( ;ﬁ x) f; fﬁgin()( Ef x).
This yields, for any non-decreasing function g,

Eng(9(X)) < Epin(9(X)).
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Detection of a sparse submatrix 21

Proof. The first claim corresponds to Lemma 3 in Arias-Castro et al. [3]. The second
claim follows from the Abel’s transform of the series for the expectation. m|

Let P, (k) = Ppin(X = k), for some integer k, where X has binomial Bin(n,p)
distribution, and similarly Pn , n(k) = Pug(X = k) for hypergeometric distributions
HG(N,n,n) of X.

Lemma 5.3 Letn — oo, p — 0, p >0, k > n/r(p) where r(p) > 1 for p > 0 small
enough, and log(r(p)) = o(log(p~1)). Then

)
log(P (k) < klog(p)(
log(Pnnn(k)) < klog(p)(

Proof is given in Appendix, Section 6.6

1+ 0(1))
1+ 0(1)).

5.2.2. Evaluation of the expectation

Take any small § > 0. The detection boundary a satisfies assumption (2.9), where the
worst-case is when the limit is close to 1. It suffices, therefore, to consider the case
b = a’*nm ~ (2 — 0)(nlog(p~*) +mlog(qg™)). (5.10)
This implies
1 -1 1 -1
2 = 8™ | loglg™)
m n

(5.11)

In order to evaluate the right-hand side of (5.9), let us firstly divide the expectation
into two parts Exg, xug,(9(X1, X2)) = E1 + Ea, where

By = Byg, xng, (9(X1, Xo)lx a2<1),  F2 = Byg, xng, (9(X1, X2)Ux 4251)-
Recall that we denote p = n/(N —n), § = m/(M —m) and the binomial distributions
Biny = Bin(n,p) and Biny = Bin(m, q).
We would like to show that Fy < 1+ o(1) and Es = o(1), so we keep in mind from
now on that N, M are sufficiently large.

Evaluation of F;

It follows from (5.11) and (2.7) that X; = O(n/log(¢™!)) under a®X; < 1. By (5.6)
we have

E1 < Eng, xmg, (exp(a®X1X2)x, 02<1) = Exg, (Eng, (exp(a®X1X2)) Ix,02<1)

In view of Lemma 5.2, the expected value of a non-decreasing function of X5 having
hypergeometric distribution HGs is less than the same expected value under the binomial
Bins = Bin(m,q), ¢ =m/(M —m),

Eyg, (exp(azXle)) < EBin, (eXp(aQXng)) =(1 +d(e“2x1 —1))m

< exp(rmj(eazx1 - 1)),
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22 C. Butucea and Yu. I. Ingster

Observe that, for some B > 0 under constraint X;a? < 1,
exp(mg(e” ™ — 1)) < exp(Bmqa®X)
Taking the expectation over X; we get similarly

Ei < Eyg,(exp(Bmga® X))
Epin, (exp(Bmga®X1)) = (1 + p(e”™3*" —1))"
< exp(np(ePm — 1)),

IN

By (5.11) and (2.7), we have a?m =< log(p~!). By condition (2.6), we have glog(p~!) =
o(1), which yields mga® = o(1). Thus, np(ePm1%* — 1) ~ Bnpmga® = o(1) by the
condition (2.8), and we get

E; <exp(o(1)) =1+ 0(1).

Evaluation of E»
In order to evaluate Es, we use the assumption (2.7) and write
a® < log(p™")/m < log(q™")/n

instead of (5.11). Therefore, we can take d; > 0 small enough such that d1a%m <
log(p~')/2 and §1a?n < log(¢g~')/2 for N, M, n and m large enough.
Divide FEs into two parts Ey = E51 + Eas, where

Eo1 = Eyg, x16,(9(X1, Xo)Ux 4251, Xy/m<s.),
Eay = By, x16,(9(X1, Xo)x, 0251, X5/m>6,)-
Evaluation of Fs;

By applying Lemma 5.3 with log r(p) & log(log(q—1)), which is o(log(p~)) by (2.6),
and since Prs o m(l) < 1, we get

By < > exp(a®kl) P . (k) Paz.om.m (1)
n>k>a—2,0<I<§1m

Z exp (k (a®1 —log(p™")(1 +0(1)))) .

n>k>a—2,0<I<§1m

IN

Observe that under the constraints in the sum,
a’l < 61a®m < log(p~1)(1/2 + o(1)),
which yields in the previous exponential

B (@l log(p)(1 +0(1)) < —klog(p~)(1/2+o(1))

<
< —a2log(p™H)(1/2 4 o(1)) < m.
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Therefore we have Ea; < nmexp(—Bm) = o(1) for some B > 0 by condition (2.6).
Evaluation of Fy
In order to evaluate the item Foo we divide it in two parts as well: Eoy = I7 + I,
I = Byg x16,(9(X1, Xo)lx 0251, X, /n<sy, Xa/m>61),
Iy = Eng, xng, (9(X1, Xo)lx, yn>s1, Xo/m>e1)-
The evaluation of I is similar to the evaluation of E9; and we get I; = o(1).
Evaluation of I
Let us divide the set H = {(k,l) : k/n > 61, 1/m > 01}, appearing in I, into two
parts:

Hy={(k.1) € H:klog(p~") +llog(q") > 2pi(nlog(p~") +mlog(q~ "))},

Ho={(k,1) eH: Elog(p™') +llog(qg™") < 2ppi(nlog(p™) + mlog(q_l))}

This yields the division of Iy into Iy = I3 + Iz3. Observe that py; > 62 for (k,1) € H.

Let us consider I 3. Recalling (5.7), observe that we can take § > 0 small enough
in (5.10) such that t = T — b(1 + pr) < 0. Applying (5.7) and Lemma 5.3 for
PN,n,n(k)7 Ph[,m,m(l)v we get

T2
ha< 3, exp <(Tnm — )% 4 P flog(p~t) — Llog(g ) + O(Tﬁm)> ~
(k,1)eH,

Note that for § > 0 small enough in (5.10) one can take d2 = d3(d) > 0 such that
(Tom — b)? > 6212, for the first item in the exponent. Denote

A=A,,= nlog(p_l); B=B,= mlog(q_l)

and T2, = 210g(Gpm) ~ 2(A+ B) by (6.1). Observe that 2(A + B)py < AX + B-L for
(k1) € Hy.

The following terms in the power of the exponential above can be bounded on the set
H, as follows

T2 Pkl 1 1 Z(A—‘y-B)pkl k l 2
ZomlPH plog(pTh) —llog(q™t) = ST (A2 4 B 4 o(T
Tt o og(p~") —llog(qg™ ") T on (A= +B—) +o(Tym)
1 k l
< —1) (A= +B— T2 Y <o(T? ).
S (g~ DAL+ B +olT2,) < olT,)
Therefore

Is < 2nmexp(—(82 +o(1))T2,,) = o(1).

Consider now the item Iz. Recalling (5.3), (5.10) and 27, = pa2,, observe that
the constraint in Hy corresponds to 77, < 2z%,(1 + o(1)). This implies 77, < 4z7, and
Tii — 22 < 0 for N, M large enough.
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24 C. Butucea and Yu. I. Ingster
Applying (5.8) and Lemma 5.3 for Py nn(k), Prm.m(l), we similarly get

Lo < Y exp (Ti/2 = (T — z1)” = (klog(p™") + llog(q~")(1 + (1)) -
(k,l)EH2

Since klog(p™') + llog(g™!) ~ T3 /2, the power in the exponent is of the form
(T = z11)? + o(T3).-

Under (5.10) we can see that (Tj; — 2x1)? > d2T%, for some d5 > 0 and N, M large enough.
In fact, recalling A >0, B >0, k/n € (d1,1], I/m € (41, 1] before we have

l

k
T — 2y = 2(14; + B%) — (2= 8)pr(A+ B) +o(T7)

k k l l
= 6(A+B 24-(1—-2)+2B—(1 — — T?
(A+ B)pri + n( n)+ m( m)+0( i)

> §(A+ B)pp +o(Th) ~ 023,

Since Ty < T, for (k,1) € H, these yield I2o = o(1).
Proposition 5.3 follows. a

6. Appendix

6.1. Proof of Theorem 2.1

It is easy to see that a(y*) < a(@i") + a(y™®) and that Bpma(*) <

min{ Bnm.a (VE), Bum,a (1) }. Therefore, we study the two test procedures separately.

We have, for any real number H,

O{( %n) = (I)(_H)a ﬁnm,a( %n) S (I’(H - G;\/qu)’

where ® denotes the cumulative distribution function of a standard Gaussian random
variable. Indeed, observe that the statistic t;;,, is standard Gaussian under P, which
yields the relation for a(}"). Also t1;, ~ N (hs., 1) under Ps,-probability, Sc € Sym.as

where

1 anm

hs. = > = a/mnpq.
S = UNaT 2 2 ynar Y

(i,5)€C

This yields the relation B(%",S) < ®(H — ay/mnpq), ¥ S € Spm.a and the same
inequality for Spm,q %”)
As a consequence, if H — oo then a(yl") = ®(—H) — 0 and if (2.4) holds and

H < ca/nmpq,
Brm.a (V) < ®((c — 1)ay/mnmpg) — 0,
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for ¢ < 1. Thus Ypm.q (4") — 0.

Now, we prove that, a(¢™*) — 0 and Spm,q(¥™*") < ®(Thm — ay/nm), under (2.1).
It is not hard to check that under (2.1),

10g(Grm) ~ (nlog(p™") +mlog(q™")). (6.1)
Observe that Yo ~ N(0,1) under Py and, since G, — 00 and ®(—T) < exp(—12/2)/T

as T — oo, we get

a(,(/)ma:c) — Po(tmaw > Tnm) < Z PO(YC > Tnm) = Gnmq)(_Tnm) — 0.
CeCpm

Let S¢ € Spm,a- Then Yo ~ N(gs,,1) under Ps,-probability with
9So = (nm)_1/2 Z Sij > a\/ﬁ.
(i,4)eC
Observe that
ﬂ(wmam’ SC) = PSC (tmax < Tnm) < PSC (YC < Tnm) = (P(Tnm - gSC)
< ®(Tym — ar/nm).
Thus, under (2.5),

av/nm — Ty =T, ( avnm(1 +o(1)) —1) — 00
o = o =)

V2(nlog(p~1) + mlog

and this implies that vpm,q (™) — 0. a

6.2. Proof of Theorem 2.3

Note that the test wzn does not depend on n,m. Therefore for distinguishability in the
adaptive problem it is sufficient to assume (2.12) (which is a uniform version of (2.4)).
We have vy asa (V") — 0.

For the test ¥3;{f we obtain similarly to the nonadaptive case, that

a@yir) = Po(tnmmaz > 1) < Z Z Po(Yo > Hp) = Z Z O(—Hpm)

n,m CeCpm n,m CeCpm
1 1
DI :4 )%
n,m CeCpnm NMGnm log(NMGnm) log(NM)
Moreover,
ﬁ( ]n\}ﬁ/fwgc) = PSC (tNM,maz S 1) S PSC (YC S V,,”n) = (b(v’rnn _ QSC)
< (Vi — anm\/ﬁ)
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26 C. Butucea and Yu. I. Ingster

and we deduce that

am,a(WNar) <@ max  (Vim — apmyv/nm)).

(TL,m)E/CNJVI

By (6.1), we have

min  (apmvVnm — Vi)

(n,m)eXnm
T Anmy/nm(1 + o(1)) 3 \/1 N log(N M)
"\ V2(nlog(pT) + mlog(g1)) nlog(p~') + mlog(¢!)

= min
(n,m)EXNMm

which goes to infinity under (2.11) and (2.13). Thus, we have Yy ara(YR5F) — 0.

6.3. Proof of Proposition 5.1

It suffices to check that Py(T'S,,) — 0, where A states for the complement of the event
A. We have

Lo = U U U {Yv > Ty} = U U {Yy > Ty}

CeCnm ko<k<n, lo<I<m VeCr,c ko<k<n, lo<I<m Ve&Cp

Since Yy ~ N(0,1) under Py, we have, by definition of T}; and using the asymptotics
O(—x) ~ e*IQ/Q/ 2rx, x — 00,

Py(T5,) < > Yoe-Tu)= D Gud(-Tw)
ko<k<n, lo<I<m VECw ko<k<n, lo<I<m
1 1
3 4o
nmIy V2T

ko<k<n, lo<I<m

IN

Proposition 5.1 follows. O

6.4. Proof of Proposition 5.2

In view of symmetry in C, it suffices to check that, for any fixed C € Cpp,,

dPs
E() (d}fﬂrc> - PSC(FC) — 1,

or, equivalently, Ps.(I'%) — 0. Set 27, = a?kl. Since Yy ~ N (zg;,1) under Ps, for
Ve Ckl,Cy we have

Ps.(T'¢) < > > V(e — T) = > G ® (2 — Tha),

ko<k<n, lo<I<m VeCric ko<k<n, lo<I<m
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where G1" = #(Cri,c) = (3) (7). Under assumptions (2.6) and (2.9) there exists § > 0
such that

b2 = a*nm < (2 —6)(nlog(p™") + mlog(¢™h)). (6.2)
Let us show that under (6.2) one has 27, < TZ(1 — §/2 + o(1)). In fact, since d1n < k <
n, 0ym <! < m, and by (5.3), we have

(2 = 8)(k(1/m)log(p~") + I(k/n) log(¢™"))
(2= 8)(klog(p™") +log(q™")) ~ (1 = 6/2)T};. (6.3)

22, =a’kl <
<

Thus we get, for some 65 > 0,

D (2 — Trat) < exp(—62T3).

Observe now that, under constraints on d1n < k <n, dym <1 < m we have log(G}]") =
O(n+m). This follows from evaluations similar to the proof of (6.1). On the other hand,
we have T2 ~ 2(klog(p~*) + llog(¢™')) > (n + m) under the same constraints. This
yields

Z GZ;”(I)(ZM — Tkl) < Z exp(O(n + m) — (SQT]?l) — 0.
ko<k<n, lo<I<m ko<k<n, lo<l<m
Proposition 5.2 follows. O

6.5. Proof of Lemma 5.1

The first inequalities in (5.6)-(5.8) are evident, and we will prove the second ones. The
proofs are based on the well known relation: if X ~ A(0,1), then

E(exp(tX)) = exp(1?/2), V71€R. (6.4)
Let Vi = C1 \ Oy, Vo =Cy\ Cy, V = Cy NCs, and observe that the sets Vi, V5,V are

disjoint, C; = V1 UV, Co = Vo UV and #(V1) = #(Va) = nm — kl, #(V) = kl.
Let 0 < kl < nm. Let us write the statistics Y¢,, Y, in a more convenient form

Yo, =vV1—=puYv, +VouYv, Yo, =+1-puYv, +/puYv,
where as above, for U C {1,..., N} x {1,..., M}, #(U) > 0 we set

1
Yy = —— Y.
U RO (%U ’

Observe that Yy,, Yy,, Yy are standard Gaussian and independent under F.
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28 C. Butucea and Yu. I. Ingster
Recall that b = ay/nm and put ¢ = by/I — pi;. It is obvious that b?> = ¢ + z,%l.
Moreover, by applying (6.4), we get
Eo (exp(=b* +b(Ye, + Ye,))
= Ep(exp(—c®/2+4 cYy,)) - Eo (exp(—c?/2 + cYy,)) - Eo (exp(—zpy + 221 Yv))
= exp(zh)-

If kI = 0 or kl = nm, we can prove this in a similar way. Lemma 5.1 (5.6) follows.
In order to get the second inequality, observe that, for 0 < kl < nm and for any h > 0,

By (exp(—87 + D00, + Yo )Moz, <1, o<,

< eV H2Tunh g (exp((b—h)(Ye, + Ye,) + h(Ye, + Yo, — 2Tnm) Mye, <D Yo, <Tum)
< eV T2Tunh B (exp((b— h) (Yo, + Ye,)))

— V2T g (exp( h)(1 — pr) 2 (Yo, + Yiy) +2(b — h)/’zlq/QYvD

( _
= exp(—b” + 2Tmh + (b= h)*(1 = pra) + 2(b — h)*pia)
= exp(—b® 4+ 2Tpmh + (b — h)2 (1 + piy)).

Taking h = b— Ty /(1 + pri), we get the second inequality. If kI = 0 or kI = nm, we can
prove this in a similar way. Lemma 5.1 (5.7) follows.
In order to get the third inequality, for 0 < kl < nm and for h > 0, we have

E, (exp(—b2 +b0(Ye, + Y(Jz)HYviTkz)

= Eo (exp(—=c?/2+ cYvy)) - Eo (exp(—c?/2 + ¢Yy,)) - Eo (e—z;‘;z eXp(QZleV)HYVST’”)
< efziz+TklhE0 (exp ((2z — h)Yy + h(Yy — Tw)) Uy <1,)
< e~ A Tah By (exp((2251 — h)Yv)) = exp(—2}, + Tuh + (2210 — h)?/2).

Taking h = 2zg; — Ty, we get the third inequality. If kI = nm, we can prove this in a
similar way. Lemma 5.1 (5.8) follows. O

6.6. Proof of Lemma 5.3
Recalling P, (k) = (})p*(1 —p)"~*. Using well known inequality (}) < (ne/k)*, we get

log(Py,,(k)) < k(log(p) + log(n/k) + 1).

Since n/k < r(p) we see that 0 < log(n/k) < log(r(p)) = o(log(p~!)) under the assump-
tion on r(p). This implies the first relation of Lemma 5.3.
In view of Lemma 5.2, we have

Lemma 5.3 follows. O
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6.7. Proof of Theorem 4.1

Let us see that Eg(6%) = 02 and that Varg(6?) = 20*/(NM). Denote by

&2 B
Op=1|= -1 < ——
7 { o? “ VNM}’
with B — oo such that B/v/NM — 0. Then, Py((Op)¢) < 2B~2 =o(1).

It is easy to see that Po(tin > H) < Py(tiin/o > H6/o,0p) + Po((OB)°) =
Py(tiin/o > H) +0(1) = o(1), as H> = H*(1 — B/YNM) — oc.

Similarly, for f,,qe, we put Tom.s = Tym+/1+6/2 = and T2, = Tgmyé(l — BVNM)
and then Py(fmae > Tom,s) < Po(tmaz/0 > Tnm) + Py((Op)°) = o(1), for our choice of
Trim.s- These imply a(i*) — 0.

Under the alternative, let us see that

6(1&*as) S min{PS(flin S H)aPS(tAmam S Tnm75)}7

and it suffices to check that either Ps(fji, < H) — 0 or Ps(fmar < Thm,s) — 0. We can
decompose

R o
6° = NM Z 51'2]'—" Z (Sij+§ij)2
(i.5)¢C (i.5)eC
o? 2 Sij Sty
- F(Tere ¥ B ¥ 4
(i.9) (i.5)€C (i.5)€C

We get

204 1
Es(6%) = 0*(1 + G), Varg(6?) = ﬁ(l +2G), where G = =N Z s2..

Denote by R := B,/ +47(1 + 2G) with B — oo such that B = o(v/NM), and by
52
Z—1- G' < R}.

OSB:{
g

Then Ps((Osp)¢) < B2 =0(1) and R = o(1 + G). Recalling

Es(tyn/o) = (NM)fl/2 Z sij/o > ay/nmpgq/o,

(i,5)eC

we see that

2
G < max(;,j)eC Sij (Z(z‘,j)ec Sij)

< =76 (Es(tin/0))?.
Z(i,j)eC Sij o?NM '
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30 C. Butucea and Yu. I. Ingster

This implies
1+ G+ R < (1+16(Es(tin/o))*) (1 +o(1)). (6.5)
Let Es(tjin/o) — oo, which holds when a,/nmpq/oc — oo. By our choice of H, (4.1)

and (6.5) we have Hv/1+ G + R = o(FEs(t;in/0)). Applying the Chebyshev inequality
and since Varg(t,/0) = 1, we have

Ps(tiin < H) < Ps(tin/o < H6/0,0s5) + Ps((Osp)°)
< Ps(tiin/o < HV1+ G+ R) +o(1)
< Ps(Es(tlm/U) — tlm/U < ES’(tlin/U) —HV1+G+ R) + 0(1)
< (Es(tun/o) — HYTFGTR) 2 +o(1) = o(1).

This proves that Pg(t;, < H) — 0 if Eg(tjn/0) — co.
If Es(tiin/o) = O(1) (this is possible when a,/nmpg/c = O(1) only), we have
V1+G+ R=1+0(1) by (4.1) and (6.5). Therefore

PS('E’rrLaa; S Trbm,é) PS(tmaw S Tn’mﬁ&/o’) OSB) + PS((OSB)C)

<
< Ps(tmaz < TamsV1+ G+ R) +0(1) = o(1),

for our choice of Ty, s and by the second assumption (4.2) (compare with the proof of

Theorem 2.1). These implies Bpm,q(¥*) — 0. Thus Ypm o (¥*) — 0. ]

6.8. Proof of the upper bound of Theorem 4.2

It follows the same lines as that of Theorem 2.1. We use Markov inequality and bound
from above exponential moments of our test statistics (as they are not having Gaussian
distribution in this case).

We use repeatedly the well known facts that, A’(s”) =0 and A”(s%) = 1 for centered
and reduced random variable at s°. Moreover,

Es [euY] — eA(s-‘ru)—A(s)’

for any s and u such that s ans s + u are interior points of the parameter space. For the
statistic t;;,,, we have

a(Pihy = Py(t,H > H?) < e By [eftin ]
< €7H2H(i)j)ESO [EYin/ NM]

H
< exp((A(s® + — A(s"))NM — H?).
< epl((A6° + =) = Al) )
For H — oo as in our theorem H/vVNM — 0, then we get A(so—&-\/%)—fl(so):

21}\55‘\4(1 +0(1)) and a(yhn) < ce=H*/2(1=0(1)) _; 0, for some constant ¢ > 0.
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Under the alternative,

B( lﬁ’n’ S) = PS[ftlin +H > 0] < eHES[e*tlin]
< el e Bole ™9 YNNG o B, le™/ VN
< 6H+(NM_nm)(A(So_ﬁ)_‘q(so)) H(i,j)eceA(s”_\/ﬁ)—A(sw).
On the one hand, A(s® — \/]é—M) — A(s®) ~ —5347. On the other hand, it is easy to

check that A”(s) > 0. Thus, A is a convex function and A’ is increasing. This implies

A(si; — \/ﬁ) — A(sij) < _Vj\lfiMA/(sij) which is less or equal than —Jj\lffMA/(so +a)
under the alternative. Finally,

nm

BUHS) < exp(H — 51— pa) = A" +a) )

:
<

< cexp(H — A'(s° + a)/nmpq) —

under our assumption.
For the statistic 44,

a(wmaar) = Py (tmaw > Tnm’(;) < ZPSU (tmazTnm’(; > sz,é)
c
—T2 YeT, —T2 S e Yijnmas
< Ze nmd Bgoler @ nme] < Ze nm.s [ o [2= () €C Y1 /|
c c
< G e_Tzrn,ée<A(so+T3%f)_A('SO))Xnm
— nm .

As Tym.5/+/mm = (log(p_l)/m + log(q_l)/n) vz, 0, we have A(s® + Ty, s//nm) —
A(s”) < T7,, s/(2nm) and this gives

2
Trom,s
2

a(wmaac) < Gnme_ (1—0(1)) = 0.

For the second-type error,

Bp™ . S) < Ps[~Yo + Tyms > 0] < elnmd Egle™¢]

< eXp(Tnm,é) : H(i,j)GCESij [e_Yij/ nm}

1
vnm

IN

exp | Tom,s + Z [A(sij —
(1,5)eC

) — A(sij)]

< exp <Tnm75 —nmA'(s° + a)

1
Tm) — 0,

by the choice of § > 0 small enough. |
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32 C. Butucea and Yu. I. Ingster

6.9. Proof of Theorem 4.3

6.9.1. Proof of the upper bounds

We have, under the null hypothesis, 2, V2N M has a x? distribution with Eg(24,,) = 0
and Varg(zy,) = 1. This implies that Py(z, > H) — 0 as H — co.
For 2,4, we will use the moment generating function of the y? distribution. We have

PO(Zmaz > Tnm,é) < ZPO(ZC > Tnm,é) < GnmPO(Tnm,5ZC > Tsm,d)
C

-T2 T Z
Gnnle nm,oEO(e nm,s§ C)

< Gnme_Tﬁm“s_Tnm’é \/ 5 (1 _ 2Tnm75 )—nm/2
2nm

IN

T72mn [
GnmeiTy(HFO(l)) = 0(1)

IN

)

by the choice of T}, 5 in our theorem. Indeed, 277, 5/(nm) = O(a*) — 0, by assumption
(4.6).

Again, B(¢*,5) < min{Ps(ziin < H), Ps(2maz < Thm.s)}. Under the alternative,
S = S¢ and zy;,, has mean Eg(zin) = A/V NM and variance Varg(zin) = 142X/ (NM),
where A = )" s7;. We have,

A a’nm S
V2NM ~— V2NM —
Therefore, if a?,/nmpg — co, we have

, Vars(zin) 1+ 2X/(NM)
PS(Zlm < H) S (ES(Zlin) _ H)2 - (1 _ C)Q/\Q/(QNM)
2 4
= U—cPatnmpg T A= 0Pa?nm o(1).

2
a
—2\/nmpq.

Under the alternative,

PS(Zme S Tnm,zi) S eTnm’éESc [eizc] S eTnm,,5+ v nm/2ESc [exp (t Z YQ)]
where t = —1/v/2nm < 1/2. Therefore,

)

Es,

At nm
— — —log(1 -2
exp (25~ 5 toul1 — 20

exo [ — A 1 _@( 2 1)
P V2nm 14 4/2/(nm) 2 nm  nm

eVom 1 fom 1
eXp( V2 1+ /2] (m) 2+2)'
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In conclusion, if liminf a*nm/(4(nlog(p~!) +mlog(g~'))) > 1 we have

a’/nm 1
PS Zmax < Tnm,6 < \/EeXp Tnm,5 - — 0.
el ) V2 14 /2/(nm)

6.9.2. Proof of the lower bounds

We follow the lines of the proof of Theorem 2.2. The prior on the set of matrices is
T=G,L > cec,,, TC, where, under mc, the matrix S = Sc has s;; = 0 with probability
1 for all (¢,j) ¢ C and s;; is either a and —a with probability 1/2, for all (¢, j) € C.

Let Ps. denote the likelihood of the random variables in Y when S = S¢ and P,

denote the mixture of likelihoods P, = G}, cec,, Psc. Therefore, the likelihood ratio

Lﬂ'(Y) is
dP, 1 AP
La(¥) = ()= ()

dP, Gnm cecon dP,

1 ",
TG > Mg jece /? cosh(aYiy)

nm CEC”"L
1

R [ Sy
nm oee (i,5)€C

Note that Ep[cosh(aY;;)] = ¢’/2 and that Ey [cosh?(aYi;)] = (1 + 62“2)/2. We can re-
produce the proof of Theorem 2.2 with a? replaced by a*/2. For example, in (5.6) we
have

g(k,1) = Eglexp(—a*nm + Z log(cosh(aY;;)) + Z log(cosh(aYi;)))Ire, nre, |-
Cl CZ

We can show, as in the proof of (5.6), that

gk, 1) < e_aznmEo[exp( Z log(cosh(aY;;)) +2210g(cosh(aYij)))]
ViUV, v

2a? !
< e—aznm€2§(nm—kl)E§l [COShQ(aY)] < e—azk'l (1 +26 )

= (cosh(a?))* < eékl,

where V7, V5 and V' are defined in the proof of Lemma 5.1.
The relations (5.7) and (5.8) could be replaced by the following:

T2
s < exp (T 02+ 2T 412 )), (6:5)
Pkl
g(k,1) < exp (T3/2 — (T — 211)” + o(T3)) (6.7)

imsart-bj ver. 2011/05/20 file: Butucealngster.tex date: September 11, 2012



34 C. Butucea and Yu. I. Ingster

where b = nma®/2, z,%l = b2py;, under the same constraints. The inspection of the
proofs of (5.7) and (5.8) shows that, in order to prove (6.6) and (6.7), one could use the
following relation in place of (6.4):

2a4

E [eT(log(cosh(aY))—§+%)] = exp (T (68)

Fofah).
fora — 0and 7 € RT, 7=0(1).

In order to prove (6.8), we can split the expected value over the events {ra?Y? > §2}
and {Ta?Y? < §%} respectively, for some small enough & > 0 such that §/a\/7 — oo (we
choose & = (ra2)'/4). Firstly, we use the inequality cosh(z) < ¢**/2 and get

E, [erlog(cosh(aY)) . H7a2Y2>62] < Ey [erazYz/Q . Hra2Y2>62]
< 2/ o~ (1-7a?)y?/2
5/ay/T V2m
26/(ay/T) 1—71a? 62 9 4
= \/;17'(12 exp(= 2 Q)ZO(T a)-

Secondly, on the event {ra?Y? < §%} we use the Taylor expansions log(cosh(z))
22/2—2%/12(140(1)), e® = 1+z+22/2(1+0(1)), = = o(1). Denote U = log(cosh(aY))—
Ey(log(cosh(aY))). We have

a®>  a* at
Ey(log(cosh(aY))) = 5 Z(l +o(1)), Varg(U) = ?(1 +0(1)), (6.9)
and, since 7U = o(1),
_ L2 -
Ey [eTU . ]Im2Y2§62} = FEy (1 +7U + (1 + 0(1))) . Hra2Y2§62
- ]
— 14 %row)a +o(1))
_ 202 -
- EO (1 +7U + (1 + 0(1))) : 117'(12Y2>52
The last expected value is o(72a*) and this gives
E [e‘r log(cosh(aY)) . ]I'raQY2<62] — " Eoflog cosh(aY)]+T24a4 (1+o(1))
Together with the first relation in (6.9), this ends the proof of (6.8). O

6.10. Proof of Theorem 4.4

6.10.1. Proof of the lower bounds

Let K = [N/n], L = [M/m] and consider only non over-lapping rectangles

R ={(i,j)in(k—1)+1<i<nk, ml-1)+1<j<mil}, 1<k<K, 1<I1<L.
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Let Sy be the matrix with the elements s;; = 0 if (¢, j) ¢ Ry and s;; = a if (2,7) € Ry.

Consider the prior

1 K L
™ = EZZ(SSM

k=11=1

By construction, 7({Ski, k, I}) = 1. The likelihood ratio is of the form

K L K L

dP, 1 dPg, 1

L(Y) = Y) = — LYY = —
WV =mW =gz 22 m =522
k=1 l=1 k=1 1=1

where
Z = E Yij, b2 = nma?.
(H)GRM

—b?/2 4+ bZy),

Note that Zy; ~ N (0,1) under Py and are independent in k,l. It is sufficient to check
that L(Y) — 1 in Py-probability. Let us consider the truncated likelihood ratio

_ 1 K L

L(Y) = ﬁ Z Z exp(—b2/2 + bZk)l)]IZkl<TKL7

k=11=1

where we set

Ty = v/2log(KL) ~ v/2(log(p~!) + log(q~1)).

Since

™=

K
k=11

it suffices to check that L(Y) — 1 in Py-probability.

Py(L # L)

I A

1

Py(Ziy > Tk1) —

0,

Observe now that Tk — b — oo under the assumptions of Theorem, and it suffices to

consider the case b > T}, for some ¢ € (1/2,1). We have

K L
= 1
Eo(L(Y)) = 27 > > Bolexp(=b*/2+ bZu)llz, <r,,) = ®(Ticr, —b) = 1
k=11=1
~ 1 K L
Varg(L(Y)) = L) >N Varg(exp(—b/2 + bZi) Uz, <y,
k=11=1
1 K L
< (KL)2 ZZEQ(GXP(—b2 +2bZkl)]IZM<TKL)
k=11=1
1

= ——exp(b’)®(Tky — 2b) < exp(b® — (Tkr —2b)%/2 — T 1 /2)

= exp(—(TKL — b)2) — 0.

Theorem 4.4 (1) follows.
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6.10.2. Proof of the upper bounds
Set Tk, = v/2log(K L) and observe that, by the choice of  and since pg — 0, we have

Tk, = \/210g(NM/nm) 4log(n) + o(1)
(210g ((pa) ™))" (1 + (log (n) + (1)) /og ((pg) ™))"
~ /2(log(p~1) + log(g—1)).

For type I errors, we have

K L
¢Z < ZZ Zkl > TKL) = KL(P(*TKL) — 0.
k=1 [1=1

Let the alternative Sg correspond to the matrix with entry a > 0 at positions in
FE = Ey» and 0 elsewhere. As previously, £ = FEp««, 0 < E* < N—-n, 0<I*< M—-m
consists of (i,7) such that k* < i < k* +n, I* < i < [* + m. By construction, we can
take k,l, 1 <k < K, 1 <1 < L such that |ng — k*| < nn, |m; —*| < mn. Therefore, the
matrix Ej«;« will overlap with the matrix E,,, ,,, from our test procedure significantly:

#U{E+ 1,k +ntn{ng+1,...,np +n})
H#FH+1,..,0+mn{m +1,..,m; +m})

Sl

Observe that
B(Yz,Se) < Ps,(Zii < Tkr).

Moreover, Zy; ~ ./\/'(13, 1) under Ps,, where we recall that b = ay/nm and we put

This yields
B(Yz,Sr) < ®(Tkr —b(1+0(1))) =0

under assumptions of theorem. Theorem 4.4 (2) follows.
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