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motion and their semimartingale
representation
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Abstract

We compare two definitions of multistable Lévy motions. Such pro-
cesses are extensions of classical Lévy motion where the stability index
is allowed to vary in time. We show that the two multistable Lévy mo-
tions have distinct properties: in particular, one is a pure-jump Markov
process, while the other one satisfies neither of these properties. We
prove that both are semimartingales and provide semimartingale de-
compositions.
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1 Background on multistable Lévy motions

The class of multistable processes was introduced in [4] and further developed
in [5, 6, 7, 8, 10]. These processes extend the well-known stable processes
(see, e.g. [11]) by letting the stability index « evolve in “time”. Such models
are useful in various applications where the data display jumps with varying
intensity, such as financial records, EEG or natural terrains. Three paths
have been explored so far to define multistable processes: the first one uses
a field of stable processes X (¢, ), and obtains a multistable process by con-
sidering a “diagonal” Y (t) = X (t,«(t)) on this field. This is the approach
of [4, 6]. In [5], multistable processes are obtained from moving average
processes. Finally, in [8, 10|, multistable measures are used for this purpose.

In this work, we shall be interested only in multistable Lévy motions,
which are the simplest examples of multistable processes. These multistable



extensions of a—stable Lévy motion were constructed in [4, 6] using re-
spectively Poisson and Fergusson-Klass-LePage representations, while similar
processes were defined in [8, 10| by their characteristic functions. In order to
give precise definitions, let us set the following notations, which will be used
throughout the paper:

e a:R — [c,d] C (0,2) is a continuous function.
e a:R — RisaC! function.

e II is a Poisson process on [0,7] x R, T" > 0, with mean measure the
Lebesgue measure L.

(I;)i>1 is a sequence of arrival times of a Poisson process with unit
arrival time.

(V;)i>1 is a sequence of i.i.d. random variables with uniform distribution
on [0, 7.

(7i)i>1 is a sequence of i.i.d. random variables with distribution P(v; =
1) =Py =-1)=1/2.
The three sequences (I';);>1, (V;)i>1, and (7;);>1 are assumed to be indepen-

dent.

The following process, that we shall call field-based multistable Lévy mo-
tion, is considered in [4]:

Lrp(t) = a0y 3" 109(X)Y<V20> @ eo,T)), (1)

a(t)
(X,Y)el

where Y <-Ve> .= gign(Y)|Y|~/*® and

C, = ( /0 e sin(:p)dx) o 2)

Note that, when a(t) equals the constant « for all ¢, Lrp is simply the
Poisson representation of a—stable Lévy motion. If one considers instead the
Fergusson-Klass-LePage representation of Lévy motion, then it is natural to
define Lrp as follows:

+oo
1/a(t o —1/a(t
Les(t) = a(®)Cyfs I TVO Y 0T 10 (V) (€ 0,T]). (3)
i=1
This is the approach of [6], where it is proven that (1) and (3) indeed
define the same process, and that the joint characteristic function of Lppg
equals:



1/04(%)

> 0,Lrp(t)) C
E (e = ) = exp —Q/M/O Ze D3y — ety Lo (@) | dy do

(4)
where m € N, (6,...,0,,) € R™, (t1,...,t,) € R™.

In [8, 10] another path is followed to define a multistable extension of Lévy
motion. Considering the characteristic function of a—stable Lévy motion L:

E(e"") = exp (—[0]%) ,

one defines the process Lj; by its joint characteristic function as follows:

(exp( Ze Lt )) = exp —/ "

ds . (5)
It is clear from this definition that L;; has independent increments (this is
why we call this version the independent increments multistable Lévy motion).
This is a strong difference with Lgg, which is not even a Markov process.
The construction based on multistable measures thus offers the advantage of
retaining some properties of the classical Lévy motion: obviously, increments
stationarity cannot hold anymore, but we still deal with an additive process.
This is not the case for the field-based Lévy motion. However, a drawback
of (5) is that, while Lrp coincides, at each fixed time, with a Lévy motion,
this is not true of Lj;.
The aim of this work is to elucidate the links between Lpp and L;;
(section 2), to prove that both processes are semimartingales and to give
semimartingales decompositions of these processes (section 3).

d

Z 05110.4,(s)

2 Series representations of independent incre-
ments multistable Lévy Motion

While three characterizations of Lpp are known, namely the Poisson and
Fergusson-Klass-LePage representations and its characteristic function, only

the latter is available for L;;. In this section, we provide the series represen-
tation of independent increments multistable Lévy motion.

2.1 Poisson series representation

Proposition 1. L;; admits the following representation in law fort € [0,T):

Li(t Z Cl/a(Xlot( X))y <-YeX)> (6)

(X,Y)ell



Proof. To simplify, we take a(t) = 1 in this proof. Call L the process on the
right hand side of (6). Proposition 4.2 in [4] entails that the series converges,
and that its marginal characteristic function reads:

E(ewL(t —exp< //sm < 96’0/ o(s) 14(s )|y|1/°‘(3)) dsdy),

(an integral sign without bounds means integration over the whole domain).

We first prove that this quantity is equal to exp (— fot |9|O‘(8)d5>. One com-
putes:

[ 25 (00K TGN Yy / (1= cos(8CHS M 10(s)ly1 ) dy

a(5)]0]*) Co) 110, (s )/%dz

|91[07t] (S> |a(s)’

where we have used the change of variables z = HC’;@(S)1[0,t](s)y*1/a(s) and

the fact that a ) .
— cos(z
a(s)/ 2|+ dz = Ca(s).

0L 1 a(s -
E(e®) = exp <—//251n2 (590;{5)( )1[07,5](3)3; 1/(1(5)) dsdy)
= €exXp <—/‘91[07t}<8)‘a(3)d8)
¢
= exp <—/ \G\Q(S)ds) .
0

The process defined by the series on the right hand side of (6) clearly has
independent increments. This fact and the above computation ensures that
it coincides in law with L;;.

]
2.2 Fergusson-Klass-Le Page series representation
To simplify the notation, we take T" = 1 in this section.
Proposition 2. L;; admits the following representation in law:
Lp(t) = a(t Z SRR WIS TS (7)



Proof. We set

again a(t) = 1. Let us first prove that the marginal character-

istic function of the right hand side Y of (7) is

Set

where my =

t
E(ez‘eY(t)) = exp (_/ |9|a(u)du> . (8)
0

f(X,mx) = Colzég()U)’yX_l/a(U)l(Ugt)

= (v,U). Using the Marking Theorem (see [3, p. 55]), since

P(y=1) =P(y = —1) = 1/2, one computes:

E(e—iGY(t)) _

exp (// 1 — e /@M dzP(x, dm))

—i 1/a(u) r—1/a(u
exp (//(1 _ o C Gy e )1(“<t>)deP(x,dm))
(_%/ / <(1 _ ez‘erl/a(ml(ugt)) 4 (1 _ e—iemﬂ/amn(ugn)) dxdu)
o Jo
00 ) iemfl/a(u)l(ugt) 7i91’71/a(u)1(u§t)
exp —/ / 1- ¢ +e dxdu
o Jo 2

exp (—/0 \9\a<“>du) (10)

where the passage from (9) to (10) follows along the same lines as in the
proof of Proposition 1. Now,

E (e 00 O-Y()) =

. 1/a(u) —1/a(u
exp (//(1 _ o WGy e )1(s<“§t)>d$P<x’dm))
_1 00 /oo ((1 B _1/0‘(“)1(s<u<t)) + (1 _ efl'@g;—l/oz(u)l(s<u§t)>) dl‘du>
2 0 0

i@m_l/a(u)l(s<u§t) 7i€m_1/a(u)1(5<“§t)
exp / / 1-— ¢ e drdu
0 0 2

/ / (1-— COS(@C;{:;)(U)]_(S<U§¢)ZL‘Ua(u)))dl‘du)
o Jo
[ hoomrons
0
t
exp (—/ |0|O‘(”)du) :

This entails independence of the increments and ends the proof. O



3 Multistable Lévy motions are semimartingales

3.1 Case of independent increments multistable Lévy
motion

Proposition 3. L;; is a semimartingale.

Proof. We use Theorem 4.14 in chapter II of [9]. Indeed, L;; is an in-
dependent increments process, and it suffices to verify that the function
t + E(e?®Y®) has finite variations on finite intervals for each 6. This is
obvious in view of (8). O

It is easy to check that the system of generating triplets (in the notation
of [12]) of L;s is (0,7,0), with v(dz,dz) = |z|7*®~'dzdz. If o ranges in
le,d] € (0,1), then L;; is a finite variation process, while if « ranges in
[c,d] C (1,2), then fol [ zlv(de, dz) = fol [ |27 *®dadz < oo, which
entails that L;; is a martingale. The proof is a simple adaptation of the
one for stable processes and is left to the reader. In general, the following
decomposition holds:

Proposition 4.
Li(t) = A(t) + M(t),

where
a(X —1/
Aty =a(t) > O 1 (X)y <>

(X,)Y)ell|Y|<1
s a finite variation process and

M) =alt) 3 O eV

(X Y)elL|Y[>1
s a martingale.

Proof. That A has finite variation is a direct consequence of the fact that it
is almost surely composed of a finite number of (jump) terms.
To prove that M is a martingale, it is sufficient to show that it is in L;(Q2) for

all t. Note that the jumps of M are bounded by K = sup;c(y 77 a(t) Supye(c g C’;/b.
As a consequence, with obvious notations,

t 0 t K t K
/ / |z|va(dx, dz) < / / |z|v(dx,dz) = 2/ / 2] 7*@dx dz < oo.
0 J1 0o J1 0 J1

This entails that, for all ¢, M (t) has finite mean (see, e.g. [12, Theorem 25.3].
U

Remarks



e A corresponding decomposition holds of course for the Fergusson-Klass-
LePage representation, i.e.:

L[[(t) = A/(t) + M/(t),

where

Z Cl/oc (Us) Z 1/04 U,)l( <

i=1,I';<1

has finite variation and

1/a(Us) —1/04(U,)
Z Cowr) vl Lw,<t)

i=1,T;>1
is a martingale.

e As is well-known, the decomposition above is not unique. Another
decomposition of interest is the following:

Lyp(t) = Mi(t) + Ai(t)
with
My(t) = a(t) Z c”““” I T
i=1,a(U;)>1

is a martingale and

A =alt) Y c;{g“ SB PRl
i=1,a(U;)< 3

is an adapted process with finite variations.

3.2 Case of field-based multistable Lévy motion

Lpp is not an independent increments process, and, contrarily to what its
definition might suggest at first sight, it is not a pure jump process (see
below for a more precise statement). Thus it is not immediately obvious
that it is indeed a semimartingale. We shall use the characterization of
semimartingales as “good integrators” (see, e.g. [2, 13|) to prove this fact.
More precisely, fix ¢ > 0 and consider simple predictable processes £ of the
form

§(u) = §oloy(u +Z§k‘1(3k7tk]



where 0 < s3 <t; < s9 <ty <..<s, <t,=t & € Fs, and [§| <1 as.
for all 0 < k < n. The integral of £ with respect to a process Y is:

Ir(€) =) &(Yi — Ys).

It is well known that Y is a semimartingale if and only if the family {1y (£), |£] <
1,¢ is a simple predictable process} is bounded in probability.

In fact, we shall establish the semimartingale property for a more general
class of processes defined through Ferguson-Klass-LePage representations as
follows:

X(t) = a()Cyy > O (1, vi), (11)
i=1

where the function f is such that, for all ¢, fOT |f(t,2)]*®) dx < oo, and give
conditions on the kernel f ensuring that X is a semimartingale.

Theorem 5. Let X be defined by (11), with o a C* function. Assume that X
15 a cadlag adapted process, and that there exists Lo, a positive constant such
that for all (t,x) € R x [0,T], |f(t,2)| < Le. Assume in addition that, for
all x € E, the function u — f(u,x) has finite variation on finite intervals,
with total variation V f(., x) verifying

/0 Vi, x)Pde < 400 (12)

for some p € (d,2). Then X is a semimartingale.

Proof. We will show that % is a semimartingale. Both processes t —
a a(t)

711‘1_1/ W and t — f (t,V1) have finite variation, thus the same holds for
t— vlfl_l/a(t)f(t, V1). We shall prove that Y (t) = > %I’i_l/a(t)f(t, Vi) is a
i=2

semimartingale.



One computes

[Y<£) = Z&f }/;k Sk
- Z&Z%( D70 f (1, Vi) = 700 f (51, 1))

_ ngz%( Z—l/a (tk) Fi_l/a(sk)) Fltw, Vi)

+> ¢ Z Vil (b, Vi) — fls0,V2)
k= =2
= A4+ B.

Let K > 0. We need to control P(|Iy(§)] > K).
For the term A, we shall use the mean value theorem: there exists a sequence
of random variables w¥ € (sy, t;) such that

(w f)

e

(log [;)T; /o)

>K>

(log I,)r; /o >) F (b Vi)

Ffl/a(tk) o Ffl/a(sk) — (tk‘ _ Sk‘)

3 3

One has

P ( Z&Z% (et e g, )

o (wy)
= P Z%ka (te — i) 22 (wh)
As in the proof of Proposition 4.9 of [7], we use Theorem 2 of [1] (note that
random variables w! are independent of the (v;);). Since p<2,

p
> K”)

k p

)
;%Z&(tk k) o2 (wh)

7

IN

(log I /ot ’) F(t Vi)




fjgkzm( 0 ) ()

(3

>K>

p

9 Oz(wf) 1/a(wh)
< E;E ’Yszk(tk—Sk (w)(logF)F )f(tkavi)
2 & i SUP e 1 ()] e ey )
< K (Z(tk — Sk) — ci |log I';[ (I'; / + 1 / )Loo
i—2 =1
Lot supgep g |’ (s)[\” <= Ve | pru/ay|?
< 2< b ) ZEHlogF v ]

where the infinite sum in the last line above converges since p > d. Let us
now consider the second term B of Iy () :
> K )

P( p

We use again Theorem 2 of [1] :

n —+o00
T Z%F;WW (f (b, Vi) = F(s,V2)

P (
k=1

—+00

n —+o00
T Z%r;”“““ (f (b, Vi) = F(s,V2)

Z%Zf I (f (1, Vi) = f (0, V)
=2

>K>

p

Z§ F Heon) tkv V;) - f(Sk, VZ))

1=2

1/c 1/d) |f(te, Vi) — f(sk, V;)|>

p
e 1/d\P
| A o ”d) (E | f(tr, Vi 5k>V)|>

INA
s
A \gP?

&5
/\

IN IA
N %‘1\3
NERANT:
& =
/\ /\ —
—I_ﬁ
,1
5

10



where, in the last line above, the first expectation is finite by assumption
(12) and the infinite sum converges converges because p > d.

We have thus shown that P(|Iy(§)| > K) < -5 for some constant C, as
required. O

Corollary 6. Assume o is a C' function. Then the field-based multistable
Lévy motion is a semimartingale.

The result above does not give a semimartingale decomposition of Lgg.
The following theorem does so. In addition, it elucidates the links between
the two multistable Lévy motions:

Theorem 7. Assume « is a C* function. Almost surely, for all t,
Lpp(t) = A(t) + L (t), (13)
where A is the finite variation process defined by:
o/ p-i/al)

At) = / tjﬁ%d< “"dti ><s>1[o,s[<w>ds. (14)

From a heuristic point of view, this result states that, at all jumps points,
both Lévy multistable motions vary by the same amount. “In-between”
jumps, however, L;; does not change (it is a pure jump process), while Lgpg
moves in a continuous fashion (and thus is not a pure jump process).

Proof. For the sake of notational simplicity, let:

_ ~1/a(®)
b(t) - Ca(t) ;

gz<t> _ Cl/a(t)r< 1/a

a(t) i

b@)r Lot )’

)

di(t) = gi(t) = V' ()T 0 + “;ii)ég) 1/t
e;(t) = b/ (t)i /o0 4 b(t)a'(t) .

We wish to prove that (again, we set a

+00 t +oo +0o0
1/a(t —1/a(t 1/« 1/«
OO N "0 oW1 (Vi) = /0 > Yigi(3) Lo (Vi)ds+Y_ wCapy T Ve (V7).
=1 =1 ]

Let

Z’YZ i 1[03[ )

11



and

Finally, write:

and
+o00
= miei(s) 1. (Vi).
=1

The function s — 7;d;(s)1js((V;) is continuous and differentiable on (V;,1),
and vanishes on [0, V;].

Choose A € R such that V¢t € (0,1), [V'(t)| < A, | a?(lz(t | < Aand |d/(t)| <
A.

Case d < 1:

Fix 1 > d > d and iy € N such that, for ¢ > 1, (1;}31') < 21% Then, for all
s € [07 1] andp > Po;

1 (1+1In3)
D riei(s) (Vi) < ZA a
i=p

q
1
< ;Aﬁ
< . !
=t
i=p
< Aplfl/cf.

The uniform Cauchy criterion entails that Ey(s) converges uniformly on [0, 1]

to E(s).
Case d > 1:
Set
20+l 1
= > viei(s)1p (V)
=27

12



and b(j) = W\/Q_ﬂ . Consider
{ ,A(1+(j+1)1n2)\@}

sup |E7(s)| < HE

s€[0,1]

E@) =

= { sup |Ei(s)] < b(])}

s€[0,1]

Fix d > d > 1 and iy € N such that, for i > i, (H;?/?lm < ﬁ Let
[279]—1 )
) s ke ((s).

8> 3+ ¢~ j Define the step function a;(s) = 3. o

For all s € [0, 1],

[279]—1
|aj(s) —a(s)] = Z Jor( [— )~ a1 g s (s)
< A
- 2]
and thus
a(5) — a(s)] < o=
sup |a;(s) — < —.
s€[0,1] ! [2J5]
Set
2+l 2]+1_1
=d(s) Y i V1 (Vi) Z Y (Ind) 1y 4 (Vi)
=27 =27
Then,
2i+1_1
j _ — 4 —1/a(s) _ ;—1/a;(s) g
El(s) = EL(s) = a'(s) > i i) 1,4(Vi)
=27
2011
_ Z'*l/aj(S)) 1[0,5[(%‘)-

L als)(s) S (i) (i

) 2

The finite increments theorem entails that there exists a'(s) € [a;(s), a(s)]

(or in [a(s), a;(s)]) such that

, A lnz ’
El(s) = B} (s) = d(s)(a(s) —a(s Z e el (V) +
=27

aE)S) (1 5) — ay(s)) Z_ v <$23>2z’”C“"S)lm,s[(%)a

()

13



and thus

‘ ' A2 21'+1—11 (14 Ini
EL) - B0 < o 3 i
1=2J
A P
< — —
T [ i
< A%
= [299]d? d/d

Choose Jy € N such that, for all 7 > Jy,

sup [Ei(s)— B (s)] < 290,

s€[0,1] T

Then, for 7 > Jy,

[\
2]
S
+
wn
o
Lo]
&=
e
V
S
S
N——

Denote A’ the set of possible values of ;. Then Card(A’) = [2/9]. For each

random drawing of the (V;);, Egj(s) is composed of a sum of n terms of the

—l/ao
i

form ~;l where oy € A’. There are 2/ possible values for n, and [279]

14



possible values for ay. One thus has the following estimates:

_ ' b
P(E() < P<sup B2 (s)] > %)
s€[0,1]
< PluU s Vv, Vi V —1/ag b( \
< hodyyef2i 2tV < Vi, <o <V p N {sup sup|nyl | > —2~
Q/OEAJ k= )
a b(j
< > P<{V11<Vzg< < Vi }n{ sup Sup|Z%lll/°| (2)}>
U ool €[2,20H1 1] ap€AT k=
1/ao b(])
< Z IP’(V}1<V12<...<V21)IP’ sup sup|Z%ll | > )
Uyl €[29,2041 1] ap€ A7 k=
k .
1 27 —1/a0 b(])
< Z . (2J>|]P> (UO!OE.Aj Uk:l ‘nylzll ‘ > T
l1,..., l2jeﬂ21,2~7+171}] =1
_1 1/ao b( )
= (2)! Z > ZP ‘Z’Uz | > ==
ey €]29,20F1 1] age AT k=1
1 2
Cop Y Y
el €]29,20F1 1] age AT k=1
< 2.29[20e7 7w,

where Stute’s lemma [14] was used in the end. As a consequence,

J

P (lim.infE(j)) = 1.

Let now p € N, and set j, = [{2£]. Define

2ipt+l_1
EgP(s) = viei(8)1p,s((Vi),
and
2iptl_q ( ) )2J'p+1 1
a(s)a'(s
Eg?f() a(s) ~ 1/oup(8)1[ (Vi)+ 2(5) i~ Y 8)(1n2)1[os[(V)
As above
A
sup |, (s) — afls < —
sl () — (o)l <



and

A2 odp+1_1

[EP(s) — ER2(s)| < TP ;L i
A2 2ipt+l_1
A2 2Jp

Fix py € N such that for all p > py,

b
sup sup |EMP(s) — EIVP(s)] < Up)

Osz 2

me[29p 2ir+1 1] s€(0,1]
and consider

E(p) = { sup sup |E,"P(s)| < b(jp)

me[27p 2ip+1_1] s€(0,1]

For p > po,

P <m) < P ( sup sup \Eg;pp(sﬂ > ===

me[[29p ,27pt1 1] s€[0,1]

b
< Z P(sup |Emp(s)| > =2
mef2iv 2pt1-1)  \*€01]
2
< > 2.9 [gini]e~ %
me[2ip 20+l 1]
-2
S 2.22jp[2jp5]6—%.

As a consequence,
P (lim infE(p)) =1.
p
Reasoning along the same lines and setting
Eq(s) = Z viei(s)Lo,s((Va),
i=27a

16

)

} |



and

E(q) = { sup sup |EG(s)] < b(jq)},

me[29a,29a+1 1] s€[0,1]

one gets
P <liminf E(q)) =1
q

Finally, let p,q € N, with ¢ > p: for all s € [0, 1],

2ip+l_1 Jq—1 20+l q
|Eq(s) — Ep(s)| = Z viei(s)Lo,s((Vi Z Z vi€i($)1po,s (Vi) + Z viei(s)1o,s(Vi)
i=p J=iptl =27 i=274
Jq—1
< Z b(j) + b(jy)
J=jp+1
+o0
< 26(j,) + Y b(j)
J=Jp

Again, the uniform Cauchy criterion entails that Ex(s) converges uniformly
on [0,1] to E(s).
Convergence of the difference term:

q
Let ¢ > p and denote R, ,(s) = > vi(di(s) — ei(s))l[o,s[(\/;).

Fix py such that, for all p > py, B

q
Rpq(s) = 7ildi(s) — €i(s))Lo,s[(Vi) 11 criy
i=p
One computes
q
Rp#](‘s) S Z ‘dl<s) - ei(‘s)‘lég%gg
i=p
q
< —1/aft —1/a(t) 1/af(t) 1/a(t)
< AZ|Z |1%§7'§ +AZ|Z Ini —T'; In I’|1% <Ticy
- i
Ing Inl; T
— (== 1/0‘(t 1/a(t)
= Azzl/d” et +Azzl/d mi ) Mo
(1+1nq) Z-
< AKCdZ i1/d » _1"
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- converges almost surely. The uniform Cauchy

The series 3¢ T
5

criterion thus applies to the effect that Dy (s) — En(s) converges uniformly.
As a consequence, Dy(s) converges uniformly to D(s).
Thus, almost surely,

t +oo
Nlirfoo DN ds—/ D(s ds—/o ;%gé(S)l[ms[(Vé)d&

Besides,

/Ot Dn(s)ds = Z%‘ /Otgé( 5)1jo,5(Vi)ds

= Z%‘ (gi(t) — g:(V3)) 110,9(Vi)
- Z%gz Z%gz f (V3)

which entails finally that

t
lim [ Dn(s dS—Z%gz )1o.(V; Z%gz )10,(Vi).

N—+o0o 0 1
i=

This is (13).
That A has finite variation follows from the fact that it is an absolutely
continuous function. 0
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