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Asymptotic enumeration of Eulerian orientations
for graphs with strong mixing properties

M.I. Isaev

Abstract

We prove an asymptotic formula for the number of Eulerian orienta-
tions for graphs with strong mixing properties and with vertices having
even degrees. The exact value is determined up to the multiplicative error
O(n~'"¢), where n is the number of vertices.

1 Introduction

An Eulerian orientation of the graph G is an orientation of its edges such that
for every vertex the number of incoming edges and outgoing edges are equal.
We denote EO(G) the number of Eulerian orientations of graph G. It is easy
clear that FO(G) = 0, if the degree of at least one vertex of G is odd. An
Eulerian orientation of the complete graph K, is called regular tournament.

The problem of counting the number of Eulerian orientations of an undi-
rected simple graph (i.e. graph without loops and multiple edges) is complete
for the class #P. Thus this problem is difficult in terms of complexity theory.
We recall also that this problem can be reduced to counting perfect matching
for some class of bipartite graphs for which it can be done approximately with
high probability in polynomial time, see [8].

In addition, for the case of loopless 2d-regular graph G with n vertices the
following estimates hold, see [6], [12]:

g1 (M) < FO(G) < ((Qd)’ )/ (L1)

d! d!-d!

An improvement of the upper bound for the regular graph case and some addi-
tional studies in this direction were fulfilled in [7].

Even for a complete graph K, the exact expression of the number of Eulerian
orientations is unknown and only the asymptotic formula was obtained (see [10]):
for odd n — oo

2n+1

FO(K,) = ( )(nl)/2 nl/2e-1/2 (1 + O(n—1/2+5)) (1.2)

™

for any fixed € > 0.



In [2] the approach of [10] was generalized. In particular, the asymptotic
behaviour of the number of Fulerian orienations was determined for graphs
with large algebraic connectivity. This class of graphs we mean as the class of
graphs having strong mixing properties and it can be also defined as the class
of graphs having large Cheeger constant (isoperimetric number) or sufficiently
large spectral gap from 1 for the second largest eigenvalue of the transition
probability matrix of the random walk on the graph and large degree of each
vertex. The equivalence of these definitions was proved, for example, in [3].

In the present work we continue studies of [2], [3], [10]. We prove the asymp-
totic formula for the number of Eulerian orientations of graphs having strong
mixing properties. This result is presented in detail in Section 2 of the present
work and was given for the first time, but without proof, in [3].

Actually, the estimation of the number of Eulerian orientations was reduced
in [2] to estimating of an n-dimensional integral which is close to Gaussian-type.
In Sections 3, 5, 6 we develop an approach for estimating of integrals of such a
type.

We note also that in [1] the asymptotic behaviour of the number of Eulerian
circuits was determined for graphs having strong mixing properties. Apparently,
proceeding from the results of [1] and the estimates of the present work, it is
possible to prove the asymptotic formula for the number of Eulerian circuits
given in [3]. In a subsequent paper we plan to develop this approach.

2 Main result

Let G be an undirected simple graph with vertex set VG and edge set EG. We
define n x n matrix @ by

-1, {vj,u} € EG,
Qjk = dj, j=k, (2.1)
0, otherwise,

where n = |V G| and d; denotes the degree of v; € VG. The matrix Q = Q(G)
is called the Laplacian matrix of the graph G. The eigenvalues \; < Ay < ... <
Apn of the matrix @ are always non-negative real numbers and A\; = 0. The
eigenvalue Ay = A3(G) is called the algebraic connectivity of the graph G. In
addition the following inequalities hold:

2mind; —n+2 < Ay < —— mind,. (2.2)
J n—1 3
For more information on the spectral properties of graphs see, for example, [4]

and [11].
According to the Kirchhoff Matrix-Tree-Theorem, see [5], we have that

1
tG) = —A2Az -+ Ay = det My, (2.3)
n



where t(G) denotes the number of spanning trees of the graph G and M results
from deleting the first row and the first column of Q.
We call the graph G as y-mixing graph, v > 0, if

the algebraic connectivity Ay = A2(G) > ~|VG|. (2.4)
In addition, we recall that (see, [3]):

e The class of y-mixing graphs can be also defined as the class of graphs hav-
ing sufficiently large Cheeger constant (isoperimetric number) or spectral
gap from 1 for the second largest eigenvalue of the transition probability
matrix of the random walk on the graph and sufficiently large degree of
each vertex.

e Almost all graphs (asymptotically, in some probabilistic sense) are ~-
mixing.

The main result of the present work is the following theorem.

Theorem 2.1. Let G be an undirected simple graph with n vertices vi,va,...,Un
having even degrees. Let G satisfy (2.4) for some v > 0. Then

n—1 n—1 1
EO(G) = (1+6(Q)) | 2/FCI+" 7 =5 Py |,
{vj, v, }€EG (25)
P11 1 1

A(d;+ 12 2(d;+1)(de +1)  4(dy +1)2’

where d; denotes the degree of vertex v;, t(G) denotes the number of spanning
trees of the graph G and for any e > 0

6(G)] < On~1Fe, (2.6)
where constant C' > 0 depends only on v and €.

Proof of Theorem 2.1 is given in Section 4. This proof is based on results
presented in Section 3.

Remark 2.1. For the complete graph Mo(K,) = n, EK, = "(nfl), t(K,) =

nn—Q’

{vj, v }€EK, (27)
_ (eln(l—n%)) 2 = e V2 L0,

The result of Theorem 2.1 for this case improve the error estimate in (1.2).



3 Asymptotic estimates of an integral

We fix constants a,b,e > 0. In this section we use notation f = O(g) meaning
that |f| < ¢|g| for some ¢ > 0 depending only on a,b and ¢.
Let p > 1 be a real number and & € R™. Let

1/p

12, = (D _l=l” ] - (3.1)
j=1

For p = oo we have the maximum norm

%], = mjax|xj|. (3.2)

The matrix norm corresponding to the p-norm for vectors is

One can show that for symmetric matrix A and p > 1
IAll, > 1Al - (3.4)
For invertible matrices one can define the condition number
ip(4) = Al - A7, > 447" = 1. (3.5)
Let I be identity n x n matrix and A = I + X be such a matrix that:
A is positive definite symmetric matrix,
[ Xje| <a/n, Xj;=0, A7z <b.
Note that
14707 < 14l < [ Alle = |4l = max Y |As] = 0. (3.7)
k=1

We recall that (see Lemma 3.2 of [2] ), under assumptions (3.6),

poo(A) = p1(A) = O(pa(A)). (3.8)

Using (3.4), (3.6), (3.7) and (3.8), it is not difficult to prove the following propo-
sition.

Proposition 3.1. Let A satisfy (3.6). Then

A oo = IA7Hl1 = O(1), (3.9)
Xl = O™, (3.10)

where
X =A"1-I1=A4"11-4)=-A""X. (3.11)



We use the following notation:

<g>ro= /g(é)eF<§>d§, (3.12)
Q
For r > 0 let
<g >F,T:< g >F,Un,(rn5)7 (313)
where
Un(p) = {(01,02,...,0,) e R" : |0;|<pforalj=1...n} (3.14)
Let . . .
F(0) = -0 AG + R(0), (3.15)
where A satisfy (3.6). We consider the following assumptions on function R:
o 0TA0
R(0) <1 ; (3.16)
n
OR(0 )3
O <, 1ol (3.17)
00 n

For R = 0 we denote < g >o=< g >fn, < g >=< g >y < g >=<
g >4too-
Proposition 3.2. Let Q C R™ be such that U, (rin®) C Q C U, (ran) for some

ro > 11 > 0. Let A satisfy (3.6) and assumptions (3.16), (3.17) hold for some
c1,c9 > 0. Then

<1>g= (140 (exp(—c3n*))) <1 >, (3.18)
<1>pa=0(<1>), (3.19)

3
<0} >pa= T <1>ro +O(n ) < 1> (3.20)

and, for k #1:

<00} >pa=0n"11") < 1>, (3.21)

1
< 0307 >po= 1 <1>ro +O(n717) < 1>, (3.22)

where F' is defined by (3.15) and ¢s = c3(r1,72,¢1,¢2,a,b,€) > 0.

Proof of Proposition 3.2 is given in Section 5.



4 Proof of Theorem 2.1

The Laplacian matrix @ of the graph G has the eigenvector [1,1,..., 1]7, cor-
responding to the eigenvalue Ay = 0. Let @ = @ + J, where J denotes the
matrix with every entry 1. Note that Q and @ have the same set of eigenvec-

tors and eigenvalues, except for the eigenvalue corresponding to the eigenvector
[1,1,...,1]T, which equals 0 for Q and n for Q). Using (2.3), we find that

1 detQ
tHG) = =XaAs - Ay = . 4.1
(G) = ~A2As 3 (4.1)
Using (3.4), we get that
)\n=||Q||2§||Q||2§||Q||1=m?XZ|ij|=n- (4.2)
k=1
Then, we find that
A 1 1
Hp=— < —. 4.3
107 =5 < = (43)
Using (2.2), we get that
-1
n—1>d; > d—= >(n-1). (4.4)

We recall that under assumtions of Theorem 2.1 (see, Proposition 6.1 of [2])

EO(G) = (1+ O (n116)) 2l ECI=1/ 2 =nt1/2), 1y, (4.5)
where
Int = / exp ! ?Qg— 1 Z Al dg
2 12 Ll (4.6)
Un (n—1/2+¢) {vj, v }EEG :
A =& — &
Let
0 =/ (dk + 1)/2619- (4.7)
Then
A 404 i 4620, 6 46202 -
R di+ 12 T (dy +1)32(di +1)V2 T (dy 4+ 1)(dy + 1) (4.8)
B 4630, N 46} '
(de + 1)372(d; + )12 " (d + 1)2°
1 P =d —
—5E7QE= 0" A7, (4.9)

[=p}



where )
A = Qir. 4.10
Y ey ey (410

For a subset © of EG let

- 1
Re(0) = 33 § Ay (4.11)
{vj, v, }€OCEG

Using (4.3), (4.4), (4.8) it is not difficult to find that the assumptions of Propo-
sition 3.2 for . .
Q={0eR":cU,(n V/?*)} (4.12)

and

— —

F(0) = Fo(0) = —0T Af + Ro(0) (4.13)

hold with constants 71,72, c1, ¢2,a,b depending only on ~.
Using (3.20), (3.21), (3.22) and (4.8), we get that

<A > <§ 2,8 . 432 ><1> +
sk TFeOT A 4+ 12 T 4(dy+ D(de+1) | 4(dy +1)2 fo
+O(n™3) < 1> .
(4.14)
Using (3.19), we get that
< e T > 0= P <1 >pp0 +0(n3H70) < 1>, (4.15)
where
1 1 1
Pijp=1- — — . 4.16
o A(d; +1)2 2(d; + 1) (dr + 1) 4(dy, + 1)2 (4.16)
Note that 1
- <Pp<l. (4.17)

—

Using (3.19), (4.15), we can gradually remove all the edges in Rg () and obtain
that

<1>ppe.0= H P <1>q +0(n 1) <1 > . (4.18)
{Ujavk}eEG

Combining (3.18) and (4.18), we get that

<1>pue0= [I Pr+tom™™))<1>. (4.19)
{vj, v }€EG



Then
m— [ en (58065 X ah|d-
2 12 ik
Up(n—1/2+e) {vj,vx}€EG

= / exp (—9_714674- REG(_’)) dé =

Un(n71/2+a)

(4.20)
= ( H P, + O(n1+7€)) /exp (—éTAg) dg:
(vj,vr)EEG Rn
n/
(14+0(n=117")) 7 II P
\/ det Q {vj, v }€EG
Combining (4.1), (4.5), (4.20), we obtain (2.5).
5 Proof of Proposition 3.2
Let L . . - .
o(0) = (61(0), 92(0), ..., dn(0)) = Af. (5.1)
According to (3.6), A =1+ X, X;; =0, and so for some 91(5) =g1(02,...,0,)

0" AG = ¢3(0) + g1(0). (5.2)

Note that for r >0, s > 0

Y Y 0T A0 ;7
<14l > :/Hon;e a7 =
]Rn

+o00 +oo too
_ / / o= 91(02,...,0n) (/ |9"||ioe—¢1(9)2d91) dbs . ..do, (5.3)
= (14 O (exp(—can™))) / 16156~ Aad,

|1 (6)| <rn1/2+e

where ¢4 = ¢4(r,e,s) > 0. Combining similar expressions for ¢1, @2, ... d,, we
get that

[ 10e %8 = (140 (exp(-can®))) <[l > (5.9
||6(8)]] oo <rnl/2te

where ¢5 = ¢5(r,¢,$) > 0. Combining (3.9), (5.1) and (5.4) with s = 0, we
obtain (3.18).



Using (3.16), we find that

| <1>p0l< /|eF<9>|d9 </ SITATELITAT GG _ O(< 15). (5.5)

Rn

In order to prove (3.20) - (3.22) we use the following two lemmas. The proofs
of them are given in Section 6.

Lemma 5.1. Let Q C R™ be such that U,(rin®) C Q C Up(ran®) for some
re > r1 > 0. Let A satisfy (3.6) and assumptions (3.16) and (3 17) hold.
Let P = P(z) = O(|z|*) for some fized s > 0. Then for any T(8), |T(6)| <

P(0]]oc) :

—

T(0) >rpm\0= O (exp(—cgn™)) <1 >, (5.6)

and for any T(0) = T (01, Op1, 0011, 0n), T(0) < P(||0]]0):
oo 1 -
< ()T (0) > o= (5 ”46)) <T(0) >pa +0 (exp(—cen®)) < 1>,
(5.7)
S 3 - o
< GH(OT(0) >Fpo= (Z + O( _1+4E)) <T(0) >0 +0 (exp(—cen™)) < 1>,
(5.8)

~ =

< ¢r(6 ) (9) >po= 00" < T(0) >pq +0 (exp(—06n25)) <1>, (5.9)
< ROT(0) >ra=O0(n~7%) < T(0) >ra +0 (exp(—cen™)) < 1>, (5.10)

where function F is defined by (3.15), vector (5(5) is defined by (5.1) and con-
stant cg = cg(r1,72,C1,C2,a,b,, P) > 0.

Lemma 5.2. Let assumptions of Lemma 5.1 hold. Let s1,82,...,8, € NU{0},

M(Z) = x5t -,
() 1 n (5.11)
S=81+...4+ 8p.

Let
sp =0 and [{j:s; #0} <3. (5.12)
Then B o
< o OM(H(0)) >po= O~ 1HE+He) <1 > (5.13)

Using (3.10), we find that
0p = ¢ + @ ¢, ||@llec = O(nY). (5.14)

Combining (5.5), Lemma 5.1 and Lemma 5.2, we obtain that:

<5k(9) >FQ O Z<¢] >F,Q+ Z |<¢J1 )¢Jz( )>FQ| =
J1#£7j2

=(O0m H+0Mn ) <1>=0mn"") <1>,

(5.15)



<6e(0)' >p0 =0 < ¢i(0) >pa +
J

+0(n™) > <5, (0)°65,(0) >pa +
J1#j2
+0(n™) > | < 65, (0)65,(0) >pa |+
J1#3j2
+0(n™) Y < ¢, (0)¢5,(0)05,(0)° >pa |+
J1#J2#53
+0(m™) > 1< 85, (0)05,(0)5,(0)¢5,(0) >pa | =
J1#J2#I3F# 4
— (O(n73)+0(n72+45) + O(n73+7s) + O(n72+7s) + O(n71+75)) <1>=
=0(n ') <1 >,

(5.16)
where . .
6,(0) = Ok — d1(0). (5.17)
According to (3.6), we have that
6k(0) = 61(01,. .., 0p—1,0k41,....00) (5.18)

Using (5.5), (5.15), (5.16), (5.18) and Lemma 5.1, we obtain that:

< op(0)04(0)° >po= O(n~17%) < §,(0)° >po +O (exp(—cen®)) < 1 >=
=0(n ") <1 >,
(5.19)
o R 1 o
< ¢k(9)25k(9)2 >FQ= (5 + O(n1+4€)> < 5k(9)2 >F.Q +

+0 (exp(—cen®?)) < 1 >= (5.20)

=0 ') <1 >,

— —

< 61(0)%61(0) >pa= O(n~1+%) < 6.(8) >ra +0 (exp(—cen®)) <1 >=

=O0(n ) < 1>,
(5.21)
< 0f >pa=< (¢x(0) + 61 (0))* >rao=< ¢x(0)* >rq +O(n"17) <1 >=

3
= 1 <1l>frq +O(n71+76) <1l>.
(5.22)

10



In a similar way as in (5.15), (5.16), we find that

< 0k(0)%07 >pa =0 Z<¢; 07 >ra +

72 Z |<¢]1 ¢J2( >9l >FQ|*

N1#3j2
= (O™ ") + 017 <1>=0(n""17) <1 >,
(5.23)
<6k(0)0} >pa=0n"")>_ < ¢;(0)0] >ra +0(n™") < ¢i(0)6] >ra=
J#l
= (0O +0(n~ 1)) <1>=0(n" ") <1 >.
(5.24)

Using (5.5), (5.18), (5.23), (5.24) and Lemma 5.1, we obtain that:

—

< ¢k(9) k( )9 >p Q= O(n71+4€) < Ok (0 )91 >pao +0 (eXp( 66n2€)) <1l>=

=0(n 1) <1 >,
(5.25)
< 060} >ra=< (6x(0) + 0x(0)0} >po= O ") < 1>, (5.26)

< 0307 >pa=< (¢r(0) + 0x(0))? el >pa=< ¢p(0)20} >po +0(n~1H7¢) < 1 >=

= 5 < ¢i(6) + 61(60))? >p0 +0(n 7Y < 1 >=

1
=7 <1>ro +O0(n~ ) < 1>
(5.27)
6 Proofs of Lemma 5.1 and Lemma 5.2
Let ~
%) = (61,...,01-1,0,0k11,...,00). (6.1)

Proof of Lemma 5.1. Using (3.9), (5.1) and (5.4), we find that

| < T >pmg | < / P(0)5)e™"" 4948 = O (exp(—cen™)) <1>. (6.2)
R™\Q

For simplicity, let &k = 1. Using (6.2), we get that

< P OVT(0) >po= / O (OVT (s, . .., 0,)e 0 ATTR®) g —

= / $3(6)T (62, -,9n)€7éTAﬂ+R(§)dé’+ O (exp(—cgn™)) < 1>, (6.3)
U, (ran®)
p=1,2,34.

11



—

where we let R(6) = 0 for § € R™\ Q. Using (3.17), find that for 6 € U, (ryn®)
R(0) — R(V) = O(n~1119). (6.4)
Using (5.2), we get that

—

(T (0, ... ,Gn)e_WA§+R(§)d§+ O (exp(—cgn™)) <1 >=

Uy, (ran®)

(6.5)

—ron® —ronf®

€

T2M
/ e 1O FRO-RED) gg. | q0, . d,,
—T2nE

p=1,23 4.

Combining (3.9) and (6.4), we find that

€

Tomn
/ ¢1fe—¢>1(5)2+R(§)—R(§<1>)d91 _
7’)“27’7,5

+o00 i
b (8)2 —¢1(0)°

_ / e @’ g, + O (exp(—cn®)) / et g
|p1(8)|<rgne

p:1’2)3’4)

where ¢7 = ¢7(re,¢1,c2,a,b,e) > 0, r3 = r3(ra, 1, ¢2,0a,b,e) > 0.
For p = 2,4, we have that:

—+o0 —+o0
/ aﬁe—mfdel:% / e g,

— 00

+oo +oo
/ ¢%e—¢1@2d91=% / e g,

— 00

12



+oo
[ dhe @ (oRO-mE) 1Y g, = oty [ gpe g, =

|¢1(8)|<rgne

+oo
= O(n~111) / e_¢1(§)2d91
p=24.
(6.8)
Combining (6.2)-(6.8), we obtain (5.7) and (5.8).
For p = 1, 3, we have that:
—+o0
/ e 1 O7dp, =0 (6.9)
/ ghe @ (RO-RO™) _1) o, =
l¢1(8)|<rsne
A T
0<¢1(0)<rgne
- / |Gy |Pe= 1@’ (eR(g)’R((;(l)) - 1) do, =
ran® <¢1(6)<0
+oo
= O0(n~1"1) / [¢1[Pe= 1D dfy = O(n~1+4) / ey,
$120 —o0
p=1,3.
(6.10)
Combining (6.2)-(6.6), (6.9), (6.10), we obtain (5.7) and (5.8). |
Proof of Lemma 5.2. Let T(_') satisfy
TO)] = O(ll0]%),
(6.11)

T(0 .
T () =0 %) sup|T(0)|, 0.
ol feq
Combining (5.9) and (6.11), we get that
< S (DT (6) >pa=< dr(O)T ) >pq + < dp(@)(T(0) — T(EP) > p o=

=< ¢r(O)T(O™) >pa +O(n~' %) < sup [¢x6,T(6)] >r0=
0eQ

= O(n~'*) < sup |T(0)| >0 +O (exp(—cen™)) < 1> .
de
(6.12)

13



Using (3.6), we find that for § € Q

- = - =

aM(¢(9)) _ O(n(s—l)a) Z a¢]( ) _ O(n—l—s)sup|M((g(_’))|' (613)

05 [y O Py
Combining (5.5) and(6.12), we obtain (5.13) |
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