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Abstract A new iterative algorithm for solving initial data inverse problems from
partial observations has been recently proposed in Ramdani, Tucsnak and Weiss [24].
Based on the concept of observers (also called Luenberger observers), this algorithm
covers a large class of abstract evolution PDE’s. In this paper, we are concerned with the
convergence analysis of this algorithm. More precisely, we provide a complete numerical
analysis for semi-discrete (in space) and fully discrete approximations derived using
finite elements in space and an implicit Euler method in time. The analysis is carried
out for abstract Schrédinger and wave conservative systems with bounded observation
(locally distributed).
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1 Introduction

The goal of this paper is to present a convergence analysis for the iterative algorithm
recently proposed in Ramdani, Tucsnak and Weiss [24] for solving initial state inverse
problems from measurements over a time interval. This algorithm is based on the
use back and forth in time of observers (sometimes called Luenberger observers or
Kalman observers; see for instance Curtain and Zwart [6]). Inspired by the works of
Mathias Fink on time reversal [9,10], Phung and Zhang [22] used this algorithm in
the particular case of the Kirchhoff plate equation with distributed observation, while
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Ito, Ramdani and Weiss [15] considered more general evolution PDE’s with locally
distributed observation. Let us mention also Auroux and Blum [1] who implemented
a similar algorithm in the context of data assimilation. More generally, during the
last decade, observers have been designed for linear and nonlinear infinite-dimensional
systems in many works, among which we can mention for instance Deguenon, Sallet
and Xu [8], Guo and Guo [13], Guo and Shao [14] in the context of wave-type systems,
Lasiecka and Triggiani [19], Smyshlyaev and Krstic [26] for parabolic systems and
Krstic, Magnis and Vazquez [17] for the non linear viscous Burgers equation.

Let us first briefly describe the principle of the reconstruction method proposed
in [24] in the simplified context of skew-adjoint generators and bounded observation
operator. We will always work under these assumptions throughout the paper. Given
two Hilbert spaces X and Y (called state and output spaces respectively), let A :
D (A) — X be skew-adjoint operator generating a Cp-group T of isometries on X and
let C € L(X,Y) be a bounded observation operator. Consider the infinite dimensional
linear system given by

Az(t), Vt=0,

Ca(), Ve [0,7). (1.1)
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where z is the state and y the output function (throughout the paper, the dot symbol is
used to denote the time derivative). Such systems are often used as models of vibrating
systems (e.g., the wave equation, the beam equation,...), electromagnetic phenomena
(Maxwell’s equations) or in quantum mechanics (Schrodinger’s equation).

Fig. 1 An initial data inverse problem for evolution PDE’s : How to reconstruct the initial
state (light grey) for a PDE set on a domain (2 from partial observation on O x [0, 7] (dark
grey)?

The inverse problem considered here is to reconstruct the initial state zg = z(0)
of system (1.1) knowing (the observation) y(t) on the time interval [0,7] (see Fig.
1). Such inverse problems arise in many applications, like thermoacoustic tomography
Kuchment and Kunyansky [18] or data assimilation Puel [23]. To solve this inverse
problem, we assume here that it is well-posed, i.e. that (A4, C) is exactly observable in



time 7 > 0, i.e. that there exists k- > 0 such that
/ ly@I2de > K20, ¥ 20 € D(A).
0

For instance, in the case of the wave equation on a bounded domain 2, this inequality
holds provided we observe the state on O x (0,7) where O C {2 and 7 are chosen such
that the geometric optics condition of Bardos, Lebeau and Rauch [2] holds. For similar
results related to other equations, see for instance Burq [3], Burq and Lebeau [4] and
Jaffard [16] and the monograph of Lions [20].

Following Liu [21, Theorem 2.3.], we know that AT = A — C*C (respectively
A™ = —A — C*C) generate an exponentially stable Cg-semigroup T (respectively
T™) on X. Then, we introduce the following initial and final Cauchy problems, called
respectively forward and backward observers of (1.1)

{jig?) ::I(L)lfﬁ(t) +C7y(t), Vtelo,7], (1.2)
(Foeruca went oy

Note that the states 2T and 2z~ of the forward and backward observers are completely
determined by the knowledge of the output y. If we set Ly = T- T}, then by [24,
Proposition 3.7], we have 1 := [|Lr||z(x) < 1 and by [24, Proposition 3.3], the following
remarkable relation holds true

20 = (I —Ls;)" 127 (0). (1.4)

In particular, one can invert the operator (I — L) using a Neumann series and get the
following expression for the initial state

20 =Y LEz(0). (1.5)
n=0

Thus, at least theoretically, the reconstruction of the initial state is given by the above
formula. Note that the computation of the first term in the above sum requires to solve
the two non-homogeneous systems (1.2) and (1.3), while the terms for n > 1 involve
the resolution of the two homogeneous systems associated with (1.2) and (1.3) (i.e. for
y = 0). In practice, the reconstruction procedure requires the discretization of these two
systems and the truncation of the infinite sum in (1.5) to keep only a finite number
of back and forth iterations. For instance, if we consider a space semi-discretization
corresponding to a mesh size h (typically a finite element approximation), one can
only compute

Np,
200 = ) Lirz, (0), (16)
n=0

where

- Ly, = T;’T’]I‘;;T, where T,j;T € L£(X) are suitable space discretizations of T3,

— 2;,(0) € X}, is an approximation of 2™ (0) in a suitable finite dimensional subspace
Xh of X,

— Ny, is a suitable truncation parameter.



Similarly, if a full discretization described by a mesh size h and a time step At is
considered, one can compute

Nh, At

0
20, h,At = Z Lh At K (Zﬁ) . (1.7)
n=0

where

— Lpatx = T}:,At,KTZ,At,K’ where TiAt,K are suitable space and time discretiza-
tions of Tﬁ:,
(] . . . —
— (zh ) € X}, is an approximation of 2z~ (0),
— Nj, A is a suitable truncation parameter.

For the sake of clarity, the precise definition of the spaces and discretizations used will
be given later in the paper.

Our objective in this work is to present a convergence analysis of zy ;, and zg ; At
towards zg. A particular attention will be devoted to the optimal choice of the trun-
cation parameters Ny, and Nj s, for given discretization parameters (mesh size h and
time step At). Let us emphasize that our error estimates (see (2.8), (2.27), (3.15) and
(3.25)) provide in particular an upper bound for the maximum admissible noise under
which convergence of the algorithm is guaranteed. As usually in approximation error
theory of PDE’s, some regularity assumptions are needed to obtain our error estimates.
Namely, our result allows us to reconstruct only initial data contained in some subspace
of X (namely D (A2)).

Let us emphasize that similar error estimates have been recently obtained by
Cindea, Micu and Tucsnak [5] in the context of control problems. Using Russel’s
“stabilizability implies controllability” principle, the authors derived a new approx-
imation method of exact controls for second order wave type systems with bounded
input operator. The convergence analysis is carried out in the case of a Galerkin type
semi-discretization.

Let us now make some comments on the type of observation for which we have
been able to prove convergence results. First of all, we assume throughout the paper
that C' € £(X,Y) is a bounded observation operator (locally distributed observation).
This assumption is crucially used many times in the proofs and it seems difficult to
extend our result to the case of unbounded observation. However, the reconstruction
algorithm seems to be still efficient in this case, as it can be seen from the numerical
results given in [24].

In addition to the boundedness of C, we assume that C*C' € L (D (Az) ) NL (D (A)).
The fact that C*C € L (D (A)) ensures that the contraction property for T™ and T~
is still satisfied when restricted to D (A) and D (AQ) (see Lemma 1 of the Appendix).
Let us point out that this is proved for the damped wave equation in Cindea et al. [5,
Proposition 2.5]. Moreover, we also have |Lr|lp4) <1 and [|[Lr[p42) <1 (by appli-
cation of [27, Proposition 2.10.4]). The second technical assumption C*C € L (D (AQ))
appears naturally in our analysis, but not in the one carried out in Cindea et al. [5].
Indeed, this assumption is used to bound a term which does not appear in the context
of control problems they considered. Finally, let us point out that these assumptions
are in particular satisfied when the locally distributed observation is obtained via a
smooth cut-off function.



Remark 1 Using an implicit Euler method preserves the dissipative properties of the
high frequency part of the solution (see (2.30) and (3.30)). This is the main reason for
which we did not use an explicit or midpoint Euler scheme, but we do not know if this
restriction is only technical or not.

The paper is organized as follows: in Section 2 we provide a convergence analysis
of the algorithm for an abstract Schrédinger type system, by considering successively
the semi-discretization (Subsection 2.1) and the full discretization (Subsection 2.2).
In Section 3, similar results are given for an abstract wave system. Once again, we
tackle successively the semi-discretization (Subsection 3.1) and the full discretization
(Subsection 3.2). However, since the proofs are very similar to those of the Schrodinger
case, they will not be given with full details. Finally, the Appendix is devoted to the
proof of two technical lemmas which are used several times throughout the paper.

Throughout the paper, we denote by M a constant independent of 7, of the initial
state zg and of the discretization parameters h and At, but which may differ from line
to line in the computations.

2 Schrodinger equation

Let X be a Hilbert space endowed with the inner product (-,-). Let Ag : D (Ap) = X
be a strictly positive self-adjoint operator and C € £(X,Y) a bounded observation
operator, where Y is an other Hilbert space. The norm in D(Af) will be denoted by
I - |lo- We assume that there exists some 7 > 0 such that (¢Ag, C) is exactly observable
in time 7. Thus by Liu [21, Theorem 2.3.], AT =i4g—C*C (resp. A~ = —iAg—C*O)
is the generator of an exponentially stable Co-semigroup TV (resp. T~). We want to
reconstruct the initial value zg of the following system

{z’(t) =idoz(t), Vt=0, (2.1)

y(t) = C=z(t), Vtelo,].

Throughout this section we always assume that zg € D (A%). Thus by applying Theo-
rem 4.1.6 of Tucsnak and Weiss [27], we have

2eC ([o,T],D (A%)) A Ct([0,7],D (Ao)).

The forward and backward observers (1.2) and (1.3) read then as follows

sH(t) = iAgzT () — C*CzT * T

(510 —thost 0 —cost +0u), We o o
27(t) =14z~ (t) + C*Cz7 () — C*y(t), Vtel0,7],

{ 27 (1) = 27 (7). (2:3)

Clearly, the above systems can be rewritten in the general form of an initial value
Cauchy problem (simply by using a time reversal for the second system)

{ §(t) = £iAgq(t) — C*Cq(t) + F(t), vt € [0, 7], (2.4)

q(0) = qo,

where we have set



— for the forward observer (2.2) : F(¢)
— for the backward observer (2.3) : F(t
+(7‘) €D (A%)

= C"y(t) = C*Cz(t) and go = 0,
() C*y(r *t):C*Cz(Tft)andqoz

2.1 Space Semi-Discretization
2.1.1 Statement of the main result

We use a Galerkin method to approximate system (2.4). More precisely, consider a

|

family (X} )n>0 of finite-dimensional subspaces of D (Ag) endowed with the norm in

1
X. We denote 7, the orthogonal projection from D (Ag) onto Xp. We assume that
there exist M > 0, 6 > 0 and h* > 0 such that we have for all h € (0, h")

1
I — ol < M llglly . Vo€ D (4F). (2.5)

Given g9 € D (A(Q)), the variational formulation of (2.4) reads for all ¢ € [0, 7] and all
1
peD (Ag) as follows

{ (4(t), ) = xi{q(t), o)1 — (C*Cq(t), ) + (F (), 9) , (2.6)

q(0) = qo-
Suppose that qg ;, € X}, and F}, are given approximations of g and F' respectively in

the spaces X and L' ([0, 7], X). For all ¢ € [0, 7], we define ¢, (t) € X}, as the unique
solution of the variational problem

{ (an (1), pn) = Fi{qn(t), en)
qn(0) = qo,h-

1 = (C"Can(t),on) + (Fu(t), #n) ,

(2.7)

for all ¢, € Xp,.

The above approximation procedure leads in particular to the definition of the
semi-discretized versions Tf of the semigroups T that we will use. Indeed, we simply
set

T, g0 ~ Titqo = qn (1) Ty g0 = T} 190 = qn(T — 1)
where gy, is the solution of equation (2.7) with the corresponding sign and for F} =0
and g, = 7,q0- The approximation of L; = T T follows immediately by setting
Lhﬂ' = T;,TT?L_,T‘

Assume that y;, is an approximation of the output y in L([0,7],Y) and let z;
and z, denote the Galerkin approximations of the solutions of systems (2.2) and (2.3),
satisfying for all ¢ € [0, 7] and all ¢, € X},

(5 (),0n) =i (2} () Wh> —{(C*Czf (1), 1) + (C*yn(t), ¢n) ,
z;f(O) =0.

{ (2 (0, 0n) = i (25, (8),on) y +(C"Czy (1), 0n) = (C yn(t). on)
2, (1) = Z}T(T)

Thus, our main result in this subsection reads as follows.



Theorem 1 Let Ay : D(Ag) — X be a strictly positive self-adjoint operator and
C e L(X,Y) such that C*C € L (’D (A(Q))) NL (D (Ao)). Assume that the pair (iAg, C)
is exactly observable in time T > 0 and set n:= ||Lr||z(x) < 1. Let zo € D (A%) be the
initial value of (2.1) and zy p, be defined by (1.6).

Then there exist M > 0 and h* > 0 such that for all h € (0,h")

Np

20 = 20.1ll < M {("1_

“+1 T
2 2
7 +h TNh) ||Z0H2+Nh/ 1C™ (y(s) = yn(s)) llds| -
0
A particular choice of Ny, leads to an explicit error estimate (with respect to h) as
shown in the next Corollary (the proof is left to the reader because of its simplicity)

Corollary 1 Under the assumptions of Theorem 1, we set

Np =0—.
Inn

Then, there exist My > 0 and h* > 0 such that for all h € (0,h")
6.2 T
20 = 02 < 817 (W2 ol + [ [ 10" () (e s ). 2
0

3
Remark 2 In fact, Theorem 1 still holds true for zg € D (Ag) (with the same proofs

and slightly adapting the spaces). Nevertheless, we have not been able to carry out
this analysis for the fully discrete approximation in this case. This is why we restricted
our analysis to the case of an initial data zg € D (A%).

2.1.2 Proof of Theorem 1

Before proving Theorem 1, we first need to prove some auxiliary results. The next
Proposition, which constitutes one of the main ingredients of the proof, provides the
error estimate for the approximation in space of the initial value problem (2.6) by using
the Galerkin scheme (2.7).

Proposition 1 Given qo9 € D (A(QJ) and qo,n, € Xp, let ¢ and qp, be the solutions of
(2.6) and (2.7) respectively. Assume that C*C € L (D (Ag)). Then, there exist M > 0
and h* > 0 such that for all t € [0,7] and all h € (0,h")

Ima®) ~ an()] < Imnao — aoall + M [t (laolla + 1Fl o) + 1 Fll o]
t
4 / 1F(s) — Fn(s)]lds,
0

where ||Flla,co = sup ||F(t)]a-

0,7]

Proof First, we substract (2.7) from (2.6) and obtain (we omit the time dependence
for the sake of clarity) for all ¢, € X},

(G = dn,on) = £ilg = an,endy = (C7Cla—qn)sen) + (F = Fr,p) .



Noting that (mpq — g, @h)%

regularity of ¢ (see (4.1)), we obtain from the above equality that for all ¢}, € X,

= 0 for all ¢}, € X} and that m,¢ makes sense by the

(Thd = Gn> n) = (Thq — G o) £ 1 (Tha = qn,Pn) 1
—(C"C(q—an),en) + (F — Fy,0p). (29)
On the other hand, setting
1 2
En = 5 lmng —anll”
we have
&p =Re (Thq — 4, mhq — an) -
Applying (2.9) with ¢j, = 7,9 — g5 and substituting the result in the above relation,

we obtain by using Cauchy-Schwarz inequality and the boundedness of C that there
exists M > 0 such that

En < (Imnd = dll + Mllmng — all + |1F = Ful)) |I7ng — anll -
———

=/2&
Since En _ i\/f the integration of the above inequality from 0 to ¢ yields
V25 = d@ > g q y Y

t
Imna(t) — an @) < llmhgo — qo,nll + /O (Imng(s) = q(s)l| + Mlwng(s) — a(s)ll) ds

t
+/0 IF(s) — Fy(s)||ds.  (2.10)

Thus, it remains to bound ||7,¢(t) — ¢(¢)| and ||7rq(t) — q(¢)|| for all t € [0, 7]. Using
(2.5) and the classical continuous embedding from D(A%) to D(A®) for a > B, we get
that

MR ||g(t)I,

Imna(t) — ()|l < MhP||q(t) .
{ Mh9||q(t)||27 vVt € [O,T], h € (O,h )

|
Imna(t) = a(0)] < Mh°lq(t)|

[T S

<
<
Using relations (4.2) and (4.3) proved in Lemma 2 of the Appendix, we get for all
t €[0,7] and all h € (0,h")
. . 0
I7hd(t) = a@)| + llmaa(t) — a@)ll < MA” (laoll2 + tl Fll2,00 + 1 Fl1,00) -
Substituting the above inequality in (2.10), we get the result.

Using the last result, we derive an error approximation for the semigroups T* and for
the operator L; = T, ']I‘f.

Proposition 2 Under the assumptions of Proposition 1, the following assertions hold
true

1. There exist M > 0 and h™ > 0 such that for all t € (0,7) and all h € (0, h™)

0
Hﬂth_QO - TLQOH < Mth”|qoll2- (2.11)

7T a0 = T a0 < M = O llaoll (2.12)



2. There exist M > 0 and h™ > 0 such that for alln € N, all t € [0,7] and all
h € (0,h™), we have

ILf g0 — L7 sq0ll < M(1+ nr)h? |lqol|2- (2.13)

Proof
1. It suffices to take F' = F}, = 0 and g 5, = 7™, qo in Proposition 1.
2. We first note that

IL¥q0 — L ¢qoll < IILi'qo — mpLLi’qoll + [Imn i g0 — Ly ¢ qol- (2.14)

Using (2.5) and the fact that [|L¢||z(p(a)) < 1 proved in Lemma 1 of the Appendix,
the first term in the above relation can be estimated as follows

IL? g0 — ma L aoll < MA°llaoll2, VR € (0,h7). (2.15)
For the second term in (2.14), we prove by induction that for all n € N
Imn Lt a0 — Lt a0l < Mnrh®|lgoll2, VA € (0,). (2.16)
By definition, we have

lmnLego — L tgoll = [lmn Ty T g0 — T}, Trr a0,
< |lmn Ty T a0 = Ty T aoll + 1T, , (T g0 — T yq0)ll-

By Lemma 1 of the Appendix and equation (2.12), we get
I Ty T qo = Ty, T aoll < M(7 = 0)h°laollz, VA € (0,).

Obviously [T, | z(x) is uniformly bounded with respect to h (this follows for example
from (2.12)), and thus by (2.5) and equation (2.11), we have

1T} +(TF g0 = T ya0)ll < ITF g0 — 7T qoll + lmn T g0 — T3 a0l
< Mth?|qolla, ¥h € (0,h7).

Consequently
ImnLigo — Lieqoll < M7h%|lqoll2,  Vh € (0,h%), (2.17)

which shows that (2.16) holds for n = 1. Suppose now that for a given n > 2, there
holds
- - 0
IrnLt ™ g0 = Ly aoll < M(n = 17" qo]l2- (2.18)

We write
-1 -1 -1 -1
[mnLt' g0 — Ly rqoll < llmnlelly™ g0 — Lin g™ " qoll + I1Ln,e (L™ g0 — Ly, q0) |-

Thanks to Lemma 1 of the Appendix and to the uniform boundedness of ||Lj ¢l z(x)
with respect to h (which follows from the uniform boundedness of HTf .|I) and using
(2.17) and (2.18), we obtain

ImnLi'ao — L. qoll < M(r + (n = 1)) lao] 2,
which is exactly (2.16). Substituting (2.15) and (2.16) in (2.14), we obtain the result.

We are now able to prove Theorem 1.
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Np,
Proof (of Theorem 1) Introducing the term Z Ly -2~ (0), we rewrite 29 — zg,j, in the

n=0
following form

%) Ny,
20 — 20,n = Z LYz (0) — Z Ly -z, (0),
n=0

n=0 N, N,
=Y Lo+ > (L -Li,) =0+ > L, (z*(o) - zg(o)) .
n>Ny, n=0 n=0
Therefore, we have
llzo — zo,nll < S1+ S2 + S3, (2.19)
where we have set
si= 3 L),
n>Ny,
Np,
$:= @ -vi.) =m0,
n=0
Np,
Sy = (Z H]L?if”gm) 20 - % ).
n=0

Note that the term S is the truncation error of the tail of the infinite sum (1.5), the
term S2 represents the cumulated error due to the approximation of the semigroups
T* while the term S3 comes from the approximation of the first iterate 2z~ (0) of the
algorithm.

Since n = ||Lr||z(x) < 1, using relation (1.4), the first term can be estimated very

easily
Np+1

SlgMnl

llzoll2- (2.20)
-1
The term Sz can be estimated using the estimate (2.13) from Proposition 2

Np,

Sy <M <Z(1 —|—n7’)> K)z7(0)|]2, VA € (0,RF).

n=0

Therefore, using (1.4) and the fact that ||Lr|p(42) < 1in the above relation, we finally
get that

Sy < M[1 F (147N, + N;%T} W \lzoll2, WA € (0,h%). (2.21)

It remains to estimate the term S3. As n = [[Lr|zx) < 1, (2.13) implies that
HLh,r”ﬁ(X) is also uniformly with respect to h bounded by 1, provided h is small
enough. Hence, we have

S3 < MNy,
< MNh(

(0 =% 0)

z~(0) — ﬁhzf(O)H + Hﬂhzf(o) - Z;(O)H) . (2.22)

By using (2.5) and (1.4), we immediately obtain that

27(0) — whz*(o)H < MA?)|z0]2. (2.23)
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To estimate the second term 7,27 (0) — 2, (0), we apply twice Proposition 1 first for

the time reversed backward observer 2~ (7 — -) and then for the forward observer z™

(the time reversal step is introduced as in the formulation of Proposition 1, only initial
value Cauchy problems can be considered). After straightforward calculation we obtain
that for all h € (0,h*)

720 = 2 @) < MA? [ (12" ()12 + 1"y l1.00) + 7 1C"yllz,00]
+f "IC" (e — ) — i — ) lds + / 10 (ls) — un(s)) ds. (2.24)
Applying (4.2) of Lemma 2 of the Appendix with zero initial data, we obtain that
1=* ()2 < TIC"llg,00-

Therefore (2.24) also reads
0 2 T
[0z~ = 5 @) < 30+ 7E Wl +2 [ 1C7 W) = () s
0

AsC*Cecr (D (A%)) N L (D (Ap)) and ||z]|2,00 = ||20]|2 (since iAg is skew-adjoint),
the last relation becomes

.
[z~ = 5 @) < 30+ 7)ol + 2 [ 1C” (066) = (o) .
0
Substituting the above relation and (2.23) in (2.22), we get
0 2 4
so.< vy (1004 ol + [ 1000 - llas) . @)
0

Substituting (2.20), (2.21) and (2.25) in (2.19), we get for all h € (0,h")

Np+1

||Z() — ZO,h” < M|: <771f”7 +h9 [1 + (1 +’7‘+7-2)Nh +7‘N;ﬂ> ||Z()||2

L, / "1 (wls) - n(s) ||ds} ,

0

which leads to the result (with possibly reducing the value of h*).

2.2 Full Discretization
2.2.1 Statement of the main result

In order to approximate (2.6), we use an implicit Euler scheme in time combined with
the previous Galerkin approximation in space. In others words, we discretize the time
interval [0, 7] using a time step At > 0. We obtain a discretization ¢, = kAt, where
0 < k < K and where we assumed, without loss of generality, that 7 = K At. Given
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a continuously differentiable function of time f, we approximate its derivative at time
t;. by the formula

f(ty) _f(tkfl).

F(tr) =~ Def(ty) := At

We suppose that qq;, € X} and F;If, for 0 < k < K, are given approximations of

go and F(tr) in the space X. We define (qﬁ), for 0 < k < K, as the solution of the
following problem: for all ¢ € Xp:

<th;’§,<ﬁh> =41 <qlff790h>

0
qn = 40,h-

—<C*Cq;'§,@h>+<F;’f,@h>, (2.26)

1
2

Note that the above procedure leads to a natural approximation T% Az Of the con-
tinuous semigroup ']I‘i by setting

+ 00~ Tt — kK - T . K-k
T} 90 = Ty A¢ k90 = ah, Ty.q0 = Ty p¢ 90 = ap, s

where qﬁ solves (2.26) with F,’f =0for all 0 <k < K and for qg 5, = mpq0. Obviously,
this also leads to an approximation of L, = TZ TT by setting

_ e +
Ln,at,k =Ty at.kTh, At k-

Assume that for all 0 < k < K, ny is a given approximation of y(¢;) in Y and let

(z;i')k and (z;)k be respectively the approximations of (2.2) and (2.3) obtained via
(2.26) as follows:

k
— Forall 0 <k <K, (z;) = qu where q,lf solves (2.26) with F,’f = C*yZ and ¢y = 0,

— Forall 0 <k <K, (zg)k = g ¥ where g solves (2.26) with Ff = C*y* ™" and
0 _ (,H\K
ap = (Zh) -
Then, our main result (which is the fully discrete counterpart of Theorem 1) reads as
follows

Theorem 2 Let Ag : D (Ag) — X be a strictly positive self-adjoint operator and C €
L(X,Y) such that C*C € L (D (A(Q))) N L (D (Ap)). We assume that the pair (iAg, C)
is exactly observable in time T > 0. Let zg € D (A(Q)) be the initial value of (2.1). With
the above mnotation, let zo p At be defined by (1.7) and denote n := |Lr|lz(x) < 1.
Then there exist M > 0, h* > 0 and At* > 0 such that for all h € (0,h*) and all
At € (0, At™) we have

Np,ae+1

6
||20—Zo,h,At|§M[<n1 0"+ 200+ 7N ) ol

K
+ Ni,aedt Y [|C* (y(te) y£>|@ :
£=0
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Corollary 2 Under the assumptions of Theorem 2, we set

In(h? + At)

Np e = Iy

Then, there exist My > 0, h* > 0 and At* > 0 such that for all h € (0,h™) and
At € (0, AtY)

0 — zo.p 0]l < Mo [(he A0 + ALzl

K
+‘ln(he—l—At)’AtZgoHC*(y(tg)—y;l;)” . (@27

Remark 8 Contrarily to the semi-discrete case, we have not been able to extend our
results for zg in a larger space than D (A(Q)).

Remark 4 Let us emphasize that our results hold without assuming a CFL type con-
dition.

2.2.2 Proof of Theorem 2

The proof of Theorem 2 goes along the same lines as the one of Theorem 1 in the semi-
discrete case and uses energy estimates similar to those developed in Fujita and Suzuki
[11, p. 865]. The main ingredient for the convergence analysis is the following result
(the counterpart of Proposition 1) which gives the error estimate for the approximation
(in space and time) of system (2.6) by (2.26).

Proposition 3 Given initial states qy € D(A%) and qop € Xp, let g and qﬁ, for
0 < k < K, be respectively the solutions of (2.6) and (2.26). Assume that C*C €
L (D (Ap)). Then, there exist M > 0, h* > 0 and At* > 0 such that for all h € (0, h™),
all At € (0, At™) and all0 < k< K:

k

k ‘
I7rna(tr) = anll < lImhgo — qo,nll + M{At E |F(te) — Fyll
=

(1 4+ 40) [ Claoll + 1P o+ 1F1) + 1]

Proof Let r1(ty) denote the residual term in the first order Taylor expansion of ¢
around t_1, so that

) = W =80t ) = D)~ Lm0, @229)

At At

Subtracting (2.26) from the continuous weak formulation (2.6) applied for ¢ = ¢; and
for an arbitrary test function ¢ = ¢} € X}, we immediately get by using (2.28) that
forall1 <k< K

<Dt (Q(tk) - Q;'f) 7‘Ph> = +i(mpq(te), o)1 — <C*C (Q(tk) - q;ﬁ) :‘Ph>
1

7 (1) on) + (Plty) = Fon )

1
2
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The above relation implies that

<Dt (ﬂhQ(tk) - qﬁ) 790h> = (D¢ (mrq(t) — q(tr)) , on)
+i <7Th(I(tk) - q;’i,wh> - <C*C (q(tk) - fﬁ) 7“Ph>

1
2

+ s () on) + (Flo) = Fon) . (2.29)

Now, for all 1 <k < K, let

E_ 1 k2
& = §||7rh’I(tk) —qpll”

Using the identity

1
5 (Il = [0l + llu = v]*) = Re (w—v,u), Vv eX,
one easily obtains that for all 1 < k < K
k k k
Di&), < Re <Dt (W}LQ(tk) - %) s Thq(te) — Qh> : (2.30)

Substituting (2.29) with ¢, = mpq(tr) — q,’i in the above inequality and using the
boundedness of C, we obtain the existence of M > 0 such that for all 1 < k < K

Di&y; < [|De (mna(t) — a(te)) || + Mlmna(t) — alte)|
el + 1) — FRI mnatee) - ahll- - (2:31)

Using the straightforward relations

DiEf = (Dt\/%) (\/;ﬁ+ \/5§’1> : (2.32)
Imna(ty) — anll < V2 <\/%+ \/55‘1> , (2.33)

we obtain from (2.5) and (2.31) that for all h € (0, ™)

and

Difeg < M {n0 (1Dt + ol ) + s I el + 1) — FE1 )

By (2.28) and relations (4.2) and (4.3) in Lemma 2 of the Appendix, the last estimate
yields

Diyfek < M{fﬂ (lollz + k1 Flz.c0 + [1F1l1.00)

6
k h 1
P00 - R+ Sl + inol | @

To conclude, it remains to bound the two last terms in the above estimate. By definition
of r1, we have

r1(tr) = q(tg—1) — q(tg) + At 4(ty),



15

1
in D (Ag ), and thus by the mean value theorem, we get

Iy <At sup [l@()ly + AtlaCt)ll-

SE[tr_1,tk
Using once again (4.3), we obtain that there exists M > 0 such that
Ir1(te)lly < MAE (llqoll2 + el Fllz,00 + [Fll1,00) - (2.35)

Now by the regularity of ¢ (see Lemma 2), the residual r1 can be expressed via the
integral

ty
() = / (s) (thy — 5) ds,

th—1
in X, and thus

()l < A% sup  [[d(s)])-
SE[tL—1,tk]

Using equation (2.4) verified by ¢ and the boundedness of C, we have

1= |20 = | stots e+ )|
< [lg(t)llx + Mllg(t)|| + HF(t)

Hence, once again by (4.3), we get
9 .
Ir1(ti)ll < At” (llgoll2 + tl| Fllz,00 + [1F 11,00 + [[Flloo) - (236)

Substituting inequalities (2.35) and (2.36) in relation (2.34) provides estimates for

Dt\/i \/7 gk 1 , for k =1,.

desired inequality (smce lmha(ts) — qhH = ,/25;?).

., K, that can be added together to get the

Using this Proposition, we can derive an error estimate for the semigroup ']I‘i (for all
1 < k < K) and for the operator L, = Ty T+ (the counterpart of Proposition 2).

Proposition 4 Under the assumptions of Proposition 3, the following assertions hold
true

1. There exist M > 0, h* > 0 and At* > 0 such that for all h € (0,h™), all At €
(0, At") and all0 < k< K

0
7T a0 = Tk au o | < Mt (6 + A0 goll2: (2.37)

| 7T a0 = Th s o | < M(r = 1) + 20)aoll2 (2:38)

2. There exist M > 0, h* > 0 and At* > 0 such that for alln € N, all h € (0,h"), all
At € (0, At*) and all0 < k< K

ILh — L3 aridaoll < M [ +nr (1 + At)] laollz- (2.39)
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Proof
1. It suffices to apply Proposition 3 with F(t;) = F,’f =0forall 0 <k < K and

q0,h,At = ThY0-
2. First, we note that

L%, g0 — L ae ka0l < Lty g0 — mplt, qoll + 7L, g0 — L, At kq0lI- (2.40)

Using (2.5), the fact that ||Li'||z(p(a)) < 1 (proved in Lemma 1 of the Appendix), the
first term in the above relation can be estimated as follows

ILE g0 — maLf, qoll < ME?|lqoll2,  Vh € (0,h*). (2.41)
For the second term in (2.40), we prove by induction that for all n € N, all h € (0, h*)
and all At € (0, At*) (for some At* > 0)

I mnLdo — L, akaoll < Mot (1” + At) lla]l2- (2.42)

By definition, we have
L0 — L, st sol] = [T T 0 = Ty, T

hitr Q0 h,At,k90 hig, L, 40 h, Atk h,At, k90|

< || (maT =T ) a0

- +
+ ) Ty aese (7T, — Th,At,k:) QOH :

Using (2.38) and Lemma 1, we get
_ — 6
H (mﬂrtk - Th,m,k) wh'ﬂ‘;cqu < M(r—ty) (h + At) llgo]l2-

Obviously [|T; A, 1 llz(x) is uniformly bounded (with respect to h and At), and thus
again by (2.37) we have

HT;,At,k (”hT;; - TZ,At,k) ‘IOH < Mty (he + At) llgol|2-
So, by adding the two last inequalities, we obtain that
| maLt, g0 — Lin, a¢ k0| < M7 (he + At) llgoll2, (2.43)
showing that (2.42) holds for n = 1. Suppose now that for some n > 2
L, a0 = Lt 2 ol < M(n = 1) (h + At) llgollz- (2.44)
Writing
l7n Lt g0 — L7 arxdoll < lmnLe, LY g0 — Ly, A xma Lt qol|

—1 —1
+ [ Lh, Atk (TR L0 — Ly a¢ 1.90) |l

we get by using Lemma 1, the uniform boundedness of [[Ly, ar k| z(x) with respect to
h and At, (2.43) and (2.44) that

ImhLtao = L aspaoll < M [(1+ (0= 0)7 (17 + A¢)] llaolle,

which is exactly (2.42). Substituting (2.41) and (2.42) in (2.40), we obtain the result.
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We are now able to prove Theorem 2.

Nh, At
Proof (of Theorem 2) We first introduce the term Z Lh Atz (0) to rewrite the

n=0
approximation error zg — zg j,A¢ in the following form:

Np, At

o0
0
20— z0mar = Liz7(0)— > Ly ank (Z;;)
n=0 n=0
Nh, At
= Y L0+ Y (L} L} ank)z (0)
n>Np At n=0
Np,at B
+ Z LZ,At,K (27(0) — (Z;) ) .
n=0
Therefore, we have
lz0 = 20,n, Atll < S1+ S2 4 S3, (2.45)

where we have set

I

si= % Hmz*(o)
n>Np, At
Nn, At

Sy = Z H (LT = Lh at.ic) 2 (0)
n;(})z’m 0
o)

Z ||L27At7KH£(X)
n=0
Since n = ||Lr||z(x) < 1, the first term can be estimated very easily

I

S3

Np,ae+1

S1 < MI——||z0]l2- (2.46)
-n
The second term Sz can be estimated using the estimate (2.39) from Proposition 4

Np, At

Sy < M{ > (h" +nr(h? + At)) }||z(0)|2, Vh € (0,h%), At € (0, At™).
n=0

Therefore, using (1.4), the fact that |Lr|lp(42) < 1 (see Lemma 1) in the above
relation, we get that for all h € (0,h") and At € (0, At¥)

S2 < MU+ (14 7)Niae + L+ TING a] (B + 4¢) zoll. (247)

It remains to estimate the term S3. As for the semi-discrete case, on can easily show
that ||Lp Atk llz(x) is uniformly bounded by 1 (with respect to h and At), and thus
we have

S3 < M Np A
< MNpa (

27 (0) - ()|

Z7(0) — whz*(O)H + Hﬂh[(o) _ (Z;)OH) . (2.48)
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By using (2.5) and (1.4), we immediately obtain that

27 (0) — whz*(o)H < MA?)|z0]2. (2.49)

To estimate the second term 7z~ (0) — (z}:)o, we apply twice Proposition 3 first for
the time reversed backward observer z ™ (7 — -) and then for the forward observer z™
(the time reversal step is introduced simply because Proposition 3 is written for initial
(and not final) value Cauchy problems). After straightforward calculation we obtain
that for all h € (0,h*) and all At € (0, At™)

2™ = )| < M + 20712 (D)2 + 1C"yl1,00 + 1C"il0)

K K
+ 721 Yllz0| +AEDICT (ylr = te) =k ) I+ 2632 NC™ (ulte) = uih ) I
=1 =1

(2.50)

Applying (4.2) of Lemma 2 of the Appendix with zero initial data, we obtain that
125 (D)llz < 7IC yll2,00-

AsC*C ecL (D (A%)) N L (D (Ap)) and ||z]|2,00 = ||20]|2 (since iAg is skew-adjoint),
(2.50) also reads

@ = G)° || < MO + 20+ ) l0ll2 + 203" (vt~ wih) I
£=0

Substituting the above relation and (2.49) in (2.48), we get

K
S3 < MNj A {(h9 + A1+ 7+ ) z0ll2 + At Y I (ylte) - wih) |} . (251)
£=0

Substituting (2.46), (2.47) and (2.51) in (2.45), we get for all h € (0,h*) and all
At € (0, AtY)

Np,ae+1

K
¢
20 = 20,1, 20l < M {Nh,AtAtE e (vt = o) | + = Nzolla
£=0

1—n

H(h + A [U+ (14 7+ 7)) Npae + (L+ DN ] [0l }

which leads to the result (with possibly reducing the value of h* and At*).
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3 The wave equation

Let H be a Hilbert space endowed with the inner product (-,-). The corresponding
norm of H is denoted by || - ||. Let Ao : D (Ao) — H be a strictly positive self-adjoint
operator and Cy € L(H,Y) a bounded observation operator, where Y is an other
Hilbert space. The norm in D(A§) will be denoted by || - [|. Given 7 > 0, we deal with
the general wave type system

{ w(t) + Aow(t) =0, Vt>0,

y(t) = Cour(t), Vtel0,7], 3.1)

and we want to reconstruct the initial value (wg,w1) = (w(0),w(0)) of (3.1) knowing
y(t) for t € [0,7]. In order to use the general iterative algorithm described in the
introduction, we first rewrite (3.1) as a first order system of the form (1.1). To achieve
this, it suffices to introduce the following notation:

2(t) = [Zgﬂ , X=D (Aé) < H,
A= <_?40 é) , D(A)=D(4) xD (Aé) 7 (3.2)
CeL(X,)Y), C=[0Co. (3.3)

The space X is endowed with the norm

Izl = y/llzall3 + ll=2]2, ve= {Zl} s
2 22

Note that the operator iA is selfadjoint but has no sign so that the problem studied here
does not fit into the framework of Section 2. We assume that the pair (A, C) is exactly
observable in time 7 > 0. Thus, according to Liu [21, Theorem 2.3.], AT = A — C*C
(resp. A~ = —A — C*C) is the generator of an exponentially stable Cy-semigroup T+
(resp. T7). We set as usually
L, =T;T}.
3

Throughout this section we always assume that (wp,w1) € D (A2) =D (AOZ) xD (Ap).
Thus by applying Theorem 4.1.6 of Tucsnak and Weiss [27], we have

weC ([O,T],D (A(%)) nC ([0,7], D (Ao)) N C* ([o,T},D (Aé)) .

The forward and backward observers (1.2) and (1.3) read then as follows (as second-
order systems)

{w"'(t) + Agw™ (t) + CECow™ (t) = CEy(t), Vvt € [0,7], (3.4)

wT(0)=0, w"(0)=0, :

{ﬂf(t) + Agw™ (t) — C5Cow™ (t) = —Cgy(t), Vte[0,7], (3.5)
w(r)=wt(r), W (r)=w"(r). '

Clearly, the above two systems can be written as a general initial value Cauchy problem
of the same form (simply by using a time reversal for the second system)
{z‘i(t) + Aop(t) + C5Cop(t) = f(t),  Vte€[0,7], (3.6)

p(0) =po, P(0) =p1

where we have set
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— for the forward observer (3.4) : f(¢t) = Cyy(t) = CyCow(t) and (po,p1) = (0,0),
— for the backward observer (3.5) : f(t) = —Cgy(r —t) = —CyCow(r — t) and

(o, p1) = (w (7),~ir" (7)) € D (4%) = D (45 ) x D (Ao).

Let us emphasize that with these notation, the semigroups T+ are given by the relations

T+ [po _ [p(t)} T- [po} _ [p(T*t) } (3.7)

P1 p(t) P1 —p(T — 1)

where p solves (3.6) with f = 0.

In the next two subsections, we present a convergence analysis of semi-discretized
and fully discretized approximation schemes for the forward and backward observers
(3.4) and (3.5). Our proof is based on the convergence analysis of the semi and fully
discretizations of (3.6). For the sake of clarity, we dropped in the proofs some of
the details which are very close to the ones given in the Schréodinger. As far as we
know, the existing literature on the convergence analysis of full discretizations of wave-
type systems concern only the particular cases of conservative systems (i.e. without
damping), see e.g. Raviart and Thomas [25, p. 197] or Dautray and Lions [7, p. 921]
and systems with constant damping coefficients Geveci and Kok [12]. For a recent
review of numerical approximation issues related to the control and the observation of
waves, we refer the reader to the review paper of Zuazua [28].

3.1 Space Semi-Discretization
3.1.1 Statement of the main result

We use a Galerkin method to approximate system (3.6). More precisely, consider a
1

family (Hp)p>o of finite-dimensional subspaces of D (Ag ) endowed with the norm in

1
H. We denote 7, the orthogonal projection from D (Ag) onto Hy. We assume that
there exist M > 0, 6 > 0 and h* > 0 such that we have for all h € (0, ")

0 1
Imne = ol < ME?llglly, Vo e D (45). (3:8)

Given (pg,p1) € D (AQ), the variational formulation of (3.6) reads for all ¢ € [0, 7] and
1
all p € D (Ag) as follows

{ #(1): @) + (p(t), ) 1 +(C5Cop(1), ) = (f(1), ), VEE[0,7], (3.9)

p(0) = po, P(0) = p1.
Suppose that (pg 1, p1,n) € Hp X Hyp, and f, are given approximations of (pg,p1) and

f respectively in the spaces X and L' ([0, 7], H). We define p, (t) as the solution of the
variational problem

{ <ﬁh(t)7(ph> + <ph(t)7Wh>% + <C§C()ph(t),ﬁ0h> = <fh(t)7@h> ’ vt € [077—]7

: (3.10)
Pr(0) =pon, Pr(0) =p1p-

for all t € [0,7] and all ¢y, € Hy,.
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The above approximation procedure leads in particular to the definition of the
semi-discretized versions Tf of the semigroups T that we will use. Indeed, we simply

set
ol Ll I — [po] _ [ oa(r—1)
Th,t |:P1:| B |:ph(t)} Th,t L)l] = [—p;L(T—t)} (3.11)

where py, solves (3.10) for f, = 0 and (pg,p, p1,n) = (Thpo, ThP1). The semi-discretized
counterpart of L, = TF TF is then given by

_ +
H"hﬂ' - T}L,TTh,T'

Assume that yj, is an approximation of the output y in L'([0,7],Y) and let w}f
and w; denote the Galerkin approximations of the solutions of systems (3.4) and (3.5),
satisfying for all ¢ € [0, 7] and all ¢}, € Hy,

<w}j(t)750h> + <wit(t)7¢h>% + <Cf)kcow;f(t):<ﬁh> = <ngh(t)a<ph> ’ (3 12)

w(0)=0, @y (0)=0, '
<w}7 (t)v Soh> + <w}7 (t)7 <Ph>l - <CSCO7_U’: (t)7 @h> = <C(>)kyh(t)7 @h) ’

X f RS IR (3.13)
wy, (1) = wy (), Wy, (r) = wy (7).

With the above notation, the main result of this section reads as follows.
Theorem 3 Let Ay : D(Ag) — H be a strictly positive self-adjoint operator and
Co € L(H,Y) such that C5Co € L (D (A§ )) nc (D (A§ )) Define (A,C) by (3.2)
and (3.3). Assume that the pair (A,C) is exactly observable in time T > 0 and set
n:=Lrllzx) <1. Let (wo,w1) € D (Aé) x D (Ap) be the initial value of (3.1) and
let (wo,p, w1 ) be defined by

w n w, (0
{w?ﬂ = 71Z=O]LZ’T LU:_EOH : (3.14)
Then there exist M > 0 and h* > 0 such that for all h € (0,h™)

Np+1

(B + 4732 (ool + o

lwo = wolly + llws —wiull < M | (T

+ Np /OT 1C5 (y(s) = yn(s)) IIdS} :

Corollary 3 Under the assumptions of Theorem 3, we set

Ny = ol
Inn

Then, there exist My > 0 and h* > 0 such that for all h € (0,h")

6, 2
lwo = wonlly + llwr = w sl < M [h I h (Jlwolly + w1

+|1nh|/o |Cg(y(3)_yh(3))|d5:|' (3.15)
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8.1.2 Proof of Theorem 3

The next Proposition provides the error estimate for the approximation of (3.9) by
using the Galerkin scheme (3.10).

Proposition 5 Given (pg,p1) € D (Aé) x D (Ao) and (po,n,p1,n) € Hp, x Hy, let
p and py, be the solutions of (3.9) and (3.10) respectively. Assume that C5Cy €
L (D (Aé)) Then, there exist M > 0 and h™ > 0 such that for all t € [0,7] and
all h € (0,h")

Imrp(t) = pr @Ol + [7np(E) = Pa ()] < M{Hﬂhpo —poully +lImnpr — p1nl

t
+1” [t (IIpoll + Ip1ll + 15113 00 ) + 22111 0] } + [ 1) = o)l
0

Proof First, we substract (3.10) from (3.9) to obtain (we omit the time dependence for
the sake of clarity) for all ¢p, € Hp,

(B = Phs#n) + (P —Phopn) 1 + (C3Co (p—pn) en) = (f — fnron) -

Noting that (m,p — p, tph>% = 0 for all ¢}, € Hj and that 7,5 makes sense by the
regularity of p (this is a direct consequence of relation (4.1) from Lemma 2 used with

q= ‘;] ), we obtain from the above equality that for all ¢ € Hp,

= (mpp — B, en)+(C0Co (B — ) on)+{f — fhrn) -
(3.16)

(ThP — Phs> Pn)HThD — Phy ©R)

1
2

On the other hand, setting

1 e 1 )
5h—2\|7ThP—Ph|| +2H7fhp—ph||%,

we have

En = (ThP = Ph> ThD = Ph) + (ThP = Phy ThD — Ph) L -
Applying (3.16) with ¢, = 7P — P, and substituting the result in the above relation,
we obtain by using Cauchy-Schwarz inequality and the boundedness of Cy that there
exists M > 0 such that

én < (llmnd = Bl + Mllmnp = Bl + 1S = fall) [mn = Pal]-
———

<V2&p
Since € _ i\/f the integration of the above inequality from 0 to ¢ yields
V28 = q ) g q y Y

Imnp(t) = pr @Ol + I7ap(t) = Pa(®)] < M{||7Thpo —poully +[Imnp1 — pinl

t t
+ / (lmni(s) — )| + mnils) — p(s) ) ds + / ||f(8)—fh(8)||d8}« (3.17)
0 0
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Thus, it remains to bound ||m,p(t) — p(t)|| and ||7pp(t) — p(¢)|| for all ¢ € [0, 7]. Using
(3.8) and the classical continuous embedding from D(A%) to D(A®) for a > B, we get
that

{ lrnii(e) — B < ME?[5(2)]) 3.

Im(e) - ) < MBI, < MR B, T TR MO

Using relations (4.3) proved in Lemma 2 of the Appendix for the first order unknown
q= [ﬁ] and the right-hand side F' = B], we get for all ¢t € [0,7] and all h € (0,h™)

.. .. A . 0
Imaie) — 5OI + Ima(t) = 501 < M8? (Ipolly + lprll + el oo + 1111 )
Substituting the above inequality in (3.17), we get the result.

Thanks to the last result, we are now in position to derive an error approximation for
the semigroups T* and for the operator Ly = T, ']T?' . This result has been recently
proved in [5] we refer the interested reader to the proof given there, which is similar to
the one of Proposition 2.

7w, 0

Proposition 6 Let I}, = [O ] Under the assumptions of Proposition 5, the fol-
Th

lowing assertions hold true

1. There exist M > 0 and h* > 0 such that for all t € (0,7) and all h € (0,h*)

po]
p1
e

2. There exist M > 0 and h* > 0 such that for all n € N, all t € [0,7] and all
h € (0,h™), we have

H(mﬂr? -Tf,)

< (ol + ). (3.18)

‘ < M(r=0h (Ipolly +llpall) . (3.19)

lwr s [2]] < a0 nt? (1ol + ). 20)

Now, we can turn to the proof of Theorem 3

N, —
Proof (of Theorem 3) Introducing the term Z LZ)T {w, Eg;] , we first rewrite the error
n=0 w
w w, > w™ (0) o w; (0)
0 3 . .
term {wl] — [w?:”:] = Z%]LTTL {w,(o)} - E:O]LZ,T L’Z(O)} in the following form
n= n=

g

] - [2o4] = & e 0] o 3 e [0

n>Np
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Therefore, we have

H [wo} - {“’O’h} < 81+ S5+ Ss, (3.21)
w1 Wi,k
where we have set
_ n |w(0)
si= 3 e |o-9)|-
n>Ny,
Ny, _
n n w (0)
si= 3 s -1 [0

n=0

Np, —
= (35 el ) [ o0 |

n=0

Following exactly the same way than in the proof of the Schréodinger case, we get the
claimed result.

3.2 Full Discretization
3.2.1 Statement of the main result

In order to approximate (3.9) in space and time, we use an implicit Euler scheme in
time combined with the previous Galerkin approximation in space. We discretize the
time interval [0, 7] using a time step At > 0. We obtain a discretization ¢t = kAt,
where 0 < k < K and where we assumed, without loss of generality, that = = K At.
Given a function of time f of class C2, we approximate its first and second derivative
at time t; by

f(te) — f(te—1)

F(ty) = Def(ty) == ! _
£ (tr) ~ Dy f(ty,) == fltr) = 2f(t2221) + fte—2)

We suppose that (po n, At P1,n,4t) € Hp x Hp, and f;’f, for 0 < k < K, are given
approximations of (pg,p1) and f(tz) in the space X and H respectively. We define
the approximate solution (pE)OSkSK of (3.9) as the solution of the following problem:
prL € Hj, such that for all ¢, € Hy,

<Dttp’;§,s0h> - <pﬁ,sah> o+ <CSCthp';§7<ph> = <f;’f7s0h>, 2<k<K
3
1
Py = DPo,h,Ats Ph = Py + Atp1,h,At-
(3.22)
Note that the above procedure leads to a natural approximation ']T% At Of the con-

tinuous operators Ti by setting

o+ [Po| op+  [po] _ [ Pi
tk 1 h, Atk 1 Dtplﬁ

K—k
— |Po| o m— po| ._ Py
Tue L}l] =T avk M . [Dtpf"“}

(3.23)
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where pﬁ solves (3.22) with ff]f =0 for all 0 < k < K and for (po,n, At P1,h,4t) =
(mhpo, Tpp1). Obviously, this also leads to a fully discretized approximation of the
operator Lr = TS TS by setting

Ly Atk = }:,At,KT;,At,K'
Assume that for all 0 < k < K, yﬁ is a given approximation of y(¢;) in Y and let
(w;f)k and (w;)k be respectively the approximations of (3.4) and (3.5) obtained via
(3.22) as follows:
—Forall 0 < k < K, (w;)k = pf where pf solves (3.22) with ff = CgyF and
(Po,n,At> P1,h,4t) = (0,0),
—Forall0 < k < K, (w;)k = th*k where p¥ solves (3.22) with ff = — Sy{f*k
and (po,n, Ats P1,h,at) = (W)X, =Dy (w;h) ).
Then, our main result (the fully discrete counterpart of Theorem 3) reads as follows
Theorem 4 Let Ay : D(Ag) — H be a strictly positive self-adjoint operator and
Co € L(H,Y) such that C5Co € L (D (A§ )) ne (D (A§ )) Define (A,C) by (3.2)
and (3.3). Assume that the pair (A,C) is exactly observable in time T > 0 and set
n = Lrllzx) <1. Let (wo,w1) € D (Aé) x D (Ap) be the initial value of (3.1) and
let (wo p, At w1,h,At) be defined by

NL —_
[wo,h,At:| _ z}: L A { (w;,)° 1} 0
W1 h, At = =0 Dt(w;) ’

—\1 _ (=0
where Dt(w;)l = W

Then there exist M > 0, h* > 0 and At* > 0 such that for all h € (0,h™) and
At € (0, AtY)

[lwo — wO,h,At”% + llwi — wyi p, Al

nNh,At"Fl 0 9
< M| (T (n 4 Aat) (4 7) N | (lollg + Tl

K
+Nhac At Y ||Co wite) - o) } .
£=0

Corollary 4 Under the assumptions of Theorem 4, we set
In(h? 4+ At)
Inn

Then, there exist My > 0, h* > 0 and At* > 0 such that for all h € (0,h™) and
At € (0, At™)

Np,at =

lwo — wo,n,aelly +llwn = wpadll < My {(fﬁ + AW (0 + 40) (Jlwolly + 1)

i+ 0] 23 s (v - sh)| |- w29
£=0
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3.2.2 Proof of Theorem 4

As in the semi-discrete case, the main ingredient for the convergence analysis is the
following result (the counterpart of Proposition 5) which gives the error estimate for
the full approximation of the general system (3.9) by (3.22).
3
Proposition 7 Given (po,p1) € D (A7 ) x D (A0) and (po,n,a0:P1.6.a0) € Hy % Hi,
let p and (Pﬁ)k be the solutions of (3.9) and (3.22) respectively. Assume that C5Co €
1

L (D (Ag )) Then, there exist M > 0, h* > 0 and At* > 0 such that for all 1 < k <
K, all h € (0,h*) and all At € (0, At™)

k . &
Imnp(te) = prlly + lmap(tr) — Dipp | < M{H?Thpo —po,h,Atlly + 17hP1 — P1p Al

+ (17 2¢) [t (Ipollg + Ipall + 17113 00+ 15100 ) + 6211 l1,00]

k
+ Y1 - A

(=1

Proof Denote by r1(t)) the residual term in the first order Taylor expansion of p around
tr—1. Then

. tr) — p(tp_ 1 1
plt) = PPt ) = D) — oma), (3:26)
We have
I mnp(ty) — Depk|l < lmnp(t) — 7n Dep(ti)l| + | De(rnpltr) — pi)|l
< S Ir @)+ 1De(mnp(te) —ph)|

Therefore, the error we need to bound satisfies

. 1
Imup(t) = phlly + lmnp(te) — Diphll < 20/ € + L llr)| - (3.27)

where we have set for all 1 <k < K
2
1 } ’
2

On the other hand, if ro(¢;) denote the residual term first order the Taylor expansion
of p around t;,_q, then

1 2
&F = 3 {HDt (ﬂhp(tk) —plﬁ) H + Hﬂ'hp(tk) — i,

B(tr) = Dup(ty,) =", (3.28)
where
k 1 1
7= gz (k) = ri(te-1) + e (te)-
Using (3.26) and (3.28), and subtracting (3.22) from the variational formulation (3.9)
written for ¢ = ¢, and for an arbitrary test function ¢ = ¢} € Hp, one easily obtains

<Dtt (Whp(tk) - pﬁ) :@h> + <7rhp(tk) — P </Jh>l = (Drt (mnp(te) = p(tr)) , n)
—<CSCth (p(tk) - Pﬁ) 7<Ph>+<7k7 ¢h>+ﬁ (C5Cory (ty), @h>+<f(tk) — I, ¢h> .
(3.29)
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Using the identity
1
2
one easily obtains that for all 2 < k < K

(Il = 10l® + lfu = v]*) = Re (w—v,w), Vuve H,

D& < <Dtt (Whp(tk) *Plfi) , Dt (Whp(tk) *Plii>>

+ <7Thp(tk) — i, Dy (Whp(tk) - p§)> (3-30)

1
2

Taking ¢}, = Dy (ﬂ'hp(tk) — pZ) in (3.29) and substituting in the above inequality

and using the boundedness of C, we obtain the existence of M > 0 such that for all
2<k<K

Dy < M|:||Dtt (map(tk) = p(tr) | + |1 De (mnp(te) — p(t))I| + 117"

)+ (e f/i@ | Demmpten) )| (331

Using relations (2.32) and (2.33), we obtain from (3.8), (3.31), (3.26), (3.28) and re-
lations (4.2) and (4.3) in Lemma 2 of the Appendix for the first order formulation of
(3.6) that for all h € (0,h™)

Diy/ek < M{fﬂ (lpolly + ol + tallf .00 + 15113 0 ) + 172 = 1

0 0
+ %Hm(tk) =itz + % (||r1(tk)\|% + HTQ(tk)H%)
+ Aitz\lrl (te) — rilt—1)ll + Ait (HT’l(tk)” + ||r2(tk)\|> } (3.32)

To conclude, it remains to bound the terms including the residuals r; and 72 in the
above estimate. By definition of rg, the mean value theorem and using once again (4.3),
we obtain that there exists M > 0 such that

< M4t (Jpolly + Ipills + il

Ira(te)l oot Il 0) - (333)

1
2

Now by the regularity of p (see Lemma 2 applied to the first order formulation of (3.6)),
the residual r2 can be expressed via the integral

ty 3
d’p
)= [ GRE 0o -9,
oy ds3
in H. Using equation (3.6) verified by p and the boundedness of C, we have
d®p dp d oy
dt3<t>H = |Z || = ||5{ - 40p) - ciC0it) + 1)}

< @)l + MIBO1 + 1/ Ol

Hence, once again by (4.3), we get

: (3.34)

Ira(tll < MAE (lpolly + llpall + bl oo + 1711500 + 1Fl0c) - (3.35)
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For the term implying 71, we note that

tr
() = / B(6) (tr — s)ds,

te—1
in D (Aé). Hence, by a similar argument and (4.3),
el < Mirclly < MAE (lpolly + llpall + el Flioo + 1711y o) - (336)
Then, we write in D (Aé) the difference r1(¢;) — r1(¢tx_1) on the integral form.

Using the above relation, it comes by using once again (4.3)

2 ..
Ira(te) = ri(te)lly < MAE sup [5(s)]]y.
s€(th—2,tp—1)

< M2 (llpollg + llpa s + it 100 + 17113 00 ) (3.37)

Finally
th—1 S d3p
i)~ mnl < ae [ [ ER @) dods,
te—o s—At 4
d3
< MAE sup g(s)H .
$E(th—3,tk—1) ds

Using (3.34) and (4.3), we get

Ira(t) = rat-1)ll < MAE (1lpollg + Ipll + tall o0 + 11l oo + 17110
(3.38)
Substituting (3.33), (3.35), (3.36), (3.37) and (3.38) in relation (3.32) provides estimates

JEF — Jek
for DyyJek = Y VR o=,

At
immediately get an upper bound for 4/ S,’f, and thus the desired inequality thanks to
(3.27) and (3.36).

., K. By adding all these inequalities, we

Using this Proposition, we can derive an error estimate for the semigroup Ti (for all

0 < k < K) and for the operator L, = T7 TS (the counterpart of Proposition 6). We
skip the proof, which is nearly the same as the one of Proposition 4.

7Th0

Proposition 8 Let I}, = 0
Th

]. Under the assumptions of Proposition 7, the fol-
lowing assertions hold true

1. There exist M > 0, h* > 0 and At* > 0 such that for all h € (0,h™), all At €
(0, At™) and all 0 < k< K

+ + Pbo
H(UhTm =Ty at) L’l]

< Mty + A0 (Ipolly +liprln) - (339)

— — Ppo
T = [

<M+ 20 (Il + o) (G40
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2. There exist M > 0, h* > 0 and At* > 0 such that for alln € N, all h € (0,h"), all
At € (0, At™) and all0 < k < K

L ane) (20| < 00 [0+ 0] (ol + hinli) . )

We are now able to prove Theorem 4.

Ni,at _
Proof (of Theorem 4) Introducing the term Z Lh At K |:z_§0§]’ we can rewrite
n=0

{wo} - [wo’h’At} in the following form
w1 W1, h,At

{wo] _ [wo,h,m} _ iLn {w (0)} _ th L A x { (w;)ol}
wy Wihat] = T [ (0) = T | De(wy, ) ]

- 2] B e )

’rL>Nh,1At n=0
Np,at
' w™(0) — (wy,)°
+ Lk Atk ({ o hZ .
2 Liaus | |4 (0) - by )
Therefore, we have
lwo — wo,n,aells + llwr — w1 p,aell < S1+ 52+ 53, (3.42)

where we have set

- n |w”(0)
"o 7l>NZh.At LT |:w7(0):| H 7
82 — th (]LZ - LZ,At,K) [Z:Eg;] s
n=0
Nh,at,x
o [ w™ (0) = (w;,)° H
S3 7;) ”]Lh,At,KHg(X) H Li/*(O) _ Dt(w;)l} .

Once again, using similar as the ones detailed for the Schréodinger case, we get the
claimed result.

Appendix

Let A : D(A) — X a skew-adjoint operator and C € L(X,Y) such that C*C €
L (D (A)). Assume that A — C*C generates a Cp-semigroup T of contractions on X,
i.e. that ||T¢|(x) <1 forallt>0.

Lemma 1 The operator A— C*C generates a Cy-semigroup of contractions on D (A)
and D (AQ).
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Proof As C € L(X,Y) is bounded, we clearly have D (A) = D (A — C*C). Moreover,
C*C € L(D(A)) implies that D (Az) =D ((A - C*C)Q). The result follows then
from [27, Proposition 2.10.4].

Lemma 2 Given gy € D (A2) and F € C ([O,T},D (AQ)) N Ct([0,7],D (A)), let q
denote the solution of the initial value problem

{d(t) = Aq(t) = C*Cq(t) + F(t), te(0,7),
q(0) = qo.

Then, we have the following statements
1. Regularity:
gecC ([0, 7,D (A2)) nct([0,7],D (A) N C2 ([0, 7], X), (4.1)
2. Bound for q:
lg®)lla < llgolla + ¢ Flla,00, for a=0,1,2, (4.2)
3. Bound for ¢ : there exists M > 0 such that
ld(®)lla < M (llgolla+1 + tIFlla+1,00) + | Fllar,o, fora=0,1,  (43)

where ||Flla,co = sup [|F(t)|la-
tel0,7]

Proof
1. By [27, Theorem 4.1.6], we have ¢ € C ([0,7],D (A%)) N C* ([0, 7], D (A)). But
since C*C € L (D (A)) and F € C ([0, 7], D (A2)) N CL([0,7],D (A)), we have

(A-C*C)q(t) € C([0,7],D(A)NC* ([0,7], X).

The last inclusion follows then from the fact that ¢(t) = (A — C*C) q(t) in D (A).
2. By Duhamel’s formula, we have

’
«

t
la®lla = | Teq0 + / oy F(s)ds
0
t

< |Tiqol,, + / IToeaF(3)]l, ds,
0
< llolla + el F a0,

where we have used Lemma 1 of the Appendix for the last inequality.

3. Using the estimate (4.2) obtained for ¢(t) and the continuity of the embeddings
D (A%) < D (A) = X, we easily get

ld®)lla =11 (A—=C*C)q(t) + Ft)la;
< llg@lla+1 + Mllg®)llo + (| Flla,o00,
< M (llgolla+1 + tFlla+1,00) + [1Fllo,00-
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