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ABSTRACT: This paper deals with a production and maintenapegblem of manufacturing system under the
availability of the machine and subcontracting doaists. We have developed an integrated production/maimeaa
policy for a manufacturing system satisfying a rmmddemand by using a subcontracting machine.

In order to ensure a simultaneous economic produactlanning with an optimal maintenance strategyjoint
optimization is made in order to minimize the tatast of production, holding, subcontracting andimenance costs.
An analytical study and a numerical example arespreed to prove the developed approach.

KEYWORDS: Manufacturing system, random demand, availabdftynachine, Failure rate, subcontracting,
simultaneous optimization.

1- INTRODUCTION

In an economic context, the internal and external optimal production plan obtained by minimizing the
environment of enterprises is characterized by etark expected cost. More then it's interested to develop
subject to strong competition, and customer expiects optimal maintenance strategy with considering the
and requirements are becoming higher in qualitgt co manufacturing system degradation according to the
and delivery times. One of the first actions in a production rate. (N. Rezg, S. Dellagi. and A.Chelbi
hierarchical decision chain is the elaboration of a 2008) presented a mathematical model and a nurherica
aggregated production plan, (Tsubone, et al., 199l procedure which allows determining a joint optimal
(see Hax and Candea, 1985). inventory control and age based preventive maimesa
To remain competitive, companies need to betterpolicy for a randomly failing production system.e@®),
manage their operating costs and optimize theirN.,Xie, X.,and Mati,Y, 2004) presented a common
production systems. It is therefore necessary t@ldp optimization of the preventive maintenance and kstoc
industrial strategies (production, maintenance) andcontrol in a production line made up of N machines.
define a methodology for task scheduling productiod (van der Duyn Schouen, F.A., and Vanneste, 1995)
maintenance. addressed a production line of two machines segdirat
Maintenance strategies and Production control of by a buffer and proposed a preventive maintenance
manufacturing systems subject to uncertainties sicch  policy based not only on the age of the machinealtsd
demand fluctuations, system availability and vasiat on the size of the buffer, both of which are used t
machine failures. In order to limits these uncetias; determine when to perform a preventive maintenance
many companies have recourse to the industrialaction. The best time at which a preventive maimtee
subcontracting. A number of approaches have beeraction in a manufacturing system must be carrietdisou
studied in the literature and most of them condé very important for minimizing the total cost of
determination of the economic manufacturing qugntit maintenance and production.

for different products on a single or multiple

manufacturing systems. In this paper, we will study a problem of an intggd

An integrated approach of maintenance policies andmaintenance policy for a manufacturing system rglli
production planning and control has recently became upon subcontractor. Many studies address subcadiniyac
important research area. In this context, (O.SaSHiho, in different areas, such as industry (Lehtinen, 999
2005) deals with a chance-constrained stochastic (Cagliano, 2002) and (Bertrand, 2001), aerospace
production-planning problem under hypotheses of (Amesse, 2001), construction (Tserng, 2002), ptojec
imperfect information of inventory variables. The management (Gutierrez, 2000), trade and supplynchai
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(Andersen, 1999), (Andersen, 2000). In manufacturin

Rendom

various studies treating subcontracting in therdiigre.
New maintenance/production strategies by taking int

Wlachine M

demand

account the context of subcontractor are studiedSy
Dellagi, N. Rezg, X. Xie, 2007), developed and
optimized a new maintenance policy with taking into
account machine subcontractor constraints. A dasly s
which proves the influence of the subcontractor
constraints on the optimal maintenance strategytedo

- ]

v

has been presented in (S. Dellagi, Rezg, N, 2007b).
Dealing with this frame, two cases of maintenance a

Subcontractor M2

production strategies, which are subcontractor and
contractor constraints, have been treated in (Dalen
al, 2008). (Hajej, Z., S. Dellagi and N. Rezg. 2009
presented a new production and maintenance palicies
These policies take into account the influence hef t
production rate on the material failure rate inesrdo
establish the optimal maintenance strategy. H
The paper is organized as follows. In section 2, we
present the problem formulation. The analyticalsts At
are developed for evaluating maintenance and S(k)
production strategies in section 3. A simple nuoari
example is presented in chapter 5. Finally, the u(k)
conclusion in Section 6. us(k)

Umax

B(N)
6

2- PROBLEM DESCRIPTION

In this study, we are concerned with the problenthef N
jointly optimal production and maintenance planning
problem formulation of a manufacturing system Cp
composed of one machirél which produces a single
product, working at a rate, in order to meet a random ®
demand characterized by a Normal distribution. The
Normal mean and standard deviation parameters are
respectively denoted bgt ands”. mg
To make up the rest of the unmet demand by the4P
machineM1, the system use a subcontractor, composeduC
of a machineM 2 which produces the same kind of /7.)
product. The principal machine availability deperus ()
the number of partitions of preventive maintenance A
actions and the production rate. '
Points of view reliability, the system prone to random F()
failure. The probability degradation law of machMes
described by the probability density function ohdi to
failure f(t) and for which the failure ratéd(t) increases
with time and according to the production ratelufaiof
machine M1 can be prevented by preventive
maintenance actions.

Our objective
economical production plan and an optimal preventiv

Figure 1: Problem description

21 NOTATION

finite production horizon
period length of production
inventory level at the end of the peridd

production rate at peridd

The subcontractor production rate for perod
maximal production rate

availability of system

probabilistic index (related to customer
satisfaction)
Number of partitions of preventive

maintenance actions

unit production cost

unit production cost of subcontractor machine
holding cost of a product unit during the period
k

preventive maintenance action cost

corrective maintenance action cost

preventive maintenance action delay
corrective maintenance action delay
maintenance cost

the average number of failure

failure rate fonction

total expected cost of production and inventory
over the finite horizom

2.2 PROBLEM FORMULATION

is to establish simultaneously an To establish an economical production plan andnugti
maintenance strategy, we define a stochastic mbee!

maintenance period satisfying the randomly demand minimizes the total costs over a finite horizoneTdgoal
with taking account the machine availability ane th ©f the production/maintenance plan is to deterntire

subcontractor constraint.

greatest combination of production rate, inventemel

and failure rate that minimizes the total costsroae
planning horizon. In our model the customer satiida

is made at the end of each period. The maintenance

policy is taking into account the production rate i
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determining the optimal numbeN of partitions of
preventive maintenance actions to be carried out.

Formally, the problem is defined as follows:

M in{F (u)+r (N)}

(u,N)
With
F(u): The total cost including production and invegto
/- (N): The maintenance cost.

Under the following constraints:

S(k+1)= SB+B( N. ¢k ¢ x kO0L..,H1 (1)
O<u,<sU,, k=01,..,H-1 @)
Prob[S(k +1)20]26 k=01...,H-1 3)

Where the first constraint denotes the inventorarze
equation for each time period. The equation (2)neésf
the maximal rate of machin®l. The constraint (3)
imposes the service level requirement for eachogeri
and denotes the lower physical limit of inventory
variable. The probabilistic constraint of inventory
taken as a chance-constraint in order to ensutethlea
inventory level is greater than zero with conditibn
probability of at leasf at each time periokl

We seek to optimize the cost model associated thigh
preventive maintenance with minimal repair policy
derived above. Note that the production rate obher t
horizon H has an impact on the failure ratgt).
Consequently, the objective here is to take intwoant
the production rate in determining the optimal nembf
partitions N* of preventive maintenance actions to be
carried out, which in turn means that the preventiv
maintenance action takes placeTat =H/N* tu (time
unit).

To develop the analytical model, we assume that:

e The cost of storage, production and
subcontracting production, respectively Cs, Cpr
and Cps are known and constant

e The standard deviation of demaoglk) and the

average demar&ik) for each period k are
known and constant.
* Mp and Mc costs incurred by the actions of

We recall that our objective is to determine thimtjg
optimal production and maintenance planning over a
time horizonH.

Our problem is formally presented as follows:

(U N")=min(F (u),l (N))

The system model is defined by an equation of stéte
continuous components. This equation is calledstbek
level, is given by equation (1), witﬁ(O) =S, , whereS§,
is the initial stock level.

The average total cost of production, subcontrgctind
storage over a time horizthis given by:

H-=

PO =3 G H(S) ]+ 3 Guah 0+ G i

k=t

iN

¥ )

With: y_(k)2 = max{ 0.E{(d (k) (S(K+B (N. UK }}
Remark:

u(H)? is not included in the cost formulation because we
don’t consider the production command at the drtte
horizonH.

The total cost of maintenance until tifdas:

F(N)=N.M_+M_¢(U,N) (5)

With
@(UN) : the average number of failure

U=(u(1),u(?2),....u(H-1)): the production rates vector
during the horizom. 4t

So our problem is defined as follows:

> [CoE{(S(K?)}]

0

L [ComBN) (K2
*2 | Cpemax{ 0.E{(d &)~ (S(Kr+ B (N).u K 3}

k=0

H
k=

Min
(U,N)

us (k)2

+N.Mp+MC.¢(U,N)

preventive and corrective maintenance are Under the following constraints :

known and constant, with Me> Mp.

S(k+1)= S R+B(N. ¢ k- d kx KOL... H1
Prob[S(k +1)20]26 k=04...,H-1
0<u(k)sUg ., k=0,1,... H -1
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H-(peg U . NYE N, ) (g = E{d(k)2} - 2.E{ d(k)}.E{ S K}
H -2B8(N)YE{d(k)}.E{u(k}+ E g 8%

Where the equation (6) define the availability atahine +2 NYELS(KY . E + 2 3
which depends on the production rate and the numiber AMNIE{S(K} E{ u K} + (N2 § U b}

B(N) =

partitions of preventive maintenance actions. =d(k)2-2d(k).S(K- 28 (N). A K. ( B+ Ko, )?
+S(K)2+ 2B (N).u(K. X B+ B ( N2 k2
3 ANALYTICAL STUDIES = (&(k) - (é( K+ B(N). U |<)))2+ k(o )?

After given an idea of the two policies (productiand S0ty (k= ma>{ O(a(k)_( As(k)'l-'g(l\b't( @) * ko )}2

maintenance) in previous section, we would likshow
the jointly optimization of production and mainteca Therefore:
strategy by the analytical study of two policiesdan

establish the deterministic equivalent problem. F(u) :i[cs.(k(ad)u g k)zﬂ
3.1 PRODUCTION POLICY n| ComBN).U(K)2+
+ - . .
| coma{ 0{d k- BB (VUK * Ka,) }

. Production, subcontracting and holding cost

This section focuses on transforming the total ooist «  The inventory balance equation
an analytical expression deterministic which wikn be
easier to solve. Thus the production, subcontrgciind

holding costs simplified as: Jk)=% kB Wl fk  *01..., H (8)
Lemmal: * The service level constraint:
H R For the probabilistic constraint, is transformede th
F(U):Z[Cs-(K(Ud)2+ S(k)zﬂ service level constraint into a deterministic eqigwt
k=0 o constraint by specifying certain minimum cumulative
ot ComBIN)-UCKZ+ production quantities that depend on the servieelle

}z (7) requirements.

" ¢, ma od ) G195 (NUH * Ko,

where Lemma 2:

S(k): means stock level at the end of the pekiod

Prob( S(kr )= 020=( UK Y( $49) kOL...H

Proof ;

We have With:

P = ;)[CS'E{( S k)z)}] Ug( ) : Minimum cumulative prodAuction guantity.
| ComBN).U(K)+ U, (5(1.6) = Vi x@it+d(k)- S(K

+2) Comax{ 0E{(d K)- (S(0+ 4 (N).uQ 3} B(N)

us (ky?

. V,, : Variance of demand at periock
And E{S(k)2} = k(g,)2+ S( K2

@ . Cumulative Gaussian distribution function with

d(kp meand and finite variancev,,
:>E{(d(k)_(9'Q A N (’BZ} = B2 (% ©kB( NV ¢ - Inverse distribution function
+HS(R+AN @ §)2

Proof: See Hajej-Dellagi-Rezg,|JPR 2011

3.2MAINTENANCE POLICY

For the maintenance policy, we seek to minimize the
cost associated with a schedule of future preventiv

_ E{d(k)z-Zd(k)S(k)-2Ol( RE(N (& }
+S(K)2+2S(KA(N) U B+ (N2 @
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maintenance and replacement activities.  Our
maintenance policy adopted in the problem is aopiégi
preventive maintenance policy with minimal repair.
More precisely, the machine will operate over aegiv
horizon H.4t. the maintenance policy adopted is as
follows: the HAt production periods is divided equally
into N parts of duration T. Perfect preventive
maintenance actions are is performed periodically a
times i.T, i=0,1,..., with N €{1,2,3...} and N.T=H
following which the unit is as good as new. Whemeve
failure occurs between preventive maintenance @stio
the system undergoes a minimal repair. It is asdume
that the repair and replacement times are negtgibl
The analytic expression of the total maintenancs
as follows:
F(N)=N.M_+M_¢(U,N)
If we assume that(t) represents the linear failure rate
function at production periodis expressed as following

1= Ao 20 )

oto [o,At]

We noticed that the maintenance policy is tighéiated

to the system degradation. That is why we adopfted t
production rate in order to take into account the
influence of the production rate on the failureerit).

Letting L(T):}As(t) dt denotes the expected failure
0

number incurred over the interval T0,, the average
failure number over the horizon H is:

j+l)><T—|r((j +l)%}ﬂ
-([ |"((i+1)>%]+1(t

(o))

U

mex

oD A0+

2
o o

(1

x4

With :
A, () = A, _,(At) + Sﬁmn (t) otofoat]

max

10

= ()= 2, ()+ B+ gy

S u(1)

= In[jX—} @

At

with B = [, (At); B, = 0 and

—

Aoto)

Proof: sedghesis Hajej2010

h )

0

4- OPTIMIZATION

The objective of the jointly optimization of prodiam

and maintenance strategy is to determine simultzsigo
the optimal number of partitioiN* and the optimal
production plan U* over the horizdth.

Thus, the equivalent deterministic model can be now
formulated as follows :

i [c. (ko) + 5]

ha| ComB(N).U(K)2+
< Cps.max{ o(d &) Gk B (NUH 2 Ka,) }

(i+lJ><T-|r((i+1>%}ﬂ

+

l r(( +1%] A0+ J; /]|V’((i+1)>%j+1(tﬁ
+Nx|\/L+|\/LxJ;. Z‘ _([ . o

e +(lr((1+l)x&jﬂ}ﬂ ([In((J +:Dxﬂj+]B A Ock

L (j+xr Urmx
Such that ;

S(k+))= B+B( NG k- d k  kOL..., H.
u(k) = Vi« x¢d,k+ d (k)_ S( k)
B(N)
Osu(k)sU.. k=0,1,..H-1
H - U,N N.

5- NUMERICAL EXAMPLE

An example of a multi-period, single product, an
aggregated production/maintenance planning prolidem
formulated by our model, which minimizes total cost
over a finite planning horizord=120 tu (time uni).
The information required to run this model is givien
sequence.

«  the monthly mean demard,

{d1:15, d2: 17, d3: 15, d4: 15, d5:15, d6:141 d7: 16,
d8:141 d9:16, d10: 15, d11: 15, d12: 15, d13: 15, d14:
15, dl5= 15, dlez 13, d17= 15, d18= 15, d19= 16, d20= 13,
d21= 15, d22= 15, d23= 14, d24= 16, d25= 16, d26= 16,
d27: 14, d28: 15, d29: 15, d30: 14, d31: 15, d32: 16,
d33: 14, d34: 16, d35:14, d36: 14, d37: 17, dggz 16, d39:
14, d40= 14, d41=15, d42=15, d43=15, d44=14, d45= 15,
d45=14, d47=14, d48=15 , d49=14, d50=14, d51=15, d52=
13, d53:15, d54: 15, d55:15, d56:17, d57: 14, d58: 16,
d59= 16, d60=15, d61=14, d62= 13, d63= 15, d64= 14,
d65=13, d66=131 d67= 16, d68=151 d69=15, d70= 14, d7l=
14, d72: 15, d73: 15, d74: 14, d75: 14, d76: 13, d77: 12,
d78: 16, d79: 16, dgoz 16, dg]_: 15, d82: 15, d83: 15,
d84= 16, d85= 14, dgez 17, d37= 16, dggz 16, dggz 15,
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dgo= 16, dg;= 13, dgy= 14, dgz= 16, dgs= 14, dgs=14, doe= Table 1: The economical production plan
16, do= 16, dog= 13, doo= 17, dio= 14, din=17,
d10,=14, d105=16, d10,=14, dyps= 16, d10e=16, dio=14, Figure 2 shows the curve of total production and

d10s=15, di00=14, d100=14, d11;=15, dq3,= 15, d115=16, maintenance cost according to N. We conclude tmat t
d114= 14, di15=16, dy36=14, di17= 15, dq1g= 15, dyyo= 14, optimal preventive maintenance period number obthin
di0=14} is N*=3,

Since that applying the preventive maintenanceadi
this optimal periodT*= 20 At, we obtained a minimal
total cost including production and maintenancetsos
Cpr =10 My Gy =0.5mu/k, G =30 mu,Mp = 3000mu, €= 100570 mu(monitory unit)

Mc = 300muy, Une=17up, S = 10up, 4p = 0.1tu, c =

» the other data are presented as following :

0.02tu. 1008000
The demand is assumed Gaussian with the standard /-./
deviation isog=1.2 1007500 r
The customer satisfaction degree, associated high t 1067000 A
stock constraint, is equal to 90%-0.9). rd
Finally, we suppose that the failure time of thingipal % 1006500 _//""
machineM1 has a degradation law characterized by a ¢S Ve
Weibull distribution. The Weibull scale and shape 3 1006000 o~
parameters are respectivgiy100 anci=2. \\-—r"/
Using the Nelder-mead method with MATHEMATICA, 1005500
we obtained the production plan the most economical
which is set out in the table below. 1005000
1004500
U, u, Us Uy Us Ug u; Ug Ug Uqg 1234567 8 910111213141516171819202122232425
16 |14 | 17 | 16 | 17 | 15| 16| 14| 17| 17 Number of partition N
U11 U1o U1z U1g U1s U1g Ui7 U1g U1g Uog Figure 2: Total cost dependingl\b

13 17 17 16 17 16 15 17 13 17

6- CONCLUSION
Up | U | Upg | Upg | Ups | Ups | Uz | Upg | Uy | Usp

17 |17 | 13 | 14 | 17| 16| 1v]| 17] 15| 11| |nthis work, we are interested in a manufactuspstem

Usy | Usp | Uss | Use | Uss | Uss | Uss | Usg | Use | Uao which calling upon a subcontractor machine in orer

satisfy economically a random demand under some

15 115 118 | 17| 13| 15) 13] 12] 171 17 constraints such as the random demand, a subctimgrac

Uz | Usp | Uss | Uss | Uss | Uss | Usr | Usg | Usg | Uso constraint and the availability of machine.

In order to obtain a simultaneous optimal producand
17 |15 | 16 | 17 | 12 | 13| 14| 17| 17| 17

maintenance scheduling, we have transformed our

Us; | Usp | Uss | Uss | Uss | Usg | Usy | Usg | Usg | Ugo problem from a stochastic one to a deterministie.on

In the numeric example, we were able to determine a
15 |17 | 10 | 13 | 17| 17| 16| 13| 11| 14

simultaneous optimal production plan U* which is
Uss | Ugz | Ugs | Uss | Ues | Ugs | Ugz | Ues | Uge | Uzo described in table 1and the optimal number of panti

! ; *_
17 |1z |5 5] 2] 16] 13| 17| 13 15 of the preventive maintenance plan N*=3.

U71 [ U7zp | U73 | U7q [ U7s | Ugs | U7z | U7g | U7 | Ugo

17 17 12 15 14 15 16 15 12 16 REFERENCES
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