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Abstract

This paper establishes isomorphisms for the Laplace operator in weighted Sobolev spaces
(WSS). These spaces are similar to standard Sobolev spaces H™(R"™), but they are endowed
with weights prescribing the functions’ growth or decay at infinity. Although well established
in R" @], these weighted results do not apply in the specific hypothesis of periodicity. This
kind of problem appears when studying singularly perturbed domains (roughness, sieves,
porous media, etc). When zooming on a single perturbation pattern, one often ends with a
periodic problem set on an infinite strip. Our results set a unified framework that enable a
systematic treatment of such problems. We provide existence and uniqueness of solution in
our WSS. This gives a refined description of solutions behavior at infinity which is a matter
of importance in the mutli-scale context. These isomorphism results hold for any weight
exponent and any regularity index. We then identify these solutions with the convolution of
a Green function (specific to periodical infinite strips) and the given data. This identification
is valid again for any weight and any regularity index modulo some harmonic polynomials.

Keywords:
weighted Sobolev spaces, Hardy inequality, isomorphisms of the Laplace operator, periodic
infinite strip, Green function, convolution

1. Introduction

In this article, we solve the Laplace equation in a 1-periodic infinite strip in two space
dimensions:
Au=f, in Z:=]0,1[xR. (1)

As the domain is infinite in the vertical direction, one introduces weighted Sobolev spaces
describing the behavior at infinity of the solution. This behavior is related to weighted Sobolev
properties of f.

The usual weights, when adapted to our problem, are polynomial functions at infinity and
regular bounded functions in the neighborhood of the origin: they are powers of p(y2) :=
(1+ y%)l/ 2 and, in s%me critical cases, higher order derivatives are completed by logarithmic
functions (p(y2)® log? (1 + p(y2)?)).

The li‘ger(atlire on (the w(eigilt)e)d Sobolev spaces is wide M, B, , EL , @, @, |ﬁ|, E, ]

and deals with various types of domains. To our knowledge, this type of weights has not



been applied to problem (). The choice of the physical domain comes from periodic singular
problems : in E? , E], a zoom around a domain’s periodic e-perturbation leads to set an
obstacle of size 1 in Z and to consider a microscopic problem defined on a boundary layer.
The behavior at infinity of this microscopic solution is of importance: it provides an averaged
feed-back on the macroscopic scale (see E] and references therein). This paper is a first step
towards a systematic analysis of such microscopic problems. We intend to give a standard
framework to skip tedious and particular proofs related to the unboundedness of Z.

We provide isomorphisms of the Laplace operator between our weighted Sobolev spaces.
It is the first step among results in the spirit of ﬂﬂ, EL @] Since error estimates for boundary
layer problems E),B, ] are mostly performed in the H?® framework we focus here on weighted
Sobolev spaces W;nép (Z) with p = 2. There are three types of tools used here: arguments
specifically related to weighted Sobolev spaces ﬂ, @], variational techniques from the homog-
enization literature B, @, ] and some potential theory methods [20]. A general scheme
might illustrate how these ideas relate one to each other :

- a Green function G specific to the periodic infinite strip is exhibited for the Laplace
operator. The convolution of f with G provides an explicit solution to (). A particular
attention is provided to give the weakest possible meaning to the latter convolution
under minimal requirements on f.

variational inf-sup techniques provide a priori estimates, in an initial range of weights,
for interior and exterior problems with Dirichlet boundary conditions. Then a lift is
built in order to cancel the lineic Dirac mass that’s introduced by artificial interfaces.
This leads to first isomorphism results.

these arguments are then applied to weighted derivatives and give natural regularity
shift results in H[',(Z) for m > 2 (see below).

by duality and appropriate use of generalized Poincaré estimates (leading to interactions
- orthogonality or quotient spaces - with various polynomial families), one ends with
generic isomorphism result that reads

Theorem 1.1. For any o € R and any m € 7Z, the mapping

A X$;2(Z)/P:]%m+2,a) = XZ:L#(Z)'LPZI%—TW—Q)

18 an isomorphism.

The spaces X #(Z ) are generalized WSS whose precise definition is given in section [Gl
'A

They are introduced in order to deal with critical values of (m,«). The spaces P a(m.a)

of harmonic polynomials included in X7 #(Z ) are defined in section [2

- for all values of @ € R and m € Z, we identify explicit solutions obtained via convolution
with solutions given in Theorem [Tl This gives our main result:

Theorem 1.2. Letm € Z, a € R and f € XZZ’#(Z)L]P’;%_m )" Then Gxf € XZ?;2(Z)
is the unique solution of the Laplace equation ([ZI)) up to a polynomial of ]P’:fmJr2 )’

Moreover, we have the estimate

|G * f|’x2f;2(z)/]p>;ﬁn+2ya) < HfHX;’f#(Z)-



The paper is organized as follows. In section 2] we define the basic functional framework
and some preliminary results used in this article. In section Bl we adapt weighted Poincaré
estimates to our setting. Then (section M), we introduce a mixed Fourier transform: it
is a discrete Fourier transform in the horizontal direction and a continuous transform in
the vertical direction. This operator allows the explicit computation of the Green function,
and we derive weighted and standard estimates of the convolution with this fundamental
solution. At this stage, we prove a series of isomorphisms in the non-critical case (section [5)
by variational techniques. In the last section, we extend these to the critical cases. In a last
step we identify any of the solutions above with the convolution between G and the data f,
this proves Theorem

2. Notation, preliminary results and functional framework

2.1. Notation and preliminaries
We denote by Z the two-dimensional infinite strip defined by

Z =0, 1[xR.

We use bold characters for vector or matrix fields. A point in R? is denoted by y = (y1,y2)
and its distance to the origin by

re=lyl = (3 +43) "
Let N denote the set of non-negative integers, Z the set of all integers and Z* = Z \ {0}.
We denote by [k] the integer part of k. For any j € Z, IP’;- stands for the polynomial space
of degree less than or equal to j that only depends on y». If j is a negative integer, we set
by convention P, = {0}. We define IP’;-A the subspace of harmonic polynomials of P’. The
support of a function ¢ is denoted by supp(y). We recall that D(R) and D(R?) are spaces
of C* functions with compact support in R and R? respectively, D'(R) and D’(R?) their
dual spaces, namely the spaces of distributions. We denote by S(R) the Schwartz space of
functions in C*°(R) with rapid decrease at infinity, and by S’(R) its dual, i.e. the space of
tempered distributions. We recall that, for m € N, H™ is the classical Sobolev space and we
denote by H}(Z) the space of functions that belong to H™(Z) and that are 1-periodic in
the y; direction. Given a Banach space B with its dual B’ and a closed subspace X of B, we
denote by B’ L X the subspace of B’ orthogonal to X, i.e.:

B'1lX ={feB, YveX, (fv)=0}=(B/X).

We introduce 7y the operator of translation of A € Z in the y; direction. If ® : R2 — R is a
function, then we have

(@) (y) := (Y1 — A, y2).

For any ® € D(R?), we set @d := > xez ™A@, which is the y;-periodical transform of .
The mapping y; — wP(y) belongs to C*°(R) and is 1-periodic. Observe that there exists a
function 6 satisfying

6 € D(R) and wh = 1.

More precisely, consider a function 1) € D(R) such that ¢ > 0 on the interior of its support.
Then we simply set § = % . The function @ is called a periodical D(R)-partition of unity.



If T € D'(R?), then for all ¢ € D(R?), we set
<T)\T7 (70> = <T7 7——)\(10>7 A€ Z.

Similarly, if 7" € D'(R?) has a compact support in the y; direction, then the y;-periodical
transform of 7', denoted by w7, is defined by

(@T, ) := (T, wy), Ve e D(R?).
These definitions are well-known, we refer for instance to ﬂﬂ] and ﬂﬁ]

Remark 2.1. Let ® be in D(R?). Then we have

T,\&@ = ai(T)\(I)), Ve Z, (2)
wW(0;®) = 0;(w®) (3)

and
T2 @ 2(2) < [|®] 22 (R2)- (4)

As a consequence of equality (@), if u € D'(R?), we also have

W(0u) = 0;(wu). (5)

The next lemma is used to prove the density result of Proposition

Lemma 2.1. Let K be a compact of R%. Let u be in H™(R?) and have a compact support
included in K. Then we have

[@ullgrm (z) < N(K)|ul| gm (ge2),
where N(K) is an integer only depending on K.

Proof. Let us first notice that, since K is compact, there is a finite number of A € Z such
that supp(rau) N [0,1] x R is not an empty set. This number is bounded by a finite integer
N(K) that only depends on K. It follows that @wwu is a finite sum and

e ull2(z) < NK)[Jullp2r2)-
The end of the proof then follows from (). O

We now define the following spaces

Cxr(Z)={ v:Z=R,y1= p(y) e C([0,1]) I-periodic, y2 = p(y) € C(R)},
Dy(Z) :={ v:Z—=R,y1 = o(y) € CP([0,1]) l-periodic, y2 — ¢(y) € D(R)},
Sup(Z):={ ¢:Z—=R,y1— p(y) € C™([0,1]) 1-periodic, y2 — p(y) € S(R)}.

The dual spaces of Dy (Z) and Sg(Z) are denoted by Dy (Z) and Sy (Z) respectively.



2.2. Weighted Sobolev spaces in an infinite strip
We introduce the weight
1/2
p=ply) = (1+43)"".

Observe that, for A € N and for v € R, as |yz| tends to infinity, we have

For a € R, we define the weighted space
12(2) = HY 4(Z) = {u € D'(2), pu € LA(Z)},
which is a Banach space equipped with the norm

lullzz (z) = llp"ullL2(2)-
Proposition 2.1. The space D(Z) is dense in L(Z).

Proof. Let ubein L2(Z). Then, by definition of the space L2 (Z), it follows that p®u € L?(Z).
Therefore there exists a sequence (uy,)nen C D(Z) such that u,, converges to p®u in L?(Z) as
n — oo. Thus, setting v, = p~“uy,, we see that v, converges to u in L2(Z) as n — co. O

Remark 2.2. Observe that we have the algebraic inclusion D(Z) C Dx(Z). It follows that
the space Dy (Z) is dense in L2(2).

For a non-negative integer m and a real number «, we set

—1 it ad¢{1/2,...,m—1/2}

k= Fk(m,a) ;:{ m—1/2—a if ae{1/2,...,m—1/2}

and we introduce the weighted Sobolev space

"M (Z) = {u€Dy(Z;YAe N0 < A <k, p~™ T (In(1 + p*)10Mu € L2(2),
E+1< N <m, p7™ ot e 13(2)},

which is a Banach space when endowed with the norm
1/2
- A 2\\—1 A, 112 — Al oA, 112
ull i, (2) = ool I+ )l + DL TN I 4
0<|N <k E+1<|M<m
We define the semi-norm
1/2

lul iz = | D 10%ulf2 2

[A|l=m

Observe that the logarithmic weight function only appears for the so-called critical cases
a € {1/2,..,m — 1/2}. Local properties of the spaces H}',(Z) coincide with those of the



classical Sobolev space H}(Z). When o ¢ {1/2,...,m — 1/2} we have the following algebraic
and topological inclusions :

Ny(Z) CHP W (Z) C . C Lo, (2). (7)

When « € {1/2,...,m — 1/2}, the logarithmic weight function appears, so that we only have
the inclusions

m m—o+1/2
mu(Z) C . HYL ST (2). (8)
Observe that the mapping
ue H'y(Z) = 0 ue BN (Z) (9)

is continuous for A € N2. Using (@), for o,y € R such that a ¢ {1/2,...,m — 1/2} and
a—y¢{1/2,....,m — 1/2}, the mapping

«

we HIW(Z) — pru € HY . 4(7) (10)

is an isomorphism.

Let ¢ be the greatest non-negative integer such that yd € H(T#(Z ). An easy computation
shows that ¢ reads :

_ [ m-=3/2—aq, ifat+1/2€ {icZ;i<0},
4= q(m. ) '_{ [m—1/2 —a], otherwise. (11)

For example (see also tab. [II), if m = 0 one has :

—3/2 —a, ifa==%(L+4),i ez,
o=a0.0={ (z +9) (12)

[-1/2 — a], otherwise.

m\o| =53] | [=%i—3[ | [-2:3[ | [3:3]
/ / / 0 0

q(0,@) 1 0

P P 1 0 0

Pi2a) Py P Py Po

Table 1: Polynomial spaces included in H,',(Z) for various values of o and m

Proposition 2.2. The space Dy (Z) is dense in H}',y(Z).

Proof. The idea of the proof comes from @] and ] Let u be in H}',(Z).

(i) We first approximate u by functions with compact support in the yo direction. Let
® € C*([0,00[) such that ®(t) = 0for 0 <t <1,0 < P(t) <1, for 1 <t <2 and
®(t) =1, for t > 2. For ¢ € N, we introduce the function @, defined by

By(t) — o (é) ift>1, (13)

1 otherwise.



Note that we have ®(t) = 1if 0 <t < e/2,0 < ®y(t) < 1if /2 <t < e’ and By(t) = 0
if t > ef. Moreover, for all £ > 2, t € [e/2,e], A\ € N, owing that t < V1 + 12 < /2t
and Int < In(2 + t?) < 31Int, we prove that (see ﬂ], Lemma 7.1):

d 14 C

— 0| — )| <

dt? (lnt) ' T (1+2)M2In(2 +t2)’
where C'is a constant independent of £. We set u/(y) = u(y )®¢(y2). Then, proceeding
as in @] (Theorem 7.2), one checks easily that u, belongs to H[',(Z), has a compact
support in the yo direction, and that u, converges to u in H;’?#(Z) as / tends to oo.
Thus, the functions of HY #(Z ) with compact support in the ys direction are dense in
H(T#(Z ) and, we may assume that u has a compact support in the yo direction.

(i) Let 6 be a periodical D(R)-partition of unity and let (a;)jen be a sequence such that
a; € D(R?), oj > 0, [poaj(®)de =1 and the support of a; is included in the closed
ball of radius r; > 0 and centered at (0,0) where 7; — 0 as j — oco. It is well known that
as j — 00, a; converges in the distributional sense to the Dirac distribution. We set
w(y) = 0(y1)u(y). Then w belongs to H™(R?) and has a compact support. Moreover,
since W = 1, we have Ww = wW(fu) = (Wh)u = u. We define ¢; = w * ;. Then ¢;
belongs to D(R?) and converges to w in H™(R?) as j tends to co. Let ¢; = wyp;, then
1 belongs to Dy (Z) and thanks to Lemma 2] 1); converges to ww = u in H?#(Z) as
7 tends to oc.

O

The above proposition implies that the dual space of H}',(Z) denoted by H™[",(Z) is a
subspace of D, (Z).
3. Weighted Poincaré estimates

Let R be a positive real number. For 8 # —1, one uses the standard Hardy estimates:

0 92 2 poo
[Tirera < () [T irore . (19
while for the specific case when 8 = —1, one switches to

/ROO (’1{1(:))2’2#7’ = <§>2 / T\ rdr.

R
‘We now introduce the truncated domain

Zr :=]0,1[%x(] — 0o, —R[U]R, +00]).

Using the above Hardy inequalities in the yo direction, we can easily prove the following
lemma.

Lemma 3.1. Let a, R > 1 be real numbers and let m > 1 be an integer. Then there exists a
constant CJ' such that

Vo € Dp(Zr), 6l zm) < ORIl 7y (15)
As a consequence, we also have

Vo € D#(ZR)a HQDHH;Z#(ZR) < C(T‘SD‘Hgf#(ZRy (16)



For the particular case when o € {1/2,. —1/2}, ([[6) cannot hold without introducing
logarithmic weights in the definition of the space H[',(Z).
Proceeding as in ﬂ Theorem 8.3), we have the Pomcaré—type inequalities :

Theorem 3.1. Let a be a real number and m > 1 an integer. Let j := min(q(m, o), m — 1)
where q(m, ) is defined by (). Then there exists a constant C > 0, such that for any
ue Hy'y(Z), we have
inf A gm < Clulgm (7 17
Alélpg [|w + ||Ha7#(Z) < |U|Ha7#(Z) (17)

In other words, the semi-norm |.|ng#(z) defines on H}',(Z)/P; a norm which is equivalent
to the quotient norm.

4. The mixed Fourier transform (MFT) and the Green function

The purpose of this section is twofold:

(i) we look for the fundamental solution for the Laplace equation in Z,
(ii) we estimate the convolution with this solution in weighted Sobolev spaces.

To achieve this goal, we define the MF'T and an adequate functional setting.

4.1. Rapidly decreasing functions

Let set I' :=7Z x R and let us write the locally convex linear topological spaces :

S(I) = {gp ZxR—=R st.VkeZ ¢k,-)eSR)

and sup ‘kalﬁalyy@(k‘,l)‘ < 00, Y(a, B,7) € N?’} )
keZ,leR

The space S(I') is endowed with the semi-norms

, Vo' <o, B < By <

|2 = sup ‘ka,lﬁlaﬁ/@
By kEZ,IER i

We define also
12(Z; L*(R)) := {UES/ ) s.t. Z\u \LQ(R <oo}
kEZ
Proposition 4.1. S(T') is dense in 1*(Z; L*(R)).
Proof. As u € I2(Z; L*(R))

Ve>0 ko >0st. Y [ulk,)jzm <
|| >ko

<
5

We set
e {u%,-) if [k] < ko,

0 otherwise ,



where u9(k,-) is a standard smooth approximation of u(k,-) in D(R). Then, we choose & (ko)
s.t.
2 €

VE st [k| < ko Hu(k:,-) — (K, -)( o < 3R

which finally gives

2 2
0 5
Hu "YU leziem) <> Hu(k’ )=k, ‘ L2(R) D Ntk )z <€
|k <ko |k[>ko
which proves the claim, since u® trivially belongs to S(T"). O

Definition 4.1. We define the MFT operator F : Sy(Z) — S(T') as
Fe)h ) i= [ elyye® 5y, k1) eT
z

where k := 2rk, and the same holds for .

We list below some basic tools concerning the MEF'T needed in the remaining of the paper.
They can be proved following classical arguments (ﬂ2__4|], ﬂﬁ], ﬂﬁ])

Proposition 4.2. (i) The operator F : Su(Z) — S(T) is an isomorphism and the inverse
operator is explicit:

Z/ (k, Dekvitlv gl vp e S(T), Vye Z.
kEZ

(ii) One has in a classical way, for any (f,g) € Su(Z) x Sy(Z), that
/ fogdy = Z/ FU) k1) - F@) ks, )dl, and F(f * g) = F(f)Flg), (k1) €T.

4.2. Tempered distributions and MFT

In a quite natural manner we extend the concepts introduced above to tempered distri-
butions.

Definition 4.2. (i) A linear form T acting on S(T) is s.t. I(a, B,7) € N

7(2)| < Cllass ¥ € SD).

(ii) The MFT applied to a tempered distribution T' € Sy(Z) is defined as
<F(T),¢ >g5 5= F(T) @) = T(F(3) =< T, F () >s;, x5, V& €S(T),

where

Z/ (k, e~ Fuitl) g1 vz e ST), Vye Z.
keZ

In the same way, we define the reciprocal operator denoted F~1 which associates to each
distribution T € S'(T') a distribution F~1(T) s.t.

< F~ ()<p>5/><5 <Tf()>glxg

where ¢k, 1) = p(—k,—1).



We sum up properties extending classical results of Fourier analysis to our MFT.

Proposition 4.3. (i) If T € S(Z) then F(T) € S'(T). Similarly, if T € S'(T) then
FUT) € S, (2).
(i) The Dirac measure belongs to Sy,(Z) and :

F(bp)=1, VkeZ, ae CeR.
(iii) the MFT acts on the derivatives in a polynomial fashion:
VT € 8L(Z), F(0°T) =il*l(k™ +1*)F(T),

for any multi-index o € N2,
(iv) Plancherel’s Theorem : if f € L*(Z) then the Fourier transform F(Ty) is defined by a
function F(f) € 1*(Z, L*(R)) i.e.

F(Ty) = Tripy Vf e LXZ) and |F(Hlpzremy = 122

4.8. The Green function for periodic strips
We aim at solving the fundamental equation:

~AG=6 inZ, (18)
stated here in the sense of tempered distributions. Then G should satisfy, in S(I')":

(k2 +P)F(G) = 1.
Proposition 4.4. The Green function G solving ([I8)) is a tempered distribution and it reads
e~ Flly2|+iky:

_|y2|} :Gl(y)+G2(y)7 VyGZ,

where N -
e |klly2|+iky:

o 1]
Moreover, one has Gy € LY(Z) N L*(Z) and thus G € L2 (Z). The Green function can be
written 1 a more compact expression :

1
and Gso(y) := —§|y2|.

G(y) = —% In(2 (cosh(2my2) — cos(27y1))).

Notice that the Green function is odd with respect to y.
Proof. We define:

eiiyz R ei1~|y2\

G ngnooGN. Nhin‘x’g]vjke , with Jj /M2+l~2dl ngxéo/_R %2+l~2dl

The absolute value in the last right hand side is added as follows:

ilyo oo ilys —ilys 00 7, 00 7]
/;dz:/ %dzzz/ Mdzﬂ/ cos(llyel)
R k2 + 12 0 k2 +12 0o k2412 0o k2412

10



Proceeding as in example 1 p. 58 @], one has, extending the integral to the complex plane,
that

etZlyzl 212
L = lim z = lim = —dz
J] li d li % d
R0 Jo, k2 + 22 R—o0 Jop (24 i|k])(Z — i|k|)
1 —lkllyal
= lim — ) — ise)) =
R—00 2T Jo 2 — K| 2|k|

where Cr := {z € C; |2| = R and Jm(z) > 0} U ([-R; R] x { 0}) as depicted in fig. @ and
f(z) := %2l /(2 + i|k|), being a holomorphic function inside Cr. The 1D-Fourier transform

Im(z)

Cr

(—R,0) (R, 0) NRe(z)

Figure 1: Path of integration in the complex plane

of the tempered distribution |y| is —2/12, thus one concludes formally that

ei[y2 1
J():/ = dl:——|y2|.
R [

The L2 bound is achieved thanks to the Parseval formula

1
HG1H2L2 H]:(Gl)HZ?(Z L2(R)) Z / (2 +€2 EZ: 13 ¢

keZ*

One recalls the expansion in series of the logarithm :
2. 2k
n(l— — ceC: |zl < 1.
2) kz_: o Vz |z

Thus for y # 0

1 1 .
Gily) = —5-Feln {1 _ p2m(- \y2\+zy1>} = —5-In ‘1 _ o 2m(=ly2l+iy1)

_ _2i In {e_”“m\/i (cosh(27|ya|) — cos(27ry1))%}

s

1
— \y2_2! - In(2 (cosh(27yz) — cos(2my1))),

which gives the desired result for G. O

One can easily obtain the asymptotic behavior of the Green function. As |ys| tends to infinity,
we have

IG(y)] < Clyal, IVG(y)| <C and [02,G(y)| < Ce ™2l < Cp(yy) ™, Vo € R (19)

11



Moreover, as |yz| tends to infinity, we also have
G1(y)] < Cply2)™7, Vo >0, Yy € (0,1). (20)

4.4. Convolution with the fundamental solution in weighted spaces

Before proving weighted estimates on the Green function, we shall define the convolution if
f€Du(Z), ie.

G*fz/ZG(w—y)f(y)dyz/ZG(y)f(w—y)dy.

Thus the convolution G f belongs to C3°(Z). Moreover, thanks to (I8), we have A(G* f) = f
in Z.

4.5. Homogeneous estimates

Definition 4.3. For any function f in L*(Z) the horizontal average f reads :

1
) = /0 Flony2)dun.

Lemma 4.1. For any h € Sg(Z) such that h =0 one has :
0“Gyxh =0, ae inZ, «c{0,1,2}

Proof. G is a tempered distribution, the convolution with h € Sx(Z) makes sense :

1 _
<Garxh, @ >s,(2)x54(2) = 5 /R |22 /z h(x2 + y2)dz ¢(y)dydzs = 0.

The same proof holds for derivatives as well. As this is true for every ¢ € Sx(Z), the result
is proved. O

Proposition 4.5. Let f € L?(Z). Then there exists a constant independent on f s.t.
HG * (f - f)HHi(Z) < CHf”H;”*?(Z)y

where C' is a constant independent on f.

Proof. First we show the lemma for f € Sy(Z), then by density the result is extended to
L?(Z) functions. We set h := f — f. Thanks to lemma above 0°G x h = %G1 x h. As G
belongs to L?(Z), one is allowed to apply the MFT in the strong sense. It provides :

LilldP

h(k, €)

~ ~ A~ 2
||8aG * h”%z — HaaGl % hH%Z = H(ik‘)al (if)QQGlh ‘

drl

2
22 kg* R (;}2 +g2)2

? C/||h||?
P 17l 72(z)

~ 2 o ~
nggz:*/R‘h(k,é)‘ de:cHh

where o is a multi index s.t. |a| € {0,1,2}. The summation in k is performed in Z*, this is
crucial when estimating |k[2%1 |22 /(k? + £?)? by a constant. O
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4.6. Non-homogeneous estimates
We extend here the above results to the weighted context. We start by stating three
lemmas.

Lemma 4.2. We define the horizontal Fourier transform, given f € L*(Z)

1 ~
Fi(f)(k,y2) = / f(yl,yg)e_lkyldyl, Vk €Z, a.eys€R.
0

If we define the convolution operators : for g € L'(Z)NL*(Z) and f € L*(Z)

g*y = /ZQ(CB— Y (Ydy, (g*y, f)(1,22,21) = /Rg(th —y2) f (21, y2)dy2,
then one has
]:k(g *y f)(k’,l‘Q) = (]:kg *yg ]:kf)(k‘,iltg), Vk € Z, a.e. x9 € R.

Proof. If f € L*(Z) and g € (L' N L?)(Z) then the convolution with respect to both variables
is well defined. Setting

(f *y 9) (71,72, 22) := / f(x1 —y1,22)9(y1, 22)dy1,
R
almost everywhere in yo and for every k € Z one has

Fi (f #y1 9(x1, 72 — Y2, 92)) = (Fif)(k, 22 — y2) (Frg) (k, y2).

Integrals in the vertical direction commute with the horizontal Fourier transform due to
Fubini’s theorem. So one shall write :

/R Fo (f 91 ) (k02 — o, yo)dys = Fi < /R (f #y1 9) (ks 22 — 1, y2>dy2> = Fulf #y 9)(ks2),

which ends the proof. O

Lemma 4.3. For f € L%(Z), one has

17152y = D IFe(Dl Tz @y VB ER.
keZ

Lemma 4.4. Let a € R s.t. |a| > 1 then for any real b, one has

Cp(x)™"

, xR
|al

I(x) r=/Re"”‘yp(y)‘bdy§

Proof. We set |z| = R and let Ry be a real such that Ry > 1. We define three regions of the
real line :

Dy := B(0,R/2), D;:=B(0,2R)\ B(0,R/2), Dj3:=R\ B(0,2R)
Decomposing the convolution integral in these three parts, one gets :
[(.Z') = Z[Z(‘T)7 where IZ(.Z') = / e_‘a”m_mp(y)—b dy
; b,

We have two cases to investigate : R > Ry and R < Ryp.

13



(a) If R > Ry
(i) On |y| < R/2, |x — y| ~ R so that

I () ~ IR / (1 + ly])*dy.
lyl<Z

According to the value of b, one has

1 if b> 1,
L(z) <Ce B LR if0<b<1,
R ifb <.

As R > 1, there holds
|
olalR < (o] + D
("

Setting
a(b) == b1y 4oo(b) + (1 +0) Ljg17(b) + Lj_o 0/(b),

one recovers the claim in that case.
(i) On R/2 < |y| < 2R, [y~ R
(z) ~ R / e~lallo=l gy,
E<yl<2R

because |z — y| < 3R, one has Iy(x) ~ R7%/|al.
(iii) On the rest of the line |y| > 2R, |z — y| ~ |y, so that

Iy(x) ~ / eIl ~by,
ly|>2R

Two situations occur :

e cither b < 0 then we set b := [—b] + 1 and one has
/ el gty < 0 Pf’i L (airy
ly>2R ~ al = (b—p)!
—la|lR . _ _ —b
<o Ry < CORT
|al |al

In the latter inequality we used decreasing properties of the exponential function
in order to fix the correct behavior for large R.

e cither b > 0 and one has directly that
/ e~lallvljy|~bgy < R—b/ e~lallvl gy
ly[>2R ly[>R
(b) Otherwise, if R < Ry then p(z —y) ~ p(y), and thus

_la _ C
I(:v)N/e Wl p(y)~dy < .
R |a|

14



O
Proposition 4.6. Let us set § a positive real number. Then for every f € LIOC(Z) s.t.
f—FfelL3(2)
o - = 1
169G * (f — f)HLél(Z) <Clf~Tllppzy V8 <B-3 lalefo1),
where the constant C is independent of the data.

Proof. Set again h = f — f and suppose that h € Sy(Z). By Lemma :

[0%G = h”%f;/(Z) = [|0%Gr % h”sz, Z [ (0 Gy P HL2

keZ*
- 2
::;E;ZH(zk) {fk(ﬁyj(?l)*yQ.Fk(h)‘LEAR)
For all k € Z*, thanks to Lemma 4], a.e. « in Z,
I T
(" F(@32G1) o Fel| < [ S R e
R
P($2)_ﬁ _B
< Ol Fx(R) (K, )l 2 ) W < Ol Fe(h) (K, )| 2y p(2) ™",
for o multi-index s.t. |a| € {0,1}. Then
10°G < Bl < S 1Ty [ ol e < 3

keZ*

if 3/ < B —1/2. As in Proposition @5, the result above shall be extended to L?(Z) functions
by density arguments. O

Theorem 4.1. Let f € L2(Z) 1P, for any a > %, one has
G2 = f”Li727€(Z) < C“f“Lg(Z)'

Proof. Since the proof is essentially 1D, we consider functions defined in R. The extension to
Z is straightforward. We proceed by duality, namely we expect that

(G*f,0)

sup = ——1T0 < oo0.
ver .. 1Pz (2

We choose f € LZ(R)LP] and (¢s)s € Sg(R) s.t. @5 — ¢ in L3_, . (R), then |z] * p5 is
infinitely differentiable and one can apply the Taylor expansion with an integral remainder :

[ el )@@
= [ {100 + 000+ [l 0" (9 = )is | e
- [ 16 /rx\*g05>"<s><x—s>dsdw—2 |1 /Omsog(s)(x—s)dsdx

< Cligslsy .. [ 0" @If@Idz < Cllgslg

27a+e(

® 2 (m)-
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In the second line we used the orthogonality condition on f in order to cancel the first two
terms in the Taylor expansion. An easy computation shows that if p5s — ¢

¢:= lim (\x! * pg)(z) f(x)dx = 2/ f(z / (z — s)dsdz, Yf € LA(R)LP,.

6—0

By Fubini theorem, one is then allowed to write :

2/Rf(a:) /Ow o(s)(x — s)dsdx
)

= 2{ x)(x — s)dxds — /RS ©(s) /_SOO fz)(x — s)da:ds}

/ (s / f
= —2/ / f(x)(x — s)dxds

/ {/ f(z x—sdx—/ flx a:—sda;}d
= [ [ Sl — sl ds = [ el Dispets

which ends the proof. O

Lemma 4.5. If a > %, and if f € L2(Z)LR, then
||sgn *THLi,H(Z) < Clfllz(z)-

Proof. In a first step f does not satisfy the polar condition. Under sufficient integrability
conditions, one writes :

(sgn(z2) * F)(z) = — / T+ / T,
Y2<x2 Y2>x2

For x5 tending to infinity, f * sgn(zy) behaves as sgn(xs) Iz f. Indeed

(sgnlaz) = () — sea(ea) [ ?\ 3 ‘ ([ Feas) e tea - ( i (s)ds) 12, (a2
<2l z ({ /- P_zo‘(yz)dw}% 1) +{ [~ ,0_2&(@/2)6@2}% nR+<x2>>

R
< Ol Nz z)p? " (22).

Then taking the square, multiplying by p?* and integrating wrt z

2

sgn(zs) * T — sgn(a) / 7

o < C'Hf”%g(Z)/Rﬂl_%‘”ﬁ(ﬂ?z)dwz,
B

which is bounded, provided that 8 < « — 1. Taking into account the polar condition f1R
gives then the claim. O

Similarly to Theorem 1], thanks to the previous lemma, one gets that
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Theorem 4.2. Let f € L2(Z)LR then for any o €]3,3] one has
G2 = fHLifzfe(Z)/R < C‘|f‘|Lg(z)-
Proof. As previously, the proof is essentially 1D. Let us choose f € L2(R) LR and (ps)s €

S4(R)LR s.t. @5 — ¢ in L3, (R)LR then |z| * ¢ is infinitely differentiable and one can
apply the Taylor expansion with the integral rest :

JREREHETE
= [{tet w0+ [“(esnsmoris} sero= [ @) [ o s semopasas

Proceeding as in the proof of Lemma .5 one has

T 1.
| esmsens)as] <leslis, oo™ H @),
leading to
| [[esesmias| - <Clloslis, o
0 L%Q(R)

with o < % + €. Thus one has

[ el o)) arteas| < Clflggmylioslis., o

Moreover, one needs that R € L2 (R), which is true if o > % It is not difficult to prove by
similar arguments that

T

ti [ (o < sea)(5)s = /0 (¢ # sgn) (s)ds

strongly in the L2 (R) topology. As in the proof of Lemma 5, by Fubini,

/0 (sgn » ) (s)ds = 2 /O ) { / Oo p()dtloco(s) - / h gp(t)dt]ls>0(s)} ds =2 /O “g(s)ds.

As g is a C! function on any compact set in R, one can integrate by parts on (0, z) :

/Oxg(s)ds = [a(s)s]% — /Ox o) sds.

Using this in the right hand side of the previous limit, one writes

J::/Rf(a;) /Ox(cp*sgn)(s)dsdx:2/Rf(x) {g(az)x—/oxg'(s)sds}da;
:2{ - f(x)x/_g; gp(t)dtd:p—/R+ f(x):n/:o go(t)dtdx—/Rf(:n) /Oxgo(s)sds}

:2/Rf(x)x/_;gp(t)dtda:—2/Rf(x)/0mg0(s)sdsda: = A-B.
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By Holder estimates the integrals above are well defined. Fubini’s theorem allows then to
switch integration order. Using the orthogonality condition on ¢ and on f, one may easily

show that
=2 . f(a;)x</_;gp(t)dt> dm:/Rf(a:)m{/_tocp(s)ds—/xoogp(s)ds}da:
:/Sgp(s){/:O:Ef(:n)dzn—/_;xf(x)dx}ds
B:2{/R+f(a:)/0xscp(s)dsdm—/f(m)/xoscp(s)dsdm}
:2{/]R+s<,0(s) /OO f(:z:)d:nds—/R s o(s) / f(:n)d:nds}
:—2/34,0 / flx da:ds—/sgp {/ flx da;ds—/ f(z dm}

These computations give :

A-DB= /Rs ©(s) {/:O(a: — ) f(z)dx — /_Soo(x - S)f(m)dx} ds
- /R*”(S)/R'i””'f (2)deds = /R o(s) (1] * £)(s)ds.

(lz] = f, #)
(R)LR ol 2 R)

And because

ig}fé“\x! f+)\”L Cro® = sup

2
PEL e a 2t+e)—al

the final claim follows. U

Theorem 4.3. Assume o > 1/2 and recall that q(0, —«) is defined by (I2)). Then the operator
defined by the convolution with the fundamental solution G is a mapping from Lg{(Z)J_IP’ %0 —a)

on Hy_y_ »(Z) 0 Hi_z_e,#(z)/]?/[?p_a] for any € > 0.

Proof. One follows the same lines as in the proof of Theorem 1 p. 786 in @] More precisely,
by Theorems 1] and 2, Prop. K6l and Lemma [£5] the convolution with G' maps also
Lgl(Z)J_IP%O ) OB HY . 4(Z )/P3/2 . Thus for f € L%Z)LP?O o letu=Gxfe
L2, 4(Z )/P[3/2 o)- Then for any ¢ € D#( ), (A(G % f),¢) = (f,G * Ap) = (f, ) which
implies that Au = f in the sense of distribution. But since u € L? , +(2) /IP’[3 /12—l and
Au € LE(Z )L]P’ 4(0,—a) using a dyadic partition of unity ﬂﬂ and standard inner regularity

results (see for instance a similar proof in Theorem 3.1 in @ ] or chap I'in ﬂﬁ one has that:
_ 2
S e Dl g <C (I8l o+l o)
[y[=2

where the constant does not depend on u. These estimates are not isotropic with respect
to the weight. Taking the lowest weight in front of the second order derivative ends the
proof. O
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4.7. Convolution and duality
We generalize the latter convolutions to weak data, namely, when f € H;;&(Z ).

Proposition 4.7. For < % and f € HE;(Z)J_]P’E?*_M one has :
’ 2

|G fHL%flfe(Z)/P@,m < CHf”H/;;E(Z)a

where C' is independent on f.

Proof. Using Theorem with & = (1 4 €) — 3, which is possible since 8 < 1/2, one has
[ G*@) / a Sl HIG*e /
( >Hﬁ7#(Z)J_]P’[§+B]leB’#(Z)/]P’[ngB] | ”Hﬂ,#(Z)H HHEB’#(Z)/]P’@Hﬂ

/

= C”f|’H§,;£(Z)”(pHL?1+e 0.8 (14e)

\_p(2)LP

as € is positive and arbitrarily small ¢(0, 8 — (1+4¢€)) = [1/2— ]. Hence taking the supremum
over all p € La(Z)J_]P’/[lA/Q_m, ends the proof. O

5. The Laplace equation in a periodic infinite strip

In this section we study the problem

—Au = fin Z,
. o o (21)
u is 1-periodic in the y; direction
in the variational context. Firstly, we characterize of the kernel of the Laplace operator.

Proposition 5.1. Let m > 1 be an integer, « be a real number and j = min{q(m,«),1}
where q(m,«) is defined by ([Il). A function u € Hg"f#(Z) satisfies Au = 0 if and only if
u € ]P’;»A.
Proof. Since j < 1, it is clear that if u € ]P’;-A, then Au = 0. Conversely, let u € S;#(Z)
satisfies Au = 0. We apply the MFT : in the sense defined in Definition 4.2] one has

(K2 +2)F(u) =0, VYke€Z, ae l€R,
which implies that

Flu) = {Z?:o 5, _o) ifk=0

0 otherwise
where p is a non negative integer. A simple computation shows that F~1(F(u)) = jzo(iyg)j ,
indeed
»
-1 _ I _ J T .
<]: (]:(U)) ’(’D>S;¢,S# = <]:(u)7]:((10)>3,(1_‘)7$‘(1_‘) = <Z 507]:((70)(07 )>
j=0 S'(R)xS(R)
P ' P -
= —1)? (09, 0;¥) o = 1) (b, ((1y2)7
D (00,58 csm) = Do) (00 (@27)) s
ZZ(—l)J/(iyz)jw(y)dy = <Z(—iyz)%w> :
7=0 b 7=0 Sl xSy
where ¢ denotes the usual 1-dimensional Fourier transform on R. O
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We establish a Poincaré-Wirtinger’s type inequality.

Lemma 5.1. For every u € H;#(Z) with o € R, one has
lu—=all12(z) < lulm ,(z):

Proof. If u € Hé#(Z) then 0*u € L2 (Z) for all 0 < | A] < 1. In particular, almost

loc
everywhere in gy one has 0Mu(-,y2) in L?(0,1). Applying Parseval in the y; direction one
gets :

lu =220 = 3 lak)? and [rulapy = > [k[a(k)]?
kezZ* kezr

for almost every yo € R. This obviously gives
2 2
Ju— U”L2(0,1) < Halu”LQ(O,l) a.e. Y2 € R.
Integrating then with respect to the vertical weight, one gets the desired estimates. O

In order to state existence and uniqueness results for solutions of (21), we first deal with the
Laplace operator in the truncated domain Zg :=]0, 1[x (] — 0o, —R[U]R, +0]) :

{—Au:f in Zg,

(22)
u=20 on y» = +R.

Lemma 5.2. Let a be any real number. If f € H;;(Z) there exists R(a) large enough such
that problem [22) has a unique solution u € Hé’#(ZR(a)).

Proof. First we notice that H;l Z) C H;;E(Z r). Then the proof relies on an inf-sup argu-
ment similar to the one used in |18] (the main difference being the nature of weights : in E]
the author derives similar estimates for exponential weights on a half strip). Indeed, we set

Y2
/ w?0y,(s) ds if yo > R
R

vi=wiu—1) +Y(u), w:=pY, and P(u):=<{ 0 if ly2| < R

-R
- / w?8y,T(s)ds  otherwise.
y

2

First of all, we check that v € Hia,#(ZR)'

Vo = V(w?)(u —7) + w?Va.
An application of Lemma [B.1] proves that

IVollze (zn) < Clulm zp)-

which guarantees, through Hardy estimates, that indeed v belongs to H! o #(Z r). Secondly,
we write

a(u,v) :/Z Vu-Voudy :/Z |Vu|?w? dy —|—/Z Vu - V(w?) (u—1) dy.
R R R
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Using Cauchy-Schwarz, we estimate the formula above as :

: :
Vu-V(w?) (u—1) dy <2 </ |Vu|*w? dy> </ lu — 1| Vw]|? dy> .
ZRr ZR

ZR

Since |Vp| < 1, one also has that

|Vw|? a?
< v VA
which gives then
Vu-V(w?) (u—1)dy Sﬂ/ Vul?w? dy.
| Vv emay < g [

This in turn implies that

|af 2
> — > R
a(u,v) > <1 2p(R) ’u’Hé’#(ZR) > C( aa)’U’H}%#(zR)’U’Hlay#(zm'

For every fixed « there exists R large enough s.t. C'(R,«) > 0. This proves that the operator
a(-,v) is onto from H(i#(Z) to H;;(Z) In the same way, the adjoint operator is injective.
Indeed (taking w = p~® above), for all u € HLL#(ZR) there exists a v € Hé’#(ZR) s.t.

o 2
> -2 > .
“(”’”)—<1 20y ) M iz 2 Btz Ol czn)

ancﬂi@gne concludes using the classical Banach-Babuska-Necas result (see Theorem 2.6 p. 85
in [30]). O

We next solve the Laplace equation in the domain Zp U Z%.

Lemma 5.3. Provided that f € H;;(Z), there exists a unique solution ug € Hé#(Z) solving:

— Aug = in Zr U Z1,
ug = f in Zp (23)

up =0 on {y2 = £R}.

Moreover, if f LR, and setting
E = 8 u ,1 _ )
£ = 0ol 1)y e s (et
where the brackets [-] denote the jump across interfaces {yo = £R}, i.e.
[Oy,u0] = y2li_>Hflz+ Oy u0(Y1,Y2) — y2h—>n}r Dysu0(y1, Y2),

then h satisfies : B B

21



Proof. By Lemma there exists a unique ug in H (Z ) for every a € R. By truncation
and approximation (following the same steps as in Lemma 2l and Proposition [6.]), we set

fs = (f®s) x5, fs5:=f5— [s,
where ®5 and ay are chosen as in Proposition An easy check shows that
fs €Dy(Z), fsLR=0.
We then compute ug s solving (23]) with the data f5. One has

luosliar 2y = luoslli (zpuzm) < CHf‘;H Y (ZRUZR)
<c||is|, o OHfHH;;(Z)
H.'y ’ (25)
HUQ,(S—UOHH; <0Hf6_fH a#(Z
1003005] = Pustall -3 g,y < Cloos = ly iy < s = 1],

Moreover, for every ¢ € Dy(Z), one might write
(—Augs, ) = —(ugs, Ap) = — / ug,s Apdy
ZRUZR

= — /(0 ) [ay2u0,5]{y2:iR} o(y1, £R) dy1 + <f57 ©),

the latter equality being true because ug s is in the domain of the operator : the Green formula
holds. By density, one extends the above equality to test functions in H' o #(Z ), giving :

_<u0,57 A(')D> = _<[ay2u076]7 90>{y2=iR} + <f~(57 (10>7 V(,D € Hlm#(z)
As o is chosen s.t. R C Hia’#(Z), one takes ¢ =1 in the above formula. This leads to :

hys+he = ([0pu0), 1) {yo=r} + ([Oy:00.5], 1) {yo——ry = 0,

_1 1
where the brackets denote the H #2 ,H; duality product. Thanks to (25]) and by continuity,
the result holds when passing to the limit with respect to 9. O

When extending ug on Z, it solves
—Aug = f+ 5{y2::I:R}h:|:7 in Z. (26)
In the next paragraph, we compute a lift that cancels the lineic Dirac mass in the right hand
side of (20]).
Lemma 5.4. Let ug be the unique solution of problem ([23)). For oo < 0 there exists a solution
w in H(i#(Z) of

—Aw=0 in ZrU Z1, (27)
[0y, w] = — [0y, u0] =: —h+  on {y2 = £R}.

Moreover, we have

1/2
w|| g1 <C hy .
ol iz Z(n . iR}))

22



Proof. Setting

w = G * (habpy,—ygy) = G * ((he — ha)dpy,—spy) + G * (hdpy,—s gy)
= Gy * (h+dgy,—1ry) + Go % (h+0py,—ipy),

which is a tempered distribution (G € S (Z) and hidgy,—+ry € E4(Z)), w is explicit after
some computations and reads:

Fo(ho)etkyi—lklly2£R]| h
w= 3 Talhee { +|yz—R|+—|y2+1~z|}=11+I2,

w2 14
where
Fi(ha )etkyr—lklly2EE] ha h_
I = dlr:=——yp— R| — — .
=y 7 and I 5 12 = Bl = —ly2 + R
+.kez

One computes the L2 _(Z) norm of I;:

o Fi(h e 2Iklly2£R|
/Zlfp(yz)2 2dyé/fldy<0 > ilhe )l Z/ dy,

sreze (L+ K22 iz

< O/ZHhﬂ:H % Z | |2 = O//ZHhﬂ:H

({y2=+R}) [ 7.
In the above relations, the first inequality holds since o < 0. Then using the Fourier transform
one writes :

H, 2 (fyo=tR))

(k0"

Zi
F (VGl * (hié{yzziR})) = (k‘2 + 12)

0 for k= 0.

Fi. (hi), if ke Z*, a.e. [ € R,

Next, taking the 12(Z; L*(Z)) norm of the above expression, using again the fact that oo < 0
and by Parseval, one gets:

/ p(y2)**|0y, I P dy < ||0y, G1 * (hlgy,— ﬂ:R})HL2(Z Z / 7)2 dl| Fys(he )2,

kEZ*

\fk hi)? = |[he? ! :
keZ* H# ({y2ziR})

A similar computation gives the derivative with respect to yo. It follows that

1/2
1 <C h .
il (2) Z (H iH 1 (e iR}))

Thanks to Lemma [5.3], one can reduce I to
I, = :FE:ER when |y2| > R.

Thus the claims follows since I; and Iy both belong to H. é 4#(Z). O
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We are now ready to state the first isomorphism result of the Laplace operator in Z.

Theorem 5.1. Let a be a real number such that —1/2 < a < 1/2. Then the Laplace operator
defined by
A H) 4(Z)/R — H, (Z) LR, (28)

s an isomorphism.

Proof. Let f € H{;;(Z) Observe that if u € Hé#(Z) satisfies Au = f, then due to the
density of Dy (Z) in HEOC’#(Z), for any ¢ € HEOC’#(Z), we have

{u, Ap) = ([, ).

Thus, we easily see that, under the assumptions on «, for any p € R ¢ H o #(Z ), the datum
f satisfies the necessarily compatibility condition

(f,p)=0.

Now it is also clear that the Laplace operator defined by (28]) is linear and continuous. It is
also injective since Au = 0 and u € Hé #(Z ) imply that u is a constant (see Proposition
[BI0). It remains to prove that the operator is onto. Let f be in H;’;&(Z)J_R and R > 0 be a
real number. Thanks to Lemmas and [5.4] one sets

U= ug +w,

where ug solves (23) and w lifts the jumps of 9y,up on {y2 = R} and thus solves (27)).
Results on ug and w end the proof. At this stage, the claim is proved for o« < 0. By duality
the results is true also for a > 0 which ends the proof. O

It remains to extend the isomorphism result (28]) to any o € R and to any m € Z. For this
sake, we state some regularity results for the Laplace operator in Z.

Theorem 5.2. Let « be a real number such that —1/2 < o < 1/2 and let ¢ be an integer.
Then the Laplace operator defined by

A HY L(Z) /R HT,(Z) LR (29)

15 onto.

Proof. Owing to Theorem [B.1], the statement of the theorem is true for £ = 0. Assume that
it is true for £ = k and let us prove that it is still true for £ = k + 1. The Laplace operator
defined by (29)) is clearly linear and continuous. It is also injective : if u € H ziz 41, #(Z )
and Awu = 0 then u is constant. To prove that it is onto, let f be given in H§+k+1’#(Z)J_R.

According to (), f belongs to H —Lrk (Z)LR. Then the induction assumption implies that

a+k,#
there exists u € H(iﬁ 4(Z) such that Au = f. Next, we have
A(poiu) = poif + iulp + 2V pV (Oiu). (30)

Using (@), (@), @) and (I0), all the terms of the right-hand side belong to H;izl;é(Z ). This

implies that A(pd;u) belongs to H;ﬁ;l;(Z) Therefore, A(pd;u) also belongs to Hoﬁ}g'jl#(Z)
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Moreover, u belonging to Hiii #(Z ) implies that pd;u belongs H fl ko1, #(Z ) and for any
Y E HE;’EIH_L#(Z), we have

(A(poiu), (‘D>H;fﬁ1,#(Z)XHEE]ik+1,#(Z) = (poiu, A(‘D>H§+k—1,#(z)XH:E—k+1,#(Z).
Since R C H E;k_k xZ ), we can take ¢ € R which implies that Ay = 0. It follows that

A(pdyu) belongs to H-F* (Z)LR. Thanks to the induction assumption, there exists v in

a"’_kv#
H;j;]]z#(Z) such that

Av = A(po;u).
Hence, the difference v — pd;u is a constant. Since the constants are in Hollii #(Z ), we deduce

that pO;u belongs to H;i]]z#(Z) which implies that u belongs to H§i£+17#(2).

O

Remark 5.1. Let us point out that the above theorem excludes the values a € {—%, %} : due
to logarithmic weights, the space H 11 /2 #(Z ) is not included in L2_1 /2(Z ). By duality, this also

implies that the space L? /2(Z ) is not included in H~!,, ,(Z). Therefore, in @) for a = 1/2,

1/2,#
the term d;uAp does not belong to H 1_/12 #(Z ). Thus, in this section, the extension of (28] to
any « € R will exclude some critical values of a. We deal with these critical values in Section

(6}

Remark 5.2. As an application of the above theorem for the particular case when ¢ = 1, we
derive a weighted version of Calderén-Zygmund inequalities NE’E“ More precisely, let o be a
real number such that 1/2 < o < 3/2, then there exists a constant C' > 0, such that for any
u € D#(Z ) :

10:05ull 12 () < CllAu]l 12 (2)- (31)

Using (BI]) and thanks to the Closed Range Theorem of Banach, we prove that :

Theorem 5.3. Let « be a real number satisfying 1/2 < a < 3/2. For m € N, m > 3, the

following operator
A Hy(2)[Pr g HY' W (2) Py (32)

s an isomorphim.
The next result is then a straightforward consequence of the latter result.

Theorem 5.4. Let a be a real number satisfying 1/2 < a < 3/2. For m € N, m > 3, the

following operator
A HYW(Z) [Py HIA(Z) (33)

is an isomorphim.
The next theorem extends Theorem [B.11

Theorem 5.5. Let o be a real number satisfying 1/2 < a < 3/2 and let £ > 1 be a given
integer. Then the Laplace operators defined by

A H£a+£,#(Z)/PI1éZ = H:;-%#(Z)J—P,—AHZ (34)
and
A HY 4 (2)/PA H(;—la#(Z)L]P)lA—Z (35)

are isomorphism.
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Proof. Observe first that when £ = 1, the result is proved in Theorem .1l Observe next that
if m > 2 is an integer, the mapping

A HI W (Z) [P o HI(Z)LPE,

is onto. Indeed, if m = 2, this isomorphism is exactly defined by ([29) with ¢ = 1. If m > 3,
it is defined by ([B3]). Now through duality and transposition, the mapping

A HI(Z) /P, o HID L (2) LB,

is onto. Next, using the same arguments as in the proof of Theorem [5.2] we are able to show
that for any integer ¢ > 1, the operator

A HIIHENZ) [PA, g HOIH L (Z) 1P

is an isomorphism. Choosing m = ¢+ 1, the operator defined by ([B34]) is an isomorphism. By
duality and transposition, the mapping defined by (B5)) is onto as well.
O

Remark 5.3. Summarizing theorems [B.1] and 5.5 we deduce that, for any « € R such that
o # (3 + k), k € N*, the mapping

/

A Hy y(Z) [P o) = Hy oy (Z) 1Py (36)

is an isomorphism . As a consequence, for any m € Z, for any a € R such that o # i(% + k),
k € N*, the mapping

A HISHZ) Pl vas o) Hiw(Z)LPE, ) (37)

is an isomorphism.

6. Isomorphism results for the critical cases

Note that the isomorphism result (37) is not valid for « = £(3 + k), k € N*. In order to
extend it to these cases, we redefine the weighted spaces. Therefore, proceeding as in ﬂﬁ], for
meZ,peN,and a € {—%, %}, we introduce the space

XP(Z) ={ue HI'4(Z), YAEN, 1< A<,

a+p,#
A A +
Ysu € HZ“; (Z), ue H&;(Z)},

where Hfgj i(Z ) stands for the space of functions that belong to H;Hp (Z) with compact

support in the yo direction. The space X mtp

atp, #(Z ) is a Banach space when endowed with the
norm

1/p

_ A, 1P p
el sz O;Kpnyzunw(z)+Hu||H$+p(Zl) ,

where Z' :=]0, 1[x] — 1,1].
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Remark 6.1. We restricted the definition of the space X;”:pp #(Z ) to a € {—%, %}, but this

definition holds for all a in R. For v € R\ %Z, since no logarithmic weights appear in the
deﬁniti(')n of H mj;f 4(Z), the spaces Xam;lf 4(Z) and H;T;f 4(Z) coincide algebraically and
topologically [17].

The next proposition is dedicated to density of Dy(Z) in XZZ:DP #(Z ). In order to prove it,

we establish two lemmas giving additional properties on the space H #(Z ). The first lemma
characterizes the dual space H_ ", (Z).

Lemma 6.1. Let « €R and f € H_',(Z). Then for any v € H}',(Z), we have

<f7U>H:;’f#(Z)><Hgf#(Z): Z /Zguauvdy,

0<|ul<m

where gy, € L2 (Z) and for any 0 < |u| < m,

L4 gu S Lz_a_;,_m_w‘(z) ZfOé ¢ {%7 e T — %}}

o (In(1+p")) g, eL?,, 1(2) if a€{3,..om—3}.
Proof. We shall only prove the statement for a ¢ {%, ey — %} The proof corresponding
to critical values of « is similar. We set E =[] L2_a +m_|“|(Z ) such that for any @ =

0<ul<m
(¢u)0§\u\§m € E,
Ille= > ullzz @)
0<|ul<m

The operator T defined by T' : v € HJ',(Z) + (0"0)o<|yj<m € E is isometric. We now
set G = T(H',(Z)) and S = T1: G~ HY,(Z). The mapping L : h € G —
(f,Sh) H™™ (Z)xH,(2) is linear and continuous. Therefore thanks to the Hahn-Banach

theorem, there exists L, a linear and continuous extension of L on E such that |L||p =

(¥l H™ L (2): Thanks to the Riesz representation theorem, there exists g, € L? et (Z)
for any 0 < |u| < m, such that
Vv e Hy'u(Z), (L,v) = Z / gu v dy.
0<|pl<m ’Z
U

The second lemma concerns the density of functions with compact support.

Lemma 6.2. Let m € Z, A € N, a € R, ®; be defined by [I3) and u € H?;)‘(Z) We set
u(y) = Po(y2)u(y) a.e. y € Z. Then we have

gli}lilo llu — UgHH;Z;)\(Z) =0. (38)
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Proof. It is clear that for the case m + A > 0, B8] is satisfied. We shall now focus on the
case m + A < 0. We have

_ [(u — ug, v)|
HU_UZ”Hm+/\(Z) = sup -
it veH-", N (2)

v7#£0

o]l

where (-,-) is the duality pairing between H;{n;)‘(Z) and H:gn?;)‘(Z). Besides, thanks to
Lemma [6.1] there exist g, such that g_,,—» € L2(Z) and for any 0 < |u| < —m — A,

® g, € Lg_m_A_IMI(Z) if —a ¢ {1/2,....,—m —X—1/2}
o (n(l+p*)Pgue Ll \ (2 if —a€{l/2,..,—m —A-1/2}

satisfying for any v € H :ZI;\(Z ),

(u,v) = Z /Zgu Mvdy.

0<|u|<—m—A
Therefore, we can write
(u —ug,v) = Z / gu(0"v — 0" (Ppv))dy.
0<|ul<—m-r"Z
It follows that
|{(u — ug,v)| < Z / l9u(1 — ®¢)0"v|dy + C Z Z / 9,05 @, 0" Fudy .
0<|ul<—m—2"7 0= ul<—m—A 0<[k|<[u| " ¥

We deduce that

Rt = D S PHC R B1PRP
0<|u|<—m—A

oy Do lgud* iz oy | 1ol g

0<|p|<=m—X 0<|k|<]|u]

The first two terms in the right hand side tend to zero as ¢ tends to infinity. This proves (B8]
for m + A < 0. O

We proceed with three results showing some properties of the spaces X?#(Z ).

Proposition 6.1. Let m € Z, p € N and o € {—3, 3}, then the space Dy (Z) is dense in
+
Xovpa(2)-

Proof. Let u be in X;n:pp #(Z ). Then according to Lemma [6:2] u can be approximated by
up € XZZ:;JP 4 (Z) with compact support in the ys direction. Therefore u, belongs to Hg;p (2),
and thanks to Proposition 22 u, can be approximated by 1, € Dx(Z). This ends the

proof. O
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For m € Z, p € Nand a € {—1,1}, we also define the space XTa__pp’#(Z) that is the dual

space of X;:;ZZ (Z). It is therefore a subspace of D (2).

Proposition 6.2. Let m,p € Z and o € {1, L}, X™PH1 (7) is densely embedded in

272 a+p+1,#
J’_

Xarpa(2).

Proof. If p € N, due to the definition of the space X;n;’fl% #(Z ), the imbedding is straight-
forward. Moreover the density of Dg(Z) in X;'fp’j ,(Z) implies the density of Xgﬁgfl% 4+(Z)
in Xﬁ:f (Z). Hence, if p < 0, the dense imbedding holds :

—m— —m—p—1
X_Zl_p’j#(Z) C X_Z"b_pp_l’#(Z).
By duality, the desired result follows. O

Proposition 6.3. Let m,p € Z and a € {—3,3}. If u belongs to X7 ,(Z), then d;u

272 a+p,#
belongs to Xg:__pl;p(Z), for any j =1,2.

Proof. (i) Assume that p > 0. If u € XLTZ#(Z), then u € H,(Z) and Oju € HZ";(Z)
Besides, for any A € N, such that 1 < XA < p, we have yg‘(ﬁju) = @-(y%‘u) - Oj(yé\)u. Since
you € H(T;)‘(Z), it follows that 0;(y3u) € HZ;H)‘(Z). Thus it is clear that y3 (d1u) belongs
to H;’:L;#H)‘(Z). Furthermore, we have Os(y3)u = )\yg‘_lu and since 0 < A —1 < p—1,
Y5~ 'u belongs to H?;A_l(Z). We deduce that for any A € N, such that 1 < X < p, y3(9;u)
belongs HL”;H)‘(Z). Finally it is straightforward that if « is in H$+p(Zl), then Oju is in
Hy (21,

(i) Let now p < 0. If u € X™*P

atps(Z), then for any ¢ € Dy(Z), we can write

(051, ©)p1, (2)xDy(2) = — (U 00D, (2)x Dy (2)-

Thanks to (i), for any p € X :;n_;l;p (Z), 0j¢ belongs to X", (Z) which ends the proof. [

Proposition 6.4. Let m,p € Z and o € {—%, 3}, If u belongs to X"'P ,(Z), then you

: 1 313 a+p,#
belongs to Xgi;p_l,#(z) = Xghi;jll,);; (2).

Proof. (i) Assume that p > 1. If u belongs to XZ"J:(S#(Z), then u belongs to H[',(Z) and
you belongs to H;{n;I(Z) Next, for any A € N, such that 1 < A\ < p — 1, we have y3 (you) =
yy T € H;”;)‘H(Z). Finally if u belongs to H;'ZJFP(ZI), then you also belongs to H;’;JFP(ZI).

We thus deduce that you € X;r';:;)p_l 4+(2).

(ii) Assume now p < 0. For any ¢ € D4 (Z), we can write
(y2u, ‘P>D;¢(Z)><D#(Z) = (u, y2¢P>'D;#(Z)x'D#(Z)-

Thanks to (i), for any ¢ € X:Zl_;il#(Z) = X:?_;:%LI(Z), Y2 belongs to X:?_;%#(Z)
which ends the proof.

The above properties allow to extend Theorem
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Theorem 6.1. Let o € {—3,3} and £ € N. Then the operator defined by
A X L(2) R XL (Z) LR (39)
is an isomorphism.

Proof. Observe first that since Xé’#(Z) = Hé#(Z) and X;;E(Z) = H;;(Z), the case £ =0

is proved in Theorem B.Il Now we proceed by induction, as in the proof of Theorem
Assume that the statement is true for £ = k£ and let us prove that it is then true for £ = k + 1.
The Laplace operator defined by ([B9) is clearly linear and continuous. It is also injective : if u

belongs to Xij;i Y #(Z ) C H(i #(Z ) and is harmonic then it is a constant. Let us prove that

it is onto. Let f e X¥ ., 4(Z)LR. Then f € X;j_;g];&(Z)J_R and the induction assumption

implies that there exists u € Xiiﬁ #(Z ) such that Au = f. We now consider the equality

A(y20iu) = y20; f + 2020;u. (40)

Using Proposition and Proposition [6.4], we deduce that A(y20;u) belongs to X;j_;'];é(Z ) C

Xoﬁzl_“l#(Z) Moreover, thanks to Propositions and [6.4] if u € Xéi?#(Z) then y20;u €

X§+k_1’#(Z) and for any ¢ € XE;E,H_L#(Z), we have

<A(y2aiu)7 ‘P>X*2+k (Z)xXx27F z) = <928iua A‘P>Xk

—k .
atk—1,# —a—k+1,# ath—1,#(Z)xX (2)

—a—k+1,#

Since R C X%;’ikH’#(Z), we shall take ¢ € R. This shows that A(y20;u) € X;iz’l;é(Z)J_]R.

Thanks to the induction assumption, there exists v € X;j;i #(Z ) satisfying Av = A(y20;u).
Hence v —y20;u € R and since R C X;illz 4(Z), it follows that y20;u € X;illz 4(Z). Therefore
summarizing, we obtained that u € Hév#(Z), forany 1 < A < k+1yu € Hg:é‘(Z) It remains
to prove that u € Hff)i'i(Z) Let x € D(R) and consider the function y — x(y2)u(y) for
almost every y € Z. Then A(xu) = xf + 2VxVu + uAy belongs to Hff)c’#(Z). It follows

from standard inner elliptic regularity results that yu belongs to Hﬁ)t];#(Z ) which in turn

. 2+k
yields u € H ;% (2). O
Remark 6.2. The above theorem extends the Calderén-Zygmund inequality BI]) to a €
13
2727/

Proceeding as in the non-critical cases, we can extend Theorems 5.3l £.4] and More
precisely, we have :

Theorem 6.2. Let o be a real number satisfying 1/2 < a < 3/2. For m € N, m > 3, the

mapping
A HYy(Z) [Py = HY W2 (2) )Py (41)

s an isomorphism.

Theorem 6.3. Let « be a real number satisfying 1/2 < o < 3/2. For m € N, m > 3, the
mapping
A HY W (2) [Py HIA(Z) (42)

s an isomorphism.
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Theorem 6.4. Let a € {%, %} and let £ > 1 be an integer. Then the Laplace operators defined
by
A Xia—l—f,#(Z)/PléZ = X:;M’#(Z)L]P’_AHZ (43)

and
A XY 1 4(2)PE Xa_—le,#(z)lPlA—e (44)

are isomorphisms.

Remark 6.3. At this step we are able to state Thereom [[LT] that we recall here. Let m € Z
and « € R, then the Laplace operator defined by

A XA (D) [P fsna) = Xow(Z)LEQ o) (45)

is an isomorphism.

In order to prove our main result stated in Theorem [[.2] let us first note that we might

compare the spaces ngpp#(Z) and HZZ:;JP#(Z) for o € {—%,% )

Proposition 6.5. Let m,p be two integers and let o € {—%, 1}, Then

202
X0 (Z) c HU\ P (Z). (46)
If, moreover a = %, then
X?:;’ ,(2) = H?jlf 4(2). (47)

The proof is based on a partition of unity in the yo direction and direct computations. Note
that ([@T) is not valid for oo = —% and p > 1 since the space H T’;;‘g o, #(Z ) is not included in
H™ , ,(Z) (sec @).

Sketch of the proof of Theorem [1.2. We shall decompose it into three successive steps:

1. Ifa>—1/2and f € L(%H(Z)J_]P’/A then G x f € X§+17#(Z) is a solution of the

(1/2+a]’
Laplace equation (2I]) unique up to a polynomial of ]P);?Za 1y Moreover, we have the
estimate
/ <
G Fllxz, oywrs, ., <Oz, 20

This result is a straightforward consequence of the isomorphism result (45) for m = 0,
Theorem [£.3] and Proposition B.11
2. faeRand f € H;;(Z)J_IP’;%L_Q), then G * f € Hé#(Z) is a solution of the Laplace

equation (2I]) unique up to a polynomial of IP’;%I ) Moreover, we have the estimate
1G* Flit ) < M g,
This second claim is obtained using the first step and duality arguments. Then the

isomorphism result () for m = —1 and Proposition[G.Ilallows to identify the variational
solution with the solution by convolution.
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3. In the third step we first assume m > 0, a € R and let f € ng#yé(Z)J_]P’;A . Then

(_mv_a)
it is clear that f € Hoj_lm_lﬁé’ﬁ(Z)J_]P’;?1 _atms1). Note that by definition P'2
and P'2

Q(_mv_a)
(L, —atm-+1) coincide. On the one hand, from the second step G * f belongs to
H(i_m_L#(Z)/]P’;?1 a—m—1)- On the other hand, from ([x), there exists a unique u in

X$;2(Z)/]P’;%m+27a), a subset of Hé—m—l,#(Z)/P;%erz,a)' Then using Proposition [5.1]
'A

we have u — G f € Pq(m+2a).
Finally using again a duality argument we prove the statement for m < 0 and a € R.

O

7. Conclusion

This paper is a first attempt towards a systematic analysis of boundary layer problems in
periodic strips. This framework provides generic spaces avoiding tedious a priori definitions
of solutions’ behavior at infinity, among other advantages.

Nevertheless, in the homogenization theory, solutions of boundary layer problems often
converge exponentially to some polynomial at infinity (when yo — 00) ﬂﬁ,] In a forecoming
work, our goal is to provide an adequate framework of these results in the weighted context,
and to consider exterior periodic domains ﬂa]
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