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Abstract

This paper establishes a range of isomorphisms for the Laplace operator in weighted Sobolev
spaces. These spaces are similar to standard Sobolev spaces W™ P(R™), but they are endowed
with weights prescribing the functions’ growth or decay at infinity. Although well established
in R™ [14], these weighted results do not apply in the specific hypothesis of periodicity. We
provide a complete framework in order to fill this gap. The weights, which arise naturally
from Hardy’s inequalities, permit to prove fundamental Poincaré inequalities relating func-
tions’ norms to their derivatives. The results presented here provide a unified framework
for microscopic problems in the boundary layer theory [1, 2]. Computing a periodic Green
function for the Laplace operator, we construct explicit weak solutions for a wide range of
weights. We identify these convolutions with variational solutions as well.

Keywords:
weighted Sobolev spaces, Hardy inequality, isomorphisms of the Laplace operator, periodic
infinite strip, Green function, convolution

1 Introduction

In this article, we solve the Laplace equation in a l-periodic infinite strip in two space
dimensions:

Au=f, in Z:=]0,1[xR. (1)

As the domain is infinite in the vertical direction, one introduces weighted Sobolev spaces
describing solution’s behaviour at infinity. This behaviour is related to weighted Sobolev
properties of f.

The usual weights, when adapted to our problem, are polynomial functions at infinity and
regular bounded functions in the neighborhood of the origin: they are powers of p(y2) :=
(1+ y%)l/ 2 and, in some critical cases, higher order derivatives are completed by logarithmic
functions (p(y2)® log® (p(y2)).

The literature on the weighted Sobolev spaces is wide [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] and
deals with various types of domains. To our knowledge, this type of weights has not been
applied to problem (1). The choice of the physical domain comes from periodic singular
problems : in [1, 13, 2], a zoom around a domain’s periodic e-perturbation leads to set an
obstacle of size 1 in Z and to consider a microscopic problem called a boundary layer. This



paper is a first step towards a systematic analysis of such microscopic problems. We intend to
give a standard framework to skip tedious and particular proofs related to the unboundedness
of Z.

We provide a wide range of isomorphisms of the Laplace operator between weighted
Sobolev spaces. It is the first step among results in the spirit of [4, 14, 15]. Since error
estimates for boundary layer problems [1, 2, 13] are mostly performed in the H?® framework
we focus here on weighted Sobolev spaces Wsz (Z) with p = 2. There are three types of tools
used here: arguments specifically related to weighted Sobolev spaces [14, 18], variational tech-
niques from the homogenization literature [2, 16, 17] and some potential theory methods [24].
A general scheme might illustrate how these ideas relate one to each other :

a Green function G specific to the periodic infinite strip is exhibited for the Laplace
operator. The convolution of f with G provides an explicit solution to (1). A particular
attention is provided to give the weakest possible meaning to the latter convolution
under minimal requirements on f.

- variational inf-sup techniques provide a priori estimates, in an initial range of weights,
for interior and exterior problems with Dirichlet boundary conditions. Then a lift is
built in order to cancel the lineic Dirac mass that’s introduced by artificial interfaces.
This leads to first onto results.

- these arguments are then applied to weighted derivatives and give natural regularity
shift results in HJ",,(Z) for m > 2 (see below).

- by duality and appropriate use of generalized Poincaré estimates (leading to interactions
- orthogonality or quotient spaces - with various polynomial families), one ends with
generic isomorphism results either for derivation order (spaces H! #(Z ) where m varies
and « is fixed) or for weights (« varies and m is fixed).

- for a wide range of values of o and m, we identify the explicit solutions obtained via
convolution with the variational solutions.

We pay a specific attention to critical combinations of (m, «) leading to logarithmic anisotropic
weighted Sobolev spaces. In this case also, isomorphisms are established as in [18].

The paper is organized as follows. In section 2, we define the basic functional framework
and some preliminary results used all along the article. In section 3, we adapt weighted
Poincaré estimates to our setting. Then (section 4), we introduce a mixed Fourier transform:
it is a discrete Fourier transform in the horizontal direction and a continuous one in the vertical
direction. With this operator we compute the Green function, and we derive weighted and
standard estimates of the convolution with this fundamental solution. At this stage, we prove
a series of isomorphisms in the non-critical case (section 5) by variational techniques and we
associate variational and convolution solutions. In the last section, we focus on critical cases.

2 Notation, preliminary results and functional framework

2.1 Notation and preliminaries

We denote by Z the two-dimensional infinite strip defined by

Z :=]0,1[xR.



We use bold characters for vector or matrix fields. A point in R? is denoted by y = (y1,y2)
and its distance to the origin by
re=lyl = (@ +43)""".
Let N denote the set of non-negative integers, and Z the set of all integers. We denote by [k]
the integer part of k. For any j € 7Z, IP’; stands for the polynomial space of degree less than or
equal to j that only depends on yo. If j is a negative integer, we set by convention ]P’;- = {0}.
The support of a function ¢ is denoted by supp(yp). We recall that D(R) and D(R?) are the
spaces of C* functions with compact support in R and R? respectively, D’(R) and D’(R?)
their dual spaces, namely the distributional spaces. We denote by S(R) the Schwartz space
of functions in C*°(R) with rapid decrease at infinity, and by S’(R) its dual, i.e. the space of
tempered distributions. We recall that H™ is the classical Sobolev space and we denote by
H}/(Z) the functional space that belong to H™(Z) and that are 1-periodic in the y; direction.
We introduce 7y the operator of translation of A € Z in the y; direction. If ® : R? — R is a
function, then we have
(n®)(y) == Dly1 — A1),
In this paper, we shall also apply the operator 7 to single-variable function. If @ is a such
function, it reduces to
(TAD)(t) :== P(t — N).

w‘p:ZT)\@

which is the yj-periodical transform of ®. The mapping y; — w®(y) belongs to C*°(R) and
is 1-periodic. Observe that there exists a function 6 satisfying

6 € D(R) and wh = 1.

For any ® € D(R?), we set

The function @ is called a periodical D(R)-partition of unity.

If T € D'(R?), then for all ¢ € D(R?), we set
(AT, ) = (T, 7_rp), A€ L.
Similarly, if 7 € D'(R?) has a compact support in the y; direction, then the y;-periodical
transform of 7', denoted by w7, is defined by
(@T,¢) = (T,wp), Vo€ DR?).
These definitions are well-known, we refer for instance to [19].

Remark 2.1. Let ® be in D(R?). Then we have

TA&@ = al'(T)\(I)), V€ Z, (2)
w(0;®) = 0;(wWP) (3)
and
T2 @ 2(2) < [|®] 22 (R2)- (4)
As a consequence of equality (3), if u € D'(R?), we also have
w(alu) = 0; (wu) (5)



The next lemma is used to prove the density result of Proposition 2.2.

Lemma 2.1. Let K be a compact of R%. Let u be in H™(R?) and have a compact support
included in K. Then we have

[@wllgrm(z) < N(K)||ull grm ge),
where N(K) is an integer only depending on K.

Proof. Let us first notice that, since K is compact, there is a finite number of A € Z such
that supp(au) N [0,1] x R is not an empty set. This number is bounded by a finite integer
N(K) that only depends on K. It follows that @w is a finite sum and

e ullz2(z) < NK)[lullp2r2)-
The end of the proof follows then from (5). O
We now define the following spaces

Cr(Z)={ v:Z—=R, y1= ¢(y) € C([0,1]) 1-periodic, y2 = p(y) € C(R)},
Du(Z):={ ¢:Z= R, y1— ¢(y) € C?([0,1]) I-periodic, y2 — ¢(y) € D(R)},
Sy(Z)={ ¢:Z=R, y1 = p(y) € C>([0,1]) 1-periodic, y2 — ¢(y) € S(R)}.

).

The dual spaces of Dy (Z) and Sy(Z) are denoted respectively by D), (Z) and S (Z

2.2 Weighted Sobolev spaces in an infinite strip
We introduce the weight

1/2
p=plye) = (1+13)"".
Observe that, for A € N and for v € R, as |yz| tends to infinity, we have

For a € R, we define the weighted space
L2(2) = HY 4(Z) = {u € D'(Z), pou € LA(Z)},
which is a Banach space equipped with the norm

lullrz 2y = " ullL2(2)
Proposition 2.1. The space D(Z) is dense in L(Z).
Proof. Let u be in L2(Z). Then, by the definition of the space L2(Z), it follows that p®u €
L?(Z). Therefore there exists a sequence (uy,)neny C D(Z) such that u,, converges to pu in

L?(Z) as n — oco. Thus, setting v, = p~%u,, we see that v, converges to u in L(Z) as
n — 00. O

Remark 2.2. Observe that we have the algebraic inclusion D(Z) C Dy(Z). It follows that
the space Dy (Z) is dense in L2(Z).



For a non-negative integer m and a € R, we set
-1 if  « 1/2,...m —1/2

k= k(m.a) = ¢ {1/ /2}

m—1/2—a if ae{l/2,..,m—1/2}

and we introduce the weighted Sobolev space
m(Z) = {u € DY(Z): YA € NE0 < N <k, p~ ™ (In(1 + %)) 10 € 12(2),
k+1< |\ <m, p-™t Mot e L2(2)},

which is a Banach space when endowed with the norm
1/2
—m+|A —19X —m~+|Al gA
bl = [ 3 N ™ an@+ o) ey + S o Mol
0<IA<k k+1<|A|<m
We define the semi-norm
1/2

|U|Hgf#(Z) = Z Ha)\uH%g(z)
[Al=m

Observe that the logarithmic weight function only appears for the so-called critical cases
a € {1/2,..,m —1/2}. All the local properties of the spaces H}',(Z) coincide with those
of the classical Sobolev space H™(Z). When a ¢ {1/2,...,m — 1/2} we have the following
algebraic and topological inclusions :

Ny(Z) CHP ! (Z) C o C LY, (2). (7)

When « € {1/2,...,m — 1/2}, the logarithmic weight function appears, so that we only have
the inclusions

—a+1/2
mu(Z) €. HY, ST (2). (8)
Observe that the mapping
we HIy(Z) — e H',M(Z) (9)

is continuous for A € N2. Using (6), for o,y € R such that a ¢ {1/2,...,m — 1/2} and
a—vy¢{1/2,....,m — 1/2}, the mapping
(0%

ue Hy'y(Z) = plu € Hy ., 4(2) (10)

is onto.
Let P :=yi with g € Z, the greatest ¢ such that P € Hgl#(Z) reads :

_ [ m=32—qa, fa+1/2€{ieZ;i <0},
4= q(m, @) := { [m—1/2 —a], otherwise. (1)

Note that the greatest ¢ such that P € L2(Z) reads :

_ _ [ -32—a, ifa=ij2ien,
q=q(0,a) = { [—1/2 — a, otherwise.



Proposition 2.2. The space Dy (Z) is dense in H}',(Z).
Proof. The idea of the proof comes from [14] and [20]. Let u be in H}',(Z).

(1)

We first approximate u by functions with compact support in the yo direction. Let
¢ € C*([0,00]) such that ®(t) = 0for 0 <t < 1,0 < ®(t) <1, for1 <t <2and
®(t) =1, for t > 2. For £ € N, we introduce the function ®,, defined by

Bt) = i (é) if > 1, (13)

1 otherwise.

Note that we have ®p(t) = 1if 0 <t < ef/2,0 < ®y(t) < 1if /2 <t < e’ and ®y(t) =0
if t > e’. Moreover, for all £ > 2, t € [e//2,¢], A € N, owing that t < 1+ 12 < /2t
and Int < In(2 + t?) < 31Int, we prove that (see [14], Lemma 7.1):

d* 14 C

— o — || <

dt? <lnt>‘ T (14)M2In(2 +12)’

where C' is a constant independent of £. We set uy(y) = u(y )®Py(y2). Then, proceeding
as in [14] (Theorem 7.2), one checks easily that u, belongs to H;',(Z), has a compact
support in the yo direction, and that u, converges to u in Hg?#(Z) as £ tends to oo.
Thus, the functions of HZL #(Z ) with compact support in the ys direction are dense in
H #(Z ) and, we may assume that u has a compact support in the ys direction.

Let 6 be a periodical D(R)-partition of unity and let a; € D(R?) be a mollifier. We set
w(y) = 0(y1)u(y). Then w belongs to H™(R?) and has a compact support. Moreover,
since W = 1, we have Ww = W(fu) = (Wh)u = u. We define ¢; = w * ;. Then ¢;
belongs to D(R?) and converges to w in H™(R?) as j tends to co. Let 1; = wy;, then
1 belongs to D4 (Z) and thanks to Lemma 2.1, 1); converges to @w = u in Hgf#(Z) as
7 tends to oo.

0

The above proposition implies that the dual space of H}',(Z) denoted by H"[",(Z) is a
subspace of DL, (Z).

3 Weighted Poincaré estimates

Let R be a positive real number. For g # —1, one uses the standard Hardy estimates:

00 2 2 roo
[Trerea < (F) [Tirore . (19
while for the specific case when 8 = —1, one switches to

/: (|1{1(:))2|27~d7" S <§>2 /R 1 F) P rdr.

We now introduce the truncated domain

Zr =|0,1[x(] — 00, =R[U] R, +0]).

Using the above Hardy inequalities in the ys direction, we can easily prove the following
lemma.



Lemma 3.1. Let a, R > 1 be real numbers and let m > 1 be an integer. Then there exists a
constant C[' such that

Vo € Dy(Zr), H‘PHHQ#(ZR) < C&”H82‘PHHQ”;1(ZR)- (15)
As a consequence, we also have
Vi € Du(Zg), ||80||Hg§#(zR) < Cillelam , (zr)- (16)

For the particular case when a € {1/2,...,m — 1/2}, (16) cannot hold without introducing
logarithmic weights in the definition of the space HJ',(Z).
Proceeding as in [14] (Theorem 8.3), we have the Poincaré-type inequalities :

Theorem 3.1. Let o be a real number and m > 1 an integer. Assume that j := min(q, m—1)
where q is defined by (11). Then there exists a constant C' > 0, such that for any u € Hgl#(Z),
we have

inf M| grm <C m . 17
AlélP;Hu*' lam,2) < Clulgr,(2) (17)

In other words, the semi-norm ’-’H;"#(Z) defines on H}',(Z)/P; a norm which is equivalent
to the quotient norm.

In order to present the last results of the section, we introduce the space:
Vo(Z) = {v € LA(Z), dive = 0}.

Then, as a consequence of Theorem 3.1, we have the following isomorphism results on the
gradient and divergence operators, whose proof is similar to the proof of Proposition 4.1 in
[14].

Proposition 3.1. Assume that « € R and let j = min(q,0) where q is defined by (11).
1. The gradient operator is an isomorphism:
V i Hy 4(Z)P) = L2(Z)LV_o(2).
2. The divergence operator is an isomorphism:

div : L2 (Z)/V_a(Z) = H_} ,(Z)LP}.

4 The mixed Fourier transform (MFT) and the Green function

The purpose of this section is twofold:

(i) we look for the fundamental solution for the Laplace equation in Z,
(ii) we estimate the convolution with this solution in weighted Sobolev spaces.

To achieve this goal, we define the MFT and an adequate functional setting.



4.1  Rapidly decreasing functions
Let set I' := Z x R and let us write the locally convex linear topological spaces :
D) :={p € co(Z;C®(R)) s.t. @(k,") € D(R) Vk€Z
and  (ko, k1) € Z* s.t. @k, ) =0 Vi ¢ {ko,.... k1 }},

S() = {cﬁ € ¢o(Z; C*(R)) s.t. sup ko‘lﬁaﬂ,@(k,l) < oo, Y(a, B,7) € N?’} ,
kEZ,IER

where

co(Z) := {(2n)nez s.t. suplz,| < oo}.
nez

The space S(I') is endowed with the semi-norms

) V(O/’ﬁl’r}/) S (a,ﬁﬁ)-

/ B/ Y o~
kE*1 (9”/g0

@] = sup
o, B,y KeZIeR

We define also

12(Z; L*(R)) := {u e D'(I) s.t. Z lu(k, ')|%2(]R) < oo} .
keZ

Proposition 4.1. Basic density results can be proven, i.e. :

i) D(I) is dense in S(I).

ii) D(T) is dense in 12(Z; L*(R)).

iii) S(I) is dense in 1*(Z; L*(R)).
Proof. As in Proposition 3 p. 146 [21], the first claim is obvious : setting ¥(k,l) = 1 when
k € {—[1/€],0,[1/€]} and |I| < 1/e, one defines @, := P1p. which belongs to D(I'). The rest
follows the same arguments. Let then u € [2(Z; L?(R)). Firstly, one truncates u in the discrete
variable in order to get a “finite support” in Z using the same truncation function as above
Ue = eu, and then one regularizes u.. This ends the proof of the second claim. Combining
i) and ii) gives the third claim by inclusion. O

Definition 4.1. We define the MFT operator F : Sy (Z) — S(T') as
FkD = [ e ®rinay, vk er,
z

where k := 2k, and the same holds for .

We list below some basic tools concerning the MFT needed in the rest of the paper. The
claims can be easily proved following classical arguments ([21], [22], [23]).

Proposition 4.2. (i) The operator F : Sy(Z) — S(T') is onto and the inverse operator is
explicit:

FUpw) =3 /R S, DEF g e e ST), vy e Z.
keZ

(ii) One has in a classical way, for any (f,g) € Su(Z) x Sy(Z), that
[ a4 =3 [ F 00 Fika

F(f*g) = F(f)F(g), V(kiI)eT.



4.2 Tempered distributions and MFT
In a quite natural manner we extend the concepts introduced above to tempered distri-

butions.

Definition 4.2. (i) A linear form T acting on S(T) is s.t. I(a, B,7) € N
T(8)] < Cllas,y Vo€ ST).
(ii) The MFT associated with the tempered distribution T' € S}y (Z) is defined as
<F(T),¢ >p p=F(T)(@) = T(F1(9) =< T, F (@) >s,xs5,, V&€ D),

where o
FL(p) = Z/ ok, et gl vp e S(I), VYyeZ.
kez /R

Similarly we define the reciprocal operator denoted F —1 which associates to each distri-
bution T € S'(T') a distribution F~1(T) s.t.

<F D)0 >pzyxn@z) =< T. F(9) >smwsm

where p(k,1) = @(—k, —1).

Again we sum up properties extending classical results of Fourier analysis to the MFT

case.
Proposition 4.3. (i) If T € S,(Z) then F(T) € S'(I"). Similarly, if T € S&'(T') then

FUT)e Sy (2).
(i) The Dirac measure belongs to Sy(Z) and :

F(do)=1, Vk€eZ, ae (R
(iii) the MFT acts on the derivatives in a polynomial fashion:
VT € 8y(Z), F(OT) =ik +1")F(T),

for any multi-index o € N2,
(iv) Plancherel’s Theorem : if f € L*(Z) then the Fourier transform F(Ty) is defined by a

function F(f) € 1*(Z, L*(R)) i.e.
F(Ty)=Try) VfE Lz(Z) and H]:(f)Hl?(Z;LQ(]R)) = ||f||L2(Z)-

4.8  The Green function for periodic strips
We want to solve the fundamental equation:

—AG =9y in Z, (18)
stated here in the sense of tempered distributions. Then G should satisfy, in S(I')":

(k* +H)F(G) = 1.



Proposition 4.4. The Green function G solving (18) is a tempered distribution and it reads

a<y>:;{z

keZ*

o~ IFllys|-ikyn
T —ly2| p =: G1(y) + Go2(y), Vy e Z

Moreover, one has Gy € LY(Z) N L*(Z) and thus G € L% (Z). The Green function can be
written 1 a more compact expression :

G(y) = —% In(2 (cosh(2mys) — cos(2my1))).

Proof. The formal inverse integral is singular in &k ; we define:

zky1
G—A}gnooGN = hm Z Jie
\lc|<N

eilyQ R elﬂyQ'
Ty ::/ = lim/  u
k2+l2 R—oo J_p k2+12

The absolute value in the last right hand side is added as follows:

ilys oo ilys —ilys 00 I % cos(]]
/ S :/ e 2/ costlyz) 2/ cos(llyzD) o
R k2 4 12 0 k2 412 o k2412 0o k2412
Proceeding as in example 1 p. 58 [23], one has, extending the integral to the complex plane,
that

ei'g'yQ‘ ei'g'yQ‘

——dz = lim jé = —dz
R=oo Jop k? + 22 R—=oo Jop (2 +ilk|)(Z —ilk|)
1 —[Rlly2|
= lim —]é &)y istifh]) =
" Rosoo 27 op % — 1|k 2|k|

where Cr := {z € C; |2| = R and Jm(z) > 0} U ([-R; R] x { 0}) as depicted in fig. 1 and
f(z) := e*?1%2l /(2 + i|k|), being a holomorphic function inside Cr. The 1D-Fourier transform

Jm(z)

Cr

(—R,0) (R,0)  me(z)

Figure 1: Path of integration in the complex plane

of the tempered distribution |y| is —2/I2, thus one concludes formally that
eily2 1
Jo = / € Al = —ya.
0 R, P2 9 2|

10



The L2 bound is achieved thanks to the Parseval formula

1 2

k2 + 2

G172 = I F GO aremy = D

ez LZ(R) iz [k

One recalls the expansion in series of the logarithm :
2. 2k
n(l —=z) —, VzeC:|z] < 1.
=>4 g

Thus for y #£ 0

_ om(—lyal+iy) | _ _ L ‘ 2 (— |yl +ivn)
Gl——Qﬂ_%eln{l—e }——271_111 1—e

j

NI

1
=—5- In {efﬂ?ﬂ‘\/ﬁ (cosh(27|ya|) — cos(2myy))

™

ly2| 1
— 920 2 1n(2 (cosh(2mys) — cos(2
5 g n(2 (cosh(2mys) — cos(27my1))),

which gives the desired result for G.

O

One can easily obtain the asymptotic behavior of the Green function. As |ys| tends to infinity,

we have

G(y)| < Clyal, [VG(y)| < C and [0:G(y)| < Ce ™2l < Cp(ys) ™7, Vo €R.

Moreover, as |ya| tends to infinity, we also have
|Gi(y)| < Cp(y2)~°, Vo >0.

4.4 Convolution with the fundamental solution in weighted spaces

(19)

(20)

Before proving weighted estimates on the Green function, we shall define the convolution if

f €Du(2), ie

ChfzéG@—yMWMyzéGWM@—yMu

So defined G * f belongs to C3°(Z). Moreover, thanks to (18), we have A(G « f) =

4.5 Homogeneous estimates

Definition 4.3. For any function f in L*(Z) the horizontal average f reads :

1
f(y2) ::/0 Sy, y2)dy.

Lemma 4.1. For any h € Sg(Z) such that h =0 one has :

0°Goxh =0, a.e. inZ, «ac{0,1,2}.

11



Proof. Go is a tempered distribution, the convolution with h € Sx(Z) makes sense :

< Ga*h,p > 8, (Z2)x84(2)=< Ga, (h* ) > 81, (Z2)xS4(Z)

:__/ ]ggQ\/ )dydw———/ \xgl/ (x2 + y2)dz ¢(y)dydze = 0.

The same proof holds for derivatives as well. As this is true for every ¢ € Sx(Z), the result
is proved. O

Proposition 4.5. Let m € R and f € H;I_Z(Z). Then there exists a constant independent
on [ s.t.

HG* - f HH’” < CHJCHHm 2(z)

where the Sobolev spaces H# (Z), defined thanks to the MFT, coincide with the classical
Sobolev spaces for integer values of m.

Proof. We show this lemma for the particular case when m = 2, the proof is similar for
m € R. First we show the lemma for f € Sx(Z), then by density the result is extended to
L?(Z) functions. We set h := f — f. Thanks to lemma above 9°G * h = 9°Gy * h. As Gy
belongs to L?(Z), one is allowed to apply the MFT in the strong sense. It provides :

2
10°G * b))% = [|0°Gy * h||% = H (iF) (i0)*2 Gr || h(k,é)‘ de

> g Ff2en e |

1212 (k2 + 2)2
~112

<Z/|k|2“'4 H dz<z/(hu EHh

= 2(Z;L2(R))

= ||All72 (2

where « is a multi index s.t. |a| € {0,1,2}. The summation in & is performed in Z*, this is
crucial when estimating |k|?%1|¢|2%2 /(k? + £?)? in the expression above. O

4.6 Non-homogeneous estimates

We extend here the above results to the weighted context. We start by stating three
lemmas.

Lemma 4.2. We define the horizontal Fourier transform, given f € L*(Z)

1 B
Fi(f)(k,y2) = / f(yl,yg)e*lkyldyl, Vk €Z, a.eyseR.
0

If we define the convolution operators : for g € LY(Z) N L*(Z) and f € L*(Z)

g*yf:=/Zg(w—y)f(y)dy, (9 %y f)(w1,22,21) :=/g(xl,mg—yz)f(zl,w)dyz,

R

then one has

Fi(g *y f)(k,x2) = (Frg *yo Fif)(k,22), Vk€Z, ae x3€R.

12



Proof. If f € L?>(Z) and g € (L' N L?)(Z) then the convolution with respect to both variables
is well defined. Setting

(f g 9) (@1, 22, 22) = / flxr —y1,w2)g(y1, 22)dyn,
R
almost everywhere in yo and for every k € Z one has

Fi (f *y1 9(w1, 02 — y2,92)) = (Frf)(k, 22 — y2)(Frg) (k, y2)-

Integrals in the vertical direction commute with the horizontal Fourier transform due to
Fubini’s theorem. So one shall write :

[ B 9) ez = ) = o ( [ 5 )2 - yz,yz)dw) = Filf #y 9) (k. 2),

which ends the proof. O

Lemma 4.3. For f € LZB(Z), one has

HfH%g(Z) => ”fk(f)”%%([k)v VB € R.
kez

Lemma 4.4. Let a € R s.t. |a| > 1 then for any real b, one has

Cp(x)~"

I(z) = / eTlelle=vlp(y)~Pay < =5z eR.
R |a|

Proof. We set |z| = R and let Ry be a real such that Ry > 1. We define three regions of the
real line :

D, :=B(0,R/2), Dy:=B(0,2R)\ B(0,R/2), Ds:=R\ B(0,2R)
Decomposing the convolution integral in these three parts, one gets :

I(x) = Z[i(w), where [;(z) = /D. plz —y) " p(y) " dy.

We have two cases to investigate : R > Ry and R < Ryp.

(a) If R > Ry
(i) On |y| < R/2, |x — y| ~ R so that

I(x) ~ e~ lolR / oy
)

According to the value of b, one has

1 ifh>1,
L(z) < Ce B L R ifo<b<l,
R ifb<o.

13



As R > 1, there holds
o—lalr o (ol + D
= ([a[R)”
Setting
o(b) == b1y 4oo[ (D) + (14 0) Ljo,1)(b) + Lj—co,0(),

one recovers the claim in that case.
(ii) On R/2 < |y| <2R, |y|~ R

() ~ R / e~lalle=l gy,
F<[yl<2R

because |z — y| < 3R, one has I(z) ~ R7°/|al.
(iii) On the rest of the line |y| > 2R, |z — y| ~ |y|, so that

hm~/ eIl 0y,
ly|>2R

Two situations occur :

e cither b < 0 then we set b := [~b] + 1 and one has
/ el =Py < Ry i 4 (la|R)™?
lyl>2R = al = (b—p)!
—la|R . _ _ —b
SCG bb!bSC(b)R ’
lal lal

where in the latter inequality we used again the decreasing properties of the
exponential function in order to fix the correct behavior for large R.

e cither b > 0 and one has directly that

/ e~lalluljy =t gy < R—b/ e~lallvl gy
ly|>2R ly|>R

(b) Otherwise, if R < Ry then p(z —y) ~ p(y), and thus

Ia) ~ [ )y < o

lal’
0

Proposition 4.6. Let us set § a positive real number. Then for every f € LIQOC(Z) s.t.
f—rfelL3(2)

o i T / 1
Ha G*(f_f)HL%,(Z) SCHf_f“L%(Z)’ VIB <5_§’ |a| 6{0’1},

where the constant C' is independent of the data.

14



Proof. Set again h = f — f and suppose that h € S4(Z). By Lemma 4.3 :

10°G * h||%§/(2) = [|0%G1 = h||i;,(2) = > | Fk(05Gy vy b

)3
. Lz, (R)

= > |k 052G e Fal) ; -
kez* s’

For all k € Z*, thanks to Lemma 4.4, a.e. « in Z,

. |kl ly2—a2|
(B P03 1) o et < [ S ) e
R
<C h) (k M -8
< OIF Mk )2 s CNF(h) () 3 yole2)

k[2—lel ~
for a multi-index s.t. |a| € {0,1}. Then
10°G < Bl < S IFLW gy [ ol e < Ol
kez*

if 3/ < B—1/2. As in Proposition 4.5, the result above shall be extended to L?(Z) functions.
O

Theorem 4.1. Let f € L2(Z)LP}, for any o > 3, one has

G2 = fHLi 7)< CHfHLg(Z)-

—2—¢

Proof. The proof is essentially 1D, so we consider functions in R, the extension to Z is
straightforward. We choose f € L2(R)LP} and (¢5)s5 € Sx(R) s.t. o5 — ¢ in L3, (R),
then |z| % s is infinitely differentiable and one can apply the Taylor expansion with the
integral rest :

/R (] * 5)(@) f ()
- /R {<|w| « 95)(0) + (2] * 5) (0).z + /O (] * 05)" () (@ - s)ds} f(x)da

= /Rf(x) /Om(!x\ % ©05)"(s)(x — s)dsdx = 2/Rf(x) /0m 0s(s)(x — 5)dsdx

< Cllvslliz | P @Ir@ido < Clieslizge i

2—pre

In the second line we used the orthogonality condition on f in order to cancel the first two
terms in the Taylor expansion. An easy computation shows that if g5 — ¢

£:=lim (|x| x ps)(x) f(x)dx = 2/ flx / (z — s)dsdz, Yf € L2(R)LP).

6—0

15



By Fubini theorem, one is then allowed to write :

Q/Rf(:c) /OgC o(s)(x — s)dsdx

=2 o(s) h f(@)(z = s)dzds — [ (s) ) f(x)(x — s)dzxds
YAy foro |

=2 /RS o(s) /_Soof(x)(x — s)dxds

- [ o{ [ 1@@ s [ s sac} s
- /R o(s) /R @)l = sl ds = /R (o] * £)(s)p(s)ds,
which ends the proof. O
Lemma 4.5. If a > %, and if f € L2(Z)LR, then
Hsgn *?Hinlie(z) < CHfHL?l(Z)'

Proof. Under sufficient integrability conditions, one writes :

(sgn(z2) * ) (@) = — / T+ / T,
Y2<I2 Yy2>I2

Remark that for x5 tending to infinity, f * sgn(zy) behaves as sgn(zo) Jz £. Indeed

(sn(aa) (o) —sante) [ 7] =2|(( [ Topis) v o)~ ([ X 7(s)ds) 12 (a2

< 2[fllr2 (2 ({/_Z /)_2()‘(312)61ly2}é Ir_(x2) + {/: ﬂ_za(yz)dyz}Q 1R+($2)>

—
< Ol fllya 0?2
Then

2

9,,G + T — sgn(x) / 7

oy < Mo [t e,
B8

which is bounded, provided that 8 < a — 1. O
Similarly to Theorem 4.1, thanks to the previous lemma, one gets that

2
inf |G2x f =AMz, (z) < Cliflzz)-

a—2—e¢

Proof. As previously, the proof is essentially 1D. Let us choose f € L2(R) LR and (ps)s €
Sx(R)LR s.t. 5 — ¢ in L3, (R)LR then |z| * ¢4 is infinitely differentiable and one can
apply the Taylor expansion with the integral rest :

[l 2s)(@) (@)da
= [{ete o0+ [(snsmioras} e = [ 560) [ (o eseopasas

16



Butif :=2—a+¢€> %, then by Lemma 4.5, one has

/ s * sgn(s) ds
0

H/j(% +sgn)(s)ds

with a < % + €. Thus one has

3
< ||806HL§(Z)P2 O(a),

leading to

<Cliwsllzz_ .. ®)
L%Q(R) 27a+e( )

[el < oo wads] < Clllzo il ., o

Moreover, one needs that R € L% (R), which is true if a > % It is not difficult to prove,
using Lebesgue theorem, that

g%{ /R @) /Om(go(;*sgn) dsdx} / fa / (¢ % sen) (s)dsda.

As in the proof of Lemma 4.5

/Ox(Sgn x ©)(s)ds = 2/036 {/_; Q(t)dtLs<o(s) — /SOO go(t)dt]ls>0(s)} ds =: 2/036 g(s)ds.

As g is a C! function on any compact set in R, one can integrate by parts on (0,z) :

/Ox g(s)ds = [g(s)s]g — /Ox d(s) s ds.

Using this in the right hand side of the previous limit, one writes

7= [ 1@ /0 (¢ sgm) (s)dsdz = 2 / f<w>{g<x>w— / "o >sds}dx
:2{/& f(x)x/x w(t)dtdx—/ f(x)m/ dtdx—/f / sds}
:Q/Rf(x)x/_ dtdm—Q/f / s)sdsdz — A— B.

By Holder estimates the integrals above are well defined. Fubini’s theorem allows then to
switch integration order. Using the orthogonality condition on ¢ and on f, one may easily
show that

(A:Q . f(x)x(/_l@(t)dt) dx:/Rf(x)x{/_;ap(s)ds—/ggoo(p(s)ds}dx
:/Rs <p(s){/:Oxf(m)dx—/_;xf(x)dx}ds
B:Q{/ﬂhf(x)/x ()dsdx—/f(x)/:sap(s)dsdx}
{/ / fla dxds—/sgp(s) /_;f(:c)d:cds}
\ :_Q/RSSD(S) /Oof(:n)d:vds:/ngp(s){/soof(:c)d:cds—/;f(a:)dx}ds

17
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These computations give :

A-B /R o(s) {/:O(m _ ) f(x)do — /_;(x - s)f(x)dx} ds

= [ (o) [ 10— slr@pdads = [ o(s)(al» 1) (5)ds.

And because

)

| (el * £,)
f pr—
it el s £+ Mz, sup

e, @ik llele, @

the final claim follows. U

Theorem 4.3. Assume o > 1/2 and recall that ¢(0, &) is defined by (12). Then the operator
defined by the convolution with the fundamental solution G is a mapping from Lg[(Z)J_IP)/A

q(0,@)
on (Hy_4(Z)NH2_,_ . 4(2)) /IP’[?)A/%Q] for any € > 0.

[e%

Proof. One follows the same lines as in the proof of Theorem 1 p. 786 in [24]. Indeed, by
Theorems 4.1 and 4.2, one has that K- := G % - is a bounded mapping from Lgé(Z)J_IP)lﬁil/Q]
on Li72767#(2)/1[”,[§/27a} for every a > 1/2. Thus for f € La(Z)UP’/ﬁil/Q], let u=Kf €
L2 5 4(Z)[P5)y_ o Then for any ¢ € Dy(Z), (AKf,¢) = (f, KA) = (f,4) and so
Au = f in the distributional sense. But then, as u € Li—Q—s#(Z)/Pl[gA/z—a] and Au €
L2(Z )J_IP’/[S_l s> using a dyadic partition of unity [25] and standard interior regularity results
(see for instance a similar proof in Theorem 3.1 in [26] or chap I in [27]), one has that :

3 oDl < (I8l + i)
|a|=2

where the constant does not depend on u. These estimates are not isotropic with respect
to the weight. Taking the lowest weight in front of the second order derivative ends the
proof. O

4.7  Convolution and duality

We generalize the latter convolutions to weak data, namely, when f € H;;E(Z ).
Proposition 4.7. For 3 < —3 and f € Hﬁ_%(Z) one has :
|G * fHL%_1_€(Z)/PI1 < C”f“]{g’;(z)a

where C' is independent on f.

Proof. Let p € L2(Z)LP| s.t. a > 3.

(f, G*p) (Z)xH! _

(1te)—a# (z) < (RIpes (Z)HG’T‘QOHHé

(146, (1e)—a,# —(to0.%9)

< CHf”H(_lﬂre)_a’#(Z)HSDHL%(Z)J.PQ'

18



After taking the supremum over all ¢ € L2(Z)LP}, one has

|G * fHLga(Z)/]p’ < CHfHH—l an(2)

1 (1+¢)—

Choosing § := (1 4 €) — o one gets the estimate on the convolution. P; belongs to L%(Z )
when 8 < —%, which ends the proof. O

Similarly, one has
Proposition 4.8. For B € [-3,—1[ and f € HB_;E(Z) one has :
|G * fHL%_1_€(Z)/P:) < C||f‘|H§j#(z)a

where C' is independent on f.

5 The Laplace equation in a periodic infinite strip

In this section we study the problem

{—Au:finZ,

u is 1-periodic in the y; direction.

(21)

in the variational context. Firstly, we characterize of the kernel of the Laplace operator.

Proposition 5.1. Let m > 1 be an integer, a be a real number and j = min{q, 1} where q is
defined by (11). A function w € H[',(Z) satisfies Au =0 if and only if u € P’

Proof. Since j <1, it is clear that if u € P}, then Au = 0. Conversely, let u € S, (Z) satisfies
Au = 0. We apply the MF'T : in the sense defined in Definition 4.2, one has

(B2 +1)F(u) =0, VkeZ, ae l€R,

which implies that

0 otherwise.

Flu) = {Z?o 61, _o(l) ifk=0

A simple computation shows that F~1(F(u)) = Z?ZO(iyg)j, indeed

P
_1 . Y _ j 3 )
<-F (]:(u)) ’SO>S;¢,S# = <-F(’Uz)7f(g0)>$/(r)7g(r) <Z(5 ,.F((P)(07 )>
j=0 S'(R)xS(R)
P ' P .
_ _1) 5 — RY;
= ;%( 1Y (60, 08) 51 myxs(2) ]Z; Y (o (2V0)) oo
P ' ' P
=Y (-1) /(iyz)]w(y)dy = (Y _(—iya), <p> ;
7=0 B 7=0 Sl xSy
where ¢ denotes the usual 1-dimensional Fourier transform on R. O
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We establish a Poincaré-Wirtinger’s type inequality.

Lemma 5.1. For every u € H] #(Z) with e € R, one has

lu =l 12z < ’U\Hgl’#(zy

where

1
u(y2) ::/O u(yi,y2)dyr,  a.e. y2 € R.

Proof. If u € H(i#(Z) then 0*u € L2 (Z) for all 0 < | A| < 1. In particular, almost
everywhere in ys one has 0 Mu(-,y2) in L?(0,1). Applying Parseval in the y; direction one
gets :

I =l Ze0.y = 3 1) and [Orulayy = 3 kPlack)?

kezZ* kezZ*

for almost every yo € R. This obviously gives
2 2
Ju— U||L2(0,1) < H61U||L2(0,1) a.e. Y2 € R.
Integrating then with respect to the vertical weight, one gets the desired estimates. O

In order to state existence and uniqueness results for solutions of (21), we deal with the
Laplace operator in the truncated domain Zr :=]0,1[x (] — oo, = R[U]R, +0]) :

{—Au:f in Zg,

(22)
u =0 on y2 = +R.

Lemma 5.2. Let o be any real number. If f € H;;E(Z) there exists R(«) large enough such
that problem (22) has a unique solution u € H} 4(ZR(a))-

Proof. The proof relies on an inf-sup argument similar to the one used in [16] (the main differ-
ence being the nature of weights : in [16] the author derives similar estimates for exponential
weights on a half strip). Indeed, we set

Y2
/ w?8y,T(s) ds if yo > R
R

vi=w?(u—7) +Y(u), w:=p andY(u):=< 0 if ly2| < R

—R
- / w?0y,7(s)ds  otherwise.
Y2

First of all, we check that v € Hlm#(ZR).
Vo = V(w?)(u — ) + w? V.
An application of Lemma 5.1 proves that

IVOllz2 | (7 < Klulmy , (zq)-
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which guarantees, through Hardy estimates, that indeed v belongs to H! o #(Z Rr). Secondly,
we write

a(u,v) = g Vu-Voudy = /Z \Vul|?w? dy + ; Vu - V(w?)(u—1) dy.
R R R

Using Cauchy-Schwarz, we estimate the formula above as :

} }
Vu-V(w?)(u—1) dy <2 </ |Vu|?w? dy) </ lu — || Vw]|? dy> .
ZR ZR ZR

Since |Vw| < 1, one also has that

|Vw|? a?
< N VA
which gives then
— o / 2
Vu-Vw(u—u)dy < —— Vulw dy.
Zr ( ) P(R) Jzp [Vl

This in turn implies that

o

2
a(u,v) > (1 - 2@) ‘u’Hé’#(ZR) > k‘u’Hé’#(ZR)‘U’Hia’#(ZRV

which proves surjectivity. Injectivity of the transposed operator is obtained in the same way

(but with w = p~® above): showing that for all u € Hla,#(ZR) there exists a v € Hé,#(ZR)
s.t.
|

2
a(u,v) > (1 - 2@) ‘u’Hia’#(ZR) > k‘u’Him#(ZR)‘U’Hé’#(ZR)'

and one concludes using the classical Banach-Babuska-Necas result (see Theorem 2.6 p. 85
in [28]). O

We next solve the Laplace equation in the domain Zp U ZE.

Lemma 5.3. Provided that f € H;%(Z), there exists a unique solution ug € H} 4(Z) solving:

— Aug = n ZpU 2R
{ uop f m LR 5 (23)

up =0 on {y2 = £R}.
Moreover, if f1R, and setting

hae = (0w, 1)yt s py B (et )

where the brackets [-] denote the jump across interfaces {y2 = R}, i.e.

Oy, u0] = y;gﬂlﬁ Oypuo(y1,Y2) — y;g%_ Oy 0 (Y1, Y2),

then a compatibility condition holds on h :

E++E_ =0.
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Proof. By Lemma 5.2 there exists a unique ug in Hé #(Z ) for every a € R. By truncation
and approximation (following the same steps as in Lemma 6.2 and Proposition 6.1), we set

fs = (f®s) a5, fs:=fs— fs

where &5 and «g are chosen as in Proposition 2.2. An easy check shows that

f(;ED#(Z), fsLR =0.

We then compute ug s solving (23) with the data fs. One has

0l 20 = Tl czozmy < EFs s

< CH‘f(SHHQ’;(Z) < CHfHH;:#(Z)’

) (24)
luo.s = vl (z) < 0Hf5 a fHHa,;(Z)

110y, u0,5] =[Oy, w0l

< — <C|fs — .
H™2({y2=+R}) = Clluo.s uoHHé,#(Z) = CHf‘S fHHa;#(Z)

Moreover, for every ¢ € Dy(Z), one might write

(—Augs, ) = —(uo,s, Ap) = —/ up sApdy

ZRUZR

- _ /(0 ) [0y,10,6) .y (Y1, £R) dyr + (Fs, ),

the latter equality being true because ug s is in the domain of the operator : the Green formula
holds. By density, one extends the above equality to test functions in H! o #(Z ), giving :

_<u0,5’ AQD> = _<[ay2u0,5]a SD>{y2::|:R} + <f(5a 90>a VSD € Him#(z)

As « is chosen s.t. R C H! | 4(Z), one takes ¢ =1 in the above formula. This leads to :
hy s+ ho s = ([0y,u06), 1) gyo=ry + ([0y:10,6], 1) yo——ry = 0

where the brackets denote the H~2 H 2 ({y2 = £R}) duality product. Thanks to (24) and by
continuity, the result holds when passing to the limit with respect to 9. U

When extending ug on Z, it solves
—A’LLO = f + 5{y2::|:R}h:|:7 in Z. (25)

In the next paragraph, we compute a lift that cancels the lineic Dirac mass in the right hand
side of (25).
Lemma 5.4. Let uy be the unique solution of problem (23). For o < 0 there exists a solution
w in Hé#(Z) of
—Aw=0 in Zp U Z" (26)
[0y, w] = =[Oy uo] =: —hs  on {y» = £R}.
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Proof. Setting
w =G * (hadpy,—sry) = G * ((he — ha)dpy,—sry) + G * (hadpy,—1pry)
= G # (ha6yy,—1ry) + Ga * (he0py,—+py),

which is a tempered distribution (G € S,(Z) and hidgy,—+pry € E4(Z)), w is explicit after
some computations and reads:

Fi(hy)etkvr—Iklly2£E]
w= ) B

h h_
- {7“?/2 — R|+ 7|y2 + R|} =: 11 + I>.
+,keZ*

One computes the L2_;(Z) norm of I1:

B Fi(h e 2lklly2£R|
/Zflzp(yz)%‘ zdyé/fldy<0 > Wil Z/ dy

+rezs (L 1EP)2 fez-
/ 2 ok
<Ol gy 2 T < O
+ kez*
Then using the Fourier transform one writes :
(kD"

7/7
F (VGl * (h:l:(s{yQZiR})) = (k2 + 12)
0 for £ = 0.

Fi(hs), ifkeZ*, ae leR,

Taking the 1?(Z; L?(Z)) norm of the above expression gives then, by Parseval :

0y, G1 * (habgy,—sry HL2 Z/ dl|-7:k(hi)|
kezZ*
=27 ’f’“ M) = W ey

keZx*

A similar computation gives the derivative with respect to y2. Suppose from now on, that
a < 0. Due to the inclusion L?(Z) C L2(Z), this gives

il 2y < Oz, 2
Thanks to Lemma 5.3, one might rewrite I s.t.
I, = FhiR when |y2| > R.

This means that the orthogonality condition of the data implies convergence to constants at
infinity (instead of a linear growth). 0

We are now ready to state the first isomorphism result of the Laplace operator in Z.

Theorem 5.1. Let « be a real number such that —1/2 < o < 1/2. Then the Laplace operator
defined by
A Hy 4(Z)/R— H, ,(Z) LR, (27)

is an isomorphism.
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Proof. Let f € H;;E(Z) Observe that if u € H(i#(Z) satisfies Au = f, then due to the
density of Dy (Z) in H! 4(Z), for any ¢ € H' 4(Z), we have

(u, Ap) = (f, ¢).

Thus, we easily see that, under the assumptions on «, for any p € R C Hla #(Z), the datum
f satisfies the necessarily compatibility condition

(f,p)=0.

Now it is also clear that the Laplace operator defined by (27) is linear and continuous. It is
also injective since Au = 0 and u € Hé #(Z ) imply that u is a constant (see Proposition
5.1). Remains to prove that the operator is onto. Let f be in H;;E(Z)LR and R > 0 be a
real number. Thanks to Lemmae 5.3 and 5.4, one sets

U= ug +w,

where ug solves (23) and w lifts the jumps of dy,up on {y2 = R} and thus solves (26).
Results on ug and w end the proof. At this stage, the claim is proved for o < 0. By duality
the results is true also for o« > 0 which ends the proof. O

Remains to extend the isomorphism result (27) to any o € R. For this sake, we state some
regularity results for the Laplace operator in Z.

Theorem 5.2. Let a be a real number such that —1/2 < o < 1/2 and let £ be an integer.
Then the Laplace operator defined by

A HYG W(2) /R HT,(Z) LR (28)

1 onto.

Proof. Owing to Theorem 5.1, the statement of the theorem is true for £ = 0. Assume that
it is true for £ = k and let us prove that it is still true for £ = k + 1. The Laplace operator
defined by (28) is clearly linear and continuous. It is also injective : if u € H zjtz 1.4(2)
and Au = 0 then u is constant. To prove that it is onto, let f be given in H§+k+1,#(Z)J_R.

According to (7), f belongs to H_ 1% (Z)LR. Then the induction assumption implies that

a+k,#
there exists u € Holéf;;‘ 4(Z) such that Au = f. Next, we have
A(pdiu) = poif + iulp + 2V pV (Oiu). (29)
Using (6), (7), (9) and (10), all the terms of the right-hand side belong to H;ﬁg’;(Z) This

implies that A(pd;u) belongs to H;iz’;ﬁ(Z) Therefore, A(pd;u) also belongs to H;f:’fl 4(Z).
Moreover, u belonging to Héiiv#(Z) implies that pod;u belongs H§+k717#(Z) and for any
pe H>F (Z), we have

—a—k+1,#
(A(pdiu), S0>H;i;i1,#(Z)XHE;IikH,#(Z) = (pdju, A¢>H§+k—1,#(z)XH:E—k+1,#(Z).
Since R C HE;’ik 41.4(Z), we can take ¢ € R which implies that Ap = 0. It follows that

A(pOju) belongs to H;i;i(Z)J_R Thanks to the induction assumption, there exists v in
Hi[z#(Z) such that
Av = A(po;u).
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Hence, the difference v — p0;u is a constant. Since the constants are in Héiz #(Z ), we deduce

that pd;u belongs to H;:[Z 4(Z) which implies that u belongs to Hi:[iﬂ 4(Z).

O

Remark 5.1. Let us point out that the above theorem excludes the values a € {—%, %} : due
to logarithmic weights, the space H 11 /2 #(Z ) is not included in L%l /2(Z ). By duality, this also

implies that the space L%/Q(Z) is not included in H:ll/Q’#(Z). Therefore, in (29) for a = 1/2,
the term J;uAp does not belong to H 1_/12 #(Z ). Thus, in this section, the extension of (27) to
any « € R will exclude some critical values of . We deal with these critical values in Section

6.

Remark 5.2. As an application of the above theorem for the particular case when ¢ = 1, we
derive a weighted version of Calderén-Zygmund inequalities [29]. More precisely, let a be a
real number such that 1/2 < o < 3/2, then there exists a constant C' > 0, such that for any
ueDy(Z):

10:05ull 12 (z) < CllAull Lz (- (30)

Using (30) and thanks to the Closed Range Theorem of Banach, we prove that :

Theorem 5.3. Let « be a real number satisfying 1/2 < a < 3/2. For m € N, m > 3, the

following operator
A Hy(2)[Pr, o m Hy W (2) [P,y (31)

is an isomorphim.
The next result is then a straightforward consequence of the latter result.

Theorem 5.4. Let « be a real number satisfying 1/2 < a < 3/2. For m € N, m > 3, the

following operator
A HYW(2) [Py HY 2 (Z) (32)

is an isomorphim.
The next theorem extends Theorem 5.1.

Theorem 5.5. Let o be a real number satisfying 1/2 < a < 3/2 and let £ > 1 be an integer.
Then the Laplace operators defined by

A HY o w(2)P = HDL, (2) 1P, (33)
and
A Hy g w(2)/PA = HYL f(2) 1P, (34)

are isomorphism.

Proof. Observe first that when ¢ = 1, the result is proved in Theorem 5.1. Observe next that
if m > 2 is an integer, the mapping

A HW(2) /PRy HISH(Z) 1P,

is onto. Indeed, if m = 2, this isomorphism is exactly defined by (28) with ¢ = 1. If m > 3,
it is defined by (32). Now through duality and transposition, the mapping

A HIPR(Z) P = HODW(2) 1P,
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is onto. Next, using the same arguments as in the proof of Theorem 5.2, we are able to show
that for any integer ¢ > 1, the operator

- ¢ ' —m+l ‘A
A HfamJ:réﬁ (Z2)/P_ppi2 = HfamJ:rZ,#(Z)J*Pm—Q

is an isomorphism. Choosing ¢ = m — 1, the operator defined by (33) is an isomorphism. By
duality and transposition, the mapping defined by (34) is onto as well.

O
Remark 5.3. Summarizing theorems 5.1 and 5.5, we deduce that the mapping
A HY 4 (Z) [Py o) Hy w(Z) 1Py (35)
is onto for any « € R such that o # :I:(% + k), k € N*. As a consequence, the mapping
A HY oy 4 (2)/Psa) = Lasi(Z) 1P (36)

is onto for any « € R such that o # i(% + k), k € N*. This result is obtained by proceeding
as in Theorem 5.2.

Hereafter, we show connexions between variational solution above and explicit solutions of
the previous section (see for instance Theorem 4.3 and Propositions 4.7 and 4.8).

Theorem 5.6. Let « be a real number satisfying o # i(% + k), k e N*.

1. Ifa>—1/2 and f € L§+1(Z)HP"[1A/2+Q}7 then G x f € Ho%ﬂ,#(z) is a solution of the

Laplace equation (21) unique up to a constant. Moreover, we have the estimate
)l\fel]g 1G = f+ )\HHngL#(Z) < Hf”LiH(Z)'

2. Ifa>1/2 and f € H(;%(Z)J_IP’/HA/Q*_O&, then G x f € H(i,#(Z) is the unique solution of

the Laplace equation (21). Moreover, we have the estimate
G Flla z) < Iz, 2y

Proof. The first claim of the theorem is obtained thanks to uniqueness results from Propo-
sitions 3.1 and 5.1. We detail the second part of the claim. Using the first onto result just
proved and by duality arguments, as in Propositions 4.7 and 4.8, for any real 5 < —1/2, one
gets

< CHfHHBi:#(Z)'

We detail the way to obtain the norm of the gradient. Let take ¢ € Sy (Z )L]P”[

NG fllzz_zymr .,

1/2-4] then

V(G * f) )y 2).84(2) = (G f,dV )y (2),54(2) = (L GFAV Q) o ) iz
< HfHHB—’;(Z) ||diVG>VkSD||HiB7#(Z) < ||fHH/;:¢(Z) { )i\g]%HGiSD + >‘||H35,#(Z)}

< CHJCHH/BT’;(Z) ”‘p”LQ_B(Z)J—Ph/%B]'
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We conclude by density arguments. At this stage we have, if 8 < —% :

—1
1G * ol g EIRCAY, AP CH@HH Vo € Hy ,(Z).

Moreover, we know that G * ¢ is solution of the Laplace problem. By uniqueness, we identify
G * ¢ with the variational solution. The convolution with G is then isomorphic from Hg;é(Z )

—1
onto Hé,#(Z)/P’[l/Q_B]. For f € H—Bv#(Z)J‘Pl[l/Z—B]’ we set

(G * f >H1ﬁ#(z) L(z) = = (/,G*p) g1 B D) LPl o g Hp 4(2) /Pl jo_g)

< CHfHH:é ||G*SD||H1 #(D)/Pl 5 g = CHfHH:é’#(@||80||H§’;(z)-

. . 1 /
We reassume results above writing that, for every f in H—Bv#(Z)J‘P[l/Z—B]’
|G * fHHlﬁy#(Z) < CHJCHH:[}}’#(@-

Setting a := — [ gives the claim. O

6 Isomorphism results for the critical cases

Note that the onto results stated in Theorem 5.1 and Theorem 5.5 are not valid for @ =
( + k), k € N*. In order to extend them to these cases, we redeﬁne the weighted spaces.
Therefore, proceeding as in [18], for m € Z, p € N, and « € {— 2, 2} we introduce the space

XP(Z) ={u€ H]'4(Z), VAEN, 1< A<,

a+p,#
A +
you € HIUNZ), we Hy h(2)},

where H ;Z;i(Z ) stands for the space of functions that belong to H, "HP(Z) with compact

support in the ys direction. The space X7

otp(Z) is a Banach space When endowed with the
norm

1/p

lell s i = | 20 Mwullymn gy + Il gy |
0<A<p
where Z' :=]0,1[x] — 1, 1].

Remark 6.1. We restricted the definition of the space Xg?;p 4(Z) to a € {4, 3}, but this
definition holds for all « in R. For a € R\ 57, since no logarithmic weights appear in the

deﬁm‘zon of Hmﬁp#(Z), we are able to prove that the spaces X +p#( ) and H&n_;;p#(Z)
coincide.

The next proposition is dedicated to density of Dy(Z) in X;r:;)p #(Z ). In order to prove it, we

need to establish two lemmas giving additional properties on the space H' #(Z ). The first
lemma characterizes the dual space H_ ", (Z).

Lemma 6.1. Let « €R and f € H_ ' ,(Z). Then for any v € H',(Z), we have

<f’v>H:;'f#(Z)><H Z /gua vdy,

0<|ul<m

where g, € L? (Z) and for any 0 < |u| < m,
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® g, € L—a+m W\( )ifad {%,...,m— %},
o (In(1+p") gy € L2y y(2) if 0 € {5, om — 3}

Proof. We shall only prove the statement for the case a ¢ {%,...,m — %} The proof
for the other case which corresponds to the critical values of « is similar. We set E =

I Lfaer Iul( ) such that for any ¥ = (Y )o<|uj<m € E,
0<[ul<m

lele= > Wiz,

0<|p<m

The operator T defined by T': v € H}',(Z) + (0"0)o<|yj<m € E is isometric. We now
set G := T(H;',(Z)) and S := =T1'!': G+~ HY}',(Z). The mapping L : h € G —
(f,Sh) H=™(Z)x HI,(2) is linear and continuous. Therefore thanks to the Hahn-Banach

theorem, there exists L, a linear and continuous extension of L on E such that ||L|p =
HfHH m(2) Thanks to the Riesz representation theorem, there exists g, € L? 2 o W\(Z)

for any 0 < || < m, such that

Yo e Hy'y(Z), ( Z /gua"vdy

0<|pul<m

The second lemma concerns the density of functions with compact support.

Lemma 6.2. Let m € Z, A € N, a € R, &y be defined by (13) and u € Hgi)‘(Z) We set
u(y) = ®o(y2)u(y) a.e. y € Z. Then we have

= 0. (37)

lim Hu — U,gHHm:;A
«,

{—r00 (2)

Proof. 1t is clear that for the case m + A > 0, (37) is satisfied. We shall now focus on the
case m + A < 0. We have

Hu—wHH;n;A(Z) = sup

where (-,-) is the duality pairing between HZI;)‘(Z) and H:ZI;)‘(Z). Besides, thanks to
Lemma 6.1 there exist g, such that g_,,—» € L2(Z) and for any 0 < |u| < —m — A,

eg,€L? |M|( )if —a g {1/2,...,—m — XA —1/2}
o (In(1+p*) g€ L2, \ ,(Z)if —a€{1/2,..,—m -\ —1/2}

satisfying for any v € H:ZL?;A(Z),

(u,v)y = Z / gutvdy.

0< |p|<—m—X\
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Therefore, we can write
o)=Y [ g0 @)y,
0<|ul<—m-1"%
It follows that

-yl < Y /Z g (1 — ®()0% | dy

0<|p|<—m—A

+C Z Z /guakfbga"_kvdy.
z

0<|p|<—m—A 0<|k|<]|p]

We deduce that

[{(u — up,v)| < Z 19, (1 — (bZ)HLi_m_A_W‘(Z)
0<|p| < —m—A
0> D> Mgz | Wl )

0<|p|<—m—X 0<|k[<]|p]

The first two terms in the right hand side tend to zero as £ tends to infinity. This proves (37)
for m 4+ A < 0. O

We proceed with three results showing some properties of Xglﬁ(Z ) spaces and the functions
belonging to them.

Proposition 6.1. Let m € Z, p € N and a € {—%, %}, then the space Dy(Z) is dense in

+
Xarpa(Z).
Proof. Let u be in XZI_:;) P #(Z ). Then according to Lemma 6.2, u can be approximated by
ug € XZLJ:;p #(Z ) with compact support in the y direction. Therefore uy belongs to Hg;p (2),
and thanks to Proposition 2.2, uy can be approximated by 1, € Dx(Z). This ends the
proof. O
For m € Z, p € Nand a € {—1,1}, we also define the space XT(;fp#(Z) that is the dual
space of X;ﬁ:g(Z). It is therefore a subspace of D (2).
Pr0fosition 6.2. Let m,p € Z and o € {—3,3}. Xg{n;;ﬁ:rll’#(Z) is densely embedded in
m
on-l—plj#(z)'
Proof. If p € N, due to the definition of the space X;T;) I:Lll #(Z ), the imbedding is straight-
. . + . . . +p+1
forward. Moreover the density of Dy(Z) in X", (Z) implies the density of X'""" ,(Z)
in Xgi;z:#(Z). Hence, if p < 0, the dense imbedding holds :
—m— —m—p—1
X—Zb—pzj#(z) = X—Zl—pp—l,#(z)'
By duality, the desired result follows. O
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Proposition 6.3. Let m,p € Z and o € {—3,3}. If u belongs to X"P (Z), then dju

a+p,#
belongs to XSZL_;;I’(Z), for any j =1,2.

Proof. (i) Assume that p > 0. If u € XZ:;{’#(Z), then u € H[,(Z) and Qju € Ham;(Z)
Besides, for any A € N, such that 1 < A < p, we have y%‘((?ju) = @-(y%‘u) — aj(yg‘)u. Since
you € HZI;)‘(Z), it follows that 0;(y3u) € HZI;H)‘(Z). Thus it is clear that y3 (d1u) belongs
to H(ZL;;H)‘(Z). Furthermore, we have da(ya)u = Ayy ‘w and since 0 < A —1 < p — 1,
y>~'u belongs to H(T;A_l(Z). We deduce that for any A € N, such that 1 < X < p, y3(9;u)

belongs HZFH)‘(Z). Finally it is straightforward that if « is in H;;LJFP(Zl), then Oju is in

HYy P~ (ZY).
(ii) Let now p < 0. If u € XZLJ;%#(Z), then for any ¢ € Dy(Z), we can write

<8jua 80>D;¢(Z)x”D#(Z) = _<U,aj90>’D;¢(Z)><”D#(Z)-

Thanks to (i), for any ¢ € X:Zf;l#p(Z), 0;p belongs to X:prp#(Z) which ends the proof. O

Proposition 6.4. Let m,p € Z and a € {3, 1}, If u belongs to X"'?,(Z), then you

: : 513 o+p,#
4 _ +1+p—
belongs to XLnijI:L#(Z) = X;nerflI,)# (2).

Proof. (i) Assume that p > 1. If u belongs to Xgi;p#(Z), then u belongs to H]',(Z) and

you belongs to HZ?;I(Z) Next, for any A € N, such that 1 < A < p — 1, we have y3(you) =
yy € Hg{n;;)‘ﬂ(Z). Finally if u belongs to H;n+p(Z1), then you also belongs to H;Ler(Zl).

We thus deduce that you € X;T;)p_l 4(Z).

(ii) Assume now p < 0. For any ¢ € D4 (Z), we can write
(Y21, P)D1, (2)xDy(2) = (U, Y20) D), (2)x Dy (2)-

Thanks to (i), for any ¢ € X:Z:!il#(Z) = X:ZL;ZP;I(Z), Y2 belongs to X:ZL:;’#(Z)
which ends the proof.

The above properties allow to extend Theorem 5.2.

Theorem 6.1. Let o € {—1,1} and ¢ € N. Then the operator

A X L(2) R XL (Z) LR (38)

18 onto.

Proof. Observe first that since Xé7#(Z) = Hé#(Z) and X;;E(Z) = H;;(Z), the case £ =0

is proved in Theorem 5.1. Now we proceed by induction, as in the proof of Theorem 5.2.
Assume that the statement is true for £ = k£ and let us prove that it is then true for £ = k + 1.
The Laplace operator defined by (38) is clearly linear and continuous. It is also injective : if u

belongs to Xif,erl,#(Z) - Hé,#(Z) and is harmonic then it is a constant. Let us prove that

it is onto. Let f € X§+k+1 4(Z)LR. Then f € X;izl;é(Z)LR and the induction assumption

implies that there exists u € X;L_i +1, #(Z ) such that Au = f. We now consider the equality

A(ygalu) = 190, f + 2020;u. (39)
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Using Proposition 6.3 and Proposition 6.4, we deduce that A(y,0;u) belongs to X;i;i(Z) C

X 2tk (Z). Moreover, thanks to Propositions 6.3 and 6.4, if u € Xtk (Z) then y20;u €

a+k—1,# -tk 4
X§+k—1,#(z) and for any ¢ € Xz;]ik._i_l’#(z), we have
(Ay20:u), ¢>X;izfl,#(Z)XXEEIikﬂ,#(Z) = (i, A¢>X§+k71,#(Z)XX:gfkﬂ,#(Z)'

Since R C X_;k_kﬂ 4(Z), we shall take ¢ € R. This shows that A(y20;u) € X;i;g’%(Z)J_R.
X1+k

Thanks to the induction assumption, there exists v € X1} ,(Z) satisfying Av = A(y20;u).
Hence v — y29u € R and since R ¢ X% (7)), it follows that y,0;u € X'tk ,(Z) which in

a+k,# a+k,#
turn yields u € Xii’le’#(Z). O
Remark 6.2. The above theorem extends the Calderén-Zygmund inequality (30) to a €
1 3
202"

Proceeding as in the non-critical cases, we can extend theorems 5.3, 5.4 and 5.5. More
precisely, we have :

Theorem 6.2. Let o be a real number satisfying 1/2 < a < 3/2. For m € N, m > 3, the

mapping ,
/ — /
A HYw(Z) [Py g = HY W™ (2)/Pra (40)

18 onto.

Theorem 6.3. Let « be a real number satisfying 1/2 < o < 3/2. For m € N, m > 3, the
mapping

A HI W (Z) [Py = HIP(Z) (41)
15 onto.
Theorem 6.4. Let o € {%, %} and let £ > 1 be an integer. Then the Laplace operators defined
by
A Xy (2P XTL,, L (2) 1P, (42)
and
A Xo o4 (Z2)/PEh L= X0, 4(Z2) 1P, (43)
are onto.

As for the non-critical cases, the last results show that there exists a connexion between
Theorems 4.3 and 6.1. Let us first note that we might compare the spaces XZI_:;) P #(Z ) and

H&n_;;f#(Z) for a € {—3,1}.

Proposition 6.5. Let m,p be two integers and let o € {—%, %} Then
- -
Xgl—kpl,)#(z) - H;n-i-plj#(z)' (44)
If, moreover a = %, then
m—+p _ m—+p
X%er,#(z) o H%+p,#(Z)' (45)
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The proof of the above proposition is based on a partition of unity in the yo direction and

direct computations. Note that (45) is not valid for a = —% and p > 1 since the space
Hr_nf;g+p7#(Z) is not included in HT1/2,#(Z) (see (8)).

Theorem 6.5. Let f € L§/2(Z)LR, then G f € Hg/Q#(Z) is a solution of (21) unique up

to a constant. Moreover, we have the estimate

inf |G+ f+ Al

2,40 = ||f||L2/2(Z)'

3

7 Conclusion

This paper is a first atempt towards a systematic analysis of boundary layer problems in
periodic strips. This framework provide generic spaces avoiding tedious a priori definitions
of solutions’ behaviour at infinity, among other advantages.

Nevertheless, in the homogenization theory, solutions of boundary layer problems often
converge exponentially to some polynomial at infinity (when yo — oo) [16]. In a forecoming
work, our goal is to provide an adequate framework of these results in the weighted context,
and to consider exterior periodic domains [4].
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