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Weighted Sobolev spaces for the Laplace equation in periodic

infinite strips

Vuk Milisi¢* Ulrich Razafison’

Abstract

This paper establishes isomorphisms for the Laplace operator in weighted Sobolev spaces (WSS).
These H''-spaces are similar to standard Sobolev spaces H™(R"), but they are endowed with weights
1+ |x|>)*/2 prescribing functions’ growth or decay at infinity. Although well established in R” [1], these
weighted results do not apply in the specific hypothesis of periodicity. This kind of problem appears
when studying singularly perturbed domains (roughness, sieves, porous media, etc) : when zooming on
a single perturbation pattern, one often ends with a periodic problem set on an infinite strip. We present
a unified framework that enables a systematic treatment of such problems. We provide existence and
uniqueness of solutions in our WSS. This gives a refined description of solution’s behavior at infinity
which is of importance in the mutli-scale context. We then identify these solutions with the convolution
of a Green function (specific to infinite strips with periodic boundary conditions) and the given data.
These identification and isomorphisms are valid for any real a and any integer m out of a countable set
of critical values. They require polar conditions on the data which are often not satisfied in the homoge-
nization context, in this case as well, we construct a solution and provide refined weighted estimates.
Keywords:

AMS Classification: Primary 47B37; Secondary 35C15, 42B20, 31A10

1 Introduction
In this article, we solve the Laplace equation in a 1-periodic infinite strip in two space dimensions:
Au=f, inZ:=]0,1[xR. (1.1)

As the domain is infinite in the vertical direction, one introduces weighted Sobolev spaces describing the
behavior at infinity of the solution. This behavior is related to weighted Sobolev properties of f.
The usual weights, when adapted to our problem, are polynomial functions at infinity and regular

)1/2

bounded functions in the neighborhood of the origin: they are powers of p(y») := (1 + y% and, in some

critical cases, higher order derivatives are completed by logarithmic functions (p(y2)“ log/3 (1+p( yg)z)).
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The literature on the weighted Sobolev spaces is wide [2, 3, 4, 5, 6, 7, 8,9, 10, 11] and deals with various
types of domains. To our knowledge, this type of weights has not been applied to problem (1.1). The choice
of the physical domain comes from periodic singular problems : in [12, 13, 14], a zoom around a domain’s
periodic e-perturbation leads to set an obstacle of size 1 in Z and to consider a microscopic problem defined
on a boundary layer. The behavior at infinity of this microscopic solution is of importance: it provides
an averaged feed-back on the macroscopic scale (see [15] and references therein). This paper presents a
systematic analysis of such microscopic problems. We intend to give a standard framework to skip tedious
and particular proofs related to the unboundedness of Z.

We provide isomorphisms of the Laplace operator between our weighted Sobolev spaces. It is the first
step among results in the spirit of [3, 1, 16]. Since error estimates for boundary layer problems [12, 14, 13]
are mostly performed in the H® framework we focus here on weighted Sobolev spaces W(Z%p (Z) with p =
2. There are three types of tools used : arguments specifically related to weighted Sobolev spaces [1, 17],
variational techniques from the homogenization literature [14, 18, 19] and some potential theory methods

[20]. A general scheme might illustrate how these ideas relate one to each other :

- a Green function G specific to the periodic infinite strip is exhibited for the Laplace operator. The
convolution of f with G provides an explicit solution to (1.1). A particular attention is provided to

give the weakest possible meaning to the latter convolution under minimal requirements on f.

variational inf-sup techniques specially adapted to the weighted spaces provide existence and unique-
ness theorems for a restricted range of weights. This leads to first series of isomorphisms results in

the variational context.

- these arguments are then applied to weighted derivatives and give natural regularity shift results in

H;’f#(Z) for m = 2 (see below).

- by duality and appropriate use of generalized Poincaré estimates (leading to interactions - orthog-
onality or quotient spaces - with various polynomial families), one ends with generic isomorphism

results that read
Theorem 1.1. Foranyme Z, for any a« € R such thata ¢ Z + %, the mapping

A :Hg?agz(z)/"m#ms/z—a] — g?#(z)lpr[ém—l/ma]
is an isomorphism.
‘A

[m—1/2—-a]
previous theorem states that if one looks for a solution u of (1.1) that decays fast enough at infinity,

The spaces P of harmonic polynomials included in H",(Z) are defined in section 2. The
then uniqueness is insured but the counter part is that the datum f must satisfy a polar condition. On
the contrary, if the previous condition on u is released, then uniqueness is obtained up to harmonical
polynomials and the datum f do not have to satisfy any polar condition. These properties are well-

known when studying elliptic equations in weighted Sobolev spaces (see for instance [1]).
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- forall valuesof e e Rand m e Zsuch thata ¢ Z + %, we identify explicit solutions obtained via convo-

lution with solutions given in Theorem 1.1. This gives our second main result:

Theorem 1.2. Let m € Z and a € R such that o ¢ 7 + %, and f € H(;’?#(Z)J_P;’A[_m_uz_a]. Then G *
fe Hc’r’?{z(Z) is the unique solution of the Laplace equation (5.20) up to a polynomial ofP’[ﬁHy%a].

Moreover, we have the estimate

NG * £l sz 7)1 < Clifllam, z)-

[m+3/2-a)

- Fora > m+1/2, a ¢ Z+3, when the datum f € H",(Z) does not satisfy the polar condition f LP® |, .,
we set up an appropriate decomposition of f, and construct the solution using previous results. A sin-
gular behavior of this solution at infinity is identified : it behaves like a linear combination of sgn(y-)
and |y|. As for corner domains [21], when the singular part is removed, one recovers the weighted
regularity estimates. This provides Theorem 7.1. This result is of particular interest in the context of

homogenization.

The paper is organized as follows. In section 2, we define the basic functional framework and some
preliminary results. In section 3, we adapt weighted Poincaré estimates to our setting. Then (section 4), we
introduce a mixed Fourier transform (MFT) : it is a discrete Fourier transform in the horizontal direction
and a continuous transform in the vertical direction. At this stage, we prove a series of isomorphisms in the
non-critical case (section 5) by variational techniques. The MFT operator allows an explicit computation
of a Green function (section 6). We show, as well, weighted and standard estimates of the convolution with
the latter fundamental solution. Then we identify any of the solutions above with the convolution between
G and the data f, this proves Theorem 1.2. Finally, when the polar conditions is not satisfied by the data,
we construct a solution in section 7. In the appendices, we provide either technical proofs of some of the
claims of the paper (see Appendices A, B, C, D and F), or results that we did not find in the literature but that

are of interest in this context (Appendix E).

2 Notation, preliminary results and functional framework

2.1 Notation and preliminaries

We denote by Z the two-dimensional infinite strip defined by Z =]0, 1[xR. We use bold characters for vector
or matrix fields. A point in R? is denoted by y = (y1, y2) and its distance to the origin by r = |y| = (yf + y%)”z.
Let N denotes the set of non-negative integers, N* = N\ {0}, Z the set of all integers and Z* = Z\ {0}. We
denote by [k] the integer part of k. For any j € Z, IP’]. stands for the polynomial space of degree less than or
equal to j that only depends on y». If j is a negative integer, we set by convention [P”j = {0}. We define IP’I].A the
subspace of harmonic polynomials of [P”j. The support of a function ¢ is denoted by supp(¢). We recall that
2(R) and 2 (R?) are spaces of € functions with compact supportin R and R? respectively, 2’ (R) and 2’ (R?)

their dual spaces, namely the spaces of distributions. We denote by .#(R) the Schwartz space of functions
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in ¢ (R) with rapid decrease at infinity, and by ' (R) its dual, i.e. the space of tempered distributions. We
recall that, for m € N, H™ is the classical Sobolev space and we denote by H. ;" (Z) the space of functions that
belong to H™(Z) and that are 1-periodic in the y; direction. Given a Banach space B with its dual B’ and a

closed subspace X of B, we denote by B’ L X the subspace of B’ orthogonal to X, i.e.:
B'LX={feB VYveX,(f,v)=0}=(B/X).

We introduce 7, the operator of translation of A € Z in the y; direction. If ® : R? — R is a function, then we
have
TAD)(Y) :=D(y1— A, y2).

For any ® € 2(R?), we set o® := Y 17 T2 ®, which is the y;-periodical transform of ®. The mapping y; —
wd(y) belongs to €*°(R) and is 1-periodic. Observe that there exists a function 8 satisfying

0ePR) and wbl = 1.

More precisely, consider a function ¥ € 2 (R) such that ¥ > 0 on the interior of its support. Then we simply

v . . T . .
set 0 := v The function 0 is called a periodical 2 (R)-partition of unity.

If T € 2'(R?), then for all p € 2(R?), we set

(TAT, @) :=(T, 1), L Z.
Similarly, if T € 2'(R?) has a compact support in the y; direction, then the y;-periodical transform of T,
denoted by wT, is defined by

@T, ) :=(T,wp), VoeDR>).

These definitions are well-known, we refer for instance to [22] and [23].

Remark 2.1. Let ® be in 2(R?). Then we have

T30;®=0;(1,®), VAeZ, (2.2)
w(0;P) =0;(w®P) (2.3)

and
ITA@N 122y = 1PN 122y (2.4)

As a consequence of equality (2.3), if u € 2’ (R?), we also have

E(G,u) = di(wu). (2-5)

The next lemma is used to prove the density result of Proposition 2.3.
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Lemma 2.1. Let K be a compact of R?. Let u be in H™(R?) and have a compact support included in K. Then
we have

lwull gm(z) = NEK) I ull gmge),

where N(K) is an integer only depending on K.

Proof. Let us first notice that, since K is compact, there is a finite number of A € Z such that supp(ru) n
[0,1] x R is not an empty set. This number is bounded by a finite integer N(K) that only depends on K. It
follows that w u is a finite sum and

||5u||Lz(Z) < N(K) ”u”LZ(RZ)'

The end of the proof then follows from (2.5). O
We now define the following spaces

€;°(2)={ @:Z—R,y1— @y €€(0,1]) 1-periodic, y, — ¢(y) € €7 (R)},
D(Z)={ @:Z—R, y1— @) e€(0,1]) 1-periodic, y» — ¢(y) € 2[R)},
F2)={ p:Z—~R y1—elye €*°([0,1]) 1-periodic, Vo= @) € LR)}.

The dual spaces of 24(Z) and #4(Z) are denoted by 2,(Z) and .#; (Z) respectively.

2.2 Weighted Sobolev spaces in an infinite strip

We introduce the weight p = p(y2) := (1 + yg)llz. Observe that, for A € N and for y € R, as | y»| tends to infinity,

we have

<Cp’ (2.6)

For a € R, we define the weighted space
L3(2):= Hy y(Z2) ={ueD'(Z), p®ue [*(2)},
which is a Banach space equipped with the norm

”u”L?l(Z) = ||Pau||L2(Z)-
Proposition 2.1. The space 2(Z) is dense in Li 2).

Proof. Let u be in I2,(Z). Then, by definition of the space L2 (Z2), it follows that p®u € L?>(Z). Therefore
there exists a sequence (V) nen © 2(Z) such that v, converges to p%u in [%(Z) as n — oco. Thus, setting

un = p~%v,, we see that u, converges to u in Lf,(Z) as n — oo. O

Remark 2.2. Observe that we have the algebraic inclusion 2(Z) c @;(Z). It follows that the space 24(7) is dense in L2(Z).



For a non-negative integer m and a real number a, we set

-1 if a¢f{l/2,..m-1/2}
k=k(m,a) =
m-1/2—-a if a€{l/2,...m—-1/2}

and we introduce the weighted Sobolev space

HI'W(Z)={ue2y(Z;YAeN?0< A<k, p” ™M (In(1 +p*) 10 ue L5(2),

k+1<|Al<sm, p-™Marye 12 (2),

which is a Banach space when endowed with the norm

Nl () = (0<%<k lp™" " Man +p*) 0% ul?, 2.7)

1/2
+ —m+|A|AA L, 12 ]
k+1<|Al=m

We define the semi-norm

1/2

- A, 2

|u|Hg}#(Z)—( > o ullLﬁ(z)) :
[Al=m

Let us give an example of such weighted space. Consider the case m =1, then if a # 1/2, we have
Hyy(Z) ={ue Dy(Z);ue Ly (Z), Vue L5(2)}

and

Hy ) 4(2) = {ue2y(Z);In(1+p*) 'ue L _(Z), Vue LZ(2)}). (2.8)

Observe that the logarithmic weight function only appears for the so-called critical cases a € {1/2,...,m —
1/2}. Local properties of the spaces H L’x’f#(Z ) coincide with those of the classical Sobolev space H;"" (Z). When

a ¢{1/2,.., m—1/2} we have the following algebraic and topological inclusions :
H}'\W(Z)c HY S YW(2) e .. L (2). 2.9)
When «a € {1/2,..., m —1/2}, the logarithmic weight functions appear, so that we only have the inclusions
H]'W(Z)c...c H]}, §71%(2). (2.10)

Observe that the mapping
ue HyY(2)— 0 ue H)' M (2) (2.11)

is continuous for A € N2, Using (2.6), for a,y € Rsuch that a ¢ {1/2,...,m—1/2} and a —y ¢ {1/2,..., m—1/2},
the mapping
we Hy'(2)— pYue H' | ,(2) (2.12)

is an isomorphism.



Proposition 2.2. Let q be the greatest non-negative integer such that yg € Hy',(Z). Then q reads :

e ifmeN*
m-3/2—-a, ifa+1/2€{ieZ;i <0},
q=q(m,a):= (2.13)

[m-1/2-«al], otherwise.

e ifm=0onehas:
-3/2—a, ifa+1/2€Z,

q=40,a):= , (2.14)
[-1/2 - «a), otherwise.

In the table below, we give some of polynomials belonging to P 4(,q) for different values of m and for a in

the range [—g, %].
5. 3 3. 1 1.1 1.3 3.5
m\a | [-3-5[ | [-3-30 | [-33] | I33] | [$3]
P o P! P 0 0 0
P e P, P! P 0 0
P o | P P P | B, | o

Table 1: Polynomial spaces included in H,",(Z) for various values of a and m
We state now a density result whose proof is given in Appendix A.

Proposition 2.3. The space 24(Z) is dense in H ;’?#(Z ).

The above proposition implies that the dual space of Hy',(Z) denoted by H_",(Z) is a subspace of 2,(2).

3 Weighted Poincaré estimates

Let R be a positive real number. For  # —1, one uses the standard Hardy estimates:

o) 2 2 poo
2B 11242
fR [f(r)|°r drs(_ﬂ+1) fR | f (N rP dr, (3.15)

while for the specific case when = —1, one switches to

| f(r)? (4_1)2[“’ 'ong2
fR (lnr)zrdrS 3) ) lf (N rdr.

We now introduce the truncated domain Zg :=]0, 1{x (] — 0o, —R[U]R, +o0[).

Using the above Hardy inequalities in the y, direction, we can easily prove the following lemma.

Lemma 3.1. Let @, R > 1 be real numbers and let m = 1 be an integer. Then there exists a constant C}' such
that

Vo eD4(ZR), @],z = Ca' 020 HI Z) (3.16)
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As a consequence, we also have

Yo €Do(Zn), 0| (2 = Ca' IO 2, 200- (3.17)

For the particular case when a € {1/2,..., m—1/2}, (3.17) cannot hold without introducing logarithmic weights
in the definition of the space H ;”#(Z ).

Proceeding as in [1] (Theorem 8.3), we have the Poincaré-type inequalities :

Theorem 3.1. Let a be a real number and m = 1 an integer. Let j := min(q(m,a), m —1) where q(m, a) is

defined by Proposition 2.2. Then there exists a constant C > 0, such that for any u € H}',(Z), we have

/11;1”;, lu+ Al g, z) < Clulgm, z).- (3.18)
i

In other words, the semi-norm |.|gn, z) defines on Hy',(Z)/ [F”j a norm which is equivalent to the quotient

norm.

In order to present the last results of the section, we introduce the space:
Vo (Z) :{DEL%,(Z), dive = 0}. (3.19)

Then, as a consequence of Theorem 3.1, we have the following isomorphism results on the gradient and

divergence operators, whose proof is similar to the proof of Proposition 4.1 in [1].
Proposition 3.1. Assume that a € R.
1. Ifa>1/2, then

e the gradient operator is an isomorphism:
V: Hy ,(Z) — Lo(2) LV_o(2),

* the divergence operator is an isomorphism:

div : L2 ,(2)/V_a(Z) — HZ} ,(2).

2. Ifa<1/2, then

* the gradient operator is an isomorphism:

Vi Hy 4(2)IR— L5(Z2)LV_o(2),
e the divergence operator is an isomorphism:

div : L2 4 (2)/V_q(Z) — HZ} 4(Z)LR.



4 The mixed Fourier transform (MFT)

The purpose of this section is to define the MFT. We shall use this tool in the next section in order to state a

general result of uniqueness of (1.1) and in section 6 in order to compute the fundamental solution.

4.1 Rapidly decreasing functions

Let set I':= Z x R and let us write the locally convex linear topological spaces :
FI) ::{@:zmﬁu&; Vkez @k,)e L (R)

and sup
kez,leR

k4180 p (K, l)) <00, ¥(a,B,7) € Nf"}.

The space .#(I') is endowed with the semi-norms

~ L "8 Y ~
|0lapy = Jsup k@ 1P 97, ¢k, l)|, va'sa, f <By <.

We define also

*(Z;1*(R) := { ue L' M st Y luk, ), q < oo} :
kez

Proposition 4.1. (') is dense in 1>(Z; L*(R)).

Proof. Since u € 12(Z; I2(R)), then

2 €
Ye>0 3ky>O0suchthat ) IIu(k,-)IILZ(R)<§.
|k|>k0
We set
5 Julk) ifki<ko,
u =

0 otherwise ,

where 10 (k,-) is a standard smooth approximation of u(k, -) in 2(R). Then, we choose & (ko) such that

2

V k such that | k| < kg ” u(k,-)— u5(k, ) @® < %,

0

which finally gives

2 2

— 6 . —_— 6 . . 2
Ju=], ooy = z Jute.) - |, + L Itk gy <€

which proves the claim, since d trivially belongs to Z(I). O

Definition 4.1. We define the MFT operator % : $4(Z) — L) as
F @)k, ]) = f e E gy vk Der,
z

where k = 2k, and the same holds for 1.



We list below some basic tools concerning the MFT needed in the remaining of the paper. They can be

proved following classical arguments ([24], [25], [26]).

Proposition 4.2. [(i)]
1. Theoperator & : F4(Z) — F ) isan isomorphism and the inverse operator is explicit:

FU @)=Y | otk he®nal vge2T), Vyez.
kez /R

2. One has in a classical way, for any (f, g) € #4(Z) x ¥ (2), that

ff gdy=Y TNk D- " F(Q)k,Ddl, and F(f xg) = F()F(g), Yk Del.
kez

4.2 Tempered distributions and MFT
In a quite natural manner we extend the concepts introduced above to tempered distributions.
Definition 4.2. [(i)]
1. Alinear form T acting on #(T) is such that3(a, B,y) € N3
|T@)|=<Cl@lyp, YPeL D).
2. The MFT applied to a tempered distribution T € #,(Z) is defined as
<F(T),§>5 5:=F (NP :=TF @) =< TF (@) >g1x5, VPP D),
where

Fl @)=Y R(ﬁ(k,l)e_i(ky1+ZYZ)dl, Ve ZT), VyeZ.
kezZ

In the same way, we define the reciprocal operator denoted ' which associates to each distribution
T € () a distribution F~Y(T) s.t.

FD,@>9x5=<T,7@) >3
where (k1) = p(—k,—1).
We sum up properties extending classical results of Fourier analysis to our MFT.
Proposition 4.3. [(i)]
1. IfT € #)(Z) then F(T) € ' (). Similarly, if T € #'(T') then F () € #}(2).
2. The Dirac measure belongs to #,(Z) and :
F0g) =1, VkeZ ae C€eR.
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3. the MFT acts on the derivatives in a polynomial fashion:
VT eSF)(2), FOT)=i"&*+IF (D),
for any multi-index a: € N?.

4. Plancherel’s Theorem : if f € L>(Z) then the Fourier transform % (T ) is defined by a function ¥ (f) €
I>(Z,[*R)) i.e.
F(Tp)=Teyp VfeLX(2) and|ZF ()] R(ZI2R) — ”f”LZ(Z)-

5 The Laplace equation in a periodic infinite strip

In this section we study the problem

{ -Au=finZ,
(5.20)

u is 1-periodic in the y; direction
in the variational context. Firstly, we characterize of the kernel of the Laplace operator.

Proposition 5.1. Let m = 0 be an integer, a be a real number and j = min{q(m, a), 1} where q(m, a) is defined

by Proposition 2.2. A function u € H",(Z) satisfies Au =0 if and only ifu € IP/].A.

Proof. Since j <1, itis clear thatif u e IP/J.A, then Au = 0. Conversely, let u € %, (Z) satisfy Au = 0. We apply
the MFT : in the sense defined in Definition 4.2, one has

(K+P)F(u)=0, Vkez ae.leR,

which implies that

p s o7
Fw) = Zj:05y2:0(l) ifk=0,

0 otherwise,
p being a non negative integer. A simple computation shows that & 1 Fw) = Z?:o (i yg)j , indeed

~ p 5 ~
(FTHEFW), P g1 50, = (F W, F @) g1y ) = (2, 00 F (@) (0,)
j=0 FR) xS ([R)

o

(_1)] <60’aj¢)>y’(|R)xy([R) = Z (_1)] (60) ((lyZ)](p)>y/(|R)xy(|R)
j=0

P . . p .
=Y (1) fR iy owdy = ipde)

j:O ]:0 Sﬂ#’xtsﬁ#

where ¢ denotes the usual 1-dimensional Fourier transform of ¢ on R. O
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Theorem 5.1. Assume a be a real number such that-1/2<a <1/2. Iff € H;’}#(Z)J_IR then problem (1.1) has

a unique solution u € Héy#(Z) IR, i.e. the Laplace operator defined by
A: Hy 4 (Z)IR— Hy ,(Z) LR, (5.21)
is an isomorphism.

Proof. Let us first check that if u belongs to HCI,,#(Z) for —1/2 < a < 1/2, then Au belongs to H;'}#(Z). Indeed,

for any ¢ € 94(Z), we can write

[{Au, (P>9Z;(Z),@#(Z)| = |<VL£,V(P>L(21(Z)nga(Z)| = ”v””Li(Z) ||V(P||L2_a(z) = ”VullLi(Z)l‘lela,#(Z)'

Since —1/2 < a < 1/2, then thanks to Theorem 3.1, the semi-norm [l g [(2) isanormon Hlay#(Z) /R. There-
fore, we deduce that Au e H;,}#(Z)J_[Rz.

Observe now that for any function u € Hclt 4+(Z2), there exists a constant k s.t.
u—k =infllu-c .
I ”L(21—1(Z) cE[R” ||Li_l(z)

Since the functional is convex wrt ¢ one derives easily that k(u) necessarily satisfies :
f u p(Za—Z) dy
VA

k(uy)y=-40———.
f p2a-2 gy,
z

A simple use of Jensen inequality proves that

(k()® < C@llulyo ()

Next, we first prove the statement for —1/2 < @ < 0. To do so, we prove the inf-sup condition. Set w := p%

and define

v(w) = w?(u—kw).
Let us prove that v(u) € H}a,#(Z) forany —1/2 < a <0. It is clear that
||V(u)||L27a71(Z) = |lu—k(u) ”L?;H(Z)'
Consequently, for the particular case a = —1/2 we also have

2\—1
IIn(1+ p%) V(u)||L§1/2(Z) =Clu- k(u)”LZ,yz(Z)' (5.22)

Note that inequality (5.22) is needed, since logarithmic weight appears in the space HII/2 4(Z) (see (2.8)).
Furthermore, direct computations show that Vv(u) = 2wVw(u — k(u)) + w?Vu and 0y,w = @y p"‘_2 which

implies that |[Vw| < Cp*~1. It follows that
IVv@@)llz 7)< Cllu— k(u)”H;#(Z)-
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This shows that forany —-1/2<a <0, v(u) € Hla'#(Z) and
lv(w) ”Hla‘#(z) < Cllu- k(u) ”Hé,#(Z)' (5.23)

Now, one has :
a(u,v)=f Vu-Vvdy=f |Vu|2w2+Vu-(Vw2)(u—k(u))dy.
VA Z

One focuses on the last term of the rhs, uses the divergence formula and writes
1
f Vu- (Vo) (u-k(w)dy = _Ef Aw?) (u—k(w)*dy = —f {Aw)w +|Vol*} (u-kw)*dy
z z z

Using again that 0,0 = a y20p%2 one has explicitly that

2
(Aw)w + |[Vo|? = (2(0:2 — 1)y_2 + a,) p(Za—Z)_
0

Since —1/2 < a < 0, we clearly have

(Aw)w + |[Vo|?> <0.

This allows to write:

a(u,v(u))zf IVul?w?dy.
Z

Thanks to Theorem 3.1 and inequality (5.23), we can write
a(u, v(u)) zf IVulPw?dy = Cllully 1 lv@lm )
VA a, —a,

The above inequality allows to obtain the inf-sup condition which proves that the Laplace operator defined
by
A:Hy 4/R— Hy y(Z) 1R (5.24)

is an isomorphism provided that —1/2 < a < 0. By duality and transposition, the Laplace operator defined

by (5.24) is also an isomorphism for 0 < @ < 1/2. This ends the proof. O

It remains to extend the isomorphism result (5.21) to any @ € R and to any m € Z. For this sake, we state

some regularity results for the Laplace operator in Z.

Theorem 5.2. Let a be a real number such that —1/2 < a < 1/2 and let ¢ be an integer. Then the Laplace
operator defined by
A:HYE (Z)IR— H1TA(Z) LR (5.25)

a+?, a+/l.#
is an isomorphism.
Proof. Owing to Theorem 5.1, the claim is true for £ = 0. Assume that it is true for ¢ = k and let us prove

that it is still true for ¢ = k+ 1. The Laplace operator defined by (5.25) is clearly linear and continuous. It is

.. s k+2 _ . ey s . .
also injective : if u € Hai r14(ZL) and Au = 0 then u is constant. To prove that it is onto, let f be given in

13



H 5 ke DLR. According to (2.9), f belongs to H;izy’;(Z)J_IR. Then the induction assumption implies that

there exists u € H'** (Z) such that Au = f- Next, we have

a+k#
A(pd;ju) = p0;f+0;ulp+2Vp-V(0;u). (5.26)
Using (2.6), (2.9), (2.11) and (2.12), all the terms of the right-hand side belong to H;i;’;(Z). This implies
that A(pd;u) belongs to H;i;y’;(Z). Therefore, A(pd;u) also belongs to H;i;’_“ 1,#(£). Moreover, u belonging
to H};z#(Z) implies that pd; u belongs H§+k_1,#(Z) and forany @€ HE;’ikJrL#(Z), we have
<A(paiu)’(p>H¢;i;]—cl,#(Z)XHE;IikH,#(Z) - <'Oaiu’ A(p>H§+k—1,#(Z)XH:S—k+1,#(Z).

Since R c HE;]f kel #(Z), we can take ¢ € R which implies that Ap = 0. It follows that A(pd;u) belongs to

H;i;i(Z)J_R. Thanks to the induction assumption, there exists v in Hi:’]z 4(Z) such that

Av=A(pd;u).

Hence, the difference v — pd;u is a constant. Since the constants are in H'** (), we deduce that pd; u

a+k,#
belongs to Hé:’,i,#(Z) which implies that u belongs to HCZK:IICCH,#(Z).

O

11

Remark 5.1. Let us point out that the above theorem excludes the values a € {=2,3}: due to logarithmic

weights, the space H; ,, ,(Z) is notincluded in L? |, (Z). By duality, this also implies that the space L3 ,(Z)
is not included in H:11/2 4+(2). Therefore, in (5.26) for a = 1/2, the term d;uAp does not belong to Hl_/l2 +(2).

Thus, in this paper, the extension of (5.21) to any a € R will exclude some values of a that are called critical

values and belong to the set Z + % Furthermore, tough (5.21) is valid for the critical values a = J_r%, we shall

exclude these values here for sake of clarity. We deal with the critical cases in a forthcoming paper.

Remark 5.2. Applying the theorem above to the particular case when ¢ = 1, we derive a weighted version
of Calder6n-Zygmund inequalities [27]. More precisely, let @ be a real number such that 1/2 < a < 3/2, then

there exists a constant C > 0, such that for any u € 24(2) :
lo:0jull 2 ) = ClAulz ). (5.27)
Using (5.27) and thanks to the Closed Range Theorem of Banach, we prove that :
Theorem 5.3. Let a be a real number satisfying1/2 < @ <3/2. For m e N, m = 3, the following operator
A: HIYWZ)IP,, _,— HIY2(2)IP,_, (5.28)
is an isomorphism.

The next claim is then a straightforward consequence of the latter result.

14



Theorem 5.4. Let a be a real number satisfying1/2 < a < 3/2. For me N, m = 3, the following operator
A:HIW(Z)IPS_,— HI?(Z) (5.29)

is an isomorphism.

The next theorem extends Theorem 5.1.

Theorem 5.5. Let a be a real number satisfying 1/2 < a < 3/2 and let ¢ = 1 be a given integer. Then the

Laplace operators defined by

A a+é#(Z)/P1 éHH_aM#(Z)J-P 1+¢ (5.30)
and

A Hy_, (D)IPE, ,— H, (2)LPL, (5.31)

are isomorphisms.

Proof. Observe first that when ¢ = 1, the result is proved in Theorem 5.1. Observe next that if m = 2 is an
integer, the mapping

H(2)IP)_, —~ HIA(Z)LPE,
is onto. Indeed, if m = 2, this isomorphism is exactly defined by (5.25) with ¢ = 1. If m = 3, it is defined by
(5.29). Now through duality and transposition, the mapping

A HIW2(2)IPD,,, — HIIW(Z) P,

is onto. Next, using the same arguments as in the proof of Theorem 5.2, we are able to show that for any
integer ¢ = 1, the operator
N HI R DIP L, — B (DR,

is an isomorphism. Choosing m = ¢ + 1, the operator defined by (5.30) is an isomorphism. By duality and
transposition, the mapping defined by (5.31) is onto as well.

O

Remark 5.3. Summarizing theorems 5.1 and 5.5, we deduce that, for any a € R such that a ¢ Z + 1, the

mapping
A ng#(z)/P[l/z o) Hy #(Z)i[pu/zm] (5.32)

is an isomorphism . As a consequence, for any m € Z, for any @ € Rsuch that a ¢ Z + , the mapping
A HIY2 ) IP S anoa = HIY (D LPE (5.33)

is an isomorphism. This result is stated in Theorem 1.1.
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We end this section with a proposition that gives a property of all distribution u € 2;(2) satisfying Vu €
L2_l (Z). The proof of the proposition is given in E.
2

Proposition 5.2. Letu e @;(Z) such thatVu e LZ_l (Z2). Thenue Hil #(Z) and there exists a constant C > 0
2 27
such that

||u||H11 #(Z)/[R = CllVul ;2 (@)
-2 -2

6 The Green function and convolution in weighted spaces

The purpose of this section is threefold:
(i) we look for the fundamental solution for the Laplace equation in Z
(ii) we estimate the convolution with this solution in weighted Sobolev spaces

(iii) we identify the solution of (1.1) found in the previous section with the convolution between the fun-

damental solution ans the datum f. This amount to prove Theorem 1.2.

To achieve the first goal, we use the MFT defined in Section 4.
6.1 The Green function for periodic strips
We aim at solving the fundamental equation:
~AG=68, inZ, (6.34)
stated here in the sense of tempered distributions. Then G should satisfy, in LX)
(k*+ P ZF (G =1.
The proposition below gives the expression of the Green function.

Proposition 6.1. The Green function G solving (6.34) is a tempered distribution and it reads

1 o Klly2l+iky
G ==3 ) ——=———1nlt=GiM+Gy), YyeZ
2 kez* |k|
where 3 5
1 Z e—|k||J’2|+ikJ’1 1
GI(J’) = — — and Gg(y) ::_—|y2|.
2 keZ* |k| 2

Moreover, one has Gy € LY(Z) n L2(Z) and thus G € LIZOC(Z). The Green function can be written in a more
compact expression :

G(y) = —ﬁ In(2(cosh(2my,) — cos(2my1))).

Notice that the Green function is odd with respect toy.
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The proof of this proposition is given in B. One can easily obtain the asymptotic behavior of the Green

function. As |y»| tends to infinity, we have
IGW)| < Clysl, IVG(y)|<C and |0°G(y)| < Ce 22l < Cp(y2)77, Vo €R. (6.35)

Note that the estimate on the derivatives of second order on G is proved in F (Lemma 1). Moreover, as |y-|

tends to infinity, we also have
G <Cp(y2)" 7%, Yo >0, Vy €(0,1). (6.36)
Before proving weighted estimates on the Green function, we shall define the convolution if f € 24(2), i.e.

G*f:fZG(x—y)f(y)dJ’=fZG(J’)f(x_J’)dy'

Thus the convolution G * f belongs to €,°(Z). Moreover, thanks to (6.34), we have A(G = f) = fin Z.

6.2 First properties of the convolution with the fundamental solution
Definition 6.1. For any function f in L?(Z) the horizontal avemge? reads :

_ 1
f(o) ::fo fLy2)dy.

We continue with a property of the convolution between the Green function and data that have zero hori-

zontal average.

Lemma 6.1. Forany h € 94(Z) such that h =0 one has :
0%Go,+h=0, ae inZ, acN’s.t |al€{0,1,2}.
Proof. G, is a tempered distribution, the convolution with & € 2,(Z) makes sense :

< G2 * W >9(2)x2,(2)=< G2, ("*P) >91(2)x2,(2)

1 1 —
= —f Ilef hx+y)p(y)dydx = —f Ilef h(xz + y2) p(y)dydx, =0.
2Jz z 2 Jr z
The same proof holds for derivatives as well. As this is true for every ¢ € #(Z), the result is proved. O

By the same way one has the complementary counterpart :

Lemma 6.2. For any h € 94(Z) such that h only depends on y, one has :
0%G1*h=0,ae inZ, aecN* st acio,l,2}.
Lemma 6.3. We define the horizontal Fourier transform, given f € L*(Z)
Fr(Nk, y2) = fol f(ylyyz)e_”b“dyl, VkeZ, aey€R.
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If we define the convolution operators : for g € L' (Z) N L?(Z) and f € 1*(Z)

g*yfzzfzg(x—y)f(y)dy, (g *y, f)(xl,Xz,zl):=jﬂ;eg(x1,xz—yz)f(zbyz)dyz,

then one has

Fr(g *y )k, x2) = (Fig *y, Fr )k, x2), Vke€Z, ae x3€R.

Proof. If f € [2(Z) and g € (L' n L?)(Z) then the convolution with respect to both variables is well defined.
Setting

(f *y, 8 (x1, X2, 20) := fRf(xl - y1,X%2)8(y1,22)d y1,
almost everywhere in y» and for every k € Z one has

T ([ *y, 8(x1, X2 = 2, ¥2)) = (Fi )k, X2 = y2) (Fi8) (K, y2).

Integrals in the vertical direction commute with the horizontal Fourier transform due to Fubini’s theorem.

So one shall write :

./[ng (f *y, &) (K, x2 = y2, y2)dy2 = Fi. (fR(f*yl 8k, x2 = y2,y2)dy2
=Fr(f xy )k, x2),

which ends the proof. O
Lemma 6.4. For f € L%(Z), one has
2 2
||f||L§(Z) = Z ”*%c(f) ”L%([R{)' VBER.
kez
The proof the above lemma is given in C.
Lemma6.5. LetaeRs.t. |al = 1 then for any real b, one has

Cp(x)~°

|al

I(x)::fe"“”x_ylp(y)_bdys , xeR.
R

6.3 Non-homogeneous estimates
Proposition 6.2. Let us set 8 a real number. Then for every f € D4(Z)

— 1
6C!G*(f_f) Vﬁ/<ﬁ_z; |a|€{0)1})

celr7l,,
12,(2) U 13(2)

where the constant C is independent of the data.

Proof. Setagain h:= f— f. By Lemma 6.4 :

2
046 Iz (1) = 10°Gr = k5 1y = T, | Zx(@5Grny )
kez*

2
Ly ®)

= ¥ 6" F05: G Feh) 7 -
kez* b
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For all k € Z*, thanks to Lemma 6.5, a.e. xin Z,

) . e Iklly2 -

|(ik)" F(0y; 1) *y, Fi (W) SLW

p(x)7P -B

< C||gk(h)(k; ) ”L;(R)W = C||gk(h)(k; ) “L%(R)F)(XZ) ,
2

Fr(h)(k, y2)dy»

for a multi-index s.t. |a| € {0,1}. Then
10°G kIl (< X IFLK, I, g f p)? 2P dx, < C| f 12,
i Kez* B JR b
if g/ <p-1/2. O
We first have the following result.

Theorem 6.1. Let a be a real number such that a > 3/2 and f € 24(Z), then for anye > 0 one has

| G2+ 7 - HE, )

2,2 Cl 2z

where
1 — —
H(xy, f) = 5(IlefRf(yz)dyz—sgn(xz)fRyzf(yz)dyz)-
Furthermore, if f is orthogonal to polynomials of P, namely f € 24(Z) 1P}, then H(,, f) = 0 and the above

estimate is reduced to
Gy * f”Li—z—e(Z) = C”f”[%(z)-

Proof. As the argumentation is purely one-dimensional, we denote by f the average of f in the y; direction

omitting the overline symbol. Note that we can write the convolution |x,| * f explicitly:
X2 (ee]
(Ix2] * f) =f (xz—yz)f(yz)dyz—f (x2 = y2) f(y2)dy2
—00 X2

X2 [o¢] X2 o ¢]
= X2 (f f(yz)dyz—f f(yz)dyz) + (—f yzf(yz)dy+f yzf(yz)dJ/z)-
—00 X2 —00 X2
Pointwize considerations show that
1
Elle * [~ H(x, f), when [x,] — oco.

Indeed,
ol % f X2 (f_xéof(JQ)dJ/z —f)zof()/z)d_)/z)

|x2| |x2|

ﬁanf(yg)dygAéwhenlxﬂ—»oo
and

X2 (e e]
(—f Vo f(y2)dyo +f yzf(yz)dyz) - —sgn(xz)fRyzf(yz)dyz dwhen |x2| — oco.
—00 X2

A more specific calculation shows that actually

1 X2 o0
Elle * f— H(xp, f) =|x2] (f fOR)dy 1r_ (xz)—f fOR)dy 1R, (xz))

+sgn(xz)(f J/2f(y2)dy21[R_(x2)+f yzf(yz)dyzllm(xz)).

—00
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Provided that a belongs to the correct interval, an easy use of Holder estimates shows then that:
1 3_
§|x2|*f_H(x2rf) SCPZ a(x2)||f||Lg(Z)y VXZER

which then multiplying by the appropriate weight on both sides and integrating wrt x, gives the desired

result. O

The below lemma is used in the next theorem and also to get weighted estimates on the convolution with

the derivative of the Green function.
Lemma6.6. Leta €R, f € P4(Z) and e a positive real parameter.

1. Ifa> % and if f is orthogonal to R, namely f € 24(Z) LR, then

Hsgn*f 2 = C”f”Lf,(Z)'
2. Ifas %, then
”sgn S 2, oms ClA sz

Proof. [()]

Suppose in a first step that f does not satisfy the polar condition f LR. For a > %, the constants belong

to I2,, this implies in an obvious way that fRT( ¥2)dy» is well defined. Then one writes :

(sgn(xy) * f)(x) = fdy, - fy2) dy,.

Y2<Xz Y2>X2

For x, tending to infinity, f * sgn(x,) behaves as sgn(x,) Jr f. Indeed

(sgn(x2) * f)(x) —sgn(xy) f f(s)ds

X2 __ oo __
- 2’( f f(s)dS) Tp_ (x2) - ( f f(s)ds) Tg, (x2)

=2||fll 22 ({f P_Za(J’2)dJ’2} Ig (x2) + {f P_Za(J’2)dJ’2} Lg, (xz))
—00 X2

< C||f]l 2P " Cx2).

Notice that since a > 1/2, the integrals /™. p72%(y,)dy, and J; ;’20 p~2%(y)dy> are defined. Then taking
the square, multiplying by p?# and integrating wrt x

sgn(xp) * ? —sgn(xy) ff(s)ds

2
) SC”f”ig(Z)[ p' 242 (x))dx,,
Ly(Z) R

which is bounded, provided that f < @ — 1. Taking into account the polar condition f_1R gives then

the first statement.
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2. We use a duality argument. For any ¢ € 94(Z), one can write

IKsgn* f, 0 a1 (2),2,2)| = KFr 80 @) 12 (2 12, ()]

= IIfIILg(Z)IISgn*tplnga(z) =< ”f”L,Z,(Z)”(p”L% (Z) LR

a+l+e

the last inequality being true using the first statement of the theorem provided that —a +1+¢ > 1/2,

which is the case if a < % and € > 0. This proves the second statement.

Similarly to Theorem 6.1, thanks to the previous lemma, one gets

Theorem 6.2. Assume a be a real number such that% <as< % If f € 24(Z) LR then for any e > 0 one has

o7

L, (2DIR = C”f”L?,(Z)'

The proof of this above theorem is given in D.

We can now summarized Theorem 6.1, Lemma 6.6 and Theorem 6.2.

Theorem 6.3. Assumea € R and f € @#(Z)J_P;,A(O'_ ) Where q(0,—a) is defined by Proposition 2.2. Then for

anye >0, we have

—€

||G2 *f||L‘2172 (Z)/'P;% ] = C”f”L%l(Z)'
5-a

Proof. Let us first observe that the space of the harmonical polynomials of L2 (Z) that only depend

a—-2-€
'A _ oA
q0,a-2-¢€)" = P[%_a].

Furthermore, using again (2.14), we also have

on ¥, is the space P But since € > 0 is arbitrary, then using (2.14), we have [P’;IA(

0,a—2—¢€)

A Rif1/2<a=<3/2, A Rif1/2<a<3/2,
Pq(o,—a) = and [P’[%_a] =
IP”1 if a >3/2 {0y if @ >3/2.

1

Therefore thanks to Theorem 6.1 and Theorem 6.2, the statement is proved for a > 3.

Now as for Lemma 6.6, for the case @ < %, we use a duality argument. For any ¢ € 24(Z), one can write
(G2 * f, P ay2),2,2)| = I{f, G2 * q’)L?I(Z)J_P;A(Oy_m,Lz_a(Z)/I]I;A(O,_a)I

< f 2 Gy * ’
”f”La(Z)” 2 (p||L%a(Z)/|PqA(O,—a)

<

- ”f”L‘Zl(Z) ||(p||L2—a+2+e(Z)J_P’é*a],

the last inequality being true provided that —a +2 +¢€ > % which is the caseif @ <

D=~

We extend the above statement to data that belong to Li 2).
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Theorem 6.4. Leta € R and recall that q(0,—a) is defined by (2.14). Then for any function f € L2,(Z )LP'A 40,-a)’
one defines by density the convolution G * f as a function in

H!

a—l-c #(Z)/IP’ ,for anye >0, and one has the estimates

”G*f”H‘ s @) /u»’A a] = CHf”L,Zz(Z)J_P;A(Oﬁa)’

where the constant C does not depend on the data.

Proof. The result is obtained by density. Proceeding as in the proof of Theorem 6.2, one is able to construct
a regular sequence f5 € 94(Z) orthogonal to I]J”CIA(0 _g converging strongly to f in the [2(Z) norm. Then

Lemma 6.1 and 6.2 provide the decomposition :

G f5=Gx*(fs—[f5)+G*f5=G1*(fs—f5)+Ga fg. (6.37)

Then it suffices now to apply Proposition 6.2, Lemma 6.6 and Theorem 6.3 to obtain that

G+ W < C”G % (fy— ||G |
” f5||H;7176(Z)/Pé_a] 1% (fs HY, ,(2) 2 fa H_ E(z)/um .
=C|fsll 2 (2)LPS, = 2(D)LIPA,
Then passing to the limit wrt § extends the convolution to any function f € Li (Z)J_IP[ a-1] O
2

We generalize the latter convolutions to weak data, namely, to f € H #(Z)

Proposition 6.3. LetacRand fe H #(Z)J_I]J’q(1 _q)» Where q(1,—a) is defined by (2.13). Then, for anye >0,

we have
”G"‘f”LZ @ /[FD 5 C”f”H;j,(Z)’

where C is independent on f.

Proof. The proof is again based on a duality argument. Indeed, thanks to Theorem 6.4, for any ¢ € 94(2),
we can write
(F,G*@) 1212

q(1,-a)

= (= L2 1G] s (2P
<C[| #(Z)”(p”L

which proves the claim. O

-

1 /A
*H_ o (DI, q,~®)

a+l+e

AN C
[7*0!]

We are now in a position to give the proof of Theorem 1.2.

Sketch of the proof of Theorem 1.2. Observe first that since we assume that a ¢ Z + %, then the polynomial

spaces |]3>’qA(1 and P'2 coincide. We shall now decompose the proof into two steps:

[1/2+a]
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1. In the first step we prove the statement for m = —1 which amount to prove that if a € R satisfies

a¢Z+ %, and f € H;;(Z)J_P’[?/ZW], thenG=* f e Hév#(Z) is a solution of the Laplace equation (5.20)

'A

unique up to a polynomial of Pl a-

Moreover, we have the estimate

G ' <=C 1.

G * f”Hé,#(Z)/PuA/z—m ”f”Ha,},(Z)

Since f € H;,}#(Z)J_P/[?/ZW], then on the one hand, Proposition 6.3 yields that G= f belongs to L2 _, _(Z) /P/@ia],
2

foranye > 0, and on the other hand, isomorphism (5.32) shows that there exists aunique ©in H olz,# ) IP'[%_M c
2

Lﬁr_l_e(Z)/uD'A . Therefore thanks to Proposition 5.1, u — G * f is a polynomial of IP'[%_“] c Hé_#(Z)
2

[3-al

which in turn shows that G * f belongs to H é +(2)] P’ﬁ o
, 1

2. In the second step we first assume m = 0, a € R satisfying a ¢ Z + % andlet f € Hg?#(Z)J_P/[ém_I/ZW].

Then it is clear that f € H;Em—l,#(Z)J‘P’[ém—I/2+a]' On the one hand, from the first step G * f be-
A

[m+3/2—a]*

u in HZ};Z(Z)/P[%%/Z_&], a subset of Hé_m_l'#(Z)/[P’[fmS/z_a]. Then using Proposition 5.1 we have
u—-Gxfe PA

[m+3/2—a]*
Finally using a duality argument we prove the statement for m <0 and « € R satisfying @ ¢ Z + %

longs to the space Hé—m—L#(Z)/ P On the other hand, from (5.33), there exists a unique

7 Solutions for data not satisfying any polar condition

We recall here Lemma 4.9 p. 40 [28],

Lemma 7.1. Let E be a Banach space, F a dense subset in E, M a subspace of finite dimension k of E' and

(f1,-.-, fx) a basis in M there exists a sequence (g1, ...,8x) in F s.t.
< fi,8j >g,e=06ij

and every element ¢ € E can be decomposed as ¢ = go + h s.t.

k
=) <hfi>g, h=¢-g

i=1
wheregoe Fandhe ELM.

We now give a result that solves (1.1) when the datum f does not satisfy any polar condition.
Theorem 7.1. Let m e N and a € (% + m,o00) and a ¢ Z + % If f € Hy,(2), (f does not satisfy any polar

condition) there exists a unique u € H zﬁ_ s #(Z)/ IF”IA solving (1.1). Moreover there exists g§ € Dy(Z) s.t.
30,

Ju= =020 H 2 ) ey = C1 L,

where the constant does not depend on the data nor on u and y is a cut-off function equal to 1 in the neigh-

borhood of zero and vanishing out of a compact support.
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Proof. By Lemma 7.1, one has the decomposition f = h + g where h € H;”#(Z)J_[Pﬁ - and g € 94(2).
: -1
By (5.33) there exists a unique uy, € H g’; 201 P'[fn +3q] solving —Auy, = h. On the other hand, by Theorem
: 3
6.1 combined with the proof of Lemma 6.6, and Theorem 2, in F, one gets easily, because of the compact

support of g, that ug = G = g satisfies

ug—- x(lyzl)Ho()/z’g)HH;;;:;J'#@) = C”g”H;’}Y#(Z)

forall ' > 3 + m. If @ > 3 + m, we choose a’ = a + 26 otherwise any a’ > 3 + m is convenient. This gives

finally, setting u := ug + uy, that

lu= =220 Hovz &)l iz, 20 = I F g, 2

Because f € H n”;_ 1 6#(2) using the isomorphisms already established one concludes that there exists a
36,
solution uy € Hn’ﬁg_a#(Z) solving (1.1). Both uy and u belong to Hi§_5#(Z) and using isomorphisms
2”9 279
results in this latter space by uniqueness one identifies u = uy modulo polynomials in [P”lA which ends the

proof. O

Appendices

A Proof of Proposition 2.3

For the proof of Proposition 2.3, the ideas of the proof come from [1] and [29]. Let u be in H",(Z).

1. We first approximate u by functions with compact support in the y, direction. Let ® € €*°([0,00()
suchthat®(f) =0for0<t<1,0=<®(f) <1,forl < t<2and &(¢) =1, for £ = 2. For ¢ € N, we introduce

the function ®,, defined by

()
Of— ift>1,
@) = Int

1 otherwise.

(A.38)

Note thatwe have @, (1) = 1if0< r<e/’2,0< @ (1) < 1ife!’? < r < el and D, (1) = 0if t = e’. Moreover,
forall ¢ =2, t € [e/?,e/], L eN, owing that t < V1+ 12 < v2t andInt < In(2 + %) < 3In ¢, we prove that

(i)
— _p|—
di* \Int

where C is a constant independent of ¢. For a.e. y € Z, we set uy(y) = u(y)®,(y2). Then, proceeding

(see[1], Lemma 7.1):
C

<
T A+ 2)M2In2+12)]

asin [1] (Theorem 7.2), one checks easily that u, belongs to Hy',(Z), has a compact support in the y,
direction, and that u, converges to u in H Z’#(Z) as ¢ tends to oco.
Thus, the functions of H ;”#(Z ) with compact support in the y, direction are dense in H (;”#(Z) and, we

may assume that # has a compact support in the y, direction.
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2. Let6 beaperiodical 2 (R)-partition of unity and let (a ) jen be a sequence such that a; € 2(R?), a;j=0,
fRZ aj(x)dx =1 and the support of «; is included in the closed ball of radius r; > 0 and centered at
(0,0) where r; — 0 as j — oo. Itis well known that as j — oo, a; converges in the distributional sense to
the Dirac measure. We set w(y) = 0(y;) u(y). Then w belongs to H M (R%) and has a compact support.
Moreover, since w6 = 1, we have ww = w(@u) = (wb)u = u. We define ¢; = w * a;. Then ¢; belongs
to 2(R?) and converges to w in H™(R?) as j tends to co. Let ¥ =wej, then y; belongs to 24(Z) and

thanks to Lemma 2.1, ¥ ; converges to w w = u in HZ‘#(Z) as j tends to co.

B Proof of Proposition 6.1

We define:

7 ellyg R ell|y2|
= lim Gy = lim Z Jiet'™h Wlth]k—f f

The absolute value in the last right hand side is added as follows:

eily: 00 pilys 4 p=ily: o0 cos(iyz) © cos(ilygl)
- ~dl:f fdlzzf — dlzzf ———dl
f[erk2+l2 0 k2 +12 0o k2+1[2 o kZ+12

Proceeding as in example 1 p. 58 [26], one has, extending the integral to the complex plane, that
iZys| iZ]y2|
Je=lim ¢ ——dz=lim ¢ _
R—ooJcy k2 + 22 R—ooJcy (Z+ 1]k (Z—ilkI)
1 Ikl
—im = 9o ey =
R—oo 21 Jc, z—ilk| 2|k|

where Cg := {z€ C; |z| = Rand Jm(z) > 0} U ([-R; R] x { 0}) as depicted in fig. 1 and f(z) := e!?2!/(z + i|kl),

being a holomorphic function inside Cg. The 1D-Fourier transform of the tempered distribution |y| is —2/12,

Jm(z)

Cr

(-R,0) (RO %Rer

Figure 1: Path of integration in the complex plane

thus one concludes formally that

ellyz
fozf di=-2pl
R 2
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The L? bound is achieved thanks to the Parseval formula

1
2 _ 2 — <
One recalls the expansion in series of the logarithm :
00 Zk
ln(l—z):—z —, VzeC:lz|<]1.
- k
Thusfory#0
1 .
R 27 (=|y2l+iy1) - _ p2u(=ly2l+iy)
Gy = %eln{l e } 2ﬂln|1 e
=—— ln{e‘”'y2| V2 (cosh(27]y2|) — cos2myr)) %}
2n
|y2l

= 4i In(2(cosh(2my,) — cos(2my1))),

which gives the desired result for G. O

C Proofof Lemma 6.5

We set | x| = R and let Ry be a real such that Ry > 1. We define three regions of the real line :
D,:=B(0,R/2), D,:=B(0,2R)\B(0,R/2), D3:=R\B(0,2R)

Decomposing the convolution integral in these three parts, one gets :
3
10 =) Li(x), whereI;(x)= f e 1M YpyPay.
i=1 D;

We have two cases to investigate : R > Ry and R < Ry.

1. fR> Ry
(@) On|yl<R/2,|x—y| ~ R sothat

L(x) ~ e @R f A+lyh~"dy.
lyl<®

=3

According to the value of b, one has

1 ifb>1,
L(x)<Ce MR I R ifo<h<l,
RI7P ifb<o.

As R > 1, there holds
~lalR ([o]+1)!

" (alR)e
Setting

0(D):=b 11 4oo[(B) + (1 + b) L19,11(B) + 1)—o0,01(D),

one recovers the claim in that case.
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(b) OnR/2<|y|<2R, |yl ~
L(x) ~ R—bf e—|ﬂ||X—J’| dy'
B<lyl<2r

because |x — y| < 3R, one has I (x) ~ R7Y/\al.

(c) On the rest of the line |y| > 2R, |x— y| ~ |yl, so that
I3(x) ~f e—|ﬂ||J’\|y|—bdy_
lyI>2R

Two situations occur :

e either b < 0 then we set b:= [-b] + 1 and one has
~lallyl{,,~b e eI b
“aWyI™"d <C (lalR)™P
f|y|>2R y Y lal { —o (b- p)'
—|alR - C(b)R™ b
et phpp< EOET
|al " lal

In the latter inequality we used decreasing properties of the exponential function in order
to fix the correct behavior for large R.

e either b > 0 and one has directly that

f e"““y'|y|‘bdysR‘bf el gy,
¥1>2R YI>R

2. Otherwise, if R < Ry then p(x — y) ~ p(y), and thus

I(x)wfl‘Q |cl||J’\p(y) bdy<|_C| 0

D Proof of Theorem 6.2

As is the proofs of Theorem 6.1 and Lemma 6.6, the proof is essentially 1D. Let us choose f € 24(R) LR and a
5—q+e R LR. We construct (¢s)s € 2(R) LRs.t. p5 — @ in L2 are ®LR: by truncation and

smoothing we set w5 € D4(Z) s.t. ws — @ in L2 a+e R LR strongly. Then we choose an arbitrary function

test function ¢ € L2

W EDy(Z) s.t. [pdy =1 and set

©5(y):==v5(y) - ul;wgdy V.

It is easy to check that ¢s LR and that for every € there exists §y s.t. § <y,

o0
ﬁ pdy

o

-3
pdy|+

los =l 2

2—-a+te

) ol

w=lvo-oli (

<e1/2+2527 o] .

2—-ate

Jywoar= [ on-pyi) w0sar=[ o)y ) a2 [ osay
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where we used that



©s being the standard mollifier whose mean value is one, presented in (ii) part of the proof of Proposition

f] (P4e=T (f]—oo.—g[‘pd“flém[(pdz)'

due to the orthogonality condition [ ¢dy = 0. Then |x| * ¢; is infinitely differentiable and one can apply

2.3, we used also the fact that
11
6’0

the Taylor expansion with the integral rest :

fR(IxI *s)(x) f(x)dx

sz{(IxI*wa)(OHfo (<p5*sgn)(S)dS}f(x)defRf(x)fo (s *sgn)(s)dsdx.

Note that the regularization of ¢ plays here a crucial role since |x| * ¢(0) = [, |xAdlp(x)dx does not make

2

5—qre® for a €] %, %]. Proceeding as in the proof of Lemma 6.6, one has

senseifpe L

X
[ s sgnoras| < ooz et e

leading to

<C
=l

Hfo (s *sgn)(s)ds ®)

with a < % + €. Thus one has

UR(IXI*%)(X)f(X)dXdJ/ =C|flzmlesllz  @-

2—-a+e

Moreover, one needs that R € L2 «®R), which is true if @ > % It is not difficult to prove by similar arguments

that
X X
lim[ (ps *sgn)(s)ds :f (g = sgn)(s)ds
6—0Jo 0

strongly in the L2 , (R) topology. As in the proof of Lemma 6.6, by Fubini,

X X N oo X
f (sgn*(p)(s)ds:Zf {f (p(t)dtIlKO(s)—f (p(t)dtﬂpo(s)}ds =:2f g(s)ds.
0 o (J- 0

(e.¢] N

As gis a C! function on any compact set in R, one can integrate by parts on (0, x) :

X X
fog(s)dsz[g(s)s]g—fo g'(s)sds.

Using this in the right hand side of the previous limit, one writes

X X
]::/f(x)f ((p*sgn)(s)dsdeZ/f(x){g(x)x—f g'(s)SdS}dx
R 0 R 0

X o @] X
:2{f f(x)x/ (p(t)dtdx—f f(x)xf (p(t)dtdx—ff(x)f (p(s)sds}
R- —o0 R, x R 0

X X
:fo(x)xf (p(t)dtdx—Zf f(x)f @(s)sdsdx=: A-B.
R -0 R 0
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By Holder estimates the integrals above are well defined. Fubini’s theorem allows then to switch integration

order. Using the orthogonality condition on ¢ and on f, one may easily show that

A:Zf[R f(x)x(f_x (p(t)dt) dx:fRf(x)x{f_x (p(s)ds—fxooq)(s)ds}dx
=fR (p(s){fswxf(x)dx—f;xf(x)dx}ds,

4 B:Z{fqu f(x)foxsgo(s)dsdx—f[R f(x)fxﬂscp(s)dsdx}

:Z{fR sq)(s)fsoof(x)dxds—f[R S(p(s)f_;f(x)dxds}

S o0 S
:—Zf S(p(s)f f(x)dxds=f S(p(s){f f(x)dxds—f f(x)dx}ds.
R —00 R s —00

These computations give :

A—B:f (p(s){f (x—s)f(x)dx—f (x—s)f(x)dx}ds
Ry s —00
=f(p(s)f |x—s|f(x)dxds=f(p(s)(|x|*f)(s)ds.
R R R

And because

’

| (Ixl* f, )
ll'lf”lxl*f—i_/l” ) = sup _—
AeR Fa-zro® PeLly o RLR “(p”L%zm—a(R)

the final claim follows.
E Proposition 5.2

We define 7 := {u € 24(Z) s.t. divu = 0}, V* := (3,,,~0,,)" asubspace of H,, ,(Z) denoted V, := {u € L5(Z) s.t. divu =
0}.

Proposition 1. Leta = % given a functionu € V, then there exists a function ¢ € H; JL) st
o
Viq) =u, aeyecZ.

Proof. We use the isomorphisms of the Laplace operator of Theorem 5.1. A simple computation gives that

rotu e HI;(Z)J_IR thus : looking for ¢ s.t.
3
Agp =rotu, yeZ.

there exists a unique ¢ € H} #(Z)/ R solving this problem. Then applying the operator V+ to this equation
3
one gets:
AVip-u) =0

which by Proposition 5.1 implies the claim. O
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Proposition 2. Ifa = %, the setV is denseinVy.

Proof. We take u € Vy and by Proposition 1 we construct ¢ € Hi DR satisfying V¢ = u. We approximate
3

it by a sequence ¢ ; € 24(Z), as v+ is a continuous operator one has
Vl(pj — Vl(p, strongly in Li(Z).
this ends the proof. O

We are now ready to prove the proposition. Let u € 2,,(Z) such that Vu € Lz_l (Z). Then for any ¢ € 24(2),
2
we have

Vu,p) =—(u,divey),

which implies that Vu is orthogonal to 7. Due to the density of 7 in V 1, we deduce that Vu is also orthogonal
toV 1. Thanks to Proposition 3.1, there exists w € Hi 1,(2), such that Vw = Vu. Therefore there exists K € R
3

such that w=u+Ke H', (Z). Now since constants belongto H', (Z), we deduce that ue H', (Z). The
27 27 27
estimate follows from Proposition 3.1.

F Weighted estimates for higher order derivatives of the convolution with G
Lemma 1. If|y.| > 4 then for all multi-indexy s.t. |y| = 2 one has

10Y G(y)| < Ce™ 27122
The constant C does not depend on y,.

Proof. A simple computation of second order derivatives gives :

C

Gy <
oY G(y)l po— )2

cosh(27y,) (1 ~ coshny,)

and the constant C does not depend on y». If |y»| > 4 > In(4) /27 then cosh(2ry,) > 2 and thus

1 cos(2myq) 1

2 cosh(my,) 2

thus

< Cle 12l

0YG(y)| < Ccosh(27ty2)_1

2
2)

Lemma 2. If g € 94(Z) then if we denote K := supp(g) and one denotes ¢ := sup,,c i |y2| one has that

[@YG=g) )| = C||g||L1(Z)e_”|y2|, Yy s.t. |y2| > max(24,2),Vy eN? s.t. |y| =2
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Proof. Usingthatif z s.t. |z2| > 2¢ then

1
|z2 — y2l > £|Zzl >/

thus applying the previous lemma, one has then also that
107 G)(z —y)| < Ce™#M%2 Vel < Cem ™2l vz st |25] > 20,
Now multiplying (0¥ G)(z — y) by g(y) and integrating then with respect to y on K, one has the claim. O

Theorem 1. Ifg € 94(Z) thendY G * g € [2(Z) for any a € R, and one has
|0¥Ggll 2 =Clglizy YreN stlyl=2

where the constant C does not depend on

Proof. As gisin 24(Z) it belongs to HZL#(Z) for all m € Z and a € R. Applying Theorem 1.2, one obtains that

Gxgis H120 - #(Z) which implies that on every compact set K "one has

|07 G = g”L%,(K') = C”g”Lg(Z)-
Using then Lemma 2, one has that

167G g”Lg(z\K') =Clglz
If K’ is chosen big enough. As g is compactly supported, all weighted norms are equivalent, which ends the
proof. O

By similar arguments one can prove as well :

Theorem 2. Ifg € 94(Z) thendY G * g € [%(Z) for any a € R and any multi-indexy s.t. |y| = 2, and one has

||6YG * g”Lé(Z) = C”g”Lg(Z)'
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