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Abstract

We describe the spectral theory of the adjacency operator of a graph
which is isomorphic to a regular tree at infinity. Using some combinatorics,
we reduce the problem to a scattering problem for a finite rank perturbation
of the adjacency operator on a regular tree. We develop this scattering
theory using the classical recipes for Schrodinger operators in Euclidian
spaces.

1 Introduction

The aim of this paper is to describe in an explicit way the spectral theory of the
adjacency operator on an infinite graph I' which, outside of a finite sub-graph
[y, looks like a regular tree T, of degree ¢ + 1. We mainly adapt the case of
the Schrodinger operators as presented in [12, 11]. The proofs are often simpler
here and the main results are similar. This paper can be read as an introduction
to the scattering theory for differential operators on smooth manifolds. Even
if we do not find our results in the literature, there is probably nothing really
new for experts in the scattering theory of Schrodinger operators, except the
combinatorial part in Section 5.

The main result is an explicit spectral decomposition: the Hilbert space 1*(T")
splits into a sum of two invariant subspaces [*(I') = H,. & Hpp. The first one
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is an absolutely continuous part isomorphic to a closed sub-space of that of the
regular tree of degree ¢ + 1, while the second one is finite dimensional and we
have an upper bound on its dimension. The absolutely continuous part of the
spectral decomposition is given in terms of explicit generalized eigenfunctions
whose behavior at infinity is described in terms of a scattering matrix.

We first introduce the setup, then we recall the spectral decomposition of
the adjacency operator A, of a regular tree T, by using the Fourier-Helgason
transform. In Section 3, we consider a Schrodinger operator A = Ay + W on T,,
where W is a compactly supported non local potential. We build the generalized
eigenfunctions for A, define a deformed Fourier-Helgason transform and get a
spectral decomposition of A (Theorem 4.3). In section 4, we derive a similar
spectral decomposition of the adjacency operator of any graph I' asymptotic to
a regular tree T, by proving the following combinatorial result (Theorem 4.2):
any such graph I' is isomorphic to a connected component of a graph ' which
is obtained from T, by a finite number of modifications. This implies that the
adjacency operator of [ is a finite rank perturbation of the adjacency operator
of T,. In section 5, we investigate some consequences of the scattering theory
developed in section 3: we write the point-to-point correlations of scattered waves
in terms of the Green’s function, we define the transmission coefficients, connect
them to the scattering matrix, and get an explicit expression of them in terms
of a Dirichlet-to-Neumann operator. For the sake of clarity, this part has been
postponed, since it is not necessary to prove Theorem 4.2.

2 The setup: graphs asymptotic to a regular
tree

Let us consider a connected graph I' = (Vf, Er) with Vi the set of vertices and
Er the set of edges. We write x ~ y for {x,y} € Er.

Definition 2.1 Let ¢ > 2 be a fized integer. We say that the infinite connected
graph T' is asymptotic to a regular tree of degree q + 1 if there exists a finite
sub-graph Ty of T such that I :=T'\ Ty is a disjoint union of a finite number of
trees T;, | = 1,---, L, rooted at a vertex x; linked to I'y and so that all vertices
of T; different from x; are of degree q + 1. The trees T}, | =1,--- L, are called
the ends of I.

Equivalently, T' is infinite, has a finite number of cycles and a maximal sub-
tree of I has all vertices of degree q + 1 except a finite number of them.

Definition 2.2 We define the edge boundary (0.Ig) of I'y as the set of edges of
I’ connecting a vertex of Ty to a vertex of I, namely one of the x;’s. We denote
by |z|r, the combinatorial distance of x € Vi to L.
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Figure 1: A graph T asymptotic to a reqular 2-tree with L = 3; the edge boundary 9.1'g
has 4 edges.

In particular, for i =1,--- | L, |z|p, = 1.
The space of complex-valued functions on Vr is denoted

and Co(I") € C(I') is the subspace of functions with finite support. We define

also
P(T)={feCT); > IfI*(x) < oo}.

zeVp

It is a Hilbert space when equipped with the inner product:
g9) = flx).g(x)
zeVr

Let us emphasize that we take the physicist’s notation, as in [12] for example:
our inner product is conjugate-linear in the first vector and linear in the second.
On Cy(T"), we define the adjacency operator Ar by the formula:

(Arf) (@)= f () (1)

Y~
The operator Ar is bounded on [?(T') if and only if the degree of the vertices
of I" is bounded, which is the case here. In that case, the operator Ar is self-
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adjoint; otherwise, the operator Ar defined on Cy(I') could have several self-
adjoint extensions.

For any \ outside the spectrum of Ar, we denote by Rr(\) : I*(T') — *(T)
the resolvent (A — Ar)~! and by Gr(\, z,y) with z,y € Vr the matrix of Rp()),
also called the Green’s function.

3 The spectral decomposition of the adjacency
matrix of the tree T, and the Fourier-Helgason
transform

3.1 Points at infinity

Let T, = (V,, E,) be the regular tree of degree ¢ + 1 and let us choose an origin,
also called a root, O. We denote by |z| the combinatorial distance of the vertex
x to the root. The set of points at infinity denoted 2o is the set of infinite simple
paths starting from O. We will say that a sequence y,, € V, tends to w € Qo if,
for n large enough, y, belongs to the path w and is going to infinity along that
path. If x is another vertex of V,, the sets (1o and (2, are canonically identified
by considering paths which coincide far from O and x. There is a canonical
probability measure dop on €p: dop is the unique probability measure on Qo
which is invariant by the automorphisms of T, leaving O fixed. Later on we will
always denote by 2 the set of points at infinity, because the root is fixed. For
the tree T,, the Busemann function x — b, (z) associated to the point w € Qp is
defined as follows: let us denote by z,, the last point lying on w in the geodesic
path joining O to z, (take z, = O in the case where O belongs to the geodesic
from x to w), and let us set b, (z) = |x,| — d(z,z,). The level sets of b,, are the
horocycles associated to w. We notice that the function b,(x) increases by one
for one of x’s neighbors, namely the one of the ray from z to w, and decreases for
the others. Thus the function b,(x) goes to +oo as = tends to w. As x tends to
w’ # w, the function b, (x) tends to —oo, whereas the quantity b, (x)+|z| remains
bounded, since it tends to 2|z,|.

3.2 The spectral Riemann surface

Let us define the Riemann surface S = R/7Z x iR with 7 = 27/ log q. We denote
by S° = R/7Z the circle $s = 0, and we set I, := [-2,/q, +2,/7].
Definition 3.1 For any s € S, we set : Ay = g2+ + g3~ .

Proposition 3.1 The map A : s — )\, is holomorphic from S to C. It maps
bijectively the physical sheet ST ={s € S| Ss > 0} onto C\ I,. By this map the
circle S° is a double covering of I,.



Figure 2: A regular tree with ¢ = 2 and some level-sets of a Buseman function

Definition 3.2 If J is a subset of C, we denote by J the pre-image of J by the
map A, i.e. J is the subset of S defined by J :={s€ S| s € J} .

3.3 Calculation of the Green’s function

The results of this section are classical, see for example the paper by P. Cartier [2].
We denote by Ay (resp. Gy) the adjacency operator (resp. the Green’s function)
on T,. We will compute explicitly Go(A, z,y). Let us recall that the regular tree
is 2-point regular: for any z,y,2’,y" € V(T,) so that d(z,y) = d(2',y’), there
exists an automorphism J of T, so that J(z) = 2’ and J(y) = y'. The Green’s
function G(\, z,y) satisfies G(\, Jz, Jy) = G(A, z,y) for any automorphism J of
T,. Hence, G(\, z,y) is a function of the distance d(z,y). It is therefore enough
to compute Go(A, O, x) for an = € V,, that is the value f(z) of the [* solution of

(A= Ag)f =do , (2)

where f(z) depends only on the distance |z| to the origin O. So we set f(z) = uy
if |z| =k, k € N, and rewrite equation (2) as follows:

i) \ugp — qugs1 —up_1 =0 for k>1
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Figure 3: The surface S, the map A from S to C, and the double cover of Sy over 1.

i) > (¢ + 1)g" tul < +o0
The last condition stands for f to be in I*(T,).

o If A\ ¢ I,, the equation
g —da+1=0

admits an unique solution a such that |a| < 1/,/g. From i) and iii), we get
that ux = Ca¥ and the constant C' is determined by ii) :

1
C=C=——+—-—.
ATAC (¢g+ Do
Therefore we have
200/
Go(\, 0, z) = e

Mg =1+ (g+1DFR)
where F'(\) denotes the determination of /A% — 4¢ in C\ I, equivalent to A

as A tends to infinity. Thus using the invariance of the Green’s function by
the group of automorphisms of the tree, we see that the Green’s function
Go(A, z,y) is a function of the distance d(z,y) and we have, for any x,y €
V(T,),

Go(\, z,y) = Cra®@¥) (3)

The operator of matrix Go(J, .,.) is clearly bounded in {*(T,) and X is not
in the spectrum of Ajg.

e If \ € I,, there is no [? solution of Equation (2). Therefore we cannot solve
(A= Ag)f = do in [?, the resolvent does not exist and A is in the spectrum
of AQ.



Using the parameter s € ST, we have

) 1 . )
Q= q_%ﬂsa Ch, =0C(s) = — and F()\) = q%_w q%—HS
qﬁfzs _ qf§+zs
Theorem 3.1 The spectrum of Ay is the interval I, = [-2,/q, +2./q].
The Green’s function of the tree T, is given, for s € ST by
A (=3 +is)d(z,y)
Go(Ae, 7,y) = C(s)g 3o = L~ — (4)

q2 —q 2

As a function of s, the Green’s function extends meromorphically to S with two
poles —i/2 and —i/2 4+ /2.
Moreover we have, for any x € V, and any y belonging to the ray from z,, to

w}
Go(Ney 2,) = Graa(As, y)glz ) (5)
with N
Grad(Asa y) = C(S)q(_§+25)|y‘ (6)
Proof.—

The last result comes from the definition b, (x) = |z, | — d(z, x,).

3.4 The density of states

Let us recall how to introduce a notion of spectral measure (also called density
of states) on the graph I'. For a given continuous function ¢ : R — R, we
associate by the functional calculus an operator ¢(Ar) on [?(T'), which has a
matrix [¢(Ar)](z,2"). We consider then, for any = € Vi, the linear form on
C(R,R)

La(¢) = [o(Ar)](x, ) .

L, is positive and satisfies L,(1) = 1, so we have L,(¢) = [, ¢de, where de, is a
probability measure on R, supported by the spectrum of Ar which is called the
spectral measure of I' at the vertex x.

The density of states of T, is given by the

Theorem 3.2 (See for example [4]) The spectral measure de, of T, is indepen-
dent of the vertex x and is given by

o (g +1)\/4qg— N2
deq(N) = de(3) = 51 Vg ) (7)

Proof.—



For the sake of clarity, we recall the main ingredients:
1) an explicit computation of the diagonal entries of the Green’s

function
2q

Mg—1)—(g+1F(Q)
where F'(\) denotes as previously the determination of \/A? — 4¢ in

C/1, (with I, = [-2,/q,2,/q]) equivalent to X for great values of .
2) The expression of the spectral measure via Stone formula

GO()‘a x, ZL‘) -

de(N\) = (GA+1i0,z,2) — G(A —10,z,2)) dt . (8)

2@7r

O
The previous density of states is the weak limit for the densities of a graph
asymptotic to a regular tree. More precisely we have

Theorem 3.3 Let I' be as in definition 2.1. Consider the adjacency operator
Ar defined by (1), denote A := Ar for simplicity. When x tends to infinity, the
densities of states dut(\) of T' converge weakly to the density of states de(\) of
T, defined by (7).

Proof.—

It is enough to compute the limits of [ dpit for n fixed and z — oc.
By definition, we have [ t"dus = [A"](z,z), and

- E a:r,:rl axl,mg e amn_l,x

where the sum is on loops v = (x, 1,22, -+ ,2,_1,2) of length n
based at z. If we assume that |z|r, > n/2, the loops do not meet I'y

and therefore [A"](x, ) = [A}](z, x).

3.5 The Fourier-Helgason transform

Let us recall the definition of the Fourier-Helgason transform on the tree T, with
the root O.

Definition 3.3 For any f € Cy(T,), the Fourier-Helgason transform FH(f) is
the function defined by the finite sum

FH(f)(w,s) =) fla)gt/Pree) 9)

zeVy

for any w € Qo and any s € S.



Definition 3.4 For any w € Qo and any s € S we define the “incoming plane
wave” eg(w, ) as the function x — eg(x;w, s), where

Vo € V;], 60(.73,(,07 S) — q(1/2—@'s)bw(x).

For s € Sy, such a plane wave is a generalized eigenfunction for the adjacency
operator Ay on T, in the sense that it satisfies

(As — Ag)eg(z,w, s) =0 (As = 2y/qcos(slogq)) , (10)

but is not in 2.
If we restrict ourselves to s € S, definition 3.3 writes

f(w,s) (eo(w, s) Z f(z)eo(z,w s) , (11)

zeVr

and the completeness of the set {eg(w,s), s € S°, w € Q} is expressed by the
following inversion formula (see [CMS)):

Theorem 3.4 For any f € Cy(T,), the following inverse transform holds

Fla) = [ [ o 5) e sdoofwhduts) (12)

where

du(s) = (g+ 1)loggq sin?(slog q) s (13)
T q+q ' —2cos(2slogq)

Moreover the Fourier-Helgason transform extends to a unitary map from 1*(T,)
into L*(2 x S dop @ dp).

The Fourier-Helgason transform is not surjective: its range is the subspace
L2,..(Qx 8% dop @du) of the functions F of L*(Q x S°, doo @ du) which satisfy

even

the symmetry condition (see, for example, [9] or [10])

/Qeo(x,w, s)F(w, s)dop(w) = /Qeo(x,w, —$)F(w, —s)dop(w) .

The Fourier-Helgason transform provides a spectral resolution of Ag: if ¢ : R — R
18 continuous,

0(Ag) = (FH) "9 (A)FH

where ¢p(N;) denotes the operator of multiplication by that function on L?
SO doy @ dp).

0 x

even (

Corollary 3.1 From the inverse Fourier-Helgason transform formula (12) we
find back the expression of the spectral measure of T, (see Theorem 3.2).

Proof.—



By homogeneity of the tree T,, for any continuous function ¢ :
R — R, [¢(Ag)](x,x) is independent of z. Using (12), we get

[6(40)](0,0) = / [ G000, w3500, 0,5) doofw)di(s) = [ 6(0) d(s)

SO

Let us perform the change of variables

= arccos —— . 14
log q 2\/q (14)

Using (13) and the fact that, by the map s — \,, the circle SY is a
double covering of I,, we write

s = fy(A):

1—\?/4q
¢+q ' +2-X/q

fo(N)dA

q

(a0 (w.a) =21 [0

q

47 (g+1)2— )2
which actually implies formula (7).

O

4 A scattering problem for a Schrodinger op-
erator with a compactly supported non local
potential

We are concerned here with the scattering on T, between the adjacency operator
Ag and the Schrodinger operator A = Ay + W, where W is a compactly sup-
ported non local potential. More precisely the Hermitian matrix (also denoted
W) associated to this potential is supported by K x K where K is a finite part
of V,. We assume in what follows that K is chosen minimal, so that:

K={xeV,|3yeV, with W,, #0} .

Let us first describe the spectral theory of A: it follows from [12], Sec. XI 3, and
from the fact that A is a finite rank perturbation of Ay (see also Section 4.3) that
the Hilbert space [*(T,) admits an orthogonal decomposition into two subspaces
invariant by A: (*(T,) = Hac ® Hpp where

10



e .. is the isometric image of I?(T,) by the wave operator

QF =5 — lim ee 40

—00 :
We have Ay, = QT Ag(21)*, so that the corresponding part of the spectral
decomposition is isomorphic to that of Ay which is an absolutely continuous

spectrum on the interval I,.

e The space H,, is finite dimensional, admits an orthonormal basis of [
eigenfunctions associated to a finite set of eigenvalues, some of them may
be embedded in the continuous spectrum I,,.

We will denote by P,. and F,, the orthogonal projections on both subspaces.

In order to make the spectral decomposition more explicit, we will introduce
suitable generalized eigenfunctions of A. These generalized eigenfunctions are
particular solutions of

(As — Ae(.,w,s) =0, (15)

meaning not [? solutions, but only point-wise solutions. For the adjacency oper-
ator Agp, we have seen that these generalized eigenfunctions, called the * plane
waves” are given by the eg(w, s)’s with s € S and w € Qo (see definition 3.4)
and give the Fourier-Helgason transform which is the spectral decomposition of
Ap (Theorem 3.4).

We are going to prove a similar eigenfunction expansion theorem for A, using
generalized eigenfunctions of A. We will mainly adapt the presentation of [12],
Sec. XL.6, for Schrodinger operators in R? (see also [11]). Our first goal is to
build the generalized eigenfunctions = — e(z,w, s) also denoted e(w, s). We will
derive and solve the so-called Lippmann-Schwinger equation. This is an integral
equation that e(w, s) will satisfy.

4.1 Formal derivation of the Lippmann-Schwinger equa-
tion
Let us proceed first in a formal way by transferring the functions ey(w, s) by the

wave operator: if e(w, s) is the image of eg(w, s) by the wave operator QF in some
sense (they are not in I?!), then we should have eg(w, 5) = lim,_, _o.e™e " e(w, s)

¢
= lim;,_o[e(w, s) — 2/ e e e (w, s)dul
0

—0o0
e(w,s) — z'limg_m/ A em s e (1, 8 )du

e(w,s) + limg_,o[(/(l]o — (\s +ig)) 'We(w, s)] .

So e(w, s) should obey the following ” Lippmann-Schwinger-type” equation

11



e(w, s) = ep(w, s) + Go(As)We(w, s) . (16)

4.2 Existence and uniqueness of the solution for the mod-
ified ” Lippmann-Schwinger-type” equation

Let x € Cy(T,) be a compactly supported real-valued function so that Wy =

xW = W. For example y can be the characteristic function of K. We first

introduce a modified ” Lippmann-Schwinger-type” equation. If e(w, s) obeys (16)
and a(w, s) = xe(w, s), then a obeys

a’(wv S) = XBO(wa 5) + XGO()\S)WCL(W, 5) : (17)
We have the following result :

Proposition 4.1 Let x € Cy(T,) be a compactly supported real-valued function
so that Wy = xW = W. Set

£ =:{s e 5% ker(Id — xGo(\,)W) # 0} (18)
1. The set & is finite and independent of the choice of x.

2. If s ¢ £, then (17) has a unique solution a(w,s) € Co(T,) and the function
e(w, s) = ep(w, s)+Go(As)Wa(w, s) is the unique solution of the Lippmann-
Schwinger equation (16).

3. The set & is invariant by s — —s and consequently it is the pre-image by
AN s — A of a subset of 1, which we denote by £.

Proof.—

We first prove 2). Let L, be the finite rank operator on (*(T,)
defined by L, = xGo(As)W. The map s — L, extends holomor-
phically to s > —1. Equation (17) takes the form

a(.,w,s) =n(,w,s)+ Lsyal.,w,s), (19)

where n(.,w,s) € Cy(T,). By the analytic Fredholm theorem ([12],
p. 101), there exists a finite subset € of SO, defined by &€ =: {s €
S% ker(Id — Ls ) # 0}, so that equation (17) has a unique solution
a(w,s) € Cy(T,) whenever s ¢ £ . The second assertion of 2) comes
from the fact that Wa(w, s) = Wye(w, s) = We(w, s).

Let us now prove 1): the “minimal” x is yw = 1k. If a is a non
trivial solution of a — xwGo(As)Wa = 0, and xxw = xw, a is also
solution of a — xGo(As)Wa = 0.

12



Conversely, if a—xGo(As)Wa = 0, we have ywa—xwGo(As) W xwa =
0. We have to prove that ywa # 0. If ywa = 0, we would have
Wa=0and a =0.

To prove 3) it is enough to notice that for any s ¢ &, we have
Ls=L_,.

4.3 The set £ and the pure point spectrum

Proposition 4.2 If (A—\)f = 0 with \ € I, and f € 1*(T,), then Supp(f) C K
where K is the smallest subset of Vi, so that Supp(W') C K x K and all connected
components of T, \ K are infinite.

Proof.—

We will proceed by contradiction. Let 2 € V,\ K be so that f(z) # 0.
Let us define an infinite sub-tree T, of T, as follows: let y,,a =
1,--+,a be the vertices of T, which satisfy y, ~ x and y, is closer
to K than z. Then T, is the connected component of x in the graph
obtained from T, by removing the edges {x,y,} fora =1,--- ,a. Let
us consider the ”averaged” function

neN— f,(n) ::in Z f(z) .

q 2€Ty, d(z,z)=n

Then f, satisfies the ordinary difference equation A\g(n) —qg(n+1) —
g(n—1)=0.

We thus get a contradiction, since this equation has no non-zero
I? solution when A is in I, and hence f(r) = £.(0) = 0.

Corollary 4.1 #{o,,(A) NI} < #K.

This holds because any eigenfunction associated to an eigenvalue in {o,,(A)N1,}
is supported in K and the dimension of the vector space of functions supported

in K is #K

Theorem 4.1 If s € S°, (A—\,)f =0 and f € [*(T,)\ 0, then s € £.
Conversely, if s € € C S°, there exists f # 0 so that (A — \,)f = 0 and
f(2) = O (4 H17).

Proof.—

13



Figure 4: A simple example with K strictly larger than K

Due to Proposition 4.2, the support of such an f is included in K and
(As—Ag)f = W f. We can apply G(As) to both sides of the equation,
(although A4 is in the spectrum of Aj) because the functions on both
sides are finitely supported. On the lefthandside we have Go(As)(As —
Aog)f = f: this is true for A\; ¢ I, because I, is the spectrum of
Ap and hence by continuity (Go(As) extends holomorphically near
SY) for every ), since f is compactly supported. Hence applying
Go(As) to both sides yields f = Go(As)W f. Due to proposition 4.1,
we can choose for y the characteristic function of K, so we get f —
XGo(As)W f = 0. We have a non trivial solution of a — Lsa = 0,
namely a = f.

Conversely, let us start from a, a non trivial solution of a— Lsa = 0

and define f = Go(As)Wa. Then
As — A)f = (N — Ag)Go( M) Wa — WGo(\)Wa

and (A\s — Ag)Go(As)Wa = Wa by analytic extension from s € S™.
Hence, using Wy = W,

As — A)f =Wa—-WxGo(As)Wa=Wa—-Wa=0.

From the definition of f, we get that f is a finite linear combination
of the functions Gy(\s,.,y), y € Supp(W) and we can use Equation
(6) to get the bound in z.

14



Theorem 4.2 The pure point spectrum o,,(A) of A splits into 3 parts
opp(A) = 0,,(A) U a;rp(A) U agp(A)

where o, (A) = oy (A)N]—00, =2,/q(, 0, (A) = opp(A)N]2,/7, —i—o?[, and o) (A) =
opp(A) N 1. We have #035. (A) < #Supp(W) and #0),(A) < #K.

The first estimate comes from the mini-max principle and the fact that W is a
rank N perturbation of Ay with N = #Supp(W). The second one is already
proved.

The reader could ask if there can really be some compactly supported eigen-
functions. They can exist as shown by the following 2 examples.

Example 4.1 T is a tree with root O and Wy o= Wy, = —1 for any x ~ O. All
other entries of W wvanish. Then if H = Ar+ W, f = (0), we have Hf = 0.

Example 4.2 The graph U is the union of a cycle with j vertices {1,2,3,4} and
a tree whose root is attached to 2 neighboring vertices of the cycle. If f(p) = (—1)P
on the cycle and 0 on all other vertices, Arf = 0.

However the proof of the following result is left to the reader:

Proposition 4.3 If ' is an infinite tree, then Ar has no compactly supported
eigenfunction.

4.4 The deformed Fourier-Helgason transform

Definition 4.1 We define the deformed Fourier-Helgason transform FHs. of
f € Co(Ty) as the function fo on Q x (S°\ &) defined by

felw, s) = (e(w,s), f) = Y _ f(x)e(z,w,s) . (20)

zeVr
We want to prove the following

Theorem 4.3 For any f € Cy(T,) and any closed interval J C I, \ &, if we

denote by J the inverse image of J by s — Xs, the following inverse transform
holds

Pyf(x) :[j/S)e(x,w,s)fSC(w,s)dao(w)d,u(s). (21)

Moreover, f — fu. extends to an isometry from Hae onto L2 (xS, doo @ dpu).

even
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4.4.1 The relation of the deformed Fourier-Helgason transform with
the resolvent

Denoting, with a slight abuse of notation, for s € S*, by G(s) the operator
(As —A)~! and similarly by Go(s) the operator (A, — Ag) ™!, we have the resolvent
equation

G(s) = Go(s) + Go(s)WGE(s) (22)
For o € S° and s in ST, we set
h(s;w,0) = (As — A\y)G(S)ep(w, o) ,

where the right hand side is a convergent series which identifies to (As — A, )-times
the inverse Fourier-Helgason transform of y — G(s;z,y).
Using the definition of Gy and (10) we have

(As—As)Go(8)eo(w, o) = eg(w, 0)+AsGo(s)eg(w, o) —Go(s)[Aoeo(w, 0)] = eg(w, o),
so equation (22) for G gives an integral equation for h
h(s;w,0) = eg(w, o) + Go(s)Wh(s;w, o)
and, if p(s;w, o) = xh(s;w,0),
p(s;w,0) = xeo(w, o) + xGols)Wp(s;w, 0) . (23)

The key fact is the relation between (23) and the modified ” Lippmann-Schwinger-
type” equation (17). If s € ST is fixed and o = s, then the equation for p(s;w, s)
is identical to equation (17) for a(w, s).

This can be used to prove

Lemma 4.1 Let us consider f € Co(T,) , w € Q and s € ST. Then the function

d(s;w,0) = Z h(z;s;w, o) f(x), Vo € S°

zeVy

has a holomorphic extension in o to ST and

O(s;w,s) = Z e(x,w,s)f(z) = fulw,s) .

reVy

We thus have related fSC to the resolvent.
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4.4.2 End of the proof of Theorem 4.3

Let A\ = A+ie with A € [\ and e > 0, and s € ST (this implies 0 < Rs < 7/2).
Up to a factor of (A+ie—\,), (w,0) — h(x;s;w, o) is the inverse Fourier-Helgason
transform of y — G(\g, z,y); so the Plancherel theorem implies (after multiplying

by f(x)f(y)) that

x; 85w, 0)h(y; s;w, o) f(x) f(y)
e /SO / Ao — AP+ &2 d7oluw)dplo)

If we sum over all x’s and y’s, we obtain for the left-hand side

(s = A NG, GO ) = (A = MGG () f) = (FIIG(A) — GO

whereas the right-hand side becomes

2ie
D(s: 2d d .
/so/QIAU—A|2+52|| (s;w,0)[*doo(w)dp(o)

We thus conclude that, for any closed sub-interval J of I, disjoint from &,

%/J(f|[G(A+i5)—G(A—i5)]f)dA: %/ﬁ}d/\/go/ﬂm@(s,w,awdao(w)d,u(a)

As e — 0, Stone’s formula implies that the left-hand side approaches || Py f||?.
Moreover the measures
edA

ml[As — A]? +€?]
converge weakly to 6(A—\,) ase — 0T. So one has to put A = \,, which implies
o = *s.

Thus one gets that the right-hand side tends to [; [, | foe(w, 0) 2| doo(w)du(o),
where J is the inverse image of J by s — \,.

dle =

5 The spectral theory for a graph asymptotic to
a regular tree

We are concerned here with the spectral theory of the adjacency matrix of a
graph I asymptotic to a regular tree of degree ¢ + 1, in the sense of Definition
2.1, which we recall here:

17



Definition 5.1 Let ¢ > 2 be a fized integer. We say that the infinite graph T’
1s asymptotic to a regular tree of degree q + 1 if I' is connected and there exists
a finite connected sub-graph Ty of T' such that T" := T'\ Ty is a disjoint union
of a finite number of trees T;, | = 1,--- L, rooted at a vertex x; linked to Iy
and so that all vertices of I} different from x; are of degree q + 1. The trees
T, L=1,---,L, are called the ends of I

We want to reduce the spectral theory of Ar to the situation studied in Sec-
tion 4. For that, we need a preliminary combinatorial study which could be of
independent interest.

5.1 Some combinatorics
We need the following combinatorial result:

Theorem 5.1 If I is asymptotic to a regular tree of degree q + 1, then I' is
isomorphic to a connected component of a graph I' which can be obtained from
T, by adding and removing a finite number of edges.

Remark 5.1 By remowving a finite number of edges, one could assume that I' is
a tree. Then the result is quite elementary if the degree of all vertices of I is
< g+ 1: it is then enough to add infinite regular trees to the vertices of degrees
< q+ 1 in order to get the final result. This argument, suggested by the referee,
s not enough to give a complete proof.

In order to prove Theorem 5.1, we first introduce an integer v(I") associated
to the graph I'; the integer v is a combinatorial analogue of the regularized total

curvature of a Riemannian surface S which is of constant curvature = K, near
infinity, namely [ (K — Kj)|do]|.

Definition 5.2 If I' is asymptotic to a regular tree of degree q + 1, we define
v() by
v(T) = (q+1—d(z))+2b

zeVp

where d(x) is the degree of the vertex x and by is the first Betti number of T' or
equivalently the number of edges to be removed from I' in order to get a tree.

Note that, if 7" is a maximal sub-tree of I', v(T") = v/(I).
We will need the

Lemma 5.1 If, forr > 2, B, = {x € V¢ | |z|p, < 1}, then we have

where m is the number of inner vertices of B, and M the number of boundary
vertices (i.e. connected to a vertex of I' \ B,.) of B,.

18



Proof.— Each of the M boundary vertices has ¢ neighbors in I' \ B, and one in
B,. From Euler formula applied to the sub-graph I' N B, which is connected by
the assumption on 'y, we get

1

1—b1=(m—|—M)—§ Z d(z) + M
|z|p,<r—1
Thus
v = Y (q+1—d(x))+ 2b
|z|p,<r—1
is equal to

v(D)=(¢g+1)m—(2m+ M — 2+ 2b;) + 2b; .

O
We will also need the:

Lemma 5.2 Let F' be a finite tree whose all vertices are of degree q + 1 except
the ends which are of degree 1. Let M be the number of ends and m the number
of inner vertices of F'. We have the relation

M=2+(q—1)m. (24)

Conversely, for each choice of (m, M) satisfying Equation (24), there exists
such a tree F'.

Proof.— From Euler formula applied to F', we get 1 = |Vg| — |Er|. Moreover
|Vi| = m+ M. Let us choose a root inside F' and orient the edges from that root.
Then we count the edges by partitioning them with their m possible origins; this
gives |[Ep| = (¢+1) + (m —1)g.

Conversely, the statement is true for m = 1, M = ¢ + 1 and we proceed by
induction on m by adding ¢ edges to a boundary vertex and the corresponding ¢
boundary vertices, we have m — m+1, M — M + (¢ — 1). d

Lemma 5.3 IfI is asymptotic to a regular tree of degree q+1, I' can be obtained
from a tree T, by removing and adding a finite number of edges if and only if

v(I') = 0.

Proof.— All the changes will take place inside the sub-graph B,. If we denote by
M the number of boundary vertices and m the number of inner vertices of B,,
we have, using v(I') = 0 and Lemma 5.1, M = 2+ (¢ — 1)m. We replace the
graph B, by a tree F' whose existence is stated in Lemma 5.2. The vertices of
both graphs are the same and all vertices of the new graph have degree ¢ + 1.
Hence the new graph is a regular tree T,. U

We will now make some modifications of I' in order to get a new graph I' with

~

v(I') =0.
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Figure 5: Changing the graph with v = 0 into T,: the dashed edges are the new edges,
the continuous one the old edges. The picture is done in the same situation as in Figure

0.

Lemma 5.4 IfIV = M(T") is defined by adding to I a vertex and an edge con-
necting that vertex to a vertex of I'g, then v(I") = v(I') +q — 1.

If " = My(T') is defined by adding to T' a tree whose root x is of degree q and
all other vertices of degree ¢ + 1 and connecting x by an edge to a vertex of Iy,
[ is asymptotic to a reqular tree of degree ¢ + 1 and v(I'") = v([') — 1.

This Lemma is quite easy to check.
Proof of Theorem 5.1.— Let us now write v(I') = N” — (¢ — 1) N’ with N' >0
and N” > 0. By performing N’ times the move M; and N” times the move Ms,
we arrive to a graph I’ with V(f) — 0. Let T be the graph obtained by removing
from T the (N’ 4+ N") edges not in Ep, one of whose vertices is in I';. The graph
[ is clearly asymptotic to a regular tree of degree (¢ + 1) and I" is a connected
component of I.

It remains to prove that, by removing and adding a finite number of edges to
I, we get a tree T,: this is the content of Lemma 5.3. U

5.2 The spectral theory of I

From Theorem 5.1, we can identify the set of vertices of I' to a subset of the set
of vertices of I' which is the same as the set of vertices of T,. We deduce the
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Figure 6: The construction in the proof of Theorem 5.1; the graph T has ¢ = 3, v = —1,
N =N"=1, m=2, M =6.

existence of a Hilbert space H so that [*(T,) = [*(T') & H and this decomposition
is invariant by Ap. Moreover A is a finite rank perturbation of Ay = Ay, . This
will allow us to describe the spectral theory of Ar by using the results of Section
4.

In order to get the spectral decomposition of Ar in terms of the spectral
decomposition of Ay given in Section 4.4, we will need the

Lemma 5.5 Let Ay = A, + W with Support(W) C K x K and K finite. Let T’
be an unbounded connected component off and w a point at infinity of I'. Then,
for any s ¢ &, we have

support(e(., s,w)) C V.

Conversely, if W' is a point at infinity of T which is not a point at infinity of
I’ then
support(e(., s,w")) NV =10 .

Proof.— We will apply the general Theorem 4.3 in our combinatorial context.
Let us prove the first assertion, the proof of the second is similar. It is enough to
prove it for s € S close to Sy and hence A\, not in the spectrum of Ay, because
s — e(x, s,w) is meromorphic on S. We have then (Equation (16))

e(s,w) = ep(s,w) + Go(As)We(s,w) .
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From the explicit expression of ey (see Definition 3.4), we get that the first term
belongs to lz(f \ I'), and so does the second one, as the image of a compactly
supported function by the resolvent for A\ ¢ I, = spectrum(Ay) (recall that the
resolvent is continuous in /?).

This proves that the restriction of e(., s,w) to Vi \ Vi is an [* eigenfunction,
with eigenvalue \s, of Aq. Since Ap has no eigenvalue A for s € ST close to Sp,
it follows that e(x, s,w) vanishes for s € ST close to Sy and x ¢ Vr. O

Theorem 5.1 allows to consider the set €2 of points at infinity of I" as a subset
of the set Q of the points at infinity of I'. The space lQ(f’) splits as a direct sum
I2(T') @ (2(I'\ ') which is preserved by the adjacency matrix. Lemma 5.5 shows
that the support of the generalized eigenfunctions e(., s,w) for w € € is included
in V. Using this, we can state the spectral decomposition of Ar as an immediate
corollary of Theorem 4.3.

Theorem 5.2 The Hilbert space [*(T') splits into a finite dimensional part Hypy
and an absolutely continuous part Ha.. This decomposition is preserved by Ar. If
f e Co(D) and, for w e Q, f(s,w) = (e(.,s,w), f), then the map f — f extends
to an isometry from Hae onto L2, (So x Q, dog@du) which intertwines the action

even

of A, with the multiplication by .

6  Other features of the scattering theory in the
setting of section 3

We are again concerned here with the scattering theory on T, between the ad-
jacency operator Ay and the Schrodinger operator A = Ay + W, where W is a
compactly supported non local potential. Let us recall that

K={zxeV,|3yeV, withW,,#0}.

6.1 Correlation of scattered plane waves

In the paper [5], the first author computed the point-point correlations of the
plane waves for a scattering problem in R? in terms of the Green’s function: for a
fixed spectral parameter, plane waves are viewed as random waves parametrised
by the direction of their incoming part. The motivation comes from passive
imaging in seismology, a method developped by Michel Campillo’s seismology
group in Grenoble, as described for example in the papers [6, 7]. Following a
similar method, we will compute the correlation of plane waves for our graphs
viewed as random waves parametrised by points at infinity.

From Theorem 4.3 we get, for any ¢ € Cy(T,) such that supp ¢ € I, \ &, the
following formula for the kernel of ¢(A):
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//50\5 5)€(T,w S)G(y,w s) doo(w)dpu(s)

Taking ¢ = 1y, the characteristic function of some interval I = [a, \] C [, \ &, we
get:

fa(a)
I (x,y) = 2/ / e(z,w, s)e(y,w, s) doo(w)dpu(s)

where we set f,(t) = loéqAI'CCOST as in (14), and where we use the fact that, by

the map s — )\, the circle SY is a double covering of [,. In particular f,(\s) = s.
In the sequel we note f,(A) = s(\) for simplicity.

If we consider the plane wave e(x,w, s(\)) for A € I, \ €, as a random wave,
we can define the point-to-point correlation C{¢(z,y) of such a random wave in
the usual way:

Definition 6.1 For any A € I,\ &, the point-to-point correlation C5¢(x,y) of the

random wave e(x,w, s(\)) is given by

CY(z,y) = /Qe(x,w,s()\))e(y,w,s()\)) doo(w) .

Denoting again by G' 1 the Green’s function of A: (A — A)™[x,y] := G(\, z,y)
for ImA > 0 we prove the

Theorem 6.1 For any A € I, \ € and any vertices x,y the point-to-point corre-
lation can be expressed in terms of the Green’s function as

2(¢* +2¢+1-\?)

(g +1)y/4q — \?

O3, y) = — SG(A +10,2,y) .

Proof.—
Taking the derivative with respect to A in equation (6.1) yields:

& Mr(z,y) =

- o LSO ) ot

g+1 =X /Qme(y,w, s(A)) doo(w).

21 (2 +2q+1—- )%

Thus we have

D) () = T VAN

d\ 21 (2 +2¢+1—- )%

X, y) -
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Now we use the resolvent kernel of A : (A — A)7![z,y] := G(\, z,y)
for ImA > 0 and Stone formula (8) to write

1 A

and get the result.

6.2 The T- matrix and the S-matrix

The Lippmann-Schwinger eigenfunctions e(x,w, s) are especially useful to de-
scribe the so-called S—matrix (S = (Q7)*Q"). First we introduce the following
object:

Definition 6.2 Let (w, s) and (W', s') be in Q x (S°\ E). Define

T(w,s;w', ") = (Wep(w, 8),e(w', ) = Z e(x, ', "YW (x,y)eo(y,w,s) .
(x,y)EVyxVy

T(.;.) is called the T—matriz.

The goal of this section is to establish a relation between S and 7' (Theorem 6.2).
To get the result we will need the following

Lemma 6.1 For any f € Cy(T,)

FHo( QL f)(w,5) = flw,s) (25)
Proof.—

Suppose that we can prove FH((Q*) f) = FHs (f)(: fue), then (25)
follows from FHs(Q1f) = FH(QT)*QTf) = f . So, by Plancherel
formula it is enough to prove that

(.0 g) = / fo(@. 9)3(w, s)doo(W)du(s) . (26)
SO0xO)

In the sequel, we set d¥ := dogp(w)du(s) to simplify notations.
0

We have (f,Q7g) — (f,g) = ilim. / e (f, e WeMog)dt
But -

(f, eitAh) = /50 . fsc(w, s) st ﬁsc(w, s) d>
X
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if either f or h is in H,.. As a result (using definition 4.1)

(f, et W et g) Z/ fSC w, s) et (We 0 g) (z)e(r, w, s)dY.
zeVy 50xQ
Thus
O . .
lima_m/ e (f, et e o g)dt

—00

= hmeﬁo Z / /0 fsc w S ( ) *it(AO*As‘i’Z’E) g(x)e(xjw’ S) dE
SOxQ

reVy

= —ilim._, Z / Faelw, 8) W () [(Ag—Ns+ie) gl (z)e(x, w, s) dX

= ilim.o /5 » feelw, 8) W (x)Go(s + ie) (2, y)g(y)e(z,w, s) dS

=i [ w3 Gl )W el gty d

0
yev, v 57x0 zeV,

ZZ/ Feelw, 8)[e(y, @, 5) — eo(y, @, 5)]g(y) d%

:i(f’g)_i/go Qfsc( )(w S)dz

In the second line above we used the Lippmann-Schwinger equation
and at the last step we used the isometric property of the deformed
Fourier Helgason transform (Theorem 4.3 ).

We are ready to prove the following

Theorem 6.2 For any f and g € Cy(T,)

(f, (S =1)g) = —2mi / T(w, s;0',8') f(w, s)0(Ns — A )G(w', ") d8dS

(S9%Q)2

where we set: dXdY = doo(w)du(s)doo(wW)du(s"), (see Appendiz A for the
precise definition of the measure §(As — Ay )dp(s)dpu(s’)).
This can be written symbolically by

S(w,s;0,8") =d8(s — 8') = 2miT (w, s;0', 8 )(As — A) . (27)
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Proof.—
From the definition of S we get that

-T

(f.(S=D)g) = (@ =Q)f,QFg) = limr_o /T (™ (@W)e " £, Q% g)dt
= (—i)lim._ / +OO e et AWwe o £ Ot g)dt = (—i)lime_,o / +OO e~<ML(t)dt,
with - -
L(t) = FHoo (AW e=it40 f)(w', 8 ) FHeo (T g) (', ') dX
SOxQ (28)

In the last step we used the isometric property of FHg. and the fact
that Qg € H,.. Moreover we have FH. (2 g)(w',s") = g(w', )
(Lemma 6.1) and FH. (e We 0 f)(u', 8') = e FH(We 0 £)(W, 5')
=My (We e f) (x)e(, o', 5')
zeVy
= Z / O AN (1 )eg(y, w, 8) f(w, s)e(z,w', s') d . Thus
SOxQ
z,yeVy
the expression in (28) is

L(t) = el ANt (Yoo (1. w, 8) F (w, s)e(z. w'. 8" a(w, §') dBdY
( ) Z yY)eoly, w, f ) ) ) g )
(S9%xQ)2

z,yeVy

and after doing the t-integration we get,

s ro 2e ; Al /
(fv (S_I)g) = (_Z)hmE—m/(SO Q)QT(W,S;W,S)()\ —\ ,)2+€2f(w73)g(w73)d2d2 :

We conclude by noticing as previously that the measures

_ 2edp(s)du(s’)
(As — Ayr)? + 2

£

converge weakly to 27rd(A\s — Ay )dpu(s)du(s’) as e — 0T,

O
A consequence of the relation between 7' and S is the unitarity relation for
T:

Theorem 6.3 Suppose « ¢ E. Then for any s and s € ST with \; = Ay = «,
and for any (w,w’) €  x €,

QT (w, s;u',8") = 7T/ T(w", 8" w,s)T(W", "W, s)6(A\gr — a)d¥” (29)
SOxQ

26



Proof.—

By Theorem 6.2 we have

~

(Sf)(w,s) = f(w,s)—2mi / T(w,s;w',8') f(W', 80Ny — Ay )dY .
SOxQ
The adjoint of the map M : f — (5 f) is clearly given by

(M*(g9))(w, s) = g(w, s)+2mi /50 QT(cu’, s'iw, s)g(w', 8)d(As— Ay )dX .

The relation M*M = I, which follows from S*S = I, implies that
(29) holds.

O

6.3 The S-matrix and the asymptotics of the deformed
plane waves

Next result explicits the link between the asymptotic behavior of the generalized
eigenfunctions and the coefficients of the scattering matrix.

Theorem 6.4 There exist “transmission coefficients” 7(s,w,w’) so that the so-
lution of the Lippmann-Schwinger equation (16) writes

e(r;w, s) = eo(T;w, 8) + T(s,w,w’)q(’%ﬂs)‘x‘

for any x close enough to w' , and these coefficients are related to the scattering
matrix by the following formula

9
S(W, —s;w,s) = _CEZ)T(S’W’WI) (30)
. 1
with C(s) = —— — .
qi_ls _ q—§+zs
Proof.—

From the study of the Lippmann-Schwinger equation (16), we write
the decomposition

e(r;w, s) = eo(T;w, ) + escatt (75w, S)

where

escatt(x; w, S) = Z GO()‘sa x, y)g(ya W, S)

yeK
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where g(y;w,s) = >, o W(y, 2)e(z,w, s).

Let us look at the asymptotic behaviour of egea(7;w, s) as z — W',
We have seen (Theorem 3.1) that the Green’s function Go(As;x,y)
satisfies equation (4)

Go(As; z,y) = C(s)g 2ty

then (5) and (6) imply that, if © — ',

Escatt (1w, ) = 7(s,w, w)g 2tk
with
l*is 12
yekK (y,2)EK XK

Noticing that eg(y,w’, s) = ey, w’, —s) we get that
7(s,w,w') = C(s)T (W, —s;w, s) .
and from (27) we derive formula (30).

O

Remark 6.1 For any y € K we have b,(y) = by(y) if w and &' belong to the
same end of T, \ K. This implies that the function w' — 7(s,w,w’) is in fact
constant in each end of T, \ K, so that the transmission coefficient T(s,w,w’) can
be written as a function 7(s,w,l). Moreover the reduced Lippmann-Schwinger
equation depends only on the restriction of ey to K, this implies that the function
w — 7(s,w, 1) is also constant in each end of T, \ K. Finally, we get an L x L
matrix depending on s, denoted by
~ 2im

S(S> = <S<l/7 =S, lv S))l,l’ = _% (7-(57 lv ll))l,l/

6.4 Computation of the transmission coefficients in terms
of the Dirichlet-to Neumann operator

In this section, we compute the transmission coefficients following the method of
[13]. Let us recall that

K={zxeV,|3yeV, withW,,#0}.

We recall that |z| denotes the combinatorial distance of the vertex x to the
root O of T,. Let us set B,_y = {x € V1 | |x| < n—1}, where n is chosen so that
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Figure 7: The tree Ty, the ball B,,_1 and the end Ty for n = 3.

n — 2 is the supremum of |z| for x in K. We denote by 7 the ends of T, \ B,
(1 <1< L), by x; the root of T} and by ; the boundary of 7}, which consists
in the set of all geodesic rays starting from z; and staying into 7;. The set of
the roots {z; | [ = 1,---, L} is the circle of radius n and L = (¢ + 1)¢"!. From
now on, we consider a fixed [ (1 <1 < L), a fixed geodesic ray w in {2, and the
associated ”incoming plane wave”

vx E ‘/q7 60(x7 w, 8) fr— q(1/2728)bw(;p)

)

where s € SY. We recall that such a plane wave is a generalized eigenfunction for
the adjacency operator Ay on T, in the sense that it satisfies

(As — Ag)eo(z,w,s) =0 (As =24/qcos(slogq)) ,
but is not in 1. We are looking for solutions
e(;w,s) =eo(;w,s) + esear(w,s), x €V,
of the equation
(As — A)e(;w, s) =0, (31)
where the scattered wave eg.q(.; w, s) satisfies:

escat(xawa 5) = T(s,w,l')és(x) if re V(ﬂ') ) (32)

where
(IDS (l‘) _ q(—1/2+is)\x\

(the so-called radiation condition) and the coefficients 7(s,w, ) are the transmis-
sion coefficients. These radial waves are generalized eigenfunctions of Ay in the
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sense defined previously. We want to get an explicit expression of the transmission

vector

7(s, w; = (7(s,w, 1), -, 7(s,w, ), ,7(s,w, L)). (33)
As we shall see, the transmission vector does not depend on the choice of the
geodesic ray w, it is uniquely determined by the choice of [; we define

\

7(s,1) = T(s,wﬁ, Vw € Q. (34)

We thus recover the result of the previous section, with the following relation

(7(5)

(o

Vi, I (s, 1,1 = — S, —s,l,s) .
We begin with noticing that b,(x;) does not depend of w € € for any [ €
{1,--+,L}. We set

A’Z; = (Oéibw(ml)a o 7aibW(xL)) = (aibl(xlk T 7aibl(xL)) (Oé = q*1/2+i3)

and denote by E the vector in R” having all null coordinates excepted the I-th
coordinate, which is equal to 1.
We will prove the following

Theorem 6.5 Consider the integer n so that B,,_s is the smallest ball containing
the finite graph K. .

Set I' = B, o' = {xy,1 <" < L}, denote by A, the restriction of A to
B,, in the sense that :1,\1 = (Asy)@y)eB,, define I, in the same way, set B =

o~

A, — M\, and denote by DN, the corresponding Dirichlet-to Neumann operator
(see Definition 6.4, Appendiz B).

Then DN, and the transmission vector T(S,l; defined by (32),(33) and (34)
exist for any R
s¢&={s€8; N\, ea(A, 1)}
and

(5,0 = —a7 | (PN 42 ]

with A\n,1 = (Ar,y)(%y)eanl s A = (Al,l’) — <&d(xl,a:l/))’ a = q—1/2+is )
Proof.-

Let us recall that we have fixed [ (1 <[ < L) and a geodesic ray w
in ;. From now on we write e(x) instead of e(z,w, s) for any x € V
for simplicity.

Equation (31) splits into 3 expressions, depending on where z is taken.

e If © ¢ B, the equation is already verified, since A coincide with
Ap on each end Ty .
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e if v € B,_1, the equation becomes the Dirichlet problem Ae(z) =
Ase(x), x € By, eor = f, and is uniquely solvable for any s
outside &, the prescribed values of the function f at the bound-
ary being given by the L-vector

e =: (e(xy)...e(xy))

to be determined in the sequel.

o ifr € OI' = {ay,1 <U' <L} =B,\ B,_1, then z is one of the
roots zy , and equation (31) writes:

Ve {1, L}, elw)+ > elx) =Ae(my)  (35)

$~:L‘l/,l‘€Tl/
where z,, is the unique interior neighbor of zy, (see figure 7),
and where we used that the potential W vanishes outside B,,_».

According to definition 6.4 (Appendix B), the Dirichlet-to Neumann
operator DN corresponding to B = A,, — \,I,, writes

,DNs(éi)<xl/) - 6(3:‘;,) — )\se(ﬂjl/) VZ/ c {1’ e ’L}’
Therefore, if s ¢ &, (35) can be rewritten as follows

VI'e{l,--- L}, DNJ(é)(x)+ Y, el@)=0 (36)

TT)r ,iL‘ETl/

Now it remains to compute Emwl“xgy e(x). We have, for z € Ty,
e(z) = ¢(1/279)b (@) 4 7(s w,I'")®(2). According to the expression of
the radial function @, we get, for any s ¢ & and I’ € {1,--- L},
that

(bs(l‘l/) _ q(—1/2+i5)|a:l/\ _ qn(—1/2+i5)
q)s(l’) = q(_1/2+i8)(n+1) Vr € 7}/ €T ~ Zy.
Let us write the set Ny = {x €T}, = ~x;} as N, ={y,}U N, where
y; belongs to the infinite path w whereas the ¢ — 1 vertices of N; do
not. Then, using the properties of the Busemann function we have
bw(ZL‘l

bw (yl
X

= b(z) =z =n

= n+1

bi(z)—1=n-1, Vz € N,
= b(xp)—1 Vae Ny, I'#1.

w

— — ~— ~—

b
b

—~~

o\ L
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So we get for any I € {1,---, L} and after setting o = ¢~ /2%,

e(ry) = a™@) (s w 1"

e(r) = o b@)*e 415w, 1"
with

e =1 \V/ZL‘ENl
e =1, VYVzeNy ll§£l
e = —1 it z=y .

Hence we have

Z e(x) = qa @ L gr (s w o™ if A1

x~x,r€TY

Z e(z) = (¢ — Da %@+ 4 o=b@)=1 4 gr(s w 1ot .

z~x,r€T]

These equations can be summarised, for any I’ € {1,--- | L}, as

S e(x) = a OO g 4 G = 1)) + gr(s,w,

x~x,r€Ty
so that equation (36) gives, for any I’ € {1,---, L}
DNS((?Z)(xl/)+oz—bl(xl’)+1[q+5ur(a_2—1)]+q7’(s, w, l’)a"+1 =0. (37)

Let us set DN(é1) = (DN s(é))(x1), ...DNs(€é1)(x1)),
and write € = (e(z1), ...e(x1)) = A + a™7(s,w) (recall that

A; and 7(s,w) are L—vectors having respectively a @) and 7(s, w, I')
as their I'—coordinate).

Substituting in (37) and denoting by E the vector in RY having
all null coordinates except z; = 1, we get

DN JA + a1 (s,0)] + qad + a ™' = a) B, + ¢7(s,w)a™ = 0

which yields

a" (DN s + qal) T(s,wi —a "(a—a " E, — (qal + DN,) 4, .

Using the expression of a and C(s), we have then

o™ (DN, + q1/2+isI) T(s,wi _ _g:) b - (q1/2+isI +DN,) A
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Since the matrix DN, is real symmetric, DA./\/' s +¢'/** ] is an invert-
ible matrix for any s € S so that A\ ¢ o(A,_;), and

—2n —
7(s, ) — _g’(s) (DNS + ql/QjLiSI)i1 E —a "4 .

We conclude the proof by noticing that, for any " € {1,--- L},
b(xp) =n —d(x;, xp).

O
Acknowledgment: we thank the referee for his careful reading of our manuscript
and for suggesting many improvements to our initial text.

Appendix A: delta measures

The goal of this Appendix is to define in a precise way the meaning of the measures
dpu = 6(S = 0)dv where dv = a(x)dx is absolutely continuous w.r. to the
Lebesgue measure in R? and S is a C! real valued function so that dS does not
vanish on the hyper-surface S = 0. The measure du = 6(S = 0)dv is supported
by the hyper-surface ¥ := {S = 0}.

We can assume that R? and the hyper-surface S = 0 are oriented, so that we
can play with differential forms instead of measures.

The proof of the following Lemma is left to the reader:

Lemma 6.2 There exists a differential form [ defined in some neighborhood of
Y so that adxy N\---Ndxy = dSN\B. Moreover the restriction of 5 to X is uniquely
defined.

Definition 6.3 If v is the measure on X associated to the restriction of 5 to X.
we can view v as a measure on R denoted dv = (S = 0)du.

We can view dv as weak limits: if f : R — RT is a positive L' function of
integral 1 and f.(t) = e~ f(e71t) the measure §(S = 0)du is the weak limit as
e — 0 of the measures dv. = f.(t)du (For the proof, take local coordinates so
that S = x7).

Usual choices are f; the characteristic function of the interval [—%, %] and
f2(t) - %1-&t2'

Appendix B: the Dirichlet-to-Neumann operator
DN on a finite graph

Let I' = (V, E)) be a connected finite graph and let OI' be a subset of V' called the
"boundary of I'". Let B = (b;;) : RV — RY be a symmetric matrix associated
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to I', namely
bi; =0 ifi#j and {i,j} ¢ E.

After setting Vo = V' \ 9I', we define By : R" — R as the restriction of B to
the functions which vanish on JI' .
We have the following

Lemma 6.3 Assume that By is invertible. Then, for any given f € C(01'), there
exists a unique solution F' € C(I') of the Dirichlet problem

(Df) + For = fand BF(l)=0if l € Vj .

The Dirichlet-to-Neumann operator DN associated to B is the linear operator
from C(0I') to C(II') defined as follows:

Definition 6.4 Assume that By is invertible. Let f € C(II'), and F be the
unique solution of the Dirichlet problem (Dy). Then, the Dirichlet-to-Neumann
operator form DN : R" — RO is defined as follows: if | € OT,

DN = Y baF (i) (= BE()
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